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Abstract: The semileptonic decay of heavy flavor mesons offers a clean environment for
extraction of the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements, which describes
the CP-violating and flavor changing process in the Standard Model. The involved form
factors where the dynamical information is encoded play an essential role in achieving any
conclusive statement. That is, the knowledge of the form factors should be under good
control, requiring one to examine more observables in addition to the branching fraction. In
this paper, we provide the mean value and the q2-dependent shape for further observables
[differential decay distribution (dΓ/dq2), forward-backward asymmetry (AlFB), longitudi-
nal (P lL) and transverse (P lT ) polarization of a charged lepton, longitudinal polarization of
a vector meson in the final state (F lL(V )), leptonic convexity parameter (C lF ), and trigono-
metric moments (W l

i ) in the decay of D(s) and B(s) to P/V l+νl (l = e,µ or τ)], based
on the predictions of the relevant form factors from the covariant light-front quark model.
P and V denote the pseudoscalar and vector meson, respectively. As a comparison, we
find a good agreement with the results from the covariant confining quark model and the
relativistic quark model in the literature. As it has been observed that the P lL and F lL(V )
are crucial quantities to discriminate various New Physics models, the reexamination of
these observables from a different method is also essential and necessary.

Keywords: Phenomenological Models, QCD Phenomenology

ArXiv ePrint: 2012.04417
1Corresponding author.

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP02(2021)179

mailto:zhanglu@mail.bnu.edu.cn
mailto:kxw198710@126.com
mailto:xhguo@bnu.edu.cn
mailto:dailingyun@hnu.edu.cn
mailto:luot@fudan.edu.cn
mailto:chaowang@nwpu.edu.cn
https://arxiv.org/abs/2012.04417
https://doi.org/10.1007/JHEP02(2021)179


J
H
E
P
0
2
(
2
0
2
1
)
1
7
9

Contents

1 Introduction 1

2 Form factors and helicity amplitudes 3
2.1 The helicity amplitudes of D → Pl+νl 5
2.2 The helicity amplitudes of D → V l+νl 6
2.3 The hadronic tensor including the cascade decay V → P1P2 7

3 The twofold and fourfold differential decay distributions 8

4 The physical observables 12

5 Numerical results and discussion 16

6 Summary 25

1 Introduction

In charged-current transition, the semileptonic decay of heavy flavor mesons offers a clean
environment (compared to the pure hadronic decay) to determine the Cabibbo-Kobayashi-
Maskawa (CKM) matrix elements, which describes the quark flavor mixing [1, 2] in the
Standard Model (SM). The precise determination of the matrix elements is one of the main
tasks for both theorists and experimentalists. Any deviation from the unitarity relation
encoded in the CKM matrix will certainly be an inspiring signal of New Physics (NP). As
a result, the semileptonic decays are comprehensively studied to test the SM, or instead,
to constrain NP parameters. In fact, there exist tensions for both |Vub| and |Vcb| from
their respective determinations by inclusive and exclusive modes [3–5]. For a most recent
review, see ref. [6]. Another aspect of hunting for NP via the semileptonic channel concerns
the lepton-flavor universality violation; see the most recent review in [7]. To gain a deeper
understanding of these issues, re-examination of the semileptonic channel is not obsolete
but rather is worth doing again.

The hadronic and leptonic currents are involved in the semileptonic decay, and the
former is parameterized by Lorentz-invariant form factors containing the dynamical infor-
mation. The theoretical precision of this channel relies on our good control of the knowledge
of form factors. In this paper, we exploit the results from the covariant light-front quark
model (CLFQM) (ref. [8] and updated in ref. [9]). The light-front form was initiated by
Dirac in a formulation of Hamiltonian dynamics [10] and later developed and applied to the
hadron transition in refs. [11–13]. However, owing to the absence of a zero-mode effect, the
conventional light-front quark model is noncovariant. To compensate for this deficiency,
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the CLFQM was proposed [14] (some recent applications can be found, e.g., refs. [15–19]),
where all four-momentum of each vertex is conserved, and the constituent quarks are off-
shell. In ref. [8], the authors fixed the free parameters β in the Gaussian-type wave function
by the input value of the decay constant from other theory predictions, lattice and/or ex-
periment results and then predicted the decay form factors. In refs. [20, 21], the authors
calculated the corresponding branching ratios of some relevant decay channels, forming a
direct bridge between phenomenological calculation and experiment. The result shows that
the form factors given in refs. [8, 9] nicely reproduce the experimental values.

We stress that the branching fraction is not the whole landscape and is only a number.
More observables are needed to distinguish various model predictions. The correlations
among a series of observables are crucial to test a model calculation. We elucidate this
point in two examples. One example concerns the Kπ form factor in τ decay. Cur-
rently, the most sophisticated description of the form factors corresponds to the dispersive
representation with imposed chiral symmetry and short-distance QCD behavior, e.g., in
refs. [22, 23]. However, other options are available, e.g., in ref. [24] and Belle paper [25],
where in the former reference the form factors are calculated up to one-loop using the
Lagrangian, including vector mesons. The shape in ref. [24] differs dramatically from that
in ref. [22], which may be attributed to the perturbative versus nonperturbative treatment.
In the experimental study of ref. [25], the superposition of Breit-Wigner functions is used
in a pragmatic way, which violates the Watson final-state-interaction theorem and also the
unitarity. However, all these variants of the form factor describe equally well the event dis-
tribution data, clearly indicating that one may need deeper theoretical founds or test more
observable predictions. The other example is related to antinucleon-nucleon interaction.
We will demonstrate this example by the Jülich potential [26], where one sees that the
cross section is well reproduced by various models there (models A(Box), C, D), but the
predictions on the polarizations and spin observables differ dramatically. This situation
also holds for the interaction constructed in chiral effective field theory (ChEFT) [27, 28].
Such a potential was applied to various hadron processes, e.g., in e+e− → pp̄ [29] and
J/ψ → γpp̄ [30, 31]. There, and especially in ref. [30], both the model A(OBE) and that
for ChEFT successfully reproduce the phase shift (on-shell behavior) in the partial wave
of 1S0; however, they predict very different decay amplitudes in the distorted-wave Born
approximation that involves the off-shell T -matrix elements. In a word, probing other
observables apart from the branching fraction (integrated rate) is crucial to examine the
theoretical models, which drives us to access the differential decay rate and the polarization.

In this paper, we will present such observables mentioned above in the semileptonic
decays of heavy flavor mesons (D, Ds, B, Bs), namely, D(s), B(s) decaying to Pl+νl and
V l+νl (l = e, µ, or τ), with P and V denoting the pseudoscalar and vector meson, respec-
tively. For the ease of the reader, and to define our notation consistently, we closely follow
ref. [32] and write out the relevant equations.1 In such a framework, one can evaluate the
hadronic tensor in the mother-particle (e.g., D) rest frame but the leptonic tensor in the

1We perceive that the helicity formalism may be elegant. One example is that the decay rate for
the semileptonic decay of a baryon, where the helicity formalism is analyzed in ref. [33], and the direct
calculation is given in ref. [34]. The former is mathematically more straightforward than the latter.
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rest frame of a W boson, avoiding the somewhat complicated boost. Then, the observables
are expressed by the combination of form factors via helicity amplitudes, including the
differential decay rate, forward-backward asymmetry (denoted by AlFB), longitudinal (P lL)
and transverse (P lT ) polarization of the charged lepton (P lL), longitudinal polarization of
vector in the final state (F lL(V )), and trigonometric moments (W l

i ).
Additionally, we notice that the observables of AlFB, P lL have already been calculated

in the covariant confining quark model (CCQM) [35, 36] and the relativistic quark model
(RQM) [37]. From a theoretical viewpoint, we need to complete the corresponding calcula-
tion in light of the CLFQM as an indispensable complement and comparison. In particular,
some of the observables have been measured in the experiment, which will be used to rec-
tify our theoretical predictions. These constituents are another motivation for the current
work, continuing the series of our previously published papers [20, 21, 37, 38].

In this work, we will consider the prediction of various observables, as mentioned above,
based on the form factors calculated in the CLFQM. A full comparison will be made with
the ones from CCQM and RQM, wherever available. Here we add some comments on the
similarity and difference between these three models. They are all a kind of quark model
and thus share some common features, e.g., containing the wave function (bound state
property) of initial and final state mesons, the quark masses as parameters. Some differ-
ences are in the treatments of wave functions. The CCQM [36] is based on the effective
Lagrangian describing the coupling of hadron to its constituent quarks. The coupling con-
stant is fixed by saturating the Weinberg compositeness to guarantee the meson as a pure
bound state of a quark and antiquark. For the vertex function, a simple Gaussian function
is adopted with cutoff Λ characterizing the finite size of meson. The CLFQM [8] is based
on Dirac’s light-front Hamiltonian dynamics and the relevant variables are expressed in the
light-front system. The light-front vertex function derived from the Melosh transformation
encodes the bound state nature. In the RQM [37], the wave function can be obtained
by solving the quasipotential equation numerically, not necessary to assume a Gaussian
function. In addition, the form factors in the CCQM and RQM can be calculated in the
whole q2 region while CLFQM usually predicts the form factor in the spacelike region and
then one analytically continue it to the (physical) timelike region.

This paper is organized as follows. In section 2, we introduce the form factors and
helicity amplitudes of the transitions D(B)(s) → Pl+νl and D(B)(s) → V l+νl. In section 3,
we provide the differential decay distribution, expressed by the helicity structure functions,
while in section 4 the definitions of various observables, as mentioned above, are presented.
In section 5, we give the numerical results of these physical observables in their mean
value and their q2 spectrum. We also compare the results with those from the constituent
confining quark model [32] and the relativistic quark model [37], and excellent agreement
is obtained. We conclude in section 6.

2 Form factors and helicity amplitudes

In this paper, we take the decay process of D as an example to demonstrate our derivation
for the relevant equations. For the Ds, B, and Bs meson, just replacing some relevant
physical parameters, the calculation is completely similar.
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In the SM, the invariant matrix element for semileptonic decay of D meson to a pseu-
doscalar (P ) or a vector (V ) meson can be written as

M
(
D → P (V )l+νl

)
= GF√

2
Vcq

〈
P (V ) | q̄Oµc | D(s)

〉
l+Oµνl

= GF√
2
VcqH

µLµ,

(2.1)

where Oµ = γµ(1 − γ5), q = d, s, and GF = 1.166 × 10−5 GeV−2 is the fermion coupling
constant.

The hadronic part can be parameterized by the invariant form factors, which are a
function of the momentum transfer squared (q2), between the initial and final meson. For
the form factors, we stick to the commonly used Bauer-Stech-Wirbel (BSW) form [39].

For the transition of D → Pl+νl, one has

〈P (p2)|Vµ|D(p1)〉 = Tµ, (2.2)

and the form factors are given by

Tµ =
(
Pµ −

m2
1 −m2

2
q2 qµ

)
F1(q2) + m2

1 −m2
2

q2 qµF0(q2). (2.3)

For the transition of D → V l+νl, one has

〈V (p2)|Vµ −Aµ|D(p1)〉 = ε†ν2 Tµν , (2.4)

where

Tµν = − (m1 +m2)
[
gµν −

Pν
q2 qµ

]
A1(q2) + Pν

m1 +m2

[
Pµ −

m2
1 −m2

2
q2 qµ

]
A2(q2)

− 2m2
Pν
q2 qµA0(q2) + i

m1 +m2
εµναβP

αqβV (q2).
(2.5)

In the above equations, p1 (m1) and p2 (m2) are the four-momentum (mass) of the initial
and final meson, respectively. The momenta Pµ and qµ are defined as Pµ = (p1 + p2)µ and
qµ = (p1 − p2)µ, respectively. ε2 is the polarization vector of the final state meson V and
satisfies ε†2 · p2 = 0.

In the covariant contraction of hadronic and leptonic tensors, HµνLµν , the hadronic
tensor can be written as

Hµν =
∑
〈X|V µ −Aµ|D〉 〈X|V ν −Aν |D〉†

=


TµT

†
ν , D → P,

TµαT
†
νβ

(
−gαβ + pα2 p

β
2

m2
2

)
, D → V.

(2.6)

We can define the explicit representations of polarization four-vectors εµ(λW ), where λW
denotes the polarization index of Woff-shell, and εµ(λW )qµ = 0 for λW = ±, 0. These
four-vectors εµ(λW ) have the orthonormality property

ε†µ(λW )εµ(λ′W ) = gλWλ′W
, (λW , λ′W = t,±, 0) (2.7)
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and satisfy the completeness relation

εµ(λW )ε†ν(λ′W )gλWλ′W
= gµν . (2.8)

We can rewrite the contraction of leptonic and hadronic tensors by using the orthonormality
and completeness relations as

LµνHµν = Lµ′ν′g
µ′µgν

′νHµν

= Lµ′ν′ε
µ′(λW )ε†µ(λ′′W )gλWλ′′W

ε†ν
′(λ′W )εν(λ′′′W )gλ′Wλ′′′W

Hµν

= L
(
λW , λ

′
W

)
gλWλ′′W

gλ′Wλ′′′W
H
(
λ′′Wλ

′′′
W

)
,

(2.9)

where L(λW , λ′W ) and H(λW , λ′W ) are the leptonic and hadronic tensors in the helicity-
component space:

L
(
λW , λ

′
W

)
= εµ(λW )ε†ν(λ′W )Lµν , H

(
λW , λ

′
W

)
= ε†µ(λW )εν(λ′W )Hµν . (2.10)

It is necessary to stress that the leptonic and hadronic tensor can be evaluated in two
different Lorentz frames within this framework: the leptonic tensor is evaluated in the W
rest frame, and the hadronic tensor is evaluated in the D rest frame.

2.1 The helicity amplitudes of D → Pl+νl

For the transition D → Pl+νl in the helicity-component space, the hadronic tensor is given
by

H
(
λW , λ

′
W

)
= ε†µ(λW )εν(λ′W )Hµν

= [ε†µ(λW )Tµ][ε†ν(λ′W )Tν ]† = HλWH
†
λ′W
,

(2.11)

with HλW ≡ εµ†(λW )Tµ. In the rest frame of the initial meson D, one has the explicit
representations [36] of the polarization four-vectors εµ(λW ):

εµ(t) = 1√
q2 (q0, 0, 0, |~p2|) , εµ(±) = 1√

2
(0,∓1,−i, 0) , εµ(0) = 1√

q2 (|~p2| , 0, 0, q0) .

(2.12)
Among these representations, q0 is the energy and |~p2| is the momentum of the Woff-shell in
the D rest frame. Additionally, in this frame (see figure 2),

pµ1 = (m1, 0, 0, 0) ,
pµ2 = (E2, 0, 0,−|~p2|) ,
qµ = (q0, 0, 0, |~p2|) ,

(2.13)

where E2 is the energy of the final meson, and q0 and |~p2| are given by

2m1q0 = m2
1 −m2

2 + q2, |~p2|2 = E2
2 −m2

2, 2m1E2 = m2
1 +m2

2 − q2. (2.14)

To calculate the relations between form factors and helicity amplitudes, we project out
the relevant helicity amplitudes using the polarization four-vectors εµ(λW ). Combining
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eq. (2.3) and eq. (2.12), for the D → P transition, we obtain

Ht = 1√
q2 (m2

1 −m2
2)F0(q2),

H± = 0,

H0 = 2m1|~p2|√
q2 F1(q2).

(2.15)

The invariant form factors are only a function of q2. From this equation, we find that
Ht = H0 at the maximum recoil (q2 = 0), and H0 = 0 at the zero recoil (q2 = q2

max).

2.2 The helicity amplitudes of D → V l+νl

For the transition D → V l+νl, we also need the polarization four-vectors εν2(λV ) to obtain
the expressions of the helicity amplitudes. The index λV denotes the polarization index of
vector meson V . The hadronic tensor of the D → V transition can be rewritten as

H
(
λW , λ

′
W

)
= ε†µ(λW )εν(λ′W )Hµν

= ε†µ(λW )εν(λ′W )ε†α2 (λV )Tµα
[
ε†β2 (λ′V )Tνβ

]†
δλV λ′V

= ε†µ(λW )ε†α2 (λV )Tµα
[
ε†ν(λ′W )ε†β2 (λ′V )Tνβ

]†
δλV λ′V

= HλWλVH
†
λ′WλV

,

(2.16)

with
HλWλV ≡ ε

†µ(λW )ε†α2 (λV )Tµα. (2.17)

According to the angular momentum conservation, λV = λW , λ
′
V = λ′W for λW , λ′W = ±, 0;

and λV , λ′V = 0 for λW , λ′W = t.
In the D rest frame, the explicit representations of the polarization four-vectors for

the final vector meson εν2(λV ) can be written as

εν2(±) = 1√
2

(0,±1,−i, 0) , εν2(0) = 1
m2

(|~p2|, 0, 0,−E2) . (2.18)

They satisfy the orthonormality condition

ε†2ν(λV )εν2(λ′V ) = −δλV λ′V , (2.19)

and the completeness relation∑
ε2µ(λV )ε†2ν(λ′V )δλV λ′V = −gµν + p2µp2ν

m2
2
. (2.20)

In terms of the eq. (2.17), we use a similar method to obtain the nonvanishing helicity
amplitudes of the transition D → V l+νl:

Ht ≡ ε†µ(t)ε†ν2 (0)Tµν = −2m1|~p2|√
q2 A0(q2),

H± ≡ ε†µ(±)ε†ν2 (±)Tµν = −(m1 +m2)A1(q2)± 2m1|~p2|
m1 +m2

V (q2), (2.21)

H0 ≡ ε†µ(0)ε†ν2 (0)Tµν = −m1 +m2

2m2
√
q2

(
m2

1 −m2
2 − q2

)
A1(q2) + 1

m1 +m2

2m2
1|~p2|2

m2
√
q2 A2(q2).
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D

K∗

K

π

W+

l+

νl

Figure 1. Illustration of the semileptonic decay process D → K∗(→ Kπ)lνl.

P1

P2

V

D

Wθ∗
θ

z

x
χ

νl

l

Figure 2. The definitions of θ, θ∗ and the azimuthal angle χ.

At the maximum recoil (q2 = 0), we have Ht(0) = H0(0), and Ht and H0 dominate, while
at the zero recoil (q2 = q2

max), Ht = 0 and H± = H0.

2.3 The hadronic tensor including the cascade decay V → P1P2

Taking into account the finite width effect of the vector meson, we need to consider the
cascade decay V → P1P2 with P denoting a pseudoscalar. For a more intuitive description,
we give an example of cascade decay in figure 1.

The kinematics for four-body decay is elaborated in refs. [3, 38, 40] and earlier pa-
pers [41, 42]. As shown in figure 2, we define θ as the polar angle of the lepton in the
l+νl center-of-mass frame with respect to the Woff-shell line of flight in the D rest frame.
Additionally, θ∗ is defined as the polar angle of P1 in the V rest frame with respect to the
V meson line of flight in the D rest frame. χ is the dihedral angle between the l+νl and
the P1P2 planes. The z-axis is along the momentum direction of Woff-shell in the D rest
frame, and the momenta of P1 and P2 lie in the xz plane.

In the rest frame of final meson V , the corresponding momenta are

pµ2 = (m2, 0, 0, 0) ,
pµ3 = (E3, |~p3| sin θ∗, 0,−|~p3| cos θ∗) ,
pµ4 = (E4,−|~p3| sin θ∗, 0, |~p3| cos θ∗) ,

(2.22)
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and the polarization vectors of V meson are

εµ2 (+) = 1√
2

(0,+1,−i, 0) , εµ2 (−) = 1√
2

(0,−1,−i, 0) , εµ2 (0) = (0, 0, 0,−1) . (2.23)

In the decay process of D → V (→ P1P2)lνl, the hadronic tensor is given by

H
(
λW , λ

′
W

)
= ε†µ(λW )εν(λ′W )Hµν

= ε†µ(λW )εν(λ′W )ε†α2 (λV )εβ2 (λ′V )Tµα(Tνβ)†g2
V PP p3α′p3β′ε

α′
2 (λV )ε†β

′

2 (λ′V )

= g2
V PP p3α′p3β′ε

α′
2 (λV )ε†β

′

2 (λ′V )×HλW ,λVH
†
λ′W ,λ′V

, (2.24)

where gV PP · ερ2(λV ) · p3ρ describes the amplitude A(V → P1P2), and the effective coupling
constant gV PP is related to the branching ratio Br(V → P1P2) by

g2
V PP = 24πm2

2ΓVBr
|~p3|3

, (2.25)

with ΓV being the finite width of vector meson. Notice that Sαα
′(p2) =∑

λV =±1,0
εα2 (λV )ε†α

′

2 (λV ) is just the numerator of the propagator of intermediate meson V .

Additionally, eq. (2.24) agrees with eq. (37) in ref. [32], except for some extra factors that
will be compensated in the final result.

3 The twofold and fourfold differential decay distributions

In this section, we consider the differential decay distribution. For the D → P (V )l+νl
transition, we have

d2Γ(D → P (V )l+νl)
dq2d cos θ = |~p2|

(2π)332m2
1

(
1− m2

l

q2

) ∑
spins
|M|2 (3.1)

= G2
F |Vcq|2

(2π)3
|~p2|

64m2
1

(
1− m2

l

q2

)
L
(
λW , λ

′
W

)
gλWλ′′W

gλ′Wλ′′′W
H
(
λ′′W , λ

′′′
W

)
,

where ml is the lepton mass, and the factor in front of |M|2 corresponds to the three-body
phase factor. In terms of the helicity amplitudes, eqs. (2.11) and (2.16), the hadronic
tensor is

H
(
λW , λ

′
W

)
=

HλWH
†
λ′W
, D → P,

HλWλVH
†
λ′WλV

, D → V.
(3.2)

We then evaluate the leptonic tensor L(λW , λ′W ) = εµ(λW )ε†ν(λ′W )Lµν . The leptonic
tensor can be given by

Lµν =

tr [(/k1 +ml)Oµ/k2Oν ] , W− → l−ν̄l,

tr [(/k1 −ml)Oν/k2Oµ] , W+ → l+νl,

= 8
(
k1µk2ν + k1νk2µ − k1 · k2gµν ± iεµναβkα1 k

β
2

)
,

(3.3)
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where k1, k2 denote the momentum of a charged lepton and neutrino, respectively. The
evaluation of the leptonic tensor is performed in the Woff-shell rest frame, and the explicit
expressions of the momentum can be written as

qµ =
(√

q2, 0, 0, 0
)
,

kµ1 =
(
E1, |~k1| sin θ cosχ, |~k1| sin θ sinχ, |~k1| cos θ

)
,

kµ2 =
(
|~k1|,−|~k1| sin θ cosχ,−|~k1| sin θ sinχ,−|~k1| cos θ

)
,

(3.4)

where E1 =
(
q2 +m2

l

)
/2
√
q2 is the energy and | ~k1| =

(
q2 −m2

l

)
/2
√
q2 is the three-

momentum of the lepton. The polarization vectors of W in this rest frame are given by

εµ(0) = (0, 0, 0, 1) , εµ(±) = 1√
2

(0,∓1,−i, 0) , εµ(t) = (1, 0, 0, 0) . (3.5)

Combining the momentum and polarization vectors, eqs. (3.3)–(3.5), we obtain the
expression for L(λW , λ′W ), where the matrix columns and rows are ordered in the sequence
(t,+, 0,−) (In ref. [32], the first-row and second-column element in the matrix behind the
factor of δl contains a typo, where χ should be replaced by −χ):

(2q2v)−1L(λW , λ′W )(θ, χ)

=


0 0 0 0
0 (1∓ cos θ)2 ∓ 2√

2(1∓ cos θ) sin θeiχ sin2 θe2iχ

0 ∓ 2√
2(1∓ cos θ) sin θe−iχ 2 sin2 θ ∓ 2√

2(1± cos θ) sin θeiχ

0 sin2 θe−2iχ ∓ 2√
2(1± cos θ) sin θe−iχ (1± cos θ)2



+ δl


4 − 4√

2 sin θe−iχ 4 cos θ 4√
2 sin θeiχ

− 4√
2 sin θeiχ 2 sin2 θ − 2√

2 sin 2θeiχ −2 sin2 θe2iχ

4 cos θ − 2√
2 sin 2θe−iχ 4 cos2 θ 2√

2 sin 2θeiχ
4√
2 sin θe−iχ −2 sin2 θe−2iχ 2√

2 sin 2θe−iχ 2 sin2 θ

 .

(3.6)

where the upper/lower sign refers to the (l−ν̄l)/(l+νl) configuration. To obtain the dis-
tribution on the polar angular θ, we integrate over the azimuthal angel χ, and then, the
matrix becomes

(2q2v)−1L(λW , λ′W )(θ) =


0 0 0 0
0 (1∓ cos θ)2 0 0
0 0 2 sin2 θ 0
0 0 0 (1± cos θ)2



+ δl


4 0 4 cos θ 0
0 2 sin2 θ 0 0

4 cos θ 0 4 cos2 θ 0
0 0 0 2 sin2 θ

 ,
(3.7)
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Parity-conserving Parity-violating
HU = |H+|2 + |H−|2 HP = |H+|2 − |H−|2

HL = |H0|2 HA = 1
2Re(H+H

†
0 −H−H

†
0)

HT = Re(H+H
†
−) HIA = 1

2 Im(H+H
†
0 −H−H

†
0)

HIT = Im(H+H
†
−) HSA = 1

2Re(H+H
†
t −H−H

†
t )

HI = 1
2Re(H+H

†
0 +H−H

†
0) HISA = 1

2 Im(H+H
†
t −H−H

†
t )

HII = 1
2 Im(H+H

†
0 +H−H

†
0)

HS = |Ht|2

HST = 1
2Re(H+H

†
t +H−H

†
t )

HIST = 1
2 Im(H+H

†
t +H−H

†
t )

HSL = Re(H0H
†
t )

HISL = Im(H0H
†
t )

Htot = HU +HL + δl (HU +HL + 3HS)

Table 1. Definitions of helicity structure functions.

where v = 1 − m2
l /q

2 is the velocity-type parameter and δl = m2
l /2q2 is the helicity-flip

factor.
We consider now the circumstance of W+ → l+νl, and the W− → l−ν̄l case will be

discussed later. Combing the eq. (3.7) and eq. (3.2), one has the contraction HµνLµν(θ)
in helicity amplitude space as follows:

HµνLµν(θ) = L
(
λW , λ

′
W

)
gλWλ′′W

gλ′Wλ′′′W
H
(
λ′′W , λ

′′′
W

)
=
(
2q2v

)
×
{[(

1 + cos2 θ
)

+ 2δl sin2 θ
] (
|H+|2 + |H−|2

)
+
(
2 sin2 θ + 4δl cos2 θ

)
|H0|2

+2 cos θ
(
|H+|2 − |H−|2

)
+ 4δl |Ht|2 − 8δl cos θRe

(
H0H

†
t

)}
=
(
2q2v

)
×
[(

1 + cos2 θ
)
HU + 2 sin2 θHL + 2 cos θHP

+2δl
(
sin2 θHU + 2 cos2 θHL + 2HS − 4 cos θHSL

)]
.

(3.8)

The above equation contains relevant bilinear combinations Hi, called by the helicity struc-
ture functions [36], whose definitions are listed in table 1.

Then, we obtain the twofold differential decay distribution on q2 and cos θ:

dΓ
(
D → P (V )l+νl

)
dq2d cos θ = G2

F |Vcq|2|~p2|q2v2

32(2π)3m2
1

×
[(

1 + cos2 θ
)
HU + 2 sin2 θHL + 2 cos θHP

+2δl
(
sin2 θHU + 2 cos2 θHL + 2HS − 4 cos θHSL

)]
. (3.9)

Further integrating over cos θ, the differential q2 distribution will be

dΓ
(
D → P (V )l+νl

)
dq2 = G2

F |Vcq|2|~p2|q2v2

12(2π)3m2
1

×Htot, (3.10)

with Htot = HU +HL + δl (HU +HL + 3HS).
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For the cascade decays, we need to consider the fourfold distribution. Equation (2.24)
shows the hadronic tensor, including the cascade decay. Combining the momenta of P1
eq. (2.22) and the polarization vectors of V meson eq. (2.23), the hadronic tensor in the
helicity space can be written as

1
g2
V PP |~p3|2

H
(
λW , λ

′
W

)
(3.11)

=


cos2 θ∗|Ht|2 1

2
√

2 sin 2θ∗HtH
†
+ cos2 θ∗HtH

†
0 − 1

2
√

2 sin 2θ∗HtH
†
−

1
2
√

2 sin 2θ∗H+H
†
t

1
2 sin2 θ∗|H+|2 1

2
√

2 sin 2θ∗H+H
†
0 −1

2 sin2 θ∗H+H
†
−

cos2 θ∗H0H
†
t

1
2
√

2 sin 2θ∗H0H
†
+ cos2 θ∗|H0|2 − 1

2
√

2 sin 2θ∗H0H
†
−

− 1
2
√

2 sin 2θ∗H−H†t −1
2 sin2 θ∗H−H

†
+ − 1

2
√

2 sin 2θ∗H−H†0 1
2 sin2 θ∗|H−|2

 ,

with the matrix orders λW , λ′W = t,+, 0,−.
The four-body phase space for D → V (→ P1P2)lνl depends on five variables: P1P2

invariant mass squared s, lνl invariant mass squared q2, the angles θ, θ∗ and χ. See the
definitions in figure 2. Considering the narrow width approximation

1
(s−m2

2)2 +m2
2Γ2

V

ΓV→0−−−−→ π

m2ΓV
δ(s−m2

2) (3.12)

in the four-body phase space integral, one arrives at

dΓ
(
D → V (→ P1P2)l+νl

)
dq2d cos θdχd cos θ∗ = 3G2

F |Vcq|2v|~p2|
(2π)4128m2

1
Br(V → P1P2) 1

|~p3|2
H(λW , λ′W )L(λW , λ′W ),

(3.13)
which is then generally expressed as

dΓ
(
D → V (→ P1P2)l+νl

)
dq2d cos θd χ

2πd cos θ∗ = G2
F |Vcq|2|~p2|q2v2

12(2π)3m2
1

Br(V → P1P2)W (θ, θ∗, χ), (3.14)

and the angular distribution W (θ, θ∗, χ) is given by

W (θ, θ∗, χ) = 9
32
(
1 + cos2 θ

)
sin2 θ∗HU + 9

8 sin2 θ cos2 θ∗HL + 9
16 cos θ sin2 θ∗HP

− 9
16 sin2 θ sin2 θ∗ cos 2χHT + 9

8 sin θ sin 2θ∗ cosχHA

+ 9
16 sin 2θ sin 2θ∗ cosχHI −

9
8 sin θ sin 2θ∗ sinχHII

− 9
16 sin 2θ sin 2θ∗ sinχHIA + 9

16 sin2 θ sin2 θ∗ sin 2χHIT

+ δl

[9
4 cos2 θ∗HS −

9
2 cos θ cos2 θ∗HSL + 9

4 cos2 θ cos2 θ∗HL

+ 9
16 sin2 θ sin2 θ∗HU + 9

8 sin2 θ sin2 θ∗ cos 2χHT

+ 9
4 sin θ sin 2θ∗ cosχHST −

9
8 sin 2θ sin 2θ∗ cosχHI

− 9
4 sin θ sin 2θ∗ sinχHISA + 9

8 sin 2θ sin 2θ∗ sinχHIA

−9
8 sin2 θ sin2 θ∗ sin 2χHIT

]
.

(3.15)
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Note that the observables such as differential decay rate, forward-backward asymmetry,
polarization of τ and vector mesons, can be constructed from three-body decays directly,
without the help of eq. (3.15), which is derived assuming the narrow width limit. The
uncertainty due to the narrow width approximation influence only the following Wi mea-
surements. Even so, the finite-width effect is generally very small for vector menson, less
than a few percent, as explored in ref. [43].

4 The physical observables

To study the effect of the lepton mass and provide a more detailed physical picture in
semileptonic decays beyond the branching fraction, we can also define other physical observ-
ables that can be measured experimentally, such as forward-backward asymmetry

(
AlFB

)
,

longitudinal
(
P lL

)
and transverse

(
P lT

)
polarization of the charged lepton, longitudinal

polarization
(
F lL(V )

)
of the final vector meson, leptonic convexity parameter

(
C lF

)
, and

trigonometric momentum (Wi) in the angular distribution. These observables are expressed
again by the above helicity structure functions. The hadronic convexity parameter

(
ChF

)
is simply related to the longitudinal polarization of vector, and we will not repetitively
calculate ChF .

First, we consider the forward-backward asymmetry. The “forward” region requires
the θ ∈ [0, π/2] and the “backward” region θ ∈ [π/2, π]. Then, AlFB is defined as

AlFB(q2) =
∫ 1

0 d cos θ dΓ
dq2d cos θ −

∫ 0
−1 d cos θ dΓ

dq2d cos θ∫ 1
0 d cos θ dΓ

dq2d cos θ +
∫ 0
−1 d cos θ dΓ

dq2d cos θ

= 3
4
HP − 4δlHSL

Htot
.

(4.1)

Next, we consider the polarization observables, which can be derived from the three-
body decay. We then define a system where the leptons lie in the xz plane, leading to
k1 =

(
E1, | ~k1| sin θ, 0, | ~k1| cos θ

)
. That is, the observables have no χ dependence and

integration over χ trivially gives 2π factor. Generally, the expression of the spin four-
vector s is [44]

sµ =

~k1 · ~̂s
ml

, ~̂s+
~k1
(
~k1 · ~̂s

)
ml

(
k0

1 +ml

)
 , (4.2)

which can be obtained by imposing a Lorentz transformation to (0, ~s), and ~s is a unit
vector defining the direction of spin in the rest frame. For the longitudinal polarization of
the charged lepton, ~k1 · ~̂s = |~k1|, we obtain the longitudinal polarization vector:

sµL = 1
ml

(
|~k1|, E1 sin θ, 0, E1 cos θ

)
, (4.3)

which satisfies sLµsµL = −1, sLµkµ1 = 0.
For the leptonic tensor Lµν in eq. (3.3), one sums over the spins in the product of

Dirac spinors,
∑
s
u(p, s)ū(p, s) =

(
/p+m

)
and

∑
s
v(p, s)v̄(p, s) =

(
/p−m

)
. While the
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lepton is polarized, one has u(p, sL)ū(p, sL) = 1
2

[(
/p+m

)
(1 + γ5/s)

]
and v(p, sL)v̄(p, sL) =

1
2

[(
/p−m

)
(1 + γ5/s)

]
. The expression of the leptonic tensor for the longitudinally polarized

lepton is

Lµν(sL) = 4
(
k1µk2ν + k1νk2µ − k1 · k2gµν ± iεµναβkα1 k

β
2

∓mlsLµk2ν ∓mlsLνk2µ ±mlsL · k2gµν − imlεµναβs
α
Lk

β
2

) (4.4)

where the upper/lower sign refers to the (l−ν̄l)/(l+νl) configuration. In ref. [33] the leptonic
tensor is written as

Lµν(sL) = ∓8ml

(
sLµk2ν + sLνk2µ − sL · k2gµν ± iεµναβsαLk

β
2

)
, (4.5)

i.e., making the replacement kµ1 → ∓mls
µ
L from the unpolarized case. Equations (4.4)

and (4.5) are equivalent in the sense of L(λW , λ′W ), cf. eq. (2.10).
With eq. (4.5) we obtain the polarized differential decay distribution:

dΓ(sL)
dq2 = G2

F |Vcq|2|~p2|q2v2

12(2π)3m2
1

[
−3δl |Ht|2 + (1− δl)

(
|H+|2 + |H−|2 + |H0|2

)]
= G2

F |Vcq|2|~p2|q2v2

12(2π)3m2
1

[HU +HL − δl (HU +HL + 3HS)] .
(4.6)

The longitudinal polarization of the lepton is then defined as the ratio of polarized decay
distribution eq. (4.6) to the unpolarized decay distribution eq. (3.10):

P lL(q2) = HU +HL − δl (HU +HL + 3HS)
Htot

(4.7)

Similarly, one can obtain the definition of the leptonic transverse polarization P lT (q2),
where the leptonic polarization direction is perpendicular to its momentum direction:

sµT =
(
0, ~̂sT

)
= (0, cos θ, 0, − sin θ) . (4.8)

~̂sT is obtained from rotating ~̂sL = (sin θ, 0, cos θ) by π/2 in the counterclockwise direction.
Making the substitution kµ1 → ∓mls

µ
T , one obtains the transversely polarized leptonic

tensor, and the resulting differential decay distribution is

dΓ(sT )
dq2 = G2

F |Vcq|2|~p2|q2v2

12(2π)3m2
1

3π
√
δl

4
√

2

[
− |H+|2 + |H−|2 − 2Re(H0H

†
t )
]

= G2
F |Vcq|2|~p2|q2v2

12(2π)3m2
1

3π
√
δl

4
√

2
[−HP − 2HSL] .

(4.9)

The transverse polarization of lepton will be

P lT (q2) = −3π
√
δl

4
√

2
HP + 2HSL
Htot

. (4.10)

In addition, the fourfold decay distribution allows us to define more physical quantities.
The angular distribution can be normalized as

W̃ (θ∗, θ, χ) = W (θ∗, θ, χ)
Htot

. (4.11)
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Integrating W (θ∗, θ, χ) over cos θ∗ and χ, one can recover the angular distribution of θ
appearing in the D → V lνl transition (eq. (3.9)):

W (θ) = 3
8 × [(1 + 2δl)HU + 2HL + 4δlHS + (2HP − 8δlHSL) cos θ

+((1− 2δl)HU − 2(1− 2δl)HL) cos2 θ
]
.

(4.12)

The normalized angular distribution of θ is then

W̃ (θ) = W (θ)
Htot

= a+ b cos θ + c cos2 θ

2 (a+ c/3) , (4.13)

where
a = 3/8× [(1 + 2δl)HU + 2HL + 4δlHS ] ,
b = 3/8× (2HP − 8δlHSL) ,
c = 3/8× [(1− 2δl)HU − 2 (1− 2δl)HL] .

(4.14)

By the above coefficient definition, it is clear that the linear coefficient indicates the forward-
backward asymmetry

AFB(q2) = b

2 (a+ c/3) = 3
4
HP − 4δlHSL
Htot

. (4.15)

The leptonic convexity parameter is defined as

C lF (q2) = d2W̃ (θ)
d(cos θ)2 = c

a+ c/3 = 3
4 (1− 2δl)

HU − 2HL
Htot

. (4.16)

In the same manner, we can obtain the θ∗ angular distribution by integrating the
W (θ, θ∗, χ) over θ and χ:

W (θ∗) = 3
4 ×

[
(1 + δl)HU + (− (1 + δl)HU + 2 (1 + δl)HL + 6δlHS) cos2 θ∗

]
. (4.17)

The normalized θ∗ angular distribution is described by

W̃ (θ∗) = W (θ∗)
Htot

= a′ + c′ cos2 θ∗

2a′ + 2/3c′ , (4.18)

where
a′ = (1 + δl)HU
c′ = − (1 + δl)HU + 2 (1 + δl)HL + 6δlHS .

(4.19)

The hadronic convexity parameter can be extracted by taking the second derivative of
W̃ (θ∗) as

ChF (q2) = d2W̃ (θ∗)
d(cos θ∗)2 = c′

a′ + c′/3 = −3
2
HU − 2HL + δl (HU − 2HL − 6HS)

Htot
. (4.20)

The longitudinal polarization fraction of the final vector meson is given by

F lL(q2) = dΓ(λV = 0)/dq2

dΓ/dq2 = (1 + δl)HL + 3δlHS
Htot

, (4.21)
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and the transverse polarization fraction is F lT (q2) = 1 − F lL(q2). The hadronic convexity
parameter is related to the longitudinal polarization of vector meson by

ChF (q2) = 3
2(3FL(q2)− 1). (4.22)

Moreover, to examine more helicity structure functions in eq. (3.15), we can define the
trigonometric moments through the normalized angular decay distribution W̃ (θ∗, θ, χ)

Wi =
∫
d cos θd cos θ∗d (χ/2π)Mi (θ, θ∗, χ) W̃ (θ, θ∗, χ) = 〈Mi (θ, θ∗, χ)〉 . (4.23)

Some explicit examples include

WT (q2) = 〈cos 2χ〉 = −1
2 (1− 2δl)

HT
Htot

,

WI(q2) = 〈cos θ cos θ∗ cosχ〉 = 9π2 (1− 2δl)
512

HI
Htot

,

WA(q2) = 〈sin θ sin θ∗ cosχ〉 = 3π
16
HA + 2δlHST

Htot
.

(4.24)

For final mesons being pseudoscalars, the helicity amplitudes H± = 0, which leads to van-
ishing trigonometric moments. Therefore, eq. (4.24) is only applied to D → V transitions.

In practice, due to the limited statistics in the experiment, we show the average values
of all mentioned physical observables. In such a case, we reinstate the phase factor C(q2) =
|~p2| (q2−m2

l )2/q2 in both numerator and denominator and integrate them separately. More
explicitly,

〈AlFB〉 = 3
4

∫
dq2C(q2) (HP − 4δlHSL)∫

dq2C(q2) [HU +HL + δl (HU +HL + 3HS)]
. (4.25)

A similar operation holds for all others. We also present the full momentum dependence
of AlFB, P lL and P lT .

For the case in which the charge of the lepton is negative, i.e., l−ν̄l, the relative sign in
eq. (3.3) and eq. (4.5) will influence the expressions of some observables. To better compare
with experimental and other theoretical results, we also give the definitions of forward-
backward asymmetry, leptonic longitudinal and transverse polarization in such a case:

AFB(q2) = −3
4
HP + 4δlHSL
Htot

,

P lL(q2) = −HU +HL − δl (HU +HL + 3HS)
Htot

,

P lT (q2) = −3π
√
δl

4
√

2
HP − 2HSL
Htot

.

(4.26)

The expressions for other observables do not change.
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5 Numerical results and discussion

In this section, we will calculate the branching fractions of D(s) and B(s) to (P, V )l+νl and
the average values of AlFB, P lL, P lT , C lF , and Wi, on the basis of related form factors and
the abovementioned helicity amplitudes. The average values for these observables and the
q2 dependence are presented in the tables and figures below.

Concerning the related form factors in these physical quantities equations, we stick to
the predictions in the covariant light-front quark model (CLFQM) [8, 9]. The momentum
dependence of form factors can be parameterized as2

F (q2) = F (0)
1− a

(
q2/m2

D

)
+ b

(
q2/m2

D

)2 . (5.1)

The values of relevant parameters that appear in form factors are listed in table 2.
For the final state of the D(s) transitions, the pseudoscalar mesons P contain

η, η′, π0,K0, K̄0 and the vector mesons V contain ρ, ω, φ,K∗,K̄∗; for the B(s) transi-
tions, the pseudoscalar mesons P contain η, η′, π0, D̄0, D−s and the vector mesons V contain
ρ, ω,K∗−, D̄∗0, D∗−s . For η and η′, we need to consider the quark mixing scheme [45, 46] η

η′

 =

 cosφ − sinφ
sinφ cosφ

 ηq
ηs

 , (5.2)

where ηq = 1√
2(uū+ dd̄), ηs = ss̄, and the mixing angle φ = 39.3◦ from refs. [47, 48].

For the leptons involved, we consider the electron and muon mode for the D(s) transi-
tion, separately. In addition, the corresponding tau mode is prohibited by the phase space.
By contrast, for the B(s) transition, the electron and tau mode are included, where the re-
sults of the electron and muon mode are almost identical, as expected, due to the large mass
of B(s), and the difference between them is beyond the current experimental uncertainties.

In tables 3 and 4, we list the numerical results of the branching fractions for D(s) and
B(s) decays, respectively, calculated through the helicity formalism in eq. (3.10). The results
are in perfect agreement with the values of ref. [20], which are calculated directly via form
factors. These two ways are cross-checked well. We also compare our predictions with the
results from the PDG [4] and BESIII collaboration [49–52], and we find a good agreement
among them within the uncertainty. But they differ a little larger for D → Klνl, and
especially forD → K∗lνl. Assuming 15% uncertainty for the decay rate, our result B(D+ →
K̄∗0e+νe) = 73.2× 10−3 differs from the experimental one 54.0× 10−3 by 1.7σ, while 2.5σ
for assuming 10% uncertainty. This also happens for CCQM, see table V in [37], where the
RQM result agrees better with PDG. It shows again that investigation in a different model is
necessary. For the values of the B+ → P (V )l+νl decay from PDG in table 4, the l indicates
an electron or a muon, not a sum over these two modes. We also note that in ref. [32], the

2The shape of form factor is generally smooth, and such a parametrization works very accurately. The
difference between it and the exact numerical value is less than 3%. However, there are indeed exceptions.
See discussions between eqs. (33) and (34) in ref. [8]. For the B(D) → 1P1 decays, a new parametrisation
is proposed, but it is not relevant to our current study.
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F F (0) a b F F (0) a b F F (0) a b F F (0) a b

FDπ1 0.66 1.19 0.35 FDπ0 0.66 0.51 0.00 FBπ1 0.25 1.70 0.90 FBπ0 0.25 0.82 0.09
F
Dηq

1 0.71 1.13 0.27 F
Dηq

0 0.71 0.43 −0.01 F
Bηq

1 0.29 1.63 0.74 F
Bηq

0 0.29 0.75 0.04
FDK1 0.79 1.05 0.25 FDK0 0.79 0.47 −0.00 FBD1 0.67 1.22 0.36 FBD0 0.67 0.63 −0.01
FDsK

1 0.66 1.11 0.48 FDsK
0 0.66 0.56 0.04 FBsK

1 0.23 1.88 1.58 FBsK
0 0.23 1.05 0.35

FDsηs
1 0.76 1.02 0.40 FDsηs

0 0.76 0.60 0.04 FBsDs
1 0.67 1.28 0.52 FBsDs

0 0.67 0.69 0.07
V Dρ 0.88 1.23 0.40 ADρ0 0.69 1.08 0.45 ADρ1 0.60 0.46 0.01 ADρ2 0.47 0.89 0.23
V Dω 0.85 1.24 0.45 ADω0 0.64 1.08 1.50 ADω1 0.58 0.49 0.02 ADω2 0.49 0.95 0.28
V DK

∗
0.98 1.10 0.32 ADK

∗
0 0.78 1.01 0.34 ADK

∗
1 0.72 0.45 0.01 ADK

∗
2 0.60 0.89 0.21

V DsK
∗

0.87 1.13 0.69 ADsK
∗

0 0.61 0.90 0.62 ADsK
∗

1 0.56 0.59 0.08 ADsK
∗

2 0.46 0.90 0.43
V Dsφ 0.98 1.04 0.54 ADsφ

0 0.72 0.92 0.62 ADsφ
1 0.69 0.56 0.07 ADsφ

2 0.59 0.90 0.38
V Bρ 0.29 1.77 1.06 ABρ0 0.32 1.67 1.01 ABρ1 0.24 0.86 0.15 ABρ2 0.22 1.56 0.85
V Bω 0.27 1.81 1.18 ABω0 0.28 1.62 1.22 ABω1 0.23 0.91 0.18 ABω2 0.21 1.62 0.97
V BD

∗
0.77 1.25 0.38 ABD

∗
0 0.68 1.21 0.36 ABD

∗
1 0.65 0.60 0.00 ABD

∗
2 0.61 1.12 0.31

V BsK
∗

0.23 2.03 2.27 ABsK
∗

0 0.25 1.95 2.20 ABsK
∗

1 0.19 1.24 0.62 ABsK
∗

2 0.16 1.83 1.85
V BsD

∗
s 0.75 1.37 0.67 A

BsD
∗
s

0 0.66 1.33 0.63 A
BsD

∗
s

1 0.62 0.76 0.13 A
BsD

∗
s

2 0.57 1.25 0.56

Table 2. The form factor parameters predicted by CLFQM in D(s)/B(s) → P (V ) transitions. The
values are taken from ref. [9].

e mode µ mode
CLFQM PDG BESIII CLFQM PDG BESIII

D+→P

D+→ ηl+νl 1.20 1.11±0.07 1.16 1.04±0.15 [49]
D+→ η′l+νl 0.179 0.20±0.04 0.169
D+→π0l+νl 4.09 3.72±0.17 3.63±0.13 [50] 4.04 3.50±0.15
D+→ K̄0l+νl 103.2 87.3±1.0 86.0±2.1 [50] 100.7 87.6±1.9

D+→V

D+→ ρl+νl 2.32 2.18+0.17
−0.25 2.22 2.4±0.4

D+→ωl+νl 2.07 1.69±0.11 1.69±0.11 [51] 1.98 1.77±0.29 [51]
D+→ K̄∗0l+νl 73.2 54.0±1.0 69.3 52.7±1.5

D+
s →P

D+
s → ηl+νl 21.9 23.2±0.8 23.0±3.9 [52] 21.5 24±5.0 24.2±5.7 [52]

D+
s → η′l+νl 8.82 8.0±0.7 9.3±3.5 [52] 8.41 11±5.0 10.6±6.1 [52]

D+
s →K0l+νl 2.54 3.4±0.4 2.49

D+
s →V

D+
s →φl+νl 30.7 23.9±1.6 22.6±5.4 [52] 28.9 19.0±5.0 19.4±6.2 [52]

D+
s →K∗0l+νl 1.90 2.15±0.28 1.82

Table 3. Branching fraction for the semileptonic decays of D+ and D+
s , compared to the PDG [47]

and BESIII results. All values are in unit of 10−3.
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e mode PDG (l+νl) τ mode PDG (τ+ντ )

B+ → P

B+ → ηl+νl 4.96× 10−5 (3.9± 0.5)× 10−5 3.03× 10−5

B+ → η′l+νl 2.41× 10−5 (2.3± 0.8)× 10−5 1.28× 10−5

B+ → π0l+νl 7.20× 10−5 (7.8± 0.27)× 10−5 4.89× 10−5

B+ → D̄0l+νl 2.59× 10−2 (2.35± 0.09)× 10−2 0.78× 10−2 (0.77± 0.25)× 10−2

B+ → V

B+ → ρl+νl 2.00× 10−4 (1.58± 0.11)× 10−4 1.09× 10−4

B+ → ωl+νl 1.89× 10−4 (1.19± 0.09)× 10−4 1.00× 10−4

B+ → D̄∗0l+νl 6.67× 10−2 (5.66± 0.22)× 10−2 1.66× 10−2 (1.88± 0.20)× 10−2

Bs → P
Bs → K−l+νl 9.23× 10−5 6.18× 10−5

Bs → D−s l
+νl 2.41× 10−2 0.72× 10−2

Bs → V
Bs → K∗−l+νl 3.01× 10−4 1.56× 10−4

Bs → D∗−s l+νl 5.91× 10−2 1.46× 10−2

Table 4. Branching fraction for the semileptonic decays of B+ and Bs, compared to the PDG [4]
results.

branching fractions for D+ → D0e+νe and D+
s → D0e+νe are calculated to be on the order

of 10−13 and 10−8, respectively. These numbers are far beyond the current and even future
scope of the experiment. We will refrain from considering these two channels in our work.

In tables 5 and 6, we list the average values of other observables for the D(s) and B(s)
transitions, including the forward-backward asymmetry 〈AlFB〉, leptonic longitudinal and
transverse polarization 〈P lL〉, 〈P lT 〉, leptonic convexity parameter 〈C lF 〉 and longitudinal
polarization 〈F lL〉 of the final vector meson. In table 5, we compare our results with other
theoretical predictions from ref. [32] and ref. [37]. In these references, the form factors are
obtained based on the covariant confining quark model (CCQM) and the relativistic quark
model (RQM), separately, and the magnitude of these numerical results agree well. From
these two tables, we find that the average values of the forward-backward asymmetry Aµ(τ)

FB

are similar to those for AeFB for both the Ds → V and Bs → V transition, while for the
Ds → P and Bs → P transitions, we obtain 〈AµFB〉/〈AeFB〉 ∼ 104 and 〈AτFB〉/〈AeFB〉 ∼ 107.
Therefore, the lepton mass effect is more apparent for the mode of the pseudoscalar in final
state. In fact, it is a natural result of eq. (4.1), where for the pseudoscalar case H± = 0,
then HP = 0 and AFB is proportional to the lepton mass squared; the above ratio just
corresponds to m2

µ/m
2
e and m2

τ/m
2
e, respectively. Concerning the average values of the

leptonic transverse polarization, the absolute values of 〈PµT 〉 are much larger than 〈P eT 〉 for
D(s) decay and |〈P τT 〉| � |〈P eT 〉| for B(s) decays. More precisely, one has 〈PµT 〉/〈P eT 〉 ∼ 102

for D(s) decay and 〈PµT 〉/〈P eT 〉 ∼ 103 for B(s) decay. Again, these ratios correspond to
mµ/me and mτ/me, cf. eq. (4.10). 〈P eL〉 equals 1 for all the cases since in eq. (4.7), the term
proportional to δl almost vanishes for a numerical calculation. Clearly, in the zero lepton
mass limit, 〈P lT 〉 = 0 and 〈P eL〉 = 1 for all channels, and 〈CeF 〉 = −1.5 for the D(s)/B(s) → P

case. In table 6, the results from other models are still lacking. We note that some of those
channels have been explored e.g., in the RQM [53–58], in the QCD sum rule [59, 60], in
the light-cone sum rule [61–65], however, the relevant observables are not given.
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〈AeFB〉 〈AµFB〉 〈P
e
L〉 〈PµL 〉 〈P

e
T 〉(10−2) 〈PµT 〉 〈C

e
F 〉 〈CµF 〉 〈F

e
L〉 〈FµL 〉

D+→P

D+→ ηl+νl CLFQM −6.0×10−6 −0.05 1.00 0.84 −0.27 −0.43−1.50−1.36 — —
CCQM −6.4×10−6 −0.06 1.00 0.83 −0.28 −0.44−1.50−1.32 — —
RQM −0.052 1.00 0.85 −0.40−1.50−1.34 — —

D+→ η′l+νl CLFQM−13.2×10−6 −0.10 1.00 0.71 −0.41 −0.57−1.50−1.27 — —
CCQM −13.0×10−6 −0.10 1.00 0.70 −0.42 −0.59−1.50−1.19 — —
RQM −0.097 1.00 0.72 −0.56−1.50−1.20 — —

D+→π0l+νl CLFQM −3.4×10−6 −0.04 1.00 0.90 −0.20 −0.34−1.50−1.40 — —
CCQM −4.1×10−6 −0.04 1.00 0.88 −0.22 −0.36−1.50−1.37 — —
RQM −0.040 1.00 0.89 −0.36−1.50−1.38 — —

D+→ K̄0l+νl CLFQM −5.8×10−6 −0.05 1.00 0.84 −0.27 −0.42−1.50−1.36 — —
CCQM −6.4×10−6 −0.06 1.00 0.83 −0.28 −0.43−1.50−1.32 — —
RQM −0.053 1.00 0.85 −0.42−1.50−1.34 — —

D+→V

D+→ ρl+νl CLFQM −0.24 −0.26 1.00 0.92 −0.10 −0.13−0.48−0.40 0.55 0.54
CCQM −0.21 −0.24 1.00 0.92 −0.09 −0.13−0.44−0.36 0.53 0.51
RQM −0.26 −0.28 1.00 0.92 −0.12−0.42−0.34 0.52 0.52

D+→ωl+νl CLFQM −0.24 −0.26 1.00 0.92 −0.09 −0.12−0.45−0.37 0.53 0.53
CCQM −0.21 −0.24 1.00 0.92 −0.09 −0.12−0.43−0.35 0.52 0.50
RQM −0.25 −0.27 1.00 0.93 −0.11−0.39−0.32 0.51 0.50

D+→ K̄∗0l+νl CLFQM −0.19 −0.22 1.00 0.90 −0.11 −0.15−0.48−0.39 0.55 0.54
CCQM −0.18 −0.21 1.00 0.91 −0.11 −0.15−0.47−0.37 0.54 0.52
RQM −0.22 −0.25 1.00 0.90 −0.15−0.47−0.37 0.54 0.54

D+
s →P

D+
s → ηl+νl CLFQM −5.6×10−6 −0.05 1.00 0.84 −0.27 −0.43−1.50−1.33 — —

CCQM −6.0×10−6 −0.06 1.00 0.84 −0.27 −0.42−1.50−1.33 — —
RQM −0.043 0.88 −0.35 −1.37 — —

D+
s → η′l+νl CLFQM−11.1×10−6 −0.09 1.00 0.74 −0.38 −0.55−1.50−1.23 — —

CCQM −11.2×10−6 −0.09 1.00 0.75 −0.38 −0.54−1.50−1.23 — —
RQM −0.080 0.77 −0.51 −1.26 — —

D+
s →K0l+νl CLFQM −5.1×10−6 −0.05 1.00 0.86 −0.25 −0.41−1.50−1.35 — —

CCQM −5.0×10−6 −0.05 1.00 0.86 −0.24 −0.39−1.50−1.35 — —
RQM −0.038 0.89 −0.34 −1.38 — —

D+
s →V

D+
s →φl+νl CLFQM −0.18 −0.21 1.00 0.91 −0.11 −0.14−0.48−0.38 0.54 0.53

CCQM −0.18 −0.21 1.00 0.91 −0.11 −0.14−0.43−0.34 0.53 0.50
RQM −0.21 −0.24 1.00 0.90 −0.15−0.49−0.35 0.54 0.54

D+
s →K∗0l+νl CLFQM −0.22 −0.25 1.00 0.92 −0.09 −0.12−0.47−0.38 0.54 0.54

CCQM −0.22 −0.25 1.00 0.92 −0.09 −0.11−0.40−0.33 0.51 0.49
RQM −0.26 −0.29 1.00 0.92 −0.11−0.41−0.33 0.52 0.51

Table 5. Forward-backward asymmetry, lepton polarization, leptonic convexity parameter, and
longitudinal polarization of the vector meson for semileptonic decays of D+ and D+

s , compared
with other predictions from the CCQM [32] and RQM [37]. The dash indicates that the value does
not exist. In ref. [37], given the specific scale, some numbers of 〈AeFB〉 and 〈P eT 〉 (with orders of
10−6 and 10−3, respectively) are shown as 0.
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〈AeFB〉 〈AτFB〉 〈P eL〉 〈P τL〉 〈P eT 〉 〈P τT 〉 〈CeF 〉 〈CτF 〉 〈F eL〉 〈F τL〉

B+→P

B+→ ηl+νl −0.39×10−6 −0.29 1.00 0.11 −0.64×10−3 −0.86 −1.50 −0.60 — —
B+→ η′l+νl −0.49×10−6 −0.31 1.00 0.026 −0.72×10−3 −0.87 −1.50 −0.52 — —
B+→π0l+νl −0.35×10−6 −0.28 1.00 0.087 −0.62×10−3 −0.85 −1.50 −0.59 — —
B+→ D̄0l+νl −1.04×10−6 −0.36 1.00 −0.32 −1.07×10−3 −0.84 −1.50 −0.27 — —

B+→V

B+→ ρl+νl −0.32 −0.39 1.00 0.60 −0.18×10−3 −0.10 −0.39 −0.12 0.51 0.49
B+→ωl+νl −0.30 −0.36 1.00 0.65 −0.15×10−3 −0.06 −0.42 −0.15 0.51 0.49
B+→ D̄∗0l+νl −0.22 −0.30 1.00 0.51 −0.29×10−3 −0.10 −0.42 −0.056 0.52 0.45

Bs→P
Bs→K−l+νl −0.43×10−6 −0.29 1.00 −0.10 −0.72×10−3 −0.86 −1.50 −0.46 — —
Bs→D−s l

+νl −1.05×10−6 −0.36 1.00 −0.33 −1.07×10−3 −0.84 −1.50 −0.26 — —

Bs→V
Bs→K∗−l+νl −0.21 −0.28 1.00 0.65 −0.17×10−3 −0.13 −0.59 −0.26 0.59 0.56
Bs→D∗−s l+νl −0.22 −0.29 1.00 0.51 −0.29×10−3 −0.10 −0.43 −0.058 0.52 0.45

Table 6. Forward-backward asymmetry, lepton polarization, and leptonic convexity parameter
and the longitudinal polarization of vector meson for semileptonic decays of B+ and Bs. The dash
indicates that the value does not exist.

CLFQM CCQM [32] RQM [37] Experimental
D+ → K̄∗0e+νe 1.21 1.17 1.17
D+ → K̄∗0µ+νµ 1.17 1.08 1.17 1.13± 0.08 [47]
Ds → φe+νe 1.17 1.12 1.17 1.0± 0.3± 0.2 [67]
Ds → φµ+νµ 1.12 1 1.17

Table 7. The ratios of the partial decay rates ΓL/ΓT for D+ → K̄∗0l+νl and Ds → φl+νl decays.
The PDG averages are discussed in the text.

Through the longitudinal polarization of the final vector meson, we can obtain the
ratios of the partial decay rates ΓL/ΓT = 〈FL〉/(1−〈FL〉). Experimental measurements give
the results regarding these ratios ΓL/ΓT for D+ → K̄∗0l+νl, and D+

s → φl+νl decays, and
we give the comparison in table 7. Our predictions are in good agreement with the available
experimental values and other theoretical results from the CCQM [32] and RQM [37]. The
PDG average for ΓL/ΓT in D+ → K̄∗0l+νl is 1.13 ± 0.08, which is fully taken from the
measurements for D+ → K̄∗0µ+νµ with the exclusion of the data from ref. [66] for the
electron mode. The PDG average for ΓL/ΓT in D+

s → φl+νl is 0.72± 0.18, which is based
on the value from ref. [67] as well as from refs. [68] and [69]. The last two treat ΓL/ΓT for
a lepton mass of zero.

Considering the l−ν̄l mode, we recalculate the relevant physical observables for the
B̄0 → D+l−ν̄l and B̄0 → D∗+l−ν̄l decay channels and compare our results with another
prediction from the CCQM [36] in table 8. Again there is a good agreement.

In table 9, we present our predictions for the trigonometric moments of D(s) and B(s)
decay. Except for the electron mode, for D(s) decay, we have also calculated the muon
mode, while for B(s), the tau mode is also illustrated. For the transitions of meson D(s),
we give the comparison with the predictions of the CCQM [35], and we find that our
predictions are in good agreement with them.
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〈AeFB〉 〈AτFB〉 〈P eL〉 〈P τL〉 〈P eT 〉 〈P τT 〉 〈CeF 〉 〈CτF 〉

B̄0→D+l−ν̄l
CLFQM −1.04×10−6 −0.36 −1 0.32 1.06×10−3 0.84 −1.5 −0.27
CCQM −1.17×10−6 −0.36 −1 0.33 0.84 −1.5 −0.26

B̄0→D∗+l−ν̄l
CLFQM 0.22 0.054 −1 −0.51 0.46×10−3 0.47 −0.42 −0.056
CCQM 0.19 0.027 −1 −0.50 0.46 −0.47 −0.062

Table 8. Forward-backward asymmetry, lepton polarization, and convexity parameters for semilep-
tonic decays of B̄0 → D+l−ν̄l and B̄0 → D∗+l−ν̄l, compared with the prediction from the
CCQM [36], where 〈P eT 〉 is shown as 0 since it is on the order of 10−3.

〈W e
T 〉 〈Wµ

T 〉 〈W e
I 〉 〈Wµ

I 〉 〈W e
A〉 〈Wµ

A〉
D+→ ρl+νl CLFQM −0.078 −0.077 0.052 0.049 −0.078 −0.072

CCQM −0.091 −0.089 0.054 0.051 −0.067 −0.061
D+→ωl+νl CLFQM −0.081 −0.080 0.052 0.049 −0.077 −0.071

CCQM −0.093 −0.091 0.054 0.051 −0.066 −0.060
D+→ K̄∗l+νl CLFQM −0.091 −0.089 0.054 0.051 −0.062 −0.055

CCQM −0.097 −0.094 0.055 0.051 −0.056 −0.049
D+
s →φl+νl CLFQM −0.095 −0.093 0.054 0.051 −0.057 −0.050

CCQM −0.101 −0.098 0.055 0.052 −0.055 −0.048
D+
s →K∗l+νl CLFQM −0.085 −0.083 0.053 0.050 −0.072 −0.066

CCQM −0.094 −0.092 0.054 0.051 −0.068 −0.062
〈W e

T 〉 〈W τ
T 〉 〈W e

I 〉 〈W τ
I 〉 〈W e

A〉 〈W τ
A〉

B+→ ρl+νl CLFQM −0.050 −0.042 0.048 0.031 −0.109 −0.056
B+→ωl+νl CLFQM −0.056 −0.048 0.049 0.032 −0.103 −0.058
B+→ D̄∗l+νl CLFQM −0.091 −0.056 0.054 0.025 −0.069 −0.005
Bs→K∗−l+νl CLFQM −0.063 −0.053 0.051 0.034 −0.085 −0.042
Bs→D∗−s l+νl CLFQM −0.092 −0.056 0.054 0.025 −0.067 −0.043

Table 9. The average values for trigonometric moments (see eq. (4.24)), compared with the pre-
diction from the CCQM [32].

As a drawback of the model, it is hard to quantify the theoretical uncertainty. Compar-
ing the central values between refs. [9] and [8], one finds that a general 7%-10% uncertainly
attached to form factor is reasonable. Reference [9] is just an update of [8] with utilizing
the latest experimental information, wherever available, or the lattice results to fix the pa-
rameter β in the wave function of meson involved. Considering also the uncertainty from
CKM matrix elements (the uncertainty for |Vub| is larger due to the difference between the
extractions from the exclusive and inclusive mode), a 10%-15% uncertainty will be assigned
to the observable.

The Belle collaboration has measured the longitudinal polarization of the final vector
meson as F τL(D∗) = 0.60 ± 0.08 ± 0.04 [73] and the longitudinal polarization of the τ
lepton3 as P τL(D∗) = −0.38± 0.51+0.21

−0.16 [76] for the decay B̄ → D∗τ−ντ . Our results from

3Notice that the Belle collaboration measures the longitudinal polarization of lepton with τ decays
τ → π−ντ and τ → ρ−ντ in the rest frame of τ . In fact, it could also be measured in laboratory frame of τ
or in the rest frame of virtual W [77]. Nevertheless, in the rest frame of τ , the formula becomes much simpler.
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Observables Approach B̄→Dτ−ν̄τ B̄→D∗τ−ν̄τ (e−ν̄e) Bs→Dsτ
−ν̄τ Bs→D∗sτ

−ν̄τ

F τL(D∗(s))

CLFQM — 0.451 (0.521) — 0.453
SM1 [70] — 0.46±0.04 — —
SM2 [71] — 0.455 — 0.433
PQCD [72] — 0.43 — 0.43
Belle [73] — 0.60±0.08±0.04 (0.56±0.02) — —

P τL(D(∗)
(s) )

CLFQM 0.32 −0.51 0.33 −0.51
SM1 0.325±0.09 [74] −0.497±0.013 [75] — —

SM2 [71] 0.352 −0.501 — −0.520
PQCD [72] 0.30 −0.53 0.30 −0.53
Belle [76] — −0.38±0.51+0.21

−0.16 — —

Table 10. Our predictions for F τL(D∗(s)) and P τL(D(∗)
(s)), compared with other models as well as

experimental values. The dash indicates that the value does not exist. In parenthesis, we also
include the value of F eL(D∗) for B̄ → D∗e−ν̄e.

the CLFQM, as well as other predictions, are compared to those from the experiment in
table 10. The results agree well within uncertainties; however, the uncertainty for P τL of the
Belle measurement is very large. Further precise measurement is important and desirable.
As discussed in many works [76, 78–82], the polarization observables F τL(D∗), P τL(D∗),
and the yet unmeasured P τL(D) could potentially discriminate the effects of new operator
structure beyond the SM. Their correlation with other NP models — the two Higgs doublet
model and a leptoquark model — are discussed in refs. [74, 75]. We also notice that the
values of P τ and AFB in table VI in ref. [72] should correspond to the τ−ν̄τ mode, not the
τ+ντ mode. As mentioned, the two modes will lead to different results with not only an
overall sign difference, cf. eq. (4.26) and eqs. (4.1), (4.7), and (4.10).

As a matter of fact, there are very different landscapes for polarizations of τ and lighter
ones e and µ. The polarisation of τ can be accessed by analysing its decay product, as has
been done by Belle collaboration, but it is not possible for e and µ. In a complete angular
analysis, cf. eq. (40), the helicity structure functions HU,L,S,P,SL could be extracted, and
from them the polarisation observables are defined.

We also show the differential decay distribution dΓ/dq2 within the full range of the
momentum transfer squared in figure 3 for some selected channels. These are direct ob-
servables in the experiment and will be tested in the future.

Moreover, we compare our results with the experimental results of the differential de-
cay rate for D → Ke+νe and D → πe+νe in figure 4. The experimental data are from the
BESIII [50, 83], BABAR [84, 85] and CLEO [86] collaboration. The blue band is obtained
by assigning the central values a 10% uncertainty, demonstrating to some extent our the-
oretical uncertainty. Our results for D → πe+νe agree very well with the experimental
findings, while for the D → Ke+νe case, they only agree within their uncertainties. As al-
ready noted in ref. [37], our result for D → Ke+νe is larger than theirs and the experiment.
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Figure 3. The differential decay rates of the decays D+
s → K(∗)l+νl, B+ → D̄(∗)l+νl and Bs →

D
(∗)−
s l+νl. The lepton mode is indicated by the corresponding legend. The solid and dashed lines

denote the central values and the band demonstrates our estimated uncertainty.

In figures 5–7, we represent the q2 dependence of the forward-backward asymmetry
and the leptonic longitudinal and transverse polarization, respectively. For the decays
D(s) → V l+νl and B(s) → V l+νl, we can find that the values of AFB and PT coincide with
0 at the zero recoil point (q2 = q2

max) since HP = 0, HSL = 0, cf. eq. (4.1) and eq. (4.10).
Owing to the same reason, the leptonic longitudinal polarization eq. (4.7) for the mode of
the vector meson in final states is reduced to (1− δl)/(1 + δl) at the zero recoil point; then,
the values of P e(µ)

L approach 1, as shown in figure 6. In all these figures, one finds that the
longitudinal and transverse polarization values for µ and τ are larger than the electron,
which illustrates the lepton mass effect as expected.
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Figure 5. The forward-backward asymmetries of the decays D(s) → P (V )l+νl and B(s) →
P (V )l+νl.
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Figure 6. The longitudinal polarization of a charged lepton of the decays D(s) → P (V )l+νl and
B(s) → P (V )l+νl.

6 Summary

Based on the form factors computed from the covariant light front quark model [8, 9],
we perform a comprehensive analysis of the semileptonic decays D(s), B(s) → P (V )lνl in
the helicity formalism, where all the observables are expressed by form factors via helicity
amplitude. We provide the detailed derivation for the differential decay rate (dΓ/dq2),
forward-backward asymmetry (AlFB), longitudinal (P lL) and transverse polarization (P lT ) of
a lepton, longitudinal polarization of a vector meson (F lL(V )), leptonic convexity parameter
(C lF ), and trigonometric moments (W l

L,W
l
I ,W

l
A). The numerical results are shown in

section 5.
The values of the branching fractions are in good agreement with the experiment for

D(s) and B decay; however, the experimental information is lacking for Bs decay. For the
polarization observables, the only measurements are F τL(D∗) and P τL(D∗) for the decay B̄ →
D∗τ−ντ from the Belle collaboration. The current Standard Model prediction agrees with
the experimental value for the polarization of D∗ (F τL(D∗)), within 1.6 standard deviations
of the mean, while the experimental values for the polarization of τ (P τL(D∗)) suffer from
large uncertainty. As recognized by our community, these polarization observables are
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Figure 7. The transverse polarization of a charged lepton of the decays D(s) → P (V )l+νl and
B(s) → P (V )l+νl.

crucial inputs for testing and investigating New Physics. Thus, further examination from
both the theoretical and experimental sides is of great importance.

These observables could be measured in BESIII, Belle, and LHCb. From a practical
perspective, the forward-backward asymmetry could be measured as a first step. In the
near future, BelleII will accumulate data samples 50 times as large as those for Belle, which
will provide a major opportunity for such further measurements and the determination of
variously unmeasured observables discussed in the current work. Concerning the charm
part, the super τ -charm factory is planned to be built in China.
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