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ABSTRACT: We examine holographic complexity in the doubly holographic model intro-
duced in [1, 2] to study quantum extremal islands. We focus on the holographic complex-
ity=volume (CV) proposal for boundary subregions in the island phase. Exploiting the
Fefferman-Graham expansion of the metric and other geometric quantities near the brane,
we derive the leading contributions to the complexity and interpret these in terms of the
generalized volume of the island derived from the induced higher-curvature gravity action
on the brane. Motivated by these results, we propose a generalization of the CV proposal
for higher curvature theories of gravity. Further, we provide two consistency checks of our
proposal by studying Gauss-Bonnet gravity and f(R) gravity in the bulk.
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1 Introduction

In the last few years, an influx of concepts from quantum information theory has led
to exciting new insights about quantum gravity, especially within the framework of
gauge/gravity duality [3]. One of these concepts that has been a topic of much research is
the quantum circuit complexity [4], which quantifies how difficult it is to prepare a target
state from a simple reference state, given a particular set of elementary gates. Among
the various conjectured holographic duals to circuit complexity, the two most extensively
studied are the complexity=volume (CV) [5, 6] and the complexity=action (CA) [7, 8]
proposals. The CV conjecture states that the complexity of the state in the boundary
theory defined on a time slice S is dual to the volume of the maximal codimension-one
bulk surface anchored to S on the asymptotic boundary,

, (1.1)




where Gy is the Newton’s constant of bulk gravity theory and ¢ is some undetermined
length scale. Various aspects of the CV proposal have been studied on the gravitational
side of the duality, e.g., see [9-25]. The above conjecture assumes that the state in ques-
tion is a pure state defined on a global time slice, i.e., the time slice S spans the entire
asymptotic boundary.

Motivated by entanglement wedge reconstruction [26-31], the CV proposal was also
extended to mixed states produced by reducing a global pure state down to a subregion
of the boundary [9, 32]. The subregion-CV conjecture proposes that the complexity of
the quantum state defined on a boundary subregion R is given by the volume of a max-
imal codimension-one bulk surface extending from R on the asymptotic boundary to the
corresponding Ryu-Takayanagi (RT) surface ¥ in the bulk,

CV*(R) = OB 0 TR Féfﬂ ' (1.2)
For example, see [32-54] for more recent explorations on the subregion-CV proposal. From
the viewpoint of circuit complexity, a natural definition of mixed-state complexity is the
so-called purification complexity, which can be understood as the complexity of the optimal
purification. That is, one identifies the purification of the mixed state in question with the
smallest complexity, e.g., see [53-56] for recent studies. Let us add, however, that there
are other possible definitions of circuit complexity of mixed states which do not require the
concept of purifications [53, 54, 57].

Recently, information theoretic ideas have also produced exciting new insights for the
resolution of the black hole information paradox [58-60]. The latter can be quantified by
examining the von Neumann entropy of the Hawking radiation [60-62]. Hawking’s original
analysis indicated that this entropy increases throughout the evaporation of a black hole
since one is simply accumulating more and more thermal radiation. However, Page argued
that the entropy of the radiation must be bounded by the black hole entropy for a unitary
evolution, so the entropy must in fact decrease over the second half of the evaporation
process and reach zero in the final state where the black hole has disappeared. The Page
curve is then a plot of the entropy of the Hawking radiation as a function of time which
exhibits this qualitative behaviour [60, 61].

Recent progress [63-66]! into understanding the Page curve builds on insights coming
from holographic entanglement entropy [105-110] and its extension to include quantum
contributions [111, 112]. For simplicity, one assumes that the Hawking radiation is absorbed
by a non-gravitational reservoir (the bath), which is coupled to the asymptotic boundary
of the gravitational region containing the black hole. One finds the entropy of the Hawking
radiation in a bath subregion R is given by the island rule [63, 66]

SEE(R) = min{ ext <SQFT(R U islands) + A(a(lSlandS))>} . (13)
islands 4GN

That is, Sgg(R) is not just given by the entropy of the quantum fields in the bath region,
but rather one also considers R together with subregions (i.e., islands) in the gravitating

IThese calculations were subsequently applied in a broad variety of situations, e.g., see [1, 2, 67-104].



region to minimize the entanglement entropy of the combined subregion. Further, the
Bekenstein-Hawking entropy appears as an additional gravitational contribution at the
boundary of the islands.

Initially, for an evaporating black hole, eq. (1.3) is minimized without any islands and
the calculation matches Hawking’s evaluation of the entropy. However, at late times, a
new saddle point involving a nontrivial island dominates because the Hawking radiation
shares a large amount of entanglement with the quantum fields behind the horizon. In
this Page phase of the time evolution, the entropy is controlled by the black hole entropy,
which appears in the second term in eq. (1.3), and in this way, the island rule yields the
expected unitary Page curve.

The island rule has a simple interpretation within certain “doubly-holographic” models
in [1, 2, 66, 68]. Of course, the physics can be described with the usual bulk and boundary
perspectives of a holographic system. In this case, the boundary perspective consists of a d-
dimensional CFT coupled to a codimension-one conformal defect, and the bulk perspective
then becomes (d+1)-dimensional gravity on an asymptotically AdS spacetime containing
a codimension-one brane, which is anchored at the conformal defect on the asymptotic
boundary. This brane back reacts on the bulk spacetime and in an appropriate parameter
regime, a third perspective emerges through the Randall-Sundrum mechanism [113-115].
In this brane perspective, the brane supports a theory of d-dimensional gravity coupled
to (two copies of) the holographic CFT, and is connected to the CFT on the asymptotic
boundary (which becomes the bath) at the position of the defect. We refer the interested
reader to [1, 2] for further details on these three perspectives.

A key advantage of this framework is that entanglement entropies in eq. (1.3) are calcu-
lated purely geometrically from the bulk perspective, using the usual rules of holographic
entanglement entropy [105-110]. In particular, the entanglement entropy for a bath or
boundary region R becomes

See(R) = min {ext <A(ER) + Alor) )} , (1.4)

Xr 4CYYbulk 4Gbrane

where YXr is the usual bulk RT surface, while og = Xr N brane is the intersection of the
RT surface with the brane. The second term in eq. (1.4) is the Bekenstein-Hawking area
contribution that is included when an intrinsic gravitational action (i.e., a DGP term [116])
is included in the brane action [1, 2]. From the brane perspective then, islands simply arise
when the minimal RT surfaces in the bulk extend across the brane, as illustrated in the
right panel of figure 1. Further, the transition between the island and no-island phases
(e.g., between the Page and Hawking phases of an evaporating black hole) corresponds
to a conventional transition found in holographic entanglement entropy between different
classes of RT surfaces, e.g., [117-120]. Let us add that carefully examining eq. (1.4) near
the brane shows that the gravitational contribution in the island rule (1.3) expands to the
Wald-Dong entropy [121-124] for the higher-curvature gravitational action induced on the
brane [1].

In this paper, we extend the examination of the model constructed in [1, 2] to consider
holographic complexity, and in particular, the subregion-CV proposal (1.2). In particular,
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Figure 1. The choice of RT surfaces for the boundary subregion R = Ry, URR on a constant time
slice in the presence of the brane (coloured green), showing the island and no-island phases in the
right and left panels, respectively. The complexity C3*P(R) in egs. (1.2) and (1.5) is determined by
the extremal surface B = Br U Bg. In the island phase, the intersection of this surface with the
brane defines the ‘island’ B = BN brane.

we focus on the island phase (i.e., the right panel of figure 1) in which case the extremal
bulk surface B also crosses the brane. Following an analysis similar to that of [1] for the
holographic entanglement entropy, we employ the FG expansion of the subregion-CV in
the vicinity of the brane to recast it as an integral of geometric quantities over the island,
i.e., B=BNbrane. Then to leading order, eq. (1.2) yields

w d—2 V(B

where Geg is the induced Newton’s constant for the gravitational theory on the brane.?

Setting aside the dimension-dependent prefactor, the geometric integral over Bis naturally
interpreted as the holographic complexity of the island region.

However, beyond the volume term, the ellipsis in eq. (1.5) also includes higher curvature
corrections. By examining these contributions, we are lead to a generalized CV formula
derived from the induced higher-curvature gravity action on the brane. That is, we propose
to generalize the complexity=volume conjecture for an arbitrary (d+1)-dimensional higher-
curvature gravity theory in the bulk as

Cy(R) = max | VeenB) £ Wic(B)

Mmax On (d>2) (1.6)

where Weey, is called the generalized volume because this expression reduces to the vol-
ume term V(B) for Einstein gravity, and Wy introduces extra corrections involving the
extrinsic curvature KC,, of the hypersurface B. Explicitly, our analysis determines these

2Note that here we are ignoring the UV divergent contributions coming from where B approaches the
asymptotic boundary. This result also assumes there is no DGP term on the brane.



two contributions as

Wyen(B) = ——2 / %o /det h (1 4 (d — 3) Fbutc hy,,n(,> :
B

(d - 1)(d - 2) aRqua .
4(d - 3) / d 82Lbulk (1.7)
Wg(B)= ———+—— [ d% Vdeth
K< ) (d - 1)2(d - 2) B aRMlVl,UlUI 8RM2V20202

X [ICV1U1 (hlupl + (d - 2)”#1”,01) ICV202 (hu2p2 + (d - 2)nu2np2)] +oe

For these expressions, we have rescaled the gravitational Lagrangian so that the gravita-
tional action carries an overall factor: Igray = ﬁ Ik dde\/TQ Lpuk. Further, B denotes
a spacelike codimension-one bulk hypersurface with unit normal n*, induced metric h,,,
and extrinsic curvature K,,. The generalized subregion-CV functional is maximized sub-
ject to the constraint that the codimension-one hypersurface B is anchored at the boundary
subregion R and the corresponding RT surface ¥gr, i.e., 0B = R U XR.

Our proposal to the generalized CV contains two contributions, in a similar spirit to the
Wald-Dong entropy [121-124]. The generalized volume Wyen was first conjectured in [125],
which left the precise coefficients of various contributions undetermined. This expression
is analogous to the original Wald entropy, which is derived for stationary event horizons on
which the extrinsic curvature terms vanish. We fix the coefficients, as shown in eq. (1.7),
by carefully examining the higher-curvature corrections in eq. (1.5). The term Wy in
eq. (1.6) generalizes the results to surfaces where the extrinsic curvature is non-vanishing,
in analogy to Dong’s extrinsic curvature corrections to the Wald entropy [124]. These
corrections naturally arise here in matching the subleading terms in the FG expansion of
the volume of B in the bulk Einstein gravity case. However, as indicated in eq. (1.7), we
have only matched the corrections which are quadratic in K, and as indicated by the
ellipsis, this is only the first term in a longer expansion just as is found in the Wald-Dong
entropy [124]. We must also admit that even for the quadratic corrections, there is a high
degree of ambiguity and the expression in eq. (1.7) is only the simplest ansatz consistent
with our analysis.

The full analysis leading to these results is presented as follows: in section 2, we
exploit the Fefferman-Graham expansion near the brane to show that the leading-order
contribution to holographic complexity coming from the island is given by the expression
in eq. (1.5). In the process, we derive the generalized complexity (1.6) for the effective
higher-curvature theory of gravity on the brane. We also argue that the surface B on which
the complexity is evaluated corresponds to the maximal complexity island. In section 3,
we test our conclusions by beginning with a higher-curvature gravity theory in the (d+1)-
dimensional bulk, i.e., Gauss-Bonnet gravity and f(R) gravity, and explicitly show our
proposal (1.6) consistently yields the same holographic complexity of islands as that derived
from the effective gravitational theories on the brane. We present a discussion of our
results and future directions in section 4. In particular, we consider the quantum field
theory corrections that implicitly appear when eq. (1.5) is interpreted from the brane
perspective. Appendix A contains some technical details that arise when studying the
doubly holographic model in lower dimensions, i.e., d = 2, 3.



2 Holographic complexity on the island

In this section, we examine the subregion-CV conjecture in the context of the holographic
model constructed in [1, 2]. So we begin by reviewing some of the salient points of the
model: as usual, the bulk gravity theory is described by

o = o [y (d(d‘” +Rlgul) (2.1)

167 Ghulk L2
where L becomes the radius of curvature for the vacuum AdSg; spacetime. Here, the bulk
theory also includes a codimension-one brane with the action®

Torane = _To/ddx -9, (2'2)

where Tj, is the tension and g;; is the induced metric on the brane.
Following [1, 2], we foliate of the bulk geometry with AdSy slices as in

L2
dSAQAde_Fl = Y5 (d92 + dSQAde) y (23)

sin? 6
where the AdS,; metric has unit curvature. The solution with the brane is constructed
by cutting the above geometry along an AdS, slice at some § = g near the asymptotic
boundary. Joining together two copies of this geometry, as in figure 2, the brane is then
represented as the interface between the two. That is, the brane is considered a shell
of zero thickness and it’s position the spacetime is determined using the Israel junction
conditions [126]

A(KB)ij — Gi;AKB = 87Gruk Sij = —87Gruk 1) Gij (2.4)

where S;; is the boundary stress tensor introduced by the brane and A(Kg);; = ICZLj — IC%.
The brane position can be written as

4 LT,
sin?fp = - =2c(1—¢/2)  where &= (1_7beulko> |

ol (2.5)

and /g is the curvature scale on the brane.

Now by construction, the bulk geometry locally takes the form of AdS;4; spacetime
away from the brane. However, the brane’s backreaction expands the bulk and with g < 1,
the brane is pushed towards the asymptotic boundary of eq. (2.3). Of course, this boundary
(at @ = 0) is cut out of the construction, but we may still use the usual Fefferman-Graham
(FG) expansion [127, 128] to examine the geometry in the vicinity of the brane. While
the explicit construction described above is for the maximally symmetric ground state
configuration, in the following, we consider more general configurations where the brane
geometry may deviate slightly from the AdS; geometry.

3We consider the addition of a DGP term below in section 2.2.3.
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Figure 2. The holographic setup with islands in AdSg4+1. The two AdS4+1 geometries are cut off at
0 = 0p (or z = zp) and glued together with the brane at the junction between the two. The island
region emerges on the brane when the RT surfaces Y g of the boundary subregion R = Ry, U Ry
cross the brane. The maximal volume bulk slice B = By, UBR crosses the brane, and the intersection
of these two surfaces determines the island B = B N brane = By, N Bg.

We begin by writing the metric on an asymptotically AdSqy; spacetime as?

L? A
ds® = g, dy" dy” = yol (dz2 + gij(z,x’)dxldx]) . (2.6)

In these coordinates, we approach the asymptotic boundary for z — 0, and the brane
is located at z = zg <« L. Around the asymptotic boundary, the Fefferman-Graham
expansion provides the a series expansion of the metric g;;(z, 2%) in terms of the boundary

. (0) (d/2) .
metric ¢',;; and the boundary stress tensor =g ;; o< (T35) [129, 130], i.e.,

O a2 PACT N ; 2
i) = Gy () + 250 (o) 4o 7 (“Dte) + st o (£)) #0012

where the logarithmic term is present only when d is even. Now zp/L < 1 emerges as
a natural expansion parameter, which we can apply in the FG expansion to study the
geometry near the brane.

Applying the bulk Einstein equations in the FG expansion (2.7) fixes the expansion

0
coefficients (Z)ij (with 0 < n < %) in terms of the boundary metric (g)l-j [129, 130]. For
example, the first term in the expansion is given by the Schoutten tensor Pj; (for d > 2),

(0)
(0) L? (0) [y 0)

gij(xi):—LQPij[g]:—m Rij[g]—mR[g] , (2.8)

4Our notation will be: greek indices u, v denote tensors in the bulk spacetime and run from 0 to d. Latin
indices i, j from the middle of the alphabet denote tensors on codimension-one hypersurface at fixed z, and

run from 0 to d — 1. For example, the bulk coordinates are y* = {z, xl} Further, we will denote the bulk

bulk

metric g,, = g, in situations where there may be confusion.



0
where R;; and R denote the Ricci tensor and Ricci scalar calculated with (g)ij, respec-
tively. We further note the above expression can also be derived by examining the effect of

1 ,
Penrose-Brown-Henneaux transformations [131], which implies that (g)ij (z') is completely
determined by the conformal symmetries on the boundary and therefore it is independent

of the bulk gravity theory. In contrast, the next term (é)ij in the expansion depends on
the details of the bulk gravity theory, e.g., see [132, 133]. More precisely, it depends on
whether the gravitational action contains interaction with the Riemann tensor squared, as
we will see in section 3.

With the assumption that fg < 1, one application of the FG expansion [127, 128] is
to derive the effective action for the gravity theory on the brane [1]

1 (d-1)d-2) = _
I = —— | dday/—g | 2.
0= tege | VI [ PR (2.9)
1 L? . d .
d%r/—a TR — 2> o
+167TGeff/ v g[(d—4)(d—2) <R Bij = qa—nft )+ ] ’
where 1 of i - i i 010
Geﬂ B (d - 2)CTYbqu ’ ngf B L2’ ‘

and g;; is the induced metric on the brane. The UV cutoff in this effective theory is given
by 6 = L, and this controls the contributions of the higher curvature terms appearing in the
second line of eq. (2.9).> Hence we are naturally lead to consider fg < 1 (or equivalently,
L?/0%; < 1 or e < 1) as this corresponds to the regime in which the induced brane theory
is well approximated by Einstein gravity with a negative cosmological constant.

Similarly, the FG expansion can be applied to understand the contributions of the
holographic entanglement entropy (1.4) in terms of the brane theory, e.g., one finds that
the gravitational contribution in the island rule (1.3) corresponds to the Wald-Dong entropy
for the induced action (2.9) evaluated on the boundaries of the island [1]. In the following,
we follow a similar strategy applying the FG expansion to examine the bulk holographic
complexity (1.2) evaluated in the vicinity of the brane and reinterpret the result in terms
of the brane theory. In particular, we will find the geometric contributions in the ‘island’
complexity, and provide a prescription to derive these from the effective action (2.9).

2.1 Extremal surfaces near the brane

Eq. (1.2) gives the complexity=volume proposal for a boundary subregion R as,

CIP(R) = max [ V(B) } . (2.11)
OB=RUZR | Gpuk £

In particular, one extremizes the volume of codimension-one hypersurface B anchored on

the subregion R on the asymptotic boundary and on the RT surface g in the bulk. Since

we are interested in reinterpreting the bulk results in terms of the brane theory, we will

assume that we are in the island phase, i.e., the RT surface g crosses the brane, as shown

5The ellipsis in eq. (2.9) indicates a further series of terms with higher powers of L? x curvature.
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Figure 3. The full asymptotically AdSy4y; geometry from the right side of the construction in
figure 2. The time slice S is introduced in the left panel and detailed in the right panel. We
explicitly show various metrics for the different regions.

in figure 2. Then, as shown, our boundary subregion R will generally have components
Ry, and Rp on either side of the conformal defect in the boundary theory. Similarly,
we decompose the bulk surface in terms of components on either side of the brane, i.e.,
B = By, U Br. We also remark that in applying the FG expansion, we extend the left or

right geometry to a ‘virtual’ asymptotic boundary at z = 0, so that the ‘boundary metric’

(0)
h op and other boundary quantities are evaluated at the region Rf; (and similarly a region

R for the left AdS region) at this virtual boundary, as shown in the right panel of figure 3.

To facilitate our analysis, we introduce d-dimensional coordinates o® in B with letters
from the beginning of the Greek alphabet, i.e., a, 3,7 which run from 1 to d. Further,
we use Gaussian normal coordinates with respect to the intersection B=Bn brane, with
¢ = 0% being the coordinate normal to the brane. Latin indices a, b, ¢ from the beginning of
the alphabet denote the other directions running from 1 to d — 1, i.e., 0 = ({,0%). Taking
the parametrization of the bulk hypersurface B as y* ({,0%), we can define the induced
metric on this surface by

oy* 0y
has = Ba o Invlv)- (212
As a bulk tensor, we may also write the induced metric as
Py = [Guvlg + npnw (2.13)
where n# is the unit vector normal to B, i.e., n"n*g,, = —1 and h,,n” = 0. Further, it
will be convenient to make the following gauge choices:
(=0l=2 and hoe =0. (2.14)

In order to consider holographic complexity for (d + 1)-dimensional bulk theory, we
are interested in the codimension-1 bulk surface B with extremal volume in the bulk.



Extremizing the volume of hypersurface B leads to a local equation
1
n afs m afs v o T
EOM* = 7 On (\/ﬁh gy ) + h*P0,y" 0py’ I't, =0, (2.15)

where h = det hog and I'f} is the Christoffel symbol associated with the bulk metric g, .
As a vector, the above expression is orthogonal to B and taking the inner product with n*
leaves a simple expression in terms of the extrinsic curvature ICnp of the submanifold (see

eq. (2.20)),
K=h"K.s=0. (2.16)

Since we are interested in the geometry near the asymptotic boundary, above equation
can be solved order by order in a Fefferman-Graham expansion for ¢ (z,0%)

' (0) 52 (@) o
' (z,0%) = 2" (6%) + I3 ' () + O <L4> . (2.17)

Noting that the leading contribution in eq. (2.15) involves the terms with two z derivatives,

we see that the extremization condition does not fix the leading coefficients (g)i, i.e., the
profile of the surface at z = 0. Alternatively, we can think of this indeterminacy as the
profile of the intersection of the extremal surface B and the brane, which we will refer
to as the island B = BNbrane. As we will emphasize in section 2.3, solving eq. (2.15)
or (2.16) ensures that the volume of B is extremized in the bulk, i.e., away from the brane.
Producing the correct maximal volume surface in eq. (2.11) requires a second step where
we vary the island profile B which maximizes complexity functional on the brane — see
egs. (2.34) and (2.57).
Following the analysis in, e.g., [1, 9, 131], the leading order terms in eq. (2.15) are

2 (o) @ 1 \/@ © © (0 (0
% (LQd) z' + ——=0q h 9z’ | + hT% 0, 0pa® | + O(zY) =0.  (2.18)
(0)
h

Thus the first order term in the FG expansion for z° is given by

(1) 12 © © © © © 2
(2 a — a 7 a J J Z‘ _ (2
' (o) 2d-1) D*(9g2") + h™0,27 9y2’ Ty | = - Kn', (2.19)

(0) (0)
where D, denotes the covariant derivative associated with induced metric hy, on the (im-

plicit) boundary time slice at z = 0, K is the trace of extrinsic curvature for this time slice
©) ©)

(i.e., K = ¢“Kjj;), and n' denotes the timelike unit normal to the same time slice (i.e.,

(0)(0)

n'nt (g)ij = —1). In order to get the second equality in eq. (2.19), we have used the trace

of Gauss-Weingarten equation, which reads

e)Vj(el) = Tel+ Kapn', (2.20)

~10 -



4 ©
after taking e}, = 0,2'. The above result is very similar to the solutions for the extremal

RT surface in a (d + 2)-dimensional bulk model, although in this case, we are working
with a codimension-one hypersurface. With the asymptotic solutions, we find the induced
metric components on the extremal surface B read

(M)

L2 22 4229 (0) L2 22
hoy=—" |1+ g+ | == (11— —— K%+ |,
o |t it 2 (d— 1) T
(2.21)
L2 [0 22 (1)
hab:ZQ(hab“_LQhab“_"')a
with
(0) © © L2
hap = (g)ij Dat O, hap = Gub + 71K K, (222)

where the tensors with indices a, b are associated with those with 7, j by using the projection
(0)

Opz* = €.

Following the subregion-CV proposal (2.11), our goal is to find the maximal volume
hypersuface B anchored on the boundary subregion R and the bulk RT surface ¥g, i.e.,
0B = R U XR, and then evaluate

V(B) 1 .
CHP(R) = = /dd Yodz \/det hog - 2.23
V(R Grux!  Goul JB 74z aetllas (223)

In the present calculation with the brane positioned at zg < L, we are particularly inter-

ested in the contributions to the maximal volume coming from the region in the vicinity
of the brane.® Approaching z — 0, the volume measure reduces to

[ © N\ 52 , 2 (g)b (1)
Hdet haﬂ = det hab (Z) (]. — mK + ﬁhf hab + .- , (224)

where we have ignored the contributions from higher order zg/L terms. Performing the

(0) 0
)] = h“bRab[(g)], we can find the leading contri-
butions of the holographic subregion-complexity near the brane

L N 1 1 d—2 Ri_1LR
d¥ o\ det h, + K2_Tte 2t
Gbulkl /E ’ [(d— 1)ze " (d—3)2873 \2(d—1)? 2(d—2)
(2.25)

where the extrinsic curvature and Ricci tensor are all related to boundary geometry
at z =0.

0
z-integral explicitly and introducing Rg[(g

)

®Note that we ignore here the UV-divergent contributions coming from the asymptotic boundary [9].
These are less interesting for our purposes and might be eliminated by considering the mutual complexity [54,
134] — see the discussion section.

- 11 -



We can also evaluate the volume of the island region

V(B) = /~dd_la\/det P ,

B
2.26)
[ (0 1 1 K2 R—1R (
:Ld—l/dd—l dtha + ___a 2 4+ ..
gl OVt DT T e 5 —1) - 2(d-2)

with hgp = hay(z = zB) as the induced metric on the intersection B = Bnbrane. Comb-
ing egs. (2.25) and (2.26), it is straightforward to rewrite the holographic subregion-
complexity (2.25) as

sub _ V(B)

v (R)_Gbulkf

_ 2LV(B) 2 a1 4], O K?  Ri-iR

~ et Gt 51 det hab s \ aa=1p@—3 ~ @=na-2@-5) T
. 2LV(B) 2L? a1 = K? Rya'nd +1R

~ )Gt T Gt /gd “Vdethab(z<d—1>2(d—3>_<d—1 a—2)d-3) )T

(2.27)

where the factor of 2 above originates from the fact that we are integrating over both sides
of the island, i.e., we are including the contributions from both B, and Bg. Furthermore,
we note that we do not need to require a symmetric setup’ because the near-brane regions
from Br,, B have the same leading order contributions, despite the fact that the full volume
of the subregions Br,, Bg may be different. Of course, while the surfaces By, and Br are
independent away from the brane, their profiles on the brane coincide, i.e., B= Bi, N Bg.
Let us also note here that B is anchored to the intersection of the RT surface Yr with
the brane, i.e., OB = oRrR = Xr N brane, but this is precisely the quantum extremal surface
(QES) in the brane theory [1, 2].

To arrive at the last line of eq. (2.27), we recast the boundary terms into terms re-
lated to the brane geometry following [1]. First we note that the induced metric on the
brane reads

—_— u i ’ iy, 2O
gij (") = g (zm, ) = 2 9ij(28,2") ® 5 gi5(2") + O (21%) :
B B
(2.28)
) o .
hap = hap(z = 2B) & —5 hij(z") + O (ZB) )
“B

as well as using Bij = gi; + n;nj, where 7' denotes the unit time-like normal to island in

the brane. We therefore find

(0) -
2123 f(L?b i | R.. (0) gij R O] - hat [ Booia hab Rla
T2 ety z][g]_m (9] = abl9] = 5= Rl

(2.29)

"That is, we do not require an Zs symmetry about the brane, as was imposed in the explicit calculations
performed in [1, 2].
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by keeping track of the leading contributions in the zp/L expansion. As expected, the
leading term in C3f” (R) is the volume of island region. Interestingly, the result in eq. (2.27)
shows that the subleading terms include intrinsic geometric quantities on the brane but
also include the extrinsic curvature of the island region B, i.c., the term proportional to
K?2. This feature is also found in a similar analysis for holographic entanglement entropy
in section 4.3 of [1].

Now examining eq. (2.27), we see to leading order that we have

V(B  2LV(B) _d-2V(B)

Csub R) = — .
VR = Gl @ DGoun d—1 Gl

(2.30)

1 _ 2L . . 3 . . .
where G = @=2)Comn 8 the effective Newton’s constant for the brane gravity, as given in

eq. (2.10). That is, the complexity=volume formula in the bulk yields a complexity=volume
formula on the brane, up to an inconvenient numerical factor. Now this factor could be
easily absorbed if we modify the length scale for the CV proposal on the brane, i.e.,

d—1

!/ __
E_d—2

L. (2.31)
However, beyond the volume term, eq. (2.27) also contains higher-order corrections involv-
ing the curvature on the brane and the extrinsic curvature of the surface B. By examining
these contributions more carefully in the next subsection, we will be able to interpret them
in terms of a generalized CV formula derived from the induced higher-curvature grav-
ity action (2.9) on the brane. The emergence of this generalized CV expression in the
brane theory is then analogous to the appearance of the Wald-Dong entropy in the island
rule (1.3) on the brane discussed in [1].

2.2 Holographic complexity on the brane

In this subsection, we show that the sub-leading contributions in eq. (2.27) can be con-
sistently derived from the induced gravity action in eq. (2.9) with a simple generalization
of the complexity=volume prescription in eq. (2.11). The question of extending the CV
proposal to higher curvature theories of gravity was first considered in [125]. For a grav-
itational theory in d + 1 dimensions, their proposal was that the usual volume functional
should be replaced by a generalized volume of the following form

Wgen(B) == / ddO' \/E ( aL hjk (ad+1nml + ﬂd+1hil) + ’)/d+1> (232)
B OR;j

where ag11, far1 and 7441 are numerical constants (depending on the boundary dimen-

sion d).

However, this suggestion by itself can not provide the extrinsic curvature terms in
eq. (2.27). A similar issue was encountered in extending holographic entanglement entropy
to higher curvature theories. In particular, it was shown that replacing the Bekenstein-
Hawking entropy with the Wald entropy [121-123] in the RT prescription will not produce
the expected entanglement entropy for the boundary theory [135]. Instead, the correct
extension required the addition of ‘corrections’ involving the extrinsic curvature of the
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extremal surface in the bulk [124]. Hence we propose the generalized CV prescription for
higher curvature gravity theories must include additional K-terms. Explicitly, we suggest
that the leading contributions take the form

92
L
/ dov/h {W jt (Ags1hi + Bayining)

ikl (2.33)

x K™ (Agi1h™ + Bd+1nmno)] ;

where again A;y; and By are numerical constants.
Correspondingly, we propose that the holographic complexity for the island region on
the brane can be derived from

[Wgen(g) + WK(BV)] ’ (2.34)

Gegt 0/
where or = X Nbrane is the quantum extremal surface on the brane — see figure 2.
We have introduced the notation Wgen, WK to indicate these are quantities defined for
the d-dimensional gravity theory on the brane. In the following subsections, we seek to
compare CISIand with the leading terms in the holographic CV found in eq. (2.27) to fix
the numerical coefficients in egs. (2.32) and (2.33). This proposal also requires that we
maximize the new functional over all profiles B anchored to the QES or, but we leave the
discussion of this point to section 2.3.

2.2.1 Generalized volume on the island

Substituting eq. (2.10) for effective Newton’s constant and eq. (2.31) for the CV length scale
on the brane into the last line of eq. (2.27), the leading contribution to the holographic
complexity becomes

oo ()= LB L R LRlgl+Rylg's
C b( >_Geff€/+Gﬁf//dd 1 \/ﬁ<2(d—1)(d_3)2 (d )( ) +) (2.35)

Now our aim is to show that these results can be derived from our proposal for the com-
plexity of the island in eq. (2.34) applied to the effective gravitational action (2.9). In
particular, to make this match, we must choose the appropriate numerical constants «y,
Ba, vd, Aq and By for the d-dimensional brane theory Here, we focus on the first three
coefficients appearing in the generalized volume Wgen(B)

To begin with, we consider a general quadratic Lagrangian as

Leg = 167Geg L = R —2A + )\1R2 + )\QRinij . (2.36)

We want to evaluate the generalized volume for the complexity C'%d in eq. (2.34). Using
the Kronecker delta of rank-two (i.e., 6%, = 68,67 — §i67 ), the derivative with respect to
Riemannian tensor is explicitly written as [136]

8Rmn0p — D\ ikl % kl ik <lj il ik 15 skl ik Slj il sjk
W = (8R)n]1nop = <5nqm50p - §5mn(sojp - idmn5gp + 5ojp5mn - 7501)67%71 - 6op5$nn> :
ijkl
(2.37)
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It is then straightforward to get the tensor

aLef‘f
OR;jm

= (; + >\1R) 2§i[k§l]j + A2 (Ri[kf]”j + Rj[lgk]i) ) (2.38)

where Z[J = 1 (Z% — Z7%). One can explicitly evaluate the needed contractions to find

mﬁjk (it Baha) +a =t (i* MR) (d=1) (g —(d—2)5a) (2.39)
ij
Jr% (R(O‘d*Q(d*@ﬁd)*R"jﬁiﬁj(ad+25d)(d,2)) '

Comparing the above results with eq. (2.35), and taking the effective action (2.9) on the
brane, i.e., choosing the two coupling constants as

dL? L?
A = — A= — 2.40
YT ad =) (d—2)(d—4)’ 2T d=-2)(d-4)’ (240)
one finds that the three coefficients in the generalized volume should be fixed to
2(d —4 2
( ) Ba=0, ~va= (2.41)

Y= @ 2)(d-3) d—2)d—3)

As a recap, the comparison between the leading contributions to the volume of the
extremal surface B in the vicinity of the brane for (d 4 1)-dimensional bulk gravity theory
in eq. (2.35) and the generalized volume on the brane determines the numerical coefficients
in the latter as in eq. (2.41). Hence, the resulting generalized volume reads

Ween(B) = (d_2)2(d_3) / Ao v/ det hgp <1+(d 4) ;;eff mﬁjkﬁ,> . (242)

ijkl

Furthermore, we propose that this result of the generalized volume can be used in extending
the holographic complexity=volume conjecture for higher curvature gravity theories in
general, as in egs. (1.6) and (1.7). In section 3, we will test this proposal further by
considering higher curvature gravity in the bulk of our holographic model.

2.2.2 K-term on the island

As discussed above, the generalized volume (2.32) by itself fails to provide the full holo-
graphic complexity on the island due to the appearance of terms involving the extrinsic
curvature K on the brane. Inspired by the Wald-Dong entropy, we suggested the addition
of K-terms to the generalized volume. At the second-order, we can produce a covari-

a ch‘f : 5 3
BT o R with the tensors built from the three

independent symmetric tensors Kw, hw, n;7;. The simplest choice is the following

ant quantity by contracting the tensor

0’L - _ -
/ d o 8§fmnop jl (Adhik + Bdﬁi’flk> K" (Adhmo + Bdﬁm’flo) ,
'ijl
(2.43)

where as before, Leg = 167GegLeg. Our goal is then to fix the two numerical coeflicients
Ad, By.
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__0?Leg
8Rijkl ORmnop?

9?(R? 1/ . o o
( ) =35 (ngng gd.g]k> (gmognp - gmpgno) s (2.44)

To compute we need to use the second derivative

ORyORmmo» ~ 2
82Ri‘Ri1jl) 1~ ks ~) s ~) RS ~1 rls ~1
aR(z'jk;ngnOp = 597‘3 ((GR)m]prg (aR)mlnopg (aR)gmkz:op il (aR)‘Znﬁwpg )

where the tensor (OR)%5 " is the first derivative defined in eq. (2.37).

mnop

Applying the second derivative (2.44) to the effective action in eq. (2.9), one finds that
the proposed Wy reduces to

/dd ! { ME oA, By (2.45)

/\2

+ % (K2 (B} - 244B4 + (3d — 1)A3) + Ki;K'I((d - 3)Ag — By)?) } .

Noting the absence of IN(Z-jf(ij term in eq. (2.35), we can fix
Ba=(d—3)Ay. (2.46)

Further, comparing eqs. (2.35) and (2.45), the last parameter is fixed as

4(d —4)
2 _
A= ey (2.47)
Finally, we can write the K-term (2.43) as
L 2
Wi (B) = / Ao __OLen (2.48)
( 6R”klaRm”OP

x Kj (hik +(d = 3)giiy ) K™ (™ + (d — 3)i™°) .

Although we have a successful match here, we should point out that the K-term
defined in eq. (2.33) was chosen for its simplicity and in a similar spirit to the analogous

term appearing in the Wald-Dong entropy. However, it is easy to find many other ways in
O?Leg

R 8R¢jkl<9f%m"0p

of k7 and 7'7’. Some examples would include

contracting all the indexes in with two extrinsic curvatures and combinations

O?Leg
ORUM&RWOP

9L ~ N - - o~
Wl‘;"m’ iK' (A2 Gri + Ba igiy) (A2 g7 + Ba n%aP) .
ikl

Kikkﬂ (Al gmo + B3 ﬁmﬁo) (A1 g"p + B; ﬁnﬁp) ,
(2.49)

Note that in the first case, both extrinsic curvatures are contracted with the indices of a
single variation with respect to the Riemann tensor, while in the second, the two indices of
each individual extrinsic curvature are contracted with different variations. Note that no
terms with these structures appear in the K corrections of the Wald-Dong entropy [124].
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However, at present, we do not have a strong reason to rule out these expressions or their
linear combinations. This means that in general, there is much more ambiguity in defining
Wi (B) than indicated in eq. (2.43) and the numerical coefficients can not be completely
fixed. This stands in contrast with the Wald-Dong entropy, for which a unique extrinsic
curvature term is derived from the replica trick [124]. Unfortunately, we do not have a
proper derivation of the complexity=volume proposal, which we might extend to probe the
complexity of theories dual to higher derivative gravity. However, we will test our simple
ansatz in section 3 by continuing to show that our calculations are consistent with higher
curvature gravity in the bulk.

We should also add that we expect that eq. (2.48) is only the first in an infinite series
of corrections involving the extrinsic curvatures, as appears in the Wald-Dong entropy.
Here, we have limited ourselves to the terms quadratic in K because we only evaluated the
effective action (2.9) to include the terms which are quadratic in the curvatures. It may
be interesting to extend our calculations to third order, from which we expect to find K3
contributions to WK

In summary, we find that the leading contributions from the geometry in the vicinity
of the brane from usual subregion-CV proposal for the bulk Einstein gravity suggests a
generalized CV formula for the induced gravity theory on the brane, i.e.,

V(B) } _ Ween(B) + Wi (B) (2.50)

ext [Gbulk 4 Geg U/ ’

where the generalized volume VT/gen and Wy term are fixed in eqs. (2.42) and (2.48),
respectively. Further, the scales, ¢ in the bulk and ¢’ on the brane, are related by eq. (2.31).
We should stress that the above identification relies on the extremality of the bulk surface
B, which was required in deriving eq. (2.27). As commented above, we propose that these
results can be used to generalize the holographic complexity=volume conjecture for higher
curvature gravity theories in general, as in egs. (1.6) and (1.7). Further, we will test this
proposal in section 3, by examining our holographic model with higher curvature gravity
in the bulk.

2.2.3 DGP term on the brane

In a construction analogous to that of Dvali, Gabadadze and Porrati (DGP) [116], one can
also add an intrinsic Einstein term to brane action as follows — for details see [1]

Ibrane = T AT /ddxr+ /dd.%'\/ R (251)

167 Gbrane

which yields the new effective gravitational action on d-dimensional brane as

ST PAVES (TR O

167 Gegr

) 1o (2.52)

e K. ff[wm(ﬁi”’%‘«cfl—uW)*']'
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In the first line of this action, the new effective Newton constant associated with Einstein

term is given by
1 2L 1

+ )
Geff (d - 2) Gbulk Gbrane

while in the second line, Grs = (d — 2)Gpux/(2L).
This provides an interesting framework to extend our generalized proposal for com-

(2.53)

plexity=volume. In the case of holographic entanglement entropy, one can clearly argue
that the DGP term introduces a brane contribution in eq. (1.4) by simply following the
derivations in [108, 137]. Unfortunately, such a derivation is lacking for the CV formula,
and so we will simply say that it is natural to expect that with a DGP term, the CV
proposal should have a similar extension to include a contribution proportional to the vol-
ume of B = BN brane. More precisely, if the extremal surface crosses a DGP brane, then
eq. (2.11) would become

V(B) V(B)
sub _
CV (R) N HBLHI%BJ(ZR [Gbulkg + Ghrane ! ’ (2'54)

where ¢ and ¢’ are the independent ‘unknown’ length scales for the bulk and brane, as are
expected for the CV ansatz.

Now if we examine the leading contributions from the bulk geometry in the vicinity of
the brane, as in eq. (2.30), the above expression yields

2LV (B) V(B) V(B)
sub — . = . 2.
R = Gt T G G0 (2.55)

where to produce the second equality, we have used eq. (2.31) to relate the two length
scales, ¢ and ¢, and then eq. (2.53) applied for effective Newton’s on the brane. Hence,
we see that combining eqs. (2.31) and (2.54) produces a consistent framework with which
to understand complexity=volume for the brane theory. While we have ignored the higher
curvature terms above, it is clear that including the DGP term on the brane leads to
the same results as egs. (2.42) and (2.48) with the same dimensionless coefficients for
the new gravity theory (2.52) on the brane. It would be interesting to examine if this
approach continues to succeed if one were to extend the brane action (2.51) with higher
curvature terms.

2.3 Maximal islands

Up to this point, we have shown that with the usual subregion-CV proposal (2.11)% and
applying the FG expansion for extremal surfaces in the bulk, integrating the leading con-
tributions in the vicinity of the brane produces a generalized CV formula for the induced
theory on the brane. In particular, the new complexity functional (2.34) is easily derived
from the higher-curvature gravity action on the brane (2.9) using eqs. (2.42) and (2.48).
We stress that the above identification relies on the extremality of the surface B in the

80r using eq. (2.55) for the case of a DGP brane.
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bulk, which was required in deriving eq. (2.27). However, at this point, we want to turn to
the appearance of the maximization that appears in eq. (2.34).

Here it is enlightening to return to the relation between the island rule (1.3) on the
brane and the RT prescription (1.4) in the bulk — see discussions in [1, 2]. Our first
observation is that analogous to our analysis above, carefully examining the extremal RT
surfaces near the brane shows that the Bekenstein-Hawking formula in the island rule (1.3)
actually expands to the Wald-Dong entropy for the gravity action induced on the brane [1].
As in the above, this requires that we solve the local equations in the bulk which extremize
the RT surfaces away from the brane, but in doing so, one produces a family of solutions
that are extremal in the bulk (and have the fixed boundary conditions on the asymptotic
AdS boundary) but which have different profiles on the brane. Finding the correct solution
amongst this family can be characterized in terms of satisfying a particular boundary
condition at the brane — see eq. (4.17) in [1]. However, a more pragmatic approach is to
simply find the correct solution by varying over the possible profiles on the brane to see
which one actually minimizes the entropy functional in eq. (1.4). This second stage is then
precisely the extremization appearing in the island rule (1.3).

Of course, the same narrative applies here to the holographic complexity. Recall that
our boundary state was defined on a region R = Ry, U Rg, where the subregions Ry, r sit
to either side of the conformal defect in the asymptotic boundary, as shown in figure 2.
Similarly, we divide the bulk surface B = By, U Bg into the two components on either side
of the brane. For both of these components, we demand that these surfaces are extremal
away from the brane by solving eq. (2.16), subject to the boundary condition that By, g are
anchored at the corresponding Rj, r on the asymptotic boundary, the RT surface Y in
the bulk, and the island B on the brane, i.e., dB;, = R, UL UB (and similarly for the right
side). In particular, both surfaces By, r intersect the brane along with the common profile
B, however, this profile is left undetermined at this stage. Hence we find a wide family of
codimension-one surfaces which are extremal in the bulk, i.e., away from the brane. Then,
to find to correct extremal surface, we must finally maximize that volume by varying over
the possible profiles. That is, we have decomposed the extremization of B into two steps:

V(BL) + V(Br)
[ Ghul ) ' (2.56)

C¥P(R) = max ( ext
OB=og \BL:Br

Combined with the near-brane contributions in eq. (2.50), this equation then becomes

2.
Gen (257

CY"(R) = max leen(B) + Wi (B) + - ] ;

using the generalized volume and K-term in eqs. (2.42) and (2.48), respectively.
The ellipsis in eq. (2.57) indicates the contributions coming far from the brane, i.e.,

from regions with g < 6 < 7 with the coordinates in eq. (2.3). It is interesting to

note that the analogous contributions for the holographic entanglement entropy (1.4) pro-

vide the quantum contributions when interpreted in terms of the effective d-dimensional

brane perspective, i.e., Sqrr(R Uislands) in eq. (1.3). Hence it is natural to expect that

the corresponding contribution in the holographic complexity constitutes a (semiclassical)
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contribution in the bath region R combined with the island B on the brane. We return to
discuss this point in section 4.

3 Higher curvature gravity in the bulk

In the previous section, we showed how holographic complexity naturally arises for the
induced gravity theory on the brane in the doubly holographic model of [1, 2]. However,
beginning with the usual complexity=volume conjecture (1.2) for ordinary Einstein gravity
in the bulk, we were lead to a generalization of the CV proposal suitable for higher curvature
gravity, such as the induced theory (2.9) on the brane. Our proposal is that the new
functional appearing for the holographic complexity on the brane should in fact serve to
provide a generalized complexity=volume conjecture for any higher curvature theory
Ween(B) + Wi (B)

GV (R) = max G ’ (3.1)

with the functionals given in eq. (1.7). As indicated, the maximization is performed over
all possible codimension-one surfaces B anchored at the subregion R on the asymptotic
boundary and the corresponding RT surface g in the bulk. Of course, this proposal
reduces to the standard CV conjecture (1.2) when the bulk theory is Einstein gravity.

In this section, we examine a new consistency check for our new proposal by considering
higher curvature gravity in the bulk. That is, we start by considering a theory of higher
curvature gravity in the (d + 1)-dimensional bulk and apply eq. (3.1) for the holographic
complexity. Then following the analogous calculations as in section 2, we show that the
holographic complexity for the induced theory on the d-dimensional brane takes the same

form, i.e.,

Ween(B) + Wi (B
C%Ub(R>2C{/Sland: max g ( )+ K( )

, 3.2
S Gur 0 (3:2)

where the functionals Wgen and WK are adapted to the new spacetime dimension and the
induced gravity action on the brane.

Our calculations will refer to several different hypersurfaces and the corresponding
extrinsic and intrinsic curvatures associated with these surfaces — see figure 4. In order
to clarify the notation, we list the different curvatures here:?

o the (d + 1)-dimensional bulk, with intrinsic curvature R[gb’}jlk]'

Y

o the spacelike surfaces B embedded in the (d + 1)-dimensional bulk, with timelike
normal n*, extrinsic curvature /C,,, and intrinsic curvature Rglhqg);

o the brane embedded in the (d 4+ 1)-dimensional bulk, with spacelike normal t#, ex-
trinsic curvature (Kp),, and intrinsic curvature R[g;;];

°One may keep in mind that generally, we use K to denote the extrinsic curvature of a d-dimensional
hypersurface embedded in (d+ 1)-dimensional bulk, while K designates the extrinsic curvature for a (d—1)-
dimensional hypersurface embedded in a d-dimensional submanifold. We also adopt a similar notation for
the intrinsic curvatures.
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Figure 4. Different hypersurfaces in the doubly holographic system and their corresponding ex-
trinsic curvatures.

o the island region B = BN brane (with B = By, UBR) thought of as being embedded in
the surface Bg, with spacelike normal ¢ and extrinsic curvature (Kg)qp; similarly
for B embedded in the surface Bi,, we have the spacelike normal ¢{ to the island and
extrinsic curvature (Kp,)ag;""

e the island region B thought of as being embedded in the brane, with timelike normal

n' and extrinsic curvature Kj;;

o the subregion R’ (where B, g would meet a virtual asymptotic boundary at z = 0)!
0).
embedded in the asymptotic boundary, with timelike normal (n)’, extrinsic curvature

(0)
K;; and intrinsic curvature Ry [hgp;

0
o the virtual asymptotic boundary (see above) with intrinsic curvature R[élg]

10Note that in general, we will consider surfaces B which are not smooth where they cross the brane, e.g.,
before extremizing the profile of B on the brane — see discussion in section 2.3. Hence we must consider
embedding B in Br and B, separately.

"Recall that the brane cuts off the geometry at some zg < L, but to employ the FG expansion, we
consider extending both the left and right geometries beyond the brane to a virtual asymptotic boundary
at z = 0 — see discussion in section 2.1. In principle, all of these quantities should also carry a subscript
L or R to indicate quantities associated with the geometry on the left or right of the brane.
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3.1 Holographic complexity for Gauss-Bonnet gravity

Our first consistency check with higher curvature gravity consists of having Gauss-Bonnet
gravity in the bulk. The bulk gravitation action is therefore given by

1
I -
bulk — 1677Gbulk

with the Gauss-Bonnet term defined by
L2\
(d—2)(d—-3)’

/ d+1y \/7 |: ( 1) + R[gﬂl’] + )‘GB [’GB =+ Iburf ’ (33)

AeB = Lo = RuvpeRMP7 — AR, R + R2. (3.4)

IGB

surf

Here, we have explicitly included the boundary term to emphasize that GB gravity

has a well-posed variational principle with Dirichlet boundary conditions dg,, = 0 [138].
Similar to the standard Gibbons-Hawking-York term, the extended boundary term is given
by [139]

ISB = dlz\/=§
surf 167TGbulk f x

2 ~ ~ ..
2KB + L7 ) (RICB — 2Rijlcg + J) (3.5)

(d—2)(d—3

where Rij and K;; denote the Ricci tensor and extrinsic curvature associated with the
boundary geometry, and .J is the trace of

1
Ji=3 (QIC K KF 5 + KM Koy Kij — 20 KKF IG5 — /c%j) . (3.6)

The presence of the Gauss-Bonnet term modifies the Israel junction conditions (2.4)
determining the position of the brane as [140, 141]

A(Kn)ij — Gi AKs + 2268 A| By KF + 3.7;[Kn] = J 5ij| = 87Guunc Sy (3.7)
where the tensor E* is defined as
Frigkl _ 2R ~i[k ~ l]j (Ri[kgl]j + Rj[lgk]i) + 2RIk (3.8)

This generalized Israel junction condition can be derived by considering a thin shell and
taking the thickness of the shell 6z — 0 — see [141] for details. Similar to the derivation of
the Israel junction condition for Einstein gravity, one can also obtain the generalized Israel
junction condition by considering the gravitational action on either side of the brane with
the boundary term in eq. (3.5) at the brane [140]. That is, with these boundary terms,
we solve the gravity equations in the bulk away from the brane with some fixed boundary
condition for g,, at the brane (as well as asymptotic infinity, of course). Then we solve the
full system by allowing g,,,, at the brane surface to vary and gluing the two surfaces together
while demanding that the generalized Israel boundary condition in eq. (3.7) is satisfied.
We should note that the latter approach is implicitly adopted in deriving the induced
gravity action in eq. (3.10) — see appendix A of [133]. More specifically, in evaluating the
bulk action in the vicinity of the brane, it is essential to include the contribution of the

boundary term.'?

12The same approach was applied in deriving eq. (2.9) with Einstein gravity in the bulk [1].
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While the length scale L defines the cosmological constant in the action (3.3), the

curvature scale L of the AdS vacuum solution in the Gauss-Bonnet gravity is'

~ L? 1—+v1—4\
2 .
L= —, with foo = o

The induced gravitational action on the brane is given by [133]

ISP = L / dz /=3 {(d_l)(d_% + R[g] (3.10)

167 Geft Jbrane ggﬁ‘

o d - o i
+ K1 (Rin” — mR ) + ngCijle” +-0 ],
where the effective Newton constant and coupling constants are

1 2L 1+ 2\ foo

_ 3.11
Get  d—2 Ghu i (3:11)
3 L? 1— 6 f _ L? Moo
M d—)d—4) T+ 20’ 27 ([d=3)d—4) 1+ 20’

and C’ijkl denotes the Weyl tensor on the brane. We also note that the expression for the
scale Lo in eq. (2.10) is replaced by

1 2 47rLGbu1kTo> ' (3.12)

2
— = |1 = ZAfe —
e L2142\ fs) ( 3™ d—1

In the following, we adopt our proposal (3.1) to evaluate the holographic complexity for
(d + 1)-dimensional GB gravity in the bulk and compare the leading terms in the FG
expansion near the brane to the complexity of the island in the d-dimensional effective
higher-curvature gravity on the brane. As we will see below, the leading terms in the
generalized holographic CV for the boundary subregion agree with the proposed com-
plexity (3.2) of the island. We see this consistency as extra support for our proposal for
holographic complexity for higher-curvature gravity theory.

In evaluating the holographic complexity for (d+1)-dimensional bulk theory, we con-
sider a codimension-one slice B, with time-like normal n* and induced metric h,, =
9w + nyuny. Following the analysis in the previous section, our first step is to extrem-
ize the complexity functional on B away from the brane, while leaving the profile B on
the brane undetermined. In order to ensure that this involves a well-defined variational
principle, we actually extend eq. (3.1) to include a surface term

C%ub(R) — max Wgen(B) + WK(B) + Wbdy(aBL U OBR)

1
OB=RUSR Grunl (3.13)

Of course, the generalized volume Wyep and the K-term are defined in eq. (1.7). We do not
specify the details of Wyqy but its form will become evident in the following. Further, we
note that we are evaluating this expression on 9By, U 0Bg. In particular, this contribution

13We only consider the solution here which yields L — L in the limit A — 0.
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appears on (either side of) g, which is not really a boundary of the full surface B = By, UBR.
Hence we are treating Wyqy in a manner to the gravitational surface (3.5), which appears
on either side of the surface defined by the brane — see discussion below eq. (3.8).

Let us begin by evaluating Ween for the GB theory. It is straightforward to obtain

O(R + AaBL
Qdy1 ( 872,:5];0 GB)nuthna+7d+1
2d—3) [d } ) 2
- Z — v —_ .14
(A= 1)(d—2) <2+)\GB(d 2)(R + 2R"'nun,) +(d—1)(d—2) (3.14)
B 2(d —3) w
=1+ AaB -0 (R +2R"'nun,) ,

where the values of agi1,74+1 are given using eq. (2.41). Now using eq. (2.44), the Wi
term yields

22 < O*(R+AceLcB)
i OR 1 pro1 OR pgwapocrs

— 2 2
:m (K_K((d+1>(d—4)+8)+; (IC2+(d—1)(d—2)/CW;CW>> |

2 2
- 2)\(;]3(d—3)
Ry

where Ai 1 Was replaced using eq. (2.47). Noting Gauss’s “Theorema Egregium” for the

Kvyo (hmm + (d_2)nu1 Tpy ) K,uwz (h,uzaz +(d—2)nu2n02)> )

(K" K —K2) (3.15)

hypersurface B with the induced metric h,g and intrinsic curvature Rp, i.e.,
Ri[hes] = Rlgu] + (2RMnun, — K? + K K™) | (3.16)

we can recast the A\gp-terms into the intrinsic geometric quantities of hypersurface B, i.e.,

Wen(B) + Wi (B) = /de—lgdz«/dethag <1—|— (d—2ll)1(2;\—2)RB> . (3.17)

Given the above result, it is straightforward to derive the desired Wbdy.14 Namely,
extremizing this generalized volume functional will have a good variational principle if we
add the usual ‘Gibbons-Hawking’ term on the boundary. The island contribution on the
brane is then given by

~ 4L\ =
Wiay(B) = ——— /Ndd_la\/deth K1, + Kg), 3.18
where K1, Kr denote the trace of the extrinsic curvature of B embedded in Br,, Br, re-
spectively.'® Similar to the extremizing condition for entanglement entropy in GB gravity

17t would also be natural to derive Wiay from the surface terms ISE in the gravitational action appearing
on either side of the brane. However, our initial attempts were unsuccessful and indicate that there are
subtleties in this approach.

15WWe may note the importance of this term by observing that the GB contribution in eq. (3.17) is negative
for A > 0 because Rp is negative. On the other hand, in eq. (3.11), we see the effective Newton constant
on the brane has a positive contribution from the Gauss-Bonnet term. Hence for the corrections of the GB
term to the coefficient of the volume term in the holographic complexity on the brane to match, there must
be an additional contribution beyond eq. (3.17). Indeed, we will find the extra contribution from eq. (3.18)
yields the desired match.
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(e.g., see [142, 143]), it is straightforward to find that the generalized CV functional (3.13)
for GB gravity is extremized by the following local equation
2L%\
K+ ——"2 _(RgK—-2R%K =0. 3.19
+(d_1)(d_2)(5 o Kas) (3.19)
This extremizing condition generalizes eq. (3.17) for Einstein gravity to GB gravity in the
bulk and ensures that B is extremal away from the brane.
In summary, applying our proposal (3.13) to GB gravity in the bulk, the generalized
holographic complexity becomes

1
= max
dB=RUZR Gpull

212 -
+—)\ (/ d¥todzVdet h Rg + 2 /Ndd_lav det h (K1, + KR)> ,

VP (R)

[V(B) (3.20)

and the resulting condition for extremality of B in the bulk is given by eq. (3.19).

3.1.1 Holographic complexity from induced gravity

Our goal is to compare the near-brane contributions of eq. (3.20) to the proposed holo-
graphic complexity (2.34) on the brane. Hence taking the effective action on the brane in
eq. (3.10), we must evaluate

Wiea (B) + Wi (B
e [Ween(B) + ic(B)

Clsland —
Vo= Get O/ ’
OB=0oR eff

(3.21)

where the generalized volume and K-term are defined in egs. (2.42) and (2.48). The

boundary term Whq, does not affect the calculation of the complexity of the island. In

fact, most of C5!#1d is the same as that found in section 2 (see eq. (2.35)) except for the

contributions from C’ijkléijkl term in (3.10). Noting the square of Weyl tensor reads

2 -
R2

@ a2 (3:22)

L L 4 - ..
CijC™ = Ryjp RIM — g Bl +
and using eq. (2.37) again, the following tensor contraction gives

L 2 .
(R-F bnanb(d—2)>—|—(d1)(d2)R>

, (3.23)

z
=il
>
<
>
=il
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I
[N}
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=
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Q
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o
|
QL
||~
[\
N—
N =

where we show the individual contributions from Rijkl}?"jkl, Rinij and R2, respectively,
on the second line. Although the Weyl tensor term does not contribute to the generalized
volume, it still plays a role in the K-term. Using eq. (2.44) and also

82(Ri1j1k1lléiljlklll) aRmnOP

1 _ = 2P — 9(JR)Uk 3.24
YT T Dl (OR)mop (3.24)
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we find the new contribution to V~VI~< from the Weyl-tensor-squared term in the induced

action is given by
32(@;‘1@@”“)

8Rilj1klllaR12ij212

’€2Ad Kjlll (ﬁilkl + (d - 3)ﬁi1ﬁ/€1> Kj2l2 (BZékz + (d - 3)ﬁi2ﬁk2)

. i
— kA2 [; (K + (d - 2)(d - 3)K;yKY) — @i(d(d— 5)+8) + (d_f)((d_m]

2\ foo L? i K?
= A== 3)(1 20 /x) (KJK”' - d—1> ' (3.25)

Collecting these results, we finally find that the holographic complexity on the island takes

the following form

Island 1
¢ _SI,BI}:a;{R Geffﬁl [ (B)
L*1—6)Moo [ a1, K* R[g] + 2Ry [g]n'R!
) 1+2)\foo/d (d—l)(d—3)_ @—2)(d-3) ) (3:26)

212 Moo 1 i K? A
HCEDICER) 1+2)\foo/d U\F<K i d—1+O(ZB)>]'

Of course, the above result reproduces the holographic complexity derived from Einstein
gravity in the bulk, i.e., eq. (2.35), after setting A = 0.

3.1.2 Holographic complexity from near-brane region

To compare eq. (3.26) with eq. (3.20), we must integrate the latter over the bulk region
near the brane. Hence as in the previous section, we turn to the FG expansion and evaluate
quantities for z = zg <« L.

From the FG expansion of the induced metric h,g on the time slice B, i.e.,

L2 L? (0
hz ? + 5hzz s hab = ; hab + 5hab 5 (327)

one can derive the FG expansion of the Ricci tensor on B as

(d—1)22 © 4 (0)

(d—1)22 (Re)®[h]4---. (3.28)

b b
(Re)* = =S4 (Re)™ = =5 4 o
We can see that these curvatures correspond very nearly to those of AdS; with a curvature
scale L. Hence, the extremality condition (3.19) for GB gravity simply reduces to

<1 - QAGB(d_lj%gd_Q) + O(z2)) K=0. (3.29)

Using the expansion of K in eq. (2.18), we find the leading order terms in the FG expansion

of the embedding of B
(1) 72 A
' (0%) = ——Kn', (3.30)
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which is essentially the same as for Einstein gravity. Similarly, we can find the expansion
of the induced metric on B

(1) 2 I~/2 2 2
5h’ZZ:h‘ZZ+O(Z ):_(d_1)2K +O(Z ),
J (3.31)
(1) o (1) L? 5
5hab:hab"‘(/)(z ):gab+ d_lKKab+O(Z )

To find the subleading contributions in Rp, we consider the FG-expansion as a perturbation
(0)
on the metric h,g and calculate the perturbation of the Ricci scalar by

0Rp = —(Rp)*?0hap + VOV 6has — VOV b (3.32)

Keeping in mind that the terms with more z-derivatives dominate in the small z expansion,
one can get the expansions of the Christoffel symbols as

(0) 1
Rab b~ — oy (3.33)

1
z ~ z ~
Fzz ~ _; 1_‘ab ~

IS

The Ricci scalar near the asymptotic boundary is given by

dd—1) 2 ©

RB[hag] = —? + ﬁRE [hab] + (SRB
did—1) = 22 (d-1d-2 M  2d-2) 90 4
dd—1) 22 o O (d—=2) o
PO 7 hap) — 2h° K
ot |felhel oot B |

0
with Ricci tensor R, associated with boundary metric .éz; We can use the Gauss-Codazzi
equation

(Rx)abed = Rabed — KacKpd + KaaKpe (3.35)

to rewrite the expansion of Rp[hag] as

dd—1) 22
Rplhap] = Tz Iz

(KabKab — K2> +0O(2Y). (3.36)

1
(d—-1)

Note that the Ricci tensor terms in Rglhas] at order O(z?) are absent, which is similar to
the contributions of the Weyl tensor term on the brane as shown in eq. (3.23).

Lastly, we deal with the extrinsic curvature term associated with Ky in eq. (3.20).
The unit normal (tg), to the island B embedded on the hypersurface By is

(tR)a = —\/haz(2B)05, - (3.37)
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From the definition of the extrinsic curvature, i.e., (KR )qp» = Da(tR )b, its trace (in Gaussian
normal coordinate) is given by

o h™ Oha
T T oVh.. 02 U

e TP W P oY
~ (ZB)Z _ﬁ 2z ab T (ZB)

L

2

B
_ 2 (1) 2 (0) (1)
(d 1) <1 *B hzz) *B habhab

(3.38)
S U I
_d-1) L{ K> R+2R'wI 4
T I 2 \(d—1) d—2) OCs),

where we have recast all geometric quantities as the ones living on the brane in the last
line by using eq. (2.28) again. Of course, we also find a similar result for Ki,.

Finally, substituting eqgs. (3.38), and (3.34) into the proposed generalized CV for GB
gravity, i.e., eq. (3.20), we can explicitly perform the z-integral with lower bound zp and
obtain the leading contributions as

R G T (339
L3(1—6Afx) a1 _ 7 K>  R[g+2R[g)a'n
(d—1)(d—3)Gpunl gd Uﬁ((d—l)_ (d—]2) )

4/\fooflg d—1 = i K2 .
T 5 Gt e ”ﬂKﬂKw‘d—lw{ZB))]'

However, we see this is exactly the expression in eq. (3.26) derived for the induced action
on the brane, by noting the relation ¢/ = %K and % = dz—_LQ 122’\f°°. Note that we have
eff bulk

counted the double contributions from both sides of the bulk surface B = By, U Br which
give rise to the same contributions around the island region. Therefore, our generalized

CV proposal for higher-curvature gravity theory produces consistent results between the
bulk gravity theory and brane gravity theory, i.e.,

cpnd ~ ey (R) (3.40)

where the maximization of the same functionals over the island region B is considered on
both sides as discussed in section 2.3.

3.2 Holographic complexity for f(R) gravity

In this subsection, we apply the same consistency test with f(R) gravity in the bulk to
check our proposal. In contrast to the GB theory in the previous subsection, there are
extra propagating degrees of freedom in this higher curvature theory [144-147], i.e., f(R)
gravity is properly referred to as a higher derivative theory. We must emphasize the
importance of this feature since we saw in the previous section that to properly treat our
brane in the limit of zero thickness, the bulk gravity theory should have a good boundary
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value problem. However, this issue is easily resolved for f(R) gravity by recasting it as a
scalar-tensor theory — see below.
We consider the (d+1)-dimensional bulk theory with the action

! /d“ F(( 1)+f(R)>. (3.41)

o= ——
bulk 1 67erulk

In principle, one should consider adding a surface term to this action (e.g., see [148]) but
we will not need to consider the details of this contribution here. Given the above action,
it is straightforward to find the equation of motion:

d(d—1)

PRI + (9970 = 9,5,) F1(R) = %2 (5(R) + 4

9 ) = 87TGbu1kT;w . (3.42)

In the absence of matter (i.e., with T, = 0), we will assume that this equation is solved
by an AdSz;; spacetime whose curvature scale L is related to L by
_ dd—1) 2d d(d—1)

72 = f(Ro) L f (Ro) where Ro = *? . (343)

As emphasized above, f(R) gravity is a fourth-derivative theory but is classically
equivalent to a second-derivative scalar-tensor theory e.g., [145, 146]. To be precise, by
introducing a scalar field ®, we can define the classically equivalent scalar-tensor theory
with action

1

It —_ D

dy /=g (d(d 4
?{d 2/=GKnf (@

Here, we have explicitly introduced the surface term here which produces a well-posed

F(®)+ f(®) (R - <I>>) -

87T Gbulk

variational principle with Dirichlet boundary conditions i.e., 0® = 0 = dg,,. The equation
of motion for the scalar field reads

(@) (R—®)=0. (3.45)

Imposing the on-shell condition ® = R (assuming f”(R) # 0), the action in eq. (3.44)
obviously reduces to eq. (3.41) for f(R) gravity. On the other hand, varying the metric
yields the field equations

. o , 1 , d(d—1)
Ry = 3R = gy ViVl (@) = 0,000 (@) = 50,0 (/@) - @) = S5 )
87 Ghulk
* p@) o

Upon substituting the on-shell condition ® = R, these equations of motion reduce to
the fourth-order equations (3.42) derived by varying the original f(R) action. Noting the

coeflicient associated with the matter stress tensor 7},,, we introduce the “effective Newton

2
constant” for the (d + 1)-dimensional scalar-tensor theory as

1 fi(®)
Geg  Goulk

(3.47)
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due to the coupling between gravity and the scalar field ®. When the matter terms are
absent, the bulk spacetime remains the same AdSg;,1 as above with &g = Ry, and in the
case, the “effective Newton constant” is actually a constant

1 (%) _ f'(Ro)

= = . 3.48
Ger  Gbulk Ghulk (3.48)

More generally, we can considering an asymptotically AdS;,1 spacetime and one finds
that the FG expansion for the Ricci scalar R up to the fourth order takes the form

R [guw] = Ro + O(z%) ) (3.49)

by doing a similar calculation to those in the previous subsection. Hence with the on-shell
condition, we have ® = mR = R + O(z). Further the trace of the extrinsic curvature
Kp at the brane is given by

1

Kp = =
BT

L* L _—— d -
d+ 2(d — 1)R+ 2(d — 1)(d — 2)2 (R“R T A(d— 1)R2)

+0 (<) . (350)

Now integrating out the radial direction in the bulk action in the vicinity of the brane, we
obtain the induced gravitational action on the brane as [149]

1 _ | (d=1)(d-2) = Sy d -5 6
Iing = d vV — ij - )
T 16 G /braned ! g[ e Tt (RJR Ha—n" >+O<ZB)
(3.51)
where the various coupling constants are given by

12 ( 47rié*effTo> 2 < 47 LGyun Ty )

2 2\0 0 (d-1) ) 2\ (@d-Df(Ro))’

o\ @y (= D'(Ry) 55
1 2L 2L f'(Ro) L*

= , Kl=————.
Get  (d—2)Geg d—2 Gpux ! (d—2)(d—4)

In producing this result, we have introduced the surface term on either side of the brane, as
discussed below eq. (3.8). The induced action on the brane from f (R) gravity in the bulk
is similar to that from Einstein gravity on the bulk in eq. (2.9) except for the corrections
on the coupling constants from f" (Ry).

3.2.1 Equivalence of the holographic complexities
Our goal is to show that the relation
sub Island _— Wgen (g) + WK (g)
CV (R) ~ CV = Imax / s (353)
OB=or Geﬁ E

also holds for f(R) gravity in the bulk and its induced gravity on the brane. Thanks to
the similarity between the induced action in eq. (3.51) and that for Einstein gravity in
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the bulk, i.e., eq. (2.9), it is easy to find that the generalized CV on the brane with this
induced gravity theory is given by

C{?land: max lV(Bz (3.54)
0B=og | Geft?

N L? /dd 10\/>< K? R[]—|—2le[]nn]+”'>].

2G ol “1(d-3) (d—2)(d-3)

We expect that our proposal can provide the same result as eq. (3.54) by considering the
generalized CV in (d+ 1)-dimensional bulk with f (R) gravity. However, due to the higher-
derivative terms, it is much easier to consider the holographic complexity directly in the
equivalent scalar-tensor theory (3.44) because the gravitational part is only described by the
Einstein gravity. Correspondingly, the generalized volume term reduces to a volume term
and the K-term simply vanishes. The one subtlety is that we apply our proposal (3.1) to the
scalar-tensor theory with the “effective Newton constant” Get = Goulk /1 (®). However,
noticing that éeff may be a locally varying quantity on the asymptotically AdS spacetime,
we should put the factor élﬁ inside the integrals for Wgen, Wi . Then the generalized CV

eff
complexity reads

1 OL
sub _ d / bulk
C ( ) N BBI:nRaL}J{ER /B o/ det haﬂ @eﬁ?g (ad+1 OR,Wpa nuhupna * 'Yd—&-l) ’

_ d—1 f'(®) ( )]
aBmRaL}J(ER [ /B d* “odzy/det hop Gbulk Atkas + Yd+1 )| s

(3.55)

where Lpyux = 167Téeff[,bulk, both Wy and Whg, vanish due to the absence of higher
curvature terms in eq. (3.44). Substituting the values of agy; and 7441 derived from
eq. (2.41), one can find that the expression in round parentheses reduces to one. Then
extremizing the holographic complexity in the scalar-tensor theory results in

t d*lodzy/det hy, '@} .
Bif<5R|:Gbulk€/B odzy/dethas f(2) (3.56)

2L (Ro) [ e 1 [ O 1 1 d—2 ., RA—1IR
~Y— K% _— a 2
Ghulk? /d det o ap 1" 3\ 2(d—1)2 2(d—2) ||’

(-1 (d-3)a8

where, once again B = By, UBg and B =B N Br and we also used the on-shell condition in
eq. (3.45) and the series expansion f/(®) = f'(R) ~ f'(Ro) + O(z5). Using the geometric
quantities of the brane and noting the maximization over g, we can finally obtain the
generalized CV for the f(R) gravity in the bulk as

sub 2‘Z/f/ ( ) 23
& (R)_arz?afR [Gbulke(d 1) <V(B)

2 _ 2 P gt
gy fyt o Vi o BIRERIY o))
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Comparing egs. (3.54) and (3.57), we also find the equivalence between the holographic
complexity derived from f(R) gravity and its induced gravity theory on the brane, i.e.,

ey ~ e (R) | (3.58)
where we have used the relations ¢/ = %K and GLH = d2f2 J;(lei) Once again, this equiv-

alence supports that our proposed holographic complexity for higher-derivative gravity
theory produces consistent results.

4 Discussion and future directions

As discussed in section 2.3, there is an interesting identification between the island rule (1.3)
for the brane perspective and the RT prescription (1.4) for the bulk perspective in the
doubly holographic model of [1, 2]. One feature is that the RT surfaces in eq. (1.4) are
extremized in two stages: first, one finds surfaces that are extremal everywhere away from
the brane, and second, the intersection of the RT surfaces with the brane is extremized.
The latter corresponds to finding the quantum extremal surface in the island rule (1.3).
The on-shell bulk surfaces found in the first step describe the leading contributions to the
entanglement entropy in the large N limit of the boundary CFT, for different candidate
quantum extremal surfaces. These contributions may be divided into two classes: various
geometric contributions corresponding to terms of the Wald-Dong entropy [121-124] coming
from the various gravitational interactions induced in the brane theory by the CFT,'6 and
the quantum contributions appearing as Sqpr in the island rule (1.3). Of course, the first
set of contributions comes from integrating the bulk area of the RT surface near the brane,
while the second set comes from the bulk region far from the brane.'”

As discussed in section 2.3, there seems to be a direct parallel between the above analy-
sis of the holographic entanglement entropy and of the holographic complexity using the CV
proposal. Hence beginning with the subregion complexity=volume proposal (2.11) in the
bulk,'® we arrive at the following description of the complexity from the brane perspective:

Ween(B) + Wi (B) +Corr(RUB)| , (4.1)

CP(R) = max
AV ( ) 8g:UR Geﬂ‘g/

where the geometric contribution is given by egs. (2.42) and (2.48). Focusing on this
geometric contribution, this result leads us to propose egs. (1.6) and (1.7) as the extension
of the CV proposal for holographic complexity in higher curvature theories. Our experience
with the Wald-Dong entropy suggests that Wi provides an infinite series of corrections
involving higher powers of the extrinsic curvature [124], and eq. (1.7) only presents the first
K? term in this series. Further, in section 2.2, we noted that the K-term in eq. (2.33) was
chosen for its simplicity and the similarity to the form of the K corrections in the Wald-
Dong entropy, but we cannot rule out the possibility that it involves more complicated
contractions than that in eq. (2.33).

160f course, these must be combined with the brane contribution in eq. (1.4) to produce the full Wald-
Dong entropy of the effective gravity theory on the brane [1].

'"These include both UV contributions from near the asymptotic boundary and IR contributions from
deep in the AdS bulk.

180r alternatively, eq. (2.54) for a DGP brane.
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Figure 5. Different boundary subregions, R = Ry, URg and R’ = R} U R; with the same
boundaries, i.e., 9R = OR'. The entanglement entropy and the RT surface remains the same for
both subregions. However, the extremal surfaces B and B’ (denoted by the orange regions) are
different and hence they produce different islands B and B’ on the brane (represented by the blue
slice). The QES on the brane is unchanged and hence OB = 0B = or. The red shaded regions

on the asymptotic boundary represent the causal domain of R (B). The subregion R’ may be any
spacelike surface in this causal domain. Similarly, B’ will always lie within the causal domain of
the brane (denoted by the pink region).

Perhaps, equally interesting in eq. (4.1) are the ‘quantum’ contributions coming from
integrating the bulk volume of the extremal surface far from the brane. These contributions
can play an important role in determining the geometry of B. Recall that the boundary
of the extremal surface consists of 0B = R U Xgr. Hence the profile of B depends on the
full details of the geometry of the boundary subregion R. Hence any two R and R’ with
OR = OR/ yield the same RT surface Ygr and the same quantum extremal surface og on
the brane, but these different choices will produce different island surfaces B — see figure 5.
Of course, this reflects the fact that the holographic complexity is sensitive to the details
of the state that are not captured by the corresponding entanglement entropy.

A simple observation is that the holographic CV calculation picks out a special time
slice on the brane (i.e., E) for the island, in contrast to the corresponding entanglement
entropy calculation which only fixes the boundary of the islands (i.e., the quantum extremal
surface). It would be interesting to explore how B is deformed by making variations of
the subregion R on the asymptotic AdS boundary, or perhaps by the insertion of extra
operators in this subregion. While in principle these deformations could fill the causal
domain of some canonical time slice with boundary ogr, our intuition is that generally,
such variations will only produce perturbatively small deformations of B. If one examines
the FG expansion (2.17) for embedding surface near the brane more closely, one finds

A ©) ) 24 () () 2 Ld+1
' (z,0%) = 2" (6*)+ 2" (o )+"'+ﬁ z' (0")+y' (o )log<L> +(’)<Ld+1> . (4.2)
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. 0).

The coefficients (g)z with n < d are completely determined by the boundary profile (x)l
0

and the boundary metric (g)ij, e.g., see [150]. The second independent coefficient in this

expansion is (%)i. This is precisely the coefficient that is determined by the infrared physics
and the shape of R and so naively, its contributions on the brane are suppressed by the
power (zp/L)* < 1 in the regime of interest.

The above expansion also resolves a puzzle with egs. (2.11) and (4.1). In the latter
equation, the brane perspective seems to treat Cqpr as a higher-order term of the expansion
in Geg. However, both contributions arise at the same order in the Gy expansion in the
bulk. There is no contradiction because the quantum corrections from the boundary CFT
are enhanced by a power of the central charge c¢p ~ L%~1 /GN ~ Ld—2 /Get — where we
use eq. (2.10) in the latter. However, the effect of the quantum contribution Cqpr can still
be suppressed in the expansion on the brane in terms of powers of zg/L ~ L/{p.

A fascinating aspect of the second term in eq. (4.1) is that while this contribution has
a geometric origin in our bulk calculations, it is interpreted as a quantum contribution
from the brane perspective, i.e., it is associated with the quantum fields on R U B. The
interpretation follows the parallel with the holographic entanglement and the appearance
of Sqrr(R Uislands) in the island rule (1.3). Of course, it points to an improved version
of our generalized complexity=volume proposal (1.6) of the form

Cv(R) = max Wgen(BC);;FEWK(B)

+ Coulk| » (4.3)

where Cpy represents the contribution from the quantum field state in the bulk. This
would be analogous to the appearance of quantum corrections in the holographic entangle-
ment entropy [111, 112]. Of course, such additional contributions have long been expected
because the CV proposal (1.1) has the form of a saddle point approximation of some more
complete calculation. While eq. (4.1) is the first instance where these quantum correc-
tions can be explicitly calculated, unfortunately, our doubly holographic model does not
indicate what quantum calculation yields these contributions. Of course, it would be in-
teresting to further investigate the properties of Cqrr in eq. (4.1) to gain further insight
into this question.

In this vein, one immediate observation from examining eq. (4.1) is the tension between
the maximization and the naive association of Cqpr with circuit complexity — or rather
circuit depth. That is, if we associate Cqpr with the size of the quantum circuit needed to
prepare the QFT state on the corresponding region (along the lines studied in, e.g., [151,
152]) then the complexity follows from minimizing this quantity rather than maximizing.
One simple resolution would be to consider our analysis with a Euclidean (rather than
a Minkowski) signature. Then the CV conjecture (1.1) would correspond to minimizing
the volume of the bulk surfaces and this minimization would naturally be inherited by
the generalized proposal in eq. (4.1) or (4.3). This tension may suggest that Cqpr should
instead be associated with an alternative interpretation of holographic complexity, e.g.,
optimization of path integrals [153, 154], “quantum circuits” based on path-integrals [155]
or using the equivalence of bulk and boundary symplectic forms [156-158]. Our doubly
holographic model may also provide an interesting new forum to study these approaches.
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General higher curvature theories. While we are proposing that the generalized
expressions for holographic complexity in egs. (1.6) and (1.7) should apply for general
theories of higher curvature gravity, we only applied our consistency tests in section 3 to
two very specific theories. The feature that distinguished these theories was their boundary
value problem. Namely, Gauss-Bonnet gravity can be solved with standard boundary
conditions applied to the metric, while f(R) gravity could be expressed in a form (i.e., as a
scalar-tensor theory) where the boundary conditions had a simple form. We note however
that this limitation was because of issues in dealing with infinitely thin brane in higher
curvature theories. Hence while this is a limitation of the doubly holographic model, we
do not believe that it limits the applicability of our generalized proposal for holographic
complexity. Certainly, the induced gravitational theories on the brane are outside this
limited class of higher curvature theories.

However, we must admit that there are aspects of our consistency tests in section 3 that
deserve further consideration. For example, one should better understand the appearance
of the “effective Newton constant” in the generalized volume for f(R) gravity. For the
Gauss-Bonnet theory, it would be interesting to understand how to derive the expression
for Whay in eq. (3.18) from the surface terms added to the gravitational action on either
side of the brane.

We hope our generalized extension of the CV proposal will encourage further inves-
tigations of holographic complexity in higher curvature gravity models. Many studies of
the CV proposal for higher derivative gravity (e.g., [159-162]) only consider the volume
term. Therefore it will be interesting to explore the differences between the CV and our
generalized CV approaches in various settings.

To close here, let us add that there is another interesting discrepancy in our approach
which deserves further study. Setting aside the doubly holographic model and considering
standard AdS holography for a moment, we observe that one finds logarithmic divergences
in evaluating the boundary counterterms and the holographic entanglement entropy when
the boundary dimension d is even. Of course, these divergences are related to the con-
formal anomaly of the boundary CFT. However, in evaluating the extremal volume for
the holographic complexity, one finds that there are logarithmic divergences when d is
odd. As a result, in the analysis of the doubly holographic model, one finds that one can
account for the log divergences in the entanglement entropy (coming from the bulk re-
gion near the brane) by straightforwardly applying the Wald-Dong entropy to the induced
gravitational action on the brane [1]. In contrast, there is no such match between the
logarithmic divergences in the CV complexity in the bulk and the geometric contributions
in our generalized complexity (4.3) on the brane (for odd d). Similarly, applying our geo-
metric formula to the logarithmically divergent terms in the induced action naively yields
contributions which do not appear in the CV complexity (for even d). In either case, one
can adopt an approach where these logarithmic terms are treated separately. However, an
alternative may be that the boundary between the geometric gravitational contributions
and the quantum contributions is different for the generalized CV complexity in eq. (4.3),
than say, for holographic entanglement entropy. This is certainly an issue that deserves
further consideration.
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While the above issue arises for all values of d when calculating corrections to suffi-
ciently high orders, let us add that it is immediately apparent in our analysis in section 2.2
for lower dimensions, e.g., the coefficients in eq. (2.41) diverge for d = 2 or 3. It arises
there because the logarithmic divergence appears in the leading or first subleading contri-
bution. We provide a detailed examination of these two cases in appendix A. However, we
emphasize again that the same issue arises in higher dimensions but only in higher-order
contributions.

Mutual complexity and island complexity. Much of our analysis focused on iden-
tifying the geometric terms in eq. (4.1) by looking at the contributions arising from the
region near the brane, i.e., the leading terms in the limit zp/ L — 0. However, we should
recall that the quantum term CQFT(RUg) also includes the UV divergent terms associated
with the cut-off surface near the asymptotic AdS boundary. These are less interesting for
our purposes and so we point out that they can be eliminated by considering the mutual

complexity, e.g., [24, 53-55]
ACY? = 3™ (Ry) + C¥° (RR) — C3° (R, URR) . (4.4)

The UV divergent terms, which only depend on the boundary geometry of Ry, and Rg,
cancel in this combination of complexities, leaving a UV finite quantity.

We also remark that the transition between the no-island phase to the island phase
can also be diagnosed by the above mutual complexity. In particular, the latter vanishes in
the no island phase, in which the bulk RT surfaces are disconnected phase — see figure 1.
For the island phase, the mutual complexity jumps to a large negative value. In fact, we
expect that this is dominated by the island contribution, i.e.,

Wgen(g) + I7[//vK(l;:’;)

AC%ub ~ _C{/gland L= — Geﬁgl g 4+ (45)

Even though the entanglement entropy is continuous at the transition between these two
phases, the complexity of the island state is much larger than that of the no island state.
This reflects the fact that one is able to reconstruct the island on the brane from the
asymptotic boundary state. Of course, similar discontinuities in the mutual complexity
are seen in more conventional holographic settings, e.g., [24, 48-52, 54, 103], but it would
interesting to further understand the implications for quantum extremal islands.

Length scale in holographic complexity. Both the holographic CV proposal (1.1)
and our proposed generalization (1.6) involve an undetermined length scale ¢. In most
previous studies, e.g., [9-22, 32-54],!% this length scale is simply chosen to be the AdS
curvature scale. However, our analysis was simplified by leaving ¢ undetermined, and
in particular, we found a simple relation (2.31) between the scales associated with the
holographic complexity in the bulk and on the brane. The AdS radius of the induced
gravity on the brane, i.e., g ~ L?/zp, is more or less independent of the bulk radius L,
i.e., the relation depends on the brane tension as shown in eq. (2.5). If one demands to

19Gee [24] for a more elaborate definition of this scale in the case of holographic black holes.
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identify the length scale in the complexity proposals to the AdS radius for the different
gravity theories, the generalized CV for boundary subregion and the island are given by

C3™ = max [ ! (Ween(B) + WK(B))] )

s Gbllﬂk L (4.6)
Island — T 23 T 23
O = max | g (Waen(B) + Wi(B) |

and the two expressions do not agree, i.e., Sub JC¥land ~ gp /T, Rather one would have to

introduce an additional ‘penalty factor’ to produce the desired equivalence, i.e.,

d—2 (g

sub Island

~ .. = —— 4'
Cy P Cy; with P = 17 (4.7)
In contrast to the simple relation in eq. (2.31), this additional factor has a complicated

dependence on the physical parameters of the underlying theory.

Maximal condition for holographic complexity. As we have stressed, the CV con-
jecture (1.1) and our generalized proposal (1.6) relies on maximizing the corresponding
geometric functional on bulk hypersurfaces B with the appropriate boundary condition
0B = RUXR. However, we only explicitly use the local equations, i.e., g)c(—‘ﬁ = 0 to find the
extremum. For eq. (1.1), we are guaranteed that the extremal volume will be a maximum.
However, with our generalization (1.6), we are no longer guaranteed that the corresponding
geometric functional will reach a maximum in situations where the higher curvature con-
tributions become important. That is, the solutions of the extremizing equation may be a
maximum, a minimum, or a saddle point. Maximizing the holographic complexity further
requires a necessary condition for the generalized CV functional to be a local maximum, i.e.,

526\/ <0, (4.8)

where the variation is defined with respect to perturbations of the extremal surface B.
Although, this condition is not necessary for the derivation of the results in this paper, it is
still interesting to explore the meaning of this constraint on second variations of generalized
complexity. From the viewpoint of holographic entanglement entropy Sgg, its second
variations (with respect to deformations of the entangling surface) are also constrained by
strong stability, i.e., 62Sgg > 0, due to the fact the RT surface is a local minimum of
its area. Similar strong stability should also be imposed on the generalized entropy Sgen
— see [27, 163] for more discussion. It is remarked that strong stability is a nontrivial
constraint independent of its extremality condition. As an important application, the
second variation plays a crucial role in defining quantum null energy conditions [164, 165].
So we expect that there will be interesting applications of the stability condition (4.8) for
holographic complexity.

Generalized first law for causal diamonds. By applying Wald’s Noether charge
formalism [121, 122], the authors in [166, 167] derived an extended first law of causal
diamond mechanics in Einstein gravity

SHDAMer — [6A — kéV] (4.9)

87rGN
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where H Znatter is the matter Hamiltonian associated with the flow generated by the confor-
mal Killing vector ¢ on the causal diamond, A is the area of the edge 0%, and k denotes the
extrinsic curvature of 03 embedded in the maximal slice. Connections to the first law of
holographic complexity were also developed in [17, 19, 157]. Furthermore, it was extended
to higher-curvature gravity in [125] as

K

§ [matter — _ 5SWa / 5 4.1
¢ 57Cn Swm‘WJr - Ce, (4.10)

where 6C¢ = 0 are the linearized equations of higher derivative theory and the Wald
entropy evaluated on bifurcation surface 0% varies while keeping the generalized volume
W fixed.?® Considering that our proposal suggests a new term Wy depending on the
extrinsic curvature, it would be interesting to generalize the first law of causal diamond
mechanics by connecting the Wald-Dong entropy and our generalized volume.

Generalizing complexity=action? In the context of holographic complexity, the com-
plexity=action (CA) conjecture [7, 8] and its subregion version [9] have also been widely
studied. Generalizing our work to consider the CA proposal in the framework of our doubly
holographic model is an obvious future direction. However, in contrast to the CV proposal,
the CA approach already includes the corrections from higher-curvature terms due to the
explicit dependence of action on these terms. So the real question to verify is whether
the subregion-CA proposal in bulk theory produces the same complexity for the induced
gravitational theory on the brane, i.e., does one find

CR ~ g 7 (4.11)

If this is not the case, it may imply the need to consider a modified CA approach for
higher-curvature gravity theory. Of course, subtlety is that surface and joint terms play a
very important role in the CA approach [168], and determining the corresponding terms
for higher curvature theories is quite demanding, e.g., [169-172]. Let us also note that the
C;“b approach has already been studied in the literature, e.g., [37, 51, 52], but the extension
to the present context is not obvious from these results.
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A Lower dimensions

In the discussion section, we commented on a discrepancy in our analysis related to loga-
rithmic divergences in the CV complexity and the induced gravity action on the brane. In
particular, for odd d, the CV complexity in the bulk contains a logarithmic contribution
but the latter is not generated by our generalized complexity proposal (2.34) applied to
the corresponding brane action. Similarly for even d, applying our geometric formula to
the logarithmically divergent terms in the induced action naively yields contributions that
do not appear in the CV complexity. Further, this issue becomes immediately evident in
lower dimensions, where the logarithmic divergences appear as the leading or first sublead-
ing contributions. Explicitly, one can see that our proposal to the generalized CV for a
d-dimensional gravity theory
Ween(B) + Wik (B)

v (R) = OBEROTR Gl ’ (A1)

is only valid for d > 3 due to superficial divergences in the coefficients

2(d — 4) 2 A(d — 4)

d—2)d—-3)" Vd:m» Ad:m, (A.2)

og =
when d = 2 or d = 3. (Recall that $; = 0 for all dimensions.) Hence in this appendix, we
examine this issue by revisiting our analysis in section 2.2 for lower-dimensional gravity
theories.

A.1 Three-dimensional brane

We begin here with the case of d = 3.2! It is obvious that there is a problem for the
subleading contributions in eq. (2.27) coming from integrating the volume of the extremal
surface in the vicinity of the three-dimensional brane. The divergence in the corresponding
coefficients is a signal of the appearance of logarithmic terms. Explicitly, performing the
z-integral for d = 3, we find that the subregion complexity for four-dimensional bulk
gravity reads

V(BL)+V (Br)
sub —
C ( )_BBml%L)J(ZR[ Gruxl
972 , , 22 (O)b(l)
~ 1——K —h®hgp+---
Gbulké/d /dz\/deth< > ( o ha+ (A.3)

2 ..
VO g (M) B [ o vaar (551 Ry ) roc),
Gbulkg Gbulk€ 4

2 This is the case of three-dimensional gravity, i.e., d = 2 in egs. (1.6) and (1.7).
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where /g is some scale from deep in the bulk which makes the argument of the logarithmic
term dimensionless. Hence the leading term in C§*" (R) still yields the expected volume
contribution for the brane gravity, i.e., V(B)/(Gegl) with £ = 20 and Geg = Gpunc/(2L) as
before. However, the proposed functional for the generalized CV proposal must be modified
at higher orders to match the logarithmic divergence

_ 2 K?
C{?i;l:g(B) — 10g<§]§> 4Geﬂ 7 / d20' \/M (2 — R 2Rz] > 5 (A4)

where we have substituted /g = L? /zp and made the simple choice g = L. Recall that

¢ and L correspond to the AdS curvature and the UV cutoff scales, respectively, in the
effective theory on the brane [1, 2]. Then, we arrive at the generalized CV expression for
the induced gravity on the three-dimensional brane,

V(B) log

Csub(R) CIslam3 = 8};&}( [ Gdf/ + CV,d=3(E)] (A5)
OR

where the logarithmic term is explicitly shown in eq. (A.4) and denotes the contributions
from curvature-squared terms in the gravitational action (2.9).

Following the approach in the main text, it is straightforward to extend egs. (2.32)
and (2.33) to the present case if we allow for logarithmic coefficients. Explicitly, we obtain

slan K EQ aLeff ~ 7
C{,}d:% = / d*oV'h (1 + log <L2> — log ( ) aRzgkl Zhlknl> )

effgl
02 2L, .
~2log | 73 8—ﬁKjlhikK””hmo :
aRUklaRm"f’P

(A.6)

That is, we are using the same functional Wgen + WK as before but with new coefficients

I I I3
a3 = —log <L2> , v3=1+1log <L2> ) Az = —2log <L2> ) (A.7)

for a general curvature-squared gravity theories in three dimensions.

We emphasize that we included the first subleading contributions in eq. (2.27) and
so the issue of the logarithmic divergence in the holographic complexity became manifest
for d = 3. However, the same issue will arise for any odd d, i.e., with an even dimension
in the bulk. Carrying out the same calculations to a sufficiently high order will reveal
an extra logarithm in the holographic complexity. In particular, with d = 2n + 1, one
should only apply egs. (1.6) and (1.7) for the generalized CV proposal for higher curvature
interactions up to R?"~!. It will be possible to include the R?" interactions if one adds an
extra contribution with a logarithmic coefficient, as in eq. (A.5). It would be interesting
to examine this issue in greater detail in higher dimensions.

A.2 Two-dimensional brane

Now turning to the case of d = 2,%2 we expect to find a logarithmic divergence in the
induced action which is not reflected in the holographic complexity. Furthermore, we

22This is the case of two-dimensional gravity, i.e., d = 1 in egs. (1.6) and (1.7).
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should stress that the generalized CV for d = 2 is more subtle because the usual relations
V= %E and Gegr = (d — 2)Gpu/(2L) break down for this dimension.

First of all, we recall the FG expansion for the metric with a three-dimensional bulk
becomes

gi;(2, z') = (g)ij (mz) + ;2 (?ij(aji) + fij(a:i) log (;)) +oee, (A.8)

1 . A
where the subleading term (g)ij (2") is not completely fixed and f;;(«") depends on the stress
tensor on the boundary [129]. Similarly, the embedding function for the extremal surface
B in the bulk is given by

| (0) 2 () ) . ’
xt (z, Ua) =z (Ua) + ﬁ zt (o—a> + yl (O—a> log (L) + O <L4> . (Ag)

From this expansion, we see that the subleading terms are not fully geometric anymore
and depend on the details of the boundary state.

Explicitly, performing the CV integral in the vicinity of the brane with d = 2 yields
2LV (B)

~ + O2%). (A.10)
Gl (:5)

{V (Br) +V (Br)
a.
OB=RUXR Gpukl

Csub (R) —

Hence the leading term is still the volume of the island and the subleading contributions
are dominated by the upper bound in the radial z-integral, i.e., these should be included as
quantum contributions to the brane complexity. As a result, we will only need to consider
the leading contribution, i.e., the volume term.

Now the expression for the effective action given in eq. (2.9) does not apply for d = 2.
Rather after a careful examination of the FG expansion and integration over the radial
direction (see section 2.3 in [1] for more details), the induced action for the d = 2 brane
can be written as

I; - /de\/—~ 2 Rl —L—QR +R+L—2R2+ (A.11)
induced — 167TGeff g Egﬁ g 2 ] ) .
where the two effective scales are
L 2
<E> =2 (1 - 47TGbulkLTo) 5 Geﬁ‘ :Gbulk/L . (A12)
eff

The unusual logarithmic term can be understood as arising from the nonlocal Polyakov
action induced by the two-dimensional boundary CFT supported by the brane.

There is a certain degree of ambiguity in how to proceed at this point, but examining
our ansatz (2.32) for the generalized volume Wgen(b’) (with undetermined ag, f2, 72),

we obtain
N 2
Clsland _ ”gen ~ / d O Rl - 0 A.13
V,d=2 Geﬁﬁ He, oVh g |~ +(0) B2 + 72 (A.13)

Here we have ignored any contributions from the R? and higher terms (denoted by the
ellipsis) in eq. (A.11). We note that these contributions do not contain any UV divergences
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in the limit L/¢g — 0, and so they can be included as part of the quantum contribution
to the complexity. Further, note that tensor contraction multiplying the coefficient [
vanishes for d = 2. Now the following simple choice of the coefficients,

OQZO, ’72:2, f’zf, (A.14)

yields the desired identification for the two-dimensional complexity

Ween(B)  2V(B)
C3UP (R ~ clsland 778 = . A.15
v (R) V,d=2 Cogtl! Gog 0/ ( )

We again note that a similar mismatch from logarithmic divergences in the induced
action will appear for any d = 2n. In this case, no corresponding divergence appears in the
holographic complexity in the bulk, which is odd-dimensional. Hence one should only apply
egs. (1.6) and (1.7) for the generalized CV proposal for higher curvature interactions up to
R?"=2_ A logarithmic divergence will appear at the next order, i.e., R**~!, and the corre-
sponding contribution to the complexity will have to be treated separately. Again, it would
be interesting to explicitly examine this question in greater detail for higher dimensions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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