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ABSTRACT: In the large dimension (D) limit, Einstein’s equation reduces to an effective
theory on the horizon surface, drastically simplifying the black hole analysis. Especially,
the effective theory on the black brane has been successful in describing the non-linear
dynamics not only of black branes, but also of compact black objects which are encoded
as solitary Gaussian-shaped lumps, blobs. For a rigidly rotating ansatz, in addition to
axisymmetric deformed branches, various non-axisymmetric solutions have been found,
such as black bars, which only stay stationary in the large D limit.

In this article, we demonstrate the blob approximation has a wider range of applica-
bility by formulating the interaction between blobs and subsequent dynamics. We identify
that this interaction occurs via thin necks connecting blobs. Especially, black strings are
well captured in this approximation sufficiently away from the perturbative regime. Highly
deformed black dumbbells and ripples are also found to be tractable in the approximation.
By defining the local quantities, the effective force acting on distant blobs are evaluated
as well. These results reveal that the large D effective theory is capable of describing not
only individual black holes but also the gravitational interactions between them, as a full
dynamical theory of interactive blobs, which we call brane blobology.
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1 Introduction

Black holes in higher dimensions exhibit colorful dynamics, in which horizons are stretched,
bent and even pinched off [1]. Remarkably, elongated horizons generically exhibit a long
wave length instability, the Gregory-Laflamme (GL) type instability [2, 3], which can evolve
to horizon pinch-off accompanied by the appearance of a naked curvature singularity illus-
trating a generic violation of strong cosmic censorship [4-6]. On the other hand, the same
dynamics produces numerous stationary deformed solution branches coming out from the
onset of the instability.

The large spacetime dimension limit, or the large D limit [7, 8] is an efficient approach
to investigate such distinctive features of higher dimensional gravity. In the large D limit,
black hole dynamics splits into two sectors with separate scales about the horizon scale rq:

Decoupled sector: ‘slow’ dynamics with frequencies of O (1/rg), which is confined within
a thin layer near the horizon, and contains GL-like self-gravitational deformations.

Non-decoupled sector: ‘fast’ dynamics with the gradient of O (D/rg), which corre-
sponds to the radiative degrees of freedom in the time domain, as well as strong
or short-scale horizon deformation in the space domain.

Due to its non-perturbative-in-1/D nature, the common framework has not been estab-

1 On the other hand, the slow dynamics is successfully re-

lished for the fast dynamics.
formulated into an effective theory of collective degrees of freedom on the horizon surface
which is perturbative in 1/D [11-15]. So far, the large D effective theory approach has been
applied to solve various black hole problems with or without Maxwell charge, cosmological
constant, and even Gauss-Bonnet correction [16-30].

The large D effective theory of black branes also admits Gaussian-shaped solitary
lumps,? or blobs, which encode compact black objects on a planer black brane [31]. In the
blob solution, the Gaussian tail in the asymptotic region is expected to be matched with
the equatorial part of black objects. In the rigidly rotating setup, this blob approximation
has made it possible to find a large variety of stationary deformed black holes bifurcating
from the Myers-Perry family, such as black bars, ripples, dumbbells and flowers [31-33].
It is also possible to have multiple blobs, where each blob travels almost independently
until they collide to merge or split [34-36]. One should bear in mind that, in the multiple
configuration, the leading order theory does not resolve whether or not the horizon is
actually joined or split, since the thickness between blobs can be arbitrary thin. When
1/D corrections are included, the thin region leads to a breakdown of the 1/D expansion
indicating disconnected horizons.

In the large D limit, the gravitational force from a black hole is suppressed non-
perturbatively in 1/D except in the thin near horizon region, and hence the interaction
between black holes is typically negligible in the 1/D-expansion. The blobs, nevertheless,

!Though, recent studies [9, 10] sheded some light on this sector.
2Blobs are almost solitons except that the collision does not preserve the number of blobs due to the
thermalization by the viscosity.
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Figure 1. Effective force between blobs in the large D effective theory.

can weakly interact each other. For example, in the collision between two blobs at large
impact parameter, it has been observed that the two blobs orbit several rounds before they
collide or split away, as if they are attracted to each [36]. It has also been noticed that black
dumbbells that are highly deformed form a multiple binary of separate blobs, and black
ripples resemble multiple concentric ring-shaped blobs [33]. In all of these configurations,
there are blobs connected by thin neck regions. Since the blobs are rotating, the centrifugal
forces should be sustained by a certain attraction between blobs. These interactions can be
understood by regarding multiple blobs as either of black holes whose horizons are almost
touching (so that near horizons have some overlap) or large lumps on a single black object
which are connected to each other by thin necks. As mentioned above, to leading order at
large D, it is not possible to strictly distinguish if two blobs connected by a thin neck are
different black holes, or part of the same one.

In this article, we formulate analytical descriptions for the blob-blob interaction by
resolving thin neck regions between blobs. The resulting formula is written as a trans-
series with respect to the distance between blobs. Remarkably, we can approximate the
effective attraction force between two blobs mediated by the thin neck (figure 1)

2 2
P(r) ~ A/;‘j//;fre_%7 (1.1)

where M 4 and M pg are the blob mass and r is the distance between blobs.

This article is organized as follows. In section 3, we revisit the non-uniform black string
analysis in the highly deformed regime by expanding in small tension. In sections 4 and 5,
highly deformed black dumbbells and ripples are studied by using the same technique in the
limit of zero rotation 2 — 0. In section 6, we formulate the effective kinematics of blobs
by defining localized variables for each blob, and then derive the approximate equation
of motion for blobs. We summarize and discuss the possible extension of the result in
section 7.

Brane blobology. The term ‘brane blobology’ was introduced in [36], as a pun on the
brain blobology in the neuroscience. However, we do not claim any scientific relation.



2 Large D effective theory

In this section, the large D effective theory on the black brane is briefly reviewed [11—
15, 37, 38]. The effective theory of the p-brane is embedded in a D = p+3+n background?

1 .
ds® = —dt* + dr? + =da'dz; + 7"2in+1 (2.1)
n

wheret =1,...,pand dQ?H_l is S"*1-metric. Here, we set the physical horizon scale 9 = 1.
Assuming n ~ D, it is convenient to expand by 1/n instead of 1/D. The 1/n scaling for z
coordinates is introduced to capture the nonlinear dynamics along those directions. In the
large D limit, the entire spacetime geometry is described in terms of the collective degrees
of freedom: the mass density m(t,z) and momentum density p;(t, z). By introducing the
velocity field p; = muv; + 0;m, the effective equation take the form of fluid equations,

oym + Vi (mav') = 0, A (mu') + V;(mov'v? + 1) = 0, (2.2)

Tij = —mo;j — 2mV ;v; — mV;V; logm

J)
where the indices are raised and lowered with the flat spacial metric d;; and V; is the

covariant derivative for d;;. The quasi-local stress tensor for the p-brane is given by

T =m, T"=mv', TY =mv'v) +79,

Tijg = —2m8(ﬂij) - m5ij — maiaj log m, (2,3)
where the actual dimensionful stress tensor is given by
(n+ 1)1
Ty =—— T 2.4
g 167G " (2.4)

The effective equation (2.2) is equivalent to the conservation of this tensor

0,T"" = 0. (2.5)
The physical quantities of the black brane are given by integrating the stress tensor?
M= [ TtPe, P= [ TE®2, T, = / (@ Tt — ;T )dPe.  (2.6)
RP RP Rp

Gaussian blobs. Besides ordinary brane solutions, this equation exhibits stable Gaus-
sian solutions, or blobs. For p = 2, the general rotating blob solution is given by

(r —ut — b)2 ; ; a . .
m(t, z) = mgexp (—M , V(t,z)=u'+ m&-j(x] —u't). (2.7)

where a corresponds to the spin parameter of the singly spinning Myers-Perry black hole,
u' and b are arbitrary constants reflecting the boost invariance and Galilean symmetry
of the system. In this article, these strict Gaussian solutions are called as Gaussian blobs
apart from other deformed blob solutions. For general blob solutions, we only assume
regularity and Gaussian-type fall off in the asymptotic region so that the physical quantities
remains finite.

3Throughout this article, we focus on the vacuum, asymptotically-flat spacetime. The extension to the
Einstein-Maxwell theory and inclusion of the cosmological constant will be discussed in section 7.
4For simplicity, the spacial scaling 1 /n in eq. (2.1) is omitted from the volume integral



Rigidly rotating solutions. With the rigidly rotating ansatz
(0 +0'9))m =0, O’ =0, Vivj) =0, (2.8)

the effective equation is integrated to the soap bubble equation [31]

1 1
V2R + 5(VR)2 + R+ 51;2 =C, (2.9)
where C'is an integration constant fixing the mass scale and R = log m denotes the horizon
radius as®
1 1
T~ mD 21—1—57%. (2.10)

3 Highly deformed non-uniform black strings

Let us start by revisiting the black string analysis in the 141 effective theory [11, 12, 16, 22].
The effective equation for the static black string is given by

RI(z)+ %R’(z)z FR() = C, (3.1)

where the constant C' determines the mass scale. The spacetime is compactified in the z
coordinate with a period L. Multiplying by eR)R’ (z), this can be integrated to

<;R/2 +R—-1- C'> ek = —7, (3.2)

where 7 is the string tension, which coincides with 7., in the stress tensor (2.3). The lower
tension leads to higher non-uniformity of the solution. Without loss of generality, we fix
C = 0 in the following analysis, in which the non-uniform black strings are obtained for
0 < 7 < 1, and the uniform string at the bifurcation point for 7 = 1. At the zero tension
limit 7 — 0, the period L goes to infinity and the solution goes to the strict Gaussian blob

R(z)=1-=. (3.3)

The mass of black string is defined by the integration over the period,

L

M = /7 Az, (3.4)

2
L
2
In particular, the Gaussian blob mass is given by the Gaussian integral
[ee] 22
My = / =2 dz = V2re. (3.5)
—00
Once the solution (R(z;7), ) is obtained, the mass scale is easily recovered by

R(z;7) = Reolz;7c) = R(zie 10) + 0, M= Mo =e“M, 17— 10c=e7. (3.6)

5The event horizon and apparent horizon are degenerately equal to mP in the leading order.
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Figure 2. A mass profile of the non-uniform black string with R(0) = —15. The Gaussian solution
is plotted by the blue dashed curve.

3.1 Gaussian blob with small tension

Assuming 7 < 1, the solution should be expanded from the zero tension Gaussian blob
1
R(z)=1- 522 + 70R(z). (3.7)

The linear correction is solved by
22
OR(2) = —e T3 + el\/jzerﬁ(z/ﬁ). (3.8)

In the mass profile, this correction falls off much slower than the Gaussian at large z

22

R(z) ~ 1—5%5 T
m(z) = e®?) ~e 2—1—;, (3.9)

where the perturbation breaks down. However, we will see the solution is smoothly con-
tinued to the neck waist solution where these two terms become comparable.

3.2 Neck waist

Since the period L becomes large at 7 — 0, we study the neck region with the expansion
from L = co. By numerically solving the effective equation for the small tension, we observe
that the long Gaussian tail which stretches as L is smoothly connected to a short waist
which shrinks as L~! (figure 2). The amplitude of the waist is also estimated by eq. (3.3)
as R ~ —L?/8. From this observation, we introduce another scaling on the neck waist

_ 1o 5 _ L2
R = 8L +R(§), z_i2+L. (3.10)

Plugging this into the effective equation (3.1), we obtain

1 4
P 5= R (3.11)

RI(€) + 5R(E)

This equation can be solved by expanding R(¢) with 1/L?,

R(E) = S0 L Ri(6). (3.12)
=0



Since eq. (3.11) only includes the derivative terms in the leading order, we always have a
translation degree of freedom at each order, which is used to set the minimum at £ = 0. This
also sets the solution to be symmetric in £ — —£. In the leading order, the solution becomes

Ro(€) = 7o + 2log cosh(£/2), (3.13)

where 7y is an integration constant which contributes to the minimum value at the neck.
The leading order solution has the following asymptotic behavior at £ — +oo,

Ro(&) ~ £ + 7o — 2log 2 + 2¢7 1, (3.14)
This gives the match with the Gaussian blobs (3.3) at both sides z = +L/2,

L Ly 1 /L  26\% _ el 72
—§+Ro(§)+O(L )_—2(2:FL) +70—2log2+ 0 (7€, L72), (3.15)

where the matching region is given by 1 < £ < L. The match with the Gaussian solu-
tion (3.3) determines the integration constant

7o =1+ 2log?2, (3.16)

which gives the neck minimum up to O (L°),

2

L
Runin = _§+1+210g2+O(L*2). (3.17)

Since the tension is given by the minimum value, we can express the tension in terms of
the compactification length,

Remin 0 L 72 1-L2
T = (]. — ,]?,I‘fﬂn)e i~ §L e 8 . (318)
Inversely, the scale L is expressed by the tension
L 2y/-2W_y(~7/(4e)), (3.19)

where W_;(z) is the lower branch of the Lambert W function. At the limit 7 — 0, the
scale L admits a logarithmic dependence to the tension,

L~2\/-2logT. (3.20)

By repeating the procedure, we can improve the expansion in 1/L?,

L? 1 (2n?
7?rmin = - §+1+210g2+ ﬁ <3+1610g2>

1 [ 64n?
+ iz (; +96((3) + 128(10g2 2+ log 2)) +0 (L_6) , (3.21)
L? |1 2r? 1672 + 271 /9 + 96¢(3) 6

The detail of the calculation is given in appendix A. In figure 3, we compare the tension

with the numerical calculation, together with the perturbatively constructed result from
the uniform solution.
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Figure 3. The tension for given period L. The gray curve represents the numerical result. The red
curve is given by the perturbative expansion in the small non-uniformity up to 8-th order. The blue
dotted, dashed and solid curves correspond the blob approximation up to LO, NLO and NNLO in
eq. (3.22), respectively.

Match with O(7)-correction. Given the relation between the tension and compacti-
fication scale, we can evaluate the behavior of the correction to the Gaussian blob (3.8) in
the matching region. For z — oo, eq. (3.8) has the asymptotic behavior

SR(z) =e ! T erfi(z/v/2) — e*H% o~ ie*Hé (1 +0 (z*Q) ) (3.23)

2 22 ' ‘
Expanding at z = £L/2 + £/L with eq. (3.18), the correction term is shown to be O (L),
ToR ~2¢ Kl 4 0 (7‘, L_2> . (3.24)

This gives a consistent match with eq. (3.14) at O(e~lél). Here, we should note that O(7%)-

k22
correction gives 7F§ KR ~ 7he s ~ e kIEl, resulting in the similar consistent match up to

the relevant order in 1/L2.
3.3 Phase diagram

Finally, we evaluate the total mass. The total mass is obtained by summing both contri-
butions from the blob and neck parts,

M = Mblob + Mneck- (325)

After the summation, the actual matching position should not appear in the result. The
contribution from the blob part is given by

Mylob = 2 /OZC dz {61_222 + 7 <\/§z erfi(z/v/2) — 1)]

2
Zc

= V2re — V2meerfe(z./V2) — V2rre” % erfi(z./V?2), (3.26)

where z. is a cut off of the integral. We set z = z. at some point in the matching region

L 2¢
o= - % (1< &< L. (3.27)
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Figure 4. The mass and the mass-normalized, scale-invariant entropy of the nonuniform black
string for given period L. The gray and red curves correspond respectively to the numerical result
and perturbative expansion in the small non-uniformity up to 8-th order. The blue dotted, dashed
and solid curves are the blob approximation up to LO, NLO and NNLO, respectively. The black
dotted curve in the right panel is the scale-invariant entropy of the uniform string given by &; =
log(27/L).

The asymptotic expansion at large L leads to

L2
Mbiob 2Le”§ 2 [ x? _ _
P - 1+ = 2426, 4 € O S 3.28
M Norall Bl E e e B (re L7, (3.28)

where eq. (3.22) is used and the mass is normalized by the Gaussian blob mass (3.5).
We take the terms up to the first sub-leading order in 1/L? to see the cut off effect. It

k . . . k M 1—k
turns out that O(7%)-correction also has the contribution of O(7%¢ 2 )= 0O (7‘6’( - )&),
which should cancel out with the neck terms. Here, we simply neglect O <6_56)—terms, SO

that we do not have to care O (Tk>—corrections for k > 1. For the neck part, we take the
solution up to LO in 1/L?

Mneck_ 2 L2 R(z) _ 16 _L? Le 2 _92
My _.Mo/zc dze _\/ﬂLe 8/0 d€ cosh (5/2)(14—(’)(1) ))

: (2& +ef 40 (e—fc, L‘2>) . (3.29)

4e” s

T Von

One can see that the cut off contributions in both expansions cancel out in the total mass.

Expanding up to one higher order in 1/L?, the same cancellation occurs (see appendix. A.3)

and the total mass becomes

_12 2 4 2
M _ | 2Le ll 4 (2 >+2(432((3)+7r + 607 72)+0(L6)].

Mo NG zls ! 94
(3.30)
Using the effective equation, the mass-normalized, scale-invariant entropy [36] is given by
the total mass

S1 = —log M + log(2m). (3.31)



where the scaling is fixed so that the uniform black string with L = 27 gives zero en-
tropy. These results approximate well the numerical result in the highly deformed regime
(figure 4).

Up to now, we have only considered the linear order correction of the tension. Including
higher orders of the tension will result in the trans-series of 1/L? and 67%2, which will
require the knowledge of the trans-series expansion of error functions. One can notice
that, although the convergence of the 1/L2-expansion is not bad close to L = 27, the
formula starts to disagree with the numerical result. This would also imply the presence
of correction terms in the trans-series expansion.

Lastly, we consider the limit L ~ v/D, which gives a neck amplitude of R ~ —D and
the 1/D expansion breaks down there. In this regime, the physical compactification length
reaches O (1), in which one can observe the smooth topology-changing transition by taking
the proper scaling on the neck [10]. On the other hand, eq. (3.30) reduces to a trans-series

expansion in 1/D and e~*P

, which is consistent with the large D conifold analysis in which
the back reaction from the pinching region becomes non-perturbative in 1/D. This implies
the trans-series expansion in the blob approximation captures the smooth transition from
the decoupled to the non-decoupled sector in the topology-changing phase. In ref. [23],
trans-series in the perturbative and non-perturbative expansion in 1/D was also obtained

for non-decoupled quasinormal modes.

4 Highly deformed black dumbbells

The same analysis can be applied to the black dumbbells found in the 2+ 1 rigidly rotating
system [33]. Dumbbells are deformed branches bifurcating from the onsets of the instability
on the black bar. In ref. [33], dumbbells in highly deformed phase resemble arrays of
multiple Gaussian blobs almost separate from each other. The blobs are aligned in almost
equal distances logarithmically growing in €2, which would imply a pinch-off transition to
the multiple spherical black holes. We show that these behaviors are actually described by
the interaction between blobs and necks.

4.1 Setup
The effective equation for the 2 + 1 rigidly rotating black brane is given by [31]
2R+ o,R + 182R+1((8 R)Mi(a R)2> LR+ 1022 =0 (4.1)
" r P2 2\ P2 e 2 ’ '

where the solution is rigidly rotating as R(t,r, ¢) = R(r,¢—Qt). Black bars and dumbbells
are solved by introducing the co-rotating Cartesian coordinate,

x:=rcos(p—Qt), y:=rsin(¢p— Q). (4.2)

The dumbbell branch is solved further assuming the separation of the variables R(z,y) =
¢7%(1 — 2%/2) + R(y), in which the equation reduces to

1 1
R'(y) + 5R (1) + R(y) + 52%* =0 (4.3)



Figure 5. Schematic picture of the mass density for N = 4 dumbbell with the co-rotating coordi-
nate. Thin neck structures exist between blobs.

where
Ei = #
1+ V1 —402
The dumbbells bifurcate from the onsets of the instability on the black bar at EIZQ_Q =2N,
where N is a positive integer. Since dumbbells produce N bumps which develop to N

(4.4)

separate blobs, we refer to each branch as N-dumbbells.

4.2 Blobs and necks

In the limit of Q@ — 0, eq. (4.3) reduces to the black string effective equation (3.1) and the
solution is locally approximated by a Gaussian blob

RW) — l-3-L)* | (QQ> (4.5)

where L; is the peak position of each blob. In the highly deformed phase, we assume
a dumbbell consists of N separate Gaussian blobs and the blobs are labeled by k& =
—Fkmaxs - - - s kmax := [IN/2] from the negative end to the positive end (figure 5). The
index includes k£ = 0 for odd N.

Now, we see the distance between blobs is determined by the balance between the neck
tension and rotation. By integrating eq. (4.3) multiplied by R/(2)e®(®) from a neck waist
Yneck, We obtain

[PV Rw)| ™ D% o Ry
K2R (y)” +R(y) - 1) € ] = —7/ y e "R (y)dy. (4.6)
Yneck Y

neck

Assuming the mass density falls off at |y| — oo, the right hand side reproduces the black
string equation (3.2) near the neck, given the other part becomes constant. On the left
hand side, the integral picks up the blob part and each blob integrals can be approximated
by the full Gaussian integral, which gives the constant tension of O (22). As seen in the
black string analysis, the effect of the tails will be the order of the tension which is now
approximated to be O (Q2?). Therefore, the cut-off tail part contributes to only O (1) in
eq. (4.6), and hence is safely negligible.

The approximated tension 7 between k — 1-th and k-th blob is given by the sum of
the integrals over Gaussian blobs at y = Ly, ..., Ly, ,

kmax

- (;R’Z +R - 1) R =1 = V2me Q> Li. (4.7)
i=k

~10 -



This can be interpreted as the balance condition between the brane tension and centrifugal
forces on the outer blobs. By taking the difference, one can actually see the force balance
on a single blob is given by the centrifugal force and tensions on both sides,

Ty — Th1 = Mo QL. (4.8)

where the Gaussian blob mass is given by Mg = v/27me in eq. (3.5).5 We will expand
this interpretation more precisely in section 6. By using the result of the black string
analysis (3.22), the local tension determines the interval Ay := L — Ly_1,”

where we include the correction up to O (Ai_ 2). We note that Ay for even dumbbell is
defined by Ay = L1 — L1 = 2L,. Eliminating the tension, we obtain a coupled equation
for intervals,

ktnax 2 2 2
A2 | 5 2
Vare? Y L= Skl % <1+ T ) (4.10)
i=k

2° 37
where
k
> A (N : odd)
Ly = izlA i : (4.11)
—71 + ;Ai (N : even)

4.2.1 2-dumbbells

Let us start from the easiest case, N = 2. Since we only have a single interval A; = 2L,
eq. (4.10) is no longer coupled,

Ay A2, a3 272
Vore?2— = —Lel=5 (14 = |. 4.12
e 5 5 e 8 + SA% ( )

Ignoring the correction term in the left hand side, we obtain

Ay =2y/-W_ 1 (~7Q1/2) =~ 4/~ Tog . (4.13)

This reproduces the logarithmic dependence of € in the separation found in the numerical
solution [33]. Including O (Al_2) term, we can improve the approximation,

7T2
Ay =2/~ W_y (~7Q1/2) (1 + 3W_1(2—7r94/2)2> . (4.14)

SHere both the tension and Gaussian blob mass are one dimensional, since z-dependence is already

factored out.
"In the higher order of €, eq. (4.6) will give the coordinate dependence on the tension term due to the
broken mirror symmetry, in which the neck analysis should be changed from that of the black string.

- 11 -



4.2.2 Even dumbbells

Now, we proceed to more general cases. First, we consider even dumbbells with N = 2s.
Since all the intervals are highly coupled in eq. (4.10), the equation is no longer directly
solvable. In order to get hints for how to proceed, we have examined numerical solutions.
Following this, we assume the intervals are almost the same at Ay — oo,

Ap=A+0(a). (4.15)
Then, each position is given by
i ~ (k - ;) A. (4.16)
Eq. (4.10) now reduces to a single equation,
%ﬁ

V2rQ?(s? — (k- 1)%)A = A% (4.17)

where A}, is kept in the exponent because the correction contributes to the factor. This is

solved by® A
_ Ck — 4
Ap=A-—E A= 2/~ W_i(~7Q1/2), (4.18)
where
cr = log(s* — (k — 1)?). (4.19)

Since A ~ /—1log ), this determines the blob position up to O (1/y/—1og ).
For one higher order in 1/A, we need to take into account the contribution from the
k-dependent correction. The blob positions are corrected by

1 4 L(s+k)
Ly = ——]A—-—1 _— . 4.2
k <k 2> A0g<F(s—k+1)> (4.20)
By the summation, we obtain
P 1 4 G(2s+1)
> Ly=-e*A— —log ( ) : (4.21)
= 2 A G(s+k)G(s—k+2)
where G(n) is the Barnes G function defined by the superfactorial
n—1
G(n) := [] (k). (4.22)
k=1
Plugging this into eq. (4.10), we obtain O (A~3) correction as
4Ck 16dk
where
cr = log(s* — (k —1)?), (4.23b)
2 1 G(2s+1)
dy = — — 2c, — =i + 21 : 4.23
R Og(G(s+k)G(s—k+2)) (4.23¢)

8Due to the logarithmic property, there is an ambiguity in the leading order solution that multiply Q by
a factor, which changes the next-to-leading order. One can also include k-dependence in the next-to-leading
order within the leading order solution as A = 2\/—W,1[(32 — (k—1)2)204)/2].
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Figure 6. The normalized separations are compared with the numerical result (solid curves). The
dashed curves are the result up to O (1 / A?’). The numerical data is produced by the same method
used in ref. [33].

4.2.3 0Odd dumbbells
Odd dumbbells with N = 2s + 1 can be similarly studied. The interval is given by

B deg, 164y
where A = 2,/—W_;(—7Q*/2) and
cr =log(s(s+1) — k(k—1)), (4.24Db)
w2 1 G(2s+2)
= — — 20, — =cj +2e %1 4.24
di =g — 20— 5o T 2e Og(G(s+k+1)G(s—k+2)) (4.24c)

In figure 6, we compare the result for several branches.

4.3 Phase diagram

Following the calculation in ref. [33], the ratio of angular momentum to mass is given by

J 2 0OO 2eRl )dy
2—on +oh Lo 1.25
M T Ry (4.25)

Since the cut-off tails become sub-leading order in €2, the integrals are simply approximated
by the sum of the Gaussian integrals over blobs at the leading order, which are easily
evaluated for N-dumbbells as

- o L]
/ eR(y)dy ~ V27eN, / erR(y)dy ~ \/2me (N +2 Z L%) . (4.26)
0 0 k=1

Using the expansion of Ly by A = 2,/=W_1(—7Q%/2) up to O (A™1), we obtain

/\{t Nl QA2(1+A2+O(A ))+0(92), (4.27)
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Figure 7. The phase diagram of dumbbells. The approximation up to NLO in 1/A (dashed curves)
is compared with the numerical result (solid curves). The numerical data is produced by the same
method used in ref. [33]

and

<k — ;) loglw (N = 2s)

. 192 & GG—kt1)
=1—- - 4.28
. N(NQ_l)kgl klo s +k+1) (N =2s+1) 2
ET(s—k+1) -

Recalling the black string analysis, the blob approximation is only convergent for A 2 27,
which is now corresponds to

11 a2
Q= (2m)"1Az2¢e 16 <0.13. (4.29)

In figure 7, one can see the approximation reproduces the numerical result for Q < 0.1.
Having more blobs worsens the approximation L.y < 7!, and hence, dumbbells with
larger N have smaller convergent range.

5 Highly deformed black ripples

Black ripples, also called bumpy black holes, are axisymmetric deformed branches bifurcat-
ing from the zero modes of the ultraspinning instabilities on the Myers-Perry solution [39].
Numerical solutions have been actually constructed for D = 6,7 [40, 41]. In the large D
limit, black ripples are obtained by solving the 24 1 axisymmetric, rigidly-rotating effective
equation [33],

R (r) 4 TR(r) + SR 4 R(r) + 50% =0, (5.1)

Black ripples bifurcate from the onsets of the axisymmetric instability on the Myers-Perry
solutions, which are given by

2N —1
Q=Y (N=234...), (5.2)

where N labels different branchs. In ref. [33], a cluster of concentric Gaussian-shaped rings
developed away from the axis in the highly deformed regime. This configuration, which we

— 14 —
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Figure 8. The radial profile of ripples for N = 4 with @ = 0.04 (left) and N = 3 with Q = 0.1
(right). The blue and red curves are the Gaussian solution R(r) = 1 — 3Q?L2 — 3(r — L;)? with
the fitted peak positions L;. The green curve is the Myers-Perry solution.

call blob ring, is another example of the blob solution. The number of blob rings is given
by s = | N/2]. Odd ripples also formed a central blob at the axis, which is isolated from
blob rings.

In contrast to black strings and dumbbells, ripples involve two kinds of necks with
separate length scales (figure 8). The axis region and innermost blob ring are connected
by a thin long neck which scales as Q7! in the limit  — 0. The long neck takes a disk
shape for even N and ring shape for odd IV, respectively. Due to the dimensionality, these
long neck region requires slightly different treatment. On the other hand, the blob rings
are connected with each other by (relatively) short necks which scales as v/—log € similar
to the dumbbells.

5.1 Blob rings

From numerical solutions, we see that even ripples are approximated by an array of several
ring-shaped Gaussian profiles, blob rings, which are localized at r ~ Q! for Q — 0. Blob
rings themselves are also pulled apart from each other, with the distance logarithmically
growing in 2 as in dumbbells. Odd ripples have the same blob ring structure, but also
form a central blob which is approximated by the Myers-Perry solution.

Now, we focus on one of the blob rings, which is located at r = L ~ Q~!. We take the
limit 2 — 0, while keeping w := QL finite. By switching to the local coordinate z :=r— L,
the effective equation is expanded by £,

w? &
R (z) + %R’(z)2 +R(z) + o5 = > Q'Si(2). (5.3)
i=1

Leading order. At the leading order, this reduces to the black string equation (3.1)
which admits the Gaussian solution

w? 22

Ro(z) =1- 7 — 5 (5.4)

Given the value of €2 and the peak position L, this profile already gives a good fit to the
numerical result for sufficiently small 2 ( figure 8 ).
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Let us write the peak position of blob rings as L1 < Ly < --- < Lg and w; = QL;,
where s is the number of the rings. To determine the relation between L; and (), we
need an additional information about the global configuration. By integrating the master
equation (5.1), we obtain an useful equation

(GRP+r-14502) ] = [T (L®p o) Fan 59

.
Assuming compactness, the left hand side should vanish for » — co. On the other hand,
inside the blob rings, the long tail from the innermost ring falls down until it meets the
minimum on the very thin neck that is on the axis for even ripples, or halfway to the axis
r ~ Q~1/2 for odd ripples. Therefore, if we integrate from the inner minimum to infinity,
the left hand side is estimated as O (6_29%) for even ripples and O (e_ﬁ> for odd ripples,
both of which are non-perturbatively small in 2. On the right hand side, the integral over
each single blob ring can be replaced by the full Gaussian integral
w?

1 2mel ™2
/_th <—(R')2 + Q27“> eRdr ~ QLQ(wi2 —1), (5.6)

T (o

where the cut-off tail turns out to be O (23). The integral from the inner minimum 7,
to infinity is, then approximated by a sum of separate Gaussian integrals,

o0 1 S V2relm
——(R")? QZ>Rd ~0y T (w?-1). 5.7
[ (®y ) Far = @3- 2 i - 6.1
We also assume that the blobs are close to each other.
Li—L; < Lp~Q % (5.8)

Since eq. (5.7) should be non-perturbatively small, this sets w; ~ 1 and’
Li~Q ' (1+0(9Q). (5.9)

This means that blob rings are sustained from collapse dominantly by centrifugal rotation,
and the blob-blob interaction is secondary. It is worth noting that a similar hierarchical
assumption was made for the study of multi-black rings/Saturns [42].

Next-to-leading order. Now, we estimate the interaction between blob rings by solving
the short necks between neighboring blob pairs. Since the next-to-leading order source

Si(z) = —%R’(z) +ws (5.10)

vanishes for the Gaussian solution (5.4) with w; = 14O (2), the Gaussian solution remains
the solution up to O (). The leading order integral (5.6) is still valid up to O (2?)

1
/ (—(R/)2 + 927“) eRdr ~ 2v/27e Q%5 L;, (5.11)
i-th

r

Tf one allows Ly — L1 = O(Q1), the left hand side again becomes non-perturbatively small 0(6_0972)

on the neck between L, and Li41 and then, one can to repeat the same analysis for smaller groups
{L1,...,Lix} and {Lg41,...,Ls}, which leads to the same conclusion L; ~ QL.
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where we expanded by w; =1+ §L; Q. Then, eq. (5.5) close to the neck between i-th and
¢ + 1-th blobs reduces to the black string equation with the tension

7 =2eV2r 0% Y 0L+ 0 (), (5.12)
j=it1

where the scaling is adjusted by multiplying by /e. Following the match between the neck
waists and blob peaks in the black string analysis, the tension is given by a function of the
distance between blobs (3.22)

A2 82 on?

where A; := 0L;+1 —§L; and terms up to O (A;Q) are taken. Evaluating the integral (5.5)
at the inner minimum, we obtain

2V2me * Y " 6L; ~ (Runin — 1)e™min, (5.14)
=1

where Rumin ~ —72 is the amplitude of the inner minimum. As in the leading order
analysis, the left hand side becomes non-perturbatively small in €2, and then, we obtain

(5L} = % S 0L =0 (2,070, (5.15)
i=1

where (-) denotes the average over blob rings and C'is some constant. In fact, eq. (5.14) can
be used to determine the non-perturbative corrections in L;, which reflects the interaction
between the long neck and blob rings. We will come back to this later.

Next, we study the short necks between blob rings. In the following, we assume s > 2.
Equating egs. (5.12) and (5.13), a coupled equation about the separations between blobs,

2eV2r Q% Y 6L, = Al -5 <1+ 2n ) (5.16)

Zig =
2
it 2 3A

This justifies the assumption that the cut off contribution becomes sub-leading order in €.
As in the dumbbell analysis, we assume the separations are almost the same,

A= A+0 (AT, (5.17)

Then, with the condition (5.15), we obtain

SL; = %}LM +0(a™). (5.18)

Plugging this into eq. (5.16), the leading order is determined

A =2/~ (-270). (5.19)
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Again, one can see the logarithmic growth in the separation A ~ 4,/—log). Expanding
by 1/A, the sub-leading corrections are determined up to O (A_?’),

467; 16dZ

where
c; = log(i(s — 1)), (5.20Db)
71—2 02 2 G(S + 1)
i =— —2¢;, — = + - —1 - . ) 2
d 6 G5 +z(s—z) Og(G(Z—l—l)G(S—Z-l-l)) (5.20¢)

G(n) is the Barnes G function defined in eq. (4.22). By taking the sum and using (§L) = 0,
the relative peak position is given by

C2i-s—1 4 (i) 16 (2
where
sl
= - Q- .22
do ; —d (5.22)

Next-to-next-to-leading order. One can continue determining the peak position to
higher order in €2 by expanding further

6L =oML; + 0P, Q4 ... (5.23)

However, the calculation of §2/L; requires a detailed neck analysis with non-constant ten-
sion, to which the black string result no longer applies. Instead, we focus on the average
of the correction which contributes to the mass and angular momentum,

(6L = % LA (5.24)
=1

By evaluating the integral (5.5) up to O (%), we obtain (see appendix B.3 for the detail),
1
(6°L) = S (oMe?) + 0 (a72), (5.25)

where the squared average of 6!!lL; is calculated by using NLO result (5.21),

2 8~ . 9
Pt o A _5;(21—3—1)10gF(l)+0(A ) (5.26)

s 2
<5[1]L2> — 12(5[1}%)2 _5- 1

S

In figure 9, the peak positions are compared with the numerical result for several branches.

5.2 Long neck analysis

Up to now, the existence of the central blob did not matter to blob rings. This is because
the interaction decays exponentially in the distance of O (Q_l), only giving the magnitude

-Cc0~2

of e which is non-perturbative in 2. This interaction can be captured by resolving

the long neck and its waist using different patches (figure 10).

~ 18 —



AIA

QL
1.10 1.15¢
— D n=g — N=2
1.05 — D n=s —N=3
[ — N=4
—Dpns| 110
A N=5
1,N=5
1.00 A — N=6
1,N=7 — N=7
— Dy N=7 1.05F __ N=8
0.95 — N=9
. . . \\Q 4 ZQ
0.90 0.010 0.050 0.100 0.02 0.04 006 0.08 010 0.1

Figure 9. The normalized separation between blob rings (left) and normalized average peak
position (right). In each panel, the solid curve is the numerical result. In the left panel, NLO and
NNLO results for s = 2,3 are plotted as dashed and thin curves. The separations for s = 3 are
degenerate up to NNLO. In the right panel, the blob approximation up to O (Q2, AO) is shown as
a dashed curve. The odd solutions share the same curve as the corresponding even ones until the
point where non-perturbative effects become important. The numerical data are produced with the
same method used in ref. [33].

5.2.1 Disk waist: even ripples

First, we consider even ripples which consist of concentric blob rings without Myers-Perry
blobs at the center. Let us assume the peak of the innermost blob ring appears at r = L,
which is L ~ Q1.1 Then, we observe a narrow disk-like waist close to the axis origin,
whose magnitude is roughly estimated by the Gaussian tail as R(r) ~ —L?/2 = O (Q72).
As in the string neck, we zoom in on this region by rescaling
Lz -
R(r) = -5t R(¢), &:=Lr. (5.27)

The region r = O (1) corresponds to £ > 1 which allows the match at £ — co. The effective
equation is expanded by Q? with w := QL as

RY()+ 5RIEP + FR(O — 5 = S 02s, (5.28)
i=1
from which we assume ‘
R(E) =Y D Ri(€). (5.29)
i=0

One can see that the leading order equation now slightly differs from that of the black
string due to the dimensionality. Requiring the regularity on the axis, the leading order
solution is given by the Bessel function

Ro(§) =70 + 21og Iy(£/2), (5.30)

where 7 is the integration constant which sets the correction to the minimum on the axis,
L2

Rmin - _? + fO- (531)

%We do not specify the detail form of L = L() throughout the long neck anaysis.
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Figure 10. Long neck structure and its scalings for even (left) and odd ripples (right).

The leading order solution is expanded at & — oo by

Ro(&) =7+ & — log & — 10g7r—|—i+(9(£ ,_5). (5.32)

The next-to-leading order equation is given by

7 (/2P 5 R0 ) = ~w (/2 (o + 2log h(e/2). (539)

We cannot find the closed form solution at this order, but the asymptotic form is still
available )

ﬁl(é) = —;F + = 3 ( 7o + logm + log &) + O({O, e_f). (5.34)

Combining the expansion up to NLO, the matching condition is obtained by restoring the
scaling while keeping r = O (1),

2
w —
R~ — sz T Ro(€) + 2°Ru(€)
220
— Ao+ Ay — % + =4 (= Dlogr + 0 (02), (5.352)
where

- w?
Ay = 502 + 70 — log 7 + log €2, (5.35b)
_ Q
A = % — (7o + log Q — log ™ — log w)E (5.35¢)

Therefore, the minimum on the axis (5.31) should be determined by matching to the
outer region.

5.2.2 Ring waist: odd ripples

Odd ripples have a ring-type waist between the central blob and the innermost blob ring.
Assuming the minimum is located at r = u2~!, we consider the rescaling

2

R(r) = -+ 4 R(), ¢:=

RE (r — pQh, (5.36)

b\t
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where the solution is matched at & — 00, which corresponds to the region z := r—puQ~! =
O (1). The effective equation is expanded in Q2 as

R"(€) + R’ — - = Z 028, (5.37)
This is also solved by
R(E) =Y O Ri(€). (5.38)
i=0

The solution up to NLO is given by

Ro(§) =70 + 2log cosh(£/2). (5.39)
Ra(E) = — = + L logeosh(¢/2) — 2L ~¢) tanh(&/2
1(§) = —?-i-ﬁ og cosh(&/ )_E 12(—6 ) anh(&/2)
+1<—§(2+,u2+21" —410g2)—g2—”2+4>tanh(5/2) (5.40)
22 0 3 )
where 7g gives the minimum at the waist.
2
Rmin = 292 + 7. (541)
By fixing z := Q&/u, the asymptotic expansion for £ — +oo leads to
~ ~ 22
R=Ag+Aizz- 540 (2?) (5.42a)
where
~ M2
Ay = 292 + 79 — 2log 2, (5.42b)
N Q
Ay = i§i2—(2—u2—2f0+410g2$2). (5.42¢)
L

Match with the central Myers-Perry blob. The expansion at { — —oo in eq. (5.42)
is easily matched with the Myers-Perry solution expanded by 7 = Q! + z,

R (7 (1+m)<1—>:—”2+2+’”L2—(“+u9)z—22+(’)(92),

202 2 \Q 2
(5.43)

which determines
12
F0:?+2+210g2+(’)(92). (5.44)

5.2.3 Stretched tail

The matching region for the previous neck waists are still far from the blob rings at r ~ Q1.
In fact, we need another patch that feels the gradual change in the centrifugal barrier %927“2,

since the coordinate patch for blob rings is too small for such global change. It is worth
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noting that the center Myers-Perry blob in the odd ripple does not need such stretched
patch, since it is a solution to the full effective equation, and hence already includes the
rotational effect. To this end, we impose a coarse-grained scaling to capture the Gaussian
tail stretched by the rotation,

R(r) =Q2R(Y), Y :=Qr (5.45)
The effective equation is rewritten as

17@’(1/)2 +R(Y) = —Q? (ﬁ"(Y) + iﬁ'(Y) + Y2> . (5.46)
2 Y 2

The solution is obtained by the expansion in 02,
R(Y) =D Q¥R (Y). (5.47)
i=1

The leading order solutions is solved by

~ 1
Ro(Y) = _i(Y - ), (5.48)
where C'is the integration constant. This constant sets the singular point in the subsequent
equations. Here we set it at the first peak of the blob ring C' = w := QL from which the
tail appears. The next-to-leading order solution is obtained straightforwardly,
. y? Y Y
Ri(Y) = + B(Y —w) + ( - 1) log ()
2 w w

+ (1 —w?) <1+(w2—1) (}u/)—l)log

- ZD (5.49)

where 3 is an integration constant.

Match with the innermost blob ring. First, we match the long tail to the innermost
blob ring, which can be done regardless of whether N is even or odd. Switching to the
coordinate from the peak z := r — wQ ™! = Q7 (Y — w), the matching region with the
innermost blob ring is given by 1 < |2| < 27!, and the matching condition becomes

2

R:l—%+9(ﬁ+1)z—%£+o(92). (5.50)

The match with eq. (5.4) fixes the translation degree of freedom,
f=-1+0(Q). (5.51)

Note that one can also match with the outermost blob ring in the same manner. We will
not show this, since it does not have further information.

- 29 —



Match with disk waist. Now, we consider the match on the axis for even ripples.
Assuming r = Y/Q = O (1), we obtain

R=A +Ar7ﬁ+(9r—1)lo r+9+0(92) (5.52a)
pm— 0 1 2 g 21,, . .
where
i __ui_g_l QO A _B+(5+1 0)Q (5.52b)
0T o2 egh  AlT g OB '

The match between A; in eq. (5.35) shows
_ erw
7o = log <m) 0(9?), (5.53)
where we used § ~ —1. Therefore, the minimum on the axis for the even ripple is given by
2
w erw
Reven, min — _ﬁ + 10g <Q2> + O (92) . (5.54)
Match with ring waist. For odd ripples, the ring waist should be connected to both
the long tail from the innermost ring as well as the center Myers-Perry. Assuming the long

neck minimum is at 7 = uL = pQ~!, the matching condition is available by introducing
z:=7r—puQ ' =Q (Y — ). Expanding by Q, we obtain

-1
R=Ag+Aiz- 3240 (22, (5.55a)

where

: (w—p)*  p?
Ag= ——_ B/ *
0 52 T2

+ (Z - 1) log (g) + (1 —w?) (1 + (1 - ) log (1 - Z})) ; (5.55b)

Ll
w
Ay = % + (5+# —p w4 (w—wt)log (1 - Z) +w tlog <5})> Q. (5.55¢)

+ B(p —w)

The match with A; 1 in eq. (5.42) determines

,u—2+<w+w Jwlog? 2)9 Lo, (5.56)

and hence from eq. (5.44), we obtain
2

F0:%+2+210g2+(’)(92). (5.57)

Plugging these into eq. (5.41), we obtain the minimum on the ring waist

w? 1242w —3w?  w?+8 9
Rodd,min = gz + < + = log2+0 (2?). (5.58)
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5.3 Phase diagram

For the ripples, the mass and angular momentum is given by
oo o
M = 27T/ drreR0) J = QWQ/ drr3eR). (5.59)
0 0

Ignoring the non-perturbative terms, we can calculate the integrals up to O (22) by simply
summing the contributions from all blobs

oM

_ 02/s1r2 2
o = 27res(1 Q°(6 L>)+5MpeQ

2 2

5 2 z>
_ \/EZ (/ e 2 dzy — 92/572(2') (Zi)eédZZ) , (5.60)
i—1 cut off

1=

A 2 2]
- \/EZ (/ e_%idzl- - 92/5R(i)(zi)6_2dzi> . (5.61)
i—1 cut off

where SR is O (Q?) correction to the blob rings shown in eq. (B.6) and the cut off by
the short necks between blobs also contributes to O (92) However, since R and the
cut off effects appear in the same manner in both quantities, they simply cancel out in the
ratio. epp corresponds to the existence of the central blob, which is set to be 1 for the odd
ripples and 0 for the even ripples. Using egs. (5.25) and (5.26), we obtain

J 1 -1 9 . e% e3
a4 0 A - — "0
M=a’ ( 6 TN TP\ U 2me )
16 &
i =3——=3"(2i — s — 1)logT'(i). 5.62
i - ;(2 s —1)logI'(4) (5.62)

In figure 11, this is compared with the numerical results for several ripples. One can see
that odd ripples have less angular momentum per mass, because the central blob carries
smaller angular momentum. With the larger number of blob rings, the central blob takes
the smaller portion, and hence the reduction becomes smaller.

5.4 Non-perturbative correction

Here we evaluate the back reaction from the long neck tension which is non-perturbative
in 2. Since, the short necks between the blob rings complicate the analysis, we consider
only N = 2 and N = 3 ripples which have only a single ring blob. Due to the absence of
the short neck structure, we can easily solve only by expanding in € ( see appendix B.1 ).
It turns out w =14+ O (94, 6_092) and hence, egs. (5.54) and (5.58) leads to

1 em

7-\>fr11i11,N:2 = _ﬁ + 10g <QQ> 5 (563)
1 11 9

Rmin,N:S = _@ + g + Z log 2. (564)
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Figure 11. Phase diagram of black ripples. The blob approximation (dashed) and the numerical
result (solid) are compared. For reference, Myers-Perry black holes and Black bars are also plotted
as gray dotted and solid curves. The numerical data are produced with the same method used in
ref. [33].

Substituting this to eq. (5.14), we obtain the non-perturbative shift in the blob peaks

1 1
O0LNp N=2 = 1 gQ’Ge% 25122, (5.65a)
1 4 T L
0LNp N=3 = ———Q "ed 97, (5.65b)
4x 211

We also evaluate the non-perturbative correction to the phase diagram in N = 2 and
N = 3 cases. It turns out that both the cut off effect on the long neck and the non-
perturbative correction to the blobs R(r) = Ro(r) + TnpdR(r) contribute only in some
positive power of 2 in the mass and angular momentum, which is much smaller than
the non-perturbative change in the blob position eq. (5.65). Therefore, the leading non-
perturbative correction is given by the non-perturbative shift in the blob peak,

J_J

— 20 Lnp. .
M M + NP (5.66)

pert
Using the single blob ring solution (B.1), the perturbative part is obtained up to O (Q*Q),
T 22436

1
=~ == 430490 +630° +617Q7 + ==
M pert,N=23 Q2 3

3
—eMpu{l—,uQ—i— <,u2—|—2> 02— <u3—|—2,u)(23

5 75
+ u+i+ Q1 — (1 + 3% + 1201) OF
2 8
11942 3605 280
+ [ b By 220 6 (;ﬂ 4+ 4p® + 183 + “) Q7
8 48 3
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Figure 12. The normalized peak positions of blob ring and phase diagram for NV =2 and N = 3.
The blue and red solid curves are the numerical result for N = 2 and N = 3. The dashed and dotted
curves with corresponding colors are the blob approximation with and without non-perturbative
shift. The perturbative part is expanded up to O (Qlo) as in eq. (B.2), so that the expansion is
convergent for 0 < 0.2. In the right panel, the black bars are also plotted by the gray curve for the
reference.

where eyp takes 0 for N = 2 and 1 for N = 3. For the compactness, we write p :=
63/2 / \/ﬂ

In figure 12, one can see that the rise of the non-perturbative correction corresponds
to the sudden inflection around €2 ~ 0.18 for N = 2 and  ~ 0.1 for N = 3 both in the
peak position and phase diagram. Unfortunately, since the factor of the non-perturbative
correction is determined only up to the leading order in €2, the curves after the inflection
do not fit well the numerical data. In the phase diagram, the non-perturbative effects
lead to an increase in J /M. This is because the attraction between blobs requires larger
separation to balance it.

5.5 Blob rings and black rings

Lastly, the single blob ring result is compared with the other black ring results. The
comparison indicates that in a certain range of  blob rings describe black rings/Saturns
in the same manner as Myers-Perry blobs do for Myers-Perry black holes.

Blackfold at large D. It turns out that the perturbative correction in the blob
ring (5.67) corresponds to the finite size effect from the elastic bending energy for the
black ring solved in the blackfold approach. For n — oo, eq. (32) in ref. [43] becomes

1 3
wWH = Z (1 + 471]2> , (568)

where the normalized angular velocity and angular momentum at the large D are rewritten
by the current variables as

wr g
n 2y/nM’

where we also used J /M |pnys = J /M /n due to the spacial rescaling by 1/+/n in the brane
setup (2.1). Recalling that the large D effective theory has T' = n/(4m) at the leading

Wi — ), - (5.69)
47T
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order, eq. (5.68) coincides with the terms up to O (2) in eq. (5.67). This coincidence would
imply the equivalence between the blob approximation and blackfold at large D. It is also
interesting to see whether the non-perturbative effect coincides with the self-gravitational
effect in the blackfold approach.

Slowly rotating limit. In the slowly rotating limit Q = O(1/v/D), the 1/D expansion
around the long neck waist will break down, indicating that the effective theory needs to be
identified with another coordinate patch. Assuming the slowly rotating ansatz, the large
D black rings were also solved in the effective theory on the ring coordinate [25, 28, 30].!!
Here, instead of the detailed match, we simply present an evidence that the blob ring in
the slow rotating limit can be identified as a part of the ring coordinate. First, we evaluate
the physical quantities of the asymptotically flat, vacuum large D black ring [25] at the
leading order, which were written in the integral form,

1 2 _ 1)ePW) —2Z2\"
M_nQn/ dy(R e (R\/l y) | (5.70)
—1

- 8Gp Ry/1— 42 R+y
0, [ 2 _ 1)5/2¢P(y) 1—2\"
g [ (R — 1) Rvi=y") (5.71)
8Gp J-1 "R(R+y)?V1—-y?>\ R+y
1 21
Q= L VI (5.72)

~Jn R
where P(y) is a regular function. One should note that R here is a parameter related to the
ring radius but not an observable, and hence should be eliminated in the comparison. To
extract the leading order contribution from the integrals, we expand the integrand around

the extremum in the n-powered term,

1 R2—-1 2
=4+ ——. 5.73
VSTRT TR Um (5.73)
The limit n — oo leads to
o0 z2

M ~ Mo/ dze” 2 = 27ma, (5.74)

R? 00 2 /2
J ~ v dze” 7 = 7ra’ (5.75)

where eq. (5.72) is used, and the following constant is fixed in the limit

Vi ( RON"T? o bR
0= VI (m> VR —1e . (5.76)

Taking into account the difference in the scaling by 1/n in the definition of 7, this coincides

with the phase diagram of the single blob ring up to the leading order.'? Besides, one can
notice that eq. (5.73) locally rescales the coordinate that of the brane effective theory,
instead of the compact polar coordinate. Therefore, the small region around y = —1/R
should correspond to the slowly rotating blob ring, since the leading contribution comes
from there.

11 AdS background also allows fast rotating rings with Q = © (DO) [44].
12The same relation is obtained by using the large D charged ring in ref. [28].
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6 Kinematic motion of blobs

In refs. [34-36], it was observed that during a collision process blobs are attracted each
other. In some cases, they even orbit several rounds before the collision. Here we show these
resurgent kinematic features in the effective theory are described by the neck interaction.
Let us consider several traveling blobs sufficiently separate from each other in the p41-
effective thoery (2.2). Then, we divide the space domain into several regions, so that each
region covers each blob. The boundaries run on the pits between them, which will pass
through the neck waists. For simplicity, we assume the time dependence of the boundaries
is absent or negligible. By integrating the quasi-local stress tensor (2.3) over each region,

the physical quantities of each blob are defined,
My(t) == | TV, Pit):= [ T"av, (6.1)

Vi Vi

where I = A, B,C, ... denotes each blob and corresponding region. Obviously, the total
sum of each quantity recovers total conserved quantities. We also define the blob position by

Xit) = A/;(t) /vf TV, (6.2)

which strictly gives the peak position for a single Gaussian blob. By using the conservation
equation with fixed boundary, the change in each quantity is expressed by

M[(t) = - mv'dsS;,
oVr
Xi(6) = Pi(t) — #/ (o — X()) molds;
I I M[(t) ov; 1 J
Pi(t) = —/ (mv'v? + 19)dS7, (6.3)
ovr

where the dot denotes the time derivative. Assuming that the boundary flux terms are
sub-leading order, each blob mass becomes constant, and the forces on blobs only come
from the boundary stress tensor

M) = — /6 7. (6.4)
I

Now, we consider the interaction between two blobs A and B (figure 13). For simplicity,
we assume the two have the equal mass. Since the blobs are separate from each other, on
the straight line from one peak to another peak, the solution looks like that of a black
string. From the symmetry around that line, it is natural to expect the solution still
presents Gaussian profiles in the other directions,

m o~ eR(z)ef%, (6.5)

where z is the coordinate along the peak-to-peak line and y other perpendicular directions.
We assume R(z) follows eq. (3.1) with the appropriate mass scale C'. Similarly, the neck
tension on the waist would also be approximated by

2
Ty ~ —eC1 e*‘yT, 7;; =~ 0 for other (i, j), (6.6)
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Figure 13. Interaction between two equal mass blobs. The dominant contribution of the boundary
integral comes from the tension on the neck waist (red region), whose cross section (dotted line) is
approximated by that of the black string neck.

where 7 is given by eq. (3.22) and C is the mass scale. Since both blobs are closely
approximated by Gaussian blobs, the masses are given by that of the Gaussian blob mass
on the p-brane,

_ [ee] 22
My =Mp~ (277)2771/ dze'TC~T = (2m)2e!TC = M, (6.7)

Assuming the blob A is in the positive side and B in the negative side of z, eq. (6.4) gives

the equation of motion for blobs

—1
i} i} (2m) "7 eCr L4y _ip
X5t = -X5() ~ — ~ — e "8,
() = —X5(0) v T

where Lap = | X4 — Xp| and we just take the leading order term in eq. (3.22) for simplicity.

(6.8)

Since this force goes from a peak to another peak, we can rewrite this in more general form
Xr—Xy

X =— F(| X — Xj|)——————
MO I Z (’ I JD|X[—XJ”

JAI

(6.9)

where the index J runs for all other neighboring blobs and the attraction force is given by

Mor? _2
F(r) = . 6.10
=2 (6.10)

This force seems to give a nonlinear elastic force with the yield point at r = 2v/2. However,

one should recall that the formula (3.22) does not converge already below r ~ 2. Instead,
one can expect the blobs start merging inside that radius. In [36], the outgoing impact
parameter after the fission is estimated as boyt ~ 8. This corresponds to the fact that the
tension decays to almost zero near r ~ 8. The fussionless 2 — 2 events are also observed
for some part of by, = 4. However, there is no clear distinction between 2 — 1 — 2 and
2 — 2. These fusionless events could also be due to the exponentially decaying tension.

If the two blobs are stationary, rotating with angular velocity, then the tension should
balance with the centrifugal force. For the stationary motion, it is convenient to introduce
the center mass frame, in which the coordinates become

Xalt) =v(t)/2, Xp(t) = —r(t)/2, (6.11)
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and the equation of motion is rewritten as
%Mo P(t)=—-F(r)t, (r:=]r|, t:=r/|r|). (6.12)

The stationary balance condition becomes
Mo 922 = F(r). (6.13)

This actually reproduces the balance condition for 2-dumbbells (4.12).

Lastly, we estimate the attraction between two different blobs. Again, we assume two
blobs align along z-coordinate so that the peak of blob A is at z = £4 and that of blob B
is at z = —¢p. The neck waist is also assumed at z = 0. The distance between blobs are
given by

Away from the waist, we estimate the mass profile with a naive superposition

2 2
3 (=€) =B 3 (=4+5)? o~ -

m o mye 2 +mpe” 2 , (6.15)
where y is the perpendicular directions. Each blob mass is given by
My ~ (2m)2my, Mp~ (27)2mp. (6.16)

Now, we determine the distance between the peaks and waist. The waist should appear
where the two Gaussians cross

A %5
mae 2 ~mpge 2. (6.17)
Combining with eq. (6.14), we obtain
L 1 ma L 1 mAa
~ — + —log — ~ — — —log—. 1
la st e tp >~ 78 (6.18)

This shows that the mass difference only has the sub-leading effect, and hence we expect
the black string result can be applied to the leading order estimate. Expanding eq. (6.15)
with z = O (1) and L > 1, we obtain

2

_L? Lz _Lz\ _z22
m o~ /mampe” 8 (e? +e 2)6 z. (6.19)

This cannot be used directly on the waist. Instead, this should be considered as the
boundary condition for the neck solution. Repeating the analysis in section 3.2, we obtain
the one dimensional tension ,

T o~ %Lze_%. (6.20)

Thus, the attraction force (6.10) is generalized to

2 -2
wes. (6.21)

This contrasts with Newton’s law which depends linearly on both masses.

F(r) =
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7 Conclusion

In this article we have developed an analytical treatment of the blob-blob interaction in
the large D effective theory, in which the motion of blobs is approximately described by
Newtonian mechanics. We have discovered that the brane tension on the thin neck between
blobs plays a key role in generating the attractive force.

We started by revisiting the black string analysis for small tension, where non-uniform
black strings are solved by expanding from the zero tension Gaussian solution. The scal-
ing hierarchy between the neck waist and compactification length L enabled the matched
asymptotic expansion between the narrow waist and blob tail.'® This hierarchy was also
kept in the physical quantities as a trans-series with respect to L.

In rigidly rotating cases, the black dumbbells and ripples found in ref. [33] have been
also studied by using the interactive blob approximation. The logarithmically extending
necks in the limit @ — 0, observed in the numerical analysis, have been analytically
confirmed for both solutions as the result of the balance between the centrifugal force and
brane tension. In the ripples, the long neck whose length grows as Q' has been also
resolved in the same way.

We have shown that in the slowly rotating limit Q = O(1/+/D), the thermodynamics
of the single blob ring is equivalent to that of large D black rings that were constructed in
the effective theory using ring-adapted coordinates [25]. This implies that blob rings can be
identified as part of the large D black rings/Saturns solved in the ring coordinate. Beyond
the regime of slow rotation, however, it remains unclear whether ripples are actually ripples
or rings/Saturns, since the leading order theory cannot resolve the difference between them.

The large D results have also been shown to be consistent with the large D limit of the
blackfold approach [43, 45]. Remarkably, we confirmed that the elastic bending effect on
the blackfold coincides with the correction perturbative in € for the blob ring. This implies
that the blob approximation is the large D equivalent of the blackfold approximation.

Finally, we have formulated the mechanics of interacting blobs. We have derived an
equation of motion with the effective attraction force. The attraction comes from the
boundary integrals around blobs, in which thinly connecting necks provide the dominant
contribution. This effective equation of motion has allowed us to explain kinematic as-
pects of blob collisions observed in the numerical simulations of refs. [34-36], as well as to
understand the balance of forces in highly-deformed dumbbells.

The current analysis has been done for specific configurations and a more general and
comprehensive formulation would be desired. The effective Newtonian description pursued
in section 6 is an important clue in this direction. Some simplifications like fixed boundaries
and no boundary fluxes should be reconsidered to make a more general effective theory.
We also ignored the boundary viscosity in the tension, which was important for the entropy
production during the collision [36]. For the motion of extended blob objects like blob rings,
one will need further extensions which can describe both extrinsic and intrinsic motions as
in the blackfold approach.

BFor L ~ O(\/E), this scaling hierarchy would smoothly continue to the near-neck structure in the fused
conifold [10].
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In the leading order theory, the refined blob approximation guarantees that the neck
can extend arbitrary long as it gets thinner. However, we expect that the 1/D expansion
breaks down for very thin neck. Eventually, this will lead to a pinch and a topology-
changing transition. In ref. [22], by numerically solving 4NLO effective equation, the
zero tension condition admitted D'/* dependence on the maximum period for the non-
uniform black string. This scaling is a little smaller than L = O(v/D) in which the
topology-changing transition was observed in the large D conifold ansatz [10]. The blob
approximation with 1/D correction should solve this puzzle.

The phase of black ripples includes both actual black ripples and black rings/Saturns.
At D = oo, since the horizon can be arbitrarily thin, the entire branch becomes a rip-
pled horizon without a pinch, and rings/Saturns exist only at @ = 0, J/M = co. As
explained above, the leading order theory cannot see the transition from the ripples to
the rings/Saturns. On the other hand, in the slow rotation limit Q = O(1/v/D), the blob
ring result is shown to be consistent with the large D result from the effective theory in
the ring coordinate, in which the 1/D expansion breaks down around the long neck waist.
This implies that the transition should occurs somewhere for Q > O(1/v/D). The 1/D
correction should be taken into account to get further information on the transition. Since
the transition point goes to J /M — oo for D — oo, at sufficiently large D, entire parts of
black rings/Saturns would be treated as thin rings where the blob approximation is appli-
cable, and there would be thin/fat ripples instead.'* The critical value €. would increase
as the dimension gets lower. Finally, as was shown in D = 6,7 [40], the thin rings/Saturns
take the place of thin ripples and a part of fat ripples turns to fat rings/Saturns.

One might use blob rings to study black ring dynamics at large D as has been done
for Myers-Perry black holes. It is known that thin rings are unstable to Gregory-Laflamme
(GL) type non-axisymmetric fluctuations [5, 46, 47]. In the large D limit, the same in-
stability was found in the effective theory on the ring coordinate [25]. Surprisingly, by
numerically evolving the ring effective equation [30], in the case of the large D black ring,
the end point of the instability was shown to be a stable non-uniform black ring. The dy-
namical study of blob rings should help understanding their dynamics beyond the slowly
rotating regime.

The elastic instability numerically found in D = 5 [5] is another interesting phe-
nomenon, which deforms the ring keeping its thickness almost unchanged, in contrast to
the GL instability. Recently, it was shown that thin black rings are free of this type of
instability within the scope of the blackfold approximation [47].!1% It is interesting to see if
blob rings admit the elastic-type instability with or without the non-perturbative correction
caused by the blob-blob interaction.

As a straightforword application, one can construct black flowers [33] or black brane
lattices [18, 48] in their highly deformed regime. By balancing the neck tension (6.9) with
centrifugal forces, the multiple rotating blob configuration can be constructed for black
flowers. In the brane lattice setup, the neck tension from multiple directions would rise the
multipole perturbation around blobs.

14Here, the terms ‘thin’ and ‘fat’ are used regarding the applicability of the blob approximation.
5The elastic instability found in the large D ring [27] was questioned in ref. [47].
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It should be possible to extend the analysis developed here to solutions with Maxwell
charge. In the rigidly rotating case, the effective equation was shown to coincide with the
neutral one with only a simple redefinition of variables [32]. It will be interesting to see
how the charge repulsion ( attraction ) competes with the neck tension. In the presence
of a cosmological constant, as long as the blob solution exists, the same technique should
apply. Note that the effective theory requires have the negative pressure in order to have
localized, stationary blob solutions. The negative pressure in the effective theory originates
from the curvature of the large dimensional sphere along the horizon; therefore the blob
method does not apply to the effective theory of planar AdS black holes.
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A Detailed calculations in the black string analysis

A.1 Sub-leading correction in the neck analysis

The next-to-leading order solution to eq. (3.11) is obtained straightforwardly,

Ri(§) = 71 + 16logcosh(¢/2) — 2 €2 +4¢ + 72/3 + 4Lip (—e™¢) | tanh(¢/2), (A1)
where we used the matching result (3.16). Again the integration constant 7 is set for the
neck minimum at £ = 0, which is determined by the asymptotic behavior

: 2 45 20 ]

R1(€) ~ —2¢ +7«1—7—1610g2+0(e ). (A.2)
The match with the Gaussian blob (3.3) gives
2

2
7y = % +161og 2. (A.3)

The next-to-next-to-leading order solution Ro(&) is obtained in the similar way. The result
is put in the appendix A.2. Here, we only show the matching result for the neck minimum,

_ 6472 2
Ty = o +96¢(3) + 128(log” 2 + log 2). (A.4)

This leads to egs. (3.21) and (3.22).
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A.2 Neck solution at next-to-next-to-leading order

o 6472 5 4(432¢(3) — 9672 + 7)) 4xt
Ro(§) =72 —96((3) + — 128(log” 2 + log 2) + ox ~ ox2
4X —1) 32(1 — X)
8(24+7?)  8r? 5
T T 464 | log?(X — 1
+ < 3x2 + %% + 64 | log*( )
3272 32 (n? —12) 3202-X), 4
- —128 | log(X — 1)+ ——log® X
+ <3X2 3% 8 | log( )+ e og
96(X —2) 5 8072 16072
log(X — 1) + 128 ) log? X + (12 — log X
—l—( ~ og( )+ 8) og +< 8+ 3 ax ) 18
16(2 - X 4(X +2
+ ( 62 = %) 1og2(x —1) = BEED 0 x - 1)) log X
X X
64(X — 1) . 9 . T 32 (m? —48) 3272
+— 5z Li2(l - X) +L12(1—X)(256+ e e
32(X -1 128(X —2) 64(X? —2
+ X2)log2(X ~1)+ 128(X —2) log X — X2)log(X - 1)>
X -2 1
P02 (10 o (L)), "
where X := e ¢ 4+ 1. The integration constant corresponds to the value at & = 0.
Ra(0) = 7. (A.6)
For || — oo, the solution is expanded by
_ 647>
Ro(€) ~ g — ; ~ 96((3) — 128(log 2 + log? 2) + O (7 I¢1) . (A7)

A.3 Total mass up to sub-leading orders

Expanding the blob part (3.26) up to one higher order, we obtain

L2
Mbiob 2Le_8{ 2 <7r2 > 4( 1472 7t
=1- 14+ —( — +2+2 +efe —(24¢(3) +12 4+ — + —
Mo NGT el P2 et e |4 (2B 124 o+ g
2 2 2 g (g2 —te -6
5 (18477) G +4g2 — e (& ~26.+2) ) +O (re*, L7°) | (AB)
By using the neck solution up to NLO in the neck part (3.29), the expansion becomes
LQ
Mypeak  4e™ 8 2 A7 2
peck — 2.+ €% + — (16 + — + = (18 + w2)E, + 4€2 — ebe 2—202)
ek 2 (£+e +L2( P 208 4 ) 1482 — oo (2 260 +2)
+0 (e7%,L7) ) . (A.9)

Note that the neck part now has a finite contribution in the sub-leading order, not just the
cut off counter terms. The summation gives the cut off independent result

_L2 2 4 2
M _ | 2LeF [1+ 4 <7r+1>+2(432§(3)—|—7r + 607 72)+(’)<L6)].

Mo NGT 2\ 6 92
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B Calculations for ripples

B.1 Single blob ring

The absence of the short neck simplifies the analysis of the single blob ring in N = 2 and
N = 3 ripples. Ignoring the non-perturbative correction, the solution is found by simply
expanding in ),

1 2 3 1 4 19 5 1128
R@):2—i2+2W%¥—2)—2Q%3+Q4(;+4¥—»2)—95(1+ g

%gf<ﬁ+9h4+7u2&B>Q7<7+6h5+ZNf>
5

V4
72 3 12 6 60 18

Lo §+mmﬂﬁmw+mmw 231767
7 1800 540 180 360
o 53_+_2257z7<+ 37723z5+ 7421323
8 = 2520 3600 540

Lo (210, 654325 192109320 | 204600412* | 7468920722 570064693
9 7840 ' 180000 ' 226800 37800 75600 )’

(B.1)
where z := r — L and we show the terms up to O (Qlo). The blob peak is determined by

79 3065 2562551
—Q° 0’
ATt Ty

L:QA+291% 2+ 0(aM). (B.2)

The integration constant is fixed so that the balance condition holds up to the relevant order

/_o:o dz (— ilf)j +Q*(L + z)) R =, (B.3)

B.2 O (Q?)-correction to blob rings
Up to O (), the i-th blob ring solution is expressed by

i w% 21'2
R9@0=1—3~—5, (B.4)
where
Z; =T — Li, w; ‘= QLZ =1+ (5[1}L$Q + (5[2][/292 + ... (B5)

The O (%) correction R(")(z;) = Rgi)(zi) + Q2R () is solved by

, 2 2
SR (2) = =3+ 3% — 2602 — oML, 28 5 Fy <1, 1; %,2; —2)

22
+ vV 2775[1]Li Z2e” Terfi (\2)

+ <C¢ + V2r0lL; erf <\j§>> (ezj - \/Zzerﬁ (\%)) . (B.6)
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where C; is the integration constant which modifies the peak maximum by §R®(0) = C;—3.
The limit z — +o0o admits the exponential growth,

. 22
SRO(2) ~ 2727 (€ vamdL;) (B.7)

To determine the integration constant, we evaluate the integral (5.5) from the neck waist
r= Lz — Ai,1/2 to the peak r= Li,w

| 122 RLZ

A
Li—

i

2

= Ve’ (cz- —3+2V21 Y 6[1]LZ~> . (B8)
Jj=t

where the neck tension in eq. (5.12) is used. The left hand side integral is easily evaluated
with R (2)

L;
/ o dr (-1(R')2 + Q%) R = e? (=3 +vamllL) + 0 (@), (BY)
L;— z;l r

Therefore, we obtain
S
Ci=-2v2r Y oML, — vorslL,. (B.10)
j=i+1
By substituting this to eq. (B.7), one can see that the innermost and outermost blog rings

are absent of the exponential growth in the inward or outward direction, which enables the
connection to the long neck or asymptotic region.

B.3 Evaluation of (§[2L)

To calculated the average of O (2?)-correction to L;, we evaluate the integral on the right
hand side of eq. (5.5) from the long neck waist to the infinity up to O (93) First, we focus
on the integral over i-th blob ring

/ dr (—1R’(r)2 + Q2r> eR(r)
i-th r

~/2me? (261N L; + (262 L; — 3(61ML;)? — 3)Q)

227 %+

+Q [zieg

22

oL / "z (20RO (z) + (1 - 2RO (z)) e F (BAD)

Zi,—
where z; := r — L; and the cut off is given by

A, 2 A 2
Gig = o b e, oz =il

!/
5 T A 7 5 Ai—lfc' (B.12)

As in the black string analysis, we expect the cut off dependence will cancel out together
with the neck contribution. Here, instead of evaluating the neck contribution, we simply
neglect the cut off dependence. One should note that the neck integral can also provide the

SFor ¢ = 1, the same result is obtained by replacing the integral domain with [L;, L; + A;/2].
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finite contribution at higher order in 1/A as in eq. (A.9). The integral involving R (2;)
is evaluated by using egs. (B.6) and (B.10),

ok

/ 7z (220RY () + (1 - 26RO (7)) €

= 3V2re + \/ﬂe< S olnA + Y 6[”LJ-AZ-_1> +0(a72).  (B13)

j=i+1 j=t

By summing the contribution from all blob rings, we obtain the condition

s—1 s
V2T es QP <2<5[2} ) — 3¢l — ZZ&HL A) 094, (B.14)
=1 j=1

where NLO result <5[1]L> = 0 is already used. Recalling the definition A; := 5[1]Li+1 —5[1][4,
the resummation leads to the identity,

sls

" Z > oLa; = (6ML?), (B.15)

=1 j=1
with which eq. (5.25) is obtained.
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