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Abstract: We study the cosmological transition of 5D warped compactifications, from the
high-temperature black-brane phase to the low-temperature Randall-Sundrum I phase. The
transition proceeds via percolation of bubbles of IR-brane nucleating from the black-brane
horizon. The violent bubble dynamics can be a powerful source of observable stochas-
tic gravitational waves. While bubble nucleation is non-perturbative in 5D gravity, it
is amenable to semiclassical treatment in terms of a “bounce” configuration interpolat-
ing between the two phases. We demonstrate how such a bounce configuration can be
smooth enough to maintain 5D effective field theory control, and how a simple ansatz for
it places a rigorous lower-bound on the transition rate in the thin-wall regime, and gives
plausible estimates more generally. When applied to the Hierarchy Problem, the minimal
Goldberger-Wise stabilization of the warped throat leads to a slow transition with signif-
icant supercooling. We demonstrate that a simple generalization of the Goldberger-Wise
potential modifies the IR-brane dynamics so that the transition completes more promptly.
Supercooling determines the dilution of any (dark) matter abundances generated before
the transition, potentially at odds with data, while the prompter transition resolves such
tensions. We discuss the impact of the different possibilities on the strength of the grav-
itational wave signals. Via AdS/CFT duality the warped transition gives a theoretically
tractable holographic description of the 4D Composite Higgs (de)confinement transition.
Our generalization of the Goldberger-Wise mechanism is dual to, and concretely models,
our earlier proposal in which the composite dynamics is governed by separate UV and IR
RG fixed points. The smooth 5D bounce configuration we introduce complements the 4D
dilaton/radion dominance derivation presented in our earlier work.
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1 Introduction

As the very early universe evolved, it likely underwent a series of phase transitions (PT),
during which the degrees of freedom were rearranged or their properties were altered. These
cosmological PTs would have had even more dramatic effects if they were first order, in
which case they may have generated new matter asymmetries, or significantly altered pre-
existing abundances. Moreover they would have sourced a background of stochastic gravi-
tational waves (GW) that survive until today, which if observed can give us unique insights
into cosmic history [1–4] (see e.g. refs. [5, 6] for reviews). In the Standard Model (SM),
the early universe electroweak (EW) and QCD PTs are not first order (see refs. [7, 8] for
review), but beyond-SM (BSM) extensions or analogs may well be so. BSM scenarios that
introduce new first order PTs tied to the EW scale or related to it by naturalness (within a
few orders of magnitude) are particularly exciting since they have the potential to both be
probed by future gravitational wave experiments [9–13] and by future collider experiments.

Composite Higgs theories (see refs. [14, 15] for review) are among the most attrac-
tive candidates for BSM physics as they can naturally explain the large observed particle
physics hierarchies. In these theories the Higgs boson is a composite of strongly interacting
constituents, confined at zero temperature but deconfined at high enough temperatures.
Studying this confinement-deconfinemet PT in the cosmological context is thus extremely
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well-motivated. However the confining dynamics is necessarily non-perturbatively strong,
making it very challenging to analyze.

These theories often need large number of degrees of freedom ∼ N2 of the confined
constituents and an approximate conformal symmetry in order to generate the large flavor
hierarchies. But this conformal symmetry must break down at the confinement scale. In an
earlier paper [16] we focused on the scenario where the breakdown of conformal invariance
is spontaneous, which we dubbed “spontaneous confinement”. There we clarified the para-
metric regime where the dominant piece of bounce action, controlling the transition rate,
can be computed in the confined phase and within the effective field theory (EFT) of the
pseudo Nambu-Goldstone boson (pNGB) of spontaneously broken conformal invariance,
namely the dilaton [17–23]. This parametrically dominant piece, considered in the pioneer-
ing ref. [24], accounts only for the approach of the confined phase towards deconfinement,
missing the final transition to deconfinement itself where the degrees of freedom are rear-
ranged and the dilaton EFT breaks down. Missing the physics of this final transition to
deconfinement means that our final approximate transition rates were useful but still crude.

Further theoretical control is possible when a holographic AdS/CFT [25–28] dual can
be formulated. The dual description involves warped compactification of extra dimen-
sion(s) as in Randall-Sundrum (RS) models [18, 29–31] (see [32, 33] for reviews). These
theories exhibit a finite temperature black-brane solution as well as a low (or zero) tem-
perature standard RS1 solution. The transition between these two phases is an analog
of the well-known Hawking-Page PT of global AdS [34], but in the AdS Poincare patch
relevant here, there are significant differences. The transition considered here is dual to
the (de)confinement PT mentioned above, where the black brane is dual to the deconfined
phase and RS1 is dual to the confined phase. Remarkably, in this dual RS1 formulation,
the transition is a non-perturbative 5D quantum gravity process (∼ e−1/GN,5D) in which
bubbles of IR-brane nucleate from the black-brane horizon, expand and collide, produc-
ing an observable stochastic gravitational wave background! And remarkably again, this
non-perturbative effect can be captured by semiclassical methods.

This higher dimensional description has been used to study this PT [24, 35–42], using
an ansatz for the bounce configuration describing critical bubbles first introduced in [24].
One might have hoped that the 5D EFT is controlled despite the inevitable breakdown of
the 4D dilaton EFT described above. However this particular ansatz is not controlled, even
in the 5D EFT, as will be discussed in section 3. Quite apart from the detailed extremiza-
tion of the bounce configuration, 5D EFT control hinges on a qualitative puzzle: how to
smoothly interpolate in space-time between the IR-brane and black-brane phases? In this
paper, we begin by solving this qualitative problem and show what conditions it places on
possible bounce configurations. However, even within this smooth class it is technically
challenging to find the extremized bounce configuration that dominates the transition rate.
Instead, we introduce a new bounce ansatz within this smooth controlled class, depicted in
figure 1b, and show that it gives a rigorous and useful lower bound on the transition rate
in the thin-wall regime and a very plausible estimate of the rate more generally.

In principle, the smooth class of bounce configurations can be extremized with respect
to the 5D action to determine the true transition rate, rather than settling for an ansatz
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which at best bounds this rate. While we are currently unable to accomplish this feat, it
should be noted that in a roughly analogous 6D EFT a domain wall solution between a
black-brane phase and an “IR-brane” phase was derived, exploiting a Z2 symmetry between
thermal Euclidean “time” and the sixth dimension [43]. In the thin-wall limit this solution
can be recast as a bounce solution for transitioning between the two phases, which we hope
to explore in future work.

Both our ansatz and the work related to the prior ansatz of [24] share the correct
parametrically dominant dilaton contribution to the bounce. Our improvement is at the
level of the parametrically subdominant corrections involving the IR-brane/black-brane
juncture. However, these corrections are qualitatively significant as discussed above, and
quantitatively significant for realistic choices of parameters.

In composite Higgs models, the large hierarchy between the Planck and the weak scales
is explained by a small deviation of the theory from scale invariance, where the parameter
characterizing the small deviation generates the weak scale by dimensional transmutation.
In the minimal models, the same small parameter however significantly suppress the tran-
sition rate, forbidding the completion of PT or delaying it until after a large amount of
supercooling. For further studies along these lines see refs. [38, 44–47]. Large supercooling
would strongly dilute any primordial (dark) matter abundances, produced before the PT,
potentially invalidating such primordial production as the dominant source of (dark) mat-
ter seen today. In [16] we showed that in a scenario where the composite theory runs from
the proximity of an ultraviolet (UV) renormalization group (RG) fixed point (FP) to that
of an infrared (IR) FP, it is possible to have a much faster transition rate, avoiding large
primordial matter dilution. In this scenario the small anomalous dimension corresponding
to the UV FP generates the large hierarchy, while the anomalous dimension corresponding
to the IR FP, which can be much larger, controls the transition rate. In the present paper,
we give a robust AdS/CFT dual realization of this two FP scenario in an explicit 5D model,
where the extrema of a generic potential for the Goldberger-Wise scalar field [48] play the
role of the FPs. Refs. [37, 39, 41, 49–51] also explored the possibility of prompter PTs
within other non-minimal models.

Using our ansatz we estimate the bounce action, which controls the transition rate,
for the minimal model and for the two-FP scenario. Comparing this rate with the dila-
ton/radion dominance approximation, we identify the subleading corrections and see that
in the paramateric regime identified for dilaton dominance the two approaches agree, as
expected. Then by comparing the transition rate with the rate of expansion of the uni-
verse, we determine if the transition completes, and when it does, we find the temperature
at which this happens. We find that staying in the regime where there is a controlled
semiclassical approximation to the rate, and for a realistic region of parameter space for
which the PT completes, the corrections to the 4D dilaton dominance approximation are
quantitatively important, but are captured by our 5D EFT treatment.

As pointed out in refs. [35, 38] and systematically derived in [16], the strength of
the stochastic gravitational wave signal arising from the PT (specifically from the better
understood bubble collisions) is correlated with the degree of supercooling (and matter di-
lution). We quantitatively present this relationship using our 5D results and the variability
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of supercooling in our two-FP scenario. Of course, the strength of the stochastic gravita-
tional wave signal is critical for being able to detect beyond astrophysical background and
detector noise, but the signals can be large enough that even the primordial anisotropies
(analogous to those famously seen in the cosmic microwave background) could be observ-
able at future detectors [52]. The gravitational wave detectors have to have sensitivity at
frequencies determined by the critical temperature Tc of the PT. In the composite Higgs
scenario Tc ∼ O(TeV), corresponding to O(mHz) detection frequencies, but quite different
frequencies and Tc are possible if an analogous PT occurs in a hidden sector [53]. The
results of our paper are straightforwardly transferable to such hidden sector PTs.

Rest of the paper is organized as follows. In section 2, we describe the two phases in
equilibrium, and obtain the critical temperature for the PT. In section 3 we show how we
can smoothly interpolate between the two phases and present our ansatz for the bounce.
In section 4 we analyze the PT in the thin-wall regime. In section 5, we review our two-FP
scenario in which the transition rate can be significantly enhanced and present a robust 5D
model realizing this scenario. In section 6, we analyze the PT in the supercooled regime,
obtain the temperature for which the PT completes, and discuss the implications for (dark)
matter genesis. We discuss the gravitational wave signal produced by the PT in section 7,
and our conclusions in section 8. Throughout this paper, we will use the mostly plus i.e.
(−,+, . . .) convention for the Lorentzian metrics.

2 Equilibrium description of the two phases

We start with the general 5D action S5D, which is a sum of SGR, the gravitational action
and Sχ, the action of Goldberger-Wise field χ:

S5D = SGR + Sχ

= 2M3
5

∫
d5x
√
−g

(
R5 + 12k2

)
+ 4M3

5k

∫
d4x
√
−γK − τbd

∫
d4x
√
−γ + Sχ. (2.1)

Here M5, k are the 5D Planck scale and the AdS curvature scale, respectively. Along with
a bulk term that contains the 5D Ricci scalar R5, SGR also contains a Gibbons-Hawking-
York boundary term [54, 55] which make the variation of the bulk action well defined in the
presence of boundaries. This boundary term is characterized by K = gµνKµν , the trace of
the extrinsic curvature Kµν of the boundary and, the induced metric γµν on the boundary.
Lastly, τbd denotes the tension on the boundary. In the following we will always work in
units where k = 1, unless explicitly mentioned.

We first start by neglecting the contribution due to Sχ. In that case the RS metric [29,
30],

ds2 = −ρ2dt2 + ρ2∑
i

dx2
i + dρ2

ρ2 , (2.2)

with the extra dimensional coordinate ρ ranging between ΛIR < ρ < ΛUV, represents a solu-
tion to SGR. Here ΛIR(UV) represent the location of the IR (UV) boundary. The tensions on
the UV and the IR boundaries are given by +12M3

5 and −12M3
5 respectively. Given a choice

of ΛUV, the scale ΛIR corresponds to the VEV of the “radion” field φ(x) that characterizes
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the dynamical size of the extra dimension. At this stage ΛIR is an arbitrary integration
constant corresponding to the fact that φ is a flat direction with no potential. In the dual
4D theory, ΛIR ≡ 〈φ〉 spontaneously breaks the (approximate) conformal symmetry of the
composite Higgs dynamics and corresponds to the resulting spontaneous confinement scale.
The associated Goldstone boson is the dilaton, dual to the radion φ(x) [18, 31].

To have a predictive theory of ΛIR and avoid a massless radion φ, the Goldberger-Wise
action Sχ needs to be included as a weak perturbation. This leads to a potential for φ
naturally yielding a hierarchical separation between ΛIR and ΛUV. Over the stabilized
hierarchy the RS metric then models the confined phase at T = 0. Before discussing the
details of the Goldberger-Wise stabilization, let us model the deconfined phase at high T .

At high temperature, T � ΛIR, but T � ΛUV, there is another approximate solution
to SGR in eq. (2.1) given by the AdS-Schwarzschild (AdS-S) metric,

ds2 = −
(
ρ2 − ρ4

h

ρ2

)
dt2 + ρ2∑

i

dx2
i + dρ2

ρ2 − ρ4
h
ρ2

. (2.3)

This solution is exact for ΛUV =∞.
In the metric in eq. (2.3), the surface ρ = ρh corresponds to an event horizon and

therefore, the coordinate ρ extends between the UV boundary and the horizon, ρh < ρ <

ΛUV. Unlike the RS metric in eq. (2.2), the AdS-S metric in eq. (2.3) does not have an IR
boundary, which is now instead “hidden” behind the horizon. Given the previous discussion,
this absence of the IR boundary indicates an absence of confinement. This lets us model
the deconfined 4D theory using the dual AdS-S geometry in eq. (2.3). The temperature of
the deconfined plasma is dual to the Hawking temperature corresponding to the horizon,

T = ~ρh/π, (2.4)

where we have momentarily written the factor of ~ explicitly for later purposes. Given
the absence of the IR boundary, and hence the radion modulus φ, the Goldberger-Wise
perturbation does not play any significant role unlike the confined phase and is therefore
negelcted to a leading approximation.1

For finite ΛUV, there exists an elegant exact solution given in [56]. From the dual 4D
perspective, it corresponds to the 4D deconfined plasma coupled to 4D GR, gravitationally
equivalent to a period of FRW radiation dominance. For ΛUV � T , this results in an
adiabatic redshifting of T over time. That is to say that even for finite but large ΛUV, AdS-
S metric in eq. (2.3) represents an approximate solution if we take ρh → ρh(t), determined
by the redshifting (2.4) and the Friedmann equations.

In terms of this quasi-static T , one can calculate the free energy density of the decon-
fined phase [24],

Fdeconfined = V0 − 2π4M3
5T

4, (2.5)

where V0 is a possible constant energy density that will be determined in a moment.2

1The non-gravitational scalar action Sχ is not enhanced by a factor of M3
5 /k

3 unlike SGR, we will ignore
the contribution of Sχ while discussing the deconfined phase.

2In the full model the free energy would also include the contribution of the significant number of
(relativistic) non-composite elementary fields of the SM, appearing in 5D as zero modes which are not
strongly leaning towards the IR. However, in what follows they are largely “spectators” which will not alter
the leading results. We therefore omit them.
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To compute the critical temperature corresponding to the PT, we also need to com-
pute the free energy of the RS phase. As mentioned earlier, without Goldberger-Wise Sχ
contribution, the radion φ is a flat direction. Therefore, the leading contribution to the
free energy corresponding to the confined phase at low T comes from the perturbation Sχ
in the background of the unperturbed RS metric eq. (2.2),

Sχ =
∫
d4x

∫ ΛUV

ΛIR
dρ
√
−g
[
−1

2(∂χ)2−Vχ(χ)−ρδ(ρ−ΛUV)κ(χ2−v2)2 +ρδ(ρ−ΛIR)αχ
]
.

(2.6)
A free Goldberger-Wise field, VGW(χ) = 1

2m
2χ2, with boundary terms above such that

they satisfy the boundary conditions for the χ field

χ|ρ=ΛUV = v and ρ
∂χ

∂ρ

∣∣∣
ρ=ΛIR

= −α, (2.7)

is sufficient to stabilize the geometry [48].3 The low energy radion effective action (up to
two derivative order) is given by eq. (2.1) after promoting ΛIR to the 4D radion field φ(x).
In particular, the boundary terms of SGR in eq. (2.1) gives the kinetic term of the radion,
and the Goldberger-Wise action in eq. (2.6) gives effective radion potential Vrad so that the
radion action becomes,

Sradion ≈
∫
d4x

(
−6M3

5 (∂φ)2 − Vrad(φ)
)
. (2.8)

The effective radion potential is given by [48],

Vrad(φ) = 12M3
5λφ

4
(

1− 1
1 + ε/4

(
φ

〈φ〉

)ε)
+ V1, (2.9)

where λ = (τIR + 12M3
5 − 1

8α
2)/(12M3

5 ) and τIR is the tension of the IR boundary which
can be de-tuned away from the RS value of −12M3

5 . The above potential has a minimum
at 〈φ〉 which is hierarchically smaller than ΛUV [20, 48],

〈φ〉
ΛUV

≡ ΛIR
ΛUV

=
(

12M3
5λ

αv

) 1
ε

. (2.10)

Here, V1 is a constant energy density that will be determined below. The parameter ε
controlling the hierarchy is determined by the mass of the Goldberger-Wise field,

ε = −2 +
√

4 +m2 ≈
m2�1

m2/4. (2.11)

Requiring small back reaction of the Goldberger-Wise field to the AdS-S geometry requires
λ, ε < 1. If we think of ΛUV being of the order of highest scales ∼MPl, and ΛIR & TeV, so
as to solve the Hierarchy Problem, this large hierarchy can emerge from modest parameters
with 12M3

5λ/(αv) and ε being O(0.1). To get the free energy, we note that for T � φ, the
3Note, to get the UV boundary condition we assumed κ� 1.
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KK modes are not excited and φ(x) is the only dynamical light field in the confined phase.
Thus the above effective potential also gives the free energy of the confined phase,

Fconfined ≈
T�φ

Vrad(φ). (2.12)

Let us now relate the two constant energy densities appearing in eqs. (2.5) and (2.12). We
require that the two geometries given by eqs. (2.2) and (2.3) match when ρh → 0 and φ→ 0
since in that case they both describe zero temperature with the IR boundary removed (to
ρ = 0). Thus the two free energies given in eqs. (2.12) and (2.5) should also match when
T → 0 and φ → 0, thereby making V0 = V1. We can now calculate the temperature
at which the two free energies in eqs. (2.5) and (2.12) become equal, namely the critical
temperature for the PT, Tc:

Fdeconfined(Tc) = Fconfined(Tc) ⇒
Tc

ΛIR
=
( −6ελ
π4(4 + ε)

)1/4
. (2.13)

Thus Tc is parametrically smaller than ΛIR for small ε and(or) small λ. This justifies the
effective description of the confined phase involving only the radion as well as eq. (2.8).
Furthermore, the above fact indicates that at the temperature Tc we can have a simulta-
neous existence of both the confined and the deconfined phases, and thus the PT under
consideration is first order in nature. It follows from eq. (2.13) that V0 = 2π4M3

5T
4
c for the

almost vanishing cosmological constant today i.e. at φ = 〈φ〉.
The semi-classical bounce solution that we will compute in the next section will corre-

spond to quantum tunneling in terms of the gravitational radius ρh, but in terms of T (to
match with CFT expectations), it will correspond to a thermal transition as is clear from
the presence of ~ in eq. (2.4).

3 The structure of the bounce

As discussed in the previous section, the effect of 4D gravity can be approximated by an
adiabatic adjustment of the temperature T and the Hubble parameter H. Starting at high
T and in the AdS-S phase as the universe expands, T eventually drops below Tc. As this
happens, the RS phase having a smaller free energy, becomes thermodynamically favorable
and bubbles of the RS phase can start nucleating. The phase transition completes only
after the bubbles start percolating, and this happens when the rate of bubble nucleation
per unit volume, Γ, gets bigger than H4. For T � Tc, H asymptotes to a constant given
by H2 ≈ 8π

3 GNV0 ∼
2π4M3

5T
4
c

3M2
Pl

. Here, GN and MPl are respectively Newton’s constant and
the reduced Planck scale, MPl = 2.4 × 1018 GeV. To find the temperature at which the
phase transition completes, we need to compute the nucleation rate Γ. Since the 5D theory
is weakly coupled, we can use a semiclassical approximation to compute Γ in terms of a
Euclidean bounce action Sb as,

Γ ∼ T 4e−Sb . (3.1)

Thus for the PT to complete one needs roughly

Sb < 4 ln
(
MPl
Tc

)
∼ 140, (3.2)

where we used Tc ∼ O(TeV).
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To compute the bounce action, in principle, one has to look for a solution of the
Euclidean equation of motion (EoM) derived from the 5D action (2.1) that smoothly in-
terpolates between the two above mentioned geometries in eqs. (2.3) and (2.2) (with time
compactified on a circle of circumference 1/T ). Authors of ref. [24] attempted to make
this trade at the common RS2 limit of both phases (RS2 is the ΛIR = 0 limit of RS1 and
also the limit T = 0 of AdS-S). They then tried to derive the RS1 phase of the bubble
interior by solving the Euclidean EoM within the 4D radion EFT (up to two derivative
order). Qualitatively, their results are shown in figure 1a. In most of the interior region,
the 4D radion EFT bounce is controlled and approximates the true 5D bounce. However,
as pointed out in ref. [24], the central problem with this proposed bounce solution is that it
goes out of 4D radion EFT control as one approaches the RS2 juncture (shown in gray in
figure 1a) since the IR scale φ becomes smaller than T . Indeed, the lack of smoothness of
the brane at the RS2 point takes this bounce configuration outside even 5D EFT control.
The interpolation from RS2 to AdS-S is similarly out of the 5D EFT control.

By contrast, we will consider a smooth bounce configuration as illustrated in figure 1b.
As in figure 1a, the interior region is described by a bounce solution in 4D radion EFT, but
deviates from figure 1a for φ ∼ T near the transition regime (shown in gray in figure 1b),
with the brane capped off smoothly so that it is controlled within 5D EFT. With this
smoothness criterion, which we will elaborate further below, finding the bounce solution
is a mathematically well-posed question. However the exact solution is difficult to find in
practice.4 Instead, we will proceed by making a reasonable ansatz for the 5D geometry of
the bounce that satisfies the same smoothness criterion. Although such an ansatz may not
be the true bounce solution, (a) we will argue later that in the thin-wall regime,

Sthin-wall
b, ansatz > Sthin-wall

b, true , (3.3)

so it can provide an upper bound for Sthin-wall
b, true and hence a lower bound for Γ; (b) it provides

a reasonable estimate for Γ more generally.
For the smooth ansatz we consider in this paper, the entire configuration can be de-

scribed as globally AdS-S with the region inside the IR brane “cut-out”. In particular, the
RS1 phase in the far interior is being approximated by the IR brane cutting out a portion
of AdS-S rather than a zero temperature AdS. This is a good approximation because in
the far interior φ � T . The key to smoothness of our ansatz, and hence 5D EFT con-
trol, is that the brane is capped off at the horizon ρ = ρh as opposed to at ρ = 0 as in
ref. [24]. However, we make no claim that the smooth transition region, shown in gray, is
a controlled approximation to the true bounce in that it does not solve the 5D Euclidean
EoM. Rather, it is a qualitatively accurate ansatz, which smoothly interpolates controlled
approximations in the far interior and the far exterior indicated in white region in figure 1b.
As pointed out above, in the thin-wall limit this ansatz will provide us a lower bound on
the true nucleation rate while outside this limit, the ansatz can be expected to give us a
reasonable estimate of this rate.

4Nevertheless, see our remarks in the introduction regarding the possibility of obtaining the actual
bounce solution in the thin-wall limit for a 6D example [43], taking advantage of a symmetry between the
Euclidean time circle and the sixth dimension.
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(a)

(b)

Figure 1. (a) Topology of the bounce proposed in ref. [24]. In the gray region the description of
the ansatz gets out of 4D radion EFT as well as 5D EFT control. The orange surface shows the
IR brane, and the red dashed line indicates the adjustment of ρh between its equilibrium AdS-S
value to zero at the RS2 limit. (b) Smooth bounce topology/configuration proposed in this work,
describable within 5D EFT. The IR brane (the orange surface) is smoothly capped off at the horizon.
In the gray region, the (two-derivative) 4D radion EFT gets out of control, but the bounce can still
be described within 5D EFT.

In more detail, we take our ansatz for the bounce to be described by

ds2 =
(
ρ2 − ρ4

h

ρ2

)
dt2 + dρ2

ρ2 − ρ4
h
ρ2

+ ρ2∑
i

dx2
i , (3.4)

with ρh < φ(r) < ρ < ΛUV for r ≡ |~x| < r∗ and ρh < ρ < ΛUV for r > r∗. Here
φ(r) changes between some release point φr � ρh at r = 0 and ρh at r∗, describing an r-
dependent IR brane end to the extra dimension in the region r < r∗.5 We see that in the far
exterior this is the AdS-S metric and in the far interior, since φr � ρh, this approximates
RS1 at very low temperatures eq. (2.2). This gives an O(3) symmetric ansatz for the

5In the thin-wall regime, φr = 〈φ〉, but away from the thin-wall regime, φ generally approaches a φr < 〈φ〉
at r = 0.

– 9 –



J
H
E
P
0
2
(
2
0
2
1
)
0
5
1

bounce, schematically shown in figure 1b. The justification for a time independent O(3)
symmetric bounce structure arises as a result of (two derivative) radion dominance of the
bounce action and is given in ref. [16]. Note that the choice φ(r∗) = ρh implies that the
IR brane is pinching off to zero time circumference at r∗ so that we have a closed IR brane
hypersurface. It remains to choose a specific φ(r) that this pinching off results in a smooth
brane embedding seen in figure 1b.

We will first show how to compute the action eq. (2.1) for a given φ(r). We will then
discuss the conditions that ensure a smooth ansatz and minimize the action subject to
those conditions to obtain the ansatz (i.e. φ(r)) that gives us the strongest upper bound
on the bounce action in the thin-wall limit. We now proceed by computing different terms
in the action eq. (2.1). To obtain the extrinsic curvature K, we first find the unit normal
vector to the surface ρ = φ(r),

nφ =
(

ρ2

ρ4 − ρ4
h + φ′2

)1/2

(0,−φ′, 0, 0, 1), (3.5)

where φ′ ≡ dφ
dr . The induced metric on this surface is given by

ds2
ind =

(
ρ2 − ρ4

h

ρ2

)
dt2 +

ρ2 + φ′2

ρ2 − ρ4
h
ρ2

 dr2 + ρ2(r2dθ2 + r2 sin2 θdϕ2). (3.6)

From the above the trace of the extrinsic curvature and the determinant of the induced
metric can be calculated as,
√
γ = r2 sin θφ2

(
φ4 − ρ4

h + φ′2
)1/2

, (3.7)
√
γK = r2 sin θ 1

φ4 − ρ4
h + φ′2

(3.8)

×
[
2φ(ρ4

h − φ4)φ
′

r
+ (6φ4 − 2ρ4

h)φ′2 − 2φφ
′3

r
+ (φ4 − ρ4

h)(4φ4 − 2ρ4
h − φφ′′(r))

]
.

Using the above we can evaluate the full action in eq. (2.1) as a function of φ(r) to get,

Sφ = 4π
T

∫
drr2

[
2M3

5

( 2
φ4 − ρ4

h + φ′2

[
2φ(ρ4

h − φ4)φ
′

r
+ (6φ4 − 2ρ4

h)φ′2 − 2φφ
′3

r
(3.9)

+ (φ4 − ρ4
h)(4φ4 − 2ρ4

h − φφ′′)
]

+ ρ4
h − 2φ4 − 6φ2

(
φ4 − ρ4

h + φ′2
)1/2

)
+ Vrad(φ)

]
,

where Vrad(φ) is the contribution coming from Sχ. For ρ > φ � ρh (the white interior
region in figure 1b outside the orange surface), the AdS-S geometry, the low temperature
RS geometry, and the zero temperature RS geometry are all approximately the same and
Vrad(φ) becomes the standard zero temperature radion potential given in eq. (2.9). In this
regime and for φ′ � φ2, the effective action (3.9) reduces to the standard two derivative
radion action in the Euclidean time independent O(3) symmetric regime,

Sφ ≈
4π
T

∫
drr2

[
6M3

5φ
′2 + Vrad(φ)

]
. (3.10)
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Figure 2. An example of the profile of the bounce ansatz, obtained by solving the EoM resuling
from the action of eq. (3.9). The black dashed lines represents the black-brane horizon and the blue
curve shows the IR-brane profile specified by φ(r).

In this φ� ρh region, the solution to the EoM derived from the above action is a controlled
approximation to the true bounce and gives the parameterically dominant contribution to
the bounce action, as anticipated in refs. [16, 24] and fully justified in section 4. However,
the solution itself takes us out of radion EFT into the region φ ∼ ρh (shown in gray in
figure 1b). For φ ∼ ρh, although it is not straightforward to calculate the contribution
of Sχ in detail, its contribution to Sφ is suppressed by the parameter λ (see eq. (2.9)),
whereas the rest of the terms in Sφ are unsuppressed, as can be seen using eq. (3.9). Thus
for φ ∼ ρh, Vrad(φ) will not play a significant role in determining the bounce and we will
keep using the same Vrad(φ) given in eq. (2.9) even in this region for convenience. The
contribution of Sχ to terms involving φ′ is also suppressed by λ compared to terms arising
from 5D gravitational action SGR and thus has been neglected in eq. (3.9).

To find the optimal form of φ(r) for our anstaz (eq. (3.4) and discussion below it,
figure 1b) in the thin-wall limit we will choose φ(r) to minimize the bounce ansatz action
eq. (3.9) by solving the “EoM” that follows from it. We show an example of such a
solution in figure 2. For this solution, the 5D geometry is smooth everywhere except in
the potentially problematic region where the IR boundary merges into the AdS-S horizon
(r ≈ r∗ region in figures 1b and 2). To see whether this merging is smooth, we evaluate
the induced metric in the near-horizon region by writing φ(r) = ρh + δφ(r). Assuming
ρ3
hδφ� φ′2, we get

ds2
ind ⊃ 4ρhδφdt2 + φ′2

4ρhδφ
dr2 = 4ρ2

hy
2dt2 + dy2, (3.11)

where we have made the change of variable/coordinate y =
√
δφ/ρh. Note that this is the

same as the metric of a flat space with the correct time periodicity. This piece of flat space
is embedded in AdS-Schwarzchild, with (near horizon) metric

ds2 = 4ρ2
hy

2dt2 + dy2 + ρ2
h

(
dr2 + r2

(
dθ2 + sin2 θdϕ2

))
, (3.12)
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at a fixed r. This ensures a smooth brane, smoothly embedded in AdS-S, with two coor-
dinates/directions t and r acting as spectators, analogous to embedding of a 2D sphere in
3D flat space.

For concreteness, we will choose the boundary condition

φ′|φ=ρh = ρ2
h (3.13)

for our ansatz which respects the above condition ρ3
hδφ � φ′2 near the horizon, ensuring

a smooth brane embedding. This condition, along with the usual smoothness condition at
the bubble center, φ′|r=0 = 0, fixes our ansatz.6

4 Phase transition in thin-wall regime

Having discussed the effective action (3.9) for φ and the boundary conditions needed to
fix the solution, we can now calculate the bounce action based on our ansatz. Although
one can proceed numerically in general, in the thin-wall regime (T ≈ Tc) it is possible to
obtain an analytical expression for the bounce action.

As mentioned before, we focus on the bounce action with O(3) symmetry. The O(3)
symmetric bounce action can be rewritten quite generally in the thin-wall regime as [57, 58],

Sb = S3
T

= 16π
3

S3
1

(∆F )2T
, (4.1)

where ∆F is the difference of the free energy in two phases. S1 is the surface tension of the
bubble wall, evaluated in the degenerate limit ∆F = 0. Therefore, any configuration of S1
is always bounded from below. Finding the true solution of S1 is basically minimizing S1.
Any other ansatz, which is not the solution, should satisfy S1,ansatz > S1,true. Combining
with eq. (4.1), this leads to Sb,ansatz > Sb,true. However, a random Sb,ansatz might involve
singularities which take us outside 5D EFT control. In this regard, our smooth ansatz (fig-
ure 1b) provides a controlled upper bound on the true bounce action in the thin-wall limit.

For our ansatz, the surface tension of the bubble S1 can be obtained from eq. (3.9) as,

S1 =
∫
dr

[
2M3

5

(
2
[
(6φ4 − 2ρ4

h)φ′2 + (φ4 − ρ4
h)(4φ4 − 2ρ4

h − φφ′′)
]

φ4 − ρ4
h + φ′2

+ ρ4
h − 2φ4 − 6φ2

(
φ4 − ρ4

h + φ′2
)1/2

)
+ Vrad(φ)

]
. (4.2)

To clearly show the parametric dependence of S1, we divide it into two parts: S1 =
Sradion

1 + Stransition
1 , where Sradion

1 is the part of bounce action deep inside the bubble (see
the white interior of figure 1b), where 4D radion EFT (eq. (3.10)) is valid, while Stransition

1
denotes the contribution in the transition region φ ∼ ρh, where the 5D EFT is needed (the

6We note that although the action eq. (3.9) involves φ′′, the EoM obtained from it is still a second order
differential equation for φ(r) and so (only) two boundary conditions are needed to fix its solution.
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Model parameters S1/(16π2M3
5T

3
c ) Sradion

1 /(16π2M3
5T

3
c ) Sb/(16π2M3

5 )
ε = 1/2, λ = 1/2 1.2 0.5 90
ε = 1/25, λ = 1/2 2.1 1.3 486
ε = 1/25, λ = 1/25 4.1 3.3 3.7× 103

ε = 1/100, λ = 1/100 8.7 7.8 3.4× 104

Table 1. Comparison of numerical results of S1 (eq. (4.2)) and Sradion
1 (eq. (4.3)) for different

model parameters ε , λ. To get the concrete number for Sradion
1 , we set the lower integration limit

to ρh in the first line of eq. (4.3). We also show the full bounce action Sb (eq. (4.1)) in the thin-wall
limit in terms of S1 at (T/Tc)4 = 1/2.

gray region of figure 1b). As shown around eq. (3.10), in the interior of the bubble, where
φ� ρh and φ2 � φ′, Sradion

1 reduces to the one dimensional radion action

Sradion
1 ≈

∫ .r∗

0
dr
[
6M3

5φ
′2 + Vrad(φ)

]
≈
√

24M3
5

∫ 〈φ〉
&ρh

dφ
√
Vrad(φ)

≈ 0.9 (16π2M3
5 )
( 1
ελ

)1/4
T 3
c (ελ� 1). (4.3)

where the equality in the first line follows from the EoM. One of the integration limits
is fixed because the bounce action starts at the minimum of the potential (φ = 〈φ〉). As
φ approaches ρh, the approximation in eq. (4.3) breaks down and therefore we stop the
integration at φ & ρh. In the second line of eq. (4.3), we used eq. (2.13) to rewrite 〈φ〉 in
terms of Tc. It is clear from eq. (4.3) that Sradion

1 is enhanced for small ε and/or λ.
The expression for Stransition

1 is hard to obtain analytically but one can easily get its
parametric dependence. Given φ ∼ ρh and φ′ ∼ ρ2

h in the transition region, all terms
in Stransition

1 are of order M3
5ρ

3
h (see eq. (4.2)). Therefore, Stransition

1 ∼ M3
5T

3
c and it is

parametrically smaller than Sradion
1 for small ε and/or λ. Now we can conclude that,

for small ε and/or λ, S1 ≈ Sradion
1 , which means the bounce action is dominated by the

contribution from standard radion EFT (up to two derivative order). Plugging Sradion
1 in

to eq. (4.1), Sb is therefore given as

Sb ≈ 8 (16π2M3
5 )
( 1
ελ

)3/4 Tc/T(
(1− (T/Tc)4

)2 (ελ� 1). (4.4)

The radion EFT dominance is also justified based on some benchmark points in table 1.
We see that, while for very small ε and λ, radion dominance gives a quantitatively

good approximation, for small but not very small ε and λ, the approximation is poor. In
these cases of interest, our ansatz in the full 5D theory is key to providing a rigorous bound
on the true bounce action.

In the above, we have described the general considerations of PT dynamics in the
thin-wall limit. However, when we apply them to the real world, we find that the thin-wall
limit is incompatible with the observed Planck-Weak hierarchy. Concretely, with λ . 1 to
ensure a controlled back-reaction, and ε = 1/25 to obtain the large Planck-Weak hierarchy,
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we see that the PT does not complete near Tc even for 16π2M3
5 = 1 as can be seen using

eq. (3.2). However, for theoretical control of the 5D EFT we need 16π2M3
5 > 1.7

However, non-minimal models can improve the compatibility with the thin-wall limit.
To allow the PT to happen for larger values of M3

5 , we need larger values of ε (see the first
line of table 1) while still generating the correct value of the Planck-Weak hierarchy. We
will introduce a scenario which achieves these goals in the next section.

5 5D realization of a two-FP model

In ref. [16], we proposed a scenario from the dual (near-)CFT perspective with distinct UV
and IR fixed points, which can simultaneously achieve a large Planck-Weak hierarchy and
also have a larger ε controlling the PT, such that it can complete promptly in a theoretically
controlled parameter regime. Let us briefly review that argument before proceeding with
an explicit 5D model realizing (the dual of) this scenario.

5.1 4D near-CFT description

The form of the potential in eq. (2.9) can be obtained just by using the approximate
conformality of the dual 4D theory. A massive Goldberger-Wise field is dual to a marginal
deformation ∆LCFT = κO, where O has scaling dimension 4 + ε given by eq. (2.11) and κ
is the running coupling. Here we consider ε > 0, which means the deformation is sightly
irrelevant. In the far-IR this deformation becomes negligible and the theory flows back to
the exact CFT FP. This gives rise to a potential for the dilaton φ8 [18, 31, 48], of the form

Vdilaton(φ) ≈ λ1φ
4 + λ2κUVφ

4
(

φ

ΛUV

)ε
, (5.1)

where λ1,2 are dimensionless parameters which are typically of order unity. κUV is the
coupling κ evaluated at ΛUV. The first term on the right-hand side (r.h.s.) is conformally
invariant, but the second term reflects the small ε−breaking of conformal invariance by the
deformation κ.

On the other hand, in the far-UV, the coupling κ becomes significant. We will consider
the possibility that it asymptotes in the UV to a non-trivial FP at κ∗. We can summarize
the near FP behaviors in RG language,

dκ

d lnµ ≈

εκ for small κ
ε′(κ∗ − κ) for κ near κ∗ ,

(5.2)

where µ is the RG scale and we consider ε′ > 0. Crudely, there is an intermediate scale
µmatch where RG evolution transits from the basin of the UV FP (lower line of eq. (5.2))
to that of the IR FP (upper line of eq. (5.2)).

7This is just a requirement that the quantum gravity loops or ∼ 1/(16π2M3
5 ) corrections are small at

the AdS curvature scale.
8We use φ to denote both radion and dilaton. Since dilaton is dual to the radion, this notation should

not cause any confusion.
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Starting with a UV value κUV ∼ κ∗, the coupling slowly evolves under the influence
of the UV FP at κ∗ until the vicinity of a “matching scale” µmatch ∼ ΛUV

(
κ∗−κUV
κ∗−κmatch

)1/ε′

where κmatch ≡ κ(µmatch) ∼ κ∗. The contribution to dilaton potential from this region
will be similar to that in eq. (5.1) but with the replacement of ε → −ε′. Below the scale
µmatch, the coupling evolves under the influence of the IR FP at κ = 0. Correspondingly, for
φ < µmatch, the dilaton potential is given by eq. (5.1) with the replacements: ΛUV → µmatch
and κUV → κmatch. Combining the contributions from these two regions, the dilaton
potential in this model can be shown as

Vdilaton(φ) ≈

λ′1φ4 + λ′2 (κ∗ − κUV)φ4
(

φ
ΛUV

)−ε′
φ� µmatch

λ1φ
4 + λ2κmatchφ

4
(

φ
µmatch

)ε
φ� µmatch,

(5.3)

with O(1) uncertainties for φ ∼ µmatch.
Now we are ready to illustrate why the two-FP scenario illustrated above achieves

our goal stated at the beginning of this section. By choosing ε′ ∼ 1/25, we can ensure a
sufficiently slow running such that µmatch is hierarchically smaller than ΛUV. It is straight-
forwardly checked that for λ1 < 0, (4 + ε)λ2κmatch > −4λ1 and for either set of conditions:
(i) λ′1, λ′2(κ∗ − κUV) > 0 or (ii) λ′1 > 0 and −(4− ε′)λ′2(κ∗ − κUV) > 4λ′1 , the minimum of
the potential 〈φ〉 lies in the IR region (〈φ〉 < µmatch) with

〈φ〉 ∼ µmatch

(
− λ1
λ2κmatch

)1/ε

∼ ΛUV

(
κ∗ − κUV
κ∗ − κmatch

)1/ε′ (
− λ1
λ2κmatch

)1/ε
. (5.4)

The above choice of ε′ � 1 ensures a large Planck-Weak hierarchy given (κ∗− κUV) .
(κ∗ − κmatch). The final factor in the second line of eq. (5.4) will only be modestly small
for ε . 1. It is this larger IR exponent ε that will now control the PT dynamics and make
them relatively prompt. This is because, as can be seen from figure 2 and the discussion in
section 3, the PT dynamics is governed by the region φ ≤ 〈φ〉 < µmatch and hence entirely
by the IR FP basin.

In the rest of this section, we will realize the above scenario in a simple explicit 5D
model utilizing an interacting Goldberger-Wise stabilizing field, and show that it indeed
leads to a relatively prompt PT consistent with a large Planck-Weak hierarchy. This will
enable us to obtain explicit expressions of various 4D parameters such as ε, ε′ etc. described
above, in terms of fundamental 5D parameters, utilizing which we will calculate the rate
of the PT.

5.2 5D model

We consider the following Goldberger-Wise potential,

Vχ = 1
2m
′2χ2 + 1

6η χ
3 + 1

24g χ
4, (5.5)
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where m′ is the mass of the Goldberger-Wise scalar and η, g are two coupling constants.
The EoM for the extra-dimensional profile of the Goldberger-Wise field in the RS metric
of eq. (2.2) is given by

ρ5∂2
ρχ+ 5ρ4∂ρχ− ρ3V ′χ = 0. (5.6)

For later purposes it is convenient to do a coordinate transformation, ρ = ΛUVe
−σ with

0 < σ < L ≡ ln(ΛUV/ΛIR), following which the EoM reads as,

∂2
σχ− 4∂σχ− V ′χ = 0. (5.7)

The above EoM indicates that there exist FP solutions in the extra-dimensional evolution
of the Goldberger-Wise profile. They appear where χ = constant : V ′χ(χ) = 0 and are
located at non-negative values

χ = 0 and χ = χ∗ = 3
g

−η2 +

√
η2

4 −
2gm′2

3

 , (5.8)

for m′2, η < 0 and g > 0.
Obtaining the analytical expression for the full radion action from the general

Goldberger-Wise potential in eq. (5.5) is challenging. However, we can obtain the rele-
vant qualitative insights about the behavior of the Goldberger-Wise profile under eq. (5.5)
by using the two-FP intuition described in the previous subsection.

In the proximity of the FPs at χ = 0 and χ = χ∗, the field profile evolves quite slowly,
whereas as it evolves rapidly near the transition from the vicinity of one FP to the other.
Hence, as a simple approximation, we can split the evolution of χ into two regimes. In
the first regime i.e. for field values between 0 ≤ χ < χm, we consider the evolution to be
governed by the FP at χ = 0, and hence with a potential 1

2m
′2χ2. For the other segment

i.e. for field values between χm < χ ≤ χ∗, the evolution is governed by the FP at χ = χ∗
and hence with a potential 1

2m
2(χ−χ∗)2 where m2 ≡ V ′′χ (χ∗) = −2m′2−ηχ∗/2. We choose

to match two regimes at a field value χm = (−η +
√
η2 − 2gm′2)/g, which is the inflection

point of V (χ). To summarize, we consider the simplified Goldberger-Wise potential Ṽχ,

Ṽχ(χ) ≈


1
2m
′2χ2 for 0 ≤ χ < χm

1
2m

2(χ− χ∗)2 − C for χm < χ ≤ χ∗.
(5.9)

In the above, C = 1
2m

2(χm − χ∗)2 − 1
2m
′2χ2

m is a constant that ensures the continuity of
Ṽχ at χm.

A comparison of the numerical solution obtained for the full potential in eq. (5.5)
with the simplified potential in eq. (5.9) is shown in figure 3. Here we choose the same
boundary conditions as in eq. (2.7) with 0 < v < χm, α > v and fix L = 15π. Figure 3
clearly shows the asymptotic behaviour of χ(σ) near χ = 0 and χ∗, which act as the UV
and IR fixed points with respect to the flow in the extra dimension that is dual to the RG
flow in the CFT perspective. As can be seen from figure 3, the simplified potential gives a
good approximation to the full potential, and correspondingly we can trust the analytical
calculation of the radion potential using eq. (5.9).
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Figure 3. The profile of Goldberger-Wise scalar χ(σ) from two different potentials: full potential
eq. (5.5) and simplified potential eq. (5.9) . The parameters we choose are m′2 = −0.4, η = −0.5,
g = 1.5 and v=0.06, α = 0.1 and L = 15π.

Given the quadratic piecewise Goldberger-Wise scalar potential in eq. (5.9), the ra-
dion potential can be calculated analytically (see details in appendix A), which can be
summarized as

Vrad(φ) ≈

τφ
4 − αvφ4−ε′ φ > φm

(τ − αχ∗)φ4 + αχm
2

(
χm(1− ε8 )

v

)ε/ε′
φ4+ε φ� φm

, (5.10)

The above form of the radion potential is the 5D radion realization of the CFT dilaton
potential structure in eq. (5.3). In eq. (5.10), τ = δτIR − 1

8α
2 is determined in terms of

detuning on the IR boundary δτIR ≡ τIR + 12M3
5 , ε′ = 2 −

√
4 +m′2 and ε is defined in

eq. (2.11). Finally, φm ≡ e−Lm where Lm is the smallest size of the extra dimension where
the Goldberger-Wise profile reaches the value χm on the IR boundary. For L < Lm, χ(σ)
never grows to reach χm in the extra dimension, whereas for L > Lm, χ(σ) becomes bigger
than χm and goes to the vicinity of the IR FP near the IR boundary.

We can choose the parameters such that the radion potential above has only one
minimum for φ < φm at

〈φ〉 ∼
(

v

χm(1− ε/8)

)1/ε′ (−2τ ′

αχm

)1/ε
, (5.11)

where τ ′ ≡ τ −αχ∗ < 0. This expression of the hierarchy is to be compared with eq. (2.10)
in the single-FP scenario. The large Planck-Weak hierarchy can be obtained from the
first factor of the r.h.s. of eq. (5.11) with a small ε′ ∼ 1/25 and a modest ratio of v/χ∗,9

9As we explain in appendix A, the radion potential in eq. (5.10) has been obtained with the approximation
that the second factor of the r.h.s. of eq. (5.11) is . 0.1.
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while now allowing ε to be considerably larger. As shown in section 3, it is the region
φ . 〈φ〉 < φm that is relevant for PT dynamics and is controlled by ε. Consequently, our
computation of the bounce action obtained in the previous sections using eq. (2.9) can be
applied, but now with only modestly small ε . 1, thereby achieving the goal stated at the
end of section 4. Correspondingly for ε > ε′, the bounce action in the thin-wall regime
becomes parametrically smaller, as suggested by eq. (4.4), and this allows for the PT to
complete for parametrically larger N .

As discussed earlier, the bounce in the thin-wall regime encompasses φ ≤ 〈φ〉 < φm.
Thus we can directly use the second line of eq. (5.10) to calculate the bounce. Given the
exact similarity between this potential and the one in eq. (2.9), used to calculate bounce
action in section 4, we can directly re-use the results given in table 1, even though such
results were obtained in a single-FP scenario.

Having worked out these general features of the thin-wall regime in our two-FP sce-
nario, with the rigorous bounds following from our ansatz, we now apply them to the
case of a realistic PT consistent with the Planck-Weak hierarchy. For a benchmark set
of parameters ε = 0.5, λ = 0.5, as shown in table 1, the PT can complete promptly for
16π2M3

5 & 1 in the thin-wall regime, (marginally) under theoretical control. This was
completely impossible in the original single-FP scenario mentioned in section 4.

For the regions of parameter space that the PT does not complete near Tc, the universe
keeps cooling down to temperatures where the thin-wall approximation is no longer valid.
In the next section we will consider such transition temperatures outside the thin-wall
regime, with even better semi-classical control.

6 Phase transition outside thin-wall regime

We now study the bounce for smaller T , where the thin-wall approximation is not valid and
our ansatz bounce can no longer be shown to be a rigorous upper bound on the true bounce
action. However, our bounce ansatz smoothly and simply interpolates the two phases and
should still provide a very reasonable estimate of the true bounce action. Therefore, we will
continue to use eq. (3.9) and the boundary conditions mentioned in and around eq. (3.13)
to numerically obtain the O(3) symmetric bounce action S3 for all temperature (see solid
lines in figure 4). In figure 4 we also show the bounce action found using the two-derivative
4D EFT of the dilaton (dual to radion of the 5D theory). As we discussed in [16], the
bounce action is dominated by such an EFT for small ε and λ. This is dual to the radion
two-derivative EFT dominance in our 5D ansatz for small ε and λ, as discussed before.
To compare the two-derivative approximation to our full 5D results in this paper, we use
the radion EFT Lagrangian shown in eq. (3.10) and follow the same strategy as in [16]
to determine one of the boundary conditions as φ′|φ=0 =

√
π4T 4/3 and thereby solve the

bounce. Note that this choice extends into the region φ < T where the two-derivative EFT
clearly breaks down. However, since T < Tc � 〈φ〉 for small ε and λ, the contribution
from this uncontrolled region is parametrically small and can be viewed as a subleading
correction to the true bounce. As shown in figure 4, the bounce action S3 calculated by the
4D two-derivative EFT and the full 5D ansatz agree for small ε and λ, as expected from
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Figure 4. The O(3) symmetric bounce action S3/(N2T ), where N ≡
√

16π2M3
5 , as a function of

temperature T/Tc for different choices of ε and λ. The solid lines denote the results using 5D ansatz,
while the dashed lines use 4D radion/dilaton EFT (upto two derivatives) to estimate the bounce.

the argument in [16]. On the other hand, for larger λ (λ = 0.5) we see from figure 4 that
the two-derivative approximation is only very crude and the full 5D treatment is required.

Having considered the general structure and parametrics of the PT dynamics, we now
consider values of ε and λ such that the observed Planck-Weak hierarchy and a successful
PT are achieved. This will necessitate values of ε and λ large enough that the two-derivative
radion dominance approximation is insufficient and a fully 5D treatment is necessary. The
5D bounce is at least mathematically soluble in principle, qualitatively in the class described
above in figure 1b, but in this paper we will proceed with our ansatz (3.9).

In an expanding universe the PT completes at a temperature Tn, where the nucleation
rate Γ(Tn) becomes as large as H4, that is Tn is found by solving Γ(Tn) = H(Tn)4. The
solid lines in figure 5 show the relation between Tn/Tc and N for fixed Tc ∼ O(TeV)
obtained using our 5D ansatz bounce. For comparison, similar curves obtained using 4D
radion EFT are shown by the dashed lines in figure 5. As shown in figure 5, for a fixed λ,
both the maximum N and the minimum T for which the PT could happen increase as ε
gets larger. Also, for a given nucleation temperature Tn, as ε increases, completion of PT
becomes possible for larger N and thus in better 5D perturbative control.

We emphasize the significance of supercooling on cosmological (dark) matter abun-
dances [38]. For concreteness, we focus on the baryon/lepton asymmetry. We denote this
asymmetry before the temperature falls to Tc by Ybefore, where Y ≡ nB−nB̄

s where nB
(nB̄) is the number density of baryons (antibaryons). Before the PT, as the universe keeps
expanding nB, nB̄ and s get diluted ∝ T 3 and hence Y stays constant. After the PT com-
pletes at T = Tn, the universes gets reheated to T ∼ Tc and unless the PT itself generates
an asymmetry, nB − nB̄ does not increase, while s increases to s ∼ T 3

c and so after the
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Figure 5. Nucleation temperature Tn/Tc (for fixed Tc ∼ O(TeV)) as a function of N for various ε
for fixed λ = 0.5. The solid lines denote the results using 5D ansatz, while the dashed lines use 4D
radion EFT (upto two derivatives) to estimate the bounce. The end point of each curve shows the
minimum Tn and maximum N for a given parameter choice.

PT, Yafter ∼ Ybefore
(
Tn
Tc

)3
. For the observed Y ∼ 10−10, if Tn/Tc < O(10−3), then even if

an O(1) asymmetry is generated before the PT, it would get diluted to a value below the
observed asymmetry by the PT. So such a degree of supercooling, typical of the minimal
ε ∼ 1/25 scenario, is inconsistent with a purely high-scale mechanism for baryogenesis.
However, within our two-FP model and by choosing a larger ε . 1, the above dilution is
much smaller, making the PT compatible with baryogenesis above Tc. Of course, it is possi-
ble that baryogenesis/dark matter production may take place during or after the transition,
see e.g. [59–62], in which case such production does not get overly diluted by supercooling.

7 Gravitational wave signature

When the first order PT, described above, takes place, a stochastic background of gravita-
tional waves (GW) gets generated. Along with the collisions of the bubbles of the confined
phase, both the turbulence and the sound waves in the plasma, formed after bubble colli-
sions, can source GW (for reviews see [5, 6] and references therein). The properties of GW
sourced by the sound waves and turbulence is an active area of research. On the other
hand, the contribution from bubble collisions is analytically better understood within the
so-called “envelope approximation”, but there can be significant corrections such as dis-
cussed in [63–67]. In the following we focus on only the contribution due to bubble collisions
and for simplicity use the envelope approximation to get a crude sense of the GW signal
strength as a function of our parameters. It is worth keeping in mind that for some param-
eter space (especially for Tn . Tc away from the extreme supercooling), the contribution
from sound waves and turbulence can dominate over that from bubble collisions.

– 20 –



J
H
E
P
0
2
(
2
0
2
1
)
0
5
1

GW signals from bubble collisions can be characterized by the fractional abundance
ΩGW,bh

2 and peak frequency fp of GW [5]:

ΩGW,bh
2(f) = 1.67×10−5

(
HPT
βGW

)2( κbα

1+α

)2(100
g∗

)1/3 0.11v3
w

0.42+v2
w

3.8(f/fp)2.8

1+2.8(f/fp)3.8 (7.1)

fp = 1.65×10−4 Hz 0.62
1.8−0.1vw+v2

w

βGW
HPT

T∗
1 TeV

(
g∗

100

)1/6
, (7.2)

where we assume the bubble wall velocity vw = 1; effective degrees of freedom g∗ = 100;
that almost all of the latent heat is transferred to the bubble wall κb ≈ 1. α denotes the
ratio of the latent heat released in the PT to the energy in the surrounding radiation bath,
which is typically α� 1 for a supercooled PT. Moreover, the duration of phase transition is
defined as 1/βGW and HPT is the Hubble parameter during the PT. T∗ is the temperature
of the radiation bath right after the PT.

As shown in eq. (7.1), the strength and peak frequency of the gravitational wave signal
produced by the phase transition depend strongly on the duration of phase transition,
1/βGW. βGW is defined as

βGW
HPT

≡ −TΓ
dΓ
dT

∣∣∣
Tn
≈ −4 + T

dSb
dT

∣∣∣
Tn
, (7.3)

where eq. (3.1) was used.
In [16] we argued, using radion dominance approximation that in the supercooled

regime βGW is small for small ε, as it was pointed out in ref. [38]. Here we compute βGW
using our bounce ansatz and the results are shown in figures 6 and 7. In figure 6 we show
the dependence of Tn/Tc and βGW on ε explicitly with different choices of N and fixed λ.
As we can see in (the right panel of) figure 6, βGW gets smaller as ε decreases. In figure 7
we show βGW as a function of Tn/Tc for fixed λ and different choices of ε based on our
5D ansatz. It is clear from figure 7 that βGW drops as Tn becomes smaller. One can also
see from figure 7 that to achieve a certain GW signal strength, meaning a given choice of
βGW/HPT, a theory with larger ε will have larger Tn/Tc and thus less dilution of primordial
matter abundances (see discussion in section 6). Moreover, larger ε also leads to larger N
and better perturbative control.

In figure 8 we show the spectrum of the fractional abundance of the GW signal for two
choices of β/H and Tc, considering only the more well understood contribution of bubble
collisions. As mentioned before, the universe will reheat back to temperature around Tc
after the PT and thus we take T∗ = Tc in figure 8. We see that both cases can be observed
by LISA, DECIGO and BBO even with this conservative estimate for the gravitational
signal. For experimental sensitivity curves, we refer the reader to [68] and references
therein. Although the two choices of β/H or Tc above may be realized in the standard
RS models, our two-FP model allows larger values of ε and thus less dilution of primordial
abundances and better perturbative control as mentioned before.
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Figure 6. Nucleation temperature Tn/Tc (left panel) and βGW/HPT (right panel) as a function of
ε for different choices of N and fixed λ = 0.5, Tc ∼ O(TeV).
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Figure 7. βGW/HPT as a function of nucleation temperature Tn/Tc for different choices of ε and
fixed λ = 0.5, Tc ∼ O(TeV). On each curve, N is varied while ε and λ are held fixed.

8 Conclusions

Confinement-deconfinement phase transitions (PT) are interesting both from a theoretical
and phenomenological point of view. This is especially true in the context of composite
Higgs theories where there can be correlated future collider and gravitational wave signals.
In general the confining dynamics are strongly coupled and non-perturbative, and the PT is
difficult to formulate and analyze theoretically. However, here we revisited theories having
a weakly coupled holographic dual description of RS1-type, in which we are able to make
progress.

We have shown how smooth EFT-controlled 5D bounce configurations can interpolate
between the two phases, which in 5D terms are given by a black-brane (dual to deconfined)
phase and an IR brane (dual to confined) phase. Our 5D construction goes beyond the
conventional ansatz based on 4D radion EFT that is usually employed in the literature.

– 22 –



J
H
E
P
0
2
(
2
0
2
1
)
0
5
1

LISA; SNR=5

DECIGO; SNR=5

BBO; SNR=5

10-5 10-4 10-3 10-2 10-1 100
10-17

10-15

10-13

10-11

10-9

10-7

10-17

10-15

10-13

10-11

10-9

10-7

Figure 8. The spectrum of GW abundance ΩGWh
2 as a function of GW frequency f from bubble

collisions. We choose two sets of benchmark parameters (β/H = 10, Tc =TeV) and (β/H = 100,
Tc =TeV). The projected sensitivity of LISA, DECIGO and BBO experiments at Signal-to-Noise
(SNR) = 5 are also included.

While the usual radion-dominance ansatz can give a correct estimate for the rate of the
PT for parametrically small values of model parameters (such as ε, λ defined in section 2),
we find the 5D ansatz does become important for larger values relevant for a realistic PT
consistent with observed Planck-Weak hierarchy.

Previous studies have shown that for realistic values of model parameters, consistent
with Planck-Weak hierarchy, the Universe often supercools significantly below the critical
temperature ∼TeV, thereby diluting primordial matter abundances generated before the
PT. This makes high-scale mechanisms of (dark) matter genesis potentially incompatible
with the minimal Goldberger-Wise radius stabilization mechanism (dual to the compos-
ite Higgs theories in the vicinity of a single fixed point). However, we showed that this
conclusion can easily be avoided with the simple generalization of the Goldberger-Wise
bulk potential. This is dual to composite Higgs models controlled by separate UV and IR
fixed points with separate critical exponents controlling particle hierarchies and the phase
transition, as we proposed in ref. [16]. Consequently, we have opened up a novel parame-
ter space with only modest cooling, with the associated gravitational waves signal still be
readily observable at future detectors, such as LISA, DECIGO and BBO. In parts of the
parameter space, the stochastic gravitational wave background can be sufficiently strong
that even primordial anisotropies may be observable [52].

There remain several interesting future directions. While our 5D formulation allows
the bounce configuration dominating the transition rate to be semi-classically determined
in principle, here we introduced a simple, qualitatively correct, bounce ansatz. We showed
this implied a rigorous lower bound on the transition rate in the thin-wall regime, and a very
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plausible estimate more generally. However, it would be very interesting and important to
obtain the true semi-classical bounce configuration. By way of inspiration, in the roughly
analogous 6D model of ref. [43] (which however does not address the Hierarchy Problem),
a domain wall solution was tractable and can be recast as a semi-classical bounce for the
analogous phase transition.

From a more phenomenological perspective, it would also be very interesting to develop
baryogenesis mechanisms exploiting the first order nature of the phase transition. Alter-
nately, it is interesting to consider warped phase transitions with very different critical tem-
peratures (and thus gravitational wave frequencies) in the context of dark sectors. It is pos-
sible that the 5D holographic formulation can be useful to model aspects of the bubble and
plasma dynamics relevant for a detailed understanding of the gravitational wave spectrum.
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A Radion potential for the 5D model of the two fixed points

In this appendix, we complete the derivation of an analytic approximation to the radion po-
tential, eq. (5.10), in our two-FP scenario introduced in section 5. As discussed in section 5,
we consider the following polynomial potential for the Goldberger-Wise field, eq. (5.5):

V (χ) = 1
2m
′2χ2 + 1

6η χ
3 + 1

24g χ
4 (A.1)

where we assume the following signs for the coefficients in the potential: m′2 < 0, η < 0,
and g > 0. The EoM for χ is

d2

dσ2χ− 4 d

dσ
χ− V ′(χ) = 0, (A.2)

where σ is the extra dimensional coordinate with the range 0 < σ < L and differentiation
with respect to σ will be denoted by a dot. We consider the following boundary conditions,
as in eq. (2.7) for χ,

χ(σ = 0) = v, (A.3)
χ̇(σ = L) = α, (A.4)

which can be obtained from boundary potential terms for the GW field,

SUV
χ = −

∫
d4x κ

√
−γUV

(
χ2 − v2

)2
, (A.5)

SIR
χ =

∫
d4x
√
−γIR αχ, (A.6)
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where SUV
χ and SIR

χ denote the UV and IR brane terms respectively. To impose the UV
boundary condition, χ(σ = 0) = v , one needs to take the limit of large κ. In this limit
the only effect of this term is setting the boundary condition and does not have any extra
contribution to the radion potential. The SIR

χ term, on the other hand, will contribute to
the radion potential.

As mentioned in section 5.2, the above potential in eq. (A.1) has two extrema10 at

χ = 0 and χ = χ∗ = 3
g

−η2 +

√
η2

4 −
2gm′2

3

 , (A.7)

corresponding to two constant-χ solutions of EoM. To compute the radion potential an-
alytically, we approximate the Goldberger-Wise bulk potential by a piecewise-quadratic
potential given by

Ṽχ(χ) =


1
2m
′2χ2 χ ≤ χm

1
2m

2(χ− χ∗)2 − C χ > χm
, (A.8)

where m2 ≡ V
′′
χ (χ∗) = −2m′2 − ηχ∗/2 and we have matched the two approximations

at χm = (−η +
√
η2 − 2gm′2)/g corresponding to the inflection point of the potential in

eq. (A.1). The constant C = 1
2m

2(χm−χ∗)2− 1
2m
′2χ2

m ensures the continuity of Ṽχ(χ). We
are interested in the case of |m′2| � m2, using which we get χm ≈ 2

3χ∗ and C ≈
1
18m

2χ2
∗.

We choose v in the range 0 < v < χ∗, and close to χ = 0 . With this choice, for small
enough L, the field value is always smaller than χm and thus Ṽχ(χ) in eq. (A.8) reduces
to the standard quadratic potential. In this case, the standard Goldberger-Wise solution
applies [22]:

χ(σ) ≈ veε′σ + α

4 e
(4−ε′)(σ−L) (for L < Lm), (A.9)

where ε′ = 2 −
√

4 +m′2 and we have dropped terms that are higher order in ε′ and e−L.
We define Lm as the special value of L that satisfies:

χ(L)|L=Lm = χm → Lm ≈
1
ε′

ln
(
χm − α/4

v

)
. (A.10)

It is easy to see from eq. (A.9) that in the region L < Lm, the field profile χ(σ) always
stays smaller than χm and thus it was self-consistent to use eq. (A.9).

For larger values of L, i.e. for L > Lm, the solution has the form

χ(σ) =

A1e
ε′σ +A2e

(4−ε′)σ σ < σm

B1e
−ε(σ−σm) +B2e

(4+ε)(σ−σm) + χ∗ σ > σm
(A.11)

in which σm is defined as χ(σm) = χm and ε = −2 +
√

4 +m2.11 In the expression above
Ai, Bi, σm are independent of σ, but are in general L-dependent. In addition to the two
boundary conditions, there are three other conditions that we have to impose to solve for

10The potential of eq. (A.1) has another extremum in χ < 0, but that is not important for the solutions
for χ that we consider here, as we choose the UV boundary value v to be on the range 0 < v < χ∗.

11We choose to work with positive ε and ε′ and thus there is a sign difference in their expressions.
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the five unknowns A1,2, B1,2 and σm. These conditions are continuity of χ and χ̇ at σm,
implied by continuity of V (χ)(or finiteness of V ′(χ)) and the EoM for χ, and that the field
value is equal to χm at σm. So we need to solve the following set of equations:

A1 +A2 = v

A1e
ε′σm +A2e

(4−ε′)σm = χm

ε′A1e
ε′σm + (4− ε′)A2e

(4−ε′)σm = −εB1 + (4 + ε)B2

B1 +B2 = χm − χ∗
−εB1e

−ε(L−σm) + (4 + ε)B2e
(4+ε)(L−σm) = α

(A.12)

In terms of σm the first two and last two equations can be solved separately:

A1 ≈ v − χme
−(4−ε′)σm

A2 ≈ χme
−(4−ε′)σm − ve−(4−2ε′)σm

B1 = (4+ε)(χm−χ∗)e(4+ε)(L−σm)−α
(4+ε)e(4+ε)(L−σm)+ε e−ε(L−σm) ≈ (χm − χ∗)− α

4+εe
−(4+ε)(L−σm)

B2 = α−ε(χ∗−χm) e−ε(L−σm)

(4+ε)e(4+ε)(L−σm)−ε e−ε(L−σm) ≈ α
4+εe

−(4+ε)(L−σm) − ε
4+ε(χ∗ − χm)e−(4+2ε)(L−σm)

(A.13)
Now putting these into the third equation of eqs. (A.12), we find an equation for σm:

− (4− 2ε′)veε′σm + (4− ε′)χm ≈ ε(χ∗ − χm) +
(
α− ε(χ∗ − χm)e−ε(L−σm)

)
e−(4+ε)(L−σm).

(A.14)
The right-hand-side of this equation becomes small quickly as L − σm increases, making
eε
′σm weakly dependent on L. Expanding in ε′ and e−(L−σm) we get

eε
′σm ≈

χm − ε
4(χ∗ − χm) + ε′

4 χm

v
− α

4v

(
χm − ε

4(χ∗ − χm) + ε′

4 χm

v

) 4+ε
ε′

φ4+ε. (A.15)

We now move on to calculate the radion potential. As mentioned in section 2, radion
action is obtained by promoting e−L to φ(x) in S5D (eq. (2.1)). The dominant contribution
to 4D radion potential Vrad(φ) comes from Sχ (eq. (2.6)) after integrating over the 5th
dimension. For φ > φm ≡ e−Lm , the Goldberger-wise scalar χ(σ) has the standard form
eq. (A.9) and thus the radion potential is the same as eq. (2.9). For φ < φm, Goldberger-
wise scalar χ(σ) has the form in eq. (A.11) given our piecewise-potential approximation in
eq. (A.8). Similar to case of free Goldberger-Wise field, we can use the EoM in the bulk and
then integrate by parts to get the radion potential in terms of only the boundary terms:

Vrad(L) ⊃
[1

2e
−4σχχ̇

]σm

σ=0
+
[1

2e
−4σ(χ− χ∗)χ̇

]L
σ=σm

−e−4Lαχ(L)+ C

4
[
e−4σ

]L
σ=σm

, (A.16)

which in terms of φ and the coefficients A1,2 and B1,2 becomes

Vrad(φ) ⊃ −1
2αφ

4
(
2χ∗ +B1 (eσmφ)ε +B2 (eσmφ)−(4+ε)

)
+ 1

2χ∗e
−4σm (−εB1 + (4 + ε)B2)

−1
2v
(
ε′A1 + (4− ε′)A2

)
− C

4 (e−4σm − e−4L). (A.17)
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Substituting the coefficients in eq. (A.17) and including the IR brane tension detuning
and dropping the constant terms, we obtain the following radion potential keeping the
leading order in ε and ε′:

Vrad(φ) ≈

τφ
4 − αvφ4−ε′ φ > φm

(τ − αχ∗)φ4 + α(χ∗ − χm)
(
χm− ε4 (χ∗−χm)

v

)ε/ε′
φ4+ε φ� φm

, (A.18)

where τ ≡ τIR + 12M3
5 − α2/8 and τIR is allowed to be detuned away from the RS value

−12M3
5 .

We can choose τ > 0 and τ ′ ≡ τ − αχ∗ < 0 while all other parameters in eq. (A.18)
are positive. For this choice of parameters, the above potential in eq. (A.18) has only one
minimum which is located in the φ < φm range:

〈φ〉 ∼
(

v

χm(1− ε/8)

)1/ε′ (−2τ ′

αχm

)1/ε
, (A.19)

where we have used χm ≈ 2
3χ∗ to simplify the expression. This completes the derivation of

eqs (5.10) and (5.11), mentioned in section 5.
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