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1 Introduction

Since the discovery of the new particle h(125) with the mass of 125GeV [1, 2], it has turned
out that its properties are in agreement with those of the Higgs boson in the standard model
(SM) within uncertainties of the current data [3, 4]. Although no signal for new physics
beyond the SM (BSM) has been observed at the LHC up to now, it is widely believed that
the SM must be replaced by a more fundamental theory because of the following reasons.
First of all, the SM does not contain gravity. Second, there is no unified description for the
gauge groups and the flavor structure. Third, the SM suffers from the hierarchy problem.
Finally, there are phenomena which cannot be explained within the SM, such as dark
matter, baryon asymmetry of the universe and tiny neutrino masses.
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While the Higgs boson h(125) was found, the structure of the Higgs sector remains
unknown. There is no theoretical principle to insist on the minimal structure of the Higgs
sector as introduced in the SM. Actually, non-minimal Higgs sectors are often introduced
in various new physics models, where above mentioned problems are tried to be solved.
These non-minimal Higgs sectors are characterized by the following properties; 1) the
number of Higgs fields and their representations under the SM gauge symmetry, 2) the
global symmetry structure of the Higgs potential, and 3) typical mass scales of additional
Higgs bosons. The current and future experiments are expected to reveal the structure
of the Higgs sector through precision measurements of the discovered h(125) particle and
also direct searches of new particles. By reconstructing the Higgs sector experimentally,
the direction of new physics can be determined.

For a long time, several important experimental constraints have been known on the
extended Higgs sector, such as the suppression of flavor changing neutral currents (FCNCs)
and the electroweak rho parameter is close to unity [5]. After the Higgs boson discovery, it
has also turned out that the couplings of h(125) with various SM particles are consistent
with the predictions in the SM under the current experimental and theoretical uncertain-
ties [3, 4]. This alignment, together with other data such as from LEP [6–8], LHC [9–11]
and flavor experiments [12–14], severely constrains the nature of the Higgs sector.

It is an important question how we can explain the above experimental constraints in
the extended Higgs models. One simple solution is to consider the decoupling of additional
degree of freedoms. In this scenario, the typical mass scale of new particles is so high that
effects of the new physics on the electroweak observables are suppressed by the decoupling
theorem [15]. As an alternative, we may consider another scenario where some mechanism
predicts extended Higgs models which are phenomenologically SM like without decoupling.
This non-decoupling scenario would be motivated, for example, to realize the strong first or-
der phase transition [16, 17] which are required for successful electroweak baryogenesis [18],
to explain the relic abundance of dark matter by weak interacting massive scalars [19–22],
and to radiatively generate the neutrino tiny masses [23–25]. Furthermore, this scenario
can be tested at the current LHC experiments and future collider experiments such as the
high-luminocity upgrade of the LHC (HL-LHC) [26] and the International Linear Collider
(ILC) experiments [27, 28].

In this paper, we consider the two Higgs doublet model (2HDM) [29–31] as the concrete
example. This model is one of the well-motivated extensions of the SM, and provides
interesting phenomenology such as the CP-violation in the scalar sector, strong first order
phase transition, stable new scalar as a candidate of dark matter and so on. Although the
general 2HDM also suffers from above mentioned problems, it is widely known that one can
naturally explain the current data for low energy observables if the Higgs sector respects
some symmetries such as the Z2 symmetry [32, 33] or the custodial symmetry [34–37].
The global symmetry structure of the Higgs potential in the 2HDM has been studied in
refs. [21, 38–41]. Among possible symmetries, we focus on the twisted custodial symmetry
which was presented in ref. [36]. If the Higgs potential respects this global symmetry at the
electroweak scale, one can explain ρ ' 1 and the h(125) couplings to be SM like at the same
time, where ρ represents electroweak rho parameter. However, it is rather unlikely that the
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Higgs potential exactly respects the twisted custodial symmetry at the electroweak scale,
because this global symmetry is not the symmetry of the whole theory, and it is broken
under the renormalization group (RG) evolution.

We here assume that the 2HDM is the low energy effective theory up to a high energy
scale Λ, above which a more fundamental theory should appear. In this scenario, the
structure of the effective 2HDM shall reflect the nature of the theory at higher energy.
This type of the scenarios have been discussed in the different contexts in refs. [42, 43].
The realizations of the alignment from the concrete higher-energy models are discussed
in refs. [44–46]. We make the assumption that the Higgs potential respects the twisted
custodial symmetry at the high scale Λ without a specific high energy theory in mind. In
this scenario, we examine whether ρ ' 1 and approximately aligned Higgs boson couplings
can be naturally realized at the electroweak scale without decoupling of additional Higgs
bosons. This scenario gives the following distinctive predictions at the electroweak scale.
The CP-odd Higgs boson tends to be heavier than other Higgs bosons. Masses of the
additional CP-even Higgs boson and the charged Higgs bosons are almost degenerate.
Furthermore, if Λ is as large as the Planck scale, the difference of squared masses between
the CP-odd Higgs boson and the second CP-even Higgs boson converges to a definite
value. We also find that the several percent of modifications of the couplings between the
SM-like Higgs boson and fermons are predicted if Λ is close to the Planck scale, while
the couplings between the SM-like Higgs boson and gauge bosons take SM-like values.
Therefore, this scenario can be tested through the direct search of additional Higgs bosons
and the precision measurement of the SM-like Higgs boson couplings at the current and
future collider experiments.

This paper is organized as follows. In section 2, we review 2HDMs and the twisted
custodial symmetry proposed in ref. [36]. In section 3, we describe our strategy of the
numerical analysis and present violations of the twisted custodial symmetry generated
under the RG evolution from the scale Λ to the electroweak scale. In section 4, we show
predictions for the mass spectrum of additional Higgs bosons and the SM-like Higgs boson
couplings. The discussion and conclusions are given in section 5. We summarize the
useful formulae of the parameters of the Higgs potential in appendix A. The one-loop RG
equations of 2HDMs are summarized in appendix B.

2 Two Higgs doublet models and the twisted custodial symmetry

In the 2HDM, we have two SU(2)L doublet fields Φ1 and Φ2 with a hypercharge Y = 1/2.
In the most general 2HDM, FCNCs can appear at tree level and it is severely constrained
by the experimental data. If the Higgs sector respects the (softly-broken) discrete Z2
symmetry; Φ1 → Φ1,Φ2 → −Φ2, the tree-level FCNCs are prohibited [32, 33]. According
to the Z2 charge assignment of right-handed fermions given in table 1, the 2HDM can be
classified into four independent models, i.e. Type-I, Type-II, Type-X and Type-Y [47, 48].
In this paper, we consider the softly-broken Z2 symmetric Higgs sector.1

1There is another approach where the flavor alignment ansatz is assumed, and two sets of the Yukawa
matrices are proportional so that the tree-level FCNCs are eliminated [49]. The stability of the flavor
alignment ansatz under the RG evolution was studied in ref. [43].
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Z2 charge Mixing factor
Φ1 Φ2 QL LL uR dR eR ξu ξd ξe

Type-I + − + + − − − cotβ cotβ cotβ
Type-II + − + + − + + cotβ − tan β − tan β
Type-X + − + + − − + cotβ cotβ − tan β
Type-Y + − + + − + − cotβ − tan β cotβ

Table 1. Charge assignment of the softly-broken Z2 symmetry and the mixing factors in Yukawa
interactions.

2.1 2HDMs with the softly-broken Z2 symmetry

In the softly-broken Z2 symmetric scenario, the Higgs potential is given by

V (Φ1,Φ2) = m2
11Φ†1Φ1 +m2

22Φ†2Φ2 − (m2
12Φ†1Φ2 + h.c.)

+ 1
2λ1(Φ†1Φ1)2 + 1

2λ2(Φ†2Φ2)2 + λ3(Φ†1Φ1)(Φ†2Φ2) + λ4(Φ†1Φ2)(Φ†2Φ1)

+ 1
2
[
λ5(Φ†1Φ2)2 + h.c.

]
, (2.1)

where m2
11,m

2
22 and λ1−4 are real parameters while m2

12 and λ5 are complex in general. In
the following, we analyze the CP conserving Higgs sector. This additional assumption is
required when we consider the custodial symmetric Higgs sector as we discuss later.

It is useful to work in the Higgs basis [50] to study the SM-like limit in the 2HDM;(
H1
H2

)
=
(

cosβ sin β
− sin β cosβ

)(
Φ1
Φ2

)
, (2.2)

where the mixing angle is defined by tan β = v2/v1 (0 ≤ β ≤ π/2), and vi (i = 1, 2) are the
vacuum expectation values (VEVs) of the neutral components of doublets in the Z2 basis
given in eq. (2.1); 〈Φ0

i 〉 = vi/
√

2. In the Higgs basis, only one of the Higgs doublets, H1,
has the VEV, v =

√
v2

1 + v2
2 = (

√
2GF )−1/2 ' 246GeV where GF is the Fermi constant.

We parameterize the doublets by

H1 =
(

G+

1√
2(v + h1 + iG)

)
, H2 =

(
H+

1√
2(h2 + iA)

)
. (2.3)

In the Higgs basis, the Higgs potential can be expressed as

V (H1, H2) = Y 2
1 H

†
1H1 + Y 2

2 H
†
2H2 − Y 2

3 (H†1H2 +H†2H1)

+ 1
2Z1(H†1H1)2 + 1

2Z2(H†2H2)2 + Z3(H†1H1)(H†2H2) + Z4(H†1H2)(H†2H1)

+
{1

2Z5(H†1H2)2 +
[
Z6H

†
1H1 + Z7H

†
2H2

]
H†1H2 + h.c.

}
, (2.4)

where Y 2
i and Zi are functions of m2

ij and λi. The explicit formulae of Y 2
i and Zi in terms

of the parameters in the Z2 basis are given in appendix A. The stationary conditions are
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given by

Y 2
1 = −1

2Z1v
2, Y 2

3 = 1
2Z6v

2. (2.5)

We note that not all of parameters in the Higgs basis are independent in the softly-broken
Z2 symmetric scenario as discussed in appendix A.

The mass matrices of the charged states and the CP-odd states are diagonalized in the
Higgs basis,

m2
H± = Y 2

2 + 1
2Z3v

2 = M2 − 1
2(λ4 + λ5)v2, (2.6)

m2
A = Y 2

2 + 1
2(Z3 + Z4 − Z5)v2 = M2 − λ5v

2, (2.7)

where we have introduced the softly Z2 breaking scale M = m12/
√

sin β cosβ. The mass
matrix for the CP-even states is not diagonarazed in the Higgs basis,

1
2
(
h1, h2

)
M2

(
h1
h2

)
= 1

2
(
h1, h2

)(Z1v
2 Z6v

2

Z6v
2 Y 2

2 + 1
2Z345v

2

)(
h1
h2

)
, (2.8)

and we need further rotation to obtain CP-even mass eigenstates h and H,(
H

h

)
=
(

cos (β − α) − sin (β − α)
sin (β − α) cos (β − α)

)(
h1
h2

)
. (2.9)

The squared masses of the CP-even Higgs bosons and the mixing angle β −α are given by

m2
H = cos2 (β − α)M2

11 + sin2 (β − α)M2
22 − sin 2(β − α)M2

12, (2.10)

m2
h = sin2 (β − α)M2

11 + cos2 (β − α)M2
22 + sin 2(β − α)M2

12, (2.11)

tan 2(β − α) = −2M2
12

M2
11 −M2

22
. (2.12)

We use the convention where sin (β − α) is always positive, i.e. 0 ≤ β − α ≤ π, and
cos (β − α) has the opposite sign from Z6 [51]. In this paper, we identify h as the discovered
Higgs boson h(125), and all additional scalar bosons are assumed to be heavier than h(125).

2.2 Alignment limit

In the mass eigenstate, the interaction terms among the gauge bosons and the CP-even
scalars are given by,

Lint = [sin (β − α)h+ cos (β − α)H]
(
m2
W

v
W+µW−µ + m2

Z

2v Z
µZµ

)
. (2.13)

The Yukawa interaction terms among the fermions and the CP-even scalars are given by

Lint = −
∑

f=u,d,e

mf

v

(
ξfhffh+ ξfHffH

)
, (2.14)
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where

ξfh = sin (β − α) + ξf cos (β − α), (2.15)

ξfH = cos (β − α)− ξf sin (β − α), (2.16)

and ξf is the type-dependent parameter given in table 1. When sin (β − α) = 1, the
couplings of h with various SM particles become SM like. We call this SM-like limit,
sin (β − α) = 1, as the alignment limit in this paper.

The alignment limit can be achieved in the different two ways [17, 52–54]: (i) decoupling
of additional Higgs bosons, and (ii) alignment without decoupling.

In the scenario (i), we take the decoupling limit: M2
22 ' M2 � M2

11,M2
12. Then,

we have

cos 2(β − α) = M2
11 −M2

22√
(M2

11 −M2
22)2 + (−2M2

12)2
' −1. (2.17)

Eq. (2.17) indicates β −α ' π/2, and the couplings of h become SM like. In this scenario,
the masses of the additional Higgs bosons are close to M , and they are decoupled from the
electroweak physics.

In the scenario (ii), off-diagonal component of the mass matrix for the CP-even states
is equal to zero;

Z6 = −1
2 sin 2β

[
λ1 cos2 β − λ2 sin2 β − λ345 cos 2β

]
= 0, (2.18)

where we have used the abbreviation λ345 = λ3 + λ4 + λ5. In this scenario, the additional
Higgs bosons need not to be decoupled, and the masses of these particles can be taken
around the electroweak scale. Therefore, this scenario is testable in the current and future
experiments [55, 56]. The simple realization of the condition in eq. (2.18) is taking the
natural alignment conditions [42],

λ1 = λ2 = λ345, (2.19)

where the alignment is realized independently of the value of tan β. We will see that the
Higgs quartic couplings satisfy the natural alignment conditions given in eq. (2.19) if the
Higgs potential respects the twisted custodial symmetry [36] with β 6= 0, π/4 or π/2.

2.3 Oblique parameters

The effect of new physics on the electroweak precision observables can be parameterized in
terms of the oblique parameters, S, T and U [57, 58]. In the 2HDM, the oblique parameters
are modified from those in the SM due to the additional Higgs bosons loop contritions and
modified SM-like Higgs boson couplings.

Among these oblique parameters, the T parameter is related to the rho parameter as
ρ = 1 + αemT , and it is sensitive for the mass squared differences of the Higgs bosons.

– 6 –
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When we decompose the T parameter into the SM contribution TSM and the new physics
effects ∆T , ∆T is given by [59–62]

∆T = 1
16π2αemv2

{
F (m2

H± ,m
2
A) + s2

β−α

[
F (m2

H± ,m
2
H)− F (m2

H ,m
2
A)
]

+ c2
β−α

[
F (m2

h,m
2
H±)− F (m2

h,m
2
A)
]

+ 3c2
β−α

[
F (m2

H ,m
2
Z)− F (m2

H ,m
2
W )
]

+ 3s2
β−α

[
F (m2

h,m
2
Z)− F (m2

h,m
2
W )
]
− 3

[
F (m2

href
,m2

Z)− F (m2
href

,m2
W )
]}
, (2.20)

where we have used abbreviations of sβ−α = sin (β − α) and cβ−α = cos (β − α). The
function F (x, y) is defined by

F (x, y) = x+ y

2 − xy

x− y
ln x
y
, (2.21)

and F (x, x) = 0. If one of the following relations; (A) , (B) or (C) is satisfied, the loop
corrections due to the additional Higgs bosons are canceled, and ∆T becomes small;

(A) : mA = mH± , (2.22)
(B) : mH = mH± and sin (β − α) = 1, (2.23)
(C) : mh = mH± and cos (β − α) = 1. (2.24)

The possible value of ∆T is strictly constrained by the electroweak precision data [5, 14],
and we expect that one of the above conditions is realized at the electroweak scale at least
approximately. We will see that the condition (B) is derived as a consequence of the twisted
custodial symmetry in the Higgs potential, and we can understand the smallness of ∆T in
terms of the global symmetry structure of the Higgs potential.2

2.4 Twisted custodial symmetry in the 2HDMs

We introduce bi-doublet fields [34–36, 63] to study the structure of the Higgs potential
especially for the SU(2)L × SU(2)R global symmetry.

Mi = (iσ2H
∗
i , Hi), (i = 1, 2), (2.25)

where σ2 is the second matrix of the Pauli matrices σa (a = 1, 2, 3). These bi-doublet fields
transform under the local gauge transformations as follows,

SU(2)L : Mi → exp [igαa(x)τa]Mi, U(1)Y : Mi →Mi exp [−ig′Y α4(x)σ3], (2.26)

where τa = σa/2. We note that we may also use the following bi-doublets,

MiP ≡Mi exp [−iχσ3] = Midiag(e−iχ, eiχ), with 0 ≤ χ < 2π, (2.27)
2We note that opposite statement is not true. The condition (B) does not imply the presence of the

twisted custodial symmetry in the Higgs potential. As we discuss in section 2.4, we need further degeneracy
among the masses of charged Higgs boson, the additional CP-even Higgs boson and the softly Z2 breaking
scale M to realize the twisted custodial symmetry.
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to construct the gauge-invariant Higgs potential since the U(1)Y transformation of bi-
doublet fields commutes with P .

In the Higgs basis, we defined H1 such that the VEV of this field is real and positive.
Therefore, we consider M1 and M ′2 = M2P as building blocks of the Higgs potential. The
SU(2)L × SU(2)R transformations of M1 and M ′2 are given by

M1 → LM1R
†, M ′2 → LM ′2R

†, (2.28)

where L ∈ SU(2)L, R ∈ SU(2)R. We can construct four SU(2)L ×U(1)Y invariants as

Tr(M †1M1) = 2|H1|2, (2.29)

Tr(M ′†2M ′2) = 2|H2|2, (2.30)

Tr(M †1M ′2) = eiχH†1H2 + e−iχH†2H1, (2.31)

Tr(M †1M ′2σ3) = eiχH†1H2 − e−iχH†2H1, (2.32)

where Tr(M †1M1),Tr(M ′†2M ′2) and Tr(M †1M ′2) are hermitian and SU(2)L×SU(2)R invariant.
On the other hand, Tr(M †1M ′2σ3) is anti-hermitian and does not respect SU(2)L × SU(2)R
symmetry.

The Higgs potential can be rewritten in terms of these invariants as

V (M1,M
′
2) = 1

2Y
2

1 Tr(M †1M1) + 1
2Y

2
2 Tr(M ′†2M ′2)− Re(Y 2

3 e
−iχ)Tr(M †1M ′2)

+ 1
8Z1 Tr2(M †1M1) + 1

8Z2 Tr2(M ′†2M ′2) + 1
4Z3 Tr(M †1M1)Tr(M ′†2M ′2)

+ 1
4[Z4 + Re(Z5e

−2iχ)]Tr2(M †1M ′2)

+ 1
2[Re(Z6e

−iχ) Tr(M †1M1) + Re(Z7e
−iχ) Tr(M ′†2M ′2)]Tr(M †1M ′2)

− i Im(Y 2
3 e
−iχ) Tr(M †1M ′2σ3)− 1

4[Z4 − Re(Z5e
−2iχ)]Tr2(M †1M ′2σ3)

+ i

2Im(Z5e
−2iχ) Tr(M †1M ′2)Tr(M †1M ′2σ3)

+ i

2[Im(Z6e
−iχ) Tr(M †1M1) + Im(Z7e

−iχ) Tr(M ′†2M ′2)]Tr(M †1M ′2σ3). (2.33)

As we mentioned, Z6 and Z7 are expressed in terms of Z1−5 and tan β in the softly-broken
Z2 symmetric scenario.

If we assume the global SU(2)L × SU(2)R symmetry, we obtain

Im(Y 2
3 e
−iχ) = Im(Z5e

−2iχ) = Im(Z6e
−iχ) = Im(Z7e

−iχ) = 0, (2.34)
Z4 = Re(Z5e

−2iχ). (2.35)

In order to satisfy eqs. (2.34) and (2.35), CP invariance is required in the Higgs poten-
tial [63]. When the Higgs potential is CP invariant, one can rephase the Higgs basis field
H2 so that the Y 2

i and Zi are real, and we have

Z4 = Z5 for χ = 0, π, (2.36)
or

Z4 = −Z5 and Y 2
3 = Z6 = Z7 = 0 for χ = π/2, 3π/2. (2.37)

– 8 –
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where we have used eq. (2.34) to derive the second conditions of eq. (2.37). These conditions
can be expressed in terms of the parameters in eq. (2.1), respectively,

λ4 = λ5, for χ = 0, π, (2.38)
or

λ4 = −λ5, λ1 = λ2 = λ3 for χ = π/2, 3π/2. (2.39)

The former case shown in eq. (2.38) corresponds to the usual realization of the custodial
symmetry (mA = mH±) introduced in ref. [35], and the latter case in eq. (2.39) is so-called
the twisted custodial symmetry [36]. We can see that the natural alignment conditions
given in eq. (2.19) are realized if the Higgs potential respects the twisted custodial sym-
metry. We note that the conditions in eq. (2.39) are relaxed if β = 0, π/4 or π/2 as we
discuss in appendix A.

In the twisted-custodial symmetric scenario, the Higgs potential is given by

V (H1, H2) = Y 2
1 H

†
1H1 + Y 2

2 H
†
2H2 + 1

2ZS(H†1H1 +H†2H2)2 − ZAS(H†1H2 −H†2H1)2,

(2.40)

where we have introduced ZS = Z1 = Z2 = Z3 and ZAS = Z4 = −Z5. The masses of the
physical Higgs bosons are expressed by

m2
h = ZSv

2, (2.41)

m2
H± = m2

H = M2 = Y2 + 1
2ZSv

2, (2.42)

m2
A = M2 + ZASv

2. (2.43)

We note that all scalars are simultaneously diagonalized in the Higgs basis, and we can
identify h = h1 and H = h2. This indicates that sin (β − α) = 1 in the twisted-custodial
symmetric scenario. As we discussed in the previous subsection, ∆T becomes small when
A is degenerate with H± or when H is degenerate with H± in the alignment limit. These
conditions are naturally realized when the Higgs potential respects the custodial symmetry.
We note that in order to realize the small T parameter only, the degeneracy between M2

and m2
H±(= m2

H) is not always needed. This indicates that Z7 can take a non-zero value
while keeping the smallness of the T parameter at the one-loop level. However, we have
finite scalar-loop contributions to ∆T at two-loop level in such a scenario [64]. In this
paper, we do not consider such a scenario and, we concentrate on explaining the values of
low energy observables in terms of the global symmetry of the Higgs potential.

As it is pointed out in ref. [63], the CP quantum numbers of H and A cannot be
determined only from the Higgs potential when Z6 = Z7 = 0. If neutral Higgs-fermion
interactions are CP conserving, as the case we are considering, we can determine such
that H is CP-even and A is CP-odd. In the twisted-custodial symmetric scenario defined
in eq. (2.37), H± and the CP-even scalar H are degenerate in mass and this scenario
is different from Case II in ref. [35] where H should be regarded as the CP-odd state.
Therefore, we can treat tan β as a free parameter differently from Case II where tan β = 1
is required.

– 9 –



J
H
E
P
0
2
(
2
0
2
1
)
0
4
6

As it is well known that Yukawa coupling constants and the U(1)Y gauge coupling g′

violate the custodial symmetry, so that this global symmetry is not the symmetry of the
whole 2HDM Lagrangian. Therefore, the relations among the Higgs quartic couplings given
in eq. (2.39) are broken under the RG evolution. Although we can explain the observed
data of ∆T and aligned Higgs boson couplings by the twisted custodial symmetry in the
Higgs potential, those violations indicate the peculiarity of the scenario where the Higgs
potential exactly respects the twisted custodial symmetry at the electroweak scale. In
the following sections, we investigate the possibility of the approximate realization of the
twisted custodial symmetry at the electroweak scale, starting from a twisted-custodial
symmetric theory at some higher scale Λ.

3 Boundary conditions and other setup for our scenario

In this section, we discuss constraints on S and T parameters and the Higgs boson couplings
in the twisted-custodial symmetric scenario at a high energy scale Λ. We use the one-loop
RG equations in the following analysis. The list of the one-loop RG equations can be found
in appendix B.

3.1 Boundary conditions at Λ

There are works in which several authors investigated the validity of the 2HDM up to
higher energy scale and bounds of the masses of Higgs bosons through the RG evolution
of the Higgs quartic couplings [65–67]. After the Higgs boson discovery, the possible cutoff
scale was examined under the current experimental data [68–70]. In these works, the
experimental constraints on the oblique parameters and the SM-like Higgs boson couplings
are satisfied as the initial conditions of the RG evolution at the electroweak scale. We
can study the structure of the Higgs potential along this line by assuming that a global
symmetry is exactly realized at the electroweak scale. However, such a scenario is not
plausible unless the global symmetry is a symmetry of the whole theory, because the Higgs
potential no longer respects the global symmetry at any other scale.

In this paper, we investigate the possible explanation for the observed data at and
below the electroweak scale in terms of the global symmetry of the Higgs potential at some
higher scale Λ above which a fundamental theory should appear. Below Λ, the twisted-
custodial symmetric 2HDM appears as the low energy effective theory. Following this
scenario, we impose the condition of eq. (2.39) at the scale Λ,

λ4(Λ) = −λ5(Λ), λ1(Λ) = λ2(Λ) = λ3(Λ). (3.1)

As we have already mentioned, the conditions in eq. (3.1) can be relaxed if β = 0, π/4 or
π/2. However we adopt the conditions in eq. (3.1) as the boundary conditions at the scale
Λ for simplicity. The twisted custodial symmetry in the Higgs potential is broken under
the RG evolution from Λ to the electroweak scale due to the corrections of g′ and yi, so
that we expect that the conditions in eq. (3.1) are broken at the electroweak scale.

3.2 Theoretical and experimental bounds

We numerically generate the parameters under the boundary conditions in eq. (3.1). We
also impose the following theoretical conditions at and below Λ. First, we require (a)
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vacuum stability conditions [21, 66, 71–73] which ensure that the Higgs potential is bounded
from below in any direction with a large scalar field value. These conditions are given by

λ1(µ) > 0, λ2(µ) > 0,√
λ1(µ)λ2(µ) + λ3(µ) + min[0, λ4(µ) + λ5(µ), λ4(µ)− λ5(µ)] > 0. (3.2)

Second, we require (b) perturbative unitarity bound [74–77] which imposes that all the
independent eigenvalues of the T matrix, a0

i,± (i = 1-6), for the S-wave amplitude of the
elastic scatterings of 2-body boson states satisfy∣∣∣a0

i,±

∣∣∣ ≤ 1, (3.3)

where each of a0
i,± is given by

a0
1,± = 1

32π

[
3(λ1(µ) + λ2(µ))±

√
9(λ1(µ)− λ2(µ))2 + 4(2λ3(µ) + λ4(µ))2

]
, (3.4)

a0
2,± = 1

32π

[
(λ1(µ) + λ2(µ))±

√
(λ1(µ)− λ2(µ))2 + 4λ2

4(µ)
]
, (3.5)

a0
3,± = 1

32π

[
(λ1(µ) + λ2(µ))±

√
(λ1(µ)− λ2(µ))2 + 4λ2

5(µ)
]
, (3.6)

a0
4,± = 1

16π (λ3(µ) + 2λ4(µ)± 3λ5(µ)), (3.7)

a0
5,± = 1

16π (λ3(µ)± λ4(µ)), (3.8)

a0
6,± = 1

16π (λ3(µ)± λ5(µ)). (3.9)

Finally, we also require (c) absence of the Landau pole;

λi(µ) < 8π, y2
f (µ) < 4π. (3.10)

To evaluate the λi(µ), (mZ ≤ µ < Λ) from λi(Λ), we need to know the values of the gauge
couplings gi(Λ) and Yukawa couplings yi(Λ). At the one-loop level, the beta functions
of gi are independent of both λi and yi, and therefore gi(Λ) can be evaluated from the
inputs gi(mZ). Furthermore, the beta functions of yi are independent of λi, so that we
can evaluate yi(Λ) from the inputs values of mf and tan β at the electroweak scale. For
given values of λi(Λ), yi(Λ) and gi(Λ), we calculate λi(µ), yi(µ) and gi(µ) iteratively by
using the RG equations and confirm that the conditions (a), (b) and (c) are satisfied at
each step until the electroweak scale. For the RG analysis, we include the contributions
of third generation fermions, i.e. t, b and τ , and safely neglect the contributions of other
generations.

To translate λi(mZ) into the masses of the Higgs bosons and the mixing angle β − α,
we need to know the value of M . We scan M between [0, 1000]GeV, and check whether
the parameters satisfy (d) the global minimum condition [78, 79];

D = m2
12(m2

11 − k2m2
22)
(
v2
v1
− k

)
> 0, (3.11)
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where k = 4
√
λ1/λ2. We extract parameters which reproduce the mass of the discovered

Higgs boson mh ' 125GeV. We allow the 5% error on the deduced value of mh instead
of imposing a more strict constraint, because our numerical analysis is done at the one-
loop order.

We evaluate S and T parameters and confirm whether the predicted values are con-
sistent with the current experimental data; S = 0.02 ± 0.10, T = 0.07 ± 0.12 and the
92% correlation among them [5]. We require the agreement between the predictions and
observed data to be at the 2σ level [80].

The mixing of the CP-even scalars, cos (β − α), is evaluated from λi(mZ),M and tan β.
We check whether the predicted value of cos (β − α) satisfies the current experimental
bound at the 2σ level [3, 4].

3.3 Violation of the twisted custodial symmetry at the electroweak scale

In the twisted-custodial symmetric scenario, smallness of the ∆T parameter and the SM-
like Higgs boson couplings are realized by the conditions in eq. (2.39). However, these
conditions would be violated at the electroweak scale even if the Higgs potential respects
the twisted custodial symmetry at the high scale Λ. In this subsection, we analyze the
violation of the conditions in eq. (2.39) under the current experimental data.

In the following discussion, we show the results in the case of tan β = 5 in Type-I as
a representative. We have checked that the results for Type-X and Type-Y are similar
for the those for Type-I and Type-II, respectively. Furthermore, the difference between
Type-I and Type-II mainly comes from the b→ sγ constraint on the charged Higgs boson
in Type-II: mH± & 580GeV [13]. As we will see later, in our scenario, H± and H are
almost degenerate and they are lighter than A. This implies that all of the additional
Higgs bosons are heavier than 580GeV in Type-II, and it will be turned out that these are
enough heavy to realize the alignment in our scenario.

We have also checked that the behaviors of λi couplings are almost same for various
tan β as long as tan β . 20 and tan β is not close to unity. In Type-II and Y, bottom
Yukawa coupling is enhanced if tan β is large, and it may break the twisted custodial
symmetry, however if the masses of the additional Higgs bosons are several hundred GeV,
large tan β regions are excluded by A→ ττ and A→ bb̄ decay modes [9, 11, 12]. In Type-
X, tau Yukawa coupling is enhanced when we take large tan β, and such parameter regions
are still allowed even when the masses of additional Higgs bosons are several hundred
GeV. However, the following discussions are also valid when tan β . 20, and we do not
discuss larger tan β scenario in Type-X in this paper. We will discuss about the case of
tan β ' 1 later.

The left panel of figure 1 shows the possible values of λ4(mZ) and λ5(mZ). We can
see that this scenario can be valid up to Λ = 1019 GeV, and a part of the twisted-custodial
conditions in eq. (2.39), λ4(mZ) = −λ5(mZ), is approximately valid independently of the
value of Λ. The sign of λ4(mZ) tends to be positive, and its value converges to a small
region if we take Λ to close to the Planck scale.
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Figure 1. (Left) Values of λ4 and λ5 at the electroweak scale for tan β = 5 in Type-I. (Right)
Possible values of Z1 and λ4 at the electroweak scale. The points in different colors correspond to the
different value of Λ [GeV]. Dashed line shows the value of Z1 which corresponds tomh = 125±6GeV
in the alignment limit.

The stability of λ4 + λ5 = 0 can be understood by the form of the beta function,

Type-I : 16π2d(λ4 + λ5)
d lnµ = 2(λ1 + λ2 + 4λ3 + 2λ4 + 4λ5)(λ4 + λ5)

− 3(3g2 + g′2)(λ4 + λ5)
+ 2(3y2

t + 3y2
b + y2

τ )(λ4 + λ5) + 3g2g′2. (3.12)

As we have already mentioned, g′ and yi break the twisted custodial symmetry. Even
if λ4 + λ5 = 0 at an initial point, λ4 + λ5 is generated via the g2g′2 term. However, this
violating effect is negligible. In Type-II and Y, we also have the y2

t y
2
b contribution to λ4+λ5.

However, we confirmed that this effect is also small, and λ4 +λ5 = 0 is approximately valid
at the electroweak scale.

The right panel of figure 1 shows the predicted value of Z1(mZ). As we have discussed,
λ4(mZ) tends to be positive and its value looks to converge to a small region. These
behavior can be understood by looking at the predicted value of Z1(mZ). In the alignment
limit, the mass of h(125) is given by

m2
h = Z1v

2 = [λ1 cos4 β + λ2 sin4 β + 2λ345 sin2 β cos2 β]v2

' [λ1 cos4 β + λ2 sin4 β + 2λ3 sin2 β cos2 β]v2, (3.13)

where we have used λ4 + λ5 ' 0 in the last equality. To reproduce mh ' 125GeV, Z1
should be m2

h/v
2 ' 0.26 in the alignment regions. However, if λ4 is negative, the vacuum

stability condition; √
λ1λ2 + λ3 + λ4 − λ5 '

√
λ1λ2 + λ3 + 2λ4 > 0, (3.14)

sets the minimum value of Z1 as

Z1 ' (
√
λ1 cos2 β −

√
λ2 sin2 β)2 + 2(

√
λ1λ2 + λ3) sin2 β cos2 β

> (
√
λ1 cos2 β −

√
λ2 sin2 β)2 − 4λ4 sin2 β cos2 β. (3.15)
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Figure 2. (Left) Values of λ1 − λ3 and λ2 − λ3 at the electroweak scale for tan β = 5 in Type-I.
The dashed line shows the parameter points where λ1 = λ2. (Right) The decoupling behavior in
the high-scale twisted-custodial-symmetric scenario. The points in different colors correspond to
the different value of Λ [GeV].

This condition excludes Z1(mZ) ' 0.26 for almost all values of negative λ4(mZ) in the
alignment region. Even positive λ4, possible parameters with Z1 ' 0.26 are limited when
Λ is very high scale. This is why the value of λ4(mZ) converges to a small region with
mh ' 125GeV in the approximately alignment.

The left panel of figure 2 shows the possible values of λ1 − λ3 and λ2 − λ3 at the
electroweak scale. As we can see, both λ1 − λ3 and λ2 − λ3 take non-zero values, so that
λ1 6= λ3 and λ2 6= λ3. Furthermore, most of the parameter points are away from the dotted
line which indicates λ1 = λ2, so that the second condition λ1 = λ2 = λ3 is violated at the
electroweak scale. This violation generates the off-diagonal component of the mass matrix
for the CP-even scalars, and it predicts deviations in the couplings of h(125) with various
SM particles from those in the SM.

The right panel of figure 2 shows the decoupling behaviors in this scenario. We can
see that mH± & 300GeV is enough heavy to achieve the alignment which satisfy the
current experimental data [3, 4]. Although Z6 is generated via RG running, its value is
not so large comparing with the possible values which are allowed at the electroweak scale
under the theoretical constraints. Therefore, the decoupling-like behaviors appear even
with relatively light additional Higgs bosons. Thus, the alignment can be approximately
realized without decoupling of the additional Higgs bosons due to the twisted custodial
symmetry of the Higgs potential at the scale Λ. In the Type-II scenario, same argument
is valid, however mH± . 580GeV is excluded by the constraint of b→ sγ [13].

4 Predictions from the boundary conditions

4.1 Mass spectrum of the additional Higgs bosons

In this subsection, we analyze the prediction on the mass spectrum of the additional Higgs
bosons in the twisted-custodial symmetric scenario at the high energy scale Λ. In the
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Figure 3. Possible mass differences among the additional Higgs bosons for tan β = 5 in Type-I.
The left figure shows M -independent mass-squared differences. The right figure shows the mass
difference between A and H± as a function of M . The points in different colors correspond to the
different value of Λ [GeV].

alignment region, sin (β − α) ' 1, the masses of the additional Higgs bosons are given in
terms of the parameters in the Z2 basis,

m2
H 'M2 + 1

4(λ1 + λ2 − 2λ345)v2 sin2 2β, (4.1)

m2
H± = M2 − 1

2(λ4 + λ5)v2, (4.2)

m2
A = M2 − λ5v

2. (4.3)

The left panel of figure 3 shows the predicted mass squared differences in this scenario.
We can see that A tends to be heavier than H±, while H is approximately degenerate with
H± in the almost parameter spaces. To understand the prediction of the mass spectrum, we
simplify the mass difference of the additional Higgs bosons using the condition λ4 +λ5 ' 0
which is valid even at the electroweak scale as shown in the left panel of figure 1,

m2
A −m2

H±

v2 = λ4,
m2
H −m2

H±

v2 = (λ1 + λ2 − 2λ3) cot2 β

( 1
1 + cot2 β

)2
. (4.4)

The positivity and convergence behavior of the squared mass difference between A and H±

are the consequences of the prediction on λ4(mZ) which has been discussed in the previous
section. Since λ1 − λ3 and λ2 − λ3 take non-zero values as shown in figure 2, the mass
squared difference between H and H± is not zero. However, this difference becomes small
if tan β is not close to unity because λ1−λ3 and λ2−λ3 are O(10−1) and cot2 β suppresses
the possible mass squared difference. Therefore, the following mass spectrum is predicted
in this scenario,

mA & mH ' mH± . (4.5)
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Then, we can see that the condition (B) given in Eq (2.23) is realized, and the smallness of
∆T can be explained as a consequence of the twisted custodial symmetry at the scale Λ.

The right panel of figure 3 shows the behavior of the mass difference ∆m = mA−mH± ,
where ∆m can be written as

∆m 'M

√1 + λ4v2

M2 − 1

 , (µ = mZ). (4.6)

If we take the decoupling limit M →∞, ∆m is close to zero as depicted in the right panel
of figure 3. We note that the mass squared differences in eq. (4.4) are M independent
quantities, while ∆m is M dependent quantity. If we determine ∆m and masses of H and
H±, we can determine λ4 and it imposes the upper bound of Λ.

We mention here the case of tan β ' 1. In this case, there is no cot2 β suppression in
eq. (4.4), and mH −mH± can be taken about 50GeV as the maximum value. However,
these low tan β regions are constrained by the b → sγ experiments, and mH± & 600GeV
even in the Type-I and X [12].

4.2 Deviations in the Higgs boson couplings

In this subsection, we discuss deviations in the SM-like Higgs boson couplings with gauge
bosons, quarks and leptons [55] in our scenario. It is convenient to define the scaling factors
by normalizing the coupling constants of the SM Higgs boson,

Lint = κV h

(
m2
W

v
W+µW−µ + m2

Z

2v Z
µZµ

)
−

∑
f=u,d,e

κfh
mf

v
ff. (4.7)

From Eqs (2.13) and (2.14), κ factors are given at tree level by

κV = sin (β − α), κf = ξfh = sin (β − α) + ξf cos (β − α). (4.8)

When κV = κf = 1, the couplings of the SM-like Higgs boson take the SM values, and
this SM-like limit can be achieved when sin (β − α) = 1. As we have seen in section 3,
the alignment is approximately realized at the electroweak scale, and this implies that
κV is necessarily close to the SM value in our scenario. For example, | cos (β − α)| ≤
0.06 when tan β = 5 and mH± ≥ 300GeV in Type-I as in figure 2, and it corresponds
to κV ≥ 0.998. It is difficult to measure this O(10−1)% deviation of κV even in the
future precision measurement such as the HL-LHC and the ILC. However, κf can be
more deviated from unity, because deviations are enhanced by tan β except for Type-I.
Furthermore, the directions of modifications for κd and κe are highly different in four types
of Yukawa interactions. Therefore, we can discriminate the type of 2HDMs through the
precise measurement of κf [55].

The left panel of figure 4 shows the predicted values of κe and κd for the each type of
2HDMs. We have plotted the predicted points for tan β = 1, 1.5, 2, 3 and 5 with 600 GeV ≤
M ≤ 700GeV. For illustration purpose, we slightly shift lines along with κx = κy in order
to show tan β dependence in Type-I and II. From the definition of the scaling factors in
eq. (4.7), the point κd = κe = 1 corresponds to the SM-like limit. As we can see, Λ can
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Figure 4. Predictions on the scaling factors of the SM-like Higgs boson in 2HDMs. The left figure
shows the predicted values of κd and κe. The right figure shows those of κu and κd. tan β =
1, 1.5, 2, 3 and 5 with 600GeV ≤M ≤ 700GeV are chosen as representatives. The points in different
colors correspond to the different value of Λ [GeV].

be taken to the Planck scale if tan β ≥ 1.5. When tan β = 1, we cannot take Λ to be the
Planck scale and its maximal value is around 1014 GeV. This is because the square of the
top Yukawa coupling becomes larger than 4π during RG evolution when tan β = 1, and
there is no solution above µ = 1014 GeV independently of the values of λi(Λ). In Type-
II, both of κd and κe deviate from SM values because ξd = ξe = − tan β enhance these
deviations. In Type-X (Y), the modification of κe (κd) is enhanced, while κd (κe) closes
to unity when we take larger value of tan β because its deviation proportional to cotβ. In
Type-I, both κd and κe approach to unity when we take larger value of tan β.

The right panel of figure 4 shows the predicted values of κu and κd. We slightly shift
lines along with κx = κy in order to show tan β dependence in Type-I as in the left panel.
The point κu = κd = 1 corresponds to the SM-like limit. Although the predicted values
of cos (β − α) depend on the type of 2HDM, we only show the results in Type-I and II,
because the scaling factors κu and κd are same in Type-I (II) and X (Y), and the difference
of predicted values between Type-I (II) and X (Y) which comes from the tau Yukawa
coupling in the beta functions is almost negligible. The modification of κu is proportional
to cotβ independently of the types of 2HDM, and it closes to unity when we take larger
value of tan β. In Type-II and Y, the modification of κd is enhanced through tan β, while
κd also approachs to unity by the cotβ suppression in Type-I and X.

The possible deviations of κf are determined from the value of cos (β − α) for fixed
tan β, and it is generated from the violating effect of the twisted custodial symmetry under
the RG evolution. Therefore, modifications of the scaling factors become large when we
take Λ to higher scale, and we can expect about 5% deviations of κd and κe when Λ is
the Planck scale. We note that this several percent of deviations in the scaling factors can
be tested at the future HL-LHC and ILC experiments, and we can investigate the possible
scale Λ through the precise measurement of κf .
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Finally, we would like to mention about the difference of our results and previous
works. Discriminations of extended Higgs models through the precise measurement of
the SM-like Higgs boson couplings have been studied at tree level [55] and the one-loop
level [81, 82]. In these works, the masses of the additional Higgs bosons, M and the mixing
angles are considered to be free parameters, and they are scanned under the theoretical
and experimental constraints. However, in our scenario, these values are predicted by the
values of λi at Λ, and the modifications of κf are related to the possible scale Λ. Therefore,
we can utilize the precision measurement of the SM-like Higgs boson couplings not only to
discriminate the types of the Yukawa interactions but also to investigate the new physics
scale Λ, where the global symmetry in the Higgs potential is restored and a fundamental
theory should appear.

5 Discussion and conclusions

One of the signatures of this scenario is the mass spectrum of the additional Higgs bosons.
Especially, the mass difference among CP-odd and lighter states is important observable
which determines the upper bound of Λ. It can be separately measured by directly dis-
covering H± and A through the decay processes such as H± → tb [10], A → ττ [9, 26]
and so on. We note that, if the scale Λ is not so high and ∆m takes O(102)GeV, we can
determine ∆m using the same-sign pair production process of singly charged Higgs bosons
(pp → W±∗W±∗jj → H±H±jj) whose cross section is proportional to the squared mass
difference m2

A −m2
H± in the alignment limit [83, 84]. For the small mass difference, it was

pointed out that the non-decoupling effects in the H±W∓Z vertex are useful to study this
mass difference [85, 86].

This scenario predicts the approximately aligned Higgs boson couplings with gauge
bosons which satisfy the current LHC data. However, we can still investigate the predicted
small mixing between the CP-even states through the precise measurement of the couplings
of the SM-like Higgs boson and fermions. When Λ is close to the Planck scale, several
percent of deviations of κf are predicted, and such deviations can be tested at the future
HL-LHC and ILC experiments.

An interesting application of our scenario would be electroweak baryogenesis. In our
scenario, alignment sin (β − α) ' 1 is naturally realized with relatively light additional
Higgs bosons. Such a non-decoupling situation causes strongly first order phase transition,
which is required for successful electroweak baryogenesis. In our scenario, CP violation in
the Higgs potential should be small at the electroweak scale due to the twisted custodial
symmetry at Λ. Thus, the origin of the CP violation should be in the Yukawa interactions
relaxing the constraint from the softly-broken discrete symmetry. Along this line, our
scenario can be extended to a viable scenario for electroweak baryogenesis.

In this paper, we have utilized the one-loop beta functions to study the predictions on
the electroweak scale observables because the values of Yukawa couplings at the scale Λ
can be determined independently of λi. At the two-loop level, beta functions of Yukawa
couplings depend on λi and we need to make additional parameter scan to reproduce the
correct fermion masses at the electroweak scale. We leave this improvement for future work.
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We have investigated a new scenario of 2HDMs where the current experimental data
for the electroweak rho parameter and those for the Higgs boson couplings can be explained
as a consequence of the global symmetry of the Higgs potential at the high energy scale Λ.
We have assumed that the twisted custodial symmetry results from some unknown theory
at the scale Λ and analyzed the violating effects of the rho parameter and the SM-like
Higgs boson couplings. We found that this scenario can be valid up to Λ = 1019 GeV and
both small ∆T parameter and aligned Higgs boson couplings can be explained even when
the masses of the additional Higgs bosons are around the electroweak scale. This scenario
predicts characteristic mass spectrum of the additional Higgs bosons, where the CP-odd
Higgs boson is heavier than other Higgs bosons. Furthermore, the mass squared difference
between A and H± converges to a definite value if Λ is as large as the Planck scale. In
this scenario, alignment is approximately realized at the electroweak scale, and the Higgs-
gauge couplings are close to the SM values. However the modifications of the couplings
between the SM-like Higgs boson and fermions are sensitive to the violation of alignment,
and several percent of deviations are predicted when Λ is close to the Planck scale.
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A Parameters of the Higgs potential in the Higgs basis

We here list the relations between the parameters of the Higgs potential in the Higgs basis
and those in the Z2 basis in the softly-broken Z2 symmetric scenario [50, 51, 87–89];

Y 2
1 = m2

11 cos2 β +m2
22 sin2 β −m2

12 sin 2β, (A.1)

Y 2
2 = m2

11 sin2 β +m2
22 cos2 β +m2

12 sin 2β, (A.2)

Y 2
3 = 1

2(m2
11 −m22

2 ) sin 2β +m2
12 cos 2β, (A.3)

Z1 = λ1 cos4 β + λ2 sin4 β + 1
2λ345 sin2 2β, (A.4)

Z2 = λ1 sin4 β + λ2 cos4 β + 1
2λ345 sin2 2β, (A.5)

Z3 = 1
4 sin2 2β[λ1 + λ2 − 2λ345] + λ3, (A.6)

Z4 = 1
4 sin2 2β[λ1 + λ2 − 2λ345] + λ4, (A.7)

Z5 = 1
4 sin2 2β[λ1 + λ2 − 2λ345] + λ5, (A.8)

Z6 = −1
2 sin 2β[λ1 cos2 β − λ2 sin2 β − λ345 cos 2β], (A.9)

Z7 = −1
2 sin 2β[λ1 sin2 β − λ2 cos2 β + λ345 cos 2β], (A.10)
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and inversely

m2
11 = Y 2

1 cos2 β + Y 2
2 sin2 β + Y 2

3 sin 2β, (A.11)

m2
22 = Y 2

1 sin2 β + Y 2
2 cos2 β − Y 2

3 sin 2β, (A.12)

m2
12 = −1

2(Y 2
1 − Y 2

2 ) sin 2β + Y 2
3 cos 2β, (A.13)

λ1 = Z1 cos4 β + Z2 sin4 β + 1
2Z345 sin2 2β − 2Z6 sin 2β cos2 β − 2Z7 sin 2β sin2 β, (A.14)

λ2 = Z1 sin4 β + Z2 cos4 β + 1
2Z345 sin2 2β + 2Z6 sin 2β sin2 β + 2Z7 sin 2β cos2 β, (A.15)

λ3 = 1
4 sin2 2β[Z1 + Z2 − 2Z345] + Z3 + (Z6 − Z7) sin 2β cos 2β, (A.16)

λ4 = 1
4 sin2 2β[Z1 + Z2 − 2Z345] + Z4 + (Z6 − Z7) sin 2β cos 2β, (A.17)

λ5 = 1
4 sin2 2β[Z1 + Z2 − 2Z345] + Z5 + (Z6 − Z7) sin 2β cos 2β. (A.18)

In the softly-broken Z2 symmetric scenario, we do not have λ6 and λ7, therefore not all of
Zi are independent and they satisfy following relations,

λ6 = 1
2 sin 2β

[
Z1 cos2 β−Z2 sin2 β−Z345 cos 2β

]
+ Z6 cosβ cos 3β + Z7 sin β sin 3β = 0,

(A.19)

λ7 = 1
2 sin 2β

[
Z1 sin2 β−Z2 cos2 β+Z345 cos 2β

]
+ Z6 sin β sin 3β + Z7 cosβ cos 3β = 0.

(A.20)

When the Higgs potential respects the twisted custodial symmetry, we have

Z4 + Z5 = 0 and Z6 = Z7 = 0, (A.21)

and

λ6 + λ7 = 1
2(Z1 − Z2) sin 2β, (A.22)

λ6 − λ7 = 1
2(Z1 + Z2 − 2Z3) sin 2β cos 2β. (A.23)

If β 6= 0, π/4 or π/2, Z1 = Z2 = Z3 and we have

λ1 = λ2 = λ3, λ4 + λ5 = 0. (A.24)

If β = π/4, λ6 − λ7 = 0 is satisfied independently of λi and we only have

λ1 = λ2 = λ3. (A.25)

When β = 0 or π/2, the Higgs potential is not changed except for the sign of Z2 softly-
broken term, and the twisted custodial symmetry implies

λ4 + λ5 = 0, and m2
12 = 0. (A.26)

In this scenario, only one of the doublets Φ1 or Φ2 obtains the VEV, and this model
corresponds to the inert doublet model [21, 22] if all fermions couple to the doublet which
acquires the VEV.
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B One-loop renormalization group equations for the 2HDMs

We here list the RG equations of dimensionless couplings up to one-loop level for the 2HDMs
with softly-broken Z2 symmetry [31, 69, 70, 90, 91]. The beta functions of SU(3)c, SU(2)L
and U(1)Y gauge couplings, gs, g and g′ are independent of types of Yukawa couplings and
given by

16π2βgs =
(
−11 + 4

3ng
)

= −7g3
s , (B.1)

16π2βg =
(
−22

3 + 4
3ng + 1

6nd
)

= −3g3, (B.2)

16π2βg′ =
(20

9 ng + 1
6nd

)
= 7g′3, (B.3)

where ng is the number of the generation of the fermions and nd is the number of the scalar
doublets. In the 2HDMs, ng = 3 and nd = 2.

B.1 Type-I model

In the Type-I model, Φ1 does not couple to fermions while Φ2 does to all fermions. The β
functions of λi are given by

16π2βλ1 = 12λ2
1 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ1(3g2 + g′2),

(B.4)

16π2βλ2 = 12λ2
2 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ2(3g2 + g′2)

+ 4(3y2
t + 3y2

b + y2
τ )λ2 − 4(3y4

t + 3y4
b + y4

τ ), (B.5)

16π2βλ3 = (λ1 + λ2)(6λ3 + 2λ4) + 4λ2
3 + 2λ2

4 + 2λ2
5 + 3

4(3g4 + g′4 − 2g2g′2)

− 3λ3(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ3, (B.6)

16π2βλ4 = 2(λ1 + λ2)λ4 + 8λ3λ4 + 4λ2
4 + 8λ2

5 + 3g2g′2 − 3(3g2 + g′2)λ4

+ 2(3y2
t + 3y2

b + y2
τ )λ4, (B.7)

16π2βλ5 = 2(λ1 + λ2 + 4λ3 + 6λ4)λ5 − 3λ5(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ5. (B.8)

The β functions of Yukawa couplings are given by

16π2βyt =
(
−8g2

s −
9
4g

2 − 17
12g

′2 + 9
2y

2
t + 3

2y
2
b + y2

τ

)
yt, (B.9)

16π2βyb =
(
−8g2

s −
9
4g

2 − 5
12g

′2 + 3
2y

2
t + 9

2y
2
b + y2

τ

)
yb, (B.10)

16π2βyτ =
(
−9

4g
2 − 15

4 g
′2 + 3y2

t + 3y2
b + 5

2y
2
τ

)
yτ . (B.11)
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B.2 Type-II model

In the Type-II model, Φ1 couples to down-type quarks and leptons while Φ2 does to up-type
quarks. The β functions of λi are given by

16π2βλ1 = 12λ2
1 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ1(3g2 + g′2)

+ 4(3y2
b + y2

τ )λ1 − 4(3y4
b + y4

τ ), (B.12)

16π2βλ2 = 12λ2
2 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ2(3g2 + g′2)

+ 12y2
t λ2 − 12y4

t , (B.13)

16π2βλ3 = (λ1 + λ2)(6λ3 + 2λ4) + 4λ2
3 + 2λ2

4 + 2λ2
5 + 3

4(3g4 + g′4 − 2g2g′2)

− 3λ3(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ3 − 12y2

t y
2
b , (B.14)

16π2βλ4 = 2(λ1 + λ2)λ4 + 8λ3λ4 + 4λ2
4 + 8λ2

5 + 3g2g′2 − 3(3g2 + g′2)λ4

+ 2(3y2
t + 3y2

b + y2
τ )λ4 + 12y2

t y
2
b , (B.15)

16π2βλ5 = 2(λ1 + λ2 + 4λ3 + 6λ4)λ5 − 3λ5(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ5. (B.16)

The β functions of Yukawa couplings are given by

16π2βyt =
(
−8g2

s −
9
4g

2 − 17
12g

′2 + 9
2y

2
t + 1

2y
2
b

)
yt, (B.17)

16π2βyb =
(
−8g2

s −
9
4g

2 − 5
12g

′2 + 1
2y

2
t + 9

2y
2
b + y2

τ

)
yb, (B.18)

16π2βyτ =
(
−9

4g
2 − 15

4 g
′2 + 3y2

b + 5
2y

2
τ

)
yτ . (B.19)

B.3 Type-X model

In the Type-X model Φ1 couples to leptons while Φ2 does to all quarks. The β functions
of λi are given by

16π2βλ1 = 12λ2
1 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ1(3g2 + g′2)

+ 4y2
τλ1 − 4y4

τ , (B.20)

16π2βλ2 = 12λ2
2 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ2(3g2 + g′2)

+ 4(3y2
t + 3y2

b )λ2 − 4(3y4
t + 3y4

b ), (B.21)

16π2βλ3 = (λ1 + λ2)(6λ3 + 2λ4) + 4λ2
3 + 2λ2

4 + 2λ2
5 + 3

4(3g4 + g′4 − 2g2g′2)

− 3λ3(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ3, (B.22)

16π2βλ4 = 2(λ1 + λ2)λ4 + 8λ3λ4 + 4λ2
4 + 8λ2

5 + 3g2g′2 − 3(3g2 + g′2)λ4

+ 2(3y2
t + 3y2

b + y2
τ )λ4, (B.23)

16π2βλ5 = 2(λ1 + λ2 + 4λ3 + 6λ4)λ5 − 3λ5(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ5. (B.24)
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The β functions of Yukawa couplings are given by

16π2βyt =
(
−8g2

s −
9
4g

2 − 17
12g

′2 + 9
2y

2
t + 3

2y
2
b

)
yt, (B.25)

16π2βyb =
(
−8g2

s −
9
4g

2 − 5
12g

′2 + 3
2y

2
t + 9

2y
2
b

)
yb, (B.26)

16π2βyτ =
(
−9

4g
2 − 15

4 g
′2 + 5

2y
2
τ

)
yτ . (B.27)

B.4 Type-Y model

In the Type-Y model, Φ1 couples to down-type quarks while Φ2 does to up-type quarks
and leptons. The β functions of λi are given by

16π2βλ1 = 12λ2
1 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ1(3g2 + g′2)

+ 12y2
bλ1 − 12y4

b , (B.28)

16π2βλ2 = 12λ2
2 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5 + 3
4(3g4 + g′4 + 2g2g′2)− 3λ2(3g2 + g′2)

+ 4(3y2
t + y2

τ )λ2 − 4(3y4
t + y4

τ ), (B.29)

16π2βλ3 = (λ1 + λ2)(6λ3 + 2λ4) + 4λ2
3 + 2λ2

4 + 2λ2
5 + 3

4(3g4 + g′4 − 2g2g′2)

− 3λ3(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ3 − 12y2

t y
2
b , (B.30)

16π2βλ4 = 2(λ1 + λ2)λ4 + 8λ3λ4 + 4λ2
4 + 8λ2

5 + 3g2g′2 − 3(3g2 + g′2)λ4

+ 2(3y2
t + 3y2

b + y2
τ )λ4 + 12y2

t y
2
b , (B.31)

16π2βλ5 = 2(λ1 + λ2 + 4λ3 + 6λ4)λ5 − 3λ5(3g2 + g′2) + 2(3y2
t + 3y2

b + y2
τ )λ5. (B.32)

The β functions of Yukawa couplings are given by

16π2βyt =
(
−8g2

s −
9
4g

2 − 17
12g

′2 + 9
2y

2
t + 1

2y
2
b + y2

τ

)
yt, (B.33)

16π2βyb =
(
−8g2

s −
9
4g

2 − 5
12g

′2 + 1
2y

2
t + 9

2y
2
b

)
yb, (B.34)

16π2βyτ =
(
−9

4g
2 − 15

4 g
′2 + 3y2

t + 5
2y

2
τ

)
yτ . (B.35)
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