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1 Introduction

The Sachdev-Ye-Kitaev (SYK) models [1-3] of fermions with random interactions have
been the focus of much recent attention in both the quantum gravity and the condensed
matter literature. The majority of this work has focused on the model with Majorana
fermions, which has no globally conserved charge, other than the Hamiltonian itself. In
this paper, we direct our attention to the model with N > 1 complex fermions [4], a.k.a.
the complex SYK model:

B Y Dyt ALO 0] By} (L.1)
j1<---<jq/27
ki1<..<kg/o

where A{---} denotes the antisymmetrized product of operators. —The couplings

J Jidg/2>
lowing variance:

ki..hgpy A€ independent random complex variables with zero mean and the fol-

? e/ a/2- 1)1 (1:2)
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One advantage of the antisymmetrized Hamiltonian is that it makes the particle-hole sym-
metry manifest. For example at ¢ = 4, the Hamiltonian has the following form

H= Y Jijkk (@1@2%1%2 + Cju‘z,klkg) ) (1.3)

J1<jz2 ,k1<k2

where Cj, j, k,k, collects various terms arising from anti-commuting fermion operators; more

explicitly,
Cjrjakiks (1.4)
1 -~ ~ o~ -~ -~ 1 1
= 9 <5j1k1@21/}k2 - 5j1k2¢;2¢k1 - 5j2k1@11/}k2 + 5j2k2@11/]k1 + §5j1k25j2k1 - 25j1k15j2k2> :

Without C’j1 jo,k1ks term, the Hamiltonian is not invariant under the particle-hole symmetry
wT w] Using the same notation, we define the globally conserved U(1) charge Q by

~ ~p o~ ~~ N
— T — T
Q=" A{dly} =0l - 5 (1.5)
J j
It is related to the ultraviolet (UV) asymmetry of the Green function
_ 0 ot L . _ <@>
Glrim) = ~(TH)P (), GO =—+Q, co)=5+0, o="Z (g

In the infrared (IR), the spectral asymmetry is characterized by the long-time behavior of
the Green function

GBeoo(£T) ~ Fetmér—24 for and 7> J°1, (1.7)
or equivalently the small frequency behavior
G oo (Fiw) ~ FieTO?A1 for and O<w<J, (1.8)

where 3 = T~! is the inverse temperature, A = 1/q is the scaling dimension of the fermion
operator, & € (—oo,+00) and 0 € (—Am, Ax) are the spectral asymmetry parameters
related by the following formula

ore  SIn(TA +0)

= A0 (1.9)

Note the value of (€,0) can not be fixed by the IR equations; so there is a one-parameter
family of solutions in the scaling limit [1]. Ultimately, the actual value of (€,6) is set
by the value of specific charge Q. Although charge is a UV property of the system, the
relationship between (€, 6) and Q is universal and independent of UV details [4, 5]:

Q:—i—(i—A)Qﬁiﬁy (1.10)

We will provide new derivations of eq. (1.10) here (see egs. (2.34), (3.35) and section 5).
This universal relation is analogous to the Luttinger relation of Fermi liquid theory, which
relates the size of the Fermi surface (an IR quantity) to the total charge (a UV quantity).



The form of eq. (1.7) also applies to fermionic fields with unit U(1) charge in asymp-
totically AdSsy black holes, as was computed by Faulkner et al. [6]; the parameter & is then
a dimensionless measure of the electric field near the AdSs horizon [4] (see appendix G
and eq. (G.9)). For both SYK models and black holes, fields with U(1) charge p have the
asymmetry factor e=™¢,

Another key feature of the SYK models is the presence of a non-zero entropy in the

zero temperature limit [5]:

. . S(N,NQ,B71)
lim lim
B—00 N—00 N

=S8(Q) >0, (1.11)

The function S(Q) is universal, in that it is determined only by the structure of the low
energy conformal theory, and is independent of the UV perturbations to the Hamiltonian
which are irrelevant to the low energy. Such a zero temperature entropy is not associated
with an exponentially large ground state degeneracy. Instead, it signals an exponentially
small many-body energy level spacing down to the ground state; see section 2.5. For each
given N, the entropy does go to zero at exponentially low temperatures. We will present a
new derivation of S(Q) in section 5 using a two dimensional bulk picture involving massive
Dirac fermions on the hyperbolic plane.

At finite but sufficiently low temperatures, the dynamics of the Majorana SYK model
is governed by a collective mode with the Schwarzian action [2, 3, 7, 8]. An analogous
effective theory of the complex SYK model also includes a U(1) mode [9]

NK (P Ny ([P
Lo, \| = / dr(N(r) + iEgp'(T))2 — —Z dr Sch [ tan QP(T), T, (1.12)
2 0 47 0 2
where ¢(7) is a monotonic time reparameterization obeying ¢(7+ ) = (1) +2m, and A(7)
is a phase field obeying \(7 + ) = A(7) + 27n with integer winding number n conjugate
to the total charge ). Notation Sch(f(z),x) stands for the Schwarzian derivative

f/// 3 f// 2
Sch(f(z),x) :== 73 (f’> . (1.13)
In this effective theory, the U(1) and SL(2, R) freedom are actually decoupled, which can
be demonstrated by the variable change A(7) = A(7) + iE(%’rT — (7).

The action (1.12) is characterized by two parameters, K and -, and these can be
specified by their connection to thermodynamics. They depend upon the specific charge
Q (or the chemical potential i), but this dependence has been left implicit. The leading
low temperature correction to the entropy in eq. (1.11) at fixed N and @Q is

S _ -1 —2
=S+ +0(87Y), (1.14)

and so v is the T-linear coefficient of the specific heat at fixed charge, as in Fermi liquid
theory. The parameter K is the zero temperature compressibility



Unlike S and &, the parameters K and 7 are not universal, and depend upon details of the
microscopic Hamiltonian and not just the low energy conformal field theory.

The zero temperature entropy in eq. (1.11) and the pair of soft modes as in eq. (1.12)
are also pertinent to higher dimensional charged black holes with AdSs horizons, and
this is discussed elsewhere [4, 9-19]. Key aspects of such black holes are summarized in
appendix G. We also note that supersymmetric higher dimensional black holes with AdSs
horizons obtained from string theory have integer values for ¢S [20, 21], as does the SYK
model with N' = 2 supersymmetry [22] (which we do not consider here).

An important property of both complex SYK and charged black holes with AdSs
horizons is the following relationship between the entropy S(Q) in eq. (1.11) and the
parameter &:

de(QQ) =2n€. (1.16)
This relationship first appeared in the study of SYK-like models by Georges et al. [5],
building upon large N studies of the multichannel Kondo problem [23]. Independently,
this relationship appeared as a general property of black holes with AdSy horizons in the
work of Sen [24, 25], where € is identified with the electric field on the horizon [6], as noted
above. It was only later that the identity of this relationship between the SYK and black
hole models was recognized [4]. We will obtain a deeper understanding of eq. (1.16) in the
present paper, based on the global U(1) symmetry associated with the conserved charge
and the locality of effective action.

Let us summarize our notation for thermodynamic quantities. These quantities are of
the order of N: the total charge @ (which is integer for NV even, and half-integer for N odd),
action I, entropy S, and the associated free energy and grand potential. N-independent
quantities include: the temperature T = $~!, chemical potential ;, spectral asymmetry
parameter €, specific charge Q, zero-temperature entropy S, charge compressibility K, and
the T-linear coefficient in the specific heat . Except the first two, they are defined in the
large N limit.

1.1 Outline of the paper

We begin section 2 by setting up the formalism for the complex SYK model as a path
integral over the two-time Green function and self energy. We introduce a definition of the
conserved charge Q suitable for this formalism and then derive the known universal relation
between Q and € (eq. (2.34)). In section 2.3, we find a general form of a local effective
action I.g and derive eq. (1.12). Section 2.4 is concerned with thermodynamic quantities
and a discussion of what parameters come from the UV. In section 2.5, we evaluate the path
integral over A and ¢ with action I.g exactly, which yields new results for the many-body
density of states.

Section 3 sets up a renormalization theory of the complex SYK model. This will enable
us to obtain another derivation of the relationship between the specific charge Q and the
spectral asymmetry &.

In section 4, we turn to the calculation of the parameters of the effective action, in
particular charge compressibility K. We present three numerical computations that yield



values of K in good agreement with each other. These computations and our analysis
show that all energy scales contribute to the charge compressibility. A low energy analysis
based on linear coupling, mentioned in section 2.4, or conformal perturbation theory (see
appendix C) does not yield the correct value of K, even though such methods work [7, 8]
for the Schwarzian mode.

Section 5 presents a two dimensional bulk derivation of the zero temperature entropy
of the complex SYK model. We show that the &-dependent value of the zero temperature
entropy per fermion S can be obtained from a Euclidean path integral over massive Dirac
fermions on hyperbolic plane H2. We show that the appropriate quantity is the ratio of
fermionic determinants with different boundary conditions on the boundary of H2. Another
bulk interpretation of the entropy appears in appendix G, where we recall the connection
to higher-dimensional black holes. In d 4 2 dimensions (d > 2), the AdS; arises as a factor
in the near-horizon geometry of a near-extremal charged black hole. In this picture, S is
related to the horizon area in the d extra dimensions, and, as we noted above, this S also
obeys the differential relation (1.16).

2 Low temperature properties

In this section, we analyze the complex SYK model based on the (G, X) action. We provide
a general definition of charge in this framework and prove its universal relation to the IR
asymmetry of the Green function. Furthermore, we find the general form of effective action
and evaluate the path integral over the low energy fluctuations, which yield new results for
the many-body density of states.

2.1 Preliminaries

We start with a review of the basics. For convenience, we measure time in units of J 1,
which is equivalent to setting J to 1. For the Hamiltonian (1.1), we may consider either
the partition function for a fixed charge or the grand partition function. The latter can be
obtained from the (G, %) action:

+ =~ Indet (~0 — %) - /dﬁdTQ {2(71,72)0(72,71) + ; (~G(r, )G (ra, 1))} ] |
where o (71, 72) =8 (11 — 72) — ud(m1 — ™2) . (2.1)
The Schwinger-Dyson equations are as follows:
~(2+0)G =1, E(r1,m)=G(r1,7)i(~G(r,m))2 L. (2.2)
T

The general idea of solving these equations in the IR limit is to ignore o, which is localized
at short times. However, care should be taken because the Fourier transform of ¢ contains
the non-negligible, w-independent term —u. Fortunately, this term is absent from X, so we
will use G and ¥ as independent variables. Thus, o moves to the second equation in (2.2),
where it can be safely ignored as the equation is solved in the time representation.



Since the IR equations do not depend on u, we get a family of solutions parametrized
by a formally independent variable €. At zero temperature,

Gmoo(£7) = FeETEVAT728 | 3p_ (£7) = FetmEpl A7 720-4) for T>1

_1-2A sin(27A) (2.3)
21 2cosm(A+i€)cosm(A — i)’

where b

We can also introduce a parameter 6 to characterize the spectral asymmetry in the fre-
quency domain:

F(2—2A), A 1 oa1
NN

. 4 rea) o _
_ E=1 A 1-2A
Y B=oco(Fiw) = Fie T2-24) 2A)b2 w

G oo (Fiw) = FieT?
for 0<w<1. (2.4)

The spectral asymmetry parameters € and 6 are related by the equations

=20 _ cos(m(A +i€)) Q27E _ sin(rA + 0) (25)
cos(m(A —i€))’ sin(mA —6) " '
Using these relations, we can also express the prefactor b as a function of 6:
- 1-2A 2sin(rA —|— 0)sin(mrA — ) ‘ (2.6)
27 sin(27A)
The zero-temperature solutions can be extended to finite temperature:
1_ 7
G(r) ~ Go(r) = —b* (5 sin ”) 2nt (3-5)
T B for 0<7<p, 27)
—2(1-4) 1 r>land B—7>1. '
5(7) & Be(r) = —b' 72 <B sin W) eQﬂg(? 5>
™ B
The subscript ¢ here means “conformal”. In the frequency domain with Matsubara fre-
quencies w, = %’r (n + %) < 1, the Green function and self energy have the following
form,
. . o |T@=2A) (2 \*2T'D(n+ i+ A+i€)
Gl(iwn) ~ Goliw,) = ﬂFw\/g) > |
(Fiwn) o(Fiwn) = Fie T(2A) (ﬂ F(n+%—Aii€)
r@2A) (21 \"PAT (n+ 32— A+ig) 2
; + 5 — 1
Y(tiwp) & Se(tiwy) = Fie™? 7T\/l;) nTo .
(Fiwn) (Fiwn) = Fie r(z—zA)<6 T(n+3+A+i€)

Given these exact solutions to the IR equations, it remains to be checked whether they
extrapolate at higher energies to a solution to the full UV equations which depend upon
. This has been examined numerically [1, 5, 26-28], and a consistent extrapolation exists
for || < 0.24 [28, 29]. The IR parameter £ can be determined as a smooth, odd function
of the UV parameter p over this regime.



In addition to the emergent reparameterization symmetry that is present in the low
energy limit of the Majorana SYK model, the complex SYK model has an extra emergent
symmetry related to phase fluctuation:

Gr1,m2) = ¢ (1) (12) 2O ARG (o(m), p(72))

. , (2.9)
S(71,72) = @' (1)1 72 (1) RN G (7)), (7))

where ¢(7) is a monotonic time reparameterization with winding number 1 and A(7) is
a phase fluctuation with possibly arbitrary integer winding number. The symmetries are
not exact in the presence of o term in the (G, %) action (2.1). To make this point more
transparent, it is useful to rewrite the action in terms of (G, X):

N

% = —lndet(—E) — /dTldTQ |:Z(7'1,7'2)G(7’2,T1) + (1] (_G(Tl,TQ)G(TQ,Tl))

(2.10)
+ /dTld’TQ o(t1,172)G(12,71) .

Now the first line of the r.h.s. of eq. (2.10) is invariant under the symmetry transforma-
tion (2.9), while the second line changes. This point will be further discussed in section 2.3.

2.2 Charge

For an explicit UV source field o (cf. eq. (2.1)) that arises from a microscopic Hamiltonian,
the charge is conventionally defined by the UV asymmetry of the Green function as eq. (1.6).
In this section we will derive a formula for charge in (G, ) action framework for general
source field o (without assuming time translation symmetry) using ideas similar to those
in appendix C of ref. [30].

2.2.1 “Flow” of Green function G

Let us consider the action (2.10) with o(71,72) depending on both times, not just on
T =1 —19. If (G,X) is stationary (i.e. satisfies the Schwinger-Dyson equations) and
B = oo, then

/_+OO (o(71,70)G(10,71) — 0 (70, 71)G(T1,70)) dT1 = 0. (2.11)

This can be established by considering an infinitesimal variation JA(7) and the correspond-
ing variations

50(7’1,7'2) =3 (5)\(7‘1) — (S)\(Tz)) G(Tl,TQ) s

(2.12)
0X(11,m2) = i (0A(11) — ON(T2)) (71, T2) -

Only the oG term in (2.10) has a non-trivial variation, which is proportional to the Lh.s.
of (2.11) if 6A(T) ox (7 — 79). On the other hand, the variation of the action must be zero
since (G, Y) is stationary.

Following the ideas in appendix C of ref. [30], we may call

j(r1,m2) = o(m,172)G (12, 11) — (12, 71)G (11, T2) : /—)\ (2.13)

1 T2
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(a) Conservation law. (b) Total current through a cross section.

Figure 1. (a) Conservation law: the total current through a closed (dashed) circle is zero; (b) Flow
Q, as the total current through a cross section 7o (blue dashed line), is independent of the position
7p. In general, there are contributions from all time scales; longer scale currents are shown in red.

the “current” flowing from 7 to 7. To make a closer analogy to the aforementioned
reference, let us substitute the expression o (11, 72) = X(71, 72) — G(71,72) 2 (—G(72,71))2 !
(obtained from the Schwinger-Dyson equations) into the current formula:

Jj(r1,12) = X(11,72)G (12, 71) — (72, 71)G(T1,T2) - (2.14)

Treating G and ¥ as matrices indexed by (71, 72), we have ¥ = —G~!. If G were a unitary
quasidiagonal matrix, the results in appendix C of ref. [30] would apply, and certain quan-
tities would be quantized. However, here Green function G has non-trivial IR asymptotics
violating the conditions of being quasidiagonal. Nevertheless, we will use similar ideas and
definitions as the aforementioned reference.
Note that eq. (2.11) can be interpreted as the conservation of the current at each
point 7y:
+oo
/ j(r1,70)dm =0, (2.15)
—0oQ

as illustrated in figure 1 (a). It follows that the total current through a cross section 7y,

T0 “+o00
Q —/ dﬁ/ dro j(71,72), (2.16)
—00 )

(see figure 1(b)) is independent of 7p. As explained below, this quantity is a natural
generalization of the specific charge Q/N to general sources. We may call Q the “flow”
of the matrix G as it depends solely on G through eq. (2.14) with ¥ = —G~'. We also
remark that the definition of the flow does not rely on the time translation symmetry.
That is, the source o(7y,72), and the Green function G(71,72), may depend on both 7
and 7o rather than just 7 = 7 — .

We now explain the interpretation of the flow Q as charge. Plugging the defini-
tion (2.13) of the current j into eq. (2.16), we get

Q = /_:)O d7'1 /T:OO dTQ(U(Tl,7'2)G(7'2,7‘1) — O‘(TQ,TI)G(7'17T2)) . (2‘17)

This formula reduces to a simpler form when the source has the time translation symmetry,

i.e. for o(m, 1) = o(7), where 7 = 11 — 79:

400 T 400
Q= /0 dT/O dr (O‘(*T)G(T) — O'(T)G(*T)) = / dr 7o(1)G(—7). (2.18)

—0o0



The last expression in turn reduces to the conventional definition of the charge when
o(r) = 0'(r) — pd(7). In this case, for the Green function G(7) that is discontinuous at
7 =0, we use the average 3(G(07) + G(07)) to define its value at 7 = 0. Thus,

+oo +o0 + —
Q-- / dr 78(1)G(~7) = / ars(r)a(-r) = COLTEOD o)

— 00 —00

in agreement with eq. (1.6). For extremely local UV sources such as §'(7) and §(7), the
charge is a local quantity. However, if we consider a general source o(7), the r.h.s. of
eq. (2.18) includes contributions from all scales; see figure 1 (b) for a cartoon.

2.2.2 Invariance of the charge

We will show that the charge Q depends only on the UV and IR asymptotics of G (11, 72)
and X(71,72) (where ¥ = —G~1) as well as some topological data. The UV asymptotics
is determined by the ¢§'(71 — 72) term in ¥. To formulate the invariance, let (G1,%;) and
(G2,%9) have the same asymptotics and in addition, let the following “relative winding

+oo tw
v(Gy,Gy) = 217”/0 % <ln g;gwo dw . (2.20)

If v(G1,G2) = 0, then (G1,X%1) can be continuously deformed into (Gg,¥2). Here it is
important to consider the winding number in frequency domain rather than time domain,

number” be zero:

because the Schwinger-Dyson equation ¥(w) = —G(w)~! guarantees that a smooth path in
(G, X) space will disallow both singularities and zeros of G(w). This will not work for G(7),

since the other equation X(7) = G(7)2 (=G(—7))2 " does not constrain zeros of G(7).

To prove that the charge is invariant under such deformation, it is sufficient to consider
infinitesimal, asymptotically trivial deformations. Let us use the formula

+o0 +o0
Q- / dn / a7y (f(r2) — F(1))o(r1, ) G(r2, 1) (221)

where f is an arbitrary function such that

f
TEI—P@O f(r)=1, and Tli}r_noof(T) =0 : o 1 (2.22)

This formula coincides with eq. (2.17) for the step function f(7) = 6(7 — 79). The integral

does not depend on the details of f because of the conservation law, namely eq. (2.11).!
More intuitively, f may be interpreted as a linear combination of step functions (7 — 79)
with some weights for each cross section position 7y. In other words, we can blur the cross
section, and this will not affect the flow.

We proceed by anti-symmetrizing the integrand,

Q=3 [dndn(#(m) - f() (o(n,)Glram) — o(ram)Gilrm)) . (223)

'More explicitly, if we vary f without changing its asymptotics, the corresponding variation of the charge
is proportional to the Lh.s. of the eq. (2.11) and therefore vanishes.



Since o (71, 72) = (11, 72) — G(11,72) % (=G(79, 7)) 2", we also get this equation:

Q= ;/dTldTQ (f(m2) = f(11)) (B2(71,72)G (12, 71) — (72, 71)G(T1,72)) - (2.24)

Note that the two terms cannot be integrated separately because the corresponding inte-
grals are not absolutely convergent (since G(7i,72) ~ |11 — To| 7228, & ~ |1 — 7| 72F24,
there is a logarithmic divergence in IR). Now, consider an infinitesimal variation 0G and

0% =3 (0G) X such that 6G(71,12) and 6% (1, 72) decay sufficiently fast as 71 — 79 — oc:
5@ = [ dndry (F(r2) = £(m)) 8 ((r, )72, )
- / drydry (f(rs) — F(71)) G (o, m)5(my, 72) (2.25)

+ /dT3d7'4 (f(Tg) — f(T4)) Z(T4, T3)5G(T3,T4) .

Substituting §¥ = ¥ (§G) X into the first line of the last expression and using (74, 73) =
— [ dredm1 (74, 72)G (72, 71)%(71, T3) in the second line, we get

0Q = /d47' (f(m2) — f(13) + f(71) — f(71)) X(74, 72)G (72, 71)X(71, T3)0G (73, 74) . (2.26)

Now, we can regroup and integrate the terms containing f(72) — f(73) and f(74) — f(11)
separately:

/d37' (f(me) — f(Tg))/dTl (14, 72)G (12, 71)2(T1,73)0G (13, 74) = 0,
(2.27)

/d?’T (f(a) = f(11)) /de (714, 72)G (72, 71)2(71, 73)6G (73, 74) = 0.

Each integral contains a delta function that annihilates f(m2) — f(73) in the first case and
f(m4) — f(71) in the second case. Therefore, we conclude that §Q = 0 for asymptotically
and topologically trivial deformations.

2.2.3 Calculation of the charge

In fact, we can calculate the charge in the complex SYK model using the IR asymptotics.
(The result for ¢ = 4 was originally derived in ref. [5] using a different method, see ap-
pendix A for a detailed discussion.) We will use the antisymmetrized version of eq. (2.18)
to express ¢ in terms of ¥ as we have done before:

“+o0o +00
Q= —/ To(T)G(—7)dT = —1/ T(U(T)G(—T) - a(—T)G(T))dT
o0 o0 (2.28)

The two terms in the last expression almost cancel each other at 7 > 1, but individually, the
corresponding integrals are logarithmically divergent. To proceed, let us replace G(7) with

G(T1) for |71 <1
G772 for |r|>1

G, () = (2.29)
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where 7 is a small positive number. This change has little effect on the integrand in (2.28),
but the two terms can now be separated. The corresponding integrals are equal to each
other due to the symmetry 7 — —7. Thus,

Q = lim [_ / o TE(T)G,,(—T)dT] = lim [1 / o (0,G(iw) ™) Gyliw)dw| . (2.30)

n—0 oo n—0 T J 0o

It is important that the symmetric-in-time regularization (2.29) is not symmetric in
frequency, which has nontrivial consequences. The Fourier transform of G, is

Gy (iw) / jl-2a" =142/ —pReme IRERIN

where A’ = A + 7. Expanding the w-independent coefficients in this expression to the
first order in 7, we explicitly see the asymmetry:

Gy(Fiw) ~ w?G(Eiw) [1 +n(—2¢(1 — 2A) — wtan7(A £4€))] , (2.32)

where ¢ (z) = I''(2)/T'(x) is the digamma function. Now, we are in a position to evaluate
the integral over dw in (2.30), which should be understood as a principal value integral. For
frequencies above some threshold wy (such that wp < 1 but nln wio < 1), the difference be-
tween G and G, may be neglected. On the other hand, if |w| < wp, then G(iw) ~ |w| 7124,
and hence, 9,,G(iw) ™! =~ (1 — 2A)w G (iw)~!. Using these approximations, we get

+oo
/ (0uG(iw) ™) Gy (iw)dw

- N +oo nG(—iw) " B “’Ow_l Gyliw)  Gp(—iw) .
N/wo 0.t Gt o+ (1 2A)/0 (G(iw) G(_w)>d (2.33)

wo
~ —2i0 + (1 — 2A)n(—mtan (A + i€) + T tan (A — i€)) / w24y .
0

The last integral is simply 1/(27), so the result is independent of 1. Including the factor
1/(2mi) from (2.30) we obtain:

6 1-2A

Q= T n (tan (A +i€) — tan (A — i€))
. (2.34)
0 1 sin(20)
=Tn (z - A) sin(2rA)

which reproduces the result in ref. [9].

2.2.4 Analogy with field-theoretic anomalies

In some sense, the calculation of the charge performed here (also see appendix A for parallel
discussions based on symmetric-in-frequency regularizations) has a flavor of perturbative
anomalies in quantum field theory. Both describe a mismatch between the IR and UV.
In the case of anomaly, there is no consistent UV cutoff respecting the symmetry; in our
case, the UV behavior is well-defined but quantifiably different from the IR. By analogy
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with the Fermi liquid theory, one might expect the charge to be given by the first term
in eq. (2.34). However, that is not correct due to the non-trivial effect of regularization,

N (; _ A) m, (2.35)

which produces the second term,

In appendix A, we will further comment on this term and relate it to the Luttinger-Ward
term in the standard analysis [31].

2.3 Covariant formalism and the effective action

At the low temperatures, § > 1, the action (2.10) is almost invariant under the emergent
symmetry (2.9). In other words, we can generate “quasi-solutions” of the Schwinger-Dyson
equations by applying (¢, A) transformations to the actual solution (G, Xy):

G(r1,m2) = ¢ (1) 3¢/ (r2) 2 X ARDG, (p(m), (7))

, (2.36)
S(r1,72) = (1) 7Y (1) A ATITXE (o(7), (1)) -

Such quasi-solutions cost a small increase in action,? which we call the “effective action”.
More exactly, Ieglp, \] = I[G, %] — const, where the constant depends on convention: we
may set it to I[G,, 3] or use a different base value. The goal of this section is to determine
the general form of Ig[p, A] to leading orders.

2.3.1 Covariant formalism

The form of the approximate solutions coincides with the transformation laws for functions
changing from one frame to another. The latter is described by a diffeomorphism of the
time circle together with a gauge transformation. For instance, a field ¢ (z) with scaling

dimension A and charge p defined in frame “z” can be transformed to frame (y, @) by the
following formula:

—-A
Vyo(y) = (32) e Py () (2.37)

It is also straightforward to define the transformation laws for G and X, i.e. functions of
two variables. Taking this viewpoint, the “quasi-solution” (2.36) may be interpreted as
follows. In order to generate a quasi-solution (G, X)) in the physical frame x = 7, we start
with the frame (y,®) = (¢, A), where the Green function is given by G.. Then we pull
back to the physical frame using the inverse transformation of (2.37), namely

A
v@) = (L) e glo(a). (239)

From this perspective, the effective action Ieg[p, A] in fact measures the failure of (¢, A) to
be the physical frame.

2Eq. (2.36) defines the IR part of a quasi-solution, while the UV part should be tuned to minimize the
cost.
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At first glance, introducing the notion of “frame” in this problem seems redundant
because in the end we should write all results in the physical frame. However, the condition
that the action is invariant under frame transformations (if we also transform o) is helpful
in determining the general form of the effective action gy, A].

Now, let us consider expressing the (G, X) action in a general frame (¢, A). (In this
setting, G and ¥ are arbitrary and not related to ¢ and X in any particular way.) In the
new frame, the fields are defined as follows:

Gor(p1,92) = ¢ (1) "2¢ (2 —AAENG (1, 1),
S (o1, 92) = ¢ (1) 7 sO(T) LA AR S (11, 1) (2.39)
Ton (1, 2) 1= @ (11) A (1) 1R T TAT)) 6 (1 7y

Representing G, ¥, o in terms of G, x, Xy )\, 0, and plugging into eq. (2.10), we get

I
~ - I det (=X 0)

1

- /dsoldsoz [Ew,A(SDl,SOZ)ch,A(SO%‘Pl) + p (=G (01, 92)Gon(p2, 1)) | (2.40)

+/d301ds02 g (@1, 92)Gu (P2, 1) -

Naively, the Indet term transforms nontrivially under . However, the determinant needs
some UV regularization anyway, and we will use a particular regularization to make it

frame-independent:?

det(—X) Bu
———= - 2cosh —/.
det(—o) “% 2

The second factor is the free fermion partition function (formally equal to det(—o)).

det(—%) — (2.41)

The expression (2.40) for the (G, X) action in frame (¢, \) has the same general form
as in the physical frame, but the UV source in different:

T (1, 02) 1= @' (11)2 71 (1) A7 Le A=A (1) — 73) — p(1)(11 — 72))

2.42
= ¢/ (11)2¢/(12)* (5" (01 — 92) — ¢/ (11) " a(1)3 (01 — 2)) &=

where "
() = p(r) —i d(TT) : (2.43)

We will make a few comments on this transformation.

e First of all, the non-trivial change of the source lifts the degeneracy of quasi-solutions
and induces the effective action I.g[p, A], which can be explained as follows. If o,
were given by the same expression as the standard source, ogq(p1,92) = §' (@1 —
©2) — po(p1 — @2), then (Gyn,X,0) = (G, Xy) would be a stationary point of
the action (2.40) in frame (¢, A), and therefore, its pullback (G,X) would satisfy
the Schwinger-Dyson equations in the physical frame. Thus, the actual distinction

3The regularized determinant depends on UV details of ¥. This issue is not important for the present dis-
cussion, but it can be mitigated by the use of a different regularization [8]: det(—X) — det(—X)/ det(—X.).
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between solutions and quasi-solutions can be attributed to the difference between o, »
and ogq. In the first approximation, the effective action is obtained by integrating
Tp\ — Ostd against Gi.

Following ref. [8], let us define a field e,(¢) = ¢'(7) which sets the length scale for
the frame ¢. Using this notation, we have

Ton(01,02) = € (01) e (92)™ (6" (01 — 2) — eo1) Fun(01)d(01 — 92)) . (2.44)

Let us try to understand the meaning of the powers of e. We will use this termi-
nology: a field that scales as [length]=® and transforms in the corresponding way
under diffeomorphisms is said to have dimension « and called an “a-form”. Thus, €
has dimension —1 and g has dimension 0 (because its transformation law (2.43) does
not contain dy/dr). The function o(p1,p2) transforms as a (1 — A;1 — A) form; as

A-1  —2(1-4)

such, it is comparable with e, (¢1)2 e, (02) . The actual powers of €

h=2(1-2) " where h is associated with the remaining

in eq. (2.44) may be written as ¢
factor, that is, ¢’ (¢1—p2) or ux(¢1)d(v1—p2). In fact, ' (p1 —2) is diffeomorphism-
invariant if treated as a (1, 1) form, i.e. its total dimension is h = 2, whereas §(¢1—¢2)
corresponds to h = 1. So everything is consistent. In a conventional field theory, the

source (2.44) would be represented by the term

/(E‘I’ + p0) de (2.45)

in the action, where the fields ® = ®(¢p) and ¥ = ¥U(y) have dimensions 2 and 1,
respectively. (The exponent of ¢ in (2.44) differs by 2A — 1 because in the (G,X)
action, o is multiplied by G and integrated over two variables rather than one.)

The expression (2.43) for the chemical potential in the (¢, A) frame may be interpreted
as gauge invariance. It sets a non-trivial constraint on the effective action; namely,
the dependence on the soft mode A is tied to its dependence on p:

Z.Meff[tp, Al Olesip, Al

i T (2.46)

2.3.2 Diffeomorphism-invariant effective action

Now we are ready to determine the general form of the effective action. Let us consider

the following quasi-solution:

G(m1,72) = ¢ (11)2¢ (12) 2 XA G (o(11), p(72)) (2.47)

where ¢ maps the time circle to the standard circle of length 27 (i.e. o(7+ ) = ¢(7) +27)

and G, is the IR solution of the Schwinger-Dyson equations with 8 formally set to 2m:

—2A
Gilp1,02) = —b° (2 sin M) Crerten) 0 <o) — oy < 27w (2.48)
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To separate the U(1) and SL(2, R) degrees of freedom, let A\(7) = A(7) + iE(%”T — (7))
so that

2A
Gl ) = —bAeiMm-Am) [ VT (T) | ane(3-0572) (2.49)
2sin w

In general, the effective action contains local and non-local terms.* The local part
describes interactions between the UV sources €, u and some IR data. We have discussed
the origin of the fields €, p in last section; now let us search for the IR fields by the
intermediate asymptotic expression of G for 1 < |1 — 72| < 5:

G(Tl,’rg) ~ Gﬁzoo(Tl,TQ)(l + A(T+)(T1 — TQ) + B(T+)(T1 — 7’2)2 4+ .. ) , (2.50)
where 7, = 71572’ and the coefficients A, B are obtained by Taylor expanding the quasi-

solution (2.49) w.r.t. small time separation 77 — 75. These coefficient have the following
explicit form:

A(T) = iN(7) — 26”5, B(r) = ?Sch(ei“"(T),T) + %A(T)Q . (2.51)
Thus, all relevant IR information is contained in the fields
A(r) = iN(7) — Qﬂ”e, O(7) = Sch(e™™, 7). (2.52)

The local part of the action should have a covariant expression in an arbitrary frame
x. We aim to find the effective action to S~! order. In other words, the action should
have the accuracy to recover the free energy or grand potential to T2 order and capture,
for example, the linear dependence of the specific heat. With the UV source (g, u) and IR
data (A, O), the most general diffecomorphism- and gauge-invariant action is

Ll 2 [ = yae—6(2) - s [0, —p)an. @25

Let us discuss some of its features as well as defining the field p.

e In addition to the fluctuating fields ¢ and A, the action depends on the global param-
eter €. Its equilibrium value will be determined by finding an extremum (actually, a
maximum) of I.g[€, p, A] in € with fixed external parameter 3, p.

e The function f is a general even function characterizing the charge response to the
chemical potential. The gauge invariance (2.43) requires that any dependence on p
be through the combination p — A. The G(€) term is of order 1 and related to the
zero temperature entropy.

e We have expressed the action in a general frame x to emphasize its covariant prop-
erties. In particular, we have used the notation O, and introduced a field p, (see [8],
eq. (167)):

(8153;)2

O.(x) = Sch(eT@) ) p, = Tor T D2e, (2.54)

4For a non-local correction to the Schwarzian effective action in the Majorana SYK model, see ref. [8].
The non-local correction is subleading in the 8! expansion and will not be studied in this paper.
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to form an invariant expression [ (6,05 — ps)dz. (Recall that e, = 2/(7) is the
field setting the local length scale, where 7 is the physical frame.) To show the
diffeomorphism invariance, it is essential to check the transformation laws of the
local operators O, p,e. The transformation law of O is given by the chain rule of the
Schwarzian derivative:

Oy(y) = (¢ (2)) * (Ou(x) — Sch(y,z)) - (2.55)

This can be further summarized in a matrix form. In fact, the pair (1,0) forms a
representation of Diff(S1),

1y 1 0 .
<0y> a (—y’(I)_Q Sch(y, x) y/(x)—2> (Om> . (2.56)

Similarly, the pair (g, p) also forms a representation,

Ey\ . 1 0 Ex
(@) —v (—y’(ﬂb‘)‘2 Sch(y, z) y’(ﬂf)‘z) (m) ' (350

Thus, the following combination transform as a 1-form
eyOy = py = ' ()" (204 — p2) , (2.58)

which further implies the diffeomorphism invariance of the action (2.53).

The form of the p field may look obscure; however, it will naturally arise when we
try to transform the Schwarzian action from the physical frame 7 to a general frame
x(7) using the chain rule and express everything in the new frame

O-(1) = €204(z) + Sch(z, 7) = €20,(x) — eppe(z). (2.59)

In other words, in the physical frame € =1, p = 0, and the last term in the effective
action (2.53) is just the familiar Schwarzian action —ag [ Sch(z, 7)dr.

Now, let us restrict to the physical frame x = 7. Expanding f(u — A) to the second
order in A =i\ — %“8, we get

Ig[€, p, A]

N = Bfw) +2m(€ —in)f'(n) — G(€)

" 2
—l-/ _f () <)\/(7—)+i27T8> —aSSCh(eﬁP(T),T)] dr,

2 g
where n is the winding number of the function A, defined by the generalized periodicity

(2.60)

condition A(7 + ) = A(7) 4+ 27n. The second line in the above equation is equivalent to
the action (1.12), originally derived in ref. [9], with

K=—f"(n), v = 4r’ag, (2.61)
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To further simplify the effective action, let

A(T) = A(7) + 5 (2.62)

where A has zero winding number. Then

Ieff[ga n, 303 )\]
N

_ Bf (Mﬁg(e—m)) —g(a)+/ [— fﬂ;“) X2 — agSch(e, r)| dr. (2.63)

2.4 Thermodynamics

We now use the effective action I.g[€,n, ¢, A] to compute the low temperature expansion
of the grand potential Q(371, u). If N is large, we may use the saddle point field configura-
27

tions, ¢(1) = 37 A7) =0, n =0, and find the extremum I, of I.g[€, p, \] with respect
to &:

Q I, _ _
N = g = )~ 687 —2nass (2.61)
where 5
o = 1+ %g , (2.65)

The saddle point condition for € requires that
G'(&) =2nf (o) = —2mQ. (2.66)

where Q = —N~19Q(871, 1) /0 = — (o). Eq. (2.66) implies that Q is a function of €.
This function has been calculated in eq. (2.34), so one can compute G(&) as well.

2.4.1 Free energy and entropy
We can also find the free energy F(871, Q) = Q + puQ:
F

N = 0@ - S(Q)B —2r’asB?, (2.67)

where § = §(Q) is the “zero temperature entropy” per site and
Fo(Q) = f(uo) + 0Q  for f'(no) = -9Q, (2.68)
S(Q)=G(&)+2mEQ for §G'(&)=—-27Q. (2.69)

The formula (2.69) says that S(Q) and G(&) are related by the Legendre transformation,
where Q and 27€ are the conjugate variables. It leads to the fundamental relation (1.16)
between the entropy and the particle-hole asymmetry. Equation (2.68) is the usual Legen-
dre duality between the free energy and the grand potential at zero temperature; it implies
that po = dFo(Q)/dQ. At finite temperature, the chemical potential receives a definite
correction:

(57, Q) = uo(Q) — 2/?8

Similar relations hold for the low energy limit of charged black holes [6, 18], as reviewed

(Q). (2.70)

in appendix G. The low 7' limit must be taken at fixed ) with u obeying (G.6), to obtain
a near-horizon metric that is conformally equivalent to AdSs.
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2.4.2 Charge compressibility

As discussed in refs. [7, 8], the specific heat is determined by the prefactor ag of the
Schwarzian action, which is related to the magnitude ag of the leading UV-sourced cor-
rection to the IR Green function. Specifically,

_ —he(2)(1 - A)b
N 6

ags ag, (2.71)
where k(2), A and b are all IR data that can be obtained in the conformal limit.

Now, for the complex SYK model we have one more thermodynamic coefficient to
determine, namely the charge compressibility K. A natural question is whether the charge
compressibility can be determined in a similar way by the same UV parameter ag. This
possibility is based on the observation that the IR degrees of freedom A(7), B(7) in
egs. (2.50), (2.51) satisfy the relation

B(r) = 2 5ch(e#0, ) 4 LA(Y, (272

which might constrain the form of the effective action. Or is the charge compressibility
independent of ag and requires a separate numerical study?

To answer this question, let us think about possible couplings between the IR degrees of
freedom and some UV data. The idea of renormalization theory, as used in ref. [8], is not to
solve the actual problem in the UV (which is hard) but to replace it with a more tractable
model with sufficiently many parameters that would reproduce the leading IR behavior
and any possible corrections to it. The simplest term to include in the (G, X) action is the
linear coupling [ dridry o(71,72)G(72,71) of the UV source to the Green function, where
the latter is represented by the asymptotic expression (2.50) at intermediate time intervals
71 — T with coefficients A(%ﬂ) and B(%) By smearing the actual, very singular
source, nonlinear effects can be reduced. In this approximation, the effective action is
a sum of terms proportional to [ A(7)dr and [ B(r)dr. Any contribution of the form
[ A(7)?dr is due to the second term via eq. (2.72). But on the other hand,

e 20— [ - ayar = (&) — as [san(e#Oryar, @)

see eq. (2.53). Therefore, the linear model predicts the following value of the charge
compressibility K = — f"(u):

6ag 3

Klinear = T = m’}/ .

(2.74)
However, a nonlinear coupling of the form® [ s(71, 72,73, 74)G (71, 72)G (73, 74) d*1 can
also generate a term proportional to [ A(7)*dr. Let us denote this additional contribution

by Knon—linear so that
K = Klinear + Knon—linear- (275)

5In contrast, we won’t worry about non-linear contributions to the specific heat because they are sub-
leading in temperature.

~ 18 —



Its actual value is not accessible without numerics. In section 4 we will present numerical
computations for the total K at half filling, namely 4 =0 and Q = 0.

We would like to make a final remark on the ratio Kjpear/y in (2.74). It agrees
with eq. (C.45) obtained from a different analysis following the perturbation theory done
in ref. [7]. This analysis relies on the UV parameter aq, see appendix C for details.
Similarly to Kjipear, it does not include the additional non-universal UV contributions to
the compressibility.

2.5 Partition function at low temperatures and the density of states

We first overview some relevant results for the Majorana SYK model. An interesting time
scale in the problem is given by the coefficient of the Schwarzian action, ag/N. If the inverse
temperature 3 is of this order of magnitude or greater, quantum fluctuations are strong.
This regime was originally studied in ref. [32] (see also [33]). The density of states (DOS)
and the partition function for the pure Schwarzian model are as follows [34-37], where the
energy F and the temperature S~! are measured in units of (agN)~':

3/2
PSch(E) = Sinh(Qﬂ'@), Zsch(ﬁfl) = /GBEpSCh(E) dE = ;(?) / €2W2/'B .
(2.76)
These functions are defined up to an overall factor that depends on the normalization of
the integration measure.
The DOS and the partition function for the Majorana SYK model contain some addi-
tional factors. Up to a common overall constant,

p(E) ~ agN~V2eNSpg (asN(E — Ep)), Z(B7) ~ N3/2e B0l tNS 741 (agNB7Y),
(2.77)
where, Fj is the ground state energy. The factor N~3/2 in the partition function has been
introduced to obtain the correct asymptotic behavior for 8 > 1 fixed and N going to
infinity:

InZ = N(-FoB+S+2nagf t+--)+N° (— const - — ; InB+-- ) +O(N7Y. (2.78)

Note the absence of a In N term. Indeed, the logarithm of the partition function admits a
1/N expansion, where different terms correspond to different classes of Feynman diagrams.
In particular, the N° term is given by the sum of ladders closed into a loop, yielding the
expression —% Trin(1 — K¢g). Here K¢ is the exact ladder kernel; it has ~ 3 eigenvalues
that are not too small, whereas the —% In 8 contribution is due to the eigenvalues close to 1.

There is one more thing to take into account — variations between different samples:

_ 1 .
an—anmi(éan)z, where dInZ =InZ —InZ. (2.79)
In eq. (2.77), Ey should be understood as the ground state energy for a particular realization

of disorder. This may or may not be important, depending on the parameter ¢. Indeed,
the sample-to-sample fluctuations are dominated by a particular Feynman diagram that
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contributes to InZ but not to InZ [8]. Assuming that N > B > 1, its value can be

estimated as follows:
nZ—-InZ ~ ! é

Therefore, the fluctuations of the free energy are of the order of 6F ~ N'~9/2 with no

~ N?74p2%, (2.80)

singular temperature dependence. We conclude that for § ~ N, the sample-to-sample
fluctuations are significant if ¢ = 4 but not at larger values of ¢.

For the complex SYK model, the density of states is a function of two conserved
quantities, charge and energy:

p(E,Q) = Tr(Tlg 6(H — ET)), (2.81)

where H and Q are defined in egs. (1.1) and (1.5), respectively, and Ilg is the projector
onto the subspace with a given value of ). For simplicity, we assume that N is even so that
@ takes on integer values. The partition function for a fixed @) and the grand partition
function are as follows:

o

Zol5 ) = [ PFAEQE, 2= Y M5 (282)
Q=—00
In analytical calculations, we will be interested in the case where E is close to Ey(Q), the
lowest eigenvalue of H with charge (). We will show that

P(E,Q) ~ asN 1NN pgy (asN(E — Eo(Q))) (2.83)
up to a constant factor, or equivalently,
InZo(B™") = —BE(Q) + NS(Q/N) +In(N"*Zsan(asNS ™)) (2.84)

up to a constant term. However, Ey(Q) is difficult to compute with sufficient (say, 1/N)
precision; for ¢ = 4, it depends on the realization of disorder. A simple though not very
accurate approximation is as follows:

Eo(Q) = NFo(Q/N) + const +O(N 1) (2.85)

We now derive eq. (2.84) from the effective action. Note that the integration measure

3/2 that comes with

is defined up to some N-dependent factor.® We will use the factor N~
Zsen as previously explained. The additional normalization factors in our calculation are
reasonably well motivated but not trustworthy, so the overall power of N in front of Zgg,
will be checked independently.

Using the effective action (2.63), the grand partition function is expressed as follows:

B > DX Dy T
Z(B =) /D8 U() pSLz, ;) P (el€om ) (2.86)

= Zya)(B~ 1) - N7 Zsap(asNB™Y).

5The (G,X) action is free from such ambiguity. However, we have lost track of normalization when

n=—oo

eliminating ¥ and “hard” degrees of freedom in G.
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Let us focus on Zy ), which involves the variables n, €, and X. The notation DX/U(1)
indicates that we consider A(7) up to an additive constant. The corresponding integral,

[ &8 esa( N [3ar) - Wg , (257

may be interpreted as the partition function (per unit length) of a free particle with mass
NK. The integral over & is evaluated using the method of steepest descent. Since

Pl _ o Je)
e~ —G"(EN =2n 22N <0, (2.88)

the integration path is parallel to the imaginary axis, and the symbol DE is understood as

d€ /i up to some real factor of the order of 1. Thus,

ioo d8 I ,
Zy( 1/27r n__oo/ —lett  where Afzﬁf(u—i—z;(S—m))—g(S).

(2.89)

For each value of the winding number n, the effective action attains its extremum at

the value of € determined by the equation G'(€) = 2 f'(p + 27”(8 — in)). Replacing the

right-hand side with 27 f/(u) introduces an O(871) error in € and an O(872) error in ILog;

the latter is within the precision of the effective action model.” The value of 9%I./0&? at

the extremum is also almost independent of n. Applying the method of steepest descent
and choosing the order 1 factor for future convenience, we get

Zow(@ 70 ~ [ X e -s0(57 - i)

oo 2
~ 2K _saet 3 exp(_mQNn 27 Kan) ,
5 2 3

where, as in section 2.4,

(2.90)

Q31 1) = N(f <u+ ?8) —g<8>61> . g =2mf <u+ ?8) — —27Q. (2.91)

The sum over n in (2.90) is evaluated using the Poisson summation formula:

Zu) (B ) ~ N V2GS exp<_(Q—QN>2>

2K N
N Q= (2.92)
> NTexp(-B(F(57,Q) — nQ)) |
where
F(B71ON) = Q87" p) + pQN = N(Fo(Q) — S(Q)871) . (2.93)

"Here we have assumed that n < 1, which is true if 5 < N. But even in the opposite limit, the error in
Iogr is relatively small.
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An important feature of the second line in (2.92) is that the argument of F' is the integer
charge @@ being summed over, and not the mean charge QN; consequently the entropic
prefactor of each term in the sum is eVS(@/N) and not eNS(Q). (Since dS/dQ = 2r&,
the ratio of such factors in the @ + 1 and @ sectors is €?™.) So, when we multiply the
second line in (2.92) by N=3/2Zgy,(agNS~1), we obtain an expression for Z(5~!, 1) that
is equivalent to (2.84). Finally, this yields (2.83), where the density of states at charge @

NS(Q/N) | with entropy evaluated at the same charge Q.

has a prefactor, e
On the other hand, if N is very large, the sum over n in (2.90) is reduced to the n = 0

term. Multiplying it by the same factor, we get

2m2agN

B

The absence of a In N term is consistent with 1/N expansion.

InZ(B~Y, pu) ~ BB, 1) + —2InB  for N>pB>1. (2.94)

3 Renormalization theory

In this section, we describe the physics at intermediate time scales, 1 < 7 < (3, generalizing
the ideas in ref. [8] section 3. More exactly, we will study the renormalization of both
symmetric and anti-symmetric perturbations to the Green function and the self energy.

3.1 General idea

The (G, X) action (2.10) is suited for the perturbative study near conformal point (Ge, X.),
which is an exact saddle point for o = 0. We will work at zero temperature, i.e. G. = Gg=no,
Y = ¥B=oo, see (2.3). The actual UV source o, consisting of a delta function and its
derivative, is strong in the UV (i.e. for 7 := 71 — 79 ~ 1), and therefore, is hard to study
without numerics. However, it is possible to introduce a weaker perturbation in a slightly
extended UV region such that its effect at 7 > 1 reproduces the actual correction (§G, 0¥)
to the conformal solution. This method has been applied to the Majorana SYK model
in ref. [8] section 3, yielding a derivation of the Schwarzian action as well as the relation
between its coefficient and the UV-sourced correction to the Green function.

One useful property of the Majorana SYK model is anti-symmetry under time reflec-
tion. Namely, the perturbation source ¢'(7) is an anti-symmetric function of time, and
the ladder kernel that propagates the perturbation preserves this symmetry. As a conse-
quence, the responses dG(7), 0X(7) are also anti-symmetric in time. However, that is not
the case for the complex SYK model, see figure 2 for an illustration. The actual UV source
o(m1,72) = §(712) — pd(m12) has both anti-symmetric and symmetric parts. More impor-
tantly, the ladder kernel (which will be studied later) mixes anti-symmetric and symmetric
functions. The mixing effect will be characterized by a 2 x 2 matrix that generalizes the
number k.(h) of the Majorana SYK model [7, 8].

In general, renormalization theory determines how UV sources manifest themselves at
intermediate scales, and thus, affect the IR physics. For instance, the interaction between
the UV source and the IR deformation of the conformal solution due to reparameterization
of time ¢(7) contributes to the local part of the effective action for the ¢ field: it generates
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Figure 2. RG flow of a perturbation o (solid line), generating the response G (dashed line) at
larger time scales.

the Schwarzian term, which further determines such properties as specific heat. For the
complex SYK model, the new ingredient is the perturbation due to chemical potential
(or charge Q), sourcing the asymmetry of the Green function characterized by € or 6.
The nontrivial relation (2.34) between 6 and Q can be reproduced using renormalization,
which further supports the statement that the charge is determined by the intermediate
asymptotics of G.

To apply the renormalization theory for 5 = oo, we write the charge as

Q= /0(7) (=1G(=7)) dT (3.1)

(cf. (2.18)), with o being small at each individual time scale but possibly spanning multiple
scales. This way, o is regarded as a combination of infinitesimal perturbation sources.
Focusing on a particular scale £ = In|7|, we may characterize the cumulative effect of all
sources at smaller scales by some value of €. The additional source at scale £ contributes
both to Q (via integral (3.1)) and to € (via renormalization). Thus, one can calculate
d€/dQ, as elaborated in the following sections. The change in the asymmetry parameter €
is propagated by the RG flow and further augmented by any sources present at larger scales.

3.2 Linear response to the perturbation o
3.2.1 Quadratic expansion of the (G, X) action

In this section, it will be convenient to treat bilocal functions f(71,72) as operators (i.e.
matrices indexed by 71 and 7o) for which one can consider the product and the trace. A
similar interpretation is also applicable to functions of four times. For example,

Tr(f - g) :/dﬁ dry f(71,72) 9(72,71) (3.2)
ffAg = /dT1 dro drs dry f(19, 1) A(T1, 725 T3, T4) 9(73, T4). (3.3)

With this in mind, we can express the (G, X) action (2.10) as follows:

[S]N<}

1G] _ —Indet(~%) — (=1)

~ - Tr(G? - G2) —Tr(2-G) + Tr(o - G). (3.4)
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Here the power G9/2 is taken element-wise. Next, we expand the action I = I [G,X] to the
second order in the variations around the conformal point, 0G = G — G, §¥ = ¥ — X,
ignoring the constant term I[G,, X.]:

L 1 - 2y 2
—225(5ET5GT) (WE 1) (5E)+T‘r(a-5G), . W = 2

N -1 Wg oG (6%)2”7 (0G)?
(3.5)
The matrices Wy and W can also be expressed as follows:
oG 0%
WE_E) WG_@j (36)

where the functional dependences of G on ¥ and of ¥ on G are given by the Schwinger-
Dyson equations:

G=-%"1 S(r,m)=G(n,m)? (~G(ra,m))2 L. (3.7)
(The equation ¥ = ¥ + o is not used.) These are the explicit formulas and diagrammatic
representations of those matrices:

l]—— 3

W (11,725 73, Ta) = Ge(T1,73)Ge(Ta, T2) = ; (3.8)
9 4

q

W (i, 2573, 1) = (—1)2 7" |:ch(7'1’TQ)g_ch(TQ,71)3_15(7'1,7'3)5(7%7'4)

(3.9)

(An arrow pointing from 7’ to 7 denotes G¢(7,7’).)

3.2.2 Ladder kernels

To calculate the effects of the perturbation source o, we may first eliminate 6% from the
quadratic action by evaluating it at the saddle point, 6% = Wy, Lsa:

L[6G]
N
We further take the saddle point with respect to G and find its equilibrium value,

1
= iaaT (We =Wy 1) 6G +Tr (0 - 6G) . (3.10)

0G=—We-Wwg') o, (3.11)
which may be interpreted as the sum of ladder diagrams. The corresponding 03 is expressed
in a similar way:

6G = (1-WsWeg) "Wso = (1+Kg+Kg+...)Wso,
—
=:Kg
0X =WgloG =1 -WeWs) o =(1+Kg+ K& +...)o.
—

::KE

(3.12)
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The ladder kernels K¢, K are products of Wy, and Wy in different orders, and thus, have
the same spectrum (excluding 0). Let us give their diagrammatic representations:

1 3 1 3
Ko(n msmm) = (-3 a0 > )
2 4 2 4
1 3 1 3
41 q
K (71,725 73, 74) = (—1)2 ( ) + (5 - 1) M
2 4 2 4

3.2.3 Calculation of Kg(h) and Ks:(h)

[\CRES

(3.13)

N[

Due to SL(2, R) symmetry, K¢ and Ky preserve power-law functions such as o(7) ~
r28=1=h More exactly, we will consider perturbation sources of the form

o(r) = <+> [ %e(r) o= {CHTP_}ZEC(T)’ 7 (3.14)

c_|7]1_h20(7), <0’

which generate the responses

5G(r) = <§gj) 1 G(r),  6%(r) = (g?) TP, (3.15)

The goal is to find the 2 x 2 matrices Wyx(h), Wg(h) relating such coefficient vectors,
excluding the 7-dependent factors. For example, since Wy, = 6G/d%, we have <§gf) =
Wx.(h) (géf) To calculate Wy (h), we use the equation 0G (iw) = G(iw)?5X(iw), where

G(iw) is given by (2.4). It should be combined with the Fourier transform

— . ! —1+Oé /
a+|7]_a, T>0 ST g a/_~_|w|_1+a, w>0 ’ a,+ ~ M(a) a; ’
a_|r|7*, 71<0 a’_|w| , w<O0 a’ a—
6

where

7

il—a Z'—l—l-oz 1 F(Oé) T o
M(a) =T(1 - a) <¢—1+a 1 ) c M) = ] (3.17)
The relevant values of o are 2A — 1 + h for 6G and 1 — 2A + h for §X. Thus,

We(h) =~ 2-28) (‘6% Og) M(2A—1+h)™" (6_%9 ! )

I'(24) 0 e 0 %
—e™ 0
-M(1—2A+h)< 0 e_ﬁ(g) (3.18)
~ T'2A-1+h)T(2A—h) sin(mh+26) —sin(2wA) +sin(260)
- T(2A)T(2A —1)sin(27A) \ —sin(27A) —sin(26) sin(mh —20)
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The matrix Wg(h) is obtained from (3.9); it is in fact independent of h:

g _
2 an (3.19)
-1 %

Finally,
Kg(h) = Ws(h)Wea(h), Ks(h) =We(h)Ws(h). (3.20)

Kol —h) = (f 3) Ks(h)" ((j ;) ; (3.21)

this equation is related to the fact that Kg(m1,72;73,74) = Kx(74,73;72,71). Therefore,
Kg(h), Ks(h), Kg(1 — h), Kx(1 — h) share the same eigenvalues.

Note that

3.2.4 Resonant response

Resonances occur at special values of h such that det(l — Kx(h)) = 0. In particular,
h = —1,0, 1, 2 are solutions of this equation, also see appendix B for discussions on the other
solutions. Among them, the h = 2 and h = 1 perturbation sources determine the coefficient
ag in the effective action and the parameters &, O, respectively. The dual values, 1 — h =
—1,0, correspond to IR degrees of freedom, namely, the fluctuating fields ¢(7) and A(7).
Let h = hy be some resonance. The power-law source o(7) ~ 722717 results in a
divergent response, and therefore, has to be regulated. For this purpose, we multiply the

source by a window function u(ln |7|):

c! +00
o1(r) = (?) st [ u(dg =1, (3:22)

— —00

Assuming that u has finite support, o7 vanishes in the IR so that any response at sufficiently
large scales is due to RG flow. On the other hand, the window should be sufficiently wide
and u(§) vary slowly with &, such that o7(7) can be decomposed into power-law sources
with h close to hj.

Following the argument in ref. [8] section 3.1 we conclude that at sufficiently large T,

T A
;Zj((T)) B (g;f) 7'M, where (g;f) = Respen, (K (h) — 1) (ij) . (3.23)

A similar formula can be obtained for dG. Note that this result is independent of the

details of window function w.

3.2.5 The h = 1 resonance

As already mentioned, this resonance is related to the parameter £ and Q. So, let us find
the residue of (Kx(h) —1)"!at h = 1.
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First, we compute Wy (1) and Wy (1):

(0 -1 sin(20) [—11
Wa(l) = <—1 0 ) T Snera) (-1 1) ’

9 (3.24)
Thus,
Kx(1) = WeWs(1) = <1__qg 1—_§q> + M(q -b :1 1) ’
2 172 . (3.25)
R = et =g —r i (o4 )

The matrix Kx(1) has eigenvalues —(¢ — 1) and 1 as expected. The left and right eigen-
vectors associated with the eigenvalue 1 are:

ol = (1 —1) , oft= % (_11> —(1- A)m (i) , vl =1, (3.26)

By abuse of notation, we introduce the number

1 cos(260)
‘(1) = oK (1)t = - - 2
1) = vy 1-2A  "sin(27A) (3:27)
not actually defining k(h). Thus,
- 1
Resp—y (Kx(h) —1) "' = vBol (3.28)

k(1)
3.3 Calculation of dQ/dE

As part of the renormalization scheme for Q and &, we calculate the variations of these
parameters due to a perturbation source at a particular scale. More specifically, we consider
the source (3.22) with hy = 1:

c oo
So(r) = ((:) So(r)u (In 7)) | /_ w(E)de = 1. (3.29)

To find §Q, we integrate do(7) against —7G.(—7), see (3.1). The functions G. = Gg—no
and X, = Y3_o are given by (2.3); notice that 3.(7) - (—7G.(—7)) = br—!. Hence,

6Q ="0b(cy —c_) =bo" <C+> . (3.30)
c_
The source also determines 0% through equations (3.23) and (3.28):
% (7) 1 5
= . . 31
SO TION (3:31)
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This result may be interpreted as a change of the asymmetry parameter €. Indeed, it

follows from eq. (2.3) that

_,db sinh(27¢&) sin(26)
1~ = op ) 32
dé 7Tcos(27rA) + cosh(27€) Wsin(27rA) ’ (3:32)
and hence,
6%(7) T+ (1—Ap e
= 6¢€ & | =6€ - 2mott. :
>(7) (—w +(1-Ap 1 i (3.33)
Comparing (3.31) with (3.33), we get:
aQ fin sin(2wA) 1+ cos(2wA) cosh(27E)
gg = TR = = oA T eosh@re) " ) os@ra) + coshzne) 2 - B3
This formula can be written more compactly using the 8 variable,
dQ RN/ cos(260)
& =g = - (-2 e (3.35)

which is consistent with eq. (2.34) and the results in refs. [4, 5, 9].

4 Computation of the compressibility

This section will present three different numerical approaches to computing the charge

compressibility K of the complex SYK model. We will limit these computations to the

particle-hole symmetric case, where () = 0 and p = 0. These computations will involve de-

termination of the response of the particle-hole symmetric solution to small non-zero @ or u:

1. In section 4.1, we will compute the compressibility by an exact diagonalization, eval-

uating the ground state energy Ej as a function of small Q).

The value of Fy is determined by the UV structure of the model, and we therefore
expect K to also be sensitive to the UV structure. This is as in Fermi liquid theory,
where the compressibility involves a new Landau parameter, F{j, and is not deter-
mined by just the quasiparticle effective mass m™*. In contrast, in both Fermi liquid
theory and the SYK models, the T-linear coefficient of the specific heat is determined
by low energy physics: in Fermi liquid theory by m*, and in the SYK model by the
leading low energy deviation of the conformal solution [2, 3, 7].

. In section 4.2 we will numerically compute K by an alternative method: full numerical
solution of the Schwinger-Dyson equations of the SYK model.

. Finally, numerical approach in section 4.3 employs diagonalization of the two-particle
kernel.

The values of K obtained in these subsections are in excellent agreement. Throughout the

whole section we will recover J.
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Figure 3. (a) The ground energy Eo(Q) as a function of charge @ in units J (¢ = 4). The
number of samples for each charge are 250000 (N = 10), 120000 (N = 11), 50000 (N = 12), 10000
(N = 13), 2000 (N = 14), 1000 (N = 15), 500 (N = 16), 200 (N = 17). Dashed lines are fit by
Eo(Q) = Ey + a@?. (b) Plot for the ground energy Fy at zero charge. The dashed line is a fit
by Ey = —0.079N — 0.479 + 1.6/N. The leading large N term to be compared with 2¢y, where
€0 ~ —0.0406 [34].

4.1 Exact diagonalization

In this subsection we perform exact diagonalization of the complex SYK Hamiltonian for

¢ = 4. The Hamiltonian (1.3) commutes with the charge operator (1.5): [H,Q] = 0. There-

fore we can diagonalize H in each charge sector and find the ground state energy Fy(Q).
Our numerical results for the ground state energy Ey((Q)) are summarized in figure 3(a).

1. Fitting these results to the form E(Q) = Ey + aQ?, we obtain the values of Ey and
a as shown in the following table

N 10 11 12 13 14 15 16 17
Ep | —1.105 | —1.197 | —1.288 | —1.378 | —1.462 | —1.552 | —1.636 | —1.719
a | 0.0489 | 0.0437 | 0.0400 | 0.0371 | 0.0338 | 0.0316 | 0.0292 | 0.0276

2. Finally, using a = 1/(2NK), we obtain the values of K in the following table

N | 10 11 12 13 14 15 16 17
K | 1.023 | 1.041 | 1.043 | 1.037 | 1.055 | 1.056 | 1.072 | 1.067

Note that there is little dependence of K on N. We also show the IV dependence of Ej in
figure 3(b).

4.2 Schwinger-Dyson equation

Here we briefly review the numerical solution of the Schwinger-Dyson equations for the
complex SYK model. This has already been discussed in many papers, see particularly
refs. [7, 9]. Our main purpose is to show that this method gives compressibility K very
close to the result obtained in section 4.1 from exact diagonalization.
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Figure 4. Plot of numerical solution for G(7) at ¢ = 4, fJ = 200 and Su = 20. The dashed line
is conformal solution (2.7) with 6 found from numerical Q using the formula (2.34).

We solve Schwinger-Dyson equation numerically using the well-known method of
weighted iterations
w
iwn, + o — 3, (iwn)
(4.1)

For non-zero chemical potential it is convenient to start iterations with the conformal

2(r) = PGP (NGPTN B~ 1), Giailivn) = (1 —w)Gj(iws) +

answer, regulated at the boundaries 7 = 0T and 7 = 57, and with the § parameter corre-
sponding to specific charge Q close to expected numerical value. This prevents iterations
from falling into exponentially decaying solution. We find Q numerically using the formula

Q= 5(GO) -G ). @

For large 5J we can use equation (2.34) to find parameter 6 in conformal solution (2.7).
We plot an example of exact numerical G(7) and its conformal fit G.(7) in figure 4. The
grand potential can be computed from the expression [9]

0 ) i, _ +oo _ )
~yy =log (20080 2 ) r2me 3 tog (1= 22 )4 I2E B i) Glan), (43

n=0 iwn T H q n=-—00
from which one can obtain the entropy as
Q 2 X
S=—By —BuQ+_ > S(iwn) G (iwn) (4.4)
n=—oo

where @ is computed numerically using (4.2). Finally compressibility in units J can be
obtained numerically by using the formula

1 1
K = gnf — 3 Jim 5-(G(0) ~ 6(57)). (4.5)

Numerically we fix J = 1 and compute the ratio Q/u for small 7" and small u. We first
approximate the result to the zero temperature to obtain K as a function of small u, as
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Figure 5. (a) Plot of Q/u for different temperatures T' and chemical potentials p for ¢ = 4. (b)
Plot of K for different p.

shown in figure 5, left. Then we approximate such K (u) to p = 0 (figure 5.b, right). We
did computations for ¢ = 4 and used 108 grid points for the two-point function. The value
of K we found is

K ~1.045/J . (4.6)

This result agrees quite well with the exact diagonalization result in the previous section
and with the value of K reported in [9].

4.3 Kernel diagonalization

This type of numerics was first done in ref. [7] for the antisymmetric kernel.® In ap-
pendix C.1 we discuss analytical approach for kernel diagonalization. (also see ref. [9]
appendix F). The fluctuation analysis here is complementary to that in section 3 in the
sense that here we expand the fluctuations around the exact saddle while in the section 3
we expand around the conformal saddle.

We remind that we are working on the saddle with @ = 0, where the general expressions
for the kernel (3.13) have additional symmetry, i.e. they commute with the operator that
switches two times, and thus we may analyze the kernel on the subspace of antisymmetric
and symmetric functions separately. For this purpose, let us consider the symmetrized
antisymmetric and symmetric kernels’

KAS(01,04:0,04) = — <g + (g - 1) >J2|G(912)\"zQG(alg)G(924)|G(934)\qu (A7)
where we fix § = 27 so all angles take values in the interval [0,27]. Since these kernels

are invariant under the translation of all four times, i.e. they commute with the operator

8We thank D. Stanford for sharing his code with us.

9Comparing to the general expression (3.13), we “average” K¢ and K in the sense that we separate
(¢ — 2) rungs from one side to two sides, such that the final expression is hermitian. The superscript A/S
indicate the subspaces of the antisymmetric/symmetric functions of two time the kernels act on. We also
need to replace the conformal G. by the exact Green function since we are expanding w.r.t. the exact saddle
in this section.
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D = i(0p, + 0g,), one can look for the eigenfunctions of the kernels W) / . (601,62), which are
simultaneously eigenfunctions of the operator D:

WS (01,0,) = ¢A/ 5(012) . (4.8)

Let us also define variants of the kernels with the parameter n accordingly,

2 4 0 0/ 9/ )
A/S N — A/S Yoo Y. - —ins 4
KMS(0,0) /U K <3+2,s 33 2>e ds , (4.9)

such that gbﬁis(G) are the eigenfunctions with eigenvalue k/5(h, n), more explicitly,
2m
| KNS 0.0)600 ) a8 = ke le). (4.10)
0 k)

To numerically diagonalize kernels Kfj / 8(9, 0’) in the space of antisymmetric/symmetric
functions (on the discretized coordinates 0, '), it is more convenient to impose the sym-
metry explicitly, namely, we use (K2 (6,0") — K2(0,—0"))/2 and (K5(0,0') + K5(0,—0"))/2
in the actual calculation.

We expect to find the highest eigenvalue of the kernels K2 (0, 6') and K5(6,6') for large
BT, where J = \/§J/2q%1 in the form

KA (2,n) = _||+O<(6J)> KS(1,n) = —||+0<(51j)> (4.11)

These eigenvalues correspond to h = 2 and A = 1 modes. The Schwarzian coupling ag and
compressibility K is related to aIA( and oz% through the formulas'®

A S
ap 1 o'y 1
— -, K=—"- __— 4.12
3a0q T aglg—1)T (4.12)

where ag = 2mwqcot(n/q)/((¢ — 1)(¢ — 2)). We compute numerically k5 for ¢ = 4 and
different values of 37 and n. The plot of kS for ¢ = 4 and n = 1 is represented in

figure 6(a). By fitting the data points by polynomial in 1/57 we obtain
9.2 130.5 2377
K5(1,1)=1- + . 4.13
WD =157+ GBay ~ Gay (19

From this fit we find that o}, = 9.2 and from (4.12) we obtain for ¢ = 4

K ~1.04/J. (4.14)

This agrees very well with K obtained from the Schwinger-Dyson equation (4.6) and exact
diagonalization. We also plotted na% (n) in figure 6(b), where o (n) obtained from ﬁttlng
kS for different n and o3.(1) = 9.2. One can see that within computational accuracy a%
does not depend on n in agreement with expectation (4.11).

We notice that we have additional factor of 2 for ais in comparison to [7] because in our case N is the
number of complex fermions.
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Figure 6. (a) Plot of numerical k5(1,1) for ¢ = 4 and n = 1. The dashed line is the fit (4.13). (b)
Plot for na%,(n) for ¢ = 4. One can see that within computational accuracy o (n) almost does not
depend on n, confirming the expectation (4.11). We use 108 grid points for numerical computation
of G(#) and 105 grid points for the kernel discretization in § and @’ directions, so the kernel becomes

a 10° x 10° matrix.
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Figure 7. (a) numerical eigenfunctions qﬁ%n for the antisymmetric kernel; note the perfect agree-
ment between numerics and the analytic solution. (b) numerical eigenfunctions (b%n for the sym-
metric kernel. In this case one can see UV divergence near § = 0 where the numerics disagrees with
the theoretical conformal perturbation theory.

Following the discussions in ref. [7], one might expect that the numerical result of a3
can be related to the deviation of the exact Green function from the conformal one similar
to the case for af (cf. ref. [7] eq. (3.88)). We present a calculation following this procedure
in appendix C. The result does not agree with the numerical value of K but agrees with
the Kiinear (see (2.74))

g+l
22aGA/

Klinear - - m c

(2) ~ 0.48/J. (4.15)
q=4

On the other hand, the numerical result for ag from the anti-symmetric kernel agrees

perfectly with the theoretical computation [7]. The reason for the disagreement for K

presumably related to the fact that K is a UV sensitive quantity, and the naive perturba-

tion theory for the symmetric kernel in 1/57 series does not work well, e.g. the integrals
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obtained from higher corrections to the Green function have uncompensated power-law
divergences which then contribute to the first order 1/8J term, changing the final result.
One sign of such a breakdown of perturbation theory is visible in our numerical results for
eigenvectors of the symmetric kernel. They agree with the conformal kernel eigenfunctions
everywhere except UV region, whereas for the antisymmetric eigenfunctions the agreement
is perfect everywhere; see figure 7. The conformal kernel eigenfunctions, which are simul-
taneously eigenfunctions of the Casimir with eigenvalues h = 2 (anti-symmetric) and h = 1
(symmetric) read

. 0 :nb
. sin % no 1 sin%”
d)AQA,n(e) = 2 .n Q <t QQ — ncos 2 ) ) gbin(e) = 277-’77/’1/2 . ; ’
sin 23 an 5 sin 5 (4.16)

here 72 = ——— .
WREEE T = ]2 — 1)
The divergence of the eigenfunctions of the symmetric kernel in UV region is captured in
the large ¢ limit (see appendix D).

5 Bulk picture and zero-temperature entropy

In this section, we find the zero-temperature entropy S of the complex SYK model by con-
sidering a massive Dirac fermion in AdSs. The actual calculation is done in the Euclidean
case, that is, on the hyperbolic plane. The asymmetry of the Green function (2.7) may be
interpreted as a phase factor with an imaginary phase, 27i€, suggestive of an imaginary
U(1) field acting on the Dirac fermion. (It corresponds to a real electric field in AdSs.)
The partition function in the presence of such a field yields the dependence of S on &, and
hence, on Q via eq. (3.34). We will find that the & so obtained is exactly equal to that
obtained from direct computations for the complex SYK model [4, 5, 9].

Our computation of § should be contrasted with that for higher-dimensional charged
black holes [4, 6, 14-19, 38, 39], summarized in appendix G. In the latter case, the value of
S in eq. (G.4) is determined by the horizon area and has no direct connection to the param-
eters of the SYK model. The present section interprets S as the contribution of fermionic
fields; such matter fields [6] only make a subdominant contribution to thermodynamics in
the conventional higher dimensional AdS/CFT correspondence.

5.1 General idea

For illustrative purposes, we will use the Majorana SYK model,

N ;4/2 —  (¢g—1)J?
_ ~ A~ 2 _
HMajorana = q! E Jj1---jq X1+ Xgg le"'jq = Na-1 . (51)
J1s5Jq
Among many methods of calculating its zero-temperature entropy & = Smajorana, the
formula
A
SMaj = ———dx 5.2
Majorana /0 tan(mc) ( )
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can be derived by evaluating % Indet(—X) with proper regularization [2, 3, 40] (see also
appendix E). Indeed, S is defined as the zeroth order term in the 1/ expansion % =
—L03 4+ 8+ 0(B71), where In Z may be approximated by minus the (G,X) action at the
saddle point. As explained in appendix E, the double integral part of the action has  and
O(B71) terms but no constant term.

For the complex SYK model, Z should be understood as the grand partition function,
and S should be replaced by its Legendre transform, G(&) = S(Q)—27EQ. We will derive a

formula similar to (5.2) by considering In Z in the 8 — oo limit and extracting the constant

11
ER 2mx sin(27x)
91e) = /0 cosh(27€) — Cos(2m;)d$’ (5.3)

For ¥ asymmetric in time and frequency, the direct calculation of det(—X) is fraught with

term:

regularization difficulties. This is where the bulk picture offers a crucial advantage, replac-
ing the tricky UV regularization with a simple subtraction of a boundary contribution.

In an abstract sense, the bulk is an artificial system that mimics most important prop-
erties of the real one. It may also be regarded as a heat bath for a small subset of sites [8].
The following argument seems to apply to all large N systems, but we will focus on the
Majorana SYK model for simplicity. Consider adding an extra site to N existing ones and

g—1
modifying the couplings J;, .. ;, accordingly, multiplying them by (NLH) 2 ~1-— ‘12;]\,1. In

the thermodynamic limit, the logarithm of the partition function is proportional to N, and
its change by the stated procedure is just thZ Calling the original NV sites a “bath”, we get:

InZ g—1 0lnZ
— =InZpn—InZpptn — —— ——— 5.4
N n Zy)) Nl Zhath 2 NolnJ' ( )
where “full” refers to the bath and the extra site together, but with the couplings
unchanged. In the f — oo limit, ]\%’[}HZJ = —%B + O(B71); hence, the last term in the

above equation may be neglected.

To calculate In Zg — In Zpath, we may write the Hamiltonian as Heg = Hpatn + 9XE,
where Y represents the extra site and £ is a certain operator acting on the other sites.
When N is large, £ is Gaussian, meaning that the bath is completely characterized by
the correlation function (T¢(71)¢(72)) = —X(71,72) while higher correlators are obtained
by Wick’s theorem. This suggests the replacement of the real system by a collection of
Grassmann variables ¥; with a quadratic action I = —% > ik BV, where the indices
take values on the time circle (for the extra site) and some abstract locations (for the bath).
The full matrix B has this structure:

-0 Y _
B = (—YT B, th) , c=0;, YBY'=-%, (5.5)
a
with o and Bpatn being square and skew-symmetric, and Y rectangular. Using this artificial
model, we get

B 1
In Zri — In Zpatn = = 1 det Bru = —Indet(—0o — %), (5.6)

1
2 1 det Bpath 2
where we have used the identity det (4 B) = det D - det(A — BD'C).

1 One may have noticed that the integrand in (5.3) has a form similar to the Plancherel measure for the
universal cover of SL(2, R). This analogy will be elucidated in section 5.4.
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While the previous description leaves many possibilities for choosing Bpain, the nicest
one is a Majorana fermion with mass M = %— A on the hyperbolic plane. All its properties
follow from those of the Dirac fermion, studied in the next subsection and appendix F. In
this preliminary discussion, we use the Poincare half-plane model with the metric ds?> =
(dr? + dy?)/y* (y > 0). A Majorana spinor ¢ has two components, ¥, and ;. Solutions
of the equation of motion have this asymptotic form:

(1, y) = (1) YA (1) +_ (1) YR (_11) fory -0, Ay=1-A, A_=A.(57)

The boundary condition ©_(7) = 0 is chosen, which prescribes a sufficiently fast decay near
the boundary. We will refer to it as the “Dirichlet b.c.” and to the condition ¢4 (7) = 0
as the “Neumann b.c.”.

Assuming that only the first term in (5.7) is present, we can promote the asymptotic
coefficient ¥4 (7) to a field and identify it with the field £(7) characterizing the bath. This
is reasonable because the correlator

(e (1)< (12)) ~ sgn(m — 1) |11 — o| 2% (“4+” for Dirichlet, “—” for Neumann)
(5.8)
matches (£(11)&(m2)) = —3(71, 72) if the “+” sign is chosen. The part of the action involving
the boundary fermion x(7) is

1 .
Iboundary = /<2X8TX + 1¢+X> dr. (59)

Since we are interested in low temperature properties, or large time scales, the x9,x term

may be neglected. Thus, y becomes a Lagrange multiplier field, forcing 4 to vanish. This

indicates a change from the Dirichlet to Neumann boundary condition. The corresponding

asymptotic coefficient ¢_(7) may be identified with x(7), whose correlator is —G (7, 72).
To summarize, the zero-temperature entropy of the Majorana SYK model is

S = [ln qull —1In Zbath] (510)

reg’

where [---]eg denotes the constant term in the 1/8 expansion. The partition functions
Zpath and Zg,y correspond to a Majorana fermion on the hyperbolic plane with the Dirichlet
and Neumann boundary conditions, respectively. For the complex SYK model, one should
consider G(€) instead of S and use a Dirac fermion. The calculation will follow. We
note that this procedure is similar to that used to compute the influence of double trace
operators on the free energy in the AdS/CFT correspondence [41-46].

5.2 Dirac fermion on the hyperbolic plane

Now we describe a realization of the auxiliary “bath” system for the complex SYK model.
The abstract action Than = — VT Bhan U is chosen in the form

IDirac = /“;Z) ('chc + M) 77[) \/§d2$, ¢ = (Zi) 3 @ = <_¢? ¢j> ) (5‘11)
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Figure 8. Local frame (€7, €3) relative to which the Dirac spinor is defined.

where

WW:<%+;%mﬁﬂme¢. (5.12)

Specific to two dimensions, the spin connection factors into a scalar and a constant matrix:

Wall Wal2 0-1 R
- . Ouws — Opwe = — —€ap - 5.13
<Wa21 Wa22> Wey (1 0 ) aWp BWa 5 €af ( )

(Further details, such as the expressions for the Dirac matrices !, 72 and the spin matrices
»ob = i [Va,vb], can be found in appendix F.) The Majorana case differs in that v, ¢x
1

are real, the U(1) gauge field A is absent, and the action has an overall factor 3.

We use the Poincare disk model of the hyperbolic plane H?:

dr? + T2d<p2

ds® = 4
° (1—12)2

(5.14)
The U(1) gauge field A is imaginary (but becomes real upon the analytic continuation from
the hyperbolic plane to the global anti-de Sitter space sharing a diameter of the Poincare
disk). More specifically,

Ay = 18wy, 0aAg — 08An = —1€e€np3 .- (5.15)

Thus, the model is characterized by the Dirac mass M and the field strength €. We also
need to specify a boundary condition. To this end, we note that a general solution of the
Dirac equation (7“V.+ M)y = 0 has this asymptotic form near the boundary:

V(r,0) Yy (@)ne(r,o) +_(p)n-(r,@) forr—1, (5.16)
where
A ei(W:;V) 1 8
= (1—7r%)"* AL ==-++/M2-¢2 = in—. (5.17
N+ (r, @) ( r ) <j:e_i<¢§w> , =3 , 7= aresin o ( )

The dependence on the polar angle ¢ in eq. (5.17) is a consequence of gauge choice: we use

the local frame (vielbein) shown in figure 8, whose orientation relative to the tangent vector
0, depends on . For the bath model, we postulate the Dirichlet boundary condition,
Y_(¢) = 0. But when the bulk fermion is coupled to a boundary fermion, the correct
condition is Neumann, ¢4 (¢) = 0.
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The Euclidean propagator for each boundary condition,

Ci=—i(y*Ve+M)L,  Cilzr, o) = (Y(z1)d(w0)) (5.18)
with the matrix structure

_ot o
C:I: _ < + +

gk _ Ik
—Cf CE) ;o OF = ()« (5.19)

is calculated in appendix F, see eq. (F.47). In particular, when both z1 = (r1,¢1) and
xo = (ro,¢0) approach the boundary, the propagator becomes

Ci(r1, 9170, 00) = (V= (p1)¥4(90)) n(r1, 1)7(ro, wo)  for ri,mo — 1, (5.20)
where for 0 < 1 — g < 27, we have

D(As+ 3 +i8) (AL + 5 —18) i i) o £1— %0
<¢i(¢1)wi(¢0)> 4nT(2AL) e sin 5

—2A 4

(5.21)

Thus, (Y4 (e1)Y+(p0)) ~ —E(p1,90) and (Y- (e1)1-(0)) ~ —G(e1,90) (up to some
constant factors), where ¥ and G are defined for the complex SYK model with

1
A:§—\/M2—82. (5.22)
5.3 Subtraction of infinities and the “spooky propagator”

We are now in a position to evaluate the thermodynamic quantity

G(AE) = [ln Zean — In Zbath] = [ln det(y*V.+ M)_ — Indet(v°V. + M)+] (5.23)

reg reg

Each of the two terms in the square brackets suffers from a UV divergence and the diver-
gence due to infinite volume. The former is canceled due to the subtraction of the terms and
the latter due to the regularization [- - - ] g, which amounts to the subtraction of a boundary
contribution. The two terms exactly cancel each other if M = |€|. For M > |€], it is conve-

nient to take the derivative with respect to M using the relation (5.22) between M and A:

M 9G(A,¢€)
A—1/2 0A

= [Tr(Y*Ve+ M) —Te(y*Ve+ M) =i[Tr(C-~Cy)]. . (5.24)

reg reg

In the last expression, —C; may be regarded as a propagator of a ghost particle. For
this reason, we call the difference Cy, = C_ — C the “spooky propagator”. The function
Csp(z1,20) has no singularity at x; = ¢ and may be interpreted as the bulk fermion
propagating from point xg to the boundary, where it mixes with the boundary fermion,
and then moving to point 1. This is an explicit formula:

B M sin(2wA)
 4icos(m(A —i€)) cos(m(A +i€))

N ) 5.25
_AA,%JriS,f%fiS(r GWAA,%HE,%%E(T ) (529)
3 2 2

€ wAA,%+z’€,%—z‘E(T ) _AA,—$+z'8,%—i8(T )]

Csp (Tv ' 0)

2More exactly, Csp ~ (boundary to bulk)y - G - (bulk to boundary). The boundary-to-bulk and bulk-
to-boundary propagators are, actually, SL(2, R) intertwiners.
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F b, c;
A () = w21 PO+ A+, L+ +r0), Fla,b,ciu) = “(I‘ﬁ()”) (5.26)
c
Let us complete the calculation of G(A, €) using eq. (5.24). We have
TrCsp = /H2 Tr Csp(z, 2) v/ g(2) d*z = Area(H?) - Tr Cyp(0,0) . (5.27)

The area of the hyperbolic plane is obviously infinite, but it can be made finite by regular-
ization. Indeed, consider the disk D, of radius r centered at the origin. It has the following
area and boundary length:

L 4rr? 4mr
Area(D,) = 47r/0 e =1 .2 Length(0D,) = T2 (5.28)
so that
}i_}n%(Area(Dr) — Length(dD,)) = —2m. (5.29)
Hence, [Tr Cyplreg = —2m Tr Csp(0,0). Plugging this in (5.24), we get:
0G(A,€) _ im(1—2A) Tr €y (0,0) = m(1 —2A)sin(2wA) (5.30)

OA M _ZCOS(TF(A +14&)) cos(m(A —i€))

(This is also equal to —272b, where b is defined in (2.3).) Thus,

B 12 7(1 = 22) sin(2mz)
G(A.€) = /A cosh(2m€) + cos(2mx) de. (5:31)

In conclusion, we rewrite eq. (5.30) as follows,

0G(A,€E)

2 = <; _ A) (tan 7(A +i8) + tan (A — iE)) , (5.32)

and note that it is consistent with the combination of (2.66) and (2.34):

JG(A,€)

1
5e = —2mQ =20 — i7r<2 - A> (tan (A +1i€) — tanm(A — zE)) . (5.33)

Indeed, both equations give the same result for the mixed derivative if we use the fact that
9(20)/0A = —im (tan (A + i€) — tan (A — i€)).
5.4 Relation to the Plancherel factor

For readers who are familiar with the Plancherel measure for SL(2, R) [47, 48], it may be
tempting to relate the key ingredient in the entropy formula,

iM sin(2wA)
2 cos(m(A +i€&)) cos(m(A —i€))’

Tr Gy (0,0) = (5.34)
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to the Plancherel factor. The latter also appears in the decomposition of the unit operator
1” acting on v-spinors (for an arbitrary real v) on the hyperbolic plane [48]:

1 teo ssinh(27s) 1
1" = — d n,,. . — = | IIX .
27 (/0 ° cosh(27s) + cos(2my) — /2His * Z </\ 2) ’\> , (5:39)

A=|v|—-p>1/2
p=0,1,2,...

where II is the projector onto the eigenspace of the SL(2, R) Casimir operator with the
eigenvalue A(1 —X). The operators II§ are defined by integral kernels that depend on pairs
of points 1,z € H?; the normalization is such that I (z,z) = 1.

We will make the connection to the Plancherel factor explicit by deriving (5.34)
from (5.35), bypassing the full calculation of the Dirac propagator. As explained in
appendix F, the components of a Dirac spinor have different effective spins v, equal to

I = —% —i€ and T = % — 4&. The Dirac operator is represented by the matrix
M 2V_
Ve+ M= , 5.36
Ve + <2V+ A{> (5.36)

where V. and V_ are certain differential operators changing the value of v by 1 and —1,
respectively. (Here the subscripts “+” have nothing to do with boundary conditions.) The
Casimir operator is expressed in terms of Vi by eq. (F.25), so both 4V_V for v = | and
4V V_ for v = 1 are equal to i + &2 — Q. Using this and the formula A = % — VM2 — &2,
we obtain the following expression for the propagator:

<_CH oW

ot ot

)——MKQ+M)WH4@—AU—AD1<%%+_2L>.®W)

Let us first calculate the matrix element involving v = % — ¢€ spinors with Dirichlet
boundary condition (indicated by the subscript “+7),

-1

ClH=—iM(Q-A(L-A)), " (5.38)

The general idea is to use the Casimir eigendecomposition (5.35); the role of boundary
condition will become clear later.

For the task at hand, it is convenient to transform eq. (5.35) to a different form, which
generalizes to complex values of v:

v b ! . y
1 = Fd)\<)\ 2)tan<7r<)\ 5 1/)) N, (5.39)

where the contour I is illustrated in figure 9(a). It is obtained by a deformation of the verti-

cal line Re(A—v) = % and consists of the line from % —100 to %—I—ioo and circles surrounding

the poles of tan(ﬂ()\ — % — 1/)) in the strip % <ReA < %—i—Reu or %—i—Reu <ReA < %
(depending on the sign of Rev). The rewriting is based on this representation of the
Plancherel factor,

ssinh(27s) s

cosh(2ms) + cos(2mv) 2 <tan(7r(is o V)) - tan(w(—z’s - V))) ) (5.40)
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(a) Real v. (b) v =3 —i&.

Figure 9. Contour I' in eq. (5.39) includes the vertical line Re A = § and also encircles the points
1

A = v +n (for integer n) between that line and the line Re(A —v) = 3.
and the symmetry II§ = IIy_,, which allows one to extend the integral in (5.35) from a

half-line to a full line. More explicitly,

too ssinh(27s) i [zt 1 1
Iy, ... == - = - == II% .
/0 ds COSh(27T3) + COS(27TV) 1/2+is 9 /é_ioo dA <)\ 2> tan <7T <>\ 5 I/>> by
(5.41)

The discrete series contribution (i.e. the second term in (5.35)) can be treated as residues

of the same integrand, which leads to the expression (5.39). Note that when A and v are
arbitrary complex numbers, II¥ is no longer an orthogonal projector. Formally, it is just a
function of x1, 7o € H?, and 1" should likewise be interpreted as a (generalized) function,
namely, g(z¢)~'/26(z1 — o), where g is the determinant of the metric tensor.

Given this caveat, we will proceed with caution. It is true that

QI = IQ = A(1 — NI (5.42)

However, the following corollary holds only for the Dirichlet boundary condition and is

qualified by a restriction on A:
CIHL ™ = —iM(A1—=A) = A(1—A) 'T/*™™  for A<ReA<1-A. (543)

Indeed, we should require that the left-hand side of the above equation be well-defined,
meaning the absolute convergence of the corresponding integral:

(CHIY?7) (21, ) = / CT (21, )12 (2, 20) /g (@) dPa (5.44)
To check this condition, let us use polar coordinates, z = (r,¢). As r tends to 1, the

propagator eri(xl,x) scales as (1 —r)l=2

, whereas IT§(z, zg) has terms proportional to
(1 —7)* and (1 — )=, Since 1/g(x) ~ (1 — )2, the convergence condition is exactly as
indicated in eq. (5.43).

We now apply the decomposition of identity (5.39) together with eq. (5.43):

tan( (A+1€)) W
N _ oM q1/2—iE _ 1/2—4€
Cr=Ccy-1 /dA N[N IIy ) (5.45)
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(a) Contour T for Cy. (b) Contour T for C_. (c) Contour I's, ~I' = T for Csp.

Figure 10. Switching the boundary condition from Dirichlet to Neumann amounts to exchanging
the poles A_ and A, . The procedure should be accompanied by a deformation of the integration
contour as shown in (b). The difference contour I' — I' is homologous (in the complement of
singularities) to the one shown in (c).

Note that the contour I' passes between the poles of the integrand at A_ = A and AL =
1 — A. The propagator C™ with Neumann boundary condition cannot be obtained in the
same way, but we can use analytic continuation in M. Suppose that M > || initially. As
M changes to —M avoiding the branch cut between & and —&, the numbers Ay and A_
are swapped, and the propagator C’E turns into —C™ for the original value of M. On
the right-hand side of (5.45), the analytic continuation should involve a deformation of the
integration contour such that it avoids the moving poles, see figure 10. Thus,
M (A= 3) tan(r(X +i€)) (/2

n_ M
C*_47r FdA A=A (1-X—A) A

(5.46)

The “spooky propagator” Cs% =cM - CJTF‘L is given by the integral of the same function
along the difference contour I's, ~ I' — I', which consists of circles wrapping the points
A = A_ (clockwise) and A = Ay (counterclockwise) as shown in figure 10(c). Hence, the

spooky propagator is determined by the residues of the integrand at A_ and A,:
i

clt = TM (tan(w(A +i€)) + tan(m(A — ie)))ngﬂ*’f . (5.47)

The calculation of the other diagonal element of the propagator matrix, —C*+" (in all
three variants) is completely analogous; we just need to use v = —%—ic‘l. Restricting to coin-
cident points and using the normalization condition II§ (z, ) = 1, we obtain the final result:

Tr Cop(0,0) = 5 (tan(r (& +€)) + tan (& — i£)) ) (5.48)
which is equivalent to eq. (5.34).

6 Discussion

One of the main new physical consequences of our computations on the complex SYK
model is the many-body density of states in eq. (2.83). For each total charge @, the energy
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dependence of the density of states is the same as in the Schwarzian theory, with a ground
state energy Ey(Q), and a zero temperature entropy S(Q/N) determined by the value of
(). Although this result is natural from the physical point of view, we derived it from the
effective action (1.12), which describes an ensemble with fluctuating ). The presence of
the particle-hole asymmetry parameter € in the action was essential for the consistency of
that calculation.

The other parameters in the effective action in eq. (1.12) are the charge compressibility
K, and ~, the coefficient of the T-linear specific heat at fixed Q). While the value of v was
determined by a low-energy analysis using conformal perturbation theory [7, 8], we have
shown here that a similar procedure does not apply for K. This is highlighted by the UV
divergence in the eigenmodes of the symmetric sector of the two-particle kernel shown in
figure 7. It is necessary to account for high energy contributions to obtain the correct
value of K, and we presented three such computations in sections 4.1, 4.2, and 4.3; the
numerical values so obtained were consistent with each other. These distinct behaviors of
~v and K are analogous to those in the Fermi liquid theory: the quasiparticle effective mass
m* determines the specific heat, but an additional Landau parameter, Fj, is needed for
the compressibility.

We presented a new computation of the zero temperature entropy S of the complex
SYK model in section 5. The entropy was shown to be equal to the difference in the
logarithm of the partition function of a massive Dirac fermion on H? between Neumann
and Dirichlet boundary conditions, in a manner similar to the influence of double-trace
operators in the usual AdS/CFT correspondence [41-46]. This bulk approach correctly
reproduced the @ and & dependence of S in the SYK model.

The above computation of the entropy should be contrasted with that in higher di-
mensional black holes whose near-horizon geometry has an AdSs factor (reviewed in ap-
pendix G), where the entropy is given by the horizon area in the higher-dimensional space,
and arises from degrees of freedom unrelated to the fermions. While all entropies mentioned
here obey eq. (1.16), the functional form of S(Q) is different for the higher-dimensional
black holes [4]. Probe Dirac fermions can be added to such higher-dimensional black
holes [6, 49], and their Green function agrees with those of the SYK model [4, 10]; how-
ever such fermions only contribute O(1) entropy in the distinct large- N limit of the usual
AdS/CFT correspondence.
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A Luttinger-Ward analysis and the anomalous contribution to charge

In this section, we will discuss frequency domain derivations of the charge formula (2.34)
for general ¢ following the strategy in ref. [5] (GPS) appendix A. Here we aim to provide
an alternative route to the discussions in section 2.2 that may be more transparent to the
readers familiar with Luttinger’s theorem and Luttinger-Ward functional. We also draw
attention to the comparison with perturbative anomalies in quantum field theory.

A.1 IR divergence and anomaly

Instead of Feynman propagator used in ref. [5], we will work with the imaginary time Green
function for convenience and express the charge as the following integral
> dw

oo 1
S Gliw)e ™ + = (A1)

_ oo+ 1_/
Q—G(0)+2— -

—00
We proceed by the standard Luttinger-Ward procedure (see ref. [31]), i.e. inserting the
identity 1 = 9, (G(z)~! + £(z)), which leads to the expression
1 oo dz —1 20~
Q——-= —G(2) (0.G7'(2) + 0:3(2)) * . (A.2)
2 —ico 211
This manipulation is similar to the manipulations done in eq. (2.28). However, instead of
further anti-symmetrizing the integrand, we split the two terms in braces with an explicit
cut-off:

_p [ dz 10 o dz 20~
r.hs. = P/ioo QWiG(Z)aZG (2)e +P/ioo sz(z)(‘)zE(z)e , (A.3)

11 12

where the principal value is implemented by a symmetric cut-off in frequency-domain:

+i00 —in +i00
P/ = hm< +/ > (A.4)
—i00 n—0 —i00 in

We emphasis that the regularization is crucial in the discussion here: the integral I; and I
are logarithmically divergent, so their value depends on the regularization-scheme. More
explicitly, the logarithmic divergence arises from the IR asymptotics of the Green function

(non-Fermi liquid behavior) G(z) ~ 22471

. On the contrary, the analogous integrals in
the standard Luttinger-Ward analysis for the Fermi liquid are well defined (i.e. with no
divergence) and one can further prove the second integral actually vanishes due to the
existence of the Luttinger-Ward functional [31].

The situation here is very similar to the perturbative anomalies in quantum field theory

(e.g. see the discussions in [50] chapter 19). A particularly simple example is the two
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dimensional massless QED, where the Feynman diagrams formally satisfy the Ward identity
both for vector and axial current. However, the regularizations will make it impossible to
have both gauge invariance and the axial current conservation.

In this section, we choose to use a regulator (A.4) (following GPS) that let I; term
inherit the physical meaning as in the Fermi liquid, while let I» term carries the anomalous
contribution. As a comparison, the time domain symmetric regulator used in section 2.2
will set Io = 0 but shift the value of I; integral. In any case, the sum I; + 1 is regularization-
scheme independent and determines the physical charge.

A.2 Calculation of I; integral

Let us first evaluate the I; integral explicitly

100 dz co+1n co—1in B
L = —P/ Y log G(z)e </ / > —0.1og G(2)e*® . (A.5)
—ico 21 0+in 0

In the second step we bend the contour close to the real axis so that we can proceed using
the analytic properties of Green function, thus

oo dz G(z+in) ,o-
I =— —0,log ———%e™ L) G —argG A6
1= L 0 ton G < i (arg Gloo + i) — arg Giin) . (A0)
We conclude that I is determined by the phase difference between UV and IR asymptotics
of Green function as in the usual Luttinger-Ward analysis for Fermi liquid:

H=———. A.
! 2 7w ( 7)

A.3 Anomalous Luttinger-Ward term I at ¢ =4
Now, we calculate Io integral in the present regularization-scheme. Before moving to the
evaluation of Iy for general ¢, let us first review/simplify and remark on the detailed

calculations performed in ref. [5] appendix A for ¢ = 4 model.
In the reference aforementioned, I is expressed using spectral function:

B 100 dze?0” +o00 dwy d3w P(WO)P(W1)[)(W2)p(w3)
o P/ 2m /—oo Sy ™ (2= w0)(z — (w1 +wz — ws))? (5.8

—100

where the domain {w} is defined as {w} = {w1,ws > 0,ws < 0} U {wy,ws < 0,w3 > 0}.13
The spectral function p(w) = —Im G®(w) has the following IR asymptotics

I'(2 - QA)bA—l A1

— 2
p(fw) =sin (0 + An) T2A) 2w for 0<w<xk1. (A.9)

s+

The UV behavior of p(w) has to be determined by numerics. However, I integral only
depends on the IR asymptotics and therefore universal. A simple argument is as follows.

13The sign here is due to the sign structure of the time arguments in self energy X(r) =

Glr) A (=G,
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Without the cutoff, the z integration in eq. (A.8) will run into a logarithmic divergence at
small frequency, which can be seen by power counting of the IR asymptotics of p(w). Now
assume we consider a variation of the spectral function dp(w) that does not change the IR

—1/2+s
w

asymptotics of p(w), e.g. dp(w) ~ with s > 0 at w — 0. Then the corresponding

variation of the integral §15 is free of IR divergence as the w integrations contribute a term

1+5 at small z and the z integration is IR finite now. Therefore, for the

asymptotic to z~
variation 015, there is no obstruction to take the n — 0 limit first, namely replacing the
principal value by an integration along imaginary axis. Then we can integrate z first by

deforming the contour to right half plane and picking up the residues:

2

/ioo o0 s {sgn(x)(x —y)7? 2y <0 (A.10)

ioo 2mi(z — ) (2 — y) 0 zy >0 ’

where = wp and y = w; + wy — w3 in I. Next, we finish the d*w integration and have

_ [T dYw d(p(wo) p(ws) p(—wi) p(—wa) — p(—wo)p(—w3)p(wr)p(w2))
of = /0 4 (wo + w3 — w1 — wo)?

=0. (A.11)

That is to say, for a variation dp(w) that does not change the IR asymptotics of spectral
function, the integral I» is unchanged. This conclusion also allows us to substitute the
exact p(w) by its IR form while calculating Io. Thus,

100 d 20~ +oo d4 1 3 o 3
I = P/ S / £ i ik s S, (A12)
2w Jo ™ Jwowiwaws (2 — wp)(z — (w1 + w2 + w3))

where sy are defined in eq. (A.9) and characterize the spectral asymmetry. Finally, we

—100

evaluate the explicit integrals, first for d*w and then dz:

(A.13)

20 dre®” $3s_ — 83 sy sts_ —sdsy sin 26
I, =P , =— =— :
ico 2Tz us 27 4
We may call Is the “anomalous” Luttinger-Ward term as it arises from a formally vanishing
integral. As we mentioned before, its counterpart in Fermi liquid is well-defined and indeed
vanishes. The anomaly discussed here also shares some similarity with the perturbative

anomaly in quantum field theory.

A.4 Dimensional regularization

It may be useful to also present a “dimensional regularization” version of the calculation
for the anomalous term Is. More explicitly, we use the following form for Green function

) = {G(iw) for |w| 21

Gn(iw = )
G(iw)|w|* for |w| <1

(A.14)
where 7 is a small positive number that will be taken to zero in the end. Note that the
regulator here is symmetric in w.'* In other words, the present regulator has the same
symmetry as the hard cut-off used above and they should give the same value for Is.

141n contrast to the one used in section 2.2 which is symmetric in 7.
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The small shift in the scaling of Green function will induce a small shift in both the
scaling and the prefactor in the spectral function:

I'(2— QA)bAf% w201

pp(Fw) = w?sin (6 £ (A + n)7) T(2A)

for 0<w<1l. (A.15)

~~

Sn,=+

The shift in the prefactor follows from the analyticity of Green function G, (z) on the upper
half plane. On the other hand, the shift in scaling saves the I integral from IR logarithmic
divergence and allows us to do the dz integration first. Therefore,

[T dYw (pg(wo)p(ws) p(—wi) p(—wa) — py(—wo)p(—w3)p(wi)p(ws2))
12_/0 Loty (w0+w3_w:_w2)2 . (A.16)

We can proceed by inserting the explicit expressions for p and p, with an intermediate
transition scale wy above which the integrand identically cancels,

“A dwg /°° dw? w2 1
Iy = (8 +5_ — 8, _S1)8+5_ —_— —_— 0 . (A.17
R A = e T R GO LS

The actual value of wp is not important and will not enter the final result. Now the dw

integration are straightforward to perform. After taking the limit n — 0, we have

I, — (Sp46— — 8y,—54)545-  sin20
2T 27120 T4

(A.18)

A.5 Generalization to g > 4

It is straightforward to generalize the explicit calculations to ¢ > 4 using the same
regularization-scheme. First of all, the argument that the Iy term only relies on the IR
asymptotics of the spectral function (A.9) still applies. Therefore, we end up with an
explicit integral that generalizes eq. (A.12):

I P/zoo dzez(]_ /—i—oo ddw (3(_1’_/24_183/2_1—Sq_/2+183_/2_1)

2= . - :

21 Jo T (wowiwa ... wg—1)" QA(szo)(zf(w1+w2+...+wq,1))2
(A.19)

It is useful to note that the d%w integration is the “multivariate Beta function”. Or more

—1400

explicitly, we can use the following formula

teo d"z (1l —a)”
I — _ _ — .1y = n—l—nai’
/0 (x129 ... )™ (=21 = Tn) =Y I'(n —na)

Thus, the integral simplifies and we insert the expressions for s+ to get

0<a<l1. (A.20)

o [ [y ($1/2H1 50271 124 1/21) pap ot
2:
0

2mi mixpl—24 (z —x)(2 — y)? ['(2-2A)

—100 (A.21)
(1 A sin(26)
2 sin(27rA)
Putting together with I, we reproduce the charge formula
0 1 sin(26)
=——|z—-A) ———. A.22
Q T (2 ) sin(2wA) ( )
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B Operator spectrum

The solutions of the equation det(1 — Kg(h)) = 0 contain important information about
the OPE of two fermions @(T)@/Jj(O). For instance, at = 0, the matrix

F2A-1+hI(2A —h) ( sin(rh) - Sin(?”A)> (B.1)

Ws(h) = ['(2A)T(2A — 1) sin(27wA) (— sin(2rA)  sin(wh)

T
is symmetric, and therefore, the eigenvectors of Kg(h) = Wx(h)Wg(h) are v = (1 1)

T
and vy = (1 —1) with eigenvalues denoted as /S [7, 51, 52]

Kg(h)vr = K2 (h)vr, kA (h) = I(

24 - WA +h—1) sin(rh)
T(2A — 2)(2A + 1) (1 - Sin(zﬂ)) . (B2)

Ko(h)vs = KS(hvs,  KS(h) = & (QAF 3 Ah)f (12)? (; Ah)_ D ( + M) . (B3

Using the reflection symmetry h <> 1 — h (cf. eq. (3.21)), we restrict our discussion to
h > 1/2 and label them in ascending order in this section, i.e. 1/2 < hévs < hi\/s <
hQA/ S ... are solutions of kA7 S(h) = 1 respectively. In particular, the anti-symmetric sector,

corresponding to the solutions of k*(h) = 1, reproduces the scaling dimensions of the
operators appearing in X;(7)x;(0) OPE of the Majorana SYK (which is determined by the
equation k.(h) = 1 in the notation of refs. [7, 8]). The leading one h} = 2 corresponds to
the Schwarzian sector and responsible for the energy fluctuation. Analogously, the leading
one in the symmetric sector hy = 1 is related to the U(1) charge in the complex SYK model
as we discussed in section 3.

For general 6, the matrix Wy (h) has no symmetry and the symmetric/anti-symmetric
sectors generally mix via 2 x 2 ladder kernel K¢ (or Ky). Let us denote the two eigenvalues
by k*(h,0) (anti-symmetric branch) and k5(h,6) (symmetric branch) as a generalization
of the notation k*/S(h). Their explicit formulas are as follows,

EA(h,0) =

F(2A + )I'(2A — 1) sin(27A) (B-4)

_ \/Sin(29)2<1 _ (Sm>2> + (cos(29) +(2A— 1)m>2> ,

W)~ TRA—IICA+h 1) (m |, cos(26) sin(rh)

L(2A = (A +h—1) (m ., cos(20)sin(mh)

T(2A + DI2A — 1) sin(27A) (B-5)

N %me)z(l - (Z00YY ¢ (s + 2 - >(<>)>) |

To illustrate, we plot k*(h,0) (blue lines) and k5(h,6) (red lines) as functions of h for
A =1/4 and 0 = ©/8, w/6, m/4 together with § = 0 (black lines, as a reference) in
figure 11. Here are some comments:
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(a) k*(h) with 8 = 7/8. (b) k*(h) with 6 = /6.
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(d) k5(h) with 0 = /8. (e) k5(h) with 6 = 7/6. (F) k°(h) with § = 7/4.

Figure 11. Plots of k*(h) and k5(h) for A = 1/4 and § = 7/8, 7/6 and /4. Black lines are for
reference, represent the value of k*/S(h,#) for § = 0.

1. For integer value h = n € Z, one can check that &%/ S(h,0) is independent of 0, i.e.

EA/S(h, 0) = kA/S(h,0) for any 6.

An immediate corollary is that k4(2,0) = 1 and k5(1,6) = 1 for all 0, i.e. the scaling
dimensions of the energy and charge operator are protected (as well as their dual
field with h = —1 and 0 respectively).

. General solutions of k*/S(h,0) = 1 depend on #. In figure 12 we plot the value of

hf/s(e) as functions of 0 for A =1/4.

. From figure 11, we notice that for A = 1/4, there is a critical value 6. = 7/6 which

is determined by the following equation
cos(20.) =1 —2A. (B.6)

Above the critical value, namely for 6 > 6., the solutions hS>1 disappear. In other
words, the only solutions for k5(h,6 > 6.) = 1 are h§ = 1 and its dual 0.

To explain why eq. (B.6) is relevant, let us analyze the pole structure of k5(h, #).
Naively the expression (B.5) has simple poles at h = 2A + m with m € Z7° due to
the overall factor I'(2A — h). However, the expression in big parentheses in (B.5),

2A — 1+ (=1)"cos(20) + |cos(20) + (2A — 1)(-=1)™)| at h=2A+m. (B.7)

has zeros that cancel some of the poles. Indeed the poles at odd m, i.e. at h = 2A+1,
2A+3, ... are canceled in k5(h, ). Furthermore, when cos(26) < 1—2A, the poles at
evenmi.e. at h = 2A, 2A+2, ... are also canceled. At critical value cos(20) = 1—-2A,
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Figure 12. We set A = 1/4 for all plots in this figure. (a) Plots of h*() and h%(f) as functions
of §. All dimensions h3 for k > 1 disappear at § = 7/6 and reappear in the anti-symmetric
branch. (b) Plots of k'(2,6) and k5'(1,6) (derivative w.r.t. h, not #) as functions of . Note
that £5(1,0) = —(1 — 2A)~ — 7wcos(20)/ cos(2rA) (for an arbitrary A) is denoted by k(1) in
eq. (3.27). (c) Plots of kA'(h2,0) and kS'(h$,0) as functions of 6. Note kS'(h$,0) — —oc as 0
approaches the critical value 7/6 from the left. For 6 slightly above /6, the solution reappears in
the anti-symmetric branch with a divergent (400) derivative KA

there is a discontinuity for k5(h,0.) at h = 2A + 2k for k > 1. Explicit calculation
yields (for A =1/4)

V3 V3
li ES(h,6,) = —~=, li ES(h,0.) = ~— . B.8
ha(21Ar32k)— (7, 9c) 4k fH(QlArflmkﬁ (. 9c) 4k (B.8)

Parallel discussions apply to the anti-symmetric branch k*(h, ) where an additional
set of solutions to the equation kA(h,G) = 1 emerges when 6 > 0., as shown in
figure (11.c). Technically, this is related to the additional set of poles at h = 2A 4 2k.

4. An immediate consequence of the “branch switching” phenomenon described above
is as follows. If we write the scaling dimensions (i.e. the solutions of the equation
EA/S(h) = 1) as h = 2A 4 m + 6h, then §h changes sign for those solutions that
move from the symmetric to the anti-symmetric branch. This happens as the slope
kA S/(h) diverges (see figure 12 (c¢)). The divergence of the slope seems to suggest
the vanishing of the corresponding OPE coefficient (cf. ref. [7] eq. (3.54), assuming
the Plancherel factor part does not diverge at these points).

One final remark is that for general A # 1/4, there is an additional subtlety that the
eigenvalues k*/S can be generally complex numbers for certain range of 6, but we will not
discussed the details in this paper.
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C Low energy contribution to K

Our computations of fluctuations in this appendix, and in section 4.3, follow the methods
of ref. [7]; these methods are related to those in section 3. The key difference is that in
section 3 we expand the (G,X) action w.r.t. the conformal saddle, while in this appendix
and section 4.3 we expand (G, X) action w.r.t. the exact saddle. We will use subscript “.”
and “cxact” to emphasis the contrast.

As we discussed in section 4, we expect that all energy scales contribute to the nu-
merical value of the compressibility K, and a low energy conformal perturbation approach
(similar to that used successfully for the specific heat in ref. [7]) does not yield the correct
value of K, instead it reproduces Kjjpear discussed in section 2.4.2 (cf. eq. (2.74)). The UV
divergence of the symmetric kernel eigenmodes in section 4.3 provides explicit evidence for
this claim. Nevertheless, we will present the low energy analysis of the symmetric kernel
here, as it could be useful for other investigations.

C.1 Effective action for fluctuations around the saddle point

In this section we consider the (G, X) action for the complex SYK model with zero chemical
potential and derive effective action for quadratic fluctuations around the saddle point of
the action. In this section we recover J.

The (G, X) action for the complex SYK with zero chemical potential is (cf. eq. (2.1))

2
% = —Indet(—0, — ) — /dTldTg [Z(Tl,TQ)G(TQ,Tl) + {](—G(Tl,TQ)G(TQ,Tl))

ok

(C.1)

The crucial difference from the Majorana SYK model is that now the bilocal fields G(71, 72)
and X (71, T2) are not necessarily antisymmetric under exchange of variables 11 <> 7o.

The saddle point Gexact, Lexact Of the action (C.1) is the exact solution of the Schwinger-

Dyson equations (2.2). Now we consider small fluctuations around the ezact saddle point

Gexact y exact:
G(71,72) = Gexact(T12) + 0G (11, 72), (71, 72) = Bexact(T12) + 65(71,72) (C.2)

and expand the (G,3) action up to quadratic terms. Next we integrate out Gaussian
fluctuations of the ¢X field and obtain the Gaussian action for the fluctuations dG, which
2—
is convenient to parametrize as 0G(11,72) = ]Gexact(ﬁgﬂTq g(T1,72)
I 1.5 Poa A A -1 A
~ -3/ @1 AT (71, 72) (K axace (11, 72; 73, 72)) 71 — 1) g™ (73, 74)
(C.3)

1 B
- 2J2/ A7 g5 (71, 72) (K Sgaet (11, 72573, 74)) ™ — 1) g5 (73, 74)
0

where we also decomposed fluctuations g(71,72) on symmetric and antisymmetric parts
g(11, 1) = ¢5(r1, ™) + ¢* (11, 7), so ¢ (m, 1) = +¢5*(m1,7) and introduced the an-
tisymmetric and symmetric kernels Kg(/ait whose explicit expressions have been shown in
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eq. (4.7). We copy the formulas here with the emphasis of subscript “cxact”

—2 —2
KéAxaCt (7_17 72573, 7—4) = _J2 (q - 1) ’Gexact (7_12) ‘ = Gexact (TIS)Gexact (7—24) ’Gexact (7—34) | Ea 5
-2 -2
KSxact (7—17 T2;7T3, 7—4) = _J2 | Gexact (7—12) ’ % Gexact (TIS)Gexact (7—24) |Gexact (7'34) ‘ % (04)

act and K3

In the large 4J limit the exact Green function Gexaet in the kernels K2 ocact

X
can be approximated by the conformal solution G, so one obtains conformal kernels K f‘
and K5. The spectrum of the conformal kernels can be computed exactly and was given

in (B.3)

1Sy — DA = WA +h—1) sin(rh)

e(h) = L(2A —2)T(2A + 1) ( a sin(QWA)) ’ .

LA ) — I'2A — h)I'(2A +h—1) sin(mh) (€:5)
e (h) = [(2A — 1)I'(24) ( sin(27rA)> ’

where h labels the SL(2, R) representations: for the antisymmetric case h = 2,4,6,... and
for the symmetric case h = 1,3,5,... and there is also a principal series h = 1/2 + is,
s € RT for both cases. Note k2(h = 2) =1 and k5(h = 1) = 1, i.e. if one uses conformal
kernels in (C.3) then the effective action for these special modes is zero, which would also
indicates instability [53]. Actually, this problem appeared because we replaced the exact
kernels by conformal ones. The exact eigenvalues k* and k5 which correspond to h = 2
and h = 1 modes differ from 1 by 1/(8.J) corrections. In order to find these corrections
one uses 1/(8J) correction to the conformal Green function [7, §]

Gulr) = Gulr) (1= 5 o)) folr) =24 T2 1/P (C.6)
an T

where J = /qJ/ 2% and ag is a UV dependent constant, which can be found numeri-
cally. Next using the corrected Green function in the kernels one finds corrections to their
eigenvalues.

We find the 1/(J) correction to the conformal kernels using perturbation theory [7].
At the first order one computes diagonal matrix elements of the perturbation. In our case
the perturbation to the conformal kernels consists of two parts and reads

2

2
VAS(7y, 1o; 73, 74) = BO?K?/S(TMTZT&TA;)((]

The part of V' which involves fy(712) is called the rung term and the part with fo(713) is

2f0(7'12) + fo(ﬁs)) : (C.7)

called the rail term. The corrections to the eigenvalues are simply
SN = (UAVAEAY, 5k = (08| VS| 05 (C.8)
where for |[TA) and |¥S) we take unperturbed conformal eigenfunctions, so K2|¥4) =
EATAY and K5|WS) = k5|0S).
For the antisymmetric case the correction for h = 2 mode was already found in [7, 8]
and reads (kA = 1 + k%)
A

kA @) = ~ZEpnl, ok = —oqakt(2). (C.9)
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In the next subsection we are going to compute correction to h = 1 eigenvalue of the sym-
metric kernel. We expect to find a similar to (C.9) form, but with some other coefficient
oz%. We will find that such obtained value a% does not agree with the numerical computa-
tion in the section 4.3. The reason for this disagreement is hidden in the fact that when we
use conformal Green function in the kernels instead of the exact one, we implicitly assume
that the eigenvalues k*(h = 2) and k5(h = 1) are not affected by the UV domain (7 < 1/.J
or 7 > (3 —1/J), where the conformal Green function G, diverges, but the exact Gexact
goes to 1/2. And in fact this turned out to be correct for the antisymmetric case. But it
is not correct for the symmetric case. On a technical level the exact h = 1 eigenfunctions
‘Ilf’fﬁ“ (71, m2) of the symmetric kernel do not approach completely conformal eigenfunctions
Uy (71, 72) at the BJ — oo limit. There is always a discrepancy in the UV domain. The
exact eigenfunctions grow as 8J at the coincident points 7, = 75, whereas the conformal
ones approach a constant. This effect is nicely captured in the large ¢ limit, which we
discuss in the appendix D.

C.2 Symmetric sector

The rung and rail integrals in the symmetric sector are (we omit factor —2;‘—;‘ for brevity)

-9 +7
kg = (g 5 ) / 01 dO2d03d0, VT, (01, 02) K7 (01, 02303, 04) fo(012)TT . (63, 04) ,
—+m
5k§ail:/ d01d02d03d0 VT (01, 02) K2 (01, 023 03, 04) fo(613)TF ,, (03, 64) , (C.10)

where the conformal kernel, h = 1 wave functions and the correction to the conformal
propagator are

1 sgn(013)sgn(f24)
¢ (61,023 03, 04) 4(q — D)oo | sin %2 |1-25] sin %3 |22 sin %22 |22 | sin %2 [1-24 .
o 01t02 . g T
e "M~ % " sin M2 m— 0] 2mq cot(g)
P, (61,600) = = 0) =2+ —pF W=y gy
LTZ( 1 2) 27T|n’1/2 Sin0172 fO( ) tan% 0 (q_ 1)(q_2)

where we fix § = 27 so all angles take values in the interval [—m, 7|. It is convenient to
represent different integrals by Feynman diagrams. Let us introduce Feynman rules. We
denote propagators as

1 sgn(@lg)

910[92 = 910[92 :(Sinz%)a

) C.12
(sin? 9%2)0‘ ( )

A very useful tool for computation in a conformal theory is the star-triangle identities [54]

/+7T dfy B bar a0
. (sin2 %)al(siHQ 0%)0‘2 (sin2 9%)0‘3 B (sin2 9%2)%_“3(51112 %)%_a2(sjn2 9%)%—0‘1 ’
/J”T dBosgn(6o1)sgn(fo2) _ far,a0580(031)sgn(632)

—r (sin? gL)on(sin® f2 ) (sin® B3 )es (gin? Q2) 508 (sin2 88)3 702 (sin? 033 ) 3~

(C.13)

9
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where o1 + a9 + ag = 1 and

F(l —Ocl)r(l —OéQ)F(% —ag) '

P(3 —a)l(3 —a2)T (5 —as)
oz Kel _2\F ) fa NeY :2\/7?
o (o)l (az)T(a3) o (3 +a1)l(5+a2)l(a3)
(C.14)
Graphical representation of the star-triangle identities is
0, 01 0, 01
o 1/2—042 1/2—043 a1 1/2—(12 1/2—a3
0 a3 a9 = boq,ag 93 92 a3 a9 = fOél,OQ 93 92
3 92 1/2—0[1 93 02 1/2—041
(C.15)

In addition to the star-triangle identities we also list a couple of useful integrals. One is
the integral, which gives the delta-function

sgn(610)sgn(fo2)
2 m)lf 2 @)a
2 2

dby

- (sin

= 91 1l—«a 90 o 02 = flfafa6(912) s (016)

@(sin

where f,, = 220! cos(ra)T(1 — 2a). The other useful integral, where aj, as, a3 are arbi-
trary real numbers is

01
+n d61d02d0s ™ N
_ 3 a1
/ (Sin2 @)al (sin2 @)ag (Sin2 @)as - / d91d92d93 == bal,ag,a;g )
- 2 2 2 -7 03 0 0s
(C.17)
where

1_ 1 _ 1_ _ _ _

bal,o%a?, _ 87['% F(2 al)l“(2 ag)F(2 Oég)F(l a1 a9 053) (C18)

Nl—a; —a)l'(1 —a; —a3)l'(1 —ag — as)

The integral (C.17) can be computed by setting one angle to zero and projecting to a line,
where one can use Feynman parameters.

Since the correction to the conformal propagator fy(f12) is obtained from three point
function of two fermions with the operator of dimension h = —1, it can be represented as
the integral

1

[t (sin? egl)ﬁ(sm2 eﬁ)% Y AN
fo(012) = / ey ) % .. (C.19)

are logarithmically divergent we introduce a soft cutoff

D=

Since the integrals 6k5  and 0k>

rung rail

n — 0 by multiplying fo(6) by (sin? 9)”, so the new graphical representation for f{/(612) is
b0
+m in2 %01)3 (sin2 %2)3 -~
— (sin? 9%2)5_" 01 /2 — 17 02
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Finally we notice that fi_afa = —4(¢ — 1)ag and the conformal kernel can be depicted as

91 2 03
K5(01,62;03,04) = 7 f /2 — 12— A (C.21)
1-A 92 B 0

C.3 Computation of the rung integral

In case of the rung integral we can simply integrate over #3 and 64 to obtain

S o (q - 2) tr n 2
5k . d01d0s 1 (012)| U1 . (01, 09)2 . (C.22)

rung —
-7

Next, it is convenient to use decomposition

9 no n 50 2n(—4)F1T (n + k)
2 2 - 2
sin B ;Ck(Sln 2) y Ck Fln—k+ DOk + 1)’ (C.23)

which can be derived from multiple-angle formula and properties of the Chebyshev polyno-
mials. Therefore the integral (C.22) takes the form (in what follows we assume that n > 0,
so [n| =n).

to
s q—2 —1/ “12_(@-2) ¢
= IS NP DS e
#247k47n k=1
For k = 1 we have ¢; = n? and we find using (C.18)
by 11 =8n? i—10g2+1 +0(n) (C.25)
—3:7 2271 2n ' ’
For k > 1 there is no divergence and we can set 7 = 0 and compute
- o 8w (k+ 1) 11
2) _ g 22( _ - .=
chb_é_i’i_k—z% = TR 81“n ( Hn+2n+2> , (C.26)
k=2 k=2
where H, => ", % is the Harmonic number. Therefore we finally find
1 1 3
S
Ok pung = 1(q — 2) <277 —log2 - H, + o + 2> . (C.27)
C.4 Computation of the rail integral
In this case we represent h = 1 eigenmodes \Il:in(Hl, 2) in the form
S _ ¢t —infy —ingyy_Se0(012)
U7 ,,(01,02) = (e —e ) ———— (C.28)

dmy/n (sin? &2)3
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therefore we find

1 - - - < sgn(612)sgn(034)
S S _ inf1z _ infia _ inba3 infay
‘I]LTL(H]J 02)\I’1,n(937 04) - 1677277/ (6 € € +6 ) (Sln2 9§2 Sin2 034 )% N (029)

Since the integral §k5 . is real we can take only real part in \I/i’;l(el, 92)‘11%’”(03, 04), so we

get

TS (0,.00)T5 (0,04) — —1 (sin? % —sin? % —sin? % +sin? %)sgn(@lg)sgnw%)
sn Y N I .

2 .20 .29 1
8men (sin? %12 sin? %312
(C.30)
Thus finally we decompose 5krrsaﬂ into a sum of four integrals
-1
OkS = —
P80 fafa
o o o G0
_1/2 A _1/2 _1/2 _1/2 _1/2 _1/2 —1/2 —1/2
T+a=y]"3 e WT+a—0]"3 WT+a=)"3
x| 1-a 1-A 4 1-a 1-A _ 1-Aa ‘\\ 1-A _ 1-a /,' 1-A
02 X 04 ) > 04 02 X 04 0 X 04
(A) B) (C) (D)

where the dashed lines represent sin?(nf;;/2). Applying the integral (C.16) it is easy to
see that parts (C) and (D) vanish. For the part (A) we also can use the integral (C.16)
and get

g R 0, . sin? 29 1 g
5krail,A = m /_ﬂ_ d91d93f0 (013) sin2 6% = q— 26krung7 (031)
thus we find
SKS. A () L g2 Hy 442 (C.32)
: =n|-—— —H,+—+-|. .
rail, A 277 g m 2

To compute the part (B) in §k5 . we use the formula (C.23)

5krsail,B = Z Ck5krsail,B(k) - (C.33)

k=1

We notice that for k£ > 1 the integrals § kfaﬂ (k) are convergent, so we can set the regulator
to zero 7 = 0 and take the integrals using the star-triangle identities and the integral (C.17)

0o 0o 0o
0_1/ _1/02 Aefl
1> 1 A n .
1A’ ’ 1—a ~liana s = fyan-ahi-ana y :
Oy —>——"04 Oo—>——>04 02 ey 04
(C.34)
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We find

"o fiiaqrafiaaibo1 18 2
3 tAL-A ’ 3~ 35k _ (1 q)
chdkraﬂB & Ck 87T2anf1_A == 87[_2” ;Ckb_éa_évg_k
1 1
:n(l_Q)<_Hn+2n+2>~ (C.35)

Now we compute the remaining integral 5kra11 g(k) for k =1. We have

to
—1/2 —1/2
_1 1 % + A — 3
6kra11B( ) 87r2nf1—AfA 1— A 1_A (C36)
92 N 94

Since this integral is symmetric under 61,602 < 63,04 we can make a trick introducing
additional regulator e, by multiplying the integrand by (sin? %)*(sirﬁ 0%)6 [55]. Such
obtained integral is even under the change ¢ — —e, therefore at the limit of € — 0 it only
acquires correction of order €2. So now if we set € = 1 this will not affect the result for 1/n
and the constant term. This trick allows to apply the star-triangle identity, and we obtain

90 60
—1/2 -1 <2+ f Aflefn
—1 L iy L LiAa—ni-A 1 _
0kS i n(l) = —— — 2 =2 = Atno (037
ralLB( ) 87T2nf1—AfA 1-A 1-A 8772nf1—AfA 1—-A ( )
02— 04 O —5> 04

Next we are going to use two integrals assuming that 6 2 € [0, 27]

/27r " sgn(610)sgn(0o2) _ _W(l—a)sin(a(w— 012])) + asin((1 — a) (7 — 012]))
0 (sin? 3 )1 (sin? fg2) —a sin(ma) ’
2m sgn(610)sgn (0 sin(a(m— 1|0
/0 o (51n§ 950 ;0)(5112(9;3;(1 = (si<n(7r0‘c)l2’)) ’ (C.38)

which can be computed using the Fourier transform. We notice that the integrand in (C.37)
is periodic under the shift of any variable 6; — 0; + 27, therefore we can set one variable
to zero and multiply the whole integral by 27w. We set 6, = 0, then integrate over 6y and
02 using (C.38). Finally we integrate over #; and obtain

f1+A n,1-A (271-)(27.‘.2) 1
82 fi_afasin(r(1 — A))sin(r(A — 7)) 5(1 —A+p)(I(1—2A+7)

—I(1—n))+ %(A —n)(I(—n) —I(2—=2A+n))|, (C.39)

5kra11 B( ) =

where we denoted

_ cos(ad) 237 #xD(2n — 1)
() = /_7T db (cos28)1-n ~ T(n+a)T(n—a)’

(C.40)
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Taking the limit » — 0 we find

Shan() = (1 —0) (2177 g2+ 221;__;’(2;_41) - Sin&)) S (ca
We notice that this can be written as
kS (k) = %(1 —q) (2117 —log2+k2(2) + 1> , (C.42)
where k2 (h) is defined in (C.5). So finally we find for the rail integral
kit = ~0hiung = g = DEE'(2). (C.43)

Combining the rung and rail integrals and restoring the factor —2/5‘3—; we find for the cor-

rected symmetric kernel eigenvalue

2a6(q — k' (2)

KS(1,n) = 14 6kSy + 0kbypg = 1+ n]. (C.44)
BT
Using equations (4.12), (C.9) and (C.44) we find
Kinear 1 3 2 3 3
lincar _ ¢ %%k _ 20 (C.45)

ol _mq—lg_%ﬁ’

where v = 472ag.

Unfortunately, the result (C.44) gives only a partial contribution for corrected sym-
metric kernel eigenvalue at order 1/87, and (C.45) agrees with the Kjinear value in (2.74).
Presumably integrals obtained from higher corrections to the Green function have un-
compensated power-law divergences which then contribute to the first order 1/87 term,
changing the final result.

We also notice that the computation we did can be drastically simplified if we take
large n limit as in [7]. Doing this we indeed find the result (C.44). The caveat of such
approach in our case is that a priori we can not guarantee that the final result contains
only linear in n terms, because each integral is divergent, so in principle we could miss
some other corrections in n.

D Large g for symmetric kernel

In the large ¢ limit, we take ¢ — oo, keeping J = \/ZIJ/Q% fixed. Then in the first order
the Green function reads

3 0 0 jus)
60) = ER (1420 4 ), b SR (0.1)
2 q cos(Z2 (1 — 1)
where we set § = 27 and v is a function of 87, which is found from the equation

v/ cos % = BT, s0o v — 1, when BJ — oo. Now consider the symmetric kernel

K5(604,04;03,04) = —J2|G(012)] T G(013)G (624)| G (034)] "7 . (D.2)
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Using the large ¢ Green function (D.1) we find in the leading ¢ order
1
—00 (91, 92; 93, 94) = —Z—qJZeég(em)sgn(&lg)sgn(ﬁﬂ)e%g(e“) . (D3)

In this expression the dependence on ¢ remained only in 1/¢ prefactor, the rest depends
only on 57, which is our parameter. Therefore, evidently, the eigenvalues of the large ¢

kernel
2

df3d0s K (01,02;03,04) T3, (03,04) = kiy_ o W (61, 02) (D.4)
0

will be proportional to 1/q: k(?zoo x 1/q. Parametrizing kszoo = ﬁ—l)’ which is consis-
tent with the large ¢ limit of the conformal eigenvalues k2 (h) we find!®
j2 2 1 L
— 7h(h )/ d93d04sgn(013)sgn(024)e§g(934)\I/§L7n(93, 94) = 5_59(912)\11}%’”(91, 0),
0

(D.5)
where dependence on ¢ is gone and the eigenvalues h depend only on 7. The advantage
of the large ¢ limit is the possibility to reduce the integral equation (D.5) to the second
order differential equation. To do this, one uses Jysgn(f) = 26(#). Differentiating the
expression (D.5) by #; and 0y we find

e~ 29012) 8, 0y, (729D WF (01,605)) = —~T>h(h — 1)¥3,(61,65) . (D.6)
Now changing variables to x = 612 and y = (61 + 02)/2 and using the anzats

Ui o ()
U3 (2,y) = —my;’lT, z=n(l—v)+v|z|, (D.7)
2

after some computations we reduce (D.6) to a simple ordinary differential equation for
Uj o (2):
h(h —1)v
(485 +n? - hh = 1t . x) ) Uhn(r) =0. (D.8)
Sln 5

Since we are diagonalizing the symmetric kernel the wave-functions w,sw(ac) must obey the
symmetric boundary conditions

V() = Vh (@), Uh (21 —2) = (1), (), (D.9)

where in the second condition = € [0,2x]. The first condition reduces = domain to = €
[0,27] and also implies that 3x¢;sl ,(0) = 0, which leads to quantization of h. A general
solution of (D.8) which obeys the second boundary condition (D.9) reads

n=1 h—n/v h
5w (—1) = 27r\F(sm )P 2F< n/v, +§/v %,COS2§>, n = odd
h,n €r) =
(-1)2 +1\fcos2(sin§:)h2F1<l+h n/v’1+h;rn/v7§,’0082 g) .

(D.10)

15\We notice that the large ¢ limit does not commute with setting h = 1 first, because kf(l) =1 for all q.
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0 /2 ™ 3m/2 27

Figure 13. Plot of the wave functions ¢, (z) for n = 3, 87 = 100. The red and blue lines
correspond to ¢ = 4 and ¢ = 8 wave functions, obtained by numerical diagonalization of the
symmetric kernel (see section 4.3). The dashed line is the conformal function (4.16). The purple
line is the large g result (D.12).

The normalization is chosen in such a way that for v — 1 in the IR region these functions
coincide with the conformal ones. Indeed, setting v =1 and h = 1 in (D.10) one reproduces
conformal eigenfunctions w%n(x) = ZM%/Q sin %5f. But this already contradicts the first
boundary condition 8x¢,§’n(0) = 0, which is obtained assuming that the functions w,b;,n(x)
are differentiable everywhere. This clash of limits is a sign that UV domain is important
for spectrum of the symmetric kernel.

Using properties of the hypergeometric functions one finds h from the first boundary
condition 81;1/1}517”(0) =0 asseriesin 1 —v — 0:

1
h=1+n %(1 v)% +n(l—wv)log(1 —v)+n(Hn_1 +log7r+2n> (1—v) (D.11)

3 1
+on %(1 v)?log (1- )+ng<3(Hn1+10g7r—|—2n>—1)(1—v)§log(1—v)+....
In the leading order in 8.7 this gives for the kernel eigenvalues kﬁzoo = %\/ 68T +....

Finally the wave functions qﬁ%n(:n) = w,%n(:c) /sin § are simply

(-1)*F 5l (sin5) 1R <h—§/”, hnfv 1 co f;) n = odd
¢fsz,n<m) -
(-1)2 H\FcosQ(sm Y 3 <1+h nfv. 1+h+n/ .3, cos? g), n = even
(D.12)
and they are indeed diverging near the boundaries for large 8.7 :
1 (1—v)l2
Oy () = 1 ( ) +.... (D.13)

. m(l1—v)+nz
sin <<2>

We compare the large ¢ wave functions (D.12) and numerical results for h =1 and n = 3
in figure 13.
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E Zero temperature entropy and Indet term

For the Majorana model at large N, the free energy can be obtained by extremizing the
(G, X)) action:

F ~ min max B7(G,Y). (E.1)
Inserting the solution of the Schwinger-Dyson equation G and X, we have
F 1 1 1
N —%lndet(—& -¥)+ 3 /dT <E(7’)G(7’) — q|G(7’)q> . (E.2)
Fl F2

At low temperature, % = % — B7IS +O(B72). We would like to calculate F' to the first
order in 7! and extract the linear coefficient S, namely the zero temperature entropy.
Moreover, the linear term is only present in Fj, not in Fb. One way to see this is to
calculate the Fy integral in the conformal limit 5 — oo, and try to extract the finite piece
in BF5: ,

6F2~q_127rb/7rd92 at 8 — oo, 0:217'. (E.3)

2q 0 (2 sin g) B

The integral has a UV divergence that contributes to the ground state energy Fy. We are
interested in the finite piece, which can be obtained after a regularization. For instance,

one can use a cut-off € and evaluate the integral

e qg 2 ¢ ,
=Z__ E.4
/6 (QSing)z . 6+O(€ )7 ( )

which has vanishing constant piece. The absence of even power in € terms in the above
integral is due to the § — —0 symmetry of the integrand. Thus, we conclude that the zero
temperature entropy is only contained in F7, i.e. the Indet term.

To actually calculate S = §Indet(—0, — ¥), we substitute —0; — ¥ = G~! by the
conformal solution and properly regularize the following sum

L(n+3+A)

i a) (E.5)

o0
S=— Zln G(iwn), G(iw,) = const B8
n=0

More explicitly, we consider the partial sum with a cutoff ny ~ 8 — oo and single out the
n, independent term as the zero temperature entropy

na
- Z In G(iwy,) =~ const np +S. (E.6)

n=0

The analytic formula for the finite piece S turns out to be easier to be found by evaluating
its A derivative §’(A), which amounts to summing digamma functions ¢ (z) = I (z)/T'(x)
by the following formula

Z¢(n +z)=npa(lnny — 1) +zlnny + [:L‘ - % + (1 -2)p@E)| +0 (") . (BT)

n=0

— 61 —



Finally, integrating S’(A) to the desired position with boundary value, we have the entropy
formula for the Majorana model

A rgdr
S(A) = /0 m. (E.8)

This procedure has been described in [2, 3, 40]. The emphasis here is to support the claim
S = JIndet(—0, — ¥), which will be given a bulk interpretation.

F Dirac fermion on H?

F.1 Dirac operator and spinors in two dimensions

In a Lorentzian space, the Dirac Lagrangian is £ = —it) (y°V. + M), where

[ - _ 4.0 o_ (01 1 (01

We will work in Euclidean signature. In the case of flat space, the Wick rotation takes x°
to 22 = iz¥. The Dirac matrices 7¢ and spin matrices 2% = % [’ya, ’yb] are

01 0 1 1 (10

1 2 -0 21 12

— — — 5 =) = = A F.2
K (1 0) i v (—Z ()) ’ 2 (0 —1) 0 ( )

(Ao represents an infinitesimal counterclockwise rotation.) The Euclidean action is

IDiraC = /“p (,ycvc + M) ¢ \/§d2$ . (F3)

The Majorana case differs in that 1|, 1y are real and that the action has an overall factor
1

5
Note that the Dirac spinor 1 splits into two irreducible representations of the uni-

—%, and 11 has spin % A

general v-spinor £ is one-dimensional and transforms as Ag§é = —iv€. In the absence of

versal cover of SO(2) (or the Lorentz group): 1, has spin

electromagnetic field, the covariant derivative may be written as

VCW - (aa + ;wabczbc) ¢ - (8CV + UJQAO) w’ (F4)

Wall Wal2 . 0 -1 ' (F.5)
Wa2l Wa22 10

Here, (wape) is a spin connection defined relative to some local orthonormal frame (vielbein),
whereas (wy) may be regarded as a vector potential such that

R
Oawpg — Ogwa = —56,15 . (F.6)

To take advantage of the splitting of the tangent space under SO(2), let us replace the
local orthonormal frame (€7, €3) with

(51 + 152) . (F7)

™y

p=g@—ie), o=
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This transformation is modeled on the transition from the Cartesian coordinates (z!,x?)
to (x7,27) = (2,2) = (2! + 22, 2! — ix?), in which case

()-EDE)-ERE) e

In the new frame, the metric 7., = (€, €,) and other relevant matrices are as follows:

Mo+ M-\ _ 1 (01 7 Wat+ Wat— _ i (0 -1 7 (F.9)
Nt N 2\10 Wo—t Wo—— 2\1 0
00 02
+t= = YT =21 =2iA,. F.10
v (2 0) 7 <o o) ’ 1o (£-10)

The individual components V, V_ of the covariant derivative are themselves co-

[\)
o4

variant, i.e. they commute with gauge transformations. More generally, let us define the
operator
Vi =0+ — ivwst (F.11)

taking a v-spinor to a (v £ 1)-spinor. The operators Vi, V_, v satisfy the following
commutation relations:

R
v, Vi]=4Vy, [V, V_]= -2 (F.12)

In this notation, the Dirac operator becomes

M 2V_
D=~V.+ M= F.13
Ve + <2V+ v ) ; (F.13)
where V. acts on the v = —% spinor v, and V_ acts on the v = % spinor ;.

If a U(1) gauge field is present, (F.11) should be replaced with
Vi=0+—tvwgy —iAy. (F.14)

Let us consider a special case where the field strength is imaginary and proportional to the
curvature:
Ay = —i€wy, €& =const. (F.15)

This is equivalent to changing the spin by —:€. Thus, | and vy have spins —% —1& and

% — &, respectively.

F.2 Spinors on H? and SL(2, R) symmetry
The hyperbolic plane H? is described by the Poincare disk model with the metric

4dzdz

2 _
ds” = (1—22)2’

z =zl 4iz?. (F.16)
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The local frame is chosen to be proportional to the coordinate frame:

e _1 ({10 4
e>:f 2(01)’ I=a==p (F.17)

This choice is called the “disk gauge” in ref. [48]. It is a special case of conformal gauge,
which is defined for any metric in the conformal form, ds? = f(z,%) dz dz. In this gauge,

Vi = fﬁé (az —inZ) y Wz = _%azlnf = 1_#7

1 i iz_ZZ (F.18)
=2 (0 —ivwz ) zZ = 5 zl = — -
\% 2 (0 —ivwz) , w 2&mf T~

The operators V., V_ commute with isometries of the underlying manifold.
Let us introduce modified polar coordinates (u, ) such that

2 =Vue'?, z=\Jue . (F.19)

A v-spinor with angular momentum m is proportional to e (m=¥)¥ (in the disk gauge),
hence,
m = —i0, + V. (F.20)

We now discuss SL(2, R) symmetry following ref. [48]. The abstract symmetry genera-
tors L_1, Lo, L1, have two different realizations. The more natural one is by Killing vector
fields, acting on spinors as follows:

Lt =—m, L% =t <i(1 —W)u2d, + _m2_ Yud + _m; ”u5> . (F.21)

The second set of operators (commuting with the first) is denoted by L%; they change the
spin by —n:

LE=v, LE =c <¢(1 —wuid, + *m; Yub + m; ”u%> . (F.22)

Both sets have the same commutators and Casimir operator Q:
1
[Ln, L] = (n — k) Ly, Q=—Lj+ 5 (LaLi+ LiL-y) . (F.23)

Note that
Lt=—2v_, Lf =2v, (F.24)

and that the commutation relations between these operators are just a special case
of (F.12). This is an explicit expression for the Casimir operator:

Q=—-4V_V, —v—12 =4V, V_+v—1? (F.25)
1—u

= —(1—u)? (ud2 + 8y) + e (m—v)* = (m+v)u) . (F.26)
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The eigenvalues of Q may be parametrized as A(1 — A). The joint eigenspace of this
and the angular momentum operator, m = —id, + v, is spanned by the v-spinors {3 .,
§1_A,m defined by the formula

Eam(u, 0) = M2y 57 (1 — w)2F(A +m, A — 1,251 — u), (F.27)

where F(a,b,c;x) = I'(c)™' oF1(a,b,c;x) is the scaled hypergeometric function. The
asymptotic behavior near the boundary is as follows:

Eam(u, p) = F(21A) M1 —u)® for u— 1. (F.28)

We will also need the asymptotics at the origin,

I'(v—m) _ L'(m—v) Y
VAR m-v veme o F.2
Bm D> aT T —m”  TTa-nTarm | v 220 (F29)
where one term usually dominates. In the special case m = v, we have

y N -2
SAD R AT TR )

In|z| for z—0. (F.30)

Here and below, Z stands for a point in H? with coordinate (z,%). This way, we distinguish
general functions like £X ,, from analytic functions of z.
The operators Lil act on the basis spinors as follows:

L &R = (v £ AL (F.31)

Using this fact, we can construct solutions of the Dirac equation Dy = 0 away from the
origin. Indeed, it follows from (F.13), (F.24) that

M —LE
D= L. (F.32)

Recall that the Dirac operator D acts on a vector whose components have spins —% —1€ and

1_

5 —i€. A simple calculation yields a pair of fundamental solutions with angular momentum

eizgé»;a—iﬁ 1 e
U)i{m = . fnzg , Ap = 5 +VM?2-E2, ~=arcsin U (F.33)
sl "

The solutions wﬂ\r/{m and 1pM7 correspond to the “Dirichlet” and “Neumann” boundary

—,m

conditions, respectively. More exactly, they have the following asymptotic form:

+ :  Dirichlet

U(u, ) = Y(e)ne(u, ) for uw—1, (F.34)
—:  Neumann

where

FCE=))
_ Ax e 2
n+(u, @) = (1 —u) (i _Ngﬂ) : (F.35)
e
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F.3 The propagator

For a general Fermi system described by Grassmann variables v, ;-‘, the Euclidean
propagator is simply the correlation function C7* = (YjF). If the action is quadratic,
I=- Zj’k By, the propagator is given by C = —B~!. For the Dirac fermion, it is

convenient to multiply B by (7°)~! on the left and C by +° on the right so that

I=—YBy, (F.36)
_ ¥ o+ 4 .
C = (i) = (—m o) O = ), (F.37)
where the indices j, k include both spin and spatial coordinates. (The relation C = —B~!

still holds.) In this case, B = —iD, where D is the Dirac operator. Thus,

iDWC(2y, Zo) = 6(21, Zo) ((1) 2) : (F.38)

Here, the superscript (V) indicates that D acts on Z; = (21,%1), whereas
d(Re(z1 — 20)) 0(Im(z1 — 20))
19(Zo)]

To solve (F.38), we first determine the asymptotic behavior of C(Zy, Zy) for Z1 — Zy —
0. In this limit, the mass term and spin connection in (F.13), (F.18) may be neglected so
that

(21, Zy) =

1 (0 0z 4
D=~2f"2 = = F.39
f 2<az 0>, F=Vll= == (F39)
Hence,
1 — 29Zo 0 (z1 — %)t
C(Zy,7Zy) ~ ——— f — 0. F.40
(Z1, Z) A ((21 ) ! 0 or z1—zp— ( )

Next, we consider the case Zy = 0. The columns of the C' matrix must be proportional
to the fundamental solutions (F.33) with suitable values of m. Matching the z — 0
asymptotics (F.29) with (F.40), we get this result:

P(A+— P T(A++ 1) (iemfii,ﬁz) €h.1(2) )

] F.41
el (2)  £eTEl (2) (4

Cy(Z;0) =
+(Z30) 4y
Whereiz—%—ic‘l andT:%—iE.
Now, let us compute the propagator Cy(Z1, Zy) for arbitrary Z;, Zy. To this end, let
V be the conformal map of the unit disk such that V' (zp) is 0 and V(z;) is some positive

real number, denoted as z1q:

W zZ— 2y

Viz)=—" F.42
(=2 2, (F.12)
_ 1— 2.3 _
v= /22 w= )0 a0 = |22 (F.43)
Z1 — 20 1—7Z120 1— 2129
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Conformal maps of the Poincare disk transform a v-spinor £ to

(V_lg)(zvz) = a(z,?)yg(V(z), V(Z)) ) a(z,E) =
Therefore,

a 1 a 1yie

Plugging the concrete expression (F.41) for C(Z,0) together with

a(Z1) = % a(Zo) = % (F.46)

we obtain the final answer:

Ar— DT(As+ 1) o (iweimgii&(zw) v€x, +(Z10) )

Ci(Z1; Zo) = I

dmi 0N, (Z0)  FwTeTIEL, ((Zio)
(F.47)
where | = —% —3&, T = % —1&, v = arcsin(€/M); the numbers v, w, z19 are defined
in (F.43), and the functions &% ,, in (F.27).
Finally, we examine the near-boundary asymptotics of the propagator. Let
20 = Juge®?, 21 = Juefl, 0< o — o <2r, ug,u; — 1. (F.48)
Then
v eilprteotm)/2 0 pilp1—po—T)/2 1— 22 ~ (1~ u1){d — uo) (F.49)
’ ’ 0 4 sin? f1¥o ' '
Hence,

oy DAL= DT+ D) elrprion) (o PL— 00\ 0F _
Cy(Z1;2y) =~ T (AL e 2sin 5 N+ (Z1)11(Zo)
(F.50)

where 1n4(Z) is defined in (F.35). Importantly, the scalar factor
ef(r=¢11%0) (25in %)_2Ai coincides with —X(¢1, o) (for Dirichlet b.c.) or —G(¢1, ¢o)
(for Neumann b.c.) up to an overall constant.

G Higher dimensional black holes in asymptotically AdS space

This appendix will begin by recalling the basic thermodynamic properties of charged spher-
ical black holes in global AdSg42 [6, 38] in d + 2 spacetime dimensions (d > 2). We denote
the T' = 0 radius of the black hole by Rj. Then we will discuss the universal structure of
the theory of such black holes at temperature T' < 1/Rj, [4, 14-19], where the effective
action in eq. (1.12) applies. See ref. [18] for more details.

In the AdS/CFT correspondence, AdS,2 spacetimes are dual to conformal field theo-
ries (CFTs) in d + 1 spacetime dimensions. With an Einstein-Hilbert gravitational action,
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the CFT is the large N maximally supersymmetric SU(N) Yang-Mills theory for d = 3,
and a suitable large N limit of the ABJM theory for d = 2. We place the CFT on a
sphere, Sy, and add a chemical potential conjugate to a global U(1) symmetry. This in-
duces a total charge @ on Sy. In the holographic description, the asymptotically AdS ;o
spacetime crosses over to a charged black hole with a with a near-horizon AdS, X Sy
geometry [6, 38, 56], which was identified with the physics of SYK models [10].

The Einstein-Maxwell theory of a metric g and a U(1) gauge flux F' = dA has Euclidean

action

1 d(d+1) 1 5 A2
Im= [ |- (R F dt G.1
M /[2n2<d+2+ L2 >+4g% Ve &, (G0
where k? = 87Gy, Rqio is the Ricci scalar, L is the radius of AdSg,, and gr is a gauge
coupling constant. The properties of the black hole are fully specified by the temperature
T and the chemical potential . The later is specified by a boundary condition on the time
component of the U(1) gauge potential A
lim A (r,7) =ip. (G.2)
r—00
At T =0, let the radius of the black hole horizon equal Ry, the total charge equal @,
and the chemical potential equal pg. These quantities are related to each other by

saRi~1\Jd [(d+ DR + (d — 1)12]
Lkgp

)

(G.3)
gr 2 2\11/2
=———|d((d+1 d—1)L

where s4 is the area of the d-dimensional surface of a unit sphere. We will treat Ry, as
the independent variable below, the dependence on @ and po = u(T = 0) follows from the
above.

Moving to non-zero T' < 1/ Ry, we find the entropy S(Q,T') has the form in eq. (1.14)
(we do not track factors of N in this appendix) with

2wSq 4 5N 47r2dde2Rz+l
SQ)=""5" 7= \g7) = Pl DR + (d— 17207 (G4)
K Q K (d(d+1)Rj + (d - 1)°L?)
Note that the entropy is simply given by the area of the horizon in the higher-dimensional
geometry. The contribution of fermion determinants to the action is subdominant in the
large N limit of the AdS/CFT correspondence, unlike the computation in section 5.
The low T behavior of the chemical potential is given as follows,

w=po—27ET, T — 0and @ fixed (G.5)

where

ou 2rgp R Ly [(d+ 1) R} + (d — 1) L?]
me = <6T)Q T kldd+ DR+ (d—1)2L7]
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We can now verify that the Maxwell relation
_ (@) _ (3S> _ 95/0Ry (G.7)
)y \0Q)p  9Q/ORy,

is obeyed as T'— 0, which then implies the fundamental identity in eq. (1.16). Finally, we
also note the value of the compressibility

_
=

AQ/dR,  (d—1)sgREP [d(d+ )R + (d — 1)2L7] '

K = =
r—o duo/dRy (d+1)g%

(G.8)

Now we turn to the universal structure for 7' < 1/R},. The near-horizon metric takes
the AdSy x Sy form with metric and gauge field (at 7' = 0, see ref. [18] for 7' > 0)

—dt? + d¢?

ds® = R3 [ 2

] + R2d0Y, A= idt, (G.9)

where

LR,
VA + 1R} + (d—1)2L?

Ry = (G.10)

and the dimensionless parameter € determining the strength of the near-horizon electric
field is the same as that in eq. (G.6). The Green function of a massive Dirac fermion at
the AdSs boundary was computed in refs. [6, 49], and was found to have the same spectral
asymmetry as that in eq. (1.7), also determined by €.

Several works [4, 9-19] have discussed the nature of the theory of AdSy horizons,
which is applicable to the higher dimensional black holes at 7" < 1/Rj. Under these
conditions, all modes which are non-constant on S; can be ignored, and we can focus on
the fluctuations of the AdSs sector. These fluctuations are also described by the 0 + 1
dimensional Schwarzian theory [9, 11-13] in eq. (1.12). A recent analysis [18] has shown
that the parameters K, v, and € appearing in this Schwarzian theory are precisely those
specified by the thermodynamic results recalled in this appendix.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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