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ABSTRACT: We revisit the complexity = action proposal for charged black holes. We in-
vestigate the complexity for a dyonic black hole, and we find the surprising feature that
the late-time growth is sensitive to the ratio between electric and magnetic charges. In
particular, the late-time growth rate vanishes when the black hole carries only a magnetic
charge. If the dyonic black hole is perturbed by a light shock wave, a similar feature ap-
pears for the switchback effect, e.g. it is absent for purely magnetic black holes. We then
show how the inclusion of a surface term to the action can put the electric and magnetic
charges on an equal footing, or more generally change the value of the late-time growth
rate. Next, we investigate how the causal structure influences the late-time growth with and
without the surface term for charged black holes in a family of Einstein-Maxwell-Dilaton
theories. Finally, we connect the previous discussion to the complexity=action proposal
for the two-dimensional Jackiw-Teitelboim theory. Since the two-dimensional theory is ob-
tained by a dimensional reduction from Einstein-Maxwell theory in higher dimensions in a
near-extremal and near-horizon limit, the choices of parent action and parent background
solution determine the behaviour of holographic complexity in two dimensions.
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1 Introduction

Recent years have witnessed that quantum information theoretic notions shed new light
on deep conceptual puzzles in the AdS/CFT correspondence, and also provide useful tools
to study the dynamics of strongly-coupled quantum field theories, e.g., [1-12]. One strik-
ing, yet mysterious, entry to the gravity/information dictionary is the concept of quantum
circuit complexity: the size of the optimal circuit which prepares a target state from a
given reference state with a set of “simple” gates [13-16]. The concept of holographic
complexity naturally emerges from considerations on the bulk causality in the AdS/CFT
correspondence [17]. For instance, holographic complexity is expected to be a useful diag-
nostic for late-time dynamics and in particular, the interior of a black hole since it continues
to increase even after the boundary theory has reached thermal equilibrium. In addition,
complexity is sensitive to perturbations of the system, namely the physics of scrambling,
i.e., even tiny perturbations to the system have a measurable effect on the complexity [17].



The original proposal for holographic complexity, known as the complexity=volume
(CV) conjecture, asserts that [17, 18]

Co(%) = max [Z](VBH , (1.1)

where the boundary state lives on the time slice ¥ and then V(B) is the volume of
codimension-one bulk surfaces B anchored to this boundary time slice. To produce a
dimensionless quantity, the volume is divided by Newton’s constant G and the AdS
length L.! A second proposal, known as the complexity=action (CA) conjecture, relates
the complexity of the boundary state to the gravitational action evaluated for a particular
region of the bulk spacetime [20, 21]

Ca(X) = IV;%W : (1.2)

Here, the subscript WDW indicates that the action is calculated on the so-called Wheeler-
DeWitt patch, which corresponds to the causal development of any of the above bulk
surfaces B anchored on X.

The study of holographic complexity is actively developing in two related directions.
The first is to explore the properties of the new gravitational observables which play a role
in the CV and CA conjectures and the implications of these conjectures for complexity
in the boundary theory, e.g., see [17-55]. In particular, we note that a number of new
proposals have been made for the holographic dual of complexity in the boundary theory.
For example, one new proposal is known as the complexity=(spacetime volume) (or CV2.0)
conjecture, which suggests that the bulk dual of complexity is the spacetime volume of the
WDW patch [53]. Further, more recently, a relation was conjectured between momentum
of an infalling object in the bulk radial direction and complexity of the corresponding time-
evolved operator on the boundary [54, 55]. A second direction of investigation has been to
understand the concept of circuit complexity for quantum field theory states, in particular
for states in a strongly coupled CFT, e.g., see [56-74] Developing a proper understanding
of complexity in the boundary theory is essential to properly test the various holographic
proposals and ultimately, to produce a derivation of one (or more) of these conjectures.

Our motivation for the present paper was to understand holographic complexity (and
in particular, the CA proposal) in the two-dimensional Jackiw-Teitelboim (JT) model of
dilaton-gravity [75, 76]. Recently, there has been a great deal of interest in the JT model,
as it emerges in the holographic description of the Sachdev-Ye-Kitaev (SYK) model in
a particular low energy limit, where the system acquires an emergent reparametrization
invariance [77-88]. Furthermore, the JT gravity exhibits the late-time behavior of the
spectral form factor which are natural from the perspective of random matrix theory,
e.g. [89, 90]. As such, the JT model should be an ideal platform to study the complexity
in various dynamical settings and investigate further the implications of holographic com-
plexity. However, our initial calculation of holographic complexity in the JT model using
the CA proposal (1.2) produced the surprising result that the growth rate vanishes at late

LA more sophisticated approach to choosing the latter scale was described in [19].



times — see section 4. This result, of course, in tension with our common expectations
for complexity. It can be argued quite generally that at late times, the complexity should
continue to grow with a rate given by [17, 22]

dC
~ ~ ST 1.
dt ST, (1.3)

where the entropy S gives an account of the number of degrees of freedom while the
temperature T' sets the scale for the rate at which new gates are introduced. Further
since the JT model is supposed to capture the physics of the SYK model, which exhibits
maximal chaos, we would certainly expect the complexity should increase as fast as it
possibly can. Rather than considering the CA prescription of holographic complexity, one
can also examine the CV proposal (1.1) in this setting and in this case, we found the
extremal volume (i.e., the length of the geodesic connecting the boundary points defining
Y)) continues to grow at a constant rate for arbitrarily late times.

This apparent failure of the CA proposal motivated us to re-examine holographic
complexity for charged black holes in higher dimensions since the JT model can be de-
rived from an appropriate dimensional reduction, e.g., [86-88, 91-94]. In particular, JT
dilaton-gravity describes the near-horizon physics of certain near-extremal black holes in
higher dimensions. Previous studies of holographic complexity of charged black holes,
e.g. [20, 21, 30, 34], had not shown any odd behaviour for the CA proposal. However,
with hindsight, we note that all of these investigations involved electrically charged black
holes, whereas the usual dimensional reduction made to derive the JT model involves black
holes carrying a magnetic charge, e.g., [88, 91]. Our first calculation in the following is
to examine holographic complexity for a dyonic black hole (in four dimensions) with both
electric and magnetic charges. In this case, even if the geometry is held fixed, we find
that the complexity growth rate is very sensitive to the ratio between the two types of
charge. In particular, if the black hole is purely magnetic, we find that CA proposal yields
a vanishing growth rate at late times, and further, that the switchback effect is absent.
Of course, this vanishing matches our result for the JT model, which would arise in the
dimensional reduction of these magnetic black holes.

However, there is a boundary term involving the Maxwell field, which one might add
to the gravitational action. This term arises naturally in the context of black hole thermo-
dynamics [95] (see also [96, 97]) when defining different thermodynamics ensemble, i.e., a
canonical ensemble with fixed charge, as opposed to a grand canonical ensemble with fixed
chemical potential. We find that with the CA proposal, the holographic complexity is also
sensitive to the introduction of this Maxwell surface term. In particular, the late-time
growth rate is nonvanishing for magnetic black holes with this surface term, while tuning
the coefficient of the surface term can yield a vanishing growth rate in the electrically
charged case. Given these results, we are then lead to re-examine the dimensional reduc-
tion in the presence of the Maxwell surface term and the behaviour of the corresponding
holographic complexity for the JT model and for a related “JT-like” model, derived from
the reduction of electrically charged black holes.

To better understand the vanishing of the complexity growth for the magnetic black
holes, we might also ask whether this result is special to the Einstein-Maxwell theory.



Alternatively, the question can be phrased as which features of the corresponding Reissner-
Nordstrom-AdS black holes are important in controlling the behaviour of the holographic
complexity for the CA proposal. As a step in this direction, we also investigate holographic
complexity for charged black holes in a family of four-dimensional Einstein-Maxwell-Dilaton
theories. Holographic complexity of Einstein-Maxwell-Dilaton theories has been previously
studied for several models [30, 36-39]. In these theories, the Maxwell field is coupled to a
scalar field (the dilaton) and as a result, the charged black holes also carry “scalar hair.”
With the dilaton excited in these solutions, the nature of the spacetime singularities and
the casual structure of the corresponding black holes can be modified. Hence we can
investigate to what extent these changes to the spacetime geometry modify the behaviour
of the holographic complexity. Our conclusion will be that the causal structure of the
spacetime geometry is the essential feature leading to the unusual (i.e., vanishing) late-
time growth rate with the CA proposal.

The remainder of our paper is organized as follows: in section 2, we study the CA
proposal for dyonic black holes carrying both electric and magnetic charges in four bulk
dimensions. We first show how for a fixed geometry, the complexity rate of change is
sensitive to the ratio between electric and magnetic charges. We also show how the inclusion
of the Maxwell surface term to the action can also have a dramatic effect on the late-time
growth rate for the CA proposal. In addition, we also briefly investigate the switchback
effect by injecting small shockwaves into the dyonic black hole. In section 3, we investigate
holographic complexity for charged black holes in a family of Einstein-Maxwell-Dilaton
theories. In section 4, we return to holographic complexity for two-dimensional black
holes. In particular, we show that the late-time growth rate vanishes for the JT model, but
that this situation can be ameliorated if the Maxwell surface term is included in reduction
from four to two dimensions. We summarize our findings and consider their implications in
section 5, as well as discussing some possible future directions. We leave certain technical
details to the appendices. In appendix A, we describe in more detail the calculations of the
holographic complexity in the dyonic shock wave geometries. In appendix B, we comment
on subtleties concerning the evaluation of the Maxwell surface term when magnetic charges
are present.

As this project was nearing its completion, we became aware of [98], which has sig-
nificant overlap with the present paper. We add that an independent approach to under-
standing holographic complexity for the JT model recently appeared in [99-101].

2 Reissner-Nordstrom black hole

In this section, we investigate applying the complexity=action (CA) conjecture [20, 21] to
evaluate the holographic complexity of the dyonic Reissner-Nordstrom black hole, while
focusing on the Einstein-Maxwell theory in four bulk dimensions, i.e., d = 3 for the bound-
ary theory. These results are easily extended to general dimensions, if one also couples the
gravity theory to a (d-2)-form potential field (i.e., the Hodge dual of the one-form Maxwell
potential). Our main objective is to understand the effect of a new boundary term associ-
ated with the Maxwell field. As mentioned in the introduction, we will find that although



this boundary term does not modify the field equations, it has a strong influence on the
action of the Wheeler-DeWitt (WDW) patch. Hence we must ask which choices (for the
coefficient of this term) yield a WDW action which produces the behaviours expected of
holographic complexity.

We divide the action for four-dimensional Einstein-Maxwell theory in terms of the
usual Einstein-Hilbert and Maxwell actions, as well as various possible surface terms

Itot = IEH + II\/Iax + Isurf + Ict + I,LLQ ) (21)

where first two terms are integrated over the bulk of the manifold of interest

1 . 6
1 4 / v .
Il\lax = - @ Md €T _gFHl,FM .

The next term I,y contains various surface terms needed to make the variational principle
well-defined for the metric,
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This contains the usual Gibbons-Hawking-York term [102, 103] for timelike and spacelike

(2.3)
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boundary segments, the Hayward terms [104, 105] for intersections of these segments, and
the surface and joint terms introduced in [26] for null boundary segments — see [26] for a
complete discussion. The null surface counterterm,
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L, / d\d*0./7 © log (£.0) , (2.4)
B/
is not needed for the variational principle, but it was introduced in [26] to ensure
reparametrization invariance on the null boundaries. Further, it was shown with a careful
study of shock wave geometries in [40, 41] that this surface term must be included on
the null boundaries of the WDW patch if the CA proposal is to reproduce the expected
properties of complexity.
The final contribution in eq. (2.1) is a boundary term for the Maxwell field
Lo=-L | ds,F™A 2
u = 5 u - (2.5)

9% Jom

While introducing this boundary term does not change the equations of motion, it does
change the nature of the variational principle of the Maxwell field. That is, it changes the
boundary conditions that must be imposed for consistency of the variational principle. We
will also find that it modifies the WDW action, but we reserve a complete discussion of
this term for section 2.2.



For the calculations which are immediately following, we will drop the Maxwell bound-
ary term (2.5) by setting the parameter v = 0. That is, we examine the holographic
complexity working with the action

I, = Icot('Y = 0) . (2'6)

With this action, we apply the CA proposal to study the holographic complexity for
a spherically symmetric dyonic Reissner-Nordstrom-AdS black hole (with d = 3 boundary
dimensions). The spacetime geometry is described by the following metric,

d 2
ds® = — fana(r)dt* + L (d6* + sin® 0dp?)
fRNA(T)
. 2 w ¢+
Wlth fRNA(T) = ﬁ =+ 1— ; =+ % s (27)

where L is the AdS length, and w is a parameter proportional to the mass. A Penrose
diagram showing the causal structure is shown in figure 1(a), with an outer horizon r; and
inner Cauchy horizon r_ (defined by frya(r+) = 0). The mass, entropy and temperature
are then given by

w T 2 i afRNA

S=—ri, T=

_ _ 2.
QGN’ GN 47 Or ( 8)

T=r4

As indicated above, the black hole carries both electric and magnetic charges. The corre-
sponding Maxwell field strength and vector potential can be written as

- _ 9 _ e Qe
A= el (qm(l cos ) do + <r+ . > dt> ,

_ 9 (% ~
F—\/M(Ter/\dt+qm51n0d¢/\d0). (2.9)

where ¢. and ¢,, denote the electric and magnetic charges.
Following the conventions of [34], we write the tortoise coordinates for the black hole

/R W R
Tana(T) = /r Froa(7) (2.10)

such that lim,_,o iy, () = 0. The Eddington-Finkelstein coordinates, v and u, for ingoing

spacetime (2.7), as

and outgoing rays (from the right boundary), respectively, are given by
v="t+r"(r), u=t—1r(r). (2.11)
2.1 Complexity growth

Next, we evaluate the growth rate of the holographic complexity for the dyonic black
hole (2.7). This analysis reveals the puzzling feature that despite the fact that magnetic and
electric charges are interchangeable at the level of the equations of motion, the complexity
growth in the CA proposal (1.2) seems to be sensitive to the nature of the charge. In the
following, we provide salient points in the calculation and we refer the interested reader
to [34] for further details.
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Figure 1. (a) Penrose diagram for the Reissner-Nordstrom-AdS black hole (2.7). The nonextremal
black holes have an outer event horizon at » = r and an inner Cauchy horizon r = r_. The shaded
blue region corresponds to a typical WDW patch anchored to symmetric boundary time slices with
tp = tg = t/2. (b) Penrose-like diagram of an Reissner-Nordstrom-AdS black hole with a shock
wave inserted on the right boundary at the boundary time tg = —t,, — see eq. (2.37). In order
to not tilt the asymptotic boundary after the shock wave, we adopt the Dray-t’Hooft prescription
that the null geodesics crossing the collapsing shock wave shifts.

Following [34], we anchor the WDW patch symmetrically on the left and right asymp-
totic boundaries with t;, = tg = t/2. A typical WDW patch is illustrated in the Penrose
diagram in figure 1(a). The time evolution of the WDW patch can be encoded in the
time dependence of points where the null boundaries intersect in the bulk, i.e., the future
boundaries meet at r = r} (and ¢ = 0) while the past boundaries, at r = r2, (and t = 0),
as shown in figure 1(a). The position of these meeting points is determined by [34]

t t
9~ T:{NA(Trln) =0, 5 + r;NA(Tgn) =0, (2.12)

and then the rate at which these positions change is simply given by

dr} fRNA(Tl ) dr? fRNA(rz )
m _ m m _ _ m/ 2.1
dt 2 ’ dt 2 (2.13)




Bulk contribution

We start by evaluating the time derivative of the two bulk terms in eq. (2.2). With the
Reissner-Nordstrom geometry (2.7) and the Maxwell field (2.9), these terms yield

1 of 6 2(a2—ap)
Iyak = Igu + Ivax = 4GN/WDV5letT <_LQ+67“4m , (2.14)
where we have used the trace of Einstein equations: R = —%. Notice that in the Maxwell

contribution (i.e., the second term in the integrand), the electric and magnetic charges
appear with opposite signs! This fact is directly related to the vanishing of the late time
rate of complexity for magnetic black holes, as we will see below. Following [34, 42], the
time derivative of the bulk action reduces to the difference of terms evaluated at the future
and past meeting points,

dlpue 1 [7”3 qg—q?nym

2.1
dt 2G N (2.15)

Joint contributions

As shown in figure 1(a), the WDW patch is cut off by a UV regulator surface at some
large r = r,... However, the boundary contributions coming from this time-like surface
segment and the corresponding joints yield a fixed constant, i.e., they do not contribute
to the time derivative of the action. Further, with affinely-parametrized null normals (for
which x = 0), the null surface term in eq. (2.3) vanishes. This leaves only the joint terms
at the meeting points, r = r}, and r2,. The final result for these joint contributions is given
by [34]

1 1 2

Tiine =~ |t 1og [LosslTmll |2 g2 1o [WralTmll |9 4
2GnN £2

where ¢ is the normalization constant appearing in the null normals, i.e., k- O], 00 = £&.

In a moment, the addition of the counterterm (2.4) will eliminate the £ dependence of the

action. Using eq. (2.12), the time derivative of eq. (2.16) becomes

| frna (7)]
§2

1
Tm

+ﬁ@ﬁmwﬂ . (2.17)

2
Tm

d—[joint _ 1
at 4G N

[27’fRNA (r)log

Note that at late times, 7“717;2 approach the horizons and so the first term above vanishes.
Hence only the second term contributes to the late-time growth rate.
Counterterm contribution

The boundary counterterm (2.4) requires evaluating the expansion scalar © = 0y log /7 in
the null boundaries of the WDW patch and the final result is given by

7.2 42€2
I =22 ] = 1 2.18
e e (55) s
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The term in the first line comes from the UV regulator surface and again only contributes
a fixed constant. Hence the time dependence comes only from the terms evaluated at the
meeting points in the second line. The time derivative of eq. (2.18) has a compact form,

1
d[Ct o /rfRNA (T‘) 4€2£3t Tm
prai [ ST log 2 L (2.19)

Tm

Again at late times, this contribution vanishes and so it only changes the transient be-
haviour in the growth rate at early times. It is useful to combine eqs. (2.17) and (2.1) to
explicitly see that the £ dependence is eliminated,

1

d 1 402 T
% (Ijoint + Ict) = —M [QTfRNA(T) log {W] + Tz@rfRNA(T)]
1 r)|462 3 2(¢2 + 42, T
= —@ [ZTfRNA(T) log {W] + Qﬁ - (7‘)} L (220)

Note that in contrast to eq. (2.15), the electric and magnetic charges contribute with the
same sign above.

Total growth rate

The growth rate of the holographic complexity (1.2) is then given by the sum of eqgs. (2.15)
and (2.20), which yields
dChx 1d

o adi (Touik + Ljoint + Let) =

q
7TGN7"

T B 7 frna(T) log [’fRNA(T)ZMgt]T}n (2.21)

27TGN ?"2

r2, Th,
At late times, the past and future meeting points meet the outer and inner horizons, re-
spectively, and so the second term vanishes (since frna(r+) = 0). This leaves the surprising

result -

dCa %
m — =
t—oo dt TG NT

(2.22)
Ty
Hence if we consider a purely magnetic black hole with g, = 0, the growth rate vanishes!
More generally, we might introduce

q
G=q¢+q, and x=-, (2.23)
Im

which allows us to re-express eq. (2.22) as

. dCy X’ i |
lim = .
t—oo dt 1+ x2 TGN T,

(2.24)

Now fixing ¢, which fixes the spacetime geometry (e.g., r1), this expression reveals a
nontrivial dependence of this growth rate on y, the ratio of the electric and magnetic
charges. In particular, we see that as we put more of the charge ¢, into the magnetic
monopole with x — 0, the late-time growth rate shrinks to zero.

Figure 2 illustrates the full time-dependence of the growth rate, as we change the
ratio of the electric and magnetic charges while keeping the spacetime geometry fixed. As
expected from eq. (2.22), the rate approaches zero at late times when the black hole is
mostly magnetic.



Figure 2. The rate of change of complexity for the dyonic black hole given by eq. (2.7), with
r_=0.3ry, L=0.5ry and £, = L. We fix the parameters that determine the geometry, but vary
the ratio between electric and magnetic charges. As predicted by eq. (2.22), when the charge is
mostly magnetic, the growth rate of complexity approaches zero at late times. The limit g, — 0
essentially matches the top curve for x = 10. Similarly the ¢. — 0 and the y = 0.1 curves are
indistinguishable on this scale.

2.2 Maxwell boundary term

The discussion in the previous section raises the question of whether there is a consistent
prescription for the holographic complexity that puts the electric and magnetic charges on
an equal footing? In the following, we will argue that such a prescription requires that we
modify the action with the addition of the Maxwell boundary term in eq. (2.5)

Lig=— ax, F' A, . (2.25)
9= Jom

This surface term plays a natural role in black hole thermodynamics [95] — see [96, 97] for
a discussion in the context of the AdS/CFT correspondence. In particular, the Euclidean
version of the action Iy would yield the Gibbs free energy, associated with the grand
canonical ensemble where the temperature and chemical potential p are held fixed. Adding
the boundary term (2.25) (with v = 1) to the Euclidean action produces the Legendre
transform to the Helmholtz free energy, associated with the canonical ensemble where the
temperature and total (electric) charge @ are held fixed. This boundary term was also
shown to play a role in resolving the apparent tension between electric-magnetic duality
in four dimensions and the different partition functions of electric and magnetic black
holes [106-108] — see further discussion below.

As we noted above, adding this surface term (2.25) changes the boundary conditions
in the variational principle of the Maxwell field. Consider varying the Maxwell action in
eq. (2.2). Integrating by parts produces the equations of motion in the bulk but leaves a
boundary term proportional to dA,,,

1 1
6IMax = 72 / d4x V _g VLLFMV 6Al/ - 72 / dZ/J‘ FMV 6141, . (226)
9= Im 9= Jom

~10 -



Hence, a well-posed variational principle requires a Dirichlet boundary condition setting
0A, = 0 on the boundary (where the index a indicates that only the tangential components
of the potential are fixed). However, the latter can be modified by introducing the surface
term (2.25), in which case the variation produces the boundary contribution

1

Ohine +0hig =+ = 5 | A% [(1=9) ™ 84, 708" 4] (2.27)
M

Of course, with v = 1, the term proportional to d A, is eliminated and the required bound-
ary condition becomes n* 0F,, = 0, where n* is a unit vector orthogonal to the boundary
OM. If we choose a gauge where n - A = 0, we recognize this as the Neumann boundary
condition n* 9, 6A, = 0. With a general value of v (and the same choice of gauge), the
potential would satisfy a mixed boundary condition,

Ynr9,8A, = (1 — ) X2 54,, (2.28)

where the choice of X, will depend on details of the problem of interest, e.g., [109-111].
Returning to the action (2.1), if we use the Maxwell equations V,F* = 0, then the
boundary term (2.25) can be converted into a bulk term via Stokes’ theorem as

_ 4
on-shell @ M d x\/ng,UfVFMV7 (229)

Luq

which is explicitly gauge invariant.? Of course, the above expression takes the same form
as the bulk Maxwell action (2.2) and so we could just as well have re-expressed the bulk
action as a boundary term. In any event, combining eq. (2.29) with Iy, yields

2y — 1
Sl / d*a/—g F,, F™ . (2.30)
M

IMax + IMQ on-shell 492

Hence in evaluating the WDW action for the general action I, (7), i.e., including the
contribution of the Maxwell boundary term in eq. (2.1), the only change that has to be made
to the previous calculation is to change the overall coefficient of the Maxwell contribution
in eq. (2.14). As a result, eq. (2.15) is replaced by

d
— (Tou + L) = (2.31)

dt

1
L[ 6 —am]™"
L? r )

(9 —1) e Im
Tere (2y-1) )

Tm

Subsequently, the final result for the late-time growth rate for the complexity becomes

T— r—

1-x*+v ¢
1+X2 7TGNT

iy A _ =@ +vdm
im =
t—oo dt 7TGN7‘

(2.32)

T4 T4

Therefore if we set v = 1, the dependence on the electric charge drops out of the numerator
and the late-time growth rate is primarily sensitive to the magnetic charge. In particular

2There is a subtlety here for the magnetic monopole contribution in that the boundary term must be
integrated over the boundary of all patches where the potential is well-defined — see appendix B.

- 11 -



then, with this choice of ~, the late-time growth rate drops to zero for an electrically
charged black hole at late times.

The above discussion shows us that the growth rate (or more generally the on-shell
action) is symmetric under electric-magnetic duality, i.e., F),, <> ﬁ;w = %quoF Pe_if at
the same time we exchange the action?®

Itot('Y) — Itot(l - 7) > (233)

i.e., we modify the coefficient of the Maxwell boundary term (2.25) as indicated above.
Then v = 1/2 is singled out as the special choice which leaves the action unchanged in
eq. (2.33). Of course, looking back at eq. (2.30), we see that the combination of the bulk
and boundary terms for the Maxwell field vanishes on-shell. However, the complexity is
still sensitive to the electromagnetic field through its back-reaction on the geometry. In
particular, the holographic complexity only depends on the duality invariant combination
¢? = q? + ¢2,, as appears in the metric (2.7). For example, eq. (2.32) becomes
dCs G2+ dm |

lim —— === 2.34
80 | 2nGr),, (2:34)

and as desired, the electric and magnetic charges influence the complexity growth rate on
an equal footing. However, as we discuss in section 5, this expression produces a puzzle in
the limit of zero charges.

Of course, the reader may wonder why we should expect that that magnetic and electric
black holes should compute at the same rate. First, let us recall the expectation that the
late-time growth of the complexity should be given by eq. (1.3), i.e., dC/dt ~ ST, but both
the entropy S and temperature T are governed by the spacetime geometry, as given in
eq. (2.8). Hence it is natural to think that this rate should be controlled by ¢2 = ¢2 + ¢2,,
the combination appearing in the metric (2.7). This conclusion can also be motivated
by the shock wave geometries, which we study in the next section. In this context, both
electric or magnetic black holes exhibit the same back-reaction and hence it is natural to
think that the holographic complexity should respond in the same manner independent of
the nature of the charge.

2.3 Shock wave geometries

Another property that holographic complexity should exhibit is the switchback effect, which
is related to the complexity of precursor operators [18, 32] — see further discussion in
section 5. We will follow closely the analysis and notation of [40, 41]. To examine this
feature, we consider a Vaidya geometry where a(n infinitely) thin shell of null fluid collapses
into a charged black hole. If the shell only injects a small amount of energy into the system,
then the black hole’s event horizon shifts by a small amount, i.e.,

T+2

=1+e, (2.35)
T'+71

3This equivalence was noted by [108] for vy = 1.
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where the subscripts 1 and 2 indicate before and after the shock wave, respectively. The
scrambling time associated with this perturbation is then given by

—log —. (2.36)

For the chaotic dual of the black hole, the switchback effect then predicts that for any time
t after the perturbation is introduced, the complexity remains essentially unchanged for
t <t

Scr
begins to grow linearly afterwards, i.e., t > ¢

but then the difference of complexities (for the perturbed and unperturbed states)

*

s Our goal here is to investigate to what

extent the CA proposal reproduces this behaviour for the charged black holes discussed in
the previous sections.

Charged shock wave geometry

Figure 1(b) illustrates the spacetime geometry for a shock wave collapsing into a Reissner-
Nordstrom black hole from the right boundary at ¢ = —t,,. Note that following [40, 41],
we adopt the Dray-‘t Hooft prescription that the null geodesics shift upon crossing the
collapsing shock wave. For simplicity, we assume that the thin shell is neutral, i.e., it
carries energy but no charges. The corresponding metric is

ds® = —F(r,v) dv? + 2dr dv + r? (d&2 + sin® 9d¢2)

2 2, 2
with  F(r,v) = % L1 flﬁv) 4 & ;qm

(2.37)

where
fs(v) =w1 (1 —H(v—vs)) +wa H(v — vg) .

(with H(v) denoting the usual Heaviside function). Before and after v = v, the metric has
precisely the form given in eq. (2.7) with w = w; and wa, respectively. However, we must
evaluate the tortoise coordinate (2.10) for each region and then following eq. (2.11), define
the time coordinate as t = v — r*(r). Note that taking the limit r — oo, we find vs = —t,,
on the boundary.

The geometry of the WDW patch is characterized by a number of dynamical points:

1

L and r2,, the meeting points of the future and past null boundaries, respectively; and

r
rs and rp, the point where the null shell crosses the past right and future left boundaries,
respectively. These positions are determined by the boundary times with

tr+tw = —2r5(rs),

tr — tw = 217 (rs) — 2r7(r3,) ,

tr — tw = 2r7(r)

tr+ty =2r5(rl) —2r5(ry) . (2.38)

In the following, it is sufficient to restrict our attention to the case t;, = tg = 0 and to
study the behaviour resulting from pushing the perturbation to earlier times ¢t = —t,,. Let
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us note that with these choices, eq. (2.38) yields a simple result for the dynamical points
in the limit of large t,,, namely,

lim 7, =17ry9 lim 72 =r_4
twT—00 5 + twT—o0 ’

lm rp =14 lim 7}, =7_3. (2.39)
twT—00 tw T —00

Results for switchback effect

Following [41], the switchback effect is revealed (or not) in the ‘complexity of formation’
comparing the holographic complexity of the above shockwave geometry with that of the
static black hole (2.7) with w = w; (and the same charges). We begin by considering the
CA proposal for the action without the Maxwell boundary term (2.5), i.e., we again set
v =01n eq. (2.1) as in section 2.1. The details of our calculations are given in appendix A.
In figure 3, we present the difference of complexities for a light shock wave producing
rio = (14107571 (ie, e = 107% in eq. (2.35)). Notice that the complexity remains

*
SCr

makes a transition to linear growth.* Several curves are shown in the figure where the

unchanged by the perturbation up until ¢, = tZ.. but afterwards, the difference quickly
geometry is held fixed (i.e., ¢2 = ¢2 + ¢, is fixed) but the ratio x = q./qn is varied. We

see that the rate of the linear growth t,, > t}.. decreases to zero as more of the charge is

Scr
put into the magnetic monopole, i.e., as x — 0. Hence the switchback effect vanishes (with
this choice of «y) for a black hole with pure magnetic charge. This result might be expected
since there is a close connection between the late-time rate of growth of the complexity in
the static black hole and dCa/dt,,, as discussed in [41].7

The rate dC4/dt,, can be evaluated analytically to find (see appendix A)

dC 2
= o (e ) fortu < fier,
w
dC4 X2 el 1=t 12
~ = + = fort, >t . 2.40
dty, 14+x27Gy \r ren Tleys w -~ ser ( )

Hence as for the growth rate of the eternal black hole case in section 2.1, the complexity
rate after the scrambling time depends on the ratio between electric and magnetic charges
and in particular, dC4/dt,, vanishes as xy — 0.

We can confirm the scaling with y in eq. (2.40) by simply multiplying the curves in
figure 3 by the factor (1 4 x?)/x? and then we see in figure 4(a) that essentially they all
collapse onto a single curve. The only exception is for the smallest ratio, y = 0.1, which is
slightly shifted to the right. This behaviour arises because for smaller yx, there is a greater
sensitivity to the scale £, in the null counterterm (2.4). The dependence on this ambiguity
in the definition of the WDW action is illustrated in figure 4(b). We note, however, that
this ambiguity does not effect the final rate dC4/dt,, but only the transition between the
two regimes in eq. (2.40).

4For heavier shock waves, e.g., € ~ 107!, the initial regime over which the complexity is constant
essentially disappears, similar to the behaviour found for neutral black holes in [41].

5Comparing eq. (2.24) with the result in eq. (2.40) for ¢, > ti.., we see that dCa/dtw ~ 2dCa/dt|t—oo,
as predicted by [41].
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Figure 3. The difference of complexities of formation in the shock wave geometry as a function of
the insertion time ¢, for a light shock wave r; o = (1 + 107%)r; ; and parameters L = 0.574 o,
r_1=0.57r;9 and £y = L (r_ 2 is then fixed by the condition that ¢, is the same after the shock
wave). The dashed vertical line is the scrambling time for the shock wave with these geometric
parameters. We investigate the effect of varying the ratio between electric and magnetic charges:
after the scrambling time, the complexity essentially remains constant for the solution with mostly
magnetic charges, as predicted by eq. (2.40).
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Figure 4. (a) The complexity for the shock wave geometry as a function of the insertion time
ty, for a light shock wave r4 5 = (1 + 10_6)r+,1 and parameters L = 0.574 2, r— 1 = 0.571 9 and
L, = L. (Further, r_ 5 is determined by fixing g, to be the same before and after the shock wave.)
We show the result for rescaling the curves in figure 3 by the factor (1 + x?)/x?. We essentially
see that the curves lie on top of each other, except the for smallest y, as it is more sensitive to
the transient behaviour controlled by f.. (b) The influence of the transient behaviour for the
complexity in the shock wave geometry. We show in solid x = 0.1 and in dot-dashed x = 10 to
contrast the effect of varying /., in units of L. For /., = 0.1 L, both curves are essentially on top of
each other, but for /., ~ L, the curves with small y are more sensitive to this ambiguous scale.
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Figure 5. The exponential growth for the complexity with a light shock wave, such that ry » =
(1+107%)ry 1, and also with L = 0.5r4 o, 7— 1 = 0.5r4 2, lt = L. We show two examples, one for a
black hole with mostly electric charge x = 10 and one with mostly magnetic charge x = 0.015. For
the larger y, the dynamics is well approximated by an exponentially growing mode with Lyapunov
exponent A\;, = 27T until times of the order of the scrambling time (vertical black line), as in
eq. (2.40). For the smaller value of x, the amplitude of this initial mode is suppressed both by the
energy of the shock wave and by a factor of 2. The exponentially growing mode only dominates at
very early times because it must compete with other transient effects. In the limit that the black
hole has only magnetic charges (i.e., x = 0), this exponentially growing mode is absent.

Further, eq. (2.40) suggests a regime of exponential growth for t,, < t’.. However,
this regime actually becomes smaller as the black hole becomes mostly magnetic, i.e., as x
becomes small, as illustrated in figure 5. For the mostly electric black hole (with x = 10),
we see a good agreement with an exponentially growing mode with the Lyapunov exponent
Ar, = 27T until times of the order of the scrambling time. For the mostly magnetic black
hole (with xy = 0.015), the amplitude of the exponential mode is suppressed by a factor
of x2, which shifts the corresponding curve down in the figure. In addition, we see that
the exponentially growing mode is only the dominant contribution at earlier times. This

reflects the fact that the analysis producing the t,, < t%.. expression in eq. (2.40) really only

SCr
applies for y = 1 — see appendix A. When this exponential mode is suppressed by small
X, it must compete with other transient dynamics (e.g., depending on £.) and therefore,
its role becomes less important in this regime. In particular, if the black hole is purely
magnetic (with y = 0), the exponentially growing mode is absent.

Of course, the above results (with v = 0) are modified if we include the Maxwell

boundary term (2.5). In particular, eq. (2.40) is replaced by

dc 1—7)x?

th ~ O <( 17—2>§<2+’Y 6627rT1tw> fort, < t&.,,
w

dc L—yx*+y ¢ (1™, 1]77? .

th ~ 1742"2 i ‘g T for ty, > tf,, . (2.41)
w X TGN AT |y T 42

Hence if we choose v = 1, the roles of the magnetic and electric charges are reversed. For
example, with this choice, black holes with magnetic charges exhibit the desired switchback
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effect while those with a purely electric charge would not. Further, similar to the discussion
in section 2.2, if we choose 7 = 1/2, the x dependence drops out of eq. (2.41) and the
behaviour only depends on ¢2 = ¢ + ¢2,. Therefore, with this choice, both electric and
magnetic black holes exhibit the same switchback effect.

As a final comment here, let us note that for a light shock wave, 7+ 9 ~ r4 1 and the
two contributions in eq. (2.41) for the rate at large ¢, are essentially the same. Further,
this rate is essentially twice the late-time growth rate in eq. (2.32).% In fact, as discussed
in [41], there is a more general relationship that extends to heavy shocks, i.e.,

dCyp dCyq dCa

= — , 2.42
dt, dtg  dty, (242)

because of the symmetry of the shock wave geometry under
th = tn — A, tL =t AL, ty =t + AL (2.43)

Hence for large t,,, dC4/dt,, is related to the late-time growth rates of the complexity on
either side of the shock wave.” Therefore, we can anticipate that the switchback effect will
be absent in exactly the same situations where the late-time growth rate vanishes, e.g., for
magnetic black holes with v = 0. Of course, this is precisely the behaviour found in this
subsection.

3 Charged dilatonic black hole

In this section, we investigate the CA proposal (1.2) in a broader class of charged black
holes. This investigation is motivated by the question of understanding to what extent our
results in the previous section are special to the precise couplings of the Einstein-Maxwell
theory. In particular, in many string theoretic settings, the gauge field will also be coupled
to various moduli or scalars, e.g., see [112, 113]. The presence of these new couplings lead
to scalar hair on the charged black holes, and may change the nature of the spacetime
singularities and the casual structure of the corresponding black holes. Hence we would
like to understand if these changes to the spacetime geometry modify the behaviour of the
holographic complexity in an essential way.

In the following, we consider a simple extension of the Einstein-Maxwell theory, where
Maxwell field has an “exponential coupling” to an additional scalar field, the so-called
dilaton. The corresponding charged dilatonic black holes were introduced for asymptoti-
cally flat geometries in [114, 115] and they were extended to asymptotically AdS geome-
tries in [116-118]. The AdS solutions were further explored in, e.g., [119-122]. Holo-
graphic complexity of dilatonic black holes has been previously studied for several mod-
els [30, 36, 38, 39]. Our investigation of the holographic complexity for these dilatonic

50f course, there is a similar relationship between the rates in eqs. (2.40) and (2.24) for v = 0.

"That is, given a large t, = to, we use eq. (2.43) to shift (tr,tL,tw) = (0,0,t0) — (to, —to,0). Then the
right-hand side of eq. (2.42) has a contribution corresponding to the growth rate on the right boundary at
very late times and another coming from very early times on the left boundary. In fact, the latter is probing
the white hole part of the Penrose diagram when the complexity is actually decreasing, e.g., [23]. However,
by the time symmetry of the unperturbed Penrose diagram, this early-time rate matches the late-time rate
up to an overall sign, i.e., the minus sign in eq. (2.42).
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black holes will show that the vanishing of the late-time growth rate found in the pre-
vious section (for certain choices of charges and boundary terms) is not a generic result
for charged black holes. Rather, for the theories studied here, the analog of the Maxwell
boundary term modifies the complexity growth rate but the coefficient can not be chosen
to reduce the rate to zero generally. However, we will see that the latter can still be ac-
complished in the theories where the charged black holes have the same causal structure as
the Reissner-Nordstrom black holes. Hence our conclusion is that the causal structure of
the spacetime geometry is the essential feature leading to the vanishing late-time growth
rate in the previous section.

As commented above, we will be studying holographic complexity in a theory where
gravity couples to a dilaton, as well as the Maxwell field (and cosmological constant),

- 4 - 4 — _—2a¢ v
fon = 7 GN / dtay/=g (R - 200 - V(9)) - 1 /Mdmme Fu P (3.1)

where the dilaton potential V(¢) given by

V(p) =— [a2(30z2 —1)e 2%/ 4 (3 — a?)e?*? + 8alel*1/@P| (3.2)

(1+a2)2L2
The total action takes the form

Itot - Ibulk + Isurf + Ict 9 (33)

where the gravitational boundary terms, I, and I, are the same as in egs. (2.3) and (2.4),
respectively. In subsection 3.2, we will also consider the effect of adding the analog of the
Maxwell surface term (2.5), as well as a new boundary term for the dilaton. Here, we are
again focusing on the case of four bulk dimensions for simplicity.

The parameter o controls the strength of the coupling of the dilaton to the Maxwell
field, but it also determines the shape of the potential in eq. (3.2). The latter is tuned so
that ¢ = 0 is a critical point (i.e., a local maximum) with V(0) = —6/L?, where L is the
curvature scale of the corresponding AdS vacuum. We also note that the global shape of
the potential depends on the value of «, namely,

e For 0 < o? < 1/3, as well as the maximum at ¢ = 0, V(¢) has a minimum at
¢ = —13q7 log (1 —sa ) Moreover, limgg—s+00 V(¢p) = Foo.

e For 1/3 < a® < 3, V(¢) has only the global maximum at ¢ = 0. In this case,
limg 400 V(¢) = —00.

e For a? > 3, V(¢) has the maximum at ¢ = 0 and a minimum at ¢ = ez log (3;22:31)

Asymptotically, we find limgg—y400 V(¢) = £00.

e For the special values a® = 1/3,1 and 3, V(¢) has only a maximum at ¢ = 0, but
it is symmetric under ¢ — —¢@. More generally, the potential is invariant with the
following substitutions: ¢ — —¢ and o — 1/a.
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Of course, if we set o = 0, the dilaton decouples from the Maxwell field and the poten-
tial (3.2) reduces to a simple cosmological constant, i.e., V(¢)|a=o = —6/L?. Hence in
this limit, the theory (3.1) reduces to the Einstein-Maxwell theory (2.2) from the previous
section coupled to an additional massless scalar field.

For this theory (3.1), a class of static spherically-symmetric solutions describing elec-
trically charged dilaton black holes is given by [116]

2
ds* = —f(r)dt* + ;Z;) + U%(r) (d6? + sin® 0 d¢?) (3.4)
2a¢ U
B g ge € ap _ (1)
Py v U TS
with
1 a2 2
e\ [y b\ )
f&)_<1—r><1—r> T2 (3.5)
2(12
b\ 1+a2 cb
2 — 2 1 _ 2 _
U (T) T ( r ’ QB 1 +a27

where c and b are integration constants. We note that this solution interpolates between the
Reissner-Nordstrom black hole (o — 0) and Schwarzschild (o — 00).8 Moreover, if we set
b = 0, the solution reduces to the (uncharged) Schwarzschild-AdS solution independently
of the value of a.

Implicitly, for the following, we will only consider nonextremal solutions, with b positive
and c sufficiently large, e.g., ¢ > b. The causal structure for these solutions is illustrated in
figure 6. The geometry has a curvature singularity at » = b where U(r) vanishes with any
finite . In general, there are horizons determined by f(ry) = 0. However, for a? > 1/3,
one generally finds a single (real) solution r; > b and the singularity is spacelike. Hence
in examining the CA proposal, we will find the future null boundaries of the WDW patch
meet the singularity (at late times), as illustrated in the left panel of figure 6. Furthermore,
for 0 < o < 1/3, there is an additional inner horizon at r_ between the event horizon and
the singularity at r = b, i.e., b < r_ < r,, as shown in the right panel of figure.’

Following [121], the mass of the black hole (3.4) can be shown to be

1 1—a?
M=——»|_c+ b 3.6
2G N < 1+ a2 ( )
8In the latter case, the coordinate transformation r — r + b yields the usual coordinate system for the

Schwarzschild-AdS metric.
90f course, just as for the Reissner-Nordstrom-AdS solution, there is a threshold beyond which the

charged dilatonic solution (3.4) becomes a naked singularity, e.g., if we begin with large ¢ but then reduce
its value while holding b fixed. For the theories with 0 < a? < 1 /3, the threshold corresponds to the point
where r_ coincides with r, and hence the solution becomes an extremal black hole (matching the behaviour
of the Reissner-Nordstrom-AdS black holes). However, the situation is different for o> > 1/3 where the
nonextremal black holes only have a single horizon. In this case, the threshold is reached when the event
horizon meets the singularity, i.e., 1 — b, and hence the threshold solution contains a null singularity.
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T — 00

Figure 6. Causal structure for the charged dilatonic black hole given by eq. (3.4). The left panel
corresponds to a? > 1/3, for which the causal structure is similar to that of the Schwarzschild-AdS
black hole, with a spacelike singularity at » = b. The right panel corresponds to 0 < a? < 1/3,
for which the causal structure is similar to that of the Reissner-Nordstrom-AdS black hole and the
timelike singularity lies behind an inner Cauchy horizon (at r = r_).

It is useful to use f(ry) = 0 to rewrite the parameter ¢ in terms of the position of the event
horizon of the black hole,

Ti b (3a2-1)/(1+a?)
Then the temperature and entropy of the black hole can be expressed as
_10f

" 4w or rer - dmry

2 20/ (1+a?)
_ wU=(ry) _ T2 b '
GN GN + T+

)

1 1_3 (1=a?)/(1+a?) 3y (14 a?) — 4b p O\ (@2—1)/(1+a?)
A7 L2(1 + o?)

T4+ T4+

S (3.8)

It would be interesting to study which black hole solutions are thermodynamically and
dynamically stable (e.g., in analogy to refs. [96, 97|, however, we do not pursue this ques-
tion here).

3.1 Complexity growth

We will now study the time-dependence of the holographic complexity of the charged
dilatonic black holes presented above using the CA proposal. Of course, in contrast to
the previous discussion of the dyonic Reissner-Nordstrom-AdS black holes in section 2, we
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only have the solutions carrying purely electric charges here. We will follow the discussion
n [34], which is straightforward to adapt to these solutions. Further, we will only be
considering the action (3.3) here and defer the discussion of additional boundary terms to
the next sections. Since we are primarily interested in the late-time growth rate, for the
theories with a? > 1/3, we will assume that the WDW patch has already lifted off of the
past singularity in the following calculations, as illustrated in left panel of figure 6.

Bulk contribution

Evaluating the bulk action (3.1) yields

3a2-1 402

1 r2 b\ oZ+1 b\ o241
Lo = —— dtdr| — —————— (8% (1 - = 3—a®)(1-=
2GN/WDW [ <1+a2>2L2<a( > i 0‘)( )

a2—1
b\ 2oz q2
2 2 e
Ja® —1)(1— - - 3.9
(s 1) (1-7) )+] (39)

The time derivative then becomes

302-177

dIbulk _ 1 qg 7"2 2 b 14+
dit 26y | TP+ a2 (r(d+a%) =b) (1~ : (3.10)

2

For black holes with just one horizon, i.e., o > 1/3, rl, corresponds to the position of the
singularity, that is 7}, = b. On the other hand, for 0 < a? < 1/3, the past meeting point
approaches the Cauchy horizon at late times, i.e., 7} — r_ — see figure 6. Similarly, at
late times, 72, — . for all .

GHY contribution

As noted above, for 0 < a? < 1/3, the future tip of the WDW patch is the joint where the
future null boundaries meet (with r_ < rl < ry). In contrast for a? > 1/3, the WDW
patch ends on the spacelike singularity at » = b and so as usual, we introduce a regulator
surface at 7 = b+ ¢y. We must evaluate the Gibbons-Hawking-York (GHY) term, given in
eq. (2.3), on this surface and consider the limit €g — 0. The trace of the extrinsic curvature
of the regulator surface is given by

G (&f(r) U Q)f(r))

NEn Ulr)? (3.11)

r=b+ecg

However, notice that in integrating this term over the surface, the spherical measure is
not r2, e.g., as in the Schwarzschild-AdS solution, but U(r)? instead. Hence the GHY
contribution from the regulator surface becomes

tiw = =55E (010 + 220 1)) (41— 0)

(3.12)
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Now taking time derivative and the limit ey — 0 yields

o [ e (c-0- 1) fora?—}
. (1+3a?) 21 (3.13)
TeragEwey (c—=0b) fora®>g

Notice that subtleties in the €y — 0 limit produce the extra term proportional to b® here
when we have precisely o? = 1/3.

Joint contributions

2 < 1/3, the only joints which contribute to the time dependence are

those at the future and past meeting points, i.e., r = rl and 72, — see figure 6. The

If we focus on «

corresponding joint contributions are given by

U(rp) ,  1frp)l UP(r2) L)
_ oTeR log e — Yen log a2

Ijoint (T}n) + Ijoint (7%1) = (314)
The time derivative then yields

4
dt

2

U*(r) 0, (U(r)) F)\]™
(Tioint () + Tioint (72,)) = [46’1\1 o f(r) + Wf(r) log & . (3.15)
As discussed above for a? > 1/3, the future boundary of the WDW patch is the regulator
surface just above the spacelike singularity. While there are joints where the future null
boundaries meet this surface, their size is proportional to U?(r = b + ¢y) which vanishes
in the limit ¢g — 0. Hence the corresponding joint contributions vanish. Therefore in this

case, the contribution to the time derivative comes from the past meeting point and it is
2

precisely given by the expression above evaluated at r = r;,.
Counterterm contribution

To evaluate the surface counterterm (2.4), we begin by choosing the affine parameter along
the null boundaries as

A= g , (3.16)
which then yields )
_£0,(U(r)7)

O =0 (3.17)

The sum of the counterterm contributions on the four null boundaries then reads
1 [ £0.0(U(?) 1 [ 2y LB (U()?)
I, =— dr 0,(U(r)?)log 22 2y = dr 0, (U log >—num—7—"=.
=g [ aro s S o [ a0, w2 0s ST
(3.18)

This integration is nontrivial for general values of . However, the time dependence has a

T i

simple form,

dle 1

0t = ﬂ 8T(U(7“)2)f(r) log

(3.19)

1
Tm

wcbarw(r)?)]@
U(r)?

Implicitly, the contribution evaluated at ! would absent at late times if we consider the
solutions for a? > 1/3. As expected, when egs. (3.15) and (3.19) are added together, the
combined contribution to the time derivative is independent of &.
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Total growth rate

Now we combine all of the contributions in egs. (3.10), (3.13), (3.15) and (3.19) and consider
the late-time limit, to find

2
9 R 2 1
” O [h r+] for a* < 3
. A_ )1 q2 3b b3 2 _ 1
tglélo W = P 2M — GN"’Jr — iGN — 4GNL2] for o~ = 3 (320)
1 e b 2 1
= 2M reren (1+a2)GN] for a* > 3

Of course, the late-time growth rate depends on the causal structure of the black hole —
see figure 6. In particular, we note that in the theories with 0 < o? < 1/3 for which the
causal structure matches that of the Reissner-Nordstrom-AdS black holes, the form of the
late-time rate above has precisely the same form as in eq. (2.22) for the latter solutions.
In fact, the result in eq. (3.20) reduces to precisely the growth rate of the (electrically
charged) Reissner-Nordstrom-AdS black holes when o« — 0. We also note that in the
limit @ — oo, we recover the late-time growth rate of the Schwarzschild-AdS solution, i.e.,
dC4/dt = 2M /7. Further, we observe that using (3.7), this rate will vanish as we approach
extremality, i.e., as 7y — r_ for 0 < o < 1/3, which again parallels the behaviour of the
(electrically charged) Reissner-Nordstrom-AdS black holes [34, 55]. We also note that for
the o > 1/3 solutions, the rate vanishes in the limit r, — b, where the black holes become
null singularities.

As an example, we show in figure 7 the full time evolution of complexity for a? = 1/2,
for which the causal structure resembles that of an Schwarzschild-AdS black hole (left panel
in figure 6). The behaviour is very similar to that of the latter neutral black holes, as shown
in the detailed analysis of [34]. Up to a certain critical time, the WDW patch ends on both

the past and future singularities, and during this time, the complexity remains constant.

2

=, as discussed above, and at

After this critical time, the past null boundaries meet at » = r
late times, this joint approaches the event horizon. In this period of time, rate of change of
the complexity exhibits a transient behaviour (which depends on the counterterm scale )
and then by a time of the order of the inverse temperature, it has overshot the late-time

limit which it subsequently approaches from above.

3.2 Boundary terms

Next we examine how the growth rate of the holographic complexity (1.2) for the charged
dilatonic black holes (3.4) is effected by the addition of two boundary terms, involving the
Maxwell and dilaton fields.

Maxwell boundary term

We begin with the Maxwell boundary term for the new theory (3.1),

Lio=22 [ ds,F™ A, e, (3.21)
g° Jom

where v, is a free parameter. Following the same reasoning as in section 2.2, this boundary
term changes the boundary condition imposed on the Maxwell field in the variational
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Figure 7. The time dependence of complexity for an electrically charged Maxwell-Dilaton black
hole (without the addition of the Maxwell boundary term). We evaluate for concreteness a = 1/+/2,
which corresponds to a black hole with a causal structure that resembles that of an Schwarzschild-
AdS black hole. The parameters are chosen to be ¢, = L, L = 0.9, b = 0.75 and ¢ = 2.5.
In analogy to the Schwarzschild-AdS black hole, the complexity does not change until a certain
critical time, where the WDW patch leaves the past singularity. Then, the complexity approaches
the late time limit from above, with a transient dependence on /.., at times of the order of the
inverse temperature.

principle. However, we should add that implicitly we would also be assuming a Dirichlet
boundary condition for the dilaton, i.e., d¢|grg = 0. Further in analogy with (2.29), if the
Maxwell field satisfies the equation of motion V#(e*QQ‘z’F #) = 0, this boundary term is
equivalent to

_ ’70( 4 -2 ¢ v
on shell 2792 M d TV —ge “ F/“L F,UfV . (322)

Luq

Hence, it is straightforward to evaluate the effect of this boundary term (3.21) on the time
dependence of the WDW action and one finds

dl,q Yag? [ 1 1

Of course, all of the contributions calculated previously are unchanged. Hence adding in

the above expression, the late time limits in eq. (3.20) are now replaced by

7(1;;’;;3(1*‘2‘ [T% — %} for a2 < %

. dCy 1 (1-7)2  3(b+7a0) b 2 _ 1
Jim —==1{x7 20 - Cgpees — 2Ghed — ] for o = (3.24)

1 (1=7a)g? b+Ya 2 1

L [2ns - Gees — i for a? > §

Notice that, if we fix 74, the limits & — 0o and a — 0 discussed below eq. (3.20) are
unchanged, i.e., they yield the late-time growth rates of the Schwarzschild-AdS and elec-
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trically charged Reissner-Nordstrom-AdS black holes, respectively. Further, as before, the
above rate will vanish as we approach extremality for 0 < o? < 1/3, and as we approach
the limit of a null singularity for o > 1/3.

One interesting choice to consider for the boundary coefficient is v, = 1, for which
eq. (3.24) becomes

0 for o < %
. dCa 1 3b b 2 _ 1
1| 202 b 2 1
™ [1fa2 (M o (1+0¢2)GN>i| for o > 3

That is, for 0 < a? < % in which case the causal structure matches that of the Reissner-
Nordstrom-AdS black holes, the (electrically) charged dilatonic black holes fail to complex-
ify at late times. This precisely matches the behaviour found in section 2.2. On the other
hand, for a?® > % in which case the causal structure is similar to the Schwarzschild-AdS
black holes, the late-time growth rate remains nonvanishing. However, we observe that in
the uncharged limit (i.e., b — 0), eq. (3.25) does not yield the expected growth rate of

2M /m — see section 5 for further discussion.

Dilaton boundary term

Next we consider the following boundary term for the dilaton

_ e "
Iy= 16 /Wdzucpa ®. (3.26)

As for the Maxwell boundary term (3.21) (or eq. (2.25) in the previous section), this
term modifies the character of the boundary condition which must be imposed on the
dilaton in the variational principle. For example, while 4 = 0 corresponds to a Dirichlet
boundary condition (i.e., d¢|srs = 0), setting 74 = 1 yields a Neumann boundary condition
(i.e., n*0u0¢lom = 0). More general choices of this parameter lead to mixed boundary
conditions. Further, if both 4 and 7, are nonvanishing, the dilaton will have a more
complicated boundary condition involving terms proportional to the integrand in eq. (3.21).

Let us first consider black holes for 0 < o? < 1/3, in which the causal structure
resembles the Reissner-Nordstrom-AdS black hole as shown in figure 6. In this case, the
boundary term lives only on the null boundaries of the WDW patch but in this case,
the derivative appearing in eq. (3.26) is actually tangent to the boundary. Therefore the
boundary term reduces to an integral over the joints where the null boundaries intersect,
namely

gl 2 2
I, = d (o0 3.27
¢ 87(GN /E’ 1'\/7 ’ ( )

where each joint term carries a sign according to the conventions of [26]. However, one
finds in this case

dI
lim —2 =0. (3.28)
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Hence, adding the dilaton boundary term (3.26) does not change the complexity growth rate
at late times for these black holes. Nevertheless, the transient behaviour of the holographic
complexity at early times will be modified by this term, but we will not explore this here.

Next, we turn to the case oz > 1 /3, in which the causal structure resembles the
Schwarzschild-AdS black hole. In this case, the contribution from the null boundaries of the
WDW patch still reduce to contributions on various joints, which again do not contribute
to the late-time growth rate. However, there is an additional contribution coming from the
(spacelike) regulator surface at the future singularity — see figure 6. Evaluating eq. (3.26)
on this boundary and considering the late time limit, we find

dly U(r)*f(r) ¢ 0r¢

lim ¢ — i
tiglo dt eolg(]fy 2G N

. (3.29)
r=b+eg

Unfortunately, for v4 # 0, this expression is divergent. Therefore adding the dilaton
boundary term (3.26) spoils the good behaviour of the regularization procedure at the
singularity. Therefore, we do not consider these boundary terms further here.

Hence, our general results for the late-time growth rate of the holographic complexity
including the Maxwell boundary term (3.21) are summarized eq. (3.24) for the electrically
charged black holes. Of course, these results match the growth rates without the Maxwell
boundary term in eq. (3.20) when we set 7, = 0. However, when the Maxwell boundary
term (3.21) was included, we also showed in eq. (3.25) that choosing v, = 1 sets the
late-time growth rate to zero for the cases where the causal structure was like that of
the Reissner-Nordstrom-AdS black holes, i.e., for a? < 1/3. No such choice was possible
when the causal structure had the form of the Schwarzschild-AdS black holes, i.e., for
a? > 1/3. The former behaviour was analogous to that found in the Einstein-Maxwell
theory in section 2 and therefore it appears that the causal structure of the black hole was
one of the essential features producing the unusual behaviour found there. However, we
note that our analysis here focused only on electrically charged black holes and we did not
consider dyonic or magnetically charged black holes. Unfortunately the latter solutions are
not yet known for the Einstein-Maxwell-Dilaton theory (3.1). We return to this point in
section 5.

4 Black holes in two dimensions

In this section, we will focus on studying dilaton gravity models in two bulk spacetime di-
mensions. Our main motivation is evaluating the growth of holographic complexity for the
Jackiw-Teitelboim (JT) model [75-77], which has a simple action linear in the dynamical
dilaton field. This theory has received great deal of attention recently as the gravitational
dual of the Sachdev-Ye-Kitaev (SYK) model in the low energy limit, where the system
acquires an emergent reparametrization invariance [78-83]. One perspective of JT gravity
is that it describes physics (of the spherically symmetric sector) in the near-horizon region
of near-extremal charged black holes in higher dimensions, e.g., [86-88, 91-94]. More
specifically, we focus on deriving the action for JT gravity by reducing the action (2.1)
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to two dimensions while assuming the background is spherically symmetric and magneti-
cally charged in four dimensions, i.e., the four-dimensional gauge field has the form (2.9)
with g = 0. In addition in this section, we will analyze an analogous two-dimensional
theory that can describe the near-horizon physics of four-dimensional black holes carry-
ing a purely electric charge, i.e., eq. (2.9) with ¢, = 0. The two-dimensional Maxwell
field is an essential ingredient for this JT-like theory and so it has a form reminiscent of
the Brown-Teitelboim model [123, 124], where the effective cosmological constant is dy-
namically controlled by the energy density of an antisymmetric d-form field strength in d
dimensions. Further, our analysis of holographic complexity in the previous sections has
shown the important role of the Maxwell boundary term (2.5). Hence while we begin by
examining the dimensional reduction without this term, i.e., by reducing I, in eq. (2.6),
we also consider the dimensional reduction of this boundary term and its contribution to
the holographic complexity for both the JT and JT-like models. As might be expected,
we will find the holographic complexity for both models behaves in the same way as for
the corresponding four-dimensional black holes discussed section 2. We will discuss these
theories and the holographic complexity in more detail in an upcoming work [125].

4.1 Jackiw-Teitelboim model

We begin with the dimensional reduction of the action (2.1) but without the addition of the
Maxwell boundary term, i.e., setting v = 0 [126-129]. We decompose the four-dimensional
metric as

ds? = gap() daz® dz® + W2 (d6? + sin® §d¢?) . (4.1)

If we assume that the Maxwell field in four dimensions corresponds to a pure magnetic
charge, we can use this metric ansatz to solve for F', and the result is precisely that
given by eq. (2.9) with g¢ = 0. Substituting eq. (4.1) and this magnetic field into the
bulk action (2.2), we integrate out the spherical directions to produce the following two-
dimensional action

1
D / /g (\11273 +2(VI)? - U(\I/))
AGN (4.2)
| :
+ de /|y n"V , 02
2GN OM
with the potential given by
LN
U(W) = ~2 65 + 25 (4.3)

The boundary term in the second line of eq. (4.2) results from integrating by parts in the
dimensional reduction. We emphasize that it arises from the bulk terms (2.2) in the four-
dimensional action and is unrelated to the surface terms (2.3) or the null counterterm (2.4),
whose dimensional reduction we will explicitly examine below. The action (4.2) illustrates
the fact that restricted to spherically symmetric solutions, our theory can be recast as
a two-dimensional gravity model with a dilaton field. However, no approximations have
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been made at this point, and so the full four-dimensional solution (2.7) can be recovered
from eq. (4.2).

Next, we are interested in describing the near-horizon region of the near-extremal
black holes. Recall that in extremal limit, the charged black holes develop an infinitely
long throat of a fixed radius 7, [88]. That is, the near-horizon region of the extremal
solutions is described by a constant dilation profile U2 = T’}QL. For latter purposes, we define
the extremal horizon area as

g = 47 . (4.4)
For the extremal solutions, we have frya(rh) = 0 = flxa(rn) which allows us to express
the extremal charge in terms of the horizon radius,

,,,2
Bo=rt (14375). (45)

Further, in the extremal throat, the two-dimensional geometry described by g, has a
constant negative curvature, which is related to the higher dimensional parameters by

1 1 6
==+ —]. 4.
=) o

Now, in considering small deviations from the extremal throat, we expand the dilaton
around the extremal value in eq. (4.4). That is, we write
p2o L (P + D) (4.7)
47 ’
with the understanding that ®/®y < 1. In particular, applying this expansion (to linear
order in @) to the action (4.2) yields the Jackiw-Teitelboim action,

Dy 1
r’to= d’z/—gR / d?x/—=g® (R —2A,) . 4.8
bulk 167Gy /M x gR+ 167Gy iy €T g ( 2) ( )
The solutions derived from this action can be written as
T dr? r2 — ,u2
P =P,—, ds* = —f(r)dt* + — with f(r) = ——. 4.9
- () + 2o "="7 (49)

In the dilaton solution, we have introduced the cut-off radius r.. As depicted in figure 8,
this time-like surface r = r. determines the position of the physical boundary of our system.
The dynamics of the boundary position reproduces the IR physics of the SYK model, as
has extensively been studied in recent years [79-85]. The boundary value of the dilaton
is denoted ®; and the linear approximation remains valid as long as ®,/®y < 1. The
metric has an outer and inner horizon at 7" = £u. The black hole is characterized by the
following parameters

Py 2 Do+ (r)" = p) 7
My = — Syr = , Typ = —— . 4.10
" 16nGN LR, " 4G N T on2 (4.10)

The mass M, and temperature T} are taken as energies conjugate to the coordinate time
t (which will be taken as the time in the boundary theory). Of course, one can treat the JT
model as an independent theory, or one can match the JT solutions (4.9) with a description
of the near-extremal throats of the Reissner-Nordstrom-AdS black holes (2.7) (within the
linear approximation applied above).
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Figure 8. AdS; solution of the JT model and the WDW patch. Physical boundary is depicted
with a blue curve. The outer and inner horizons appear at r = " = +p.

Complexity growth

Next, we consider the growth of holographic complexity for the JT model using the CA
proposal. As depicted in figure 8, we consider the WDW patch anchored on the physical
boundary r = r.. As in section 2 following [34], we anchor this region at the boundary
times t;, = tgr = t/2. Further, as illustrated in the figure, we denote the meeting points of
the future and past null boundaries as » = 7} and r = r2,, respectively.

First, we evaluate eq. (4.8) on the WDW patch, which yields

1 2
T Tm

m P
C + [smgN 1ogyf(r)\L . (4.11)

P9
JT
It = | £

T

However, recall that the reduced action (4.2) included a surface term which was not incor-
porated in the JT action (4.8).10 Substituting eq. (4.7) in this surface term, we find a term
that is linear in ® and when it is evaluated on the null boundaries of the WDW patch, this
surface term yields

r

1
Tm @

1 i)
JT +
re 4G N

I =— ANEFV @ =
totder 87TGN /B/ M 47TGN

0ne might also wish to consider JT gravity (4.8) in its own right, without any reference to higher

(4.12)

Te

dimensions. In this case, we would not include the total derivative contribution (4.12) as part of the WDW
action. However, dropping this contribution would not change the vanishing growth rate (4.16) at late
times, but the transient behaviour for ¢Tj1 < 1 would be slightly modified, e.g., in figure 9.
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Here, we are assuming that the null boundaries are affinely parametrized, with the null
normal normalized as k0, = Oy.

The remaining boundary terms introduced in egs. (2.3) and (2.4) have a simple dimen-
sional reduction. Of course, with affine parametrization along the null boundaries of the
WDW patch, we have k = 0 and we can ignore the corresponding surface term in eq. (2.3).
This leaves only the null joint terms (proportional to a) and the null surface counterterm.
Dimensionally reducing these two terms and substituting eq. (4.7) then yields the relevant
boundary terms for the JT model,

1
L = > (@0 +2)a
)

TGN D
1
T _ A\ (D + D) Ogglog (£, Oay) , 413
U= g [ @0+ ®) Oulox (1,62 (113)

where the two-dimensional ‘scalar expansion’ reads ©95 = 9y log (®¢ + ®). Combining
these surface terms with eq. (4.12) yields the total of the boundary contribution for the
WDW patch illustrated in figure 8,

1 2 $2 T
I+ 4+ I = [2@—(<DO+<I>) 1og<ctb|f(r)|ﬂ

totder joint ct _87TGN rg @% ’
2
2 f(r)\]™
20 — (B + ) log | Lo/ /1 . 4.14
+&GN[ (@0 + >%( e ﬂ% (4.14)

Adding this expression to eq. (4.11) in eq. (1.2) yields the holographic complexity for the
CA proposal.

As the higher dimensional calculations in section 2.1, the complexity growth rate is
determined by the dynamics of the meeting points, 7! and r2,, of the future and past null
boundaries of the WDW patch. In analogy to eq. (2.12), we find dr}, /dt = f(r},)/2 and
dr2,/dt = —f(r2,)/2 where f(r) is defined in eq. (4.9). The growth rate of the holographic
complexity is then given by

1
deir D, G @)\
I 1 UL A . 4.1

dt 1672 Te GN |:f(7‘) 8 ( ’I“g ‘I’% 2 ( 5)

Tm

1
m

%
= —p and r2, — )" = p. Hence the prefactor of f(r) in eq. (4.15) is vanishing in both

At late times, r} and 72, approach the inner and outer horizons, respectively, i.e., r
r’T
contributions and thus we have
dcyt
lim
t—oo dt
It is interesting to recast eq. (4.15) into an expression involving the boundary or phys-

=0. (4.16)

ical parameters of the JT model, e.g., the mass, temperature and entropy in eq. (4.10).
First, we define dimensionless coordinates for the meeting points.

1
R I'm _ _ tanh (7Tyrt — tanh ™ (p/r)) |
W
2
R I'm _ tanh (7Tyrt + tanh ™" (p/re)) (4.17)
W
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Figure 9. Complexity growth in the JT model from eq. (4.19). Different colours correspond to
different temperatures. We set %g = 1072 and £.; = Ly. As we can see, the curves are qualitatively
similar to the purely magnetic curve in 2, with a negative transient behaviour, and the vanishing
late time rate of change.

Then we write the blackening factor as

1wz ;
f(r)= L—% f(r/w) where f(z)=a22—-1. (4.18)

Finally we can rewrite eq. (4.15) as

1
ac* Mir [ = 207 42 m
= — 1 = 2= . 4.1
= M ) v (5 )] (4.19)

Tm,

Hence apart from the overall factor of the mass, the above expression is a function of the
dimensionless ratios, ®,/®y and

27 o where pi, = 3 (4.20)
That is, p. is the conformal breaking scale in the boundary theory. Both of these ratios
should be small as the near-extremal and near-horizon limit requires both %g, % < L
Note that the result (4.19) also depends of the ratio f. /Lo, which is an ambiguity that
arises in defining holographic complexity with the CA proposal [41] — see also [26, 29, 40].
We show examples of the time evolution of the holographic complexity for different values
of the temperature in figure 9.

As we already saw in eq. (4.16), the late-time limit of the complexity growth is zero.
Further, we note that this limit is generically approached from below, given the expression
in eq. (4.19), in contrast to the expectation from higher dimensional black holes. The
leading contribution at late times is given by

dC1J4T _ 39 MJT 2 e TJT

B RN Pt 4.21
dt /,[% _ (27TTJT)2 € JT + (e ) ( )
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The vanishing of the complexity growth rate at late times may seem puzzling for the JT
gravity when we consider that this model is supposed to capture the low energy dynamics
of the SYK model, which is maximally chaotic and hence would be expected to exhibit
nontrivial complexity growth for very long times. However, from the perspective of the
dimensional reduction, this feature is not so surprising. The action (4.8) was derived from
the four-dimensional action (2.1) with v = 0, i.e., we did not include the Maxwell boundary
term (2.5), and with a purely magnetic solution, i.e., g = 0. Recall that in section (2),
we found that the late time growth rate also vanished in this case, e.g., see eq. (2.24)
with x = 0. The result in eq. (4.16) was our main motivation to revisit the holographic
complexity of charged black holes.

4.2 JT-like model

We now turn our attention to another possible two-dimensional theory that is derived from
a purely electrically charged black hole in four dimensions. In the latter black holes, the
Maxwell field strength (2.9) has a single component F,; and hence the dimensionally re-
duced theory incorporates a Maxwell potential and the corresponding field strength is a
form of maximal rank in two dimensions. In this sense, the two-dimensional theory has a
form reminiscent of the Brown-Teitelboim model [123, 124], with a dynamical cosmological
constant controlled by a field strength of maximal rank. A similar two-dimensional action
was also studied in in [126, 127, 129] and more recently in [130]. In [130] it was argued to
describe the physics of the extended SYK models with complex fermions with conserved
charge studied in [131, 132]. When we evaluate the complexity growth for the new dimen-
sionally reduced theory, we find nonvanishing complexity growth at late times, as expected
from the higher dimensional analysis in section 2.1.

Consider again the action (2.1) with v = 0, assuming the metric ansatz (4.1) but
a purely electric field, i.e., F is supported on the (x',z?)-plane. In this case, the bulk
action (2.2) reduces to the following two-dimensional action

1 _
D e = T / Poy/=g (VPR +2(VO) - U(92)) - 5 / /=g U >
G Ja I M (4.22)
1 .
+— dz /|y n*V, 02
2GN OM
with the potential
\1,2
U(v?) = -2 - 65 - (4.23)

We note that it is possible to show that (4.22) leads to the same equations of motion
as (4.2) after putting the gauge field on-shell [86]. However, we will show that holographic
complexity derived with this action using the CA proposal yields a different result from
the JT model studied above.

We recall that the four-dimensional geometry (2.7) is identical for black holes with
(Gey gm) = (0,qr) and (ge, ¢m) = (¢r,0). In particular, the throat of an electrically charged
extremal black hole is identical to that of a magnetic extremal black hole. Therefore the
corresponding two-dimensional geometry and the (constant) dilaton are identical in the
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present case as in the previous subsection, i.e., as described by eqs. (4.4)—(4.6). Of course,
the difference is that the electric throat is supported by a Maxwell field proportional to
the two-dimensional volume form e, i.e.,

vamr ox
(Fo)ab = I Irext = By (4.24)

VGn Do

Now, as in the previous subsection, we wish to construct a theory which captures small

deviations from the extremal throat. Hence, we expand the dilaton as in eq. (4.7) with
® /Py <« 1. However, in the present case, we also wish to capture small corrections to the
extremal field strength in eq. (4.24). As a consequence, we also expand the field strength as

Fap = (F0)ab + fab = 200 (A0)y) + 2 0jady (4.25)

where f captures corrections of order ®/®q relative to Fy. When we expand the bulk
action in eq. (4.22) to linear order in both ® and f, the resulting action takes the form

. E2
R = Bht 35 /M @2/ ~g [ — @] (4.26)
1 .
37 ) VI | (@0 + @)(Fo) + 200 (o) |
M

where [T, is precisely the action given in eq. (4.8). We will call this theory the “JT-like”
model. As before, @ is simply treated as a constant parameter defining the theory, as is the
constant Ey defined in eq. (4.24). In contrast, we treat Ay as a dynamical field, however,
our prescription is that the solution is always chosen to yield precisely the extremal field
strength in eq. (4.24). Again, the deviations from this extremal form are captured by f .
It is useful to write out the full equations of motion

dag :  0=Vu(Fp™?, (4.27)
4
6 : 0=R—2Ay— 7;?” ((Fo)* +2E7) , (4.28)
. d
S(Aoe 0= Vaf + V22 (R, (429)
0
6gap © 0= —=VoVp® + gop (V@ + Ao ®)
2rG .
_ g2N D0 (4(Fo)a“(F0)be + gap (2E3 — (Fo)?)) (4.30)
27TGN c 2 2
—= @ (4R (P = gap (255 + (7))
27G N

7 il <4(F0)acfbc + 4 f0(Fo)be — 29ab(Fo)Cdfcd)

Of course, eq. (4.27) yields the solution (Fp).p o €45 and again, our prescription is that we
should choose the prefactor to be the extremal electric field Ep, defined in eq. (4.24). When
we set Fy to its extremal value, we note that (Fy)? = —2(Ep)? and eq. (4.28) reduces to the
expected 0 = R — 2A5. That is, the two-dimensional geometry becomes locally AdSe with
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a curvature set by Ay and hence we may write the solution as in eq. (4.9) for the JT model.
Further, the mass, entropy and temperature all take the same form as given in eq. (4.10).

Now in eq. (4.29), we have dropped two terms proportional to V,(Fp)® since this
factor already vanishes according to eq. (4.27). We can write the solution of eq. (4.29) as

fab = [(5E — (Icfo E0:| €ab - (4.31)

The first term represents a small shift in the background electric field,'! which is allowed
by the dynamical Maxwell field — note that we assume 0E/Ey < ®,/®g. The second term
represents the leading correction to the field strength created by the running of the dilaton.
Lastly, we turn to the dilaton equation of motion in eq. (4.30). We note that the
second line is actually the leading contribution since it is not suppressed by a factor of ®
or f . However, when we substitute (Fp).s = Fo€qp, this collection of terms vanishes. Upon
substituting this extremal field as well as the perturbation (4.31), eq. (4.30) reduces to

8rG N
g2

0= -V Vp® + gap (V2P + A2®) + Do Eo 0F gqp - (4.32)

We can absorb the last term with a simple constant shift of the dilaton, i.e.,

87TGN EOCI)O

P=P+ h b, = ——
+ @4 where q 92 Ay

5L, (4.33)

Then @ satisfies the dilaton equation appearing for the JT model. Hence our final dilaton
solution for the JT-like model becomes

o=, <T—1>+<bbr. (4.34)
Tc Te

The parameters are chosen so that ®, again corresponds to the value of the dilaton at the

boundary r = r.. However, as a result, the dilaton has a new value when evaluated at the

horizon r = p and so the entropy (4.10) is shifted by a small amount proportional to dgr

(relative to the JT model).

As described above the geometry is precisely the same as in the JT model and so the
Penrose diagram in figure 8 still describes the solution for the JT-like model (4.26). The
new features are a small shift of the dilaton proportional to ¢, in eq. (4.34) (i.e., compared
to the solution (4.9) for the JT model), and the field strengths Fy and f which capture the
extremal Maxwell field and the leading correction to this extremal two-form.

Complexity growth

Given the close connection of eq. (4.26) to the JT action (4.8), we can express the on-shell
bulk action as

. D EZ E @
I];]:i_khke|on—shell = I}iﬁk on-shell + 092 0 / dzx V _g <]— + 70 - ) 5 (435)
M

"10One might also think of this as a shift in the extremal charge, with dgT = ¢T,ext IE/Eo.
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Further, while this expression only refers to the bulk action, it is clear that the surface
terms for the null boundaries of the WDW patch are dimensionally reduced in exactly the
same way as before, i.e., the null joint terms and the null surface counterterm are given
by eq. (4.13). Hence we can easily extend the analysis of the holographic complexity for
the JT model from the previous subsection by simply investigating the contribution of the
second term in eq. (4.35) to the CA proposal (1.2). In fact, we found that the late-time
growth rate of the holographic complexity vanished for the JT model, and so in the JT-like
model, the late-time growth rate will come entirely from the time derivative of this term,

d [®g E? / 9 ( SE @ ﬂ
— d*z/—g 1+ — — — 4.36
dt |: 92 M g EO q)o ( )
2
g E? SE @, D, + D, o]
= 14— 2 )p—- 22 _
g2 [( * Ey * 00 " 20¢r. "

Tm

Again at late times, we have r}, — —u and 72, — u and therefore the complexity growth

rate becomes!?

dC’e 20 F2 SE @
li A - 0 (14 =429 . 4.38
i dt Tg2 + Ey * g (4.38)

for the JT-like model. Again, the nonvanishing result here may not be so surprising since
the corresponding (electrically charged) black holes in four dimensions also exhibited a
constant growth rate at late times. In fact, a careful translation of the parameters shows
that eq. (4.38) matches the higher dimensional result in eq. (2.22) to leading order in the
near extremal limit.!® The expression in eq. (4.36) (divided by 7) can be combined with
eq. (4.15) to give a full description of the growth rate for the holographic complexity in the
JT-like model. Some examples of the full time profile of the growth rate are illustrated in
figure 10.

4.3 Boundary terms?

For both the JT and the JT-like model, we found that the growth of the holographic
complexity matched (at least qualitatively) the results found in section 2.1 for the corre-
sponding black holes in four dimensions. In section 2.2, we also found that the Maxwell
surface term (2.5) can have a dramatic effect on the growth rate and so in the following, we
investigate the dimensional reduction of this surface term and its effect on the holographic
complexity in the two-dimensional gravity theories.

12Given the prefactor in eq. (4.33), we note that

o, 2(L2+3r2) SF

24— _ = 4.37
o, L2 +6r2 ) Eo (4.37)

and hence both of the corrections are the same order in the second factor of eq. (4.38). In fact for large
black holes, i.e., 7, /L > 1, these two corrections will cancel one another.

13That is, we substitute riP = rj, &y and and (ges @m) = (gT,ext + 0gT,0) (With dgr from footnote 11) in
eq. (2.22) and expand to linear order in both p and dgr. Then the leading terms for the late-time growth
in egs. (2.22) and (4.38) agree, i.e., the O(u) terms agree, the O(dgr) terms agree in that they vanish, but
the O(pdgr) terms disagree.
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Figure 10. Complexity growth in the dimensionally reduced model derived from the RN black holes
with g, = 0, the “JT-like” model given by the action in eq. (4.26). We fix the dimensionless ratios
D, = 10739, 47L3 = 107*®¢, 6F = 0.01Ey and I, = Lo. The solid curves are the complexity
growth without the addition of the counterterm ~ = 0, the dashed curves correspond to v = %
and the dot-dashed correspond to v = 1 . As in the electrically charged black holes discussed in
section 2, a higher value of the parameter v decreases the late time growth of complexity for the

“JT-like model”.

JT-like model

We start by analyzing the role of the Maxwell surface term in the JT-like model. In this
case, the Maxwell field is still a dynamical field in the two-dimensional theory and so
eq. (2.5) reduces in a straightforward way to a boundary term for the WDW patch in two
dimensions. Substituting the ansatz (4.1), the two-dimensional surface term becomes
oD clec _ 4T ab 2
Ihoee = —= dX F° Ay~ . (4.39)

Q
a 9% Jom

Expanding to linear order in the dilaton with eq. (4.7) and in the Maxwell perturbation
g in eq. (4.25), we find

5 — 912 % ((F)™(A0)y(@0 + @) + @o ((Fo) @ + " (Ag)y) ) - (4.40)

Alternatively, when the Maxwell field is on-shell, we can also use eq. (2.29) to express
the Maxwell surface term in terms of a bulk integral. The two-dimensional version of this
bulk integral becomes

27y

2D, elec
IFLQ

d*x /=g U2 FYF,, (4.41)
M

on-shell 92

or after the usual linear expansion, we arrive at

[Tk T 2ey=g (( F)®(Fp)ap (Po + ®) + 20 (Fo)“bfab> : (4.42)

on-shell = 292 M

— 36 —



Next, we evaluate eq. (4.40) (or equivalently eq. (4.42)) on the WDW patch, with the
solution given by the metric (4.9), the dilaton (4.34), the extremal field strength (4.24) and
the perturbation (4.31) to the Maxwell field. The time derivative then yields

Sl\?

T

(]I T-like E2 SE 2
me 750 [7“ (‘I)o + 2P0 — + q’q) - ;7 (®p + ‘I’q)} (4.43)

dt g2 Ey

T

Without the Maxwell surface term, the late-time growth rate for the JT-like model was
given by eq. (4.38) and so combining this result with the contribution from the Maxwell
surface term (4.40) then yields

dCe 204 F2 o OF
li A 0F 11— 1+ -4 1—2v)—]| . 4.44
T g2 [( V) < * <I>0) T =2) EO} (444)

Comparing this expression to the late-time growth for four-dimensional black holes in
section 2.2, we find agreement between eqs. (2.32) and (4.44) to leading order in the near-
extremal limit — see footnote 13.

JT model

As we described in section 4.1, the JT model arises from the dimensional reduction of a
magnetically charged black hole and in this case, the Maxwell field is completely “integrated
out” in the dimensional reduction. Further, as we explained in appendix B, the evaluation
of the Maxwell surface term (2.5) for the magnetically charged black holes is more subtle.
The interesting contributions to the surface term actually live on the surface(s) dividing
the patches where the gauge potential is well defined, e.g., see eq. (B.6). Alternatively,
we can again use the bulk expression in eq. (2.29) for the on-shell Maxwell field, which
yields precisely the same result as shown in eq. (B.4). Expressing the former in terms of
the two-dimensional variables, the surface term becomes

1

3 (4.45)

4, 2 —
IQD,mag — m / d T _g
nQ GN M

Then substituting eq. (4.7) and expand to first order in ®, we see that the Maxwell surface

471"yq2 9 P
't = m d*x\/— 11— — 4.4
Y PoGy /M e Dy )’ (4.46)

in the JT model. Recall that in these formulas the two-dimensional model describes gravity

term contributes as

in the near-extremal throat with the magnetic charge equal to the extremal charge g, =
Gr.xt given by eq. (4.5). Note that since the magnetic Maxwell field and the relevant surfaces
are integrated out in the dimensional reduction, there is no way to think of egs. (4.45)
or (4.46) as a surface term in the two-dimensional theory. Rather, here we are modifying
the standard CA prescription in the JT model by adding a new bulk contribution to the
holographic complexity. In particular, we observe that the first contribution in eq. (4.46) is
simply proportional to the spacetime volume of the WDW patch and so this contribution is
reminiscent of the CV2.0 proposal [53] where the holographic complexity is equated with the
spacetime volume to the WDW patch. That is, when the Maxwell surface term is included
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in the usual complexity=action prescription in four dimensions, the dimensional reduction
produces a complexity=(action + spacetime volume) prescription for the JT model.

Evaluating the above expression (4.46) on the WDW patch with the solution (4.9) and
considering the time derivative then yields

dl}g _ 4yq2, . Py 12
dt <I>0GN 2<I)0TC

2
Tm

(4.47)

1
Tm

Without the Maxwell surface term, the late-time growth rate for the holographic complexity
vanished, as shown in eq. (4.16). Hence once we reconsider the holographic complexity with
the addition of the “surface” term (4.46), the late-time growth rate is governed entirely by
eq. (4.47) which yields
RS Sl
t—oo dt P0G N

Comparing this result to those in four dimensions, we see that this new expression matches

(4.48)

to linear order in y the rate in eq. (2.32) with (ge, ¢m) = (0, .t ), as well as 74° = ry, + p.

5 Discussion

We began in section 2, by investigating the complexity=action proposal (1.2) on the holo-
graphic complexity of charged four-dimensional black holes in the usual Einstein-Maxwell
theory (2.2). We found that the results were very sensitive both to the type of charge
(i.e., electric versus magnetic) and to the inclusion of the Maxwell boundary term (2.5).
Without the latter surface term (i.e., v = 0), the late-time growth rate vanished for black
holes carrying purely magnetic charge, while for the electrically charged case, it is a non-
vanishing constant in accord with the general expectations of eq. (1.3). The general result
for dyonic black holes carrying both kinds of charge is given in eq. (2.24). In section 2.3, we
also noted that the switchback effect exhibited a similar sensitivity to the type of charge.

However, this picture changes dramatically when the Maxwell boundary is included.
For example, with v = 1, the roles of the electric and magnetic charges described above are
reversed, i.e., the late-time growth rate vanishes with electric charge and is nonvanishing
with magnetic charge. The behaviour of the late-time growth for general ~ is given in
eq. (2.32). In particular, we found that the electric and magnetic charges contribute on an
equal footing with the choice v = 1/2. We might recall that when we are evaluating the
Maxwell boundary term for an on-shell gauge field that we can express the contribution
as a bulk integral of F,,, F*”, i.e., with the same form as the bulk Maxwell action (2.2).
Hence with v = 1/2, these boundary and bulk contributions precisely cancel, as is evident
in eq. (2.30). A possible alternative then would be to define complexity=(gravitational
action). That is, we could drop both the bulk and boundary terms involving the Maxwell
field for eq. (2.1) to define the “gravitational action” (i.e., we only keep the geometric
contributions to the action) and then define the complexity by evaluating this action on
the WDW patch. Of course, because the charges only enter the metric (2.7) through the
combination ¢2 = ¢2 + ¢2,, the complexity only depends on the same combination with this
definition. It might be interesting to investigate this proposal in other settings.
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In section 3, we investigated the CA proposal (1.2) for charged black holes in a family
of Einstein-Maxwell-Dilaton theories (3.1). As the value of the parameter a (controlling the
coupling between the dilaton and the Maxwell field) is varied, the nature of the curvature
singularities and the causal structure of the black holes change, as shown in figure 6.
Generally, the late-time growth rate of the holographic complexity was nonvanishing for
the electrically charged black holes. However, when the Maxwell boundary term (3.21) was
included, we showed in eq. (3.25) that choosing v, = 1 sets the late-time growth rate to zero
for the cases where the causal structure was like that of the Reissner-Nordstrom-AdS black
holes, i.e., for o < 1/3. No such choice was possible when the causal structure appeared
as in the Schwarzschild-AdS black holes, i.e., for a® > 1/3. The former behaviour was
analogous to that found in the Einstein-Maxwell theory and therefore it appears that the
causal structure of the black hole was one of the essential features producing the unusual
behaviour found in section 2.

Let us note, however, that the analysis in section 3 did not consider dyonic or mag-
netically charged black holes for the simple reason that, to the best of our knowledge, such
solutions have not yet been constructed for the Einstein-Maxwell-Dilaton theory (3.1). In
the Einstein-Maxwell theory (2.2), it is straightforward to produce magnetic solutions given
the electrically charged black holes using electric-magnetic duality. This operation is not
as straightforward for the Einstein-Maxwell-Dilaton theories, in which case it is natural to

replace
—ag -

~ e
Fo —F, = T‘g#VPUFpU’ = d=—0. (5.1)

The action of the “dual” theory is then
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(5.2)
which matches eq. (3.1) except for the appearance of V(—¢). Generally then, with the

I bulk —

transformation (5.1), the electrically charged solutions (3.4) of the original theory would
become magnetically charged solutions of the new theory (5.2). However, as we noted above
eq. (3.4), there are three special cases for which V(—¢) = V(¢) and hence for which eq. (5.1)
leaves the theory invariant. Note that all three of these special cases, i.e., a® = 1/3, 1 and
3, lie in the regime where the causal structure matches that of the Schwarzschild-AdS black
hole. Hence at least of these three cases, it is straightforward to verify that the late-time
growth of the magnetic black holes is nonvanishing. It would, of course, be interesting to
construct magnetic or dyonic black holes for the Einstein-Maxwell-Dilaton theories (3.1)
more generally and to fully investigate holographic complexity in these theories.

In section 4, we turned to holographic complexity for black hole in two dimensions.
In particular, we showed that the late-time growth rate vanishes for the JT model in
eq. (4.16). The latter mirrored the behaviour for the magnetic Reissner-Nordstrom-AdS
black holes in four dimensions, which play a role in constructing the JT action (4.8) via
dimensional reduction. This situation can be ameliorated by instead considering a dimen-
sional reduction describing the near-horizon physics of near-extremal electric black holes
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(in four-dimensions). In the resulting JT-like theory (4.26), the late-time growth rate is
nonvanishing, as shown in eq. (4.38). We also considered the dimensional reduction of
the Maxwell boundary term (2.5) in both cases. Again, the effect of this surface term
mimicked that found in four dimensions. In particular, the late-time growth rate of the JT
model is now nonvanishing, as shown in eq. (4.48). The slightly unusual feature is that as a
result of including the Maxwell boundary term in four dimensions, the complexity=action
prescription becomes a complexity=(action + spacetime volume) prescription for the JT
model, i.e., we have a mixture of the CA and CV2.0 proposals in two dimensions. We will
discuss the two-dimensional results further below.

Maxwell boundary term, revisited

In section 2, we found that the Maxwell boundary term played an essential role in order
for the CA proposal to produce the expected properties of the complexity (e.g., late-time
growth and the switchback effect) for dyonic black holes carrying both electric and magnetic
charges. A priori, this surface term would not appear to be an essential part of the Einstein-
Maxwell action, e.g., obviously, it does not affect the equations of motion. It should
not be surprising that holographic complexity, or more specifically the CA proposal, can
be sensitive to surface terms since an analogous behaviour was already observed with
the null counterterm (2.4) in the gravitational action [40, 41]. In particular, in shock
wave geometries, this surface term plays an essential role in ensuring that the holographic
complexity exhibits both late-time growth and the switchback effect. Of course, another
guiding principle that suggests that this boundary term should be included is to ensure
that the action is invariant under reparametrizations of the null boundaries, as emphasized
in [26, 27]. In fact, it is this principle that fixes the overall coefficient with which the null
counterterm is added to the action. In the present case, we have not definitely fixed the
coefficient of the Maxwell boundary term. We did find that v = 1/2 seems to be special as
it allows both magnetic and electric charges to participate in“computations” on an equal
footing, as can be seen from eq. (2.32). Hence it may be that electric-magnetic duality (or
S-duality) provides the guiding principle to fix v. However, it is not immediately obvious
(to us) that this is the correct choice — see further comments below.

While Maxwell boundary term does not effect the equations of motion, it does play
a role in the variational principle by changing the boundary conditions imposed on the
gauge field, as described around eq. (2.28). As we noted previously, in this way, this surface
term plays a role in black hole thermodynamics, i.e., it becomes an important part of the
Euclidean action depending on the thermodynamic ensemble of interest [95-97]. Hence
one might ask if different ensembles will “compute” differently, i.e., if the electric and
magnetic charges would make distinct contributions in different ensembles.!* Preliminary
investigations with simple qubit models seem to indicate that this is indeed the case [133],
but of course, it would be interesting to study this question further.

MImplicitly, we are suggesting that the action used to evaluate the holographic complexity (1.2) would
be the same as that used to evaluate the Euclidean action for the thermodynamic ensemble.
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Even though the Maxwell term is associated with modifying the boundary conditions
for the field equations, we are not suggesting that these boundary conditions should be
applied on the boundary of the WDW patch. For example, irrespective of the choice of
v, if we are evaluating the holographic complexity with CA prescription for a boundary
state dual to a solution in which various charges are circulating in the bulk spacetime,
the bulk solution should not be modified and the charges would appear to freely flow
into or out of the WDW patch, as discussed in [20, 21]. On the other hand, we might
wonder if “quantum” (i.e., finite- V') corrections to this saddle point evaluation of the holo-
graphic complexity would involve fluctuations of fields on the WDW patch which respect
the boundary conditions determined by our choice of surface terms.

In passing, we note that while the holographic complexity defined by the CA proposal
is sensitive to the presence of the Maxwell boundary term, it is only the infrared properties
which exhibit this sensitivity. The asymptotic contributions to action are essentially inde-
pendent of the choice of the coefficient v. For example, for an electrically charged black
hole given in egs. (2.7) and (2.9), we find

4~ qg /’""‘ax dr
1,0(UV) ~
MQ( ) GN . fRNA (7,)
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(5.3)

Hence the leading UV contribution vanishes in the limit 7, — 00, i.e., there are no
UV divergent contributions coming from the Maxwell boundary term. Therefore the holo-
graphic complexity has the same UV structure [29], independent of the choice of v in the
boundary term.

However, to close our discussion here, we observe that the limit of zero charge is subtle.
Naively, from perspective of the boundary CF'T, nothing particularly strange should happen
in the limit ¢ — 0. On the other hand, from the bulk perspective, there is a nontrivial
and abrupt change in the causal structure of spacetime with ¢ — 0. If we consider this
limit for the late-time growth rate (2.32), we find

dCa _2M ()X +7 (5.4)
s 1+ x2

The first factor corresponds to the late time growth rate of a neutral black hole [20, 21],
and hence we only recover this expected rate when the second factor is equal to one. That
is, for each choice of the coefficient ~y, there will only be one class of black holes, i.e., with
x%2 = (v — 1)/, for which the expected rate is recovered in the zero-charge limit.!> We
do not have any insight into this issue, but let us add that similar subtleties arise in the
zero-charge limit for the Einstein-Maxwell-Dilaton theory studied in section 3, and also

with higher curvature corrections [134].

5Notice that we can only produce the desired limit with a physical charge ratio (ie., X2 > 0) for either
v2>1lor~vy<0.
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Back to two dimensions

In section 3, the causal structure was identified as an essential feature in determining
the unusual behaviour of the holographic complexity for charged black holes. Therefore,
since the AdSs black holes (4.9) inherit a causal structure with an outer and inner
horizon from the near-extremal black holes in higher dimensions [135], it is not surprising
that the holographic complexity exhibits behaviour analogous to that found for the
four-dimensional charged black holes in section 2. For example, the vanishing of the
late-time growth rate for the CA proposal found for the JT model in eq. (4.16) matches
with the vanishing rate found for the four-dimensional black holes carrying only magnetic
charge (and using v = 0) in eq. (2.22).

On the other hand, the close parallels between the two- and four-dimensional results
may seem unexpected when one recalls that the dimensional reduction producing the JT
and JT-like models focuses on the near-horizon region of near-extremal black holes in four
dimensions. That is, the cut-off surface at r = r. introduced for the two-dimensional black
holes in figure 8 is implicitly a constant radius surface deep in the interior of the corre-
sponding four-dimensional solution. Hence the WDW patches correspond to very different
regions of the spacetime in the two different contexts. That is, the four-dimensional WDW
patch is anchored to a cut-off surface near the asymptotic AdS, boundary, while the two-
dimensional WDW patch is anchored to a constant radius surface deep in the throat of the
four-dimensional black hole.

Given these differences, one must examine the results more closely to understand the
similarities in the complexity growth rates in two and four dimensions. First, in eqgs. (2.21)
and (2.31), we see that all of the contributions to the four-dimensional growth rate corre-
spond to terms evaluated at the meeting junctions at r = re?. Of course, both of these
junctions are in the throat and at late times, they approach the inner and outer horizons,
i.e., rl, — r_ and r2, — ry. That is, the growth rate is determined “infrared” part of the
four-dimensional geometry, i.e., by the near-AdSs throat of the near-extremal black holes.
Further, in these geometries with two horizons, the late-time rate is completely determined
by quantities evaluated at the corresponding bifurcation surfaces. Of course, we find the
same behaviour for the contributions to the growth rate in the two-dimensional geometry,
e.g., see eqs. (4.15) and (4.36), and this explains the close match between the results in
two and four dimensions. '

In fact, one finds that the same late-time growth rate will be derived for WDW
patches anchored to any fixed r surfaces in the four-dimensional geometry [136]. This
again points to the importance of the causal structure in determining the behaviour of
the holographic complexity for the CA proposals. However, we note that when the cut-off
or anchor radius is varied, the details of the early-time transients are modified. Further,
let us add that there have been significant developments concerning the holographic
interpretation of moving the AdS boundary into the bulk as a TT deformation of the

16WWe should add that the dimensional reduction does not require any modification of the time coordinate
and hence another important ingredient in this match is that the rates in two and four dimensions are
measured with respect to the same time coordinate [125].
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boundary theory [137-143]. Some recent progress in connecting these developments with
holographic complexity was reported in [99],'" however, it remains an interesting future
direction to fully develop these connections.

One of our most interesting results in section 4 was that when the Maxwell surface
term is included in the usual complexity=action prescription in four dimensions, the di-
mensional reduction produces a complexity=(action + spacetime volume) prescription for
the JT model.!® Note that with the latter prescription, the purely “topological” sector
(representing extremal black holes with ® = 0) exhibits complexity growth. Of course, this
is in keeping with the recent results of [55] indicating that the entire entropy of the extremal
black hole contributes to the late-time complexity growth (1.3). This also reminds one of
the suggestion that the JT model should be interpreted as a low-energy sector embedded in
a quantum gravity theory with a larger Hilbert space [145]. Of course, the latter is a natu-
ral perspective here where the two-dimensional model and the prescription for holographic
complexity were both derived with a dimensional reduction from four dimensions.

Other future directions

We have already commented on various future directions above, but let us close with
a few more observations. The preceding discussion of the JT model reminds us of the
other prescriptions of holographic complexity, in particular, the CV proposal (1.1) and
the CV2.0 proposal. While our analysis in this paper focused almost entirely on the CA
proposal (1.2), it is straightforward to examine the behaviour of these other proposals to
the four-dimensional charged black holes (2.7) or to the two-dimensional near-AdSs ge-
ometries (4.9). For the CV proposal, the techniques developed in [34] are easily generalized
to these new metrics and for the CV2.0 proposal, one need simply adapt the appropriate
results for the bulk action. In either case, the late-time growth is found to be in keeping
with the general expectations of eq. (1.3), i.e., dC/dt ~ ST. Of course, these approaches to
describing holographic complexity are only sensitive to the spacetime geometry and they
would not be sensitive to the type of thermodynamic ensemble in question. However, it
would be an interesting question to examine either of these proposals had a well-motivated
extension where the ensemble played a role in determining the behaviour of the holographic
complexity. For instance, one might explore the role of boundary conditions in the context
of the recent understanding of the holographic dual of the bulk symplectic form [71, 72].
The JT model provides a simple setup to study traversable wormholes [146, 147] (see
also [148]) and hence another interesting extension of the present work is to consider holo-
graphic complexity growth for traversable wormholes. In order to retrieve a quantum state
which has fallen deep into the bulk, one would need to perform some operation which

"We note that refs. [99-101] suggest a very different understanding of holographic complexity for JT
gravity than developed here (and in [98]). In particular, this approach relies on defining a new cut-off
surface behind the horizon, which was originally defined using the conjectured relation [20, 21] between
the CA proposal and the Lloyd bound [144]. While we remind the reader that this relation is known to
fail [34-37], it no longer seems to be an essential ingredient for the new approach [101].

!8We observe that in this construction, the spacetime volume contribution (4.46) comes with a very
specific prefactor. In general, the normalization of the holographic complexity is an ambiguity for the
CV2.0 prescription [53].
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would prevent or reverse the natural tendency of the system to complexify. Perhaps it
would be interesting to investigate the relation between the amount of quantum informa-
tion that can be transmitted through the wormhole and the corresponding holographic
complexity. Examining these ideas from the perspective of the Hayden-Preskill recovery
protocol [149, 150] may also prove fruitful.
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A More on shock waves

In this appendix, we discuss in more detail the calculation of the switchback effect in
Reissner-Nordstrom-AdS background, as we presented in section 2.3. The shock wave
geometry is represented in the Penrose-like diagram in the right of figure 1. This calcu-
lation below follows the analysis in [41], so we refer the reader there for more details (as
well as [40]).

The complexity dependence on t,, can be determined by studying the time evolution
of the special positions on the boundary of the WDW patch labeled by 7y, s, 71, and 72,.
From eq. (2.38), we find that the time derivatives with respect to ¢, tg and t,, are given by

. drs _ _f2<7n8) drs _ _f2<rs) drs -
T Qe 5 dtr 2 di, 0, (A.1)
2. drn S [1 _ fz(rs)] dr, () folry)  dri [
T dt, 2 filrs)] 7 dtgp 2 fi(rs)’ dtp 2
o dre i) dry _ dry _ fi(r)
L T B dtp dt; 2
B 1) [1 _ h(m)} drhy _ falrh) dri, _ f2(rh) f1(ry)
— dty 2 fo(ry)] 7 dtr 2 dtr, 2 fo(ry)
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We will show next how to obtain the complexity of formation as a function of how early
the shock wave is inserted (i.e., of t,,). We will assume a dyonic black hole in four bulk
dimensions and with a spherical horizon, as in the main text. Further, we only consider
neutral shock waves, i.e., the black hole charges before and after the shock wave remain
equal. For convenience, we rewrite the metric here as

ds* = —F(r,v)dv? + 2drdv + r*(d6* + sin® 0 d¢?)

. r? fi(v) @+
with F(r,v)zﬁ—l—l— " + er2m7 (A.2)
and fi(v) = wi(l —H(v —vs)) +waH(v —vs) . (A.3)
The shock wave is then inserted at vy = —t,,.

Bulk contribution

The integrand of the bulk action (after integrating over the angular directions) can be

written as

4w Ar 5 1 6 2(¢2—¢2)
Ty(r) = T6r G (R—2A) — 7 F? = e <—L2 + = . (A.4)

The bulk action in the Wheeler-DeWitt patch in figure 1 can be written as

Bux= [ drr?Tr) (2050) + [ dr et T (ta k)

Tb

Ts T+,1
+ / dr r? Ty (r) (25 (rs) — 2r5(r)) +/ dr r® Ty(r) (—tr, 4 tw — 205 (1) + 215 (1))
T4+,1 T2,
Tmax T4+,1
+ / drr® Z(r) (=2r(r)) + / drr® Ty(r) (—tw + tp = 2r](r))
T4,1 Tp
Tp
+ / dr 2 Ty(r) (tr + tu — 205(r) + 205(n3)) (A.5)
T

We are interested in investigating the switchback effect, so as in section 2.3, we set t; =
tr = 0 and probe the dependence on t,,, which is given by

dljge _ L [P @ —an]|™ _ L [ @ —dn]]|”
dty, 2G N | L? r 1 2GN | L? T 2
+ L [7,3 + g — qu} fa(rs)|™ 1 [73 + g — qun] film) | (A.6)
2Gy | L2 r filrs) |2 2Gn | L2 r Ja(re) |1
For large t,,, the derivative becomes
dlgulk o 1 ﬁ (]3 _ qu 41 B 1 ﬁ N qg N qgl 4,2 (A 7)
dtw |y, oo 2GyN | L? r . 2Gy | L? r g .
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Joint and counterterm contributions

We now evaluate the joint and counterterm contributions to the shock wave spacetime. In
order to impose affine parametrization across the shock wave, we have the condition on the

null normalization £ as [40, 41]

v filrs) v o fary)
£ =¢ ; § =¢ : A8
alr) i) (48)
where ¢ is fixed at the boundaries with the usual prescription k - 0,00 = ££, and

the conditions for fl and §” are to ensure £ = 0 for the null geodesic across the shock
wave. Because of the affine parametrization condition, the joints at 7, and rs do not
contribute [41]. The joints at 7} and r2, read

1
Tioint = “UV terms” mbTer (rt)?log ‘fz(ﬁﬂﬂ + (r2))?log ’flf(f m)| : (A.9)

The counterterms associated to each of the null boundaries of the Wheeler-DeWitt
patch (see [41] for more details), where (I) refers to the the past null boundary that extends
to the right asymptotic AdS boundary, (II) to the future one that touches the left AdS
boundary, (III) to the past one that touches the left AdS boundary and finally (IV) to the
future one that touches the right AdS boundary.

M _ « » 1 2\2 2£ Ect 1
1,/ = “UV terms Cn (r:) [log< 2 + 5

g (= () s 7T

oy e - s (E) ]
+ g (17— () log 221

IC(EH) = “UV terms” — QéN (r2)? {log <2§;:t> + ﬂ

v it o () ]

If we add the joint and counterterm contributions, we find that the overall answer is
independent of &,

’ 1 2 fl( ) - ( )
Jomt'f'z:ICt - 2G N 1 fg(rs G ( )

e
(

K

N
\_/
|—||—|

1 1
abTe (r2)? [log < - )2 (A.11)
Then, for large t,,, the derivative simply reads
d(Ijoint+ZIct) 1 |:7~3_qg+q72n:| r+1+ 1 |:1~3_qg+qm:| T42
dty tor—r00 QGN T re1 2G N r r_a
(A 12)
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Combining equations eqs. (A.7) and (A.12), we obtain the simple result for the time
derivative of the holographic with respect to t,,, at very early insertion times,

r—.1 2

g
TGN T

T—2

dCu _ 1 q2

e

Gty 7G|, (A-13)

+,1 T+,2

Hence this derivative is directly proportional to g2 for large ¢, such that if the black was
purely magnetic, the derivative would vanish.

More on the switchback effect

Let us evaluate more carefully the rate of complexity with respect to t,, for times smaller

than the scrambling time, such that t,, < t!... There is one big difference with respect

ScCr*
to the switchback effect for Schwarzschild black holes as discussed in [41], because now
both the past and future boundaries of the Wheeler-DeWitt patch end at joints, instead
of at a spacelike singularity. Therefore, there is always a transient term for small T't,,,
that depends on /., in analogy to the time evolution of the eternal black hole [34]. In
addition, the more magnetic charge that is present (i.e., the smaller x becomes), these
transient effects will become important, which is the reason the curve in figure 5 for small
x terminates long before the scrambling time, as these effects compete with each other.

The dominant contribution, for x 2 1, has a simple expression

dCa X’ a; 2 1 1 21Tt :
E: 0<1+X2 pra vl G ee“™ ! + transient . (A.14)

We denote 7, the solution for meeting point equation in eq. (2.12) with ¢ = 0, such that

rt =12, =r,. If we include the surface term in eq. (2.25), a similar expression holds
d 1—7)x? 2 (2 1 1
dCa ~ O A=ty ¢ (211 ee?™ 1t ) 1 transient . (A.15)
dty, 1+ x2 TGN \Tm Ts Tb

B Bulk contribution from Maxwell boundary term

In section 2.2, we argued that by using Stokes’ theorem and the equations of motion, the
Maxwell boundary term (2.25) could be written as the bulk contribution (2.29), and this
identity was later used to simplify some of our calculations of the holographic complexity.
However, there is clearly a subtlety: if one were to consider the case of a purely magnetic
charge, it is not hard to see that evaluating the boundary term (2.25) on the boundaries
of the WDW patch yields zero while the bulk integral on the right-hand side of eq. (2.29)
is nonvanishing — see details below. We elucidate the resolution of this inconsistency in
the following.
Consider the gauge potential for the magnetic charge by setting g. = 0 in eq. (2.9)

9qm
A= ——(1- 0)dop = Ay . B.1
\/m( COs ) (Z) N ( )
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Of course, we recognize that this choice is not well-defined at 6 = w. As a result, this
problem is inherited by the integrand appearing in the boundary term, i.e.,
2 2

g q
A, =2 — m 1-— 0) & B.2
417G N r4sin 6 (1 —cos0) o , (B.2)

is singular at 8 = w. Hence we can not properly apply Stokes’ theorem in the way that
was implicitly done in deriving eq. (2.29).

We can evade this problem by describing the gauge potential on two patches, one
covering the north pole (¢ = 0) and the other covering the south pole (§ = m). For
example, on a(n open) hemisphere H2 covering 0 < § < 7/2, we use the potential Ay in
eq. (B.1), while on the complementary hemisphere H2 which covers the south pole with
/2 < 6§ <, we define

g
A= ——~———q,(1 + 0)do. B.3
s \/47 GNq ( €08 ) ( )

Since the two gauge potentials and the corresponding integrands (as in eq. (B.2)) are well-
defined on their respective patches, we can apply Stoke’s theorem in each patch separately
but now the resulting boundary terms now include an integral over the surface 6 = /2
where the contributions involving Ay and Ag do not cancel.

Let us explicitly illustrate this point for the Reissner-Nordstrom-AdS black holes dis-
cussed in section 2 but in the case, where the charge is purely magnetic. Given the form
of the metric (2.7), the WDW patch has the form of a direct product M = N x S2. Now
setting g = 0 in eq. (2.9), the field strength becomes F = —ZL2— sinfd¢ A df and so

VarG N
evaluating the right-hand side of eq. (2.29) yields
1 vq? / dt dr
— | d'z\/—gF"F,, =" : B.4
2g> M ! g " Gy Iy 72 (B.4)

Next we turn to the boundary term as given in eq. (2.25). Certainly if we only integrate
over the boundary of the WDW patch OM = ON x S2, then the result is zero since as
we saw in eq. (B.2), the combination F*” A, only has a # component. However, as we
discussed above, we should actually integrate over the boundaries of all of the patches
where the gauge potential is well-defined, e.g., using the prescription outlined above, the
boundary integral runs over

(OM) = (ON x §%) U (N x H2) U (N x dH?). (B.5)
Hence if we integrate over this boundary, eq. (2.25) yields

v 2

= ax, Ft A, = = ax, F* (Ax — As)y
g° (oMY’ a g* N xOHE g (A <)
:vq% / dt dr (B.6)
Gn Iy 7 '
where in the first line, we have used 9H2 = — 9H2 where the sign indicates the two bound-

aries have opposite orientations. Hence with the prescription that the Maxwell boundary
term (2.25) is integrated on the boundaries of all of the patches used to define the gauge
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potential, we see that the bulk and boundary integrals precisely match, i.e., egs. (B.4)
and (B.6) yield exactly the same result.

Hence the lesson that we take away here is that when we introduce the boundary
term (2.25) to evaluate the WDW action for a magnetically charged system, we should
understand that this term is not only integrated over the (geometric) boundary of the
WDW patch but rather it is integrated over the boundaries of all of the patches introduced

to produce a properly defined gauge potential everywhere.!?

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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