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ABSTRACT: We apply the method of regions to the massive two-loop integrals appearing
in the Higgs pair production cross section at the next-to-leading order, in the high energy
limit. For the non-planar integrals, a subtle problem arises because of the indefinite sign
of the second Symanzik polynomial. We solve this problem by performing an analytic
continuation of the Mandelstam variables such that the second Symanzik polynomial has a
definite sign. Furthermore, we formulate the procedure of applying the method of regions
systematically. As a by-product of the analytic continuation of the Mandelstam variables,
we obtain crossing relations between integrals in a simple and systematic way. In our
formulation, a concept of “template integral” is introduced, which represents and controls
the contribution of each region. All of the template integrals needed in the computation of
the Higgs pair production at the next-to-leading order are given explicitly. We also develop
techniques to solve Mellin-Barnes integrals, and show them in detail. Although most of
the calculation is shown for the concrete example of the Higgs pair production process,
the application to other similar processes is straightforward, and we anticipate that our
method can be useful also for other cases.
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1 Introduction

Perturbative quantum field theory has been describing particle physics phenomena very
well, yet improving the perturbative series, i.e., calculating Feynman integrals, has been
always challenging. It becomes more and more important to include higher order cor-
rections to theoretical predictions as particle physics experiments, especially at the Large
Hadron Collider (LHC), become more and more precise over the years. This means that a
deeper understanding of higher order corrections is required to obtain meaningful theoret-
ical predictions.



One of the most interesting problems in this field is higher order corrections to multi-
scale processes. The prime examples are the Higgs+jet, Higgs pair, and Higgs+Z produc-
tion cross sections at the LHC. These 2 — 2 processes involve two kinematical variables,
such as the center of mass energy and the transverse momentum, and the masses of inter-
nal or external particles serve as additional scales. Here, the word “multi-scale” is used
when there are more than three scales. The bottlenecks of the calculation of multi-scale
processes are the integration-by-parts (IBP) reduction and the evaluation of the resulting
master integrals. The subject of this paper is the second issue, namely, the evaluation of
multi-scale Feynman integrals.

Efforts to solve multi-scale Feynman integrals have persisted over the years. One of
the milestones is the analytic computation of all the planar master integrals contributing
to the Higgs — 3 partons process at two-loops [1]. Another milestone is the numeric eval-
uation of the Higgs+jet [2] and Higgs pair production [3, 4] cross sections at two-loop level
using the program SecDec [5, 6]. An independent numerical evaluation of the Higgs pair
production cross section is given recently [7]. It is worth mentioning some recent analytic
calculations of three-scale four-point two-loop diagrams; the non-planar master integrals
for pe scattering [8, 9], the planar double box integral relevant to top pair production [10]
and the planar master integrals relevant to di-photon and di-jet production [11]. These
works show that even three-scale problems are difficult to solve. Recently, some of the
non-planar master integrals for these processes in the limit my = 0 have been solved [12],
but there still remain unsolved master integrals.

It is a promising idea to reduce the number of scales entering integrals by expanding
them in some small parameters. For a summary of this topic, see ref. [13]. In this direction,
the large-m; expansion of the Higgs+jet [14-20] and Higgs pair production [21-28] cross
sections is very well investigated. However, it is not until recently that expansions in other
parameters have been investigated. Concerning the Higgs+jet production cross section, the
expansion in the small bottom quark mass my, < mg [29, 30] and in the small top quark
and Higgs masses m; > my [31] are performed. For the Higgs pair production cross section,
the expansion in small m, for the planar master integrals [32] and in small Higgs transverse
momentum [33] are performed. The rest of the master integrals of Higgs pair production
in the small-m; expansion are obtained in ref. [34] together with the results of this paper.
Many of the non-planar master integrals are the same as, or related to those of ref. [31]
but we provide some new information needed for Higgs pair production. Furthermore, the
method used in this paper — the method of regions — is completely different from the one
in ref. [31] at all steps of the calculation, so it provides a complementary understanding of
the massive non-planer integrals. We would like to emphasize that the method of regions
is a generic and systematic procedure to expand integrals, and thus the calculations shown
in this paper can be applied to other integrals in a straightforward way.

The concept of dividing the domain of integration variables into several regions and
expanding the integrand according to hierarchies in each region was introduced by Beneke
and Smirnov [35]. The method is now called “expansion by regions” or “strategy of re-
gions”, and in this paper we call it the method of regions. A mathematical proof of the
method of regions for a general integral is not yet known although many successful appli-



cations have been reported. In fact, the author of the most up-to-date textbook on this
topic states in his book [36]

The strategy of expansion by regions still has the status of experimental mathematics.

In the cases of off-shell large-momentum expansion and large-mass expansion, a mathemat-
ical proof based on a graph-theoretical language is known and it is called as “expansion by
subgraphs” [13, 37]. The procedure of expansion by subgraphs is implemented and can be
performed in an automatic way [38, 39]. The large-m; expansion mentioned above belongs
to this category. A new proof of the method of regions was proposed by Jantzen [40] but
its application is limited. The purpose of this paper is to show non-trivial examples where
the method of regions works well, and our calculation shows the first application of the
method to the high energy expansion of non-planar four-point integrals.

The remainder of the paper is organized as follows: in section 2, we briefly summarize
the method of regions. In section 3 we introduce conventions, ideas, and techniques, which
will be used in the following sections. In section 4, 5 and 6, we apply the method of regions
to the one-loop box diagram, the two-loop planar massive diagrams, and the two-loop
non-planar massive diagrams, respectively.

2 General idea of the method of regions
The procedure of the method of regions is the following [13, 35, 36, 40, 41]:
e Step 1: Assign a hierarchy to the dimensionful parameters.

e Step 2: Reveal the relevant scaling of the integration variable.

Step 3: For each region, expand the integrand according to its scaling.

Step 4: Integrate. Scaleless integrals such as fooo dx x® are set to zero.
e Step 5: Sum over the contributions from all the relevant regions.

The Step 2 is the crucial part of the method of regions, and an algorithm to reveal such
scalings for a general integral is established based on the analysis of the convex hull [42, 43].
One can use the algorithm, implemented in the Mathematica package asy2.1.m [43]. Al-
though it is not proved that the algorithm works correctly for all the cases, no counterex-
ample is known so far. Recently, a new idea to reveal relevant scalings is proposed based
on the technique of power geometry, which is implemented in the Mathematica package
ASPIRE [44]. In this paper we use asy2.1.m.

The practical bottleneck is Step 4, since the integration tends to be complicated even
after the expansion if the original integral is very complicated. This is one of the reasons
why testing the method of regions is difficult.

The method of regions was first applied to the momentum representation of the Feyn-
man integrals, so the “regions” mean some domains of the loop momenta. Later, it was
found that parametric representations such as the Feynman representation and the alpha



representation are more convenient to apply the method [45]. Recently, it was proposed in
ref. [41] to use yet another parametric representation, Lee-Pomeransky representation [46],
to apply the method of regions. For all the representations mentioned above, one has to
follow Step 1 to 5 for practical calculation.

3 Notation and technical tools

3.1 Conventions

We distinguish the exact equal sign “=" and the equal sign under a certain analytic con-
. . . . . LAC, .
tinuation. For this purpose, we introduce a sign “="" and use it as, e.g.,
log(z + i0) 2 log(~2 — i0) + ir, (3.1)

where i0 represents an infinitesimal positive imaginary number. We interpret log(z) as the
principal value of the complex logarithm whose imaginary part lies in the interval (—m,x].
Both the left-hand side and the right-hand side of eq. (3.1) are well-defined in the entire
domain of z, but the equality is valid only in the upper half plane of z. This is how
analytic continuation is performed, and that is why we add “AC” to the normal equal sign
in eq. (3.1). The equality of a series expansion like

1— ;/M - n;) (%)n (32)

is in principle also regarded as an analytic continuation. However, when a hierarchy like
m < M is explicitly stated in the text, we use normal equal sign.
We use a simplified expression of the Landau O notation for more than one variable as

X+0 ((m%{)"’{, (mf)m, e”) =X+0 ((m%{)”’{) +0 ((mf)”’) + O (") . (3.3)

The Euler-Mascheroni constant is denoted as vg.
We use the alpha representation to calculate Feynman integrals. The integration mea-
sure and the analytic regularization parameters are defined as

/©"a5zﬁ</owm> : (3.4)

The analytic regularization parameters d; play one essential role and three secondary roles:

(i). The essential role is to regularize the contribution of individual regions which are
divergent if we naively expand in «;. This means that individual contributions are
regulator dependent, and the dependence on J; cancel after we sum all the contribu-
tions and take the limits 6; — 0. In taking the limit, it is necessary to specify the
order because some of them do not commute. We express the sequence of limits as

lim X =lim lim --- lim lim X. (3.5)

6,5n,...,52,51—)0 e—0 5n—)0 52—)0 51—)0



(ii). We use ¢; to regularize the Mellin-Barnes integral. [See the text below eq. (A.2).]

(iii). By shifting 6; — J; + 1, we can express polynomials of o; in the integrand. For
example, when n = 2,

/@20/5 (a% + Oé1a2) = /©2a5

(3.6)

+ /@20/S
01—01+2

This property is usually used to express the integrals with higher powers of propaga-

01—01+1,00—d2+1

tors.

(iv). We use the property of eq. (3.6) to express the higher order terms. [See the text
below eq. (4.20).]

The sum of the variables will be expressed as

Qi iy, = Qg +o Qi s 5i1-..in’in+1...in/ = 5i1 +o Tt 57'71 - 5i7b+1 +oe Tt (Sin/ : (37)

The bar on an index indicates that the variable corresponding to the index is subtracted
instead of added. Sometimes € and J; are treated in the same way, and in those cases we
express € as dp. For example, dyg153 = 2€ + 91 — 2.

Also, we introduce the following compact notation for the product of I'-functions
ey, .zn) = [[T(). (3.8)

In Step 3 of section 2, we expand the integrand of Feynman integrals in terms of
soft parameters. In order to control the expansion in a systematic way, we introduce
an auxiliary soft-scaling parameter y. For example, assume that we have four variables
azi, .. .,a4 whose scalings are

ar~m, as~M, az~m, a4~ M, (3.9)

where m ~ x is a soft parameter and M ~ 1 is a hard parameter. In this case, we apply a
substitution

m—xm, M—M, o —xar, «q—qy, Q33— XQ3, 04— 0y, (3.10)

to the integrand and expand in y. After that, we can set x = 1. In this paper we denote
the scalings (3.9) as

(Oél,OéQ,Oé;g,Oézl) 2(" (1707170) (311)

or simply (1,0,1,0).



3.2 Kinematics and high energy expansion

The assignment of the external momenta qi,...,qq is illustrated in figure 1. We consider
the 2 to 2 process but define all the external momenta as incoming. In addition to the usual
Mandelstam variables s, t,u, (which we call physical Mandelstam variables), we introduce
S, T,U as

S=—s=—(@+@)? T=—t=—(@+p)? U=-u=—-(p+p)’ (312

In our calculation we assume that S, T, and U are positive and thus call them positive
Mandelstam variables. Sometimes two of the three Mandelstam variables are sufficient to
express four-point functions, and indeed for planar integrals we do not use U [See section 5.
However for non-planar integrals, all of S, T, U are required to make the second Symanzik
polynomial positive [See subsection 6.1].

In this paper, we consider the master integrals of Higgs pair production at next-to-
leading order, where the loops are induced by the top quark. Therefore there are two mass
scales, the Higgs mass my and the top quark mass m;. We consider the high energy limit
where the following hierarchy is satisfied

m3 <m? < S,T,U. (3.13)

The high energy expansion in this case is two-fold. First, we treat m?; as the soft parameter
and m?,S,T,U as the hard parameters. Afterwards, we treat m? as the soft parameter
and S,T,U as the hard parameters.

In the first expansion, i.e. the mp-expansion, mp enters the integrals through the
on-shell condition of the external momenta

=0, ¢;=0, ¢g=m}, qi=m}. (3.14)
In terms of x, the scaling we impose here is
mi~x, mi~1l S~1, T~1, U~1, (3.15)
and the resulting series expression of an integral I is expressed symbolically as'
I(S,T,U,mi,m¥) =Y _(mi)" cny (S, T,U,m7) . (3.16)
ng

A note of caution should be made regarding the dependence on S, T, U. Since the physical
Mandelstam variables satisfy the relation s + ¢ + u = 2m?%, a similar relation should also
hold for the positive Mandelstam variables. As a result, functions expressed in terms of
S, T, U are not unique. However this is not a problem, because at the end of the calculation,
we express the result in a unique way. [See the text below eq. (3.20).] We use the linear
dependence of S,T,U to make the second Symanzik polynomial positive definite. [See
subsection 6.1.] After the my-expansion, the external legs becomes massless legs.

'In general, the coefficients Cny depend on log(m%), but in our case not.



q1 qs3

q2 44

Figure 1. The convention of the external momenta.

In the second expansion, i.e. the ms-expansion, the on-shell condition of the external

momenta becomes

i =0, ¢5=0, ¢§=0, ¢j=0. (3.17)
In terms of x, the scaling we impose here is

mi~y, S~1, T~1, U~T1, (3.18)
and the resulting series for an integral I is expressed symbolically as

I(S,T,U,m¢,my) =Y _(mz)"" Y (m})™ ey m, (S, T, U, log(my)) . (3.19)

N n

The result should be expressed in a way suitable for the evaluation with the physical
kinematics. In order to achieve that, the analytic continuation

AC

SAC emimti0(5 40y, T2 su, U s(1-v), (3.20)

is applied, where i0 represents an infinitesimal positive imaginary number, (note that the
massless on-shell condition (3.17) is adopted), and 0 < v < 1 in the physical kinematics.
After expressing the result in terms of s and v, the expression is unique. The analytic
continuation of T, U is trivial since their signs are consistent with those of the physical
kinematics. The results are expressed in terms of harmonic polylogarithms (HPL) [47] and
we introduce an abbreviation for HPL as

hO :H(O,’U), hl :H(l,v), h2 :H(2,v), h2,1 :H(271;U)7 (321)
and so on. The argument of the HPL is always chosen to be v. For example,

1 2
H (3; —3) = H (31— 0) 2 “hoy + hohy — Shiho - %hl 4G (3.22)
S
We use the Mathematica package HPL.m [48, 49] in dealing with HPL.
When diagrams of the same topology but with a different assignment of external mo-

menta are considered, it is convenient to relate them by applying replacements of the



crossing
F(S,T,U)

F(U,T,S)
(a)

analytic continuation analytic continuation

(b)
L
f(s,0) ———— f(s,v)
crossing
(analytic continuation required)

Figure 2. The commutative diagram of the crossing and the analytic continuation. Note that the
crossing at upper level is a literal replacement of S and U whereas the crossing at bottom level
changes the function in a nontrivial way. (a) Our approach. (b) Conventional approach.

external momenta, which means replacements of the Mandelstam variables. We call these
replacements “crossing relations”. This subject is already well-established in the case of
HPL [50], but we propose a simpler way to obtain the crossing relations. In figure 2, the
commutative diagram of the crossing and analytic continuation is given. Usually an inte-
gral is given as the bottom-left expression, where the result is expressed in terms of the
physical kinematic variables. On the other hand, we proceed the crossing in the upper
expression, where the result is expressed in terms of the positive Mandelstam variables.
The analytic continuation in the upper expression is the simple replacement of the positive
Mandelstam variables, whereas the analytic continuation of the bottom expression requires
the precise knowledge of the branch cuts. We take the approach (a) of figure 2 because
it is easy to implement in programs, and crosscheck the result using approach (b). One
can interpret the simplification by introducing the positive Mandelstam variables as the
resolution of singularities by increasing the dimension, or in another words, we lose some
information when we map the three-variable function F into the two-variable function f.

We would like to emphasize that the method to obtain the crossing relations explained
above is a by-product of introducing the positive Mandelstam variables. The most impor-
tant point in introducing the positive Mandelstam variables is that it makes the Symanzik
polynomials positive and thus allows us to apply the method of regions safely. [See sub-
section 6.1.]

4 A first example: one-loop box diagram

We consider the massive one-loop Feynman integral family

ddg 1
Ja as,a3,a4 — . a a a e
1,02,a3,a4 /de/Q (m?_p) 1 (m%_(£+ql)2) 2 (m?_(£+q1—|—q2)2) 3 (m%_(g_q3)2) 4

(4.1)

where the infinitesimal negative imaginary part of each denominator is implicit. The exter-
nal momenta ¢; satisfy the on-shell conditions (3.14). We consider the box diagram shown



C+q {—q3

St g

g =0 qi =my

Figure 3. The one-loop box diagram considered in section 4.

in figure 3, Ji.1,1,1 and its alpha representation is
Jia1,1 AC T _ /©4a6 Z/{_d/2e_f/u7 (4.2)
where the first Symanzik polynomial ¢/ and the second Symanzik polynomial F are given by
U = a1934, F = mfa1234 U+ Saqjas + Tagoy — m%{algo@. (4.3)

We make clear the analytic continuation in eq. (4.2) because the right hand side is regu-
larized by §; whereas eq. (4.1) is explicitly §;-independent. Also, we assume m?% < 0 in
order to ensure the convergence of the integral and perform the analytic continuation of
the result to m%[ > 0 at the end, which turns out to be trivial.

4.1 Expansion in the Higgs mass

We first expand in my. By using asy2.1.m, we find that there is only one relevant scaling
(a1, a2, a3, a4) X (0,0,0,0) . (4.4)

The expansion corresponding to this scaling is actually just the Taylor expansion of the
integrand in m%{, and the original integral can be written as

—Fu
I = /@4046 U2 e_f/u‘ + (m%{)a(e ) +-- (4.5)

(m2,)=0 o(m%) l(m3)=0

In particular, the leading term is identical to the box diagram with completely massless
external legs.

The fact that the expansion in m%[ and the integration commute is reasonable be-
cause my in the denominator of the integrand (appearing through ¢2 = m%) is always
accompanied by m; which regulates the integral and the limit my — 0 always exists.

In collider physics, it is common to use s and the transverse momentum pr as the
kinematic variables, where ¢ and pr are related as

ut — m‘}{

2
=—== 4.
pT S ) ( 6)



or equivalently?

1
t=—3 {s —2m?%; — \/s(s —4dm?, — 4p2)| . (4.7)

Since these relations are mg-dependent, one should be careful when expanding in mz. In
order to clarify the point, let us consider two expressions

fi(t,m3y) = f2(p7, m%) (4.8)
which are related by eq. (4.7). We would like to analyze the cross section for fixed py but
not ¢, so let us consider the mpy-expansion of fa(p2., mlzq)

o m2 2 82f
Fal i) = Fap0) + (i) 02| WD O | (i)
ome) |, o 2 J(my) 0
myg= mpg=

(4.9)

On the other hand, the kinematic variable appearing in the Feynman integral is ¢t and the
natural representation is fi(¢, mlzq) Thus, we express the ingredients of eq. (4.9) in terms
of fi(t,m%) as

fo(p7,0) =f1(to,0) (4.10)
Jfa ot ‘ df1 df1
= e + (4.11)
a(m3y) mar=0 o(m¥) mar=0 Ot |1—to.mp=0 o(mi;) t=to,m =0
2
h | e | an PR
a(m%—[)Q mpg=0 a(m%—[)Q my=0 at t=to,mg=0 a(m%{) mg=0 8t2 t=to,m =0
ot 9 f >’ fi
+2 L + (4.12)
a(m%{) myg=0 8ta(m%{) t=to,mpyg=0 a(m%{)Q t=to,mpg=0

where tg = t|;n,=0. Apparently, eq. (4.9) becomes complicated when egs. (4.10), (4.11),
(4.12) are substituted. However, taking into account the mg-expansion of fi(t,0)

of
ot

ot
a(m3;)

f1(t,0) = fi(to,0) + (mp)? +- (4.13)

mp=0 t=tg,mpy=0

the expression becomes simpler

(m#)?  9*h
2 9(m%)?

25
o(m)

where the mp-dependent ¢ (4.7) is used. In general, for a given order of m%{, the difference

+0((m%)%), (4.14)

mp=0

fo(ph,mi) = f1(t,0)+(m%) +

mp=0

between the strict mpg-expansion of fz(p%,m%{) for fixed pr and the mpg-expansion of
fi1(t,m?%) for the mpy-dependent ¢ is higher order in m?.

*When we solve eq. (4.6) in ¢ using the relation s + ¢ 4+ u = 2m%, there are two solutions. The other
solution has “+” in front of the square root in eq. (4.7), and it corresponds to w in this case. Note that the
amplitude is symmetric under ¢ <> u, so we could choose the sign the other way around. We choose the
sign such that t = —p2% + O(p%/s,m% /s).



The conclusions of this subsection are the following:

(i). As the result of the mp-expansion, the integrals reduce to integrals with massless
external legs.

(ii). The my-expansion for fixed pr is obtained by the mg-expansion with fixed ¢, keeping
the my-dependence of t.

4.2 Expansion in the top quark mass

After the expansion in mp, we have integrals which depend on my, S, and T. We now
consider the expansion in m; assuming the hierarchy (3.18). The integral of interest is

/@40/5 U2~ M (4.15)
with
U = o934, F = mfamgd/{ + Soraz + Tasay . (4.16)

Here we use the positive Mandelstam variables, .S, T, to make all the terms in F positive.
Otherwise, hard terms could cancel and result in a soft term, which breaks the method of
regions. The use of positive Mandelstam variables in eq. (4.16) is conceptually not new,
since it corresponds to the integral in the u-channel where s < 0,f < 0 and u = —s—t > 0.
The absence of a negative term in the u-channel is reasonable because there is no physical
cut in those kinematics.

By using the package asy2.1.m [43], we reveal five relevant scalings:?

(0,0,0,0), (0,0,1,1), (0,1,1,0), (1,0,0,1), (1,1,0,0) . (4.17)
4 5
1 2 3

The scalings of regions 2 to 5 reflect the symmetries of the integral, a1 <> a3 and as <> ay.
Eq. (4.15) is thus expressed as the sum of the contributions from these five regions: Z?:ll @,

Region 1 (all-hard region). The region where all the alpha variables scale as x°, i.e.,
(a1, a9, a3, ay) A (0,0,0,0) is special, and we call this region the “all-hard region”. We
can make several general statements about this region within our high-energy expansion:

(a). Every integral has one all-hard region.
(b). There is only one soft parameter in the all-hard region, which is m;.

(c). The contribution from the all-hard region can be expressed as the massless integral of
the original topology. In particular, the leading order term is obtained by substituting
mz = 0 into the original integral.

(d). The leading order contribution of the all-hard region is O(x°).

(e). The contribution from the all-hard region has no singularities in §;.

3More precisely, asy2.1.m reveals the scalings which lead to homogeneous and non-scaleless integrals.
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Because of these properties, the contribution from the all-hard region can be calculated in
two ways. The first is the procedure universal for any region, and the second is to use the
momentum representation. We show them in order.

First, we show the universal procedure. By expanding eq. (4.15) in terms of xm?, we
obtain the contribution of this region as

2
—d/2 _ Q) ) 2
I(l) = /@4046 L{(l) / e FOut 1-— Xm?()é1234 + X? (mfa1234) + O(XB) s (4.18)

where UM = 1234 and FO) = Sajas + Tasay. As stated above, the leading order term

is the massless box integral and we name it ’7’5(11()52 55 for later use:

d4,€

USRI / Dha? YO~ F OO (4.19)

_/dsz D[~z 14 240, 14+2+64,—1—2—bo124, —1 — 2 — o234, 2+ 2 +Fo1234]
= 52+z+5o1234f‘[—(5001234, 1401, 1402, 1483,1484]

(4.20)
The integrand of the higher order corrections has additional factors of «; which can be
expressed by some shifts of §; — 0; + 1. Indeed, eq. (4.18) can be expressed as
1) _ (D) 2 (pl (1) 1 (1)
1M = 7:51,52,53,54,6 Xy <P1+51T1+51,52,53,54,6 + P1+527:51,1+52,53754,6

1 (1) 1 (1) 2
+P1+537:51,52,1+53,5476 + 7)1-1-547:51,52,63,1—',—64,6) + O(X ) ) (4‘21)

where P} = I'(z+n)/T'(z) is the Pochhammer symbol. We call ’7:5(1172;2 55.6..c & “template inte-

gral” since all the higher order terms can be expressed in terms of 7:5(11,2527 53 6ae by shifting d;.
Since there is no singularity in d;, we can safely set §; = 0 in eq. (4.21). Then, the
leading order term is expressed as

)

0 /—1/2+ioo dz T* T'[—2,14 2,142, —-1—€e—2,—1—€— 2,2+ €+ 2]
0000 —1/2—ico Stetz I'(—2¢)

e~—1

(4.22)

where the technique explained in appendix A is used to set the integration contour to a
straight line. The expression at ¢ — 0 is obtained by using the package MB.m [51], and the
result is

(1) e
e | T L L Oe
0,0,0,0,e 52+6U E2 € 3

e~ e 4 2ho+2ir  4n?
+ =2 ( )] . (4.23)
The higher order terms are given by 7'1(7%)?07076, 7?)(,1),0,0,5 etc, and can be calculated in a
similar way.
The other procedure to calculate the contribution of the all-hard region is the following.

We return to the momentum representation (4.1) and expand each propagator in m; as

1 —mji )"
SiY ((—182)")+1 ' 424
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Then, the contribution can be expressed in terms of the integral family

die 1
Juassiess / _ . — — s (4.25)
vosesas = s (B (0 a)P) (0 @+ @) (- a)?)

as
(1) _ gymassless _ , 2/ ymassless massless massless massless 4
' = JiiTs my (JorTr + T et e ) + O(my). (4.26)

This corresponds to eq. (4.21). Applying the IBP-reduction, all the integrals appearing
eq. (4.26) including higher order terms can be expressed by three master integrals

massless massless massless
Jl,O,l,O 7‘]0,1,0,1 7‘]1,1,1,1 : (4'27)

The IBP-reduction of massless integrals is computationally easy even at the two-loop level,
and thus very useful. In the calculation of two-loop integrals, we adopt this approach to
calculate the contribution from the all-hard region.

Regions 2, 3, 4, 5. The contribution of Region 2 is obtained by applying the second
scaling of eq. (4.17) and expanding in ym?, yas, xau,

@) _ [y 12)"2 _F@ @ |, 2 d oz | o1a3oss 000403 2
I —/Q ald e {1 X(mta34+2u(2)+3 U)? +T U +0(x%),

(4.28)

where Y(?) = a12 and F@) = m?amu@) + Sajag+Tasay. The integration over oy, ..., ay
can be performed using the relation (A.3) and a variant of it, and the template integral of
this region is

2) _ (m%)_5_51_62 ['[01 — 63,02 — 04,01 + 02 + €] (4.29)
01,02,03,04,€ Sl+53T1+54 1"[512 _ 534’ 1 + 51’ 1 + 62] . .

The higher order terms in eq. (4.28) which contain the inverse of U(?) can be expressed by
the shift € — € — 1 in the template integral. Thus eq. (4.28) is written as

2) _ (2 2 (pl (2) 1 (2)
1 _7:31,52,53,54,€+th P1+537:51,52753+1,54,6+P1+547:31,52753,54+1,6

di1 2 1 2
X5 (P1+537:51,52,53+1,64,6—1+P1+547:51,62,53,54+1,6—1)
1 2 (2) 1 1 1 (2)
+xS (7’1+51731+537:51+1,52,53+2,54,e—2+731+51731+63731+647:51+1,62,63+1,64+1,e—2

1 1 1 2) 1 2 (2) 2
XTI <7’1+52 Priss PresiTs, 5016541, 601,27 Piaas Pives Ts, ,52+1,53,54+2,e_2> +O()-
(4.30)

Recall that P = I'(x + n)/I'(z) is the Pochhammer symbol.

As mentioned in subsection 3.1, the result of the limits §; — 0 depends on the order
in which we take them. For example, when we take the sequence of limits with ascending
values of j, we obtain

—E 1 /1 1
7:5(127252753,54,6 = 5 ( + — —logs —hg + i7T> +O(e), (4.31)

1m — | —
€,04,03,62,01—0 s2v(m?)ce \ 03 04
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whereas with descending values of j, we instead obtain

@ o e 2 1011 02N ™00, @se
6761762’364*}07:51,52,53754,6 SQ’U(m%>E 62 € 51+52 Og(mt) 6 + (6) ( . )

The order dependence is not problem, provided we use the same order throughout the
calculation. The artifacts caused by the d; will cancel after we sum the contributions from
all the relevant regions.

Due to the symmetries of the diagrams, the template integrals of the other regions can
be expressed in terms of 7:5(127352, 53 bac with exchanged d; as

(3) (2

T\ 62,6500 = To1.60.65.62.c (4.33)
(4) 2

7:51,52753754,6 - 7:53,62,61,54,5 (4.34)
(5) e

7:51,52,53,54,6 - 7:53,64,61,62,5 ) (4.35)

and when we take the ascending order of limits, we obtain

- r 2
3) _ e (1.1 1 2y_1 SERE N 10)
6754,53,15121,51%07;1’62’53’54’6_ SQ’U(m%)e _62+ € Og(mt) OgS+l7T+ 53 54 12 + (6)
(4.36)
e 1 1 11 2
li (4) — € i — | 2 —hyg——+— | —— (@) 4.37
5,54,63,%?,61H07;1’52’53’54’6 s2v(m?)e _62+6 og(my) =ho 53+(54 TIN (e) (4.37)
- r 2
(5) I 2 P VRN N S Sl 4.38
5,64,63,1§£1,51—>07:51"52’53’54’6_ s2v(m?)e _62+€ og(ms) 03 Oa 6 +0(e). (4.38)

Sum of all regions. Summing eqgs. (4.23), (4.31), (4.36), (4.37), (4.38), we obtain the
leading term of eq. (4.1):

iﬂse_E’YE 2 s ; s 2 2
Eq. (4.1)=e e —2 |log 3| —im log| —5 | +ho| ¢ +O(my,mi,e). (4.39)

t my

As mentioned, the result is J;-independent. There are 24 possible ways to order d1, d2, 3, 4
in taking the limit, and we have confirmed that the result is the same for all of the orderings.
Since the original integral is finite in the limit ¢ — 0, the poles of ¢ in the individual
contributions from each region cancel.

4.3 Higher order terms in m;

The method of regions can be used to obtain a series expansion up to arbitrary order in
the soft parameters, my or m;. For example, eqs. (4.21), (4.30) includes the contributions
up to O(x). In general, the higher order terms can be expressed in terms of the template
integrals. Therefore, in principle, it is straightforward to calculate higher order terms up
to arbitrary order, once the template integrals have been obtained.

However, the number of integrals to calculate increases rapidly with the order of ¥,
and this makes it hard to calculate higher order terms. Especially in the two-loop case,
some of the template integrals contain multi-dimensional Mellin-Barnes integrals, which
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are not so easy to solve. Furthermore, the number of integrals increases more rapidly than
in the case of the one-loop calculation. Therefore it is better to use another method to
calculate the higher-order corrections.

The use of differential equations solves this issue [29, 31, 32, 34]. We use the differential
equation with respect to m? to obtain higher order corrections in m?. Since we know that
the integral has the form

Eq. (4.15) =Y ) ny o (S, T)(m7)™ (logm?)"™ (4.40)

nip n2

the set of differential equations reduces to a set of linear relations of ¢y, n,(S,7") which
simplifies the problem a lot. In this sense, the leading order terms which we calculate in the
previous subsections play the role of the boundary conditions of the differential equations.

4.4 Integrals with fewer lines

Once we have calculated the box integral, there are several shortcuts to calculate integrals
with fewer lines such as the triangle integral and the self energy integral. Let us consider
the s-channel triangle diagram, Ji 1,10, as an example.

The alpha representation of Ji 1 10 is obtained by setting oy — 0 in eq. (4.3), since the
forth propagator is absent in Jy1,1,0. If we use asy2.1.m to reveal the relevant scalings for
J171,170, we obtain

(0,0,0), (0,0,1), (1,0,0), (4.41)

however, we do not have to do that. We do not have to derive the template integrals for
J1,1,1,0 because they are derived from the template integrals of Jq 11 1.

Using the fact that the ¢;-dependence of the alpha representation is expressed by the
replacement of a; — 1 + ¢;, the triangle integral Ji 11,0 can be expressed by the limit
04 — —1. Therefore by taking the limit J4 — —1 to the template integral of Jy 11,1, one
can obtain the template integral for Jq 1,1,0. For example,

2\—€—01—02 LIS — 6214856 5
lim Eq (429) = (mt) [ 1 3 + 2,01 + 2+€]

4.42
J4——1 S1+d3 F[1+612 —53,1+(51,1+52} ’ ( )

and this is the template integral for the region (0,0,1). Sometimes the limit vanishes due
to a suppression factor 1/I'(1 + d4). For example,

lim Eq. (4.33) =0. (4.43)

O4——1

This fact is reasonable because the number of relevant regions for Ji 1,10 is smaller than
for Ji1,1,1. Two of the four soft template integrals are non-vanishing after taking the limit,
and they are the two soft template integrals of Ji 1,1,0.
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P2 ipr | ps P2 pr | ps

o b3 Ps =, o b3 pa =,

Figure 4. The two-loop massive planar diagrams defined in eq. (5.1) (left) and eq. (5.2) (right).

5 Two-loop planar diagrams

We consider the following Feynman integral families

dde, ade, 1 L 1
JlflL;Q as,a4,a5,a6,a7 = - d : . 2 H (51)
102,03,04,05,46, i d/2 jrd/2 (—p%)” ] (th — p2)an
n—=
dde, dde 1 6 1
R o | B | = &
20 0 n=1,2,3,7 (mt - pn) " n=4 (_pn) "

where the momenta of the lines are

{p1,02, 03, 04,05, 6,07} = {€1 + q1, 41,01 — @2, b2 — @2, b2 + q13, b2 + q1, €1 — {2} . (5.3)

Recall that q13 = ¢q1 + g3. We consider the integrals I"%! = Jﬁlf,ll,l,l,l,l and P12 =

JPE2 || whose diagrammatic representations are shown in figure 4.

The m-expansion can be performed in the same way as in subsection 4.1, and the
alpha representations of the integrals after the mg-expansion are given by

PL1 _ ,/PL2
U =U" = ara30us6+ 12345607 (5.4)

]:PLl = m?a123456UPL1 +S [ozl (a4a67+a3a4567) +ag (a23a4+a34a7)] +Tasasary, (5.5)

FPL2 _ m%augﬂ/{PLg +5 [Oq (Oz40z67+a30¢4567)+046 (0623044‘1‘0434047)] +Tasasar. (5'6)

Conceptually there is no difference between the procedure of applying the method of regions
to these integrals and the example discussed in section 4. In particular, the property of
the F-function that it is positive definite in the u-channel is the same [cf. the text below
eq. (4.16)]. The only new ingredient is that now the template integrals are expressed by at
most two-dimensional Mellin-Barnes integrals, which are not trivial to solve. However, their
calculation is a subset of the calculation of the non-planar integrals, so we do not describe
it here [cf. subsection 6.4]. Therefore we briefly summarize the important ingredients of
the two-loop planar integrals in this section.
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Double massive box diagram. By using the package asy2.1.m, we reveal thirteen
relevant scalings:

(0,0,0,0,0,0,0),(0,0,1,0,0,1,1),(0,0,1,1,0,0,1),(0,0,1,1,1,0,0), (0,1,1,1,0,0,0),

(1,0,0,0,0,1,1),(1,0,0,0,1,1,0),(1,0,0,1,0,0,1),(1,1,0,0,0,1,0),(0,0,1,1,1,1, 1),

(1,0,0,1,1,1,1),(1,1,1,0,0,1,1),(1,1,1,1,0,0,1) . (5.7)
The template integrals of these regions are summarized in appendix B, and can be found
in the supplementary file attached to this paper. The result of this integral at the leading
order in my, up to O(e), is given by

1 np +4

U= 3TN G o gogme ) 4 O, ), (5.8)

n1=0n9=0

where the coefficients d,,, ,,, are given by

64ho 32i 87
do4=16, dog——io—i- ”r, d02:8h3—16iﬂ'h0—i,
’ 3 3 ’ 3

1672h 8i
do1 = 8imh2+—— "0 _8¢s+ Z;

h 4
do.o = 16hghs — 30 — giwhg—4h3h2—27r2h3—8i7rh0h2+4h()§3

4 Tt
—gim*ho+16imh; —24hs — 1i5 :
128 152h
dis=——-, da=— O _56im,  diz=—16h2+

4h3
d172 = ?0 +4h%h1 —20i77h +8imhgh1 —8hohsa — 92872 ho—8imho+8hs—16(5—
287T2h2

208imhg N 16072
3 9 ’

4im3

4 4 3
di1= —E—M—Mwhg—@wh@hﬁ

8 28 . 8m’hy 2187*
——m“hoh1+16ho(3——in°h
5™ hohit 063 5 imhot— 5
h5 h4h1 3 2 2 2 2
dq 0= 7+ +6h0h2+6h0h1h2 +4h0h21 *20h0h3*4h0h2*12h0h22
11

Flﬂ'h‘l +- ZT['hOhl + 1827Th0h2 +12imhohiho—24hoh1hs+36h1hs — 4z7rh2 +4hshs

Qho
9

—4h3¢s +5i7r3h8+2i7r3h0h1 -

—817Th0h2 +16hghs+24imhs —32hy

5
2h0h1 — 67T h0h2 —|—8Z7Th0h21 - 32Z7Th0h3 24Z7Th1 h3 — 12’Lﬂ'h22 — 16Z7Th4

1577%hg 27tk 10, 4 2672hs  6limd
_ Zim3h
90 5 Timiet g 90

+24hghy Cs+24imh Cs— 56haCs+4(4has + Thag+21hs — 13(5 ) +67Cs . (5.9)

_l’_

Single massive double box diagram. By using the package asy2.1.m, we reveal ten

relevant scalings:

(0,0,0,0,0,0,0),(0,0,1,1,1,0,0), (0,1,1,1,0,0,0), (1,0,0,0,1, 1,0),
(1,1,0,0,0,1,0),(0,0,1,1,1,1,1),(1,0,0,1,1,1,1),(1,1,1,1,1,1,0) . (5.10)
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The template integrals of these regions are summarized in appendix B, and can be found
in the supplementary file attached to this paper. The result of this integral at the leading
order in my, up to O(e), is

1 ni1+4

dTL n
P2 — Z Z %e”l log™(m¢) + O(my, €2) (5.11)

ni=—2n2=0

where the coefficients d,,, ,, are now given by

d_2y2 =8, d_271 = —4hg+4ir, d_270 =72 —2imhg,

2 2072
d_173=—3§, d_15=—4ho—20im,  d_i1=4h2+ditho+ 0; ,
h3 472 h
d-1,0= 50+ W3y +3imht + 2imhohy —2hohs — T 0 9imhy+2hs — 14¢s+2i7°,
2h j 2
dou=8,  dos—-0 B0 A2 Simhg— O
k) bl 3 3 k) 3
10i73
do.1 = —4imh: +4n?ho+20(3 — O;” ,
ht  4h3hy  h2h2 h2
do,o = —%——g ' — =5 —8h3ha+2hoh1ha —2hoha1 +20hohs + 7 —ha
10
— giwhg —4imhihy —imhoh? —6imhohg+2imhy ho — 2h1 hy — 2imhay 4 20imhs — 34hy
1172h2 1 2h 25974
+%+gw2hoh1+l4h0§3— gm?’ho—i—%lg“g—gm?’hl _Tmhy +24mg3+% :
64 68im 8h2 56irhg 27272
dis=—— dy 4= —12hg— dy3=—2—
1,5 157 1,4 0 3 ; 1,3 3 3 9 )
2h3 1672h 22 40473
1.2 = 50+ 203+ Gimhd+dimhohy —4hoha+ TR0 iyt g — §C3+ 0;” :
9 4 4 3 21,2
di = —%—%—2 Th3—2imh2hy — S g hohy +8hohs+12imhs — 16hs
4 5 44hoCs 16 . 4 4why  176in(s  5mt
— —m?hoh+ ——22 — —ir3h - —
g™ Mol T ot 3 18
4 5 4 92 31,2 1 3 21,3
dio= Shy | Shof | 2hohi | 7h°h2+h0h1+5h3h1h2—h0h§h2
60 4 3 3
hih2 hoha1  h
+5h2ho1+2hohihay —3hoh3 — 12 2 1 hyhoa+ 2321—%
Thah 53h
—22h(2)h3—28h0h1h3—Qho(h211+7h22)+h%h3+ ; 3—h221 323

13 13 1
+Ziwh§+?iﬂh3h1+2i7rh%h%+gmhohi”+46h1h4+33h32+98h5

+17imh3ho +10imhohi ha +10imhohay —imh2 ho +2imhy hoy — 3imhs — 2im(ha11 + Thag)
22 7

- 5w?hg—?m?hghl - 67r2h0h$—5w2h0h2—40mh0h3—28mh1h3—8m114

10 4 1 7

+ 'w3h3+gmi”hohl+6m3h§+§w2h1h2+5m3h2— +1672hs3

3
5997%hg 1617%h; ATim®
_ 2 — — J—
9h0C3+26h0h1C3 180 180 64h2€3 90

2
—%iﬂho{g+26iﬂh1<3+297r2<3—121C5. (5.12)

T2 hoy

—hi¢s—
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D6

Figure 5. The two-loop massive non-planar diagrams defined in eq. (6.1) (left) and eq. (6.3) (right).

6 Two-loop non-planar diagram

For the two-loop massive non-planar diagrams, we consider the following two Feynman

integral families

NPL1 ey d' ’
Jal,az,as,a4,a57a6,a7 = imd/2 jd/2 H an H (6.1)
= n—3

where the momenta of the lines are given by

{p1,p2, 03, 04,5, 6,07} = {€1 + q12, €1 — @3, C12 + @23, L12 + G2, 02 — q1, 02, b2 + g2}, (6.2)

and

4 7
a1,2,03,04,45,06,47 | ;od/2 ’L'7rd/2 H :
=1

m —pp) n—5
where the momenta of the lines are
{p1,p2: 03, 04,05, p6, 07} = {1, 01 + g3, l12 + q23, C12 — qila — q1, 02, b + @2} . (6.4)

Recall that gy = g2 —q3 and g23 = g2 +¢q3. We consider [ NPLL — g Nl 111,11 as an example

sbs sty

in this section. The template integrals of INP12 = %le %211 11 1s provided in appendix B.
The Feynman diagrams corresponding I™NPE and 1 NPL2 are illustrated in figure 5.

In subsection 4.1 we showed that the expansion in my can be obtained by the naive
Taylor expansion of the integrand. This holds also in this case, and the mg-expansion is
straightforward. Therefore we again consider only integrals with massless external legs.
The alpha representation of our non-planar integral is

JNPL1 AC /@70/5 u—d/Qe—]—'/u’ (6.5)
where

U = a120i34567 + Q34567 (6.6)

F = mfa34567u + S (narays + asasasy + asarasy) + Tajasag + Uasagae .
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6.1 Relevant scaling

A new feature appears in eq. (6.7): if we impose the relation S + T + U = 0, we obtain

AC 9
F = miasaserd + S (rarags + asasasr + asarasy — asagag) + T(agasas — asagag) ,
(6.8)

and the sign of F becomes indefinite. In such a case, it is not guaranteed that the method
to reveal the relevant scalings works properly [43]. An idea to solve this problem is to
perform a proper change of variables and decompose the integration domain such that F
is positive-definite [43]. However in our case, this approach does not resolve the indefinite
sign of F since there is no simple change of variables to make F positive-definite.

The solution to this problem is to keep S,T,U as independent variables. It is obvious
that eq. (6.7) is positive definite in this case, and we can apply the method of regions,
expand the integrand, and express the result in terms of Mellin-Barnes integrals in terms
of the positive Mandelstam variables. The procedure to obtain expression (6.7) is the
following: we first compute F respecting the original definition of the Mandelstam vari-
ables (3.12). At this point, there are some redundant terms in F such as (S+71+U)azazas.
We minimize the number of terms, under the condition that F remains positive definite.
The resulting F is unique.

There are two commands in the package asy2.1.m to reveal the relevant regions. The
first is AlphaRepExpand, which accepts a set of propagators and replacement rules as input.
The other is WilsonExpand, which accepts the Symanzik polynomials as input. Here we
must use WilsonExpand since the conventional routine used in AlphaRepExpand either
eliminates U completely or keeps U completely, whereas we want to eliminate U partially,
as explained above. There is an option Preresolve in AlphaRepExpand which makes it
attempt some changes of variables to make F positive definite, but in our cases this option
did not solve the problem.

With this setup and the hierarchy (3.18), we obtain the following fourteen relevant
scalings®

,0> ,(0,0,0,1,1,1,0)

N =

(0,0,0,0,0,0,0), <0,1,1,0,0, 1,1) , <1,0,0,1,1,
2’2 2 2 2

(0,0,1,0,0,1,1),(0,1,0,0,0,1,1),(0,1,1,0,0,0,1),

(1,1,0,0,0,0,1),(1,1,0,0,1,0,0), (1,1,0,0,1,1,1),

1,0,0,0,1,1,0),(1,0,0,1,1,0,0),
1,1,1,1,0,0,1),(1,1,1,1,1,0,0).
(6.9)

—~~

In the case of the planar integrals [32], the scalings consist of only 0 and 1. Here, we

11

additionally have a scaling (0, 5, 5,0, 0, %) which is particular to these non-planar integrals.

“In fact, it turns out that the correct scalings (6.9) can be obtained by using eq. (6.8) or by using
AlphaRepExpand, provided suitable values for S and T are chosen (e.g. S = 1,7 = 1), such that U # 0.
This may be because there is no cancellation between two hard-scaling terms resulting in a soft-scaling
term in eq. (6.8). However, this observation is made in hindsight, since in principle it is not guaranteed
that the regions are found correctly. One could also use ASPIRE [44] instead of asy2.1.m and obtain the
correct scalings, if one similarly chooses suitable values for S and T
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The contribution of the all-hard regions can be calculated by using the massless integral
family and IBP-reduction [cf. the text below eq. (4.24)]. Therefore we do not need a
template integral for Region 1, and we show the calculation of Region 1 separately. The
template integrals for Regions 2 to 14 are calculated in the next subsection, and can be
found in the supplementary file attached to this paper.

Region 1 (0,0,0,0,0,0,0) (all-hard region). As shown in subsection 4.2, the con-
tribution from the all-hard region can be expressed in terms of massless integrals of the
same topology. The massless integral that is relevant here has been calculated in ref. [52].

6.2 Template integrals for Regions 2 to 14

The template integral of each region is expressed as
) 76 N "2 _r6)
7:51,52,53,54,55,56,57, /:D (L{(])> € / (6.10)

where 2 < j < 14. For simplicity, we omit the subscripts of 7:5(1j 252 55.64.05.66 and write

d7,€
70U when they are in the ordinary order.

Region 2 (0, 29 é,O 0,1 29

of Region 2 are given by

1), Region 3 (2 ,0,0,2,1,1,0). The Symanzik polynomials

EE) 27
U = a1ays + agas (6.11)
F@ = m§a45 U@ 4 S(agasas + ajagsar + agasar) + Tajasas + Uasogog . (6.12)

The integration in a7 can be performed using the relation (A.3). Then, we perform the
following change of variables

ay = B1PB3/Pa, oz — Bif2/B3, s — PB283/P1, (6.13)

and the template integral becomes

T® = 457170 / dardasdasdBidBadBs aft altad 426 gz 5o
0

(a0 + aras + agas) 2 e~ mias—(Sbias+Tb3a1+Ubjaa ) /U
F[(Sl +1,00+1,03+1,04+ 1,05+ 1,06 + 1]

The integration in Sy, B2, B3 is now straightforward. To integrate over the remaining vari-

(6.14)

ables, it is easiest to integrate in «; first using the relation (A.4) and then integrate in
ay, as. Finally we obtain the template integral as

72 = 1(m?)_(1+46+6112344556)/25’_(3"'623677)/QT_(1+6§36)/2U_(1+6236)/2
2

[5 1+5236 1“'5236 1+5236 1+511236 1""5001123446 140001123556 1+50000112344556]
012> ) 2 2 2 2 2 ) 2

I + 1,00 + 1,63 + 1, 0 + 1, 65 + 1,06 + 1, doo11245 + 1, 150%]

(6.15)

The template integral of the Region 3 is obtained by the replacement a; <> g, oz <>
ag, a5 & a7, T U of 7—(2)
(3) (2)

T51,62,63,60,65,66,60¢ = 162,61,60,68,67.66.65.€ | p - (6.16)
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Region 4 (0,0,0,1,1,1,0), Region 5 (0,0,1,0,0,1,1). The Symanzik polynomials
of Region 4 are given by

U = 1237 + azary (6.17)

.7:(4) = thOé37 Z/l(4) + S(a3a5a7 + aroygsa7 + 042045Ct37) + Toyazag . (6.18)

The integrations in a4, as, a6 can be done using the relation (A.3). Then the template
integral is
TW = - C>Odoz dagdasday ar 270136 o2 o~ 14956 ( — 14047
T S2Fons T4 [ 1aa2astar &y 2 O3 7

3—d /240456 ( —1-05 e—mfa37

(12037 + asay) a13ar + asasy)
L1+ 1,60+ 1,05+ 1,07 + 1]

(6.19)

We introduce a Mellin-Barnes integral to separate ajsasry + asar into two factors, ajzar +
agagy and agag, then the integration in a; and ag can be done using the relation (A.4).
The remaining integration is also straightforward and we obtain

7—(4):/d2 I'[69125 001237, 21 +00267+ 1, 21, 21 + 001235, 21 + 0135 — 1, 21+ dpass — 1]
! (mZ)%0r237 S2H8 TS T (5 + 1,63+ 1, 65355 — 1, 07+ 1, 0012237+ 1, 21+ 0535]
(6.20)

The template integral of Region 5 can be obtained in a similar manner and the result is

7(5) :/dz I'[0512, d001245, 21 + 00156 + 1, 21, 21 + 0936 — 1, 21+ 001245, 21 +0p3e7 — 1]
! (m2)d001245 §2+357 1406 T [69+ 1,34+ 1,65+ 1, doo11245+ 1, 0357 — 1, 21+ 0535
(6.21)

Region 6 (0,1,0,0,0,1,1), Region 8 (1,0,0,0,1,1,0). The Symanzik polynomials
of Region 6 are given by

U(G) = (1345 + 3405 (6.22)

]:(6) = m?()&345 U(G) + S(OZQO(3065 + azqs07 + 0610645047) + Toragag . (6.23)

The integrations in aq, o, a7 are straightforward using the relation (A.3) and the template
integral is given by
1

o0
6 - - —14615  —2+0535 64, —14035
T©) — ST TG ), dajdazdasdas aq Qg oyt o

B*d/2+5267 ( *1*67 e—m%a345

y (o aza5 + agacs) Q3405 + 01 Qy5)
L[o1 4+ 1,05+ 1,04+ 1,05 + 1]

(6.24)

This looks similar to eq. (6.19) but has one extra massive integral, and thus it is necessary
to introduce two Mellin-Barnes integrals, giving

) _ /d21d22 I'[do15, 21, 21 + 616, 21 + dgze7 — 1, 25 + do124 + 1]
(m3?)%o01845 24027 TIH6 T [§) + 1,65 + 1,04 + 1,85 + 1]
I'[215 + d0012456 + 1, 23, 22 + 0513, 212 + 0335 — 1]
['[do267 — 1, 21 + 0p26, 22 + doo11245 + 1]

(6.25)
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The template integral of Region 8 can be obtained in a similar manner and the result is

) _ /dzleQ T[dp13, 21, 21 + 0145 — 1, 21 + Op156 — L, 212 + oe7]
(mg)%o02s47 ST UGy + 1,03 + 1,04 + 1, dg156 — 1]
I'[23,22 + 3 + 1, 212 + d25, 212 + Jpa348]

6.26
['[07 4 1, 21 + o1, 212 + 01345 (6.26)

Region 7 (0,1,1,0,0,0,1), Region 9 (1,0,0,1,1,0,0). The Symanzik polynomials
of Region 7 are given by

Z/{(7) = (10456 + Q456 (6.27)

.7:(7) = m?a456 U(7) + 5(044045047 + 0410445017) + Torasag + Uasayog . (6.28)

The template integral is obtained in a similar way as that of Region 6 and the resulting
two-dimensional integral is given by

(7 _ /dzldzgr[6014’ 21 + 00012345 + 1, 21 + 0336 — 1, 21 + 0gaz7 — 1, 215 + I13)
(m?)500145681+67T1+63U1+52F[51 +1,044+1,05 + 1,6 + 1]
« F[Zﬁ + dgozs + 1, 25,22 + (513, Z12 + (5@3]
T[0oz37 — 1, 21 + dga3, 212 + doo12345 + 1]

(6.29)

The template integral of Region 9 can also be obtained in a similar manner and the
result is given by

7O _ /dz 4z, 0023, 21 + Goo12347 + 1, 21 + Gpias — 1, 21 + d1a6 — 1, 219 + 24
152 (m%)500236751+55T1+51 U1+54P[52 + 1,03 + 1, 5()115 — 1,606 + 1]
F[Zﬁ + do147 + 1, 25,29 + 52;1, Z12 + 5611]
[[07 + 1, 21 + g1, 212 + doo12347 + 1]

(6.30)

Region 10 (1,1,0,0,0,0,1), Region 11 (1,1,0,0,1,0,0). The Symanzik polyno-
mials of Region 10 are given by

U(lo) — (34056 (6.31)

f(lo) = m?ag456 U(lo) + S(a2a3a5 + Oég40¢5057) + Taraszag + Uasayap . (6.32)

The template integral is obtained in a similar way as that of Region 5 and the resulting
one-dimensional integral is given by

T(m):/dz I'[0034, 8056, 21+ 6133 — 1, 21+ 0557 — 1, 21, 21+ 02+ 1, 21 + 04 +1, 21 + 01
1 (m%)600345652+z1+627T1+61 UsTl'[02+1,05+1,04+1,07334,05+1,06+1, 073567 — 1] ’
(6.33)

The template integral of Region 11 can be obtained in a similar manner and the result
is given by

T(“):/dz I'[0034, 8067, 21+ 6134 — 1, 21+ 6157 — 1, 21, 21+ 01+ 1, 21 + 03 +1, 21 + Iz
1 (m3)d00sas7 §2+214+015 T21 1402 T [y 41,03+ 1,04+ 1, 01354, 06 + 1,07 +1, 013567 — 1]
(6.34)
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Region 12 (1,1,0,0,1,1,1). The Symanzik polynomials of Region 12 are given by

UM = azq019567 (6.35)

.F(12) = m?a34 U(lz) + S(a2a3a5 + arog07 + 0434045067) + Torazag + Uasagog . (6.36)

We introduce Mellin-Barnes integrals four times, and the template integral is given by

(6.37)
Region 13 (1,1,1,1,0,0,1), Region 14 (1,1,1,1,1,0,0). The Symanzik polyno-
mials of Region 13 are given by
U = 340056 (6.38)
Fa3) — m?a%u(l?’) + S(auzqasar + agasras) + Tayagas + Uagagag . (6.39)

It is necessary to introduce the Mellin-Barnes integral twice in order to separate the terms
proportional to S, T, or U, respectively, and we obtain

(6.41)

In the limit where all the regularization parameters go to zero, eq. (6.40) becomes

S—1+z1Tzz

13) _
TN = <3¢ [ Ay

+ (one-dimensional Mellin-Barnes integrals) + O(€?), (6.42)

Iz —1,21,21,25 — 1, 23,20+ 1,213 — 1, z12 + 1, 212 + 2]

which means that the two-dimensional integral does not contribute at €’-order. Thus, the
representation (6.40) is most useful when the required order is €.
There is another representation of 7(3) which is more suitable if we require calculation

beyond order €°:

7-(13):/(121 I'[0g, 0g12, d012 +1, d056, 057, 21+ g1 — 1, 21, 21+ 1, 21+ Ip136]
(m%)505652+zl+57Tz1U1+6012F[5()()ﬁ,(52+1,554—1,(564-1,21—!-(5(),214-5()12567]
_/dzle2F[50>501275056721+501257_17Zl>zl+51+1>21+5012+1]
(m%)éﬂ%S2+zl§+50127T1+Z12F[51—|—1,5()()1Q,52+1,55—|—1]
['[213+06, 29, 22+ 1, 212+ g1
[[d6+1,25+0573567 — 1, 22+5+1] '

(6.43)
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This representation consists of two integrals with at most two kinematic parameters,
and their calculation is simpler. It has some disadvantages, however; it holds only when
03 and 04 are non-negative integers, and eq. (6.43) is shown in the special case that d3 =
0,94 = 0, since that is the typical situation (here we may set these values because T7(13) g
regular in d3 and d4). Another disadvantage is that each integral produces singularities in €
which cancel in their sum, however as a by-product, higher-order derivatives of I'-functions
contribute to the € order.

6.3 Analytic continuation

As mentioned in the text below eq. (A.1), the Mellin-Barnes integrals in the template
integrals are assumed to be regularized by choosing suitable values of §;. However, the
quantity we need is the one where 6; — 0 for all j. Therefore we need to analytically
continue the Mellin-Barnes integrals in terms of ;. We describe the procedure of the
analytic continuation showing the case of Region 7, which is one of the most involved
cases, as a concrete example.” We take the limit of the ascending order of 05,

lim 70 (6.44)
€,07,06,05,04,03,02,01—0
As mentioned below eq. (A.1), in general the integral contours of z1, ..., z4 are assumed

to be straight lines parallel to the imaginary axis [cf. figure 6 (b)]. For Region 7, we have
only z1, 22 as integration variables. We choose Re(z1) = —1/5, Re(z2) = —1/3. Then, we
may choose

13 1 1 17881 64003 2507
=5 0220 0= 7an = 3000 T 5000 % T 155407 7T T 621607 © 10360
(6.45)

to regularize the template integral 7(7).6 We try to set as many parameters as possible to
zero in ascending j order in eq. (6.45). The limit of §; 2 — 0 in eq. (6.44) is now trivial.

The analytic continuation of d3 from —13/30 to 0 makes the first rightmost left poles
of I'(z1 + 03 — 1), I'(22 — 93), and I'(z12 — do3) into right poles, which must be compen-
sated by adding their residues. This analytic continuation procedure is automatized in
the Mathematica package MB.m [51]. After the analytic continuation in terms of d3, the
integral depends on dy4,...,d7 and €, and we repeat the same procedure for d4, then, d5 and
so on. In this way, we obtain a combination of integrals for which the arguments of the
I'-functions in the integrand contain only z; and zo such as

T = 21, —1 4 21,1 + 21, — 219,
/d21d22 1—21,—1+21,—14 21, —212, 22,227212]. (6.46)

['(z1)

The methods to solve these integrals are explained in the next subsection.

5In terms of the dimension of the Mellin-Barnes integrals, the most involved is Region 12. However, the
analytic continuation turns out to be rather simple in this region.
5These values can be changed, provided they do not cross the integration contours.
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6.4 Solving the Mellin-Barnes integrals

The usual idea to solve the Mellin-Barnes integral is to apply the first and the second
Barnes lemma and variants of them. The Mathematica package barnesroutines.m [53]
performs this procedure in an automatic way, and solves some of the Mellin-Barnes integrals
we encounter. Unfortunately, not all of them are solved by this package, and we describe
here how to treat such cases. The essential points are mentioned in ref. [32], and we fit or
extend them to our integrals.

Three- and four-dimensional Mellin-Barnes integrals. The template integral of
the Region 12 (6.37) is expressed as a four-dimensional Mellin-Barnes integral. Thus, the
contribution from Region 12 contain a four-dimensional integral of the form

TN (UN? [z, 1 + 231, 2 — 2134, —2 — 2
/dzlszd23dz4 <S> (U> [—24,1 + 234, 2134, 2234, 3 + 21234]

S [(—1— z4)
X F[—Zl, —29,—23,1 + 219, 1 + 213, 1 + 203, —2 — 2’123] . (647)

We use the relation

I[—24, 14 234, —2 — 2134, —2 — 2234, 3 + 21234)
[(—1— zy)

=TI[-2 — 2134, —1 — 2934, 1 + 234, 3 + 21234]

n I[2 + 293, —2 — 2134, —2 — 2234, 1 + 234, 3 + 21234
[(1 + 293)

(6.48)

to reduce the number of the I'-functions whose argument contains z4 from 6 to 4. Now one
can apply the first Barnes lemma to solve the z4-integral. The resulting three-dimensional
integral can be easily reduced to a sum of two-dimensional integrals since the zs-integral
can be solved by the variants of the first and second Barnes lemmas. Thus, we have
two-dimensional integrals, and the way to solve them will be explained below.

Note that the reduction in eq. (6.48) can be done only after the limits 6; — 0 and e — 0
since the I'-functions of the denominator and the numerator have different dependence on
€, thus the cancellation does not occur before the limits have been taken.

The content of this subsection is not formulated in an algorithmic way and has been
done manually.

Two-dimensional Mellin-Barnes integrals. In the cases of integrals with no argu-
ment such as

/dzleQ F[*Zl, —1+4+21,—29,20,1 — 212, —1 + 212]¢(21)¢(1 — 2’12) , (649)

or integrals with a single argument of the form

/dzleQ XZ2P[—21, —1421,—29,20,1 — 210, —1 + Zlg]w(zl)w(l — Zlg) R (650)
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we first reduce them to a one-dimensional integral using the generalized Barnes lemma [32]

/ dz Tla; — z,a9 — z,a3 + z,a4 + 2, a5 + 2]
c 2mi I'(—ag + 2)

a3, az3, a4, as4, ays, ass a1s, 425, 41234
_ [ ) ) ) ) ) ] 3F2 5 59 3 56‘1 ’ (651)

I'ai235, a1245, —as6] a1235, A1245

where 3F5 is the generalized hypergeometric function [54, 55]. A useful corollary of
eq. (6.51) is presented in appendix C. The resulting one-dimensional integrals can be solved
by the method below.

Integrals with two different arguments are difficult to solve. However in our case, such
integrals only appear at higher orders in € so we do not need to consider them.

One-dimensional Mellin-Barnes integrals. For integrals with no argument such as”

/dZ1 P[—z1, =14 21,1 = 21, =1 + 21]Yp(21)Y(=2 — 21) , (6.52)

we evaluate them numerically using Mathematica and apply the PSLQ algorithm [56, 57]
to fit them to a basis of constants which consists of all possible products of

{117E57T21g37(5} (653)

up to a transcendental weight of five. The results turn out to only require constants to
weight four. Typically, 50-70 digits of the numerical result are sufficient to obtain the
correct answer, which we verify with 100 more digits.

The integrals with one argument typically have the form
/le_X'Z1 F[*Zl,*lJer,l*Zl,*lJer], X =— Xl,XQE{S,T,U}. (6.54)

Various combinations of X7, Xo appear since the template integrals contain them. We
obtain the series expansion of eq. (6.54) by taking the residue of the left poles or the right
poles. By adjusting which poles we consider, we can choose the series in terms of either
T/S,U/S, or T/U:®

4 o)
/dlezl Tz, —1+21,1—z1,—1+ 2] = > (log X)X (6.55)

n1=0mn2=0

"After the analytic continuation described in subsection 6.3, we may have an expression where some of
the poles merge. The following procedure can be applied also in these cases.

8Below eq. (3.2), it was stated that we use the normal equal sign for series representations when the
hierarchy is obvious. However, here we have to introduce additional assumptions for X = T/S,U/S,T/U,
since hierarchies between the positive Mandelstam variables have not been fixed up to this point. Thus we
use the sign A9 i eq. (6.55), indicating that a certain analytic continuation should be performed in order
to ensure X < 1.
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Now we apply analytic continuation and obtain

X=T/S: logX " hy—logs+ir, x % (6.56)
X=U/S: logX X —hy—logs+ir, X2 _(1-v) (6.57)
X=T/U: logX " ho+ hi, XAzcliU. (6.58)

Recall that h;y = —log(1 — v). We fit the series with HPL and express the result in terms
of hy. In the case of (6.56), the series in v is directly fit to hy. In the case of (6.57), we
first fit the series to HPL with the argument of (1 —v) and then express them in terms of
hy. In the case of (6.58), we first fit the series to HPL with the argument of v/(1 —v) and
then express them in terms of hy. Taking into account that 0 < v < 1 and the brach cut of
hnso lies on the real axis of v > 1, we never cross the branch cut in the above procedure.
The information of the branch cut is encoded in the analytic continuation of log X.

We already cover all of the combinations of X = X;/Xs, so the calculation of the
crossed diagrams can be done with the same procedure. For our sample integral (6.1),
there are about 50 one-dimensional Mellin-Barnes integrals which are treated in this way.

6.5 Combining the results

Summing the contributions from all the relevant regions, we obtain for our sample integral

- 3 7267E 1
I= ZZ ¢ < — 210g(m%) — 101log 2)
mys2/v/1 —v \€
e2iTe o —2€7E 0 4+i dil i ‘ .
o 2 Dy gy s me) + Olmee) (6.59)
i1=—115=0
where
4
d_13= —3 d_1.2=ho(4v+2)+hy (4v—6)+6ir,
2 . 2 , 1072

d_1,1=—hi+2hoh1+8hov+2irho(2v—1)—hi+8hi(v—1)+2imh; (2v—1)— +8ir,

1 1
d_10= —§i7rh§+4h0h1 +imhohy — §mh§ —8im+4imhyv
1 1
+6h3(1—2v)+§7T2h0(5—8v)+h1(8—8v)+7r2h1 (1—
2 1 2 (1 ; L.s
+hiha 37 +hohy 570 +4Z7rh0(v—1)—8hov+6h1(1—2v),
10 20i
doa=—g.  doz=ho(4=80)+h(4-8v)~ =",
472

3 )
do.o = —hi+6hohy —2imho(6v-+1)—h3 —2imhy (6v—T7)+ 3

7

do.1 = —imhd+16hohy —16imho+16imhy —32im+12hg <2v— 3)
1 3 . . 2 -3 2 2 1
+§h0(—21)—1)—2mh0h1—mhl—m +167*+71"hy 21)—|—§

2
+h3hy (—20—1)+hoh?(3—2v) —32hov+h} <1—;> —32h1(v—1)+6(3,
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22
do,0 = 8hoh? —32hohy —12imhyhy +h1h3(8716v)+h4(60—48v)—167r2+?7r2h2(1—2v)

11 1 1
+h§h1(8—8v)+h3h2(10—8v)+ﬁn2h§(1—4v)+hoh§’ <2—2v> +§h%(5—4v)

1 2
+h2h? <—v—4> +16h0h2(v—2)—gw%l(v—m)—16mh0(v—2)—§h§(v—1)

ShSU

2
—8imh2(v—1)+8irhiv+8imhohg(v+1)— g7r2h0(v+12) —16imhy (v+1)

1, .. 1 1510 1
—giﬂhg(%—11)+6i7r3h1(2v—7)+7r4 ( ZOU —5) +h3h (20—2) —8imhohy(20—1)

1 1 11
- 5inh3h1(2v+ 1)— 8i7rhi’(2v+9)—4i7rh3(2v+5)+szh%(4v—3)+8hoh3(4v—5)

1 1 2 1

+ éh3(4u+1) + 5z'7rhoh%(6u— 1)— gm3(4u+1) + 6z'7r3h,0(2v+17) —16h3(v—2)
1

+hoh1h(16v—8)+ 67r2h0h1(44@—31)+h%(14v—7)+ 16imha(20—1)

+h0(h21(20—401/) +64U)—|—4h1 (4h21’0+h21 +16('U— 1)) —4i7T(h21(2U—7) — 16)
+ho(—300—3)(3+h1(21—300)(3—2(8ho1 (v+1)+6h211(4v+1)+Thao(2v—1))
+16v(3+im(8v—61)(3. (6.60)

This result is consistent with ref. [31] after a proper analytic continuation.

One remarkable feature of the result is that it contains terms proportionals to 1/my.
Higher my-order correction also contain odd-power terms. These odd-power terms come
from Region 2 and 3:

(T<2) n 7(3)) X e2€7E

lim
€,07,06,05,04,03,62,61 —0
s (1 2log(m;) 101g2>+ 0 A(1/5;) + O(e,my),  (6.61)
= — —2log(my) —101o m ; €,my) , )
mtsg\/ﬂ\/l—v € ! ! !

where A(1/6;) has poles in §;, and these poles are cancelled by the contributions from the

other regions.

6.6 Other master integrals

Seven-line integrals. After the IBP-reduction described in ref. [34], we find that there
are four more diagrams which have seven internal lines. We consider Jgﬁ %}171’171, JEE %}1717171,
JfflP, %712717171, JfflP, %711717271 which are used to calculate the Higgs pair production cross section.
(For the detail, see ref. [34].) These integrals can be expressed by the proper shifts of 4;:

01 — 61 + 1 for Jgﬁlf}m’l’l, for example.

Six-line integrals. We can use the method described in subsection 4.4 to compute the
integral with fewer lines. For example, JfflP, %711717170 is obtained by shifting §7 — 67 — 1 and
repeat the same procedure described above. Note that the analytic continuation of J; may
change due to the shift. For example, the template integral of Region 12 (6.37) can be
regularized with ;50 = 0, whereas JEE If,ll,l,l,o requires a non-zero 07y to regularize that
template integral.
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7 Summary

Asymptotic expansion is useful to extract information from multi-scale Feynman integrals,
which are difficult to solve exactly. The method of regions plays an essential role in this
extraction. The crucial part of the method of regions is to reveal the relevant regions
correctly, and a naive application of the conventional method fails in the case of non-
planar integrals for which the second Symanzik polynomial does not have a definite sign.
We solve this problem by performing an analytic continuation of the Mandelstam variables
such that the second Symanzik polynomial is positive definite.

We show the applicability of the method of regions by the explicit calculation of the
master integrals of the Higgs pair production cross section at two-loop order, in the high
energy limit. It is straightforward to extend our calculation to other four-point two-loop
integral which satisfy q? < m? <« S,T,U where ¢; are the external momenta and m is
the mass of the internal lines. We anticipate that our idea to make the second Symanzik
polynomial positive definite works in more general cases.

In addition to solving the issue of the sign of the second Symanzik polynomial, we
formulate the procedure of the calculation in a systematic way. The contribution from
each region is expressed in terms of Mellin-Barnes integrals, and a way to solve them is
presented. The procedure presented here to solve the Mellin-Barnes integrals beyond the
Barnes lemmas is not applicable to the general case, although it is sufficient to solve our
master integrals completely. The automatization of this part is a future project.

As a by-product of introducing the positive Mandelstam variables, it becomes easier to
obtain the crossed integrals, since the crossing of the positive Mandelstam variables does
not cross any branch cut.

We compute the first few terms of the series in my, and the higher order terms can
be obtained by the use of the m;-differential equations. In this sense, our results can be
considered as the boundary conditions of the differential equations with respect to m;.
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A Mellin-Barnes integrals

Here we explain elementary aspects of the Mellin-Barnes integrals. The basic tool is the
identity

1 dz B* T[—z, A+ 7]
/C (A1)

(At B Jo2mi A= T()

where the integration contour C satisfies the following three properties:
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Figure 6. A circle (o) represents the right pole and a cross (x) represents the left pole. (a) An
example of the contour in eq. (A.1) with A = —5/2. (b) An example of the contour in eq. (A.2)
with A = 2,¢0 = 1.

o C runs from —ioco to +ioo.
o The poles of I'(—z) lie on the right side of C. (We call them right poles.)
o The poles of I'(A + z) lie on the left side of C'. (We call them left poles.)

The separation of the left poles and right poles is possible if A ¢ {0,—1,—2,-3,...}. For
example, when A = —7/2, some of the left poles lie on the right side of the left-most
right pole, but there exists a contour which separates the left poles and the right poles in
the proper manner. [See figure 6 (a).] In our calculation, A is a combination of € and §;
and integration variables of other Mellin-Barnes integrals, and A, B are combinations of
the positive Mandelstam variables and the alpha parameters. In particular, A > 0 and
B > 0 are always satisfied. We choose §; to ensure the condition A ¢ {0, —1,-2,-3,...}.7
When Re(A) > 0, it is possible to set C as a straight line along the imaginary axis [See
figure 6 (b).]

(A—FB))\ B —cp—100 % Az P()‘)

—C 100 z
! / e B Tz Ade] o Re()). (A.2)
The integrand converges rapidly to zero at Im(z) = +oo rapidly so that we can shift the
end points of the integration.
It is sometimes difficult to fix the contour C' immediately when the Mellin-Barnes
representation is introduced because additional convergence conditions concerning the «;-
integration should be taken into account. For example, the relations

/ da ateAe 29 (1 +a)A™7e, (A.3)
0

Ml+a,—1—a-—1"
['(—b) ’

/ da a®(A + Ba)? &8 Altatbp-l-a (A.4)
0

require Re(a) > —1 and Re(a+b) < —1, and if a or b contains the Mellin-Barnes integration
variable z, C' should be chosen accordingly. This kind of convergence condition appears

°Tf some of the left poles and right poles merge for any choice of §;, it is necessary to compensate the
contributions of the merged poles by adding or subtracting the residue of the poles. However, it turns out
that the merger of poles does not happen in our cases.
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every time an integration is performed, and it can happen that an analytic continuation of
the regularization parameters is necessary between two successive integrations. Therefore
it is necessary to deform C' smoothly in each step of the integration assuming a flexible
contour like figure 6 (a) in order to ensure convergence. Note that after the integration, the
analytic continuation of I'-functions in the left hand sides of egs. (A.3), (A.4) is possible.

After the integration with respect to all a; is solved, we deform C' to a straight line
by tuning J; to separate the right poles and the left poles as in figure 6 (b). We obtain
an expression which is valid for certain values of J;. In order to take the limit J; — 0,
it is necessary to apply a final analytic continuation of J; from their initial values into a
neighborhood around 0. This time, we allow poles to cross C'. For this procedure, we use
the package MB.m [51].

B Template integrals for the two-loop master integrals of Higgs pair
production

The results for the template integrals listed here can be found in the supplementary file
attached to this paper, in a computer-readable format.

Template integrals of NPL2. The template integrals of INP12 are
1

T2 = 5(m?)*(1+46+511234455’»6)/25*(3+523677)/2T*(1+5§36)/2U*(lJﬂszgs)/?
F[(;___ 140535 146936 140336 14933556 140001123556 110002344556 1400000112344556 ]
% 056> 2 2 T 9 2 ’ 2 ) 2 ) P}
T[61+1,00+1,03+1,64+1,05+1,86+1, So014556 + 1, 230230
(B.1)
TG = %(m?)*(1+4€+5122334677)/25*(3+514556)/2T*(1+5116)/2U*(1+5146)/2
F[(;___ 146145 146136 140146 14914677 140001204677 140001334677 1+50000122334677]
% 067>~ 2 7 2 T 9 2 ’ 2 ) 2 ) P}
D61 +1,05+1,03+1,04+1,06+1, 0741, Soo2se77 + 1, 1000146
(B.2)

T(4):/dz (mg) 21234 D [012, Gosa, 21 +0356 — L1, 21 +0157 — 1, 21, 21 +095, 21 +06+1, 21 +047]
! S2+657T1+Z1+56U‘Zir[51+1,52+1,53—|—1,54—1—1,56+1,512567—1,534567—1]
(B.3)
7) :/dz I'[S037, d001237 027, 21 + 00267 +1, 21, 21 +0135 — 1, 21 + a5 — 1, 21 + 7]
! (m2)doizs7 §2+015 TIH0T (5 + 1,85+ 1,83+ 1, 05755 — 1,07+ 1, 600123177 21 + 053]
(B.4)
7(6) :/dz ['[035, 0045, 0001245, 21 + 00156 + 1, 21, 21 +0935 — 1, 21 + 556, 21 + 0paez — 1]
! (m)doon2s S35 U130 (5 +1, 85+ 1,64+ 1,05+ 1, 800123455+ 00367 — L 21+ 0036)
(B.5)
Tmz/dz I'[d015, 35, 001345, 21 + 00456 + 1, 21, 21+ 0335 — 1, 21+ 6056, 21 + o267 — 1]
! (m§)6001345 S2+627T1+56F[(51 +1,03+1,04+1,05+1, 600133455, 05357 — 1, 21 +5()§6]
(B.6)
T I'[J056 9236 — 1, 001356 S001456 O02456> S067 (B.7)
(m7)do0rass SIHOTTIHO 1T T (g1 +1,04+1, 055+ 1, 96 +1, 00012345566 00237 — 1]
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T _ /dz1 I'[617, 0027, 0002347, 21+ 00367 +1, 21, 21+ 0145 — 1, 21+ 05155 — 1, 21 + 07
(m§)6002347 S2+015 71406 T [(52 +1,03+1,04+1, 5(_)156 —1,07+1, 500123477, 21 —l—(S(ﬁg]
(B.8)
T(10) _ I"[0556, 126 — 1+ 0067, do1367: %002367; S2467] (B.9)
(mg)%002367 G143 T I+ T (5 +1, 6341, 05125 — 1, 055+ 1, 06 +1, do12316677)

711 = / dz;dzedzsdzy

I'(2133+ 00132567 — 2, 21, 234+ 05+ 1, 21234+ 0034567+ 3, 2331 + 053557 — 2]

Template integrals of PL1. The template integrals of It = 1}}71171717171 defined in

eq. (5.1) are

T :/leF[5012,5045,Zl+5137—1,Zl+(5467—1,21,21+52+1,21+55+1,z1—|—57+1]
(m%)5001245 S3+21+5367TZ1F[51+1,(52+1,54+1,(55+1,512g7,54567,(57+1]
(B.12)
I'[d012,013, 36 0056, 927, 57]
(7 )%o01256 S243sa TIHTT[51 +1, 6941, 05+ 1,06 +1, 61937, 03567]
T :/dz1d22 T[do67, 21, 21+ 05335 — 1, 21 + 957, 23+ 0017, 273 + 0001567 23, 22+ 057 + 1]
(m?)600126752+534T1+65F[51+1,(52+1,5(]345—1,(564-1,574- 1,29 +(5()35]
I'[212+095, 212+ 535
['[23+ 0001677, 212 +0p5 +1]
T0) :/d21d22 [[0017, 21,21+ 5331 — 1, 21 + 037, 23+ 0067, 213 + 0001267, 23, 22+ 057 + 1]
(m%)50015675’2+534T1+52F[51—|—1,(5()§34—1,55+1,56+1,57+1,z1 +66§;1]
D'[z12+ 6021, 212+ 035
['[23+0d001677, 212+ 652+ 1]
7(6) _ I'[013, 023, 0045, 345, 27, 957] (B.16)
(m%)5002345SZ+616T1+57F[52—|—1,(53—{—1,(544—1,554—1,51237,54567]
) :/d21d22 [[0047, 21,21+ 5156 — L, 21 + 057, 23+ 0037, 213 + 0003457, 23, 22+ 057 + 1]
(m%)600234752+516T1+55F[52+1,(53—!—1,(54+1,5()156—1,(57+1,21 —i—(s()jg]
I'[z12+6015: 212+ 025]
['[25+ 0003477, 212+ 655 +1]
@) :/dz1F[5023’6056’Zi+6i37_1’ZI+5Z‘G7_1’Zi’Zl+62+1’21+65+1’21+67+1]
(m%)6002356 53+z1+5147TZTF[(52+1,53+1,55+1,(564-1,(51237,5;1567,(574-1]
(B.18)
70 — /dz1d22 T'[b0s37, 21, 21+ 05135 — 1, 21 + 937, 25+ 0047, 273 + 0002347, 23, 22+ 057 + 1]
(m?)600345752+616T1+52F[53+1,(54+1,554—1,(5()1@6—1,574- 1,2 +5()Q6]
I'[z12+ 035, 212+ dp26]
['[23+ 0003477, 212+ 0p2 +1]

70 =

(B.13)

(B.14)

(B.15)

(B.17)

(B.19)

— 33 —



T(lO):/dzleQF[(;OlZaZT?Z1+62+17Z1+65+1721+6(_)56'7_17227Z2+5137212+57+]—]

I'[212+ 004567 +2, 213+ 0pa57 — 1]
F[57+17212+(5123+1]
(1) :/dZIdzzr[(Sogg,Zl,Zl+52+1,21+55+1,21+50457—1,22,22+(513,212+(57+1]

(B.20)

I'[z12+ 004567 +2, 215+ 05557 — 1]
L0741, z12+ 0793 +1]
T12) :/ledZQF[5O45,zl,zl+62+1,z1+55+1,z1+50237—1,22,Z2+5467212+57+1]

(B.21)

I'[z12+ 001237 +2, 213+ 05137 — 1]
7'(13)—/dzldzgr[5056’zl’21+52+1’21+55+1’21+50127_1’22’22+546’212+57+1]

(B.22)

I'[z124 001237 +2, 213+ 05337 — 1]
L0741, z12+ 0356 + 1]

(B.23)

Template integrals of PL2. The template integrals of IF12? =

EIf,Ql,l,l,Ll defined in
eq. (5.2) are
T(Q):/dz &e ['[0067, 21 +00156 +1, 21, 21 +05325 — 1, 21 + 0556, 212 + 0001567, 22, 22+ 06 +1]
72 (0001267 S2+0a T+ [0 41,62+ 1, 35335 — 1, 06 + 1, 67+ 1, 21 +doo15667+ 1]
I'[212+ 025, 212 +0p35)
I'[z1 49535, 212+ 055 + 1]
T(S):/dz I'[6625, 0956, 0001567, 21 +00126 +1, 21, 21 +0p332 — 1, 21 + 35, 21 +62567]
! (m)%001s67 §2+03a TI+02 5y +1, 0gzas — 1,055+ 1,05+ 1,07+ 1, doosesr + 1, 21 + 0531
(B.25)
T(4)=/dz dz T[0047, 21 +0345+ 1, 21, 21 + 9545, 21+ 05156 — 1, 213 + 9003457, 23, 22+ 04 +1]
1 2(m%)5002347S2+516T1+65F[62+1753+1754+1756156_1757+1aZi+50034457+1]
I'[212+0p15, 212+ 025
[[21 40515, 212 +055 +1]
T(5):/dz I'[0545, 6056, 0003457, 21 +00234 +1, 27, 21 4035, 21 + 05125 — 1, 21 +0g2457]
! (3 )d003457 §2+016 T1402 D63+ 1, 8gs 41,05+ 1, 8gag — 1, 6741, do034457+ 1, 21+ 0iag)
(B.27)

76 _/dzldz2r[5012721721+52+1721"‘55"‘1721+50567_17312"‘50134567_2722722+56+1]

(B.24)

(B.26)

I'[z124 004567 +2, 23+ 05155 — 1]
T([07+1, 23 +dp1233567 — 1]
7—(8):/dzlF[607_17ZLZl+52+17Zl+55+1,Z1+50123456+4,Zi+552345—2,Zi+5@i§56—2]

(B.30)

~ 34—



C A corollary of the generalized Barnes lemma

The generalized Barnes lemma (6.51)

/ ﬁr[al_Z7a2_27b1+z7b2+z7b3+z]
c 2mi [(c+z)

['[a1+b1,a2+b1,a1+b2,az+ba,a1+b3, a2+ 03] 7 <a1+bs,a2+b3,a12+b123—0.1)
342 3 ;

I'ai2+b13,a12+bos, —b3+c] a12+b13,a12+b23
(1)

contains the generalized hypergeometric function 3F5. We try to reduce 3F3 to a product
of I'-functions on a case-by-case basis, using the relations given in refs. [54, 55]. In this
appendix we present a formula which is, to the knowledge of the author, not published. It
yields a useful corollary of the generalized Barnres lemma (6.51).

Consider the case where

a; =mny —by,az =n2 —ba, ni,ne €N, (C.2)

where N is the set of positive integers. Note that ny # 0,12 # 0 because otherwise the left
pole and the right pole merge.
Substituting eq. (C.2) into eq. (C.1), the arguments of 3F» become

" (—b1+b3+n1,—b2+b3+”2ab3_c+”1+n2;1> : (C.3)

—by + b3 + n1 +ng, —by + bz +n1 +no

and here we express this type of 3F5 in terms of the I'-function only. To this end, consider

r1,22,T
IZSFQ b ) 3 ;1
r1 +n1, T2 + N2
L[z + m,xe + m,z3 + m,x1 + n1, x2 + noj
Lz +m + ny, x2 + m + ng, x3, 1, 2]

i nll—f 1 nﬁl 1 Clxs + m,x1 + ny, x2 + ng (C.4)
o i r1+m+1 ; To +m + 19 F[:Cg,ajhxg] ’ )

=0 2=0

I
||M8
S\H

where x1, 79,3 can contain ni,no. The products are resolved by the partial fraction

decomposition
J J
1 —1)" 1
H:L'—I—n: n'E'—)n)'$+” 2
n=0 n=0 J '
and we obtain
ni—1lng—1
1 F[x3+m,$1+n1,m2+n2]
T C.6
Z m! uz:o wz:o “712 (z1+m+i1)(v2+m+iz) [z, 21, 22] (0
C

(C.7)

i1yi2 = i1lig)(ng —ip — 1) (ng—ig—1)!"
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We can apply the partial fraction decomposition further and obtain

[e'e) ni—1no—1 _ 1
_ E i § § . 171+m+21 To+mtio F[SL‘g +m,z; +n1,T2 + n2] (C 8)
- 11722 . .
— m)! x2—$1+22—21 F[xg,xl,xg]
m=0 11=0 i2=0

Here the equation in the case of x1 —z9 ¢ Z is shown, but the case of 1 — 9 € Z is similar.
It is also possible to set 2 — x1 +n,n € Z at the end. The infinite sum of m in eq. (C.8)
is now possible, and we obtain

ni—1ngs—1

T Z Z Ciy i1 4+ n1, 2 + no) {F[xl—l—il,l—xg} B C[xg +i2,1 — x3] }
.TQ — 21+ 19 — Zl)F[ltl,ZL'Q] F[l +x1+11 — .7}3] F[l + x9 + 19 — ZC3]

(C.9)

11=0 i2=0

Substituting the replacement x1 — —bo+bs+ns, ro — —b1+b3+ni, r3 — bg—c+ni+ng
into eq. (C.9), we obtain

/ dz Dlni—bi—2,n2—by—2,b1+2,ba+2,b3+2]

2mi [(c+2)
_mzlnzz:l 1)t D[=bi+bs+ni+is] [[-ba+bz+na+ii]
i Ob1—bz n1+n2+zl—z’2 L[1—by+c—notis] T[1—by+c—ni+ii]

o I[n1,n2, —bi+ba+n1,b1 —ba+mn2,1—bs+c—n1—ng)

C.10
F[i1+1,i2+1,n1_i1,n2—i2,—b3+C] ( )

In this expression, there are only finite sums, so they are evaluated in a straightforward
way. Among the six variables in eq. (C.10), two of them (n1, n2) should be positive integers,
but the other four (b, ba, b3, c) can take any value, provided the left poles and right poles
do not merge.

Once the integral is expressed in terms of the I'-function, we can easily compute deriva-
tives of, or analytically continue the result.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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