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1 Introduction

Multiloop string amplitudes provide useful insight into the structure of terms in the effective
action of string theory. The effective action encodes the dynamics of the massless modes
of the theory, and yields S-matrix elements which contain terms both analytic as well as
non-analytic in the external momenta of the particles. The structure of these terms in the
effective action can be directly read off from the low momentum expansion of the string
amplitudes. While the terms analytic in the external momenta arise from the integration
over the interior of the supermoduli space of the super Riemann surface, the terms non-
analytic in the external momenta arise from the boundary of moduli space.

Calculating these terms becomes progressively difficult as one considers higher genus
string amplitudes.! Beyond tree level, one has to integrate over the geometric moduli of the
Riemann surface which is non-trivial. At genus one, in order to calculate the analytic terms
in the low momentum expansion, it is very useful to obtain eigenvalue equations which the
modular invariant integrand satisfies. This helps us not only to have an understanding of
the detailed structure of the integrand, but also to calculate the integral over moduli space.

1String amplitudes at every order in the genus expansion include an infinite number of o/ corrections.



In general, at every genus if one considers the analytic terms, the integrand at a fixed
order in the derivative expansion can be described diagrammatically by graphs, referred
to as modular graph functions. Roughly, the vertices of the graphs are the positions
of insertions of the vertex operators on the worldsheet, while the links are given by the
scalar Green function connecting the vertices. These graphs depend on the moduli of the
worldsheet and transform with fixed weights under Sp(2g, Z) transformations for the genus
¢ Riemann surface, such that the integrand is Sp(2g,Z) invariant, hence these graphs are
referred to as modular. Analysis of these graphs at one loop in open and closed superstring
theory has led to various insights into perturbative string theory, as well as the underlying
mathematical structure [1-23].

These issues have not been as well studied beyond genus one, and our aim is to under-
stand certain properties of some graphs at genus two. To be specific, we shall consider the
low momentum expansion of the genus two four graviton amplitude in type II superstring
theory [25-27]. The integrand is simpler than other string theories, thanks to the maximal
supersymmetry the type II theory enjoys. Various properties of the amplitude have been
analyzed in detail upto the DR?* term, and some properties of the integrand have also
been studied at higher orders in the derivative expansion [28-37]. For the 1/4 BPS D*R*
term, the integral boils down to simply the integral over the volume element of moduli
space [29]. For the 1/8 BPS D%R* term, the integrand involves the Kawazumi-Zhang in-
variant [38, 39] which satisfies an eigenvalue equation on moduli space, which allows the
integral to be evaluated [32].

Our aim is to look at some genus two modular graphs beyond the DSR* term in the
low momentum expansion of the type II amplitude, which lead to non-BPS terms in the
effective action. In particular, we shall consider the graphs that arise in the integrand of
the D®R? term in the derivative expansion. Like other modular graphs studied at genus
one and two, do these graphs satisfy some eigenvalue equation(s) on moduli space? The
answer to this question generalizes in several ways the structure of the eigenvalue equations
obtained in other cases, as we now summarize.

For the D®R* term, there are three topologically distinct skeleton graphs which con-
tribute to the amplitude. While these skeleton graphs only involve scalar Green functions
connecting vertices, to specify a modular graph completely one also has to specify what
we call the “dressing factors” of the skeleton graphs. To define them, let z; and z; be two
vertices in the graph (not necessarily distinct), and let 2 be the period matrix of the genus
two Riemann surface defined in the standard way by the integral of the abelian differentials
over the homology cycles. Then the dressing factor is defined by

(ImQ)I_}WI(Zi)WJ(Zj), (1.1)

where wr(z) = wr(z)dz is the Abelian differential. The structure of these dressing factors
is uniquely determined for the three skeleton graphs for the D8R* term given the string
amplitude. Thus we see that genus two (and higher) modular graphs are specified by the
choice of both the skeleton graphs as well as the dressing factors.?

2Note that independent dressing factors given the various integrated vertices start only from genus two,

because (ImQ); wr(2zi)ws(z;) = (Im7) ! at genus one for all z;, z;, where 7 is the complex structure of the
torus.



For the three modular graphs that arise for the D®R* term, we show that a spe-
cific linear combination of them comes close to satisfying a simple second order eigenvalue
differential equation on moduli space, apart from certain problematic terms. Hence we
consider three other modular graphs having the same skeleton graphs that arise for the
D8R* term, but having different dressing factors. We show that a specific linear combi-
nation of these three graphs also comes close to satisfying an eigenvalue equation, apart
from certain problematic terms which are exactly the same as those obtained earlier for the
other three graphs. Thus the difference of these two equations yields the desired eigenvalue
equation. Apart from involving these six modular graphs, this eigenvalue equation also
involves a seventh modular graph as a source term. The seventh modular graph also has
the same skeleton graph as one of the three skeleton graphs, but with a different dressing
factor compared to the other skeleton graphs.

Note that the structure of the differential equation involves seven modular graphs of
which four are not in the list of graphs for the D8R* term in the type II theory. Hence it
is interesting to ask if they arise in the low momentum expansion of other amplitudes, for
example, higher point amplitudes in the same theory. Also the fact that several of these
graphs are involved in the same eigenvalue equation leads us to the question of asking if
there are several equations these set of graphs satisfy, leading to relations among them.
These issues naturally generalize analysis at genus one, and are worthwhile to study.

We would like to mention that the structure of the eigenvalue equation we obtain seems
natural, as they all involve modular graphs having the same set of skeleton graphs with
different dressing factors. This is perhaps expected as no set of graphs is preferred over
the others. Our analysis suggests that there should be such eigenvalue equations involving
graphs at higher orders in the derivative expansion as well.

We begin with a review of the genus two four graviton amplitude in the type II theory,
followed by a discussion of the modular graphs upto the D®R* term. To obtain the eigen-
value equation satisfied by the various modular graphs, we first analyze their holomorpic
variations, followed by the anti-holomorphic variations of the holomorphic variations when
the Beltrami differential is varied. We then proceed with the similar calculation for the
three more modular graphs that are relevant in order to obtain a simple eigenvalue equa-
tion. Finally we obtain the eigenvalue equation involving the seven modular graphs. In our
analysis, a crucial role is played by auxiliary graphs which we introduce at various stages.
These auxiliary graphs reduce to combinations of graphs we want to evaluate. However,
they can be evaluated differently to give useful relations, which leads to simplifications, fi-
nally leading to the desired equation. Several technical details are given in the appendices.

2 The genus two four graviton amplitude in type II string theory

The genus two four graviton amplitude is the same in type ITA and IIB string theory [24].
It is given by [25-27]
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where 2&%0 = (27r)7o/4, the period matrix is given by Q2 = X +4Y, where X, Y are matrices
with real entries, and the measure is

Q) = [ ] idQus A dQy ;. (2.2)
I<J

The integral is over Mg, the fundamental domain of Sp(4,Z). Also the dynamics is con-
tained in

A VI i ki Glziz))2
B(s, t,u;9,9) = /Z e T , (2.3)

where each factor of ¥ represents an integral over the genus two worldsheet. In (2.3), the
string Green function is given by

G(z,w) = —In|E(z,w)|* + 27Y;! (Im /Zw w1> <Im /Zw wJ>, (2.4)

where Y, ;' = (Y1), E(2,w) is the prime form and w; (I = 1,2) are the abelian differ-
ential one forms. Also in (2.3) we have that

3V =(t—-—uwA1,2) NA3,4) + (s —t)A(1,3) NA(4,2) + (u — s)A(1,4) ANA(2,3). (2.5)
where
A4, 5) = ergwr(zi) Awy(zj). (2.6)

The Mandelstam variables are given by s = —a/(ky + ko2)?/4,t = —a/(k1 + k4)?/4,u =
—a/(ky + k3)?/4. We have that >, k; = 0 and kZ = 0.

Now (2.3) is conformally invariant as it is invariant under
G(z,w) = G(z,w) + ¢(2) + c¢(w) (2.7)

using s + t + u = 0, even though the string Green function G(z,w) is not.
While considering analytic terms in the low momentum expansion, we define

_ > _ oPgl
B(s,t,u;0,Q) = Y BP(0Q,Q) 24 (2.8)
plq!
p,q=0
where
op =s"+t"+u". (2.9)

Thus we need to analyze B2 in order to study the D®R* term. The aim it to obtain
Sp(4,7Z) invariant eigenvalue equation(s) satisfied by the various modular graph functions
in B%0(Q,0), along with their generalizations if needed.

In the low momentum expansion (2.8), BP9(Q,Q) is a sum of various graphs with
distinct topologies as we shall discuss below. From (2.3) we see that each of them involves
factors of G(z,w) in the integrand and hence is not generically conformally invariant, even
though it is modular invariant. Of course, the total contribution from all the graphs is con-
formally invariant. While one can consider eigenvalue equations satisfied by these graphs,?

3The field theory limit of these graphs directly in the worldline formalism has been considered in [40].



we shall instead consider contributions coming from graphs each of which is conformally
as well as modular invariant. This is obtained by replacing (2.3) with

. N\ |3}|2 —O/Zv vki'kjg(zi,zjﬂ)/2
B(s,t,u;Q,Q) = /24 (detY)ze < (2.10)

and performing the low energy expansion, where G(z,w) is the conformally invariant
Arakelov Green function given by*

G(z,w) = G(z,w) = 7(2) =v(w) +m (2.11)

which is invariant under (2.7). To define the various expressions in (2.11), consider the
Kahler form

1
K= ZYI;%H A @7, (2.12)
which satisfies
/ k=1, (2.13)
by
on using the Riemann bilinear relation®
/w[ Nwy=2Y7;. (217)
b
Now in (2.11), we have that®
1
v(2) = / K(w)G(z,w) = ZY]}l /z d?wwr(w)wy(w)G(z,w), (2.18)

w
and

v = /2 k(z)v(z) = %YI}lYI& /22 d? zd*wwi(2)w (2)wi (w)wr, (W) G(z, w). (2.19)

Thus we obtain the useful relation

/ k(2)G(z,w) = 0. (2.20)

Note that (2.3) and (2.10) are exactly the same using momentum conservation, though
the low momentum expansion of the later always yields conformally invariant modular
graphs, hence (2.10) is natural in string theory. Also we shall see that the low momentum
expansion of (2.10) is algebraically simpler to manipulate than that obtained from (2.3),
given the extra terms in (2.11).

4See [31, 36] for a detailed discussion on these issues.
SWe use the convention that the volume element is given by

dz A dz = 2d(Rez) A d(Imz) = d*2. (2.14)
Thus (2.17) yields
/ d*zwi(2)wy(z) = 2Y7,. (2.15)
Also 26%(2) = §(Rez)d(Imz), leading to ”
/E dz A dz6%(2) = /E P20%(z) = 1. (2.16)

5An integral over ¥,, means integrating over the w coordinate on the worldsheet. We shall write it as 3
when there is no scope for confusion.



3 The various modular graph functions

We now consider the various modular graph functions that arise in the low momentum
expansion of the four graviton amplitude, keeping terms upto the D®R?* term. These are
obtained from the low momentum expansion of (2.10).

3.1 The D*R* term
The D*R* term is simply given by [29]

2

In obtaining this and the various relations below, we use the relations [31]

/E_ Al ) NBGLR) = —2detY Yo lwr(7) Ay (R,
/ Al J) ABGR) A A1) = 4detY A, 1), (3.2)
5

which follow from (2.17).

3.2 The D%R* term

At the next order in the low momentum expansion, the DSR* term is given by [31, 32]

_ 2
BOV(Q,Q) = _1/ [A(1,2) A A(3,4) — A(1,4) ANA(2,3)]
3 4 (detY)2
X (9(21, 22) + G(23,24) — G(21, 23) — G(22, 24))
= —8/ H d*2G (21, 22) (21,22) (3.3)
1=1,2
where
Pla1, 29) = (Vi3 Vich = 2V Vi wr (21w (G (20)n (22). (3.4)
Now using the identity
/ d*2P(z,w) = 0, (3.5)
from (3.3) we also have that
BO1 (Q,Q) = —8/ Hd 2iG(z1, 22) (21,22) (3.6)
22

Alternatively on using (2.20), we have that

BOY(Q,0) —16/ Hd%, 21, 22) P21, 22), (3.7)

222 1



Figure 1. Skeleton graph for the DSR?* term.

@ (ii) (iii)

Figure 2. Skeleton graphs for the D8R?* term.

where

P(z1,29) = }/}E}YVJ}%LU[(Z:[)WJ(Z:[)WK (z2)wr,(22). (3.8)

The eigenvalue equation satisfied by (3.7) is analyzed in appendix A.

The skeleton graph for the DSR* term, which involves a single power of the Arakelov
Green function, is depicted by figure 1.

3.3 The D3R* term

Our primary interest lies in the graphs that arise in the integrand of the D8R? term. For
this term, we have that [31, 36]

B0, Q) = 411/24 AL, (236/;}%)(23’4”2 <g(21, z1) + G(22,23) — G (21, 23) — G(22, 24))2-
(3.9)

Thus there are modular graph functions of three distinct topologies involving two
factors of the Arakelov Green function, with skeleton graphs depicted by figure 2.

For the D8R* term, we denote
3
B20(Q,0) =Y BPY(2,9) (3.10)

=1

where each contribution arises from a separate skeleton graph, as defined below.



3.3.1 Defining B?’O)

For the skeleton graph depicted by figure 2 (i), we have that

2
B§270)(Q7Q) _ / |A(172) A A(374)| g(2’1,2’4)2

4 (detY)2
2
=4 [ T #a0(1.20°Qu(ar. ), (3.11)
21
where
Q1(z1,22) = Y'Y wi(21)wy(z1)wk (22)wr (22) = p(21)p(22), (3.12)
where we have defined”
p(z) = Yy wr(2)w, (2). (3.15)

Thus P(z1, 22) (defined by (3.8)) and Q1(z1,22) are two independent modular invariants
involving the two points z; which are constructed using the abelian differentials and the
imaginary part of the period matrix.® While Q1(z1, 22) involves separate modular invariants
at each z;, P(z1, 22) is twisted as z; and z9 are intertwined.

Thus we have the useful relation

/ d?2P(z,w) = 2u(w) (3.16)

z

which we use at various places in our analysis.

3.3.2 Defining Bgz,o)

For the skeleton graph depicted by figure 2 (ii), we have that

_ A(1,2) A A(3,4)2
1352’0)(9,9):_2/24 ( (()1etY)(2 .26, 2)

3
= —4/23 HdQZig(Zl,Zz)g(zl,Z;g)Qg(Zl;Zz,Zg), (3.17)
=1

where

Q2(21; 22, 23) = Y} (YgiY]\}]lv - YEJ{,YL}}[)wz(zl)wj(zl)wK(zQ)wL(zg)wM(zg)wN(Z3)

= p(z1) <M(22),u(2’3) — P(22, 23))- (3.18)
"Thus
K= iu(z)dz N dz, (3.13)
and (2.20) gives
/2 d’zp(2)G(z,w) = 0. (3.14)

8 As mentioned in the introduction, we refer to any such invariant as a dressing factor. To specify a
modular graph, this data is needed along with the skeleton graph.



For later purposes, it is useful to note that
/ d*20Q2(21; 22, 23) = 2Q1 (21, 23), / d*23Q2(21; 22, 23) = 2Q1 (21, 22). (3.19)
b)) b

Using (2.20), we have that

8(20 (Q,9) /3Hd 2iG(z1, 22)G (21, z3) p(21) P (22, 23), (3.20)
%

which is the expression we shall use in our analysis.

3.3.3 Defining B:(f’o)
Finally for the skeleton graph depicted by figure 2 (iii), we have that

_ A(1,2) AA(3,4)2
B§2’O)(Q,Q) _ /E4| ( (gety)g )| G(z1,24)G(%2, 23)

/Hd 2iG (21, 24)G (22, 23)Q3(21, 22, 23, 24), (3.21)
>

4
=1

where we have that

Qs(21, 22,23, 24) = (Yf}lyﬁ - YIEIYJ_I%> (Yz\}}vyﬁé - Yz\}éYﬁ)
xwr(z1)wy(21)wk (22)wr (22)wnr (23)wn (23)wp(24)wq(24)

= (u)u(z2) = P(er,20)) (nles)n(za) = Plas,z0)). (3:22)

Again for later purpose, it is useful to note that
/ d*21Q3(21, 22, 23, 24) = 2Qa(22; 23, 24). (3.23)
p)

Thus using (2.20), we have that

4
B0 (0, Q) = /E T PaG(e1, 201622, 25) P, 2) Plas, ), (3.24)
=1

which is the expression we shall use in our analysis.
Once again it is useful to note that

/szQ(z,w)Ql(z,w) = / d2wg(z,w)Q1(z,w) =0,
M M
/Ed2zg(z,w)Q2(z;u,v) =0. (3.25)

Thus we see that the dressing factors for the various skeleton graphs are fixed given
the structure of the string amplitude leading to the expressions for the various modular
graphs.



4 Varying the Beltrami differentials

We shall obtain the eigenvalue equation by first performing holomorphic and then anti-
holomorphic variations with respect to the Beltrami differentials of each modular graph.
Here we briefly summarize results that are relevant for our purposes for calculating these
variations.

From now onwards, we shall use the notation

Y wi(z1)w(22) = (21, %) (4.1)

for the dressing factors for brevity.”
The single-valued string Green function satisfies

0,0.G (2, w) = 216*(2 — w) — (2, ),
0.0.G(z,w) = —216%(z — w) + 7u(2), (4.2)

which leads to the equations satisfied by the Arakelov Green function

000.G(z,w) = 216%(z — w) — 7 (2, W),
9.0.G(z,w) = —218%(2 — w) + g,u(z) (4.3)
on using (2.11).

The holomorphic deformation with respect to the Beltrami differential p is given by

1

_ 2 w
6u¢ - o /Ed Whg 5ww¢, (44)

where the basic variations of the Abelian differentials, period matrix and prime form are
given by [41, 42]

Swwwi(z) = wr(w)0,0,InE(z,w),

SwwSlry = 2miwr(w)w s (w),

2
SwwInE(u,v) = —%((%jlnE(w,u) — GwlnE(w,v)> . (4.5)
This leads to the useful formula [32]
S (ij,lw(z)) = Y s (w)2,0,G(w, ), (4.6)

as well as 1 )
SwwG(u,v) = 5(8wG(w,u) - awG(w,v)) . (4.7)

5 Calculating the holomorphic variations

Using the above results, we now calculate the holomorphic variations for the three modular

graphs in B(0),

9Thus u(z) = (2,%) and P(z1,22) = (21, %2) (22, 7).

~10 -



5.1 Equation involving Biz,o)

First let us consider the variation resulting from varying B%Q’O) in (3.11). We have that

0 Q1 (21, 22) = = (001G (w, 21) (W, FDp(z2) + DudaGlw ) (w, (1)) (5:1)

Both the terms in (5.1) contribute equally to the integral in (3.11). We next consider
dwwT (21, z2). In the intermediate steps here as well as later, it is useful to note that the
string Green function is single valued and hence we can freely integrate by parts such terms
in the Arakelov Green function and discard total derivatives appropriately. This gives us
that

5wwg(21,22) = — wg(wazl)awg(waz2)

1
- / d2u(w, @) G (w, u)dy (g(u, 21) +G(u, zz)) (5.2)
by
leading to manifestly conformally covariant variations involving the Arakelov Green func-
tion.
We see that the second term in (5.2) (given in brackets, involving a sum of two terms
neither of which depends on both z; and z3) does not contribute to the variation given by

fEQ Hi:1,2 d2zig(zl, 29)Q1(21, 22)0wwG (21, 22). Thus we get that

8(270)

S -
Tl = —/ Hszig(Zl,ZQ)Ql(Zl,Zg)awg(w,zl)awg(w,ZQ)
22

2
+2 / [ %26 (21, 22)0:,G (21, 22) 00 G (w, 21) (w, F)palz2).  (5.3)
221

5.2 Equation involving Béz’o)
)

Next we consider the variation resulting from varying 852’0 in (3.20). Proceeding as before,

we have that

S (u(zl)P(ZQ,z?,)) = —0u0:,G(w, 21) (w, 7)) P22, 23) (5.4)

—1(21) (000G (0, 22) (0,75) (25,75) + 00D, G w, 25) (22, 75) (1,3 )

The last two terms in (5.4) contribute equally to the integral in (3.20). As before, the second
term in (5.2) does not contribute to f23 H?Zl d%2;G (21, z3) p(21) P29, 23)0wwG (21, 22). This
leads to

5. B0 3
S / T 601, 2)u(0) P, 20) G 0, 21) G, 2)
S8

-k

3
[ %26 (21, 23) [@lg(zh 22) 0w (w, 21)(w, 21) P(22, 23)

31

+u(z1)8225(z1, Z2)awg(wv 22)('237 72)(1”’ 73) : (5'5)

11 -



5.3 Equation involving Béz,o)

Finally let us consider the variation resulting from varying B§2’0) in (3.24). Proceeding as

before, we have that
Sun (P(1,22) Pz, 20) ) = [ (00020 G(w, 21)(w, 73) (22, 71)
00,0 (w, ) (21, %) (w, 1) ) P23, 21)
+ (00249 (w, 29) (w, ) (24, 75)
000249 (0, 24) (23,70 (w, ) | P(a1, 22) . (5.6)

All  the terms in (5.6) contribute equally to the integral in (3.24).
Once  again, the second term in (5.2) does not contribute to
Jsua H;lzl d?2;G (22, 23) P(21, 22) P(23, 24)0wwG (21, 24). Thus we obtain

5. B0 4
711}1”23 = —/ HdQZig(ZQ,Zg)P(Zl,ZQ)P(ZS,24)8wg(wvzl)awg(waz4) (57)
i
4
+2 [ T] 0022000161, 2000w, 20) (10,7 20, 7P 24).
s

For each of the above contributions, we have that

D (6B = 0. (5.8)

i
Hence the variations are holomorphic. Regarding this issue of holomorphicity, it is interest-

ing at this stage to contrast with the equations obtained if one starts with non-conformal
graphs instead. This is discussed in appendix B.

6 Calculating the anti-holomorphic variations of the holomorphic varia-
tions

)

Given the expressions above, to calculate the mixed variation guuéwa?’O , we also use [41]

Suu0s = 216%(2 — u) 0, (6.1)
which leads to [32]
SuuduwG(w, 2) = —10,,02 (w — u) + 7(w, T) (guG(u, 2) — 0,G(u, w)> (6.2)

This gives us the useful relation!'?

0unOuwG(w, 2) = T(w, ) <8ug(u7 z) — ;aug(u,w)> + % /Z dQ:C(az,ﬂ)(w,E)gug(u,x) (6.3)

thus yielding a manifestly conformally covariant expression.
We now evaluate the antiholomorphic variations of (5.3), (5.5) and (5.7).

9This can also be obtained from the complex conjugate of (5.2), and (6.1).
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B0

6.1 Equation involving

From varying (5.3), we get that
(2,0)
6uu5ww8 Z <I>1 ,Q (64)

where we now mention the various contributions. In variations of the type 0,,0.G(z,y)
n (5.3), only the very first of the three terms in (6.3) contributes (this is the only term
which depends on y in 6,,0:G(x,v)).

In (6.4), ®1 4 contains a term having four derivatives, two of which involve 9,, while
the remaining two involve 9, derivatives, and is given by

Py 4= /2 [ #2:Q1(21, 22)0wG (w, 21)00G (w, 22)8uG (u, 21)0uG (u, 22). (6.5)
5i=1,2
Next ®1 p is a sum of two terms, each of which has four derivatives. One of the terms

has two 0, derivatives and one 9,, derivative, while the other term has two 0,, derivatives
and one J,, derivative. We have that

P15 = —2/ I @*2i1(22)0uG (w, 21)0uG (u, 21) | (w, 27)0uG (u, 22)02, G (21, 22)

1=1,2
+(21,0)00G(w, 20)0,,G (21, 22)|. (6.6)

We next consider several terms each having four derivatives, of which there is only one
Oy, derivative and one 0, derivative. They are given by

P10 = 2/ T 2w, 20) (22, )0 G (w, 21)0uG (1, 22)02, G (21, 22)02,G (21, 22),

i=1,2
&y p = 2(w,u / I 2*2ir(22)00G (w, 21)0uG (1, 21)0:, G (21, 22)92, G (21, 22), (6.7)
i=1,2
1 _ _
O p = —2/22 H d?zip(23) (w, 71) (29, W) 0w G (w, 21)0uG (U, 20) 05, G (21, 23) D2, G (22, 23).
i=1.2,3

In this analysis, as well as the ones for the graphs below, it shall be clear later why we
treat these contributions having the same derivative structure as a sum of distinct terms.

Finally, ®; 7 contains 0,,G(w, 21)04G (u, 2z2) as its only contribution involving deriva-
tives, and is given by

O p = ZWYIJIYKéYMN/ H d?2iG (21, 22)00G(w, 21)0uG (u, 22)wi (22)wr (21)
1=1,2

X <wK(w)wM(21) — wK(zl)wM(w)) <OJ](ZQ)OJN(U) — wJ(u)wN(zg)>. (6.8)
(2,0)

In our analysis of B

, we always ignore contact term contributions of the form

G(z1, 22)6%(21—22). These are contributions from the boundary of moduli space arising from

colliding vertex operators, and do not contribute to local higher derivative interactions.'!

1YWe shall have more to say about such ignored contributions later.
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Each @, (v = A, ..., F) is invariant under w <+ u, and hence the total variation is
hermitian.

Also neglecting contact term contributions, we have that
B (BuuduuBEY) = 0, (6.9)

and 8u(3uu5ww8§2’0)) = 0, the later following from hermiticity. Hence holomorphy in w
and anti-holomorphy in u is maintained for the variation.

We now perform the same analysis for the holomorphic variations of the other two
modular graphs.

6.2 Equation involving Béz’o)

From varying (5.5), we get that
85““5“““8 (20) _ Z Dy (6.10)

as given below. In variations of the type 0,,0:G(z,y) in (5.5), as above only the very first
of the three terms in (6.3) contributes. We classify the various contributions based on the
derivative structure as we have done above.

Thus @5 4 is the term containing four derivatives, involving 92, and gi given by

Dy 4 = —/ H d?zipu(21) P(22, 23) 00 G (w, 21) 0w G (W, 22)0uG (1, 21)0uG (u, z3).  (6.11)

1=1,2,3

Next ®, p involves terms each having four derivatives. Each term has either two 9,
and one 9, or two 0, and one J,,. This gives us that

Oy p = d? 20,6 (u, 21)04G(u, 20) | P(22, 23) (w, 21) 02, G (21, 23) 0w G (w, 21)
L 11 |

=1,2,3

(1) (10, 72) (2, 7) 009 (21, 2) DG (w, 25)|

+/ H d2z¢6wg(w,z1)8wg(w,22) [P(Z2,Z3)(z1,ﬂ)5219(21,z;;,)gug(u, 21)
b

3
i=1,2,3

+u(zl)(22,a)(Z3,72)523g(21,23)5ug(u,Z3)}. (6.12)

Next consider terms that contain four derivatives, of which there is one 9,, and one 9,

— 14 —



derivative. They are given by

Qo0 = /23 H d*z; [(W,Z)(Z2aﬂ)(z3772)awg(W,Zl)gug(%23)@19(21722)@39(21723)

i=12,3

+(21,7) (w, 22) (22, 23) 0uG (1, 21)0uG (w, 23)823g(zl723)5219(21722)] ;

Py p = —(w,u)/ H d2ziP(22,23)8wg(w,zl)gug(u,zl)azlg(zl,zz)gzlg(zl,Z3) (6.13)
2123

—(’wau)/y [T @zin(21)(23,72)00G (w, 22)0uG (u, 23)02,G (21, 22) 02, G (21, 23),

3
i=1,2,3

1 _ _
Py p = 2/23 H P zipu(21) (w0, %) (23, 0) OwG (W, 22)0uG (1, 23) 02, G (21, 22) 025G (21, 23)

1=1,2,3

+1/ [T @2P (22, 23)(w, 20) (24,0)00G (w, 21)0uG (11, 24)02, G (21, 22) D2, G (23, 24).
y4

4 Jsa
i=1,2,3,4

Also ®9  contains two derivatives only involving 9,, and Oy, and is given by

Dy p = 27YI31Y1;£YA7[}V/2 H szig(zl,zg)é?wg(w,zl)gug(u, 21)wi (z2)wn(22)
i=1,2

< (wrler)wn (w) = wr(wlwn () (wsCwe ) — wslwws )

s Yiti [ TT da0u600,200.0(0,2)
i=1,2,3

X (wM(Zl)wK(w) - WM(w)WK(Zl)> (wJ(Z2)wL(U) - WJ(U)WL(Z2))

X [(23,71)011(22)&)1\{(23)9(2’2, z3) + (22, Z3)wr(23)wn (21)G (21, 23)]- (6.14)
Finally ®; ¢ contains terms with no derivatives, giving us

2
™ _ _ — —
®rc = 5 Vi, Vi / I #2601, 22)G (1, 25)(20) (w, Z5) (22,7)
5 i21.2,3

X (w[(w)wK(zg) - wI(zg)wK(w)> (wJ(zQ)wL(u) - wJ(u)wL(zQ)). (6.15)

Now each ®3, (a = A,...,G) is invariant under w <« u, leading to a hermitian
variation.!? Also we have that

D (Suu(sww[sg“)) —0, (6.16)

and hence 9, (5W5ww[>’§2’0)) =0.

21 fact, the two terms in ®2 p, P2 g and P2 r are all individually hermitian.
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6.3 Equation involving Béz,o)

Finally from varying (5.7), we get that
1 G
iguu(swwlg:(f’()) = Z <I>3,oz (617)
a=A

as given below. In variations of the type 0.,,0.G(,y) in (5.5), once again only the very first
term in (6.3) contributes, and we classify the various contributions based on the derivatives
they contain as before.

To start with, ®3 4 contains 92 and 5,3 and is given by

<I>37A—/ H dQZiP(zl,ZQ)P(Z;;,Z4)8wg(w,zl)awg(w,z4)5ug(u,zz)gug(u,zg).
212,34
(6.18)

Next ®3 p contains terms having either d,, and 52, or 9, and §2. This gives us
433,3:—2/4 [T 2P (z3,20) (w,73) (22,21)0uG (1, 22)DuG (1, 23) G (w0, 21) D, G (21, 24)
i=1,2,34

—/E H d?2;P(23,24)(22,7)(21,722)00G (W, 22) 00 G (w, 23)0uG (1, 21) D2, G (21, 24). (6.19)

4.
1=1,2,3,4

We next consider terms containing four derivatives, only one being 0,, and one being
Oy. They are

(I>37C = 2/4 H d2zi\11(wvua zl,z2,23,24)(w,73)(z3,71)(22,74)(24,@,
2% i=1,2,34

O3 p = 2(w,u)/ H dQ,zi\Il(w,u, 21, 22, 23, 24) (22, 21) P(23, 24),
o

*i=1,2,3,4
3 p = —/ I @z%(w, u, 21,20, 23, 24) (w, 71) (22, W) P23, 24), (6.20)
$4
i=1,2,3,4
where
\I/(’LU,’U/, 21, %2, 23, 24) = 6wg(wa zl>5ug(u7 ZZ)azlg(zb Z4)522g(227 23)' (621)

Also @3 p contains only two derivatives 8y, and 9,, and is given by

s

QY]j,lYI;gYA;}vY};é /E ) [T @26 (22, 23)0G (w, 21)0uG (u, 21) (6.22)

i=12,3

P33 p =

X (w;(zz)wK(z;g) — w[(23)w1<(z2)) (wM(w)wp(zl) — wM(zl)wp(w))

(s s () — ws(uwr (o)) (wn(z2)wq (za) — v (ol ()

+27TYI_JlYI;iYA}}V / H d2zig(zg, 23)0wG (W, 21)0,G (u, 24)wi (20)wn (23)
i=1,2,3,4

% (24,73) (23, 71) (wM(zl)wI(w) _ wM(w)wI(zl)) (wJ(z4)wL(u) _ wJ(u)wL(Z4)>.
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Finally, ®3 ¢ contains terms without derivatives, and is given by

¢)3,G = 7T2Y]T]1Y]€[11/4 H dQZiP(Zg,24)('(17,5)(21,@)9(21,Z4)g(22,23)
2% i-1234

X <w1(22)wK(w) - wI(w)wK(zg)) <wj(zl)wL(u) — WJ(U)WL(21)>. (6.23)

Each @3, (o = A,...,G) is invariant under w <> @, leading to a hermitian variation.!

Also
D <3uu5ww8§2’0)) —0, (6.24)

and hence 0, (Suuéwa:(f’o)) =0.

7 Simplifying the structure of variations of the modular graph functions

From the above analysis, we see that the variations 6,0, of the modular graph functions
by itself, we can manipulate these expressions such that certain specific combinations of

yield complicated expressions. We now show that though each of them is complicated

these graphs yield variations which can be drastically simplified.

For this purpose, it is very useful to depict various contributions to the variations of the
modular graphs schematically by skeleton graphs, where only the structure of the Green
functions are depicted. In these graphs, we follow the convention that for the link from z;
to z; that involves a derivative of the Arakelov Green function 9,,G(z;,z;) or 05,G(zi, 2;),
the tip of the arrow points towards the vertex z;. The vertices depicted by w and u are
not integrated over, while all the other vertices are integrated over. In the graphs, 0 is
depicted by 6, while 0 is depicted by 6.

First let us consider the variations that yield terms of the form O(9202) for the various
modular graphs, given by ®; 4 in (6.5), ®2 4 in (6.11) and ®3 4 in (6.18). These are
schematically depicted by figure 3.

Next let us consider the variations that yield terms of the form O(9,02) and its her-
mitian conjugate for the various modular graphs, given by (6.6), (6.12) and (6.19). In
the graphs, we only denote that O(@w&g) part, while the other can be obtained simply
by hermitian conjugation. Figure 4 depicts the graphs for ®; p and ®3 g, while figure 5
depicts the graph for ®; p.

Next consider the variations having four derivatives, of which only one is 0,, and one
is 0,. Figure 6 depicts the graphs for ¢ ¢, ®1,p and Py g resulting from (6.7). Figures 7,
8 and 9 depict the graphs for ®5 ¢, P2 p and Py g respectively, which result from (6.13).1
Figure 10 depicts the graphs for ®3 ¢, ®3 p and ®3 g which result from (6.20) as they have
the same factor of ¥ (w,u, 21, 22, 23, 24).

All other variations involve either two derivatives (one 0, and one 0,) or none. We
shall treat them separately in our analysis below.

3Tn fact, the two terms in ®3 r are individually hermitian.

'4The second graph in figure 8 for ®5 p has the same structure as the one in figure 6 for ®; g, and the
first graph in figure 9 for ®> g. We club the various contributions as we have done since it is convenient for
our purposes.
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(i) (i) (iii)

Figure 3. Skeleton graphs for (i) ®; 4, (ii) ®2,4 and (iii) P35, 4.

i) (ii)

Figure 4. Skeleton graphs for (i) ®1 p and (ii) ®3 5.

5
) 5 .
u
w .+ ) 0
o 5 w u
5
Figure 5. Skeleton graphs for ®; 5.
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4

ol

(1) (ii) (iii)

Figure 6. Skeleton graphs for (i) ®1 ¢, (ii) ®1,p and (iii) P4 5.

Figure 7. Skeleton graphs for ®; ¢.

Figure 8. Skeleton graphs for ®; p.
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Figure 10. Skeleton graphs for ®3 ¢, ®3 p and ®3 k.

(o7]
(o7]

ol
(%)

Figure 11. Skeleton graph for ®;3 4.

The variations depicted by figures 3 to 10 all involve four derivatives and are individ-
ually quite complicated, and we now proceed to analyze these variations in detail.

First let us focus only on those graphs that arise in the variations of B%Y and 852’0).

1

7.1 Relating variations of B&z,o) and B§2,0)

For these variations, rather than considering ®; o and ®2, (o = A4, ..., F) individually, it
is very useful to consider the graphs ®; , and ®5 , together for every a.
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|

Figure 12. Skeleton graphs for ®13 p.

This is because we can start from an auxiliary graph!'® for each a such that it reduces
to a linear combination of ®1, and ®3,. On the other hand, these auxiliary graphs are
constructed such that each of them can be manipulated to yield graphs involving only two
derivatives. Hence performing such a construction for each «, we shall see that a certain
linear combination of graphs involving ®1 , and ®5 , for every a contains graphs with only
two derivatives (one @ and one d). Moreover, we shall see that the linear combination
is precisely the same for all a. Hence it is only for a specific linear combination of the

)

variations resulting from BgQ’O and 552,0) that we can get eliminate all graphs with four
derivatives in terms of graphs with only two derivatives, leading to a drastic simplification.

To start with, consider the skeleton graph depicted by figure 11. We define ®15 4 as

(1)12,14 :/3 H sziawg(w,21)8wg(w,zg)gug(u,zl)gug(u,23),u(21)(z2,73)5Z28zgg(22,23).
2% i=1,2,3
(7.1)
Using the first equation in (4.3) for the link that has both the d and 0 derivatives in this
graph, we trivially get that

Qo4 =720 4 + P2 4). (7.2)

We now proceed along similar lines for the other graphs. Using the skeleton graphs
depicted by figure 12 (the complete graph is given by adding the hermitian conjugate of
what is given in figure 12), we define ®13 g by

P12 =/23 H d*2:0,G (u, 21)0uG (u, 22) {awg(w,21)3219(21,23)(23,72)(10771)

i=1,2,3

F0uG(w, 23)0:,G (21, 23)a(21) (w0, 72) | 92,02, G (22, 23)

[ TT Pea0uG(w 2000w, 22 0,60 2)5,0 1. 2) (20,7 (21, 7)
12,3

+0uG (u, 23)025G (21, 23) 11(21) (22, ﬂ)} 0:,0:,G(22, 23), (7.3)

15 Auxiliary graphs introduced in [12] for genus one graphs proved very useful in obtaining eigenvalue
equations. Here we see the crucial role they play at genus two.
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Figure 14. Skeleton graphs for ®12 p.

and using (4.3), we trivially get that
@12,3 = —7('(2@173 -+ @27B). (74)

Next using the skeleton graphs depicted by figure 13, we define

(1312,0 = / H dZZi [gzzg(zla 22)8z1g(217 2:3)(10, Z)(z&ﬁ)gz:;azgg(zb 23) (75)
3

i=1,2,3

+0.,G(22, 23)0,,G (21, 22) (W, 73) (22, %) D, 025G (21, Zg)} 0wG(w, 21)0,G (u, z2),
and using (4.3), we trivially get that
Qo0 =210+ o). (7.6)

Similarly using the skeleton graphs depicted by figure 14, we define

®10p = (w, ) /23 IT = [gug(% 21)02,G(21, 23) (22, 23) 02, 02,G (22, 23) (7.7)

i=1,2,3

+0uG (U, 23)02,G (22, 23) 11(22) D2, 025G (21, 23) | OwG (w, 21) D5, G (21, 22),
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— u
w
O O
Figure 15. Skeleton graph for ®3 g.
and using (4.3), we trivially get that
@127[) = 7T(2‘I)17D + (1)27D). (78)

Finally using the skeleton graph depicted by figure 15, we define

Biop = [ T] da0u0(w, 200,000 20)0, (1. 0000 0.2
24

i=1,2,3,4
X(Z27ﬁ)(w7Z)(Z47%>52’4823g(z37 Z4)7 (79)

and using (4.3), we trivially get that
Piop = —4n(2®1 5 + o ). (7.10)

Adding all these contributions, we get that

1- 1
O (5027 - 535“’)) =20 5 + (B p + Do) (7.11)

+% <¢12,A — @+ Pioc+ P12 p — i¢12,E)-
Thus the terms in the last line of (7.11) involve the various auxiliary diagrams given above.
Note that we obtain the structure in (7.11) because only a specific linear combination of
®y , and P2, arises in our analysis on considering the auxiliary graphs. We expect such
techniques to generalize to modular graphs at higher orders in the low momentum expansion
involving more factors of the Arakelov Green function.

Now we used the first equation in (4.3) for the link containing both the 9 and 9
derivatives for each of the auxiliary modular graphs to obtain the linear combination 2P ,+
®, , for each «, leading to (7.11). Of course, the resulting graphs have four derivatives we
started with.

However, each of these auxiliary graphs can be evaluated in a separate manner by
integrating by parts the @ and 9 derivatives that are on the same link and moving them
to the neighboring links. In doing so, for each graph each 0 encounters a d (and each 0
encounters a d) which can be simplified again using (4.3). Now we are left with graphs
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involving only two derivatives (one d and one d) resulting in simpler expressions. Though
we are very far from obtaining any eigenvalue equation, it is encouraging that the right
hand side of (7.11) only contains graphs with at most two derivatives.

As an example, proceeding this way we have that

Braa = dn%(0. WG (w.0) [ Pop(:)0,6(w.2)0,0(u.2) (7.12)

— 9272 /22 H dzziu(zl)(w,E)(zz,ﬂ)awg(w,zl)gug(u, Zl)[g(w,zz) + G(u, z2)

i=1,2

42 /23 H d?zip(21) (w, 72) (22, 73) (23, W) G (22, 23) 0wG (W, 21)0uG (u, 21).

i=1,2,3

While there are many terms in the resulting expressions that are obtained on sim-
plifying the various auxiliary graphs along the lines described above, there are also many
cancellations among various terms (in particular, those involving graphs having loops), and
we are left with only a few graphs having skeleton diagrams of specific topologies, which
we now describe.

7.2 Simplifying contributions to B?’O) — Bg2’0)/2

To begin with, given (7.11) let us consider the graphs that arise in
D154 — P12 + P12 + Pi2p. (7.13)

We write down the various contributions that contain upto two derivatives which are ob-
tained as explained above.
There is a potential contribution (with topology in figure 16 (i)) given by

2
42 /22 HdQZig(Zla22)8wg(w721)5ug(u,21)[(w771)(2175)(Z27ﬂ)
=1

+(w,72)(22,71)(21,ﬂ) - :U’(Zl)(w772)(z2vﬂ) - (waﬂ)P(Zla 22)]

472

2
= /HdzZiQ(ZhZQ)M(ZQ)an(wa2’1)5ug(u7Zl)A(wyzl)A(%Zl)
22

 detY
=0 (7.14)

leading to a vanishing contribution.'6

Including all the terms, the non-vanishing contributions to (7.13) lead to

5
Dy 4 — Prop + Proc + Prap = Y T, (7.15)
i=1

where the various graphs on the right hand side are topologically distinct.

YA (2, z) is defined in (A.7).
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(iv) (v)
Figure 16. Skeleton graphs for various contributions.

First, we have that ¥, is given by

2 3
\Illzd;TtY /25Ed2zl(w72’2)(w7z3>g(z27Z3)8ZBQ(Z1723)aug(u7zl)A(ZlvZQ)A(U721> (716)

2 3 _
e )L %o 00,106 22200, e 21006 2 B ) A ).

as depicted by figure 16 (ii) and its hermitian conjugate. Note that it involves graphs with
two derivatives one of which does not involve d,, or d,. These are the only graphs of this

kind.
Next, U, is given by

U, =

2 3
d:tY /EBil;[ld2z7;P(22,zg)g(ZQ,zg)ﬁwg(w,zl)aug(u,zl)A(w,zl)A(u,zl), (7.17)

as depicted by figure 16 (iii), while W3 is given by

2
Uy = 72 /22 Hszig(zl,zz)ﬁwg(w,zl)gug(u, 29) [u(zQ)(w,zT)(zl,ﬂ)
i=1

+plz1)(w, 72) (22, 7) — M(Z1)M(Z2)(w,ﬂ)] , (7.18)
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Figure 17. Skeleton graph for ®33 4.
as depicted by figure 16 (iv). We also have ¥, given by

2 3
vy = T [ TT 0 20060 208,60 (o) 0,55 205 )
=1

2 3 B
_2/23Hdeig(ZQ,zg)ﬁwg(w,21)8ug(u,22)u(22)(w,zl)(zl,z;»,)(Z3,u), (7.19)
i=1

as depicted by figure 16 (v) and its hermitian conjugate. Finally we have W5, the contri-
bution without derivatives given by

2
U5 = 27r3(w,u)/ HdQZZ‘g(Zl,22)2ﬂ<22)(w,71)(21,ﬂ)

22

3

—73(w, T) /3 HdZZiu(ZQ)g(zl,ZQ)Q(zg,23)(w771)(21,%)(23,ﬂ). (7.20)
271

We can also perform a similar analysis for ®19 , which we shall discuss later. The

expressions for ®; r, 2 r and ®3 ¢ are given in appendix C. Including them, we obtain all

the terms on the right hand side of (7.11). Note that while this structure has simplified, we

would like to obtain an expression without any derivatives, for reasons to be explained later.

We now perform a similar analysis for the graphs that arise in the variations of B§2’0)

and BgZ’O).
7.3 Relating variations of Bgz,o) and B:gz,o)

The strategy behind the analysis is the same as what we have done above, and so we only
mention the relevant auxiliary graphs.
Using the skeleton graph depicted by figure 17, we define

D23,4 :/ I 206w, 21)0uG(w, 22)0uG (u, 23)8uG (u, 24)
>

*i=1,2,34
x(z1,71)P(22, 23)0-,0.,G (21, 74), (7.21)
which leads to
Doz 4 = —m(2P2 4 + P3 4). (7.22)
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Figure 18. Skeleton graphs for ®33 5.

Next using the skeleton graphs depicted by figure 18 (the complete graph is given by
adding the hermitian conjugate of what is given in figure 18), we define

¢)23,B = /4 H dQZiawg(w7 Zl)azlg('zl, 24)5ug(u7 z2)(§ug(u7 2’3)(’11}, 72)
21234

X [P(ZS, 24)02,0:,G (21, 22) + (24, 723) (22, 21) 02,02, G (23, 24)}

+/ I @2i0uG(u, 20)9:,G(21, 24) 900G (w, 22)00G(w, 23) (22, )
24

1=1,2,3,4

X [P(Z37 24)522821g(2;17 252) + (23774)(’217 E)gz;v,a,qg('z?n Z4):| ) (723)
which gives us
o3 p = (22 p + 3 B). (7.24)
Using the skeleton graphs depicted by figure 19, we define
Po3,0 = / I 206w, 21)0.,G(21, 24)0uG (u, 22)0-,G (22, 23) (w, Z3) (24, )
b

ti=1234

X [(Z2774)521 823g(217 23) + (23,71)524822g(22, Z4> ) (725)

and get that
o3 0 = (2020 + P30). (7.26)

Using the skeleton graphs depicted by figure 20, we define

®o3 p = (IU,U)/ H d?2;00G (w, 21)0:,G (21, 24)0uG (u, 22)0.,G (22, 23)

212,34

X [P(Z:a, 24)0,0:,G (21, 22) + (22,721) (24, 23)02,0:,G (23, 24) |, (7.27)

giving us
o3 p = —7m(2P2p + P3p). (7.28)
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Figure 20. Skeleton graphs for ®93 p.

Finally, simply using
Qo35 = P12.E, (7.29)

we get that
Qos g =21(2P2 5 + P3 1), (7.30)

where we have used (4.3) in each case as in the previous analysis.

Thus adding up the various contributions, we get that

1- 1
§5uu5ww <B§270) _ 2[3;2’0)> =2(Por+ Pog) + (P37 + P3) (7.31)

1 1
<(I’23,A — ®o3 g+ Pog o+ Po3 p — 2¢’23,E>7

where the terms in the last line involving auxiliary graphs can be expressed in terms of

graphs having only two derivatives.
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Figure 21. Another contribution.

7.4 Simplifying contributions to B:(,,Z’O) — Bgz’o)/2

Given the right hand side of (7.31) and proceeding as we have done earlier, we consider
the terms that arise in
Doz 4 — Po3 g + Paz.c + Pa3 p, (7.32)

postponing the analysis for ®93 g later. The expressions for @9 r, @3 ¢, ®3 r and @3 g are
given in appendix C.
There is a contribution to (7.32) given by

2 4 _
dZtY/Z:4Hd22i(waZl)(wvzﬁ)(ZZ%,ZAL)g(Zla22)8z1g(21,z4)8ug(ua23)A(Z4722)A(u723) (7.33)
i=1

4
oy /24il;IldQZi(zlau)(zZ;u)(z4>Z3)g(21aZ2)azlg(Zla24)8wg(w7Z3)A(Z4’22)A(waz3)

as depicted by figure 21 and its hermitian conjugate, which is distinct from the graphs V¥,
(1=1,...,5) that are depicted by the skeleton graphs in figure 16. However, using

(21,%) = 202 (2; — 2j) — gzj('?zig(zi,zj) (7.34)

which follows from (4.3) for (z3,z1) and (z4,%3) in the first and second lines of (7.33)
respectively and integrating by parts, we get that (7.33) equals

detY /EJH‘FZ@ Z1,Z2)g(z1,Z3)[(w 71) (w, 22) (23, W) A (21, 22) A(u, 23)

+(21,T) (22, 70) (w0, 53) A (21, 22) A (w, Z3)]
3
 detY

Hd 2:G (21, 22)G (23, 24) [(w,?l)(w,fg)(zg,ﬂ)(zl,zj)A(zzl,zz)A(u,zg)
+(z1,u)(22,a)(w,73)(Z4,71>A(z4,zg)A(w,zg)] 420y, (7.35)

where Wy is given in (7.16).
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There is also a potential contribution with the topology of figure 16 (v) given by (along
with its hermitian conjugate)

3
22 /23Hd2Zig(21,z3)8wg(w,21)8ug(U, 2) | (w, 73) (23, 72) (22, 71) (21, )
=1

_(wvﬂ)(zl’%)(z?nzi?)(z%zil) + (w,fg)(ZQ,fl)(Zl,%)(23,ﬂ) - P(Zlv 22)(“]7%)(2’3’@)

272

3
=3 Hszz-Q(zl, 23) 0w G (w, 21)0,G (u, 22)11(23) (22, 21) A(w, 21) A(u, 22)
etY 3 i1

=0, (7.36)

which vanishes.

Thus adding the various contributions, we finally get that

4 8

Po3.4 — Po3 B+ Paz .o + Pasp =2 Z v, + Z Wi, (7.37)
i=1 i=6

where U; (i = 1,...,4) have already been defined before, and we need to define Wg, ¥y
and Wg.

We have that Wg is given by

Vg =

detY/E3Hd 2i(21,722) (w0, 23)G (29, 23) 023G (21, 23) 00 G (1, 21 ) A(w, 20) A(u, 21) (7.38)

detY /gSHd % 22,21)(23, )g(22az3)823g(21,23)8 g(w Zl)mA(w Zl)

which has two derivatives, and has a skeleton graph depicted by figure 16 (ii).

Also V7 has two derivatives, and is given by

U, = /EQHd 2G (21, 22) 900G (w, 21)04G (u, 29) (22, Z1) A(w, 21) A(u, 22), (7.39)

detY

and has a skeleton graph depicted by figure 16 (iv).
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Finally, ¥g involves terms without any derivatives and is given by

3
Uy =2r%(w,w) | [[dPzi(w,70)(21,7) P(22, 23)G (21, 22)G (21, 23)
»3:

4

—713(w,ﬂ) /24 HdQZiP(Zg,24)(71),Z)(Zl,EXZQ,H)g(Zl,Z4)Q(Z2,Z3)

detY Hd 2:G(z1, 22) (21,23)[(w,zﬁ)(w,zﬁ)(z;;,ﬁ)A(zhzg)A(u,z;g)

(21, 7) (22, 7) (w0, 53) A (21, 20) A (w, 23)}

1
ety /24 [T %26 (21, 22)G (23, 24) {(wyﬁ)(w772)(23,ﬂ)(zl,ﬁ)A(Z47ZQ)A(U, z3)
i=1

(21, 7) (22, ) (w0, 75) (24, 71) D (21, 22) A (w, zg)]

3

detY

4
\ H dQZiP(Zg, Z4)(’LU, 71)(2:2, H)g(zl, 22)9(23, 24)A(w, zl)A(u, 22). (740)
=1

7.5 Relating variations of Bgz,o)’ Béz,o) and Béz,o)

From (7.11) and (7.31), we see that the variations of the combinations of the graphs
8(2 0 8(20 /2 and B§2’0) - B§2’0)/2 are special, in the sense that the right hand side
of these equations can be expressed in terms of graphs having at most two derivatives.
However, we would like the right hand side of the eigenvalue equation to only have graphs
with no derivatives, for reasons to be explained later. Hence it is not clear to us how to
proceed and get a simple eigenvalue equation using either (7.11) or (7.31).

Hence we look for an equation involving all the three modular graphs which might
lead to some futher simplification compared to either (7.11) or (7.31). In order to see such
simplifications, we now obtain relations between the auxiliary graphs ®12, and ®23, for
every a. Note that ®12 g = ®23 g and hence we are interested in a = A, B,C and D only.

First let us consider ®93 4 in (7.21). Writing P(22,23) = (22,%3)(23,%2), and us-
ing (7.34) for (z3,%2), we get that

2
Doz 4 — 20194 = _</22 H d*2i(21,7%3)0wG (W, 21)0uG (u, 22)0., 329(21722)> (7.41)

1=1,2

on using (7.1). Thus the left hand side of (7.41) can be obtained from a single auxiliary
graph whose skeleton graph is depicted by figure 22.
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Figure 22. Skeleton graph for ®33 4 — 2®12 4.

Figure 23. Skeleton graph for ®33 g — 215 .

Next let us consider ®93 p in (7.23). Using (7.34) for (z3,%1), (22,%1), (24,%3) and
(21,%2) in the first, second, third and fourth terms in (7.23) respectively, we get that

2 _ _
Pann =205 =~ [ [] @50,000.2)0.0(0200.0(0,200,6(:1,20)
by

T 4 .
i=1,2,3,4

ngl 02,6 (21, 22)5z4823g(z37 24)(w, 22) (24, 73)
_721/24 H d?2i0uG (u, 21)0uG (W, 22)0wG (W, 23)02, G (21, 24)

i=1,2,3,4
ngg azl g(Zl, 22)523824g(z3> Z4) (227 ﬂ) (Z37 74) (742)

on using (7.3). Again, the left hand side of (7.42) can be obtained from a single auxiliary
graph whose skeleton graph is depicted by figure 23 and its hermitian conjugate.
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Figure 24. Skeleton graph for ®93 ¢ — 2®12 ¢.

We next consider @93 ¢ in (7.25). Using (7.34) for (z2,71) and (23,%1) in the first and
second terms in (7.25) respectively, we get that

2 _ _
®o3 0 — 20100 = _71/4 H d?2;0,G (W, 21)0uG (1, 22) 02, G (21, 24) 02, G (22, 23)
21 i=1,2,3.4

ngl 8239(21, 23)52’4822 g(ZQv 24) (’LU, 73) (247 H) (7'43)

on using (7.5). As above, the left hand side of (7.43) can be obtained from a single auxiliary
graph whose skeleton graph is depicted by figure 24.

Finally let us consider ®93 p in (7.27). Using (7.34) for (z3,%1) and (22,%1) in the first
and second terms in (7.27) respectively, we get that

9 _ _
®o3p —2P12p = —;(wﬂ) /24 H d*2:00G (W, 21)0uG (U, 22)05, G (21, 24)02,G (29, 23)
i=1,2,3,4

X0,0,5G (23, 24)05, 02,G (21, 22) (24, 23) (7.44)

on using (7.7). Once again, the left hand side of (7.44) can be obtained from a single
auxiliary graph whose skeleton graph is depicted by figure 25.

Thus we see that the combination ®93, — 2®@12, (@ = A, ..., D) is special, and can
be derived naturally from a single auxiliary graph for each a.

Motivated by this observation, from (7.11) and (7.31), we have that

1- 1
Tl (BF’O) — B2 +B§2’0)> =2P1r+Pro+Por+P26)+ 5 (q>3,F +<1>3,G) (7.45)

1
+% [(2@12,A - @23,A) - (2@12,3 - %3,3) + (2@12,(; — @2370) + (2@12,[, _ @237[))} .

Note that the contributions from ®19 p and ®93 p cancel in (7.45) using ®12 p = Po3 &,
hence we need not analyze them. Obviously, we have chosen the specific combination
of (7.11) and (7.31) in obtaining (7.45) such that its second line involves ®o3 o — 2®12 4
(a=A,...,D).

— 33 —



&
oY

ol
o

Figure 25. Skeleton graph for ®93 p —2®12 p.

7.6 Simplifying contributions to Bgz,o) - Bgz,o) + Béz,o)

Adding the various contributions involving ®12, and P93, (v = 1,...,D) from (7.15)
and (7.37) and using (C.9), we get that

1 1
4 T

= 1(% +ur)] + L 205 — Wy) + B, (7.46)

— 2,0 2,0 2,0
S (B = BP0 4+ BEY) = > =

where @ is defined in (C.10).

We see that (7.46) has drastically simplified compared to the earlier expressions. How-
ever, we are still left with terms involving derivatives on the right hand side of (7.46), and
hence it is not clear to us how to get a simple eigenvalue equation out of it. Hence we
proceed differently.

8 Adding more modular graph functions

One natural way of remedying the problem in (7.46) is to simply add more modular graph
functions to the list of 852’0), BéQ’O) and B:(f’o) . This can be easily obtained by looking at
the skeleton graphs in figure 2. We can simply keep the structure of the Green functions
same as in these graphs but obtain different modular invariants by contracting the dressing
factors (z;,z;) differently using the locations of the integrated vertex operators. Then we
can go through the same analysis we did for the previous graphs to obtain the analogue
of (7.45) for these graphs as well, and see if further simplifications can be achieved by
combining these equations. Though these new graphs we now consider do not arise in the
integrand of the D®R?* term, we still label them by 81(2,0) for the sake of uniformity as they
have two factors of the Arakelov Green function.
Thus we now consider the modular graph

2
BE’O) = 4/2 HdZZig(zlaZ2)2P(Z17z2) (81)

2
=1
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which has the same skeleton graph as figure 2 (i), but different dressing factors compared
to BgQ’O),

3
B =4 / T 226(1, )G o1, 20) (1,72) (22, 7) (25, 70) (8.2)
L

which has the same skeleton graph as figure 2 (ii), but different dressing factors compared
(2,0)
to By, and

4
B = /E T 256G (21, 20)G (22, 25) (21, 70) (24, 75) (28, 32) (2, 1) (.3)

4
i=1

which has the same skeleton graph as figure 2 (iii), but different dressing factors compared
to B§2’0).
Another obvious graph is

4
B = /Z NI 291, 200G (22, 28) (21, 72) (22, 73) (24, 78) (23, 20, (8.4)
=1

which has the same skeleton graph as figure 2 (iii), but different dressing factors compared
to B§2’0) and Béz’o). This shall arise only at the end of our analysis.

Finally, one can also consider the graph (B(Ovl))2 involving the square of the graph for
the DSR* term. However, this will not be needed in our analysis.

We now proceed with our analysis of the modular graphs (8.1), (8.2) and (8.3). Our
strategy will be the same as what we did for the three graphs earlier, and so we shall skip
some details for the sake of brevity.

9 Calculating the holomorphic variations
We first calculate the holomorphic variations of the graphs given by (8.1), (8.2) and (8.3).

As we have done before, this is obtained by using the relevant formulae in section 5. We
simply give the final expressions.

9.1 Equation involving Bflz’o)

From (8.1), we have that

5 6(2,0) 2
Pt — - [ 1601 2)P (o1, 22000 w, 21)0,0 w, )
220

8
2
+2 / H d*2:G(21, 22) (w0, 72) (29, 21) 05, G (21, 22) 0w G (w, 1)
22

3
5 [ T 501,20 Pler,20) (w0, 0)0:,G 1, 0)0uG w, 2). - (0.1)
2
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9.2 Equation involving Béz,o)

From (8.2), we have that

8 BEY) 3
_% :/ Hd2zig(21,z3)8wg(w,21)8wg(w,zg)S(z1,ZQ,z3)
==

3
—/ [ %2621, 2s) [azlg(zla22)6’wg(wvzl)R(w;22,23;71)
=i
+0:,G(21, 220006 (w, ) (Rw: 21, 25 %) = Pla1, ) (w,3) )|

4

1

+4/ [ 26 (21, 23) (w, 72) S (21, 22, 23) 02, G (22, 24) G (w, 24),  (9.2)
s

where we have defined”

S(2i, 2, 21) = (21, %5) (25, Zx) (2h, Zi) + (205 Z8) (2, 25) (25, Z)

R(zk; 2i, 253 20) = (2, 20) (20, 2)) (250 20) + (20, 25) (25, Zi) (20, 21) (9.4)
which involve various dressing factors.

9.3 Equation involving Béz’o)

Finally from (8.3), we have that

4
1
iéwwlg((jZO) - _/24 HdQZig(ZQaZ?))a’wg(waZl)awg(wa24)('21774)(Z4a%)(z3772)(22771)

+/
by

4
[T %26 (22, 23)00G (w, 21)0:,G (21, 24) [(w, 73)(23, 72) (22, 71) (24, 71)

4
=1

+(wvz)(z4ﬂ%)(z3772)<22771) - (m,z?)(@,%)(z;;,ﬁ)(w,zﬁ) . (9'5)

Using (4.3), we see that
Dw(BuwuwB™Y) =0 (9.6)

for i = 4,5,6. Thus the holomorphic variations are indeed holomorphic.

10 Calculating the anti-holomorphic variations of the holomorphic vari-
ations

We next calculate the various anti-holomorphic variations of the holomorphic variations
given by (9.1), (9.2) and (9.5).

"Note that S(zi, zj, 21) is symmetric in its three arguments. Also

R(zk; 21, 255 2k) = S(2i, 25, 21). (9-3)
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10.1 Equation involving Bflz,o)

From (9.1), we have that

éuuéww[ﬁ (20 — Z Dy, (10.1)

where we now list the various contributions.
Oy 4 is the O(@gﬁi) term given by

2
<I>47A:/ HsziP(zl,zz)(?wg(w,21)3wg(w,zg)gug(u,zl)gug(u,@), (10.2)
$2 5

which has same the skeleton graph as ®; 4. ®4 p is the O(awéiazi) term and its complex
conjugate, and is given by

2
by p = 2/ Hd2zi3wg(w,zl)5ug(% 21) | (w, 22) (22, 21) 0uG (u, 22)92, G (21, 22)
w2
+(22,7) (21, 22)00G (W, 22)0.,G (21, 22) |, (10.3)

which has the same skeleton graph as ®1 g. ®4 ¢ is an O(awéuazﬁzj) term given by

2
Oy = 2(w,u)/ [T 222, 20006 (w, 21)0uG (1, 22)0:,G (21, 22)0:,G (21, 22),  (104)
2

which has the same skeleton graph as ®1 ¢. ®4 p is another O(awéuaziézj) term given by

2
Oy p —2/ Hszi(w,Tz)(zg,ﬂ)ﬁwg(w,zl)gug(u, 21)0,, G (21, 22)0,,G(21, 22),  (10.5)
»2

which has the same skeleton graph as ®; p, while ®4 g is another 0(3w5uazi5zj) term
given by

= —/Esnd zz[ (w,21)(22,723)(23,0) + (22,7)(w, z3) (23, 21)
X 0w G (w, 21)0uG (1, 22)0., G (21, 23)02,G (22, 23), (10.6)

which has the same skeleton graph as ® g. Thus for all these contributions involving four
derivatives, the skeleton graph of ®4, is the same as that of ®1,.
Next ®4 r involves two derivatives and is given by

2
2 H dQZig(Zl, zZ)awg(wa Zl)gug(u7 22)(’227 Z)A(’UJ, Zl)A(u7 22)

4detY/ l_IdZZZ (21, 22)G (21, 22) 0w G (w, 23)0uG (u, 23) A(w, 23) A(u, 23), (10.7)
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where we have that

3
Ao= ;/zsgd%i(zh@)(w’z?’)g(zhZQ)awg(TU,ZS)aug(Ua z1) {(Zmﬂ)(z&ﬁ) - (2’375)(»22,71)}

3
45 [ T (0 m) (1,06 2,206 0,20, . 1)
il

x| (w,23) (2, 71) = (w,71) (28,73)] (10.8)

and

/2Hd 2P (21, 22)G (21, 22)(w, 23) (23, Z1) (24, ) 0 G (w, 23) 00 G (u, z4).  (10.9)

4
=1

®, ¢ involves no derivatives and is given by

Qyc = Hd zi(w,z1) (22, W )92(21,22)A(w,21)A(u, 22). (10.10)

detY

Thus for all these contributions, we see that the structure is similar to that arising
from the variation of ng’o). However, there are some extra contributions which we now
mention.

®,4 g is another O(@uﬁiazi) term and its complex conjugate, and is given by
3
1 _ _
Qyn = 2/3 Hd2ZiP(21,Zz)[(w,ﬁ)aug(% 21)0uG (U, 22) 0w G (w, 23)02,G (21, 23)
2 i=1

(23, 0) DG (w, 21)0G (w0, 22)0uG (v, zg)ézsg(zl,ZS)], (10.11)

which has the same skeleton graph as one of those in ®5 5. ®4 1 is another O(awéuazﬁzj)
term given by

1 [ £ _ _
<D4J = _2/23Hd22i {(wvziQ)(z%zil)(Z&U)awg(wvZl)aug(uv23)621g(21722)8239(2172:3)
=1

+(Zl, 72)(22a ﬁ)(w7 73)8wg(w7 23)gug(ua Zl)aZSQ(Zla 23)521 g(zla ZQ) ’ (1012)

which has the same skeleton graph as ®3 ¢. ®4 s is yet another O(awéuazﬁz j) term given
by

1

Dy = /3 Hd zip(z1) (w, Z2) (23, W) 0w G (w, 22)0uG (u, 23)02,G (21, 22)02,G (21, 23),
2=t

(10.13)

which has the same skeleton graph as one of the graphs in ®9 p.'® Finally, ®, i is an

O(@waﬁzﬁzj) term given by

1
Py k= 8/24Hd 2iP(22, z3)(w, 21) (24, W) 0w G (w, 21)0uG (U, 24)8:, G (21, 22)02,G (23, 24),
i=1

(10.14)

18Some graphs can have the skeleton graph of other ® I,o as well, we simply mention one of them.
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which has the same skeleton graph as one of the graphs in ®; .
Thus for the contributions ®4 7, ®4. 1, ®4, ;7 and 4 x we see that the structure is similar

to some of the terms arising from the variation of B§2’0)

. Thus the variation of 8512’0) having
the skeleton graph in figure 2 (i), leads us automatically to consider variations that arise
from figure 2 (ii) as well.

We have that guudwwl”)’f’o) is hermitian, as well as holomorphic in w, and anti-
holomorphic in w.

In fact in Checking holomorhphy in w of the variation, we are finally left with

/22 zl_[ld 2i(21,%)G (21, 22)0uG (u, 21) {(w,zﬁ)(z%ﬂ) - (w7ﬂ)(22’z)}

o

resulting from the second term in the right hand side of the second equation in (4.3).

Hd 2i(w,22)G (21, 22)0uG (u, 21) [,u(zl)(zQ,ﬁ) — (Zl,ﬁ)(ZQ,Z)} (10.15)

2
=1

However (10.15) is proportional to

2
w) /2 HdQZZ'/L(ZQ)g(Zl, 29)0.G (u, 21) A(w, 21)A(u, 21) = 0. (10.16)
=1
Similar manipulations are needed to check holomorphy in w of the variations of Bélo) and

Bé2’0) in the analysis below.

10.2 Equation involving BéZ’O)

Next from (9.2), we have that

6uu6ww8 (2,0) Z D54, (10.17)

where we describe the various contributions below.
®5 4 is the 0(82 52) term given by

D54 = / Hd 2i8(21, 22, 23)0wG (W, 21)0wG (W, 22)0,G (1, 21)0,G(u, z3),  (10.18)
by

3
=1

which has the same skeleton graph as ®3 4. ®5 p is an O(awéiazi) term and its complex
conjugate, and is given by

3
®5,8 =/ Hdzzigug(%zl)gug(wzz)[R(w;22,23;71)@19(21,23)311;9(10,21)
2
FR(ws 21, 2915502021, 28) DG (w, 25)|
3
+ [ TL0u0(w. 20,0 (w,20) [ R(eri 22,2000, 0 a1, 20)0,G s 1)
=35

—|—R(23;zl,zQ;ﬂ)823g(21,23)5ug(u, 23)} — 2%y, (10.19)

OWe always ignore divergent contact terms of the form G(z1, 22)62(21 — 22) for reasons mentioned before.
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which has the same skeleton graph as ®3 g. ®5 ¢ is an O(@waﬁzﬁz ;) term and is given by

3
bic = = [ T[T (0,000, 208,00, 209,01, 0):,0 e1,20) ((w,70) (2 22) 2. 20)
=1

+(wa72)(22,ﬂ)(2375)) + OwG(w, 23)0uG (u, 21)02,G (21, 23)D2, G (21, 22)

X <(w,ﬂ)(zl,5)(z2,%) + (w,@)(z2,a)(z1,73))] — 2By, (10.20)

which has the same skeleton graph as ®3 . ®5 p is yet another O(awéuazﬁzj) term and
is given by

3
®5p = —/3 [ 2R (w; 22, 25: 000G (w, 21)0uG (1, 21)0:, G (21, 22)02, G (21, 23)  (10.21)
2% =1

3
_/3HdQZiawg(w7ZQ)OUg(uaz3)822g(zla22)a23g(21az3) (w,ﬂ)(23,71)(21,72)
%=1
+(w771)(2176)(23772) - (M,Z)(21,72)(23,ﬂ) - (w)ZiQ)(z?)inl)(Zlaa)] - 2(p4,.]7
which has the same skeleton graph as ®op. ®5pg is the final set of terms involving

O(@wguﬁzﬁzj) and is given by

4
1 _ _
®s5p = 5 /4 11 @22 (za, @) R(w; 22, 235 20)0:,G (21, 22) 0 G (w, 21)0uG (1, 24) D2, G (23, 24)
2ot
1 [ T _ _
+35 /4 HdQZi(w,ZT)R(ZN22,23;U)6Z1g(z1,zg)ﬁug(u, 21)0wG (W, 24)0.,G (23, 24)
2o
—6Dy K, (10.22)

which has the same skeleton graph as one of those in ®; g.

®5 r involves two derivatives and is given by

3
27 _
(I)5,F = detY 23Z];[ldQZi(ZQ,Zfs)(ZB,,Zl)awg(w,Zl)aug(u, ZQ)A('LU,Zl)A(U, ZQ)

X (g(zl, z3) + G (22, Zs)) —2A0 — 2A1 + Ag, (10.23)

where Ag and A; are given by (10.8) and (10.9) respectively, and

4
Ay = —Z/ Hsz@-@wg(w,Zz)gug(u,&;)g(zl,z:s) R(w;21,23;22)(22,21) (22,7)  (10.24)
D

+R(z4;21,23;0)(w,22) (22, 21) — S (21, 22, 23) (W, Z1) (24,0) — S(zl,zg,z4)(w,5)(z2,ﬂ)} )
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In obtaining ®5 r in (10.23) we also encounter, along with its hermitian conjugate, the
expression

3

— /Egnd 2i(21,23)G (21, 22) 0w G (w, 23) 0, G (u, Zl)[(ZQ, )((w z1)(z3,22) — (w, 22)(23,21))

i=1

o (2,70) ((0,78) (20,7) — (w,0)(25,72) ) |

T
B detY »3

=0, (10.25)

3
[[%zi(22) (21, 28)G (21, 22) 00 G (w, 23) DG (11, 21 ) A(w, 23) Alw, 21)
i=1

leading to a vanishing contribution.
®5  involves terms with no derivatives and is given by

P56 = Hd 2iG(z1,22)G (21, 23) [(ZQ,E)(UJ,ZT)(ZL??,)A(’[U,Zg)A(’U,, z9) (10.26)

detY
+(22, 1) (w, z3) (23, 21) A(w, 21) A(u, 22) + (w, Z2) (22, Z3) (21, 0) A(w, 23) A(u, 21) | -

(2,0)

These terms are similar in structure of those obtained in the variation of By"". How-

ever, there is an extra contribution given by
1 [ L _ _
(1)57H = _Z /4 HdZZiS(Zlsza23)(Z4aﬂ)awg(waZl)awg(wa22)8249(23724)8ug(u734) (10-27)
T4

4
1 _ _
—4/ [ 25 (21, 22, 23) (w,22)0uG (1, 21)DuG (1, 22)0-,G (23, 24) DG (w, 24),
otia

which has the same skeleton graph as ®3 g. Thus this contribution leads us to consider
terms that arise in the variation of a graph with skeleton diagram given by figure 2 (iii).
Again, we have that guuéwaéz’o) is hermitian, as well as holomorphic in w, and anti-

holomorphic in .

10.3 Equation involving BéZ’O)

Finally, from (9.5) we obtain
5uu6ww8 (20) _ Z B 0, (10.28)
yielding the terms we now list. ®¢ 4 is the O(@Eﬁi) term given by

4
(I)G,A = /24 Hdzzi(zlva)(z%%)(z3772)(22771)8wg(w7Zl)a’wg(w724)5ug(u7ZQ)gug(uv 23)7
- (10.29)
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which has the same skeleton graph as ®3 4. ®¢ p is the O(awéiazi) term and its complex
conjugate, and is given by

4
1 _ _
#o = — [ T] 20,000, )0,0(w. )0., (3, 000,90, 20)
=1
X [(24,73)R(Z3; 21, 22;0) + (23, 0) R(24; 21, 22;5)}

4
5 [ T d#20,0(0.20),6 0. 20)0,6 o, 20)2,6 w. 20
by

4 7
=1

X [(23,74)3(11}; 21, 225 23) + (w, Z3) R(z3; 21, 22;74)} —2®5 4,  (10.30)

which has the same skeleton graph as ®3 p.
O.c, Pg.p and Pg g are O(@waﬁzi@,j) terms and are given by

4
%! Z/ Hd2ziawg(wazl)5ug(ua 29)02,G (21, 24)02,G (22, 23)
==
x| (w,23) (3, 0) (22, 70) (20, 30) + (w0, 30) (20, ) (22, 78) (23, 70) .

4
@6 p =/ Hd2zi3wg(w,21)5ug(lb,22)@19(21,24)5229(22,23)
D2t

X [(w7?4)(z4373)(23aa)(22771) =+ (waﬂ)(22773)(23’a)(24a71)

~(20,73) (0 72) e, ) 0, 31) — (o0, )0, 7525, 70) 20,71
4
o — — /E I P0uG(w, 208,520,621, 22)8:,G (22, 2) (10.31)
=1

x| (o2, ) (0, 72) (20, 78) (29, 27) + (w, 30) (24, ) (23, W) (22, 70) | + 8,

and they have the same skeleton graph as ®3 ¢, ®3 p and ®3 . We have split the three
contributions as in (10.31) as this is useful for our purposes.

Next ®¢ r contains terms with two derivatives and is given in appendix D. This can
be simplified giving contributions having two derivatives, as well as without derivatives.
Following the analysis in appendix D, we get that

™

3
oty /23il;IldQZiQ(ZQ,23)P(22,23)0wg(w,zl)ﬁug(u, 21)A(w, z21)A(u, 1)

b p =

8

+ detY

2
/Hd2zi(227Zl)g(zlsz)awg(waZl)aug(uaZQ)A(wazl)A(usz)
= =1

47
detY

3
/ H d2zi(z27 73)(237 Z)a’wg(wv Zl)gug(ua ZQ)A(’UJ, zl)m
£ =1

X (g(zl, z3) + G(22, 23)>
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472

3
- /23 i];[lﬂ(zg)(w,zl)(zg,u)g(zl, 23)G (22, 23) A(w, 21 ) A(w, 22)

2 4 -
vz L T %o ) 70 a1, D 20) B 20
% (G(1, 20)G (22, 28) + 20 (21, )G (22, 20) ) +2(M1 — ), (10.32)

where A; and As are given in (10.9) and (10.24) respectively.?”
®g ¢ contains no derivatives and is given by

2 4
Boc = o /. L2001 20000 20 (07 2 0020

(w, 77) (24, 73) A (w, ZQ)} (21,7) (23, 73) A, 21). (10.33)

Again, we have that Suu6ww[>’é2’0) is hermitian, as well as holomorphic in w, and anti-

holomorpic in wu.

11 Simplifying the structure of variations of the new modular graph
functions

From the above analysis, we see that each of the graphs yields a complicated expression
under the variation 6y,0uw. Thus we would like to relate variations among them in order
to obtain simplifications, as in the previous analysis. We shall see that the structure we

obtain is more intricate than what we had before. Earlier we could relate variations of

Bgz,o) and 852’0), and separately we could relate variations of Béz,o) and B:(f’o). Now we

shall be able to relate variations of all the three modular graphs together.

11.1 Relating variations of Bf’o), Béz,o) and Béz,o)

To begin with, we consider

3
‘1>45,A=/ Hdzzi(22771)(21,73)5wg(w,Zl)awg(w,ZQ)gug(u,Zl)gug(u, 23)02,02,G (22, 23)
D) ]

(11.1)
which has the same skeleton graph as ®12 4, and

4
bioa = [ T[] a1, )0, 0, 10,0 w. 1) (11.2)
it
X 0w G (W, 22)0uG (1, 23)0uG (U, 24) 0, 0.,G (21, 24)

which has the same skeleton graph of ®o3 4.

20This is analogous to the analysis for ®3 r which has terms with two derivatives to start with given
by (C.5), but can be simplified to yield terms with two as well as no derivatives as well given by (C.8).
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Using (4.3), we have that

1

Dys5 4 — 5

1
56,4 = 77(2@4,,4 + &5 4 + 2<I>6,A>. (11.3)

Note that the contribution to ®5 4 arises from both (11.1) and (11.2) put together. This
kind of mixing between the various contributions to obtain the final expression is also true
for several of the equations below.

We next consider

3
bin = [ T]d0.00,208,00 ) [0,0(w, 20,61, 20) (20,50 (w, )
i
F0uG(w, )56 (21, 25) (0, 71) (21, 73) | 2, 02,G 22, 2)

3
[ 21006 (w, 21)0uG (w, 22) [gug(u, 21)9:,G (21, 23) (22, 7) (21, 73)

3
i=1

oy

which has the same skeleton graph as ®1 g, as well as

+5ug<u7 23)5Z3g(zl7 Z3)(227 71)(217 ﬂ>:| 522623g(227 23)7 (114)

4
N / [T 220G w, 21)02, 621, 24)BuG (1, 22)8uG (1, 25) (11.5)
o
X |:('U),74)(24,73)(23,72)521822g(21, 22) + (w772)(z2773)(z472)5248Z3g(z37 Z4)i|
4
+ [ TLe0.9(0 )80, 20,6 1w, 22)0,6 w.2)
>4 i—1

X |:(227 73)(Z3a 74)(247 ﬂ)522 8Z1g(21, 22) + (Zg, 72)(227 ﬂ)(zla 74)5236246(,23, Z4)i| 5

which has the same skeleton graph as ®93 p.
Again using (4.3), we get that

1 1
Qy5.8 — 5(1)56,3 = -7 <2(I)4,B +2®4 5 + P58+ Ps. + 2%,3)- (11.6)

We now consider
3 J— J—
Py5,0c = (w7u)/3 HdQZz' [3229(21,22)@19(21,23)(23,71)8z33zgg(22,23) (11.7)
L)

+02,G (22, 23)0:, G (21, 22) (22, 23) 02,02, G (21, 23)] OwG(w, 21)0,G (u, 22),

which has the same skeleton graph as ®12 ¢, and

4
®56.0 :/ Hdzziawg(w21)3zlg(21,Z4)gug(%zz)5229(22,23) (11.8)
24

=1
| (0,70) (20, 1) (22,702, 02,6 (21, 2) + (0,73) (25, ) (20,7024 020G (22, 24)

which has the same skeleton graph as ®o3 ¢.
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Proceeding as before, we have that
1 1
Pi5.0 — 5Ps6.0 = 7| 2Pac + 2Pa1 + D50+ 5P ). (11.9)

Also we consider

Pysp = /
)

3
= [(w,@)(zz,ﬂ)gug(u, 21)0.,G(21,23)2,02,G (22, 23) (11.10)
i=1

+(w,%2)(22,0)04,G (U, 23)0:,G (22, 23) 02, 02, G (21, 23) | 0w G (w, 21) 02, G (21, 22),

which has the same skeleton graph as ®12 p, and

4
®56 p 2/ Hdzziawg(w7z1)821g(zlyz4)5ug(uv22)522g(227z3)
D2

[ (0,70) (24, 35) (25, W01 9206 (21, 2) + (0, ) (22, 73) (20, 50)

(20, 70) (w0 75) (22, ) — (22 75) (0, 0) (20, 1) ) By 02, G . 20) |, (1L1D)

which has the same skeleton graph as ®o3 p.
Again, we have that

1

1
(1)45,D — §®56,D = ’/T<2q)47D + 2‘1’47(] + (1)5,D + 2¢'6,D>- (1112)

We finally consider?!

4
Dysp.p = /4 HdQZiawg(W21)3zlg(21723)5ug(ua 22)0:,G (22, 24)02,0:,G (23, 24)
i1

X {(22,74)(10,5)(23,6) + (23,71)(11},74)(22,@)}, (11.14)

which has the same skeleton graph as ®12 g = ®23 .
We have that

1
Disr = —2m (2015 + 204 + By + Do) (11.15)

proceeding along the lines of the previous analysis.

2INote that from (11.11) and (11.14) we have that

4
P56, + Puase . = / HdQZiawg(wazl)ang(zhZ4)5ug(u7 22)0:,G (22, 23) (11.13)
i)

0:10:,G(21, 22) + (w,) (22, 78) (24, 71)0240-4 G 20, 24)]

x [(w,zﬁ)(a,%)(zsyﬁ)

as certain terms cancel, which simplifies our analysis later.
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Thus adding the various contributions, we have that

b (BEY B0 4 BEY) = 2(@up + Bag) + B p+ B (11.16)
+% (@60 + o)
—i—% [(2@45,14 - (I’SG,A) — (2‘1’45,3 - @56,B>
+(2<I>45,C - (I)56,C> + (2(1345,1:) - (I)56,D> - (1)456,]3}7

which has a very similar structure to (7.45).

11.2 Simplifying contributions to Biz,o) — B?’O) + Béz,o)

From (11.16), we now simplify the contributions involving the auxiliary graphs ®45 o, P56
(a=A4,...,D) and Pys6  using (4.3).

11.2.1 The contributions to ®45.4 — ®45.B + Pss,c + Pas,D
To start with, we consider the contributions to
Dy 4 — Pus B + Pus.c + Pus.p. (11.17)

A potential contribution with a skeleton graph depicted by figure 16 (i) vanishes as in
section 7.2.
Adding the various graphs, we get that

12

LG
a5 a4 — Pus, B+ Pus.c + Pus,p = Wo — 76 + Z Wi, (11.18)
i=9

where
2 3 _
Wy = 2/23 [ 22w, z0) (w, 22) (22, Wpa(23)G (21, 22)02, G (21, 28)DuG (u, z3) (11.19)
i=1

2 3
—l—% /23HdQZi(’w,ZQ)(Zmu)(zhU)M(2’3)g(21,22)5219(21,23)3wg(w723)
i1

with the skeleton graph depicted by figure 16 (ii). Also

= 5
Uy = 712/E Hdzzig(zl,z2)8wg(w,21)5ug(u, z9) | = p(z1) p(22) (w, )

2 4 2
=1

—p(z2)(w, Z1) (21, W) — p(21)(w, Z2) (22, W) |, (11.20)

with the skeleton graph depicted by figure 16 (iv).
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We also have that

2

Uy = —
1 2detY

3
s [ zin(21) (22, 28)G (21, 23) 00 G (w, 21)0uG (1, 22) A(w, 23) A(u, 25)
i=1

71-2

~ 2detY

3
. [T 2in(22) (23, 71)G (22, 23)
i=1
X 0w G (w, 21)0.G (u, 20) A(w, 21)A(u, 23) (11.21)

with the skeleton graph depicted by figure 16 (v). Thus all these contributions involve two
derivatives.

Finally, we note that W15 which has no derivatives, is given by
2
Wiy =2 [ T] w3 e0,m) (0,30 (21, WG 1, 22)°
%=1

3
e / TT 2w, 3) (22, 1) (w, 27) (21, 75) (2, )G 21, 22)G 22, 23). (11.22)
53
11.2.2 The contributions to (P56,A — (1)56,B + ¢56,C + @56,1) =+ @456,E
We next consider contributions to
D56 4 — Pse,B + Pss,c + Pse,p + Pase - (11.23)

There is a contribution to (11.23) depicted by the skeleton graph in 21 and its hermitian
conjugate. Proceeding as earlier, this contribution is equal to

detY /2ng 2iG(z1,22)G (21, 23) [(w z1)(w, Z2)(z3, )A(zl,zg)m (11.24)

(21,3) (20, 7) (w, 73) A (21, 22) A (w, zg)]
3
~ detY

Hd Zzg zl,ZQ)g(Zg,Z4) |:(w771)(w>72)(z37ﬂ)(zhﬁ)A(z%ZQ)A(UVZ3)

(21,7 (20, T) (w0, 73) (24, 71) D (2, 22) A (w, zg)}

detY /23 Hd zi(w, 77) (w, 23) 05, G (21, 22)0uG (u, 22)G (21, 23) A(22, 23) A(u, 22)

v | 3Hd 4020, 0) (20,00, 021, 22)0uG w0, 22)G (21, 20) Ao 2] A, 22)

Note that the terms without derivatives are exactly the same as the ones in (7.35).
Adding the various contributions, we get that

11
D56 4 — Pse,B + Pse,c + Pse,p + Pusep = 2 Z U; + Uys. (11.25)
=9
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Contributions involving W+ arise at an intermediate stage but cancel in the sum, and
so does a contribution of the form

272
detY

3
g [[ d*2i0uG(w, 21)0uG (u, 22) (22, %) (23, 7)
i=1
><<g(21,Z3) —i—g(zg,zg))A(w,zl)A(u, 29) (11.26)

in the final sum.

The only new contribution ¥;3 has no derivatives and is given by

3
U3 = 27 /23 [ 2w, 20) (21, 0) (w, 22) (22, 25) (23, W)G (21, 22)G (21, 23)
=1

4

-7 /24Hd zi(w, 1) (21, 22) (W, Z1) (24, Z3) (23, W) (22, W) G (21, 24) G (22, 23)

=1

detY/ 1_1“253 w, 77) (29, W) G (21, 23)G (22, 23) A(w, 21) A(u, 29)

_d:tY /24 HdQ,zZ-P(z;;,Z4)(w,71)(zg,ﬂ)g(zl,24)9(22,23)A(w,zl)A(u, 29)

detY /ESHd zig 21722)9(21723){(10 71)(w, %) (23, W) A(21, 22) Au, 23)

+(zl,ﬂ)(z2,ﬂ)(w,73)A(zl,ZQ)A(UJ,23)}

detY Hd 2iG(21, 22) (23,24)[(w,zT)(w,zj)(z;;,ﬂ)(zl,zj)A(zq,zQ)A(u,23)

+(z1,ﬂ)(zg,ﬂ)(w,73)(z4,Z)A(zz;,zg)A(w,23)}. (11.27)

11.2.3 Summing these contributions

From (11.18) and (11.25),we get that

1
o [(2@45,A - (I>56,A) - (2‘1)45,3 - (I)56,B> + <2<I)45,C - (I)56,C>

1 v 1
+<2(I)45,D - ¢’56,D> - (I)45G,E} = — (‘PQ - i) + — (2\1112 — ‘1113>, (11.28)
T 2 2w

and hence several graphs involving derivatives have cancelled.

Including the various contributions from (10.7), (10.10), (10.23), (10.26), (10.32)
and (10.33), we also have that

1 v =~
2(ar + P1a) + or + Bsg + 5 (Por + Pog ) = —5 L + B, (11.29)
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¢ = detY/ Hd zi(w, 77) (22, W) G2 (21, 22) A(w, 21) A(u, 22)

detY /ESH’MZ3 w Zl 225 )g(zlaZS)g(ZZ,Zg)A(w,Zl)m

~ oty /23 Hdzzig(zl,zz)g(zhz?))[(2275)(10771)(21,5)A(w723)A(U7 22)

i=1
+(22, 1) (w, Z3) (23, 21) A(w, Z1)m+ (w,Z2)(22, 23) (21, 0) A(w, 23)m
9 4

[ TP o) 0,20 o0 0) A, 20) B 20
i=1

n T
2detY

% (1, 20)G (22, 28) + 26 (21, 28)G 2, 20) )

4
T2dety /24EdQZig(zl»%)g(zQ,za)[(w,%)(zQ,a)A(w,z4)

+(w,70) (21, ) A (w, 22)] (21,7) (2, ) A, 21) - (11.30)

includes contributions without derivatives.
Thus using the expressions for these various contributions, from (11.16) we get that

1_ -
O (Bf’o) — B0 +Bé2’0)) - [\1,2 - (\116+‘117>} (2\1112 - \1113) +3. (11.31)

Thus strikingly, the terms involving derivatives (Vq, Wg and Wy) are exactly the same
n (7.46) and (11.31).

12 An eigenvalue equation for the modular graph functions

We now proceed to obtain an eigenvalue equation involving the various modular graph
functions, using the crucial input that the terms with derivatives in (7.46) and (11.31) are
the same.

Thus defining

B= (B2 - B3Y) - (B3 - BEY) + (BEY - BEY), (12.1)
and subtracting (11.31) from (7.46), we have that
1_
Zéuuéww[)’ =0, (12.2)

where 1 N N
0= [ (% — \1112) — (\1/8 - \Izlg)} + 3, — B (12.3)

which is independent of derivatives.
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We now see why the absence of derivatives on the right hand side of (12.2) is crucial
to obtain a simple eigenvalue equation, hence justifying the previous analysis. From the
Beltrami variations using (4.5), the left hand side of (12.2) is given by??

iguu(swwlg = WQwI(w)wJ(w)wK(u)wL(u)@IJgKLB, (12.4)

where we have used the expression for the partial derivative

1 0
Ory = §<1+51J)8TU (12.5)

in the composite index notation. This follows from the fact that the holomorphic quadratic
differential 0y, ® for arbitrary ® can be expanded in a basis of wy(w)w(w) for I < J, and
similarly for the anti-holomorphic variation.

Since there are no derivatives on the right hand side of (12.2), we can trivially pull out
a factor of wr(w)ws(w)wk (u)wr (u) with coefficients that are independent of w and w which
follows from the structure of the various terms. Note that the terms involving derivatives
which have cancelled in the final expression have factors of 9,,G(w,z) or 9,G(u,z) and
hence cannot be expressed in this form. Thus expressing © as

e = 47r2w1(w)wj(w)wK(u)wL(u)G)U;KL, (12.6)
from (12.4) and (12.6), we have that
Orj0kB =01k +O1s.0K + Oyrkr +OsrLi (12.7)

on symmetrizing in IJ and KL separately.
Then using the expression for the Laplacian given by

A= 2<YIKYJL + YILYJK>3IJ5KL, (12.8)

we get the equation
1
gAB = <YIKYJL + YILYJK> Or7,KL- (12.9)

The expression for ©1.k, is deduced in appendix E and is given by (E.9).
This yields

1 3 [ ¢

éAB = 5 /22 gdzzig(zl,zg)Q (Q1<21,2’2) —P(Zl,ZQ))

3
+% /23 Zl_Il dZZig(ZL 29)G(21,23) (8(21’72)(22773)(23’71) —Tpu(z1) P (22, 23))

1 4
+§ /24 Hszz‘g(ZhZ4)g(2’2,Z3) (4P(2’1,22)P(Z37z4) —A(21,70) (2, 73) (23, 53) (22, 1)
i=1

~(21,72) (22,70) (20,78) (2,71) ) (12.10)

*2See [32] for a relevant discussion.
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@@ﬁ

@) (i1) (iii)
(iv) (v) (vi)
(vii)

Figure 26. The modular graphs (i) 8(2 0 , (i) Bf’o), (iii) Bgz,o)’ (iv) B?’O), (v) B§2,0)7 (vi) BéQ’O),
and (vii) 652 0,

leading to the eigenvalue equation

T2 4 4B 4 4(BPO - BEY) - BPY (1211

AB =3(BR" - BEY) - 2

involving seven modular graph functions.

(20) _ 520

Interestingly it is only the combination B which arises in the eigenvalue

equation (12.11). Now we have that

B&Q’O) Bffo th Hd 2iG (21, 22)2A(21, 22) A(21, 29) (12.12)

which is free of short distance singularities associated with colliding vertex operators due
to the presence of the holomorphic two form and its conjugate in the integrand. Hence
various divergent terms we ignored actually cancel on adding the various contributions.
Let us now denote the eigenvalue equation (12.11) diagrammatically using modular
graphs. To do, we first depict the various modular graphs by figure 26. Along with the
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Figure 27. The eigenvalue equation.

skeleton graphs, we also denote the dressing factor (z;,z;) by a red line from the vertex at
z; to the vertex at z; with an arrow pointing from z; to z;. Thus the red lines always form
closed oriented loops. The eigenvalue equation is depicted by figure 27.

Since the eigenvalue equation (12.11) involves graphs other than those that arise in
the integrand of the D3R* term, it is not directly useful in integrating over moduli space
to obtain the coefficient of the D8R? term in the effective action. In order to do so, one
must obtain more equations these graphs satisfy, which will be interesting to obtain.
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A Revisiting the D®R* term

In this appendix, we briefly revisit the eigenvalue equation satisfied by the integrand of
the DOR?* term. This has been obtained in [32] using the string Green function in the
integrand, while we perform the analysis using the Arakelov Green function. Proceeding
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as in the main text, from (3.7), we have that

5wa(0,1) 2 )
T = —/ Hd ziP(zl,zQ)&ﬂg(w,zl)ﬁwg(w,ZQ)
20
2
+2/ [ %2i0-,G (21, 22)00G (w, 1) (w, 72) (22, 71), (A1)
25
which satisfies
OB = 0. (A.2)
This leads to .
TﬁgUUéwa(O’l) =@y 4+ Po,B + Po,c, (A.3)

where

®oa = 67(Y ' Yicl — Y'Y 0) /E d?20,G(w, 2)0,G(u, 2)wr(2)wy(2)wi (w)wr, (1),

Oop = =21 (Y,' Ve = Y1 Vi) YABYCD/ Hd ziG(z1, 22)

Xwa(z1)wp (u)wc(w)wD(ZQ)wI(w)wJ(zl)wK(ZQ)wL (u),

2
Boc = ~nPuie¥eh || T]d0u0(0. 2)0,6(u s (z2)or ()
X2

X (wK(w)wA(zl) — wK(zl)wA(w)) (wj(u)wB(zg) — wJ(zg)wB(u)>, (A.4)

where
Pryxn ==Y Y, + 2V Y. (A.5)
This precisely reproduces equation (4.11) in [32] with (®g 4, ®o.B, Po,c) = —4(¢Ya, VB, V)
and G(w, z) = G(w, 2).
Note that each ®g, (v = A, B,C) is invariant under w < @, leading to a hermitian
variation. Also

D (Suuawwza(m)) —0, (A.6)

and hence Ou(gwdwwl?(o’l)) = 0.
We express the quantities in the equations above in terms of the holomorphic bi-form?3
ergA(z,w) = wr(2)wr(w) — wy(z)wr(w), (A.7)

and hence A(z,w) = erjwr(z)ws(w), where €19 = 1.
Apart from this analysis, we use the identity

Y'Yl =Y Yk = erxesn(detY) !, (A.8)

BThus A(4,5) = Az, zj)dzi A dz;j.
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as well as the identities

_ 1 o
(detY) L §€IJ6KLYIK1YJL17

iz (detY) ™! = easenxYapYr, Yicr

at various places in the main text.
Thus from (A.3) we have that

1-— 572 I
b B = /E 2 irl[Q 22,6 (21, 2) (21,7) (0, 53) B (w21 ) A(w, 29),

leading to
ABOD = 5501

along the lines of discussion in the main text.

B An issue with holomorphy for non-conformal graphs

(A.10)

(A.11)

In the analysis in the main text, we have considered conformally invariant graphs. As an

interesting aside, let us consider the complications that arise if we consider non-conformal
graphs instead. For the D®R?* term, they are given by (3.11), (3.17) and (3.21) with

G(z,w) = G(z,w). Let us call these modular graphs B,L»(Q’O) rather than BZ@’O).
)

Proceeding as in the main text, for the equation involving B%Q’O
variation is given by

dun B /
8 s

2
+2 / H d?2,G (21, 22)02, G (21, 22) 00 G (w, 21) (w, Z7) p(22).
s

2
=1

2
=1

(

For the equation involving B22’0), the holomorphic variation is given by

S BéQ,O)

2
_—7 a4 @ - 2/ Hd2ziG(21,Zz)awG(’w,21)2Q1(21,22)
2 i—1

4
/
by

3
H dZZiG(Zl, 2’3)@2(21; Z9, 2’3) <8wG(w, 22)2 — 28wG(w, 21)8wG(w, ZQ))

3
i=1

, the holomorphic

2
H dQZiG(Zl, 29)Q1(21, 22) (awG(w, 21)2 — 0uwG(w, 21)0,G(w, 22))

(B.1)

3
+2Y (Ve Yary = Yien Vi) / TG (1,202, Gl )00 Glw, 20w (w)w (22)
=1

+0.,G(21, 22) 0y G(w, ZQ)OJ[(Zl)U)K(U))} wy(z1)wr (z2)war(z3)wn(23).  (B.2)
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70)

Finally, for the equation involving B§2 , the holomorphic variation is given by

S B
u / Hd Zz 21723)6 G(w 22) Q2(21,22,23)
P

2 3
=1

/Hd 2iG (22, 23)Q(21, 22, 23, 24) O G (W, 21) 00w G (w, 24)
>

42 1
4
LAY Yl - YY) / [] 22625, 25)0:, G (21, 20)0u G w, 21)
54 o
xwr(w)wy(z1)wk (22)wr(22) (Q1(23, z4) — P(z3, ,24)>. (B.3)

We now calculate éw(éwaZ@’o)) for each of these variations. There is a non-vanishing
contribution coming from only the terms of the form (9,G(w, z))? in the expressions above.
This arises using

0 (05G(w. 2)) = —4m8(w — )0 Clw,2) + ... (B.4)

coming from (4.2). We further use

20%(2 — w)0G(w, 2) = —0,6%(2z — w) (B.5)
which leads to non-vanishing contact term contributions. For B?’O) from (B.1), we get
that

= (6wwB™”
O | 2L :—8w/d22Q1(w,z)G(w,z), (B.6)
167 b

while for BéQ’O) from (B.2), we get that

) B(2’0) 1 2
9 [ ZwwT2 ) _ 2 1 - .
811)( 167 > 8w/2\:d ZQI(U),Z)G('LU,Z) + 2811) /22lljld ZZG(’21722>Q2(217U1722).
(B.7)
Finally for B§2,o)fr0m (B.3), we get that
9 5wa§270) 1 2 2
Y\ ter )T 27 iG (a1, Jw, 22). B.
0 < 167 ) 50 /22£Ild 2iG (21, 22)Q2(21; W, 22) (B.8)

Thus the violation of holomorphy is entirely due to contact terms, and the holomorphic
variation is anomalous for each of the non-conformal graphs.?* However, we see that

Bubuw(BZY + B + BEOY — . (B.9)

Hence though each of these graphs that contribute does not have a holomorphic vari-
ation, their sum does. This is simply because the Q1(z1,22)G(21,22)(9wG(w,21))?

24Quch an anomalous term is absent for the D®R* term if one uses the expression involving the string
Green function in the integrand, as the holomorphic variation of the integrand does not have a (9, G (w, 2))?
term.
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term in the integrand cancels between 5wa§2’0) and 5wa§2’O), while the
Q2(21, 22, 23)G (21, 23) (0wG(w, 22))? term in the integrand cancels between 6wa§2’O) and
5wa32’0). This is to be contrasted with the variations of 61(2,0) in section 5, involving the

Arakelov Green function, where each variation is holomorphic.

C Simplifying the structure of ®, p, ®2 r, P2.¢, P3.r and @5 ¢

Let us express @1 p, ®op, P2, P3p and P3¢ given in (6.8), (6.14), (6.15), (6.22)
and (6.23) respectively in a different way which will be very useful for our purposes.
Now @3 ¢ and ®3 ¢ do not contain any derivatives. From (6.15), we get that
2
detY

Oy =—

/23 H d2zig(z1,ZQ)g(zl,zg)u(zl)(w,ﬁ)(zg,ﬂ)A(w,23)A(u,22), (C.1)

i=1,2,3
while from (6.23), we obtain

272
Py o=——
3G detY

/E4A H d2zig(21,,24)g(z2,23)P(23,24)(w,72)(21,H)A(w,ZQ)A(u,zl). (C.2)

i=1,2,3,4

Each of the remaining expressions contain two derivatives, on d,, and one d,,. First
from (6.8), we have that

2 _ -
Oy p = _de:Y - il:[g d*2G (21, 22) 0w G (w, 21)0uG (u, 22) (22, 71) A(w, 21) A(u, 22), (C.3)

while (6.14) yields

T
detY

Dy p =

/23 H dQZi(‘)wQ(w,zl)gug(u,zg)A(w,zl)A(u,@)(z;;,ﬁ)(zy,%)

i=1,2,3

x (g(zl,ZS) +g(zQ,z3)). (C.4)

The first term in (6.14) actually vanishes hence leading to the single term in (C.4).
Finally (6.22) gives us

2 _
% =~y L, IT 62,200,600, 29,6 (. 1)

i=12,3
x A(22, 23) A(22, 23) A(w, 21) A(u, 21)

2 —
_de:-Y 4 H d2zig(227z3)awg(w7Zl)aug(u’ 2;4)
i=1,2,3,4
X (24,7%2) (22, 23) (23, 21) A(w, 21)A(u, 24). ©5)

We now express the two terms in (C.5) differently such that they have similar structure as
the other terms, so that it is useful when we add the various contributions with appropriate
coefficients. For the first term, we use

(detY) P A(22, 23)A(22, 23) = p(22)(23) — P(20, 23). (C.6)
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In fact, (C.6) is a special case of the general result
(detY) ™ Az, 2)) Ak, 20) = (21, 7) (25, 7) — (24, 71) (25, ) (C.7)

which we often use in making such simplifications.

The second term has 9, and 9, and is integrated over four positions. We use (7.34)
judiciously to express it in terms of integrals where terms involving 8, and 0, are not
integrated over more than three positions. This gives us that

b= [ R e R

detY

n 2w
(detY

/24 H d?2iG (21, 23)G (2, 24) P22, 23) (w, 71) (24, W) A(w, 21) A(u, 24)

1=1,2,3,4

H d?20,G (w, 21)04G (u, 21) A(w, 21)A(u, 21) P(22, 23)G (22, 23)
i=1,2,3

A . H PG (21, 22)0uG (W, 21)8uG (1, 22) (22, 71) A, 21) Alu, 2)

detY

4
detY

/ [T d22i0uG(w, 21)8uG(u, 25) (22, 75) (2, ) Alw, 21) A 22)

3
i=1,2,3

x (9(21,23) +g(zz,Z3)). (C.8)

Thus ®3 r also contains some contributions without derivatives.

Adding the various contributions given above, we get that

1
2Pr + P+ 26) + 5 (Par + Do) (C.9)
3
__ T 2, 9 P
- (detY) /23 71;[1 d zzawg(wa z1)8ug(u, ZI)A(wa ZI)A(U7 ZI)P(ZQa Z3)g(221 Z3) + @07

where

- detY /Egjl—ld""Z 21, 22)G (21, 23)p(21) (w, 23) (22, )A(w,z;),)m (C.10)

detY /Z4Hd 2iG (21, 24)G (22, 23) P (23, 24) (w, 22) (21, 0) A(w, 22) A(u, 21).

Hence there is only one contribution having derivatives in (C.9), which has the skeleton
graph depicted by figure 16 (iii).
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D Simplifying the structure of ®¢ ¢

In section 10.3, we have considered the variation Suu(iww[gé?’o) /2. The terms involving two
derivatives are denoted by ®¢ r. We have that

6. detY/ Hdzz 22, 23) P22, 23) 0w G (w, 21)0uG (, 21) A(w, 21) A(u, 21)

= 1
7 / H d*2iG (22, 23) 00 G (w, 21)0uG (u, 2a) [2(10, 71) (24, 21) R(21; 22, 233 1)
==

1 1
+§(z4,ﬁ)(21,ﬁ)R(w;22723;74) - §(w,ﬁ)(24,71)3(21;22723;@
1
3Ptz R(w; 20, 203) + ((w,72) (21,7) — (w, W), ) ) Rz 22, za;zn}
+2(Ay — As), (D.1)

where A; and Ay are given by (10.9) and (10.24) respectively. We can now simplify this
expression to express ®¢ r in terms of graphs having two as well as no derivatives.

To do so, we obtain the relation

4
g /24 [ (24, 70)G (22, 28) 00 G (w, 21)8uG (u, 24) [(w, Z1)R(21; 22, 23;0)
=1

+(21, ) R(w; 22, 23;Z2) — (w, W) R(21; 22, 23; Z2) — (21, Za) R(w; 22, 23; )

4
= _de:Y /24 Hd22i(24,Z)P(z2,zs)g(zz,zs)awg(w,zl)gug(u, z4) A(w, 21) A(u, z4)

- detY /and 2 P(29,23)G (22, 23) 00 G (w, 21)04G (u, 21) A(w, 21) A(u, 21)

+detY /24il_[ld2ziP(22,23)(w,zl)(Z4,u)g(zl,24)g(22,23)A(w,21)A(u, 24), (D.2)

where we have used (7.34) for (z4,%1) to obtain the last equation from the previous one.

We also obtain the relation

4
77/24 Hd2zig(22,23)8wg(w,21)5ug(u, Z4)<(w,74)(z17ﬂ) _ (%@(m,ﬁ))R(m; 29, 231 7)

- detY /EQHd 2i(22,21)G (21, 22) 0w G (w, 21) 04 G (u, 22) A(w, 21) A(u, 22)

dety /EBHd zi(22,73) (23, 21)0wG (w, 21)0uG (1, 22) A(w, 21) A(u, 22)

X <g(21, z3) + G (22, 23))
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- /E 3Hm 0,71 (22, WG (21, 2)G (22, 28) A(w, 1) A(ut 22)

detY /241_‘[d zl ZQ,Z3 w Zl)(z47 )A(W,Zl)A(U,Z;;)Q(Zl,Zg)g(22,24), (D3)

where we have used the relation (7.34) for (z4,%2) and (z3,%z1) in the first line, noting that
R(Z4; 22, 23; 71) — 2(24, 72)(227 73)(235 Z) in the integral'
Hence putting the various contributions together, we get (10.32).

E Obtaining the expression for O,k

We obtain the expression for ©.xr, which is defined using (12.3) and (12.6). Substituting
the expressions for the terms on the right hand side of (12.3), we define

@:éz+é3+é4, (El)
where (:)z is an integral over ¢ insertion points. Thus we have that

~ 272
2 pr—
detY

2
. Hd2zig(zl, 22)?(w, Z7) [(zl,ﬂ)A(w, z9) — (22, 0)A(w, z1) | A(u, z2), (E.2)
i=1

involving two integrals

63:detY Hd %G (21, 22) (21,23)[—(w,Tz)(zz,%)(Z3,ﬂ)A(w,Z1)A(ujz1) (E.3)

- (u(zl)(w,%)(ZQ,ﬂ) + (w,z1)(21,1) (22,23) — (w,ﬁ)(21,73)(22,ﬂ)) A(w, z3)A(u, 22)

+(22,1)(w,73)(23,21) A(w, 21) A(u, 22) + (21,1) (w, Z3) (23, 22) A (w, 22) A(u, zl)} ,

involving three integrals and

04 =

2detY/ Hd 2iG (21, 24) (z2,z3)[(24,%)((zg,zj)(w,,@)(zhﬂ)

+(w,74)(23,ﬂ)(z1,72) - (w,ﬁ)(23,72)(21,ﬂ)>A(w, ZQ)A(ua Zl)

—(w, z3) (23, 22) (22, Z2) (21, 0) A(w, z4) A(u, 21)} (E.4)

involving four integrals. Note that each ©, is hermitian.
We next define

0; = Ar’wy (w)w; (w)wr (W)wr (W)O i)yryx - (E.5)

This leads to the expressions
OrrkL = / Hd 2iG(z1, 22) IP1YKQm

x [WQ(zl) (YJ—L 1(z) — YJ—]@YL—J;WM(ZQ)WN(ZZ))

—wg(22) (YJL (21,7%2) — Y;A}Y;];MM(ZQ)wN(zl))} (E.6)
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from ég,

O@)yrKL =

/3 Hd 2iG(z1,22)G (21, 23) { - Yl}lYQ}l{(zQ,73)wp(22)wQ(23) (E.7)
%=1

< (Yiu(e) = Y Yoo en (1))
s (Y[K(zg,zg) Vvl (2 )wN(Z3))(M(zl)wp(zng(zZ)

(22 mwr (2 )wg(21) - (21, F)wr (z1)wq(22) )

Y Yien (23, 20w (23)wn (22) (Yf;(zl,@ - Y;;Y;C;wp@)%(zl))
N (21 (

Yk (s, T Gawon (1) (Y77 (22, 71) = ViR Yidwr (e (22) )|

from (:)3, and finally

Ourikr =

1 —
xY;p YLQ

/ Hd %G (21,24)G (22, 23) {(Z4,73) (YI}{I(Z%ZT)—Yﬁ\}Yﬁ,wM(m)wN(zQ))

(<z3,z7>wp(zQ>wQ<zl> + (a1, 2)wr (za)wq(z) — (20, Bwp (zawg(=1))

—(23,72) (22, 22) Y131 Yy ywnr (23)wn (21) (YJL (24,21) — YJ_PlYL_QlWP(zl)wQ(Z4))} (E.8)

from é4.

Thus we have that

Open Access.
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