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ABSTRACT: Neumann boundary condition plays an important role in the initial proposal
of holographic dual of boundary conformal field theory, which has yield many interest-
ing results and passed several non-trivial tests. In this paper, we show that Dirichlet
boundary condition works as well as Neumann boundary condition. For instance, it in-
cludes AdS solution and obeys the g-theorem. Furthermore, it can produce the correct
expression of one point function, the boundary Weyl anomaly and the universal relations
between them. We also study the relative boundary condition for gauge fields, which is
the counterpart of Dirichlet boundary condition for gravitational fields. Interestingly, the
four-dimensional Reissner-Nordstrém black hole with magnetic charge is an exact solution
to relative boundary condition under some conditions. This holographic model predicts
that a constant magnetic field in the bulk can induce a constant current on the boundary
in three dimensions. We suggest to measure this interesting boundary current in materials
such as the graphene.
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1 Introduction

BCFT is a conformal field theory defined on a manifold M with a boundary P where
suitable boundary conditions (BC) are imposed [1, 2]. It has important applications in
quantum field theory, string theory and condensed matter physics. For interesting devel-
opments of BCFT and related topics please see [3-19]. In the spirit of AdS/CFT [20],
Takayanagi [21] proposes to extend the d dimensional manifold M to a d 4+ 1 dimensional
asymptotically AdS space N so that ON = M U @, where @ is a d dimensional manifold
which satisfies 0QQ = OM = P. See figure 1 for the geometry. We remark that, unlike M,
the bulk boundary @ is not the conformal boundary of the manifold N. In particular, it
is located at finite position instead of infinity. A central issue in the construction of the
AdS/BCFT is the determination of the location of Q in the bulk. [21] propose to use the
Neumann boundary condition to fix the position of Q. The holographic BCFT with Neu-
mann BC has produced many elegant results and passed several non-trivial tests [22, 23].
In particular, it obeys the universal relations between Casimir effects and Weyl anomaly [5].

In general, there are more than one consistent BCs for a theory. For example, one can
impose either Neumann (Robin) BC or Dirichlet BC for scalars [24]

Neumann (Robin) BC : (On +v¥)plon =0,

(1.1)
Dirichlet BC : olany = 0.



Figure 1. Geometry of holographic BCFT.

Similarly, both absolute BC and relative BC work well for Maxwell fields [3]

Absolute BC : Frilon =0,

(1.2)
Relative BC : *Frilon =0,

where n denote the normal direction, ¢ denote the tangent direction and *F is the Hodge
dual of the field strength F. It is remarkable that absolute BC and relative BC correspond
to Neumann BC and Dirichlet BC, respectively [25]. Let us explain this in more details
below. Consider the variation of the action of Maxwell fields and focus on the boundary
terms, we get

6 =— [ VhF,5A (1.3)

ON

For a well-defined action principle, one can impose either Neumann BC

fni|8N = 07 (14)
or Dirichlet BC such as
Ailan =0, (1.5)

up to some gauge transformations. It is clear that Neumann BC (1.4) corresponds to
absolute BC of (1.2). Now let us discuss the Dirichlet BC (1.5). Note that A; is defined
up to some boundary gauge transformations, i.e., A; ~ A; + ;. Instead of using (1.5)
directly, it is more convenient to impose its gauge-invariant form

fij’E)N =0, (1.6)

which is equivalent to
*Fon = A" IK Fiplan = 0. (1.7)
Here )\ is an unimportant constant, n denote the normal direction and (i,. .., j, k) denote

the tangent directions. Now it is clear that relative BC (1.7) indeed corresponds to Dirichlet
BC (1.5), (1.6).

For gravity, there are also several possible choices of BCs such as Dirichlet BC [26, 27],
Neumann BC and conformal BC [27-29]. As we have mentioned above, the Neumann
BC plays an important role in the construction of holographic BCFT [21]. As a key
characteristic, the BC for holographic BCFT should not only select the solutions to Einstein



equations but also determine the location of bulk boundary Q. In other words, the position
of bulk boundary @ cannot be freely choosen but determined by the BC of gravity. This
is indeed the case for Neumann BC [21].

A natural question is that, “Can Dirichlet BC do the same job for holographic BCFT?”.
Recall that usually one imposes Dirichlet BC on the AdS boundary M in AdS/CFT. Thus
it is natural to impose Dirichlet BC on the bulk boundary @ too. The key problem one
needs to clarify is that, could Dirichlet BC fix the bulk boundary @ and yield consistent
results for holographic BCFT? In this paper, we give a positive answer to this question.
We find that AdS is a vacuum solution to Dirichlet BC and the g-theorem is obeyed
by this theory. What is more, Dirichlet BC can also produce the correct forms of one
point function, the boundary Weyl anomaly and the universal relations between them. It
is remarkable that the central charge for Dirichlet BC is less than or equal to that for
Neumann BC. We also study Dirichlet-like BC for gauge fields, the relative BC, and find
an exact solution in four dimensions. Interestingly, the holographic theory predicts that
there is a constant current on the boundary, when a constant magnetic field is applied in
the bulk. And the boundary current gains the maximum value at zero temperature. It
should be mentioned that we have used many methods of [5, 17] in this paper. [5, 17] have
developed interesting approach to solve solutions to Neumann BC, and we apply these
methods to discuss holographic BCFT with Dirichlet BC in this paper.

The paper is organized as follows. In section 2, to warm up, we study the BCs of gauge
fields in holographic BCFT. We show that both the absolute BC and the relative BC work
well for gauge fields. In section 3, we generalize our discussions to gravitational fields and
show that, similar to Neumann BC, Dirichlet BC can also produce the correct one point
function of stress tensor and universal relations between Casimir effects and Weyl anomaly.
In section 4, we study the properties of Casimir coefficients and central charges for different
BCs. Finally, we conclude with some open questions in section 5.

2 Boundary conditions for Maxwell fields

In this section we study the BCs of Maxwell fields in holographic BCFT. This can be
regarded as a warm-up for the gravitational case. We find that both absolute BC and
relative BC can yield the expected asymptotic behaviors of one point function of current
near the boundary. Furthermore, both BCs can reproduce the universal relations between
the current and Weyl anomaly.

2.1 Current and Weyl anomaly

For the convenience of readers, let us briefly review the Weyl anomaly induced current for
BCFT [16, 17]. In general, the renormalized current of BCFT is singular near the boundary
and takes the asymptotic form

Bdﬂn 1
<J7, >= .CUd_3 +0 W 5 l’NO, (21)

where x is the distance to the boundary, d are the dimensions of spacetime, Fj; is a
background field strength and n; is inward-pointing normal vector. It is remarkable that



Bq are determined by the central charges of Weyl anomaly. For example, we have

B4 = 4b1, B5 = 2by (2.2)

where b1, by are defined by the Weyl anomaly of 4d BCFT and 5d BCFT respectively,
A= / V9[b1FijF¥ 4 curvature terms], (2.3)
M

A= VhlbyFyp F¥ 4 b3 Fo F® + (extrinsic) curvature terms). (2.4)
oM

Notice that, since by is the bulk central charge, it is independent of the choice of BCs. As
a result, the near-boundary current (2.1) is universal in four dimensions. One the other
hand, b9 is the boundary central charge, which implies that the current depends on BCs in
five dimensions. Finally, it should be mentioned that there are boundary contributions to
the current which can exactly cancel the apparent “divergence” in the bulk current (2.1)
at x = 0 and define a finite total current [16].

2.2 Probe limit

In [17], we have proved that the absolute BC can produce the expected form of near-
boundary current (2.1) and the universal relations (2.2). In this section, we show that this
is also the case for relative BC. What is new for relative BC is that there are non-trivial
contributions to the current from the bulk boundary (). Such contributions are important
in order to recover the universal relations (2.2).

We start with the gravitational action for holographic BCFT

I= /N e (R —2A — ifwf“”> +2 /Q V(K =T), (2.5)

where F = dA is the bulk field strength which reduces to F' = dA on the boundary M, K
is the extrinsic curvature on @) and 7 is a constant parameter which can be regarded as
the holographic dual of boundary conditions of BCFT [30, 31]. Takayanagi [21] proposes
to impose the Neumann BC on @

Kap = (K = T)yap =0, (2.6)

which can not only fix the location of boundary ) but also the bulk metrics. In other words,
not all the solutions to Einstein equations are allowed in holographic BCFT [21]. Instead,
they have to satisfy the Neumann BC. Ignoring the bulk Maxwell fields, [21] find AdS

5 dz? + dx? + Sapdy®dy®
= 2 7
z

ds (2.7)

is a solution to the Neumann BC (2.6), provided that the embedding function of @ is
given by
x = —sinhp z, (2.8)

where we have re-parametrized T' = (d — 2) tanh p.



Now let us turn to discuss BCs of Maxwell fields. In general, there are two consistent
BCs on @ for Maxwell fields, i.e., the absolute (electric) BC and relative (magnetic) BC

Absolute BC : NEFLL =0, (2.9)
Relative BC : N#*Fu, =0. (2.10)

Here N* is the normal vector on @ and *F is the Hodge dual of F. The absolute (electric)
BC is the Neumann BC, since it fixes the current on the boundary. On the other hand,
relative (magnetic) BC is the Dirichlet BC in a certain sense, since it fixes the gauge fields
on the boundary up to some trivial gauge transformations. To see this, let us recall the
fact that N#*F,, = 0 implies that v,V F = Fgpe = 0 (7}, are projector operators from
N to @), which fixes the field strength of induced gauge fields on the boundary.

For simplicity, we focus on the probe limit, i.e., AdS spacetime (2.7) with the bulk
boundary @ located at (2.8). This is sufficient for the study of the leading order of current.
That is because the leading term of current (2.1) is of order O(F'), while the back-reaction
of Maxwell fields to AdS is of order O(F?) [17]. For plane boundary, A,, depends on only
the coordinates z and x. And the Maxwell’s equations can be solved with A, = A.(z),

A, = Az (x) and
202 A, — (d —3)0, A, + 202 A, = 0. (2.11)

Similarly, the BCs (2.9), (2.10) become

Absolute BC : (0z A4 + sinh po,A,) o vsinhp 0, (2.12)
Relative BC : (05 A, — sinh p0,.A,) o vsinhp 0. (2.13)

Inspired by [5], we consider the ansatz for the gauge field
As=AD + ALf(2), (2.14)

where f(0) =1 and ALY are constants. The Maxwell’s equations (2.11) become
s(s®+1)f"(s) — (d—3)f'(s) =0, (2.15)

which has the general solution

d—2 d=3 d=2.d. 2
S 2F1( 2 757_3)

d—2 ’

£(s) =1+ ag (2.16)

with oy an integration constant. It should be mentioned that, in order to get regular so-
lutions at x = 0, suitable analytic continuation of the hypergeometric function should be
taken when one express the above solutions in terms of the coordinates z and x. Substi-
tuting (2.16) into (2.12), (2.13), we solve the integration constant

(2 — d)csch?p(— coth p)@
cschp o Fy (d—g?’, %; g; —csch2p) (coth p cschp)? + (d — 2) cosh p coth? p(—cschp)d’
(2.17)

QAd =




for absolute BC and
(2 — d)(—cschp)?~4

- d—3 d—2.d. 2\’
2y (7, 457 §; —esch’p)

ORd (2.18)

for relative BC. Similarly, suitable analytic continuation of the hypergeometric function
should be taken in order to get smooth function at p = 0. For example, we have for d = 4, 5,

2
=1 = 2.1
= 4= +4tan~! (tanh (%))’ (2.19)
1 2

1t coth p’ R = dtan—? (tanh (%)) + 2cschp’

QR4 (2.20)
Now we are ready to derive the holographic current for BCFT. Consider the variation
of effective action for BCFT, in general, we have [2]

Lo = / VI A + / \/E[j<0>a5Ag0>+ j<1>a5Agl>+...] (2.21)
M P

where At(zn) are defined in the gauge field of BCFT A, = Aflo) + A((Ll)l‘ + ..., Jiand j(™a
are bulk and boundary operators respectively. In general, both J* and j(™? are divergent.

Near the boundary, there is no meaning to distinguish the divergent parts of the bulk
(n)

current J; and boundary operators j; Only the combination of the bulk current and
boundary operators have physical meaning. According to [32, 33], one can always regulate
the effective action by excluding from its volume integration a small strip of geodesic
distance € from the boundary. Then there is no explicit boundary divergences in this form
of the effective action, however there are boundary divergences implicit in the bulk effective

action which is integrated up to distance €. Now the variation of effective action becomes

5o = / NGTORYY (2.22)
M.

where M, denotes x > €. The boundary operators are absorbed into the total bulk current
Jtin (2.22). One can recover the boundary operators after the integral up to = = €. Let
us consider a simple example with go = h =1 and Ji=1 /x™. We have

li
Slog = / dzdy?'——6 [Agm + AV 4 ]
r>€ x™m

= bulk terms + /

r=€

K /i
d—1|__ b e A
W' | A+ gt A+ @)

which recovers the divergent parts of boundary operators.
Let us go on to consider the holographic theory. Consider the variation the on-shell
action (2.5) with respect to gauge fields, we have

5T = / VAN FI A, + / VINJFI6 A, (2.24)
M Q

To make consistent (2.24) and (2.22), we should transform the integral on @ into the
integral on M,. There are two ways to do so. First, one can do the integral along the



bulk direction z on @ and get integrals on P. Then we choose a suitable renormalization
as above to transform the divergent terms on P into the integral on M,. Second, one can
choose the same coordinates (z,y,) on @ as on M and rewrite d.A;|g in terms of 64;.
Then integral on ) becomes integral on M. These two methods give the same results for
the divergent parts of current. Below we take the second method for simplicity. The key
point is that, on-shell, both A, on M and @ are functions of background gauge fields A;
of BCFT. For example, from (2.14) we have on M

Ailar = lim A; = A; +) A" = A (2.25)

n=1

Similarly, from (2.8), (2.14) we have on @
Ailg = A((lo) + Agl)xf(—cschp) + O(:L'2) = A; + 20, A4; (f(—cschp) — 1) + O(:L'2) (2.26)

Substituting (2.25) and (2.26) into (2.24), we can derive the current via the definition

1 a1
V90 0A;]
where we have ignored the hat for the bulk current, gy is determinant of the metric of
BCFT. For our case, we have \/go = 1,,/g = 1/24, VY= cosh p sinh®! p/xe.

We discuss the current for absolute BC and relative BC separately. For absolute
BC (2.9), the current on ) vanishes and (2.24) is simplified as

1

(2.27)

az ) ;
oI = / VN, FH A, = / V90 d'i dA", (2.28)
M M z
from which one can read off the current [17]
J’i = lir%) Zd73 = _O[Adw + O <33d4> . (229)

In the above derivations, we have used (2.14), (2.16) and Agl) = F,;. The near-boundary
current (2.29) takes the expected form (2.1) with 4 = —a44. Furthermore, it is proved
in [17] that the coefficients avaq, a5 (2.19) obey the universal relations (2.2).

Now let us go on to discuss the relative BC, which is one of the new results of this paper.
For relative BC, there are non-trivial contributions to the current from the near-boundary
region of (). Substituting (2.13), (2.14), (2.26) into (2.24), we get

51 = / drdy’+ B s g
M T

th2 o h 3—d g1/ ho)F. ¢
—|—/Qd.%’dyd_1co P( cse pl).d_gf( cse p) n (5A1‘Q, (230)

where f(s), apq are given by (2.16), (2.18). Following the methods for absolute BC, one
can derive the first line of (2.30). As for the second line, we need to work out 6.4|¢g, which
can be derived from relative BC (2.10). As we have shown in the Introduction (discussions



between (1.3) and (1.7)), the relative BC (2.10) is equivalent to fixing the field strength of
induced gauge fields
Fijlo = 9iAjlq — 9jAilq =0, (2.31)

where 2! = (x,y?) are coordinates on the bulk boundary Q. Since we focus on the solutions
depending on only z and z in the bulk, the induced gauge field A|g depends on only z:

Alg=A0 fyz+ . fyua™ ... (2.32)

where 7, are constant vectors to be determined. Substituting A|g into (2.31), we solve
v; = 0 and thus

Alg = A0, (2.33)

From (2.25) and (2.33), we have
SAilg =6A" =5 <Ai — 20 A+ ..+ (—1)m%agmi +.. ) . (2.34)

The cases for d = 4 and d > 4 are a little different. We discuss them respectively below.
For d = 4, there are non-trivial contributions from @ to the current. We have on leading
term

E 1-— E,
N :/ dwdy?’mé/lz +/ dxdy?’%é[/li + O(x)]
M T Q T
= / drdy® -5 A", (2.35)
M X
which yields the current
Fin

Ji = +0(1). (2.36)

X

Note that (2.36) is exactly the same as the current with absolute BC (2.19), (2.29). This
is consistent with the fact that the current is independent of BCs in four dimensions. As
we have mentioned above, the current with absolute BC obey the universal law (2.2) [17].
So does the current with relative BC (2.36). This is a non-trivial test of the validity of
relative BC (Dirichlet BC) in holographic BCFT.

As for d > 5, it is remarkable that the contributions on @ cancel out,

_ a-19raF, o i-1raF,’

> (A

m=0

Fi_.
= / dody’ TR0 5 40, (2.37)
M €T
As a result only the usual terms on M contribute to the current. We thus have

g, = —2rabin o <1> : (2.38)

xd-3 x



which takes very similar expression as the current with absolute BC (2.29). In [17], we
have proved for d = 5 that the current with absolute BC (2.29) satisfies the universal
relation (2.2). To do so, we take into account the back-reactions to AdS from the bulk
Maxwell fields up to order O(F?) and then calculate the holographic Weyl anomaly. Finally,
we compare the central charge by in holographic Weyl anomaly with the current coefficient
Bs5 = —apgs and verify (2.2). Following the same approach, we can prove that the current
with relative BC also obey the universal relation (2.2). Since the proof is almost the same
as that for absolute BC, we do not repeat it here. In fact, one only needs to replace as by
aps in the proof of [17].

Now we have proved that both absolute BC and relative BC can derive the correct one
point function of current and universal relations between the current and Weyl anomaly.
This is a strong support that both absolute BC (Neumann BC) and relative BC (Dirichlet
BC) are consistent in holographic BCFT.

2.3 Exact solutions

In the above subsection, we have investigated perturbation solutions in holographic BCFT.
In general, it is a non-trivial problem to find exact solutions to Einstein-Maxwell equations
after imposing BCs on (). Here we notice that the four-dimensional Reissner-Nordstrom
black holes are exact solutions to holographic BCF'T, provided that the bulk boundary
is perpendicular to the AdS boundary M.! Interestingly, the magnetic charged Reissner-
Nordstrom black holes satisty the relative (magnetic) BC and predict that there is a con-
stant boundary current on P, when a constant magnetic field is applied on M for 3d BCFT.

Now let us list the main results. We find the electric charged Reissner-Nordstrom black
holes satisfy the Neumann BC (2.6) and absolute BC (2.9) imposed on Q.

_ dz?/f(2) — f(2)dt? + dx® + dy?

metric : ds? 3 ,

z
gauge field : A = qzdt, (2.39)
Q: x =0,

where f(z) = 1 — M23 + ¢>2*/4 and recall that we have T = p = 0. In the dual picture,
we have zero background gauge field

A=1limA=0, (2.40)
z—0
but non-zero charge density on M
Jir =q. (2.41)

The above picture is a little trivial, since it does not tell us new stories compared with the
case without boundary.

Now let us consider magnetic charged Reissner-Nordstrom black holes, which is more
interesting. One can check that, for T'= p = 0, the magnetic charged Reissner-Nordstréom

Tt should mentioned that the authors of [34] also notice that Schwarzschild-AdS black holes are solutions
to holographic BCFT when the @ is perpendicular to the AdS boundary M.



black holes satisfy the Neumann BC (2.6) for metrics and the relative BC (2.10) for
gauge fields

_ dz?/f(z) — f(2)dt? + dx® + dy?

metric : ds? 5 ,

z
gauge field : A = (ay + Bzx)dy, (2.42)
Q: x =0,

where f(z) =1 — M2z®+ B?2%/4 and the constant a,, is the background gauge field on the
boundary P. In the dual picture, we have a constant magnetic field on M

B =F,y, (2.43)
and non-zero current on P
Jy = Bzp, (2.44)

where 2, is the location of outer horizon, i.e., f(zp) = 1 — Mz} + B%z}/4 = 0. To derive
the boundary current (2.44), let us consider the variation of action. Substituting (2.42)
into (2.24), we have

ol :/ dzdtdy B da, = / dtdy Bz, day, (2.45)
Q P

which gives the boundary current (2.44). Notice that since the boundary current is finite,
there is no need to perform the approach (2.22) of section 2.2, which is developed for the
divergent parts of current.

Let us make some comments on the boundary current (2.44). First of all, the holo-
graphic BCFTs with relative BCs predict that there is a constant boundary current on P,
when a constant magnetic field is applied on M in three dimensions. Secondly, the current
depends on both the magnetic field and the temperature

f'(rn)

Tiom = === = 27 (3M — B%z,), (2.46)

where we have M* > (4/27)BS in order to avoid the naked singularity, and the temperature
vanishes when the lower bound of mass is saturated. Thirdly, the absolute value of current
decreases as the temperature increases. In particular, the current gains its maximum
absolute value at zero temperature

B
Jy = 127 —— (2.47)

Nz

while vanishes in high temperature limit

3B 1
=22 40 () | 248
]y ﬂem nQem ( )

Fourthly, it should be mentioned that T'= p = 0 is the dual BC preserving the maximum
(half) supersymmetry [39]. And it seems that the non-renormalization theorem holds for

~10 -



such BCs. As a result, the dual strongly-coupled BCFTs can be mimicked by free BCFTs.
Thus the above prediction would also apply to some kinds of free BCFTs with suitable
BCs. For general BCs, there would be both bulk current and boundary current. Last but
not least, it is expected that a constant magnetic field in the bulk M can induce constant
boundary current on the boundary P for general boundary quantum field theory (BQFT).
The boundary current increases as the magnetic field is enhanced, while decreases as the
temperature and the mass of charged particles increase. In the zero temperature and mass
limit, from the dimension analysis and isotropy, the boundary current takes the general form

e3 B
Jy = Ao e\ +——=, (2.49)
! h\/1B]

where we have recoverd the units, e is the charge, c is the speed of light, A is the Planck
constant and Ag is a dimensionless constant determined by the theory. It is remarkable
that this current is detectable. For B = 1T and 9 = 1, we have

j, ~ 0.0003A. (2.50)

It is interesting to measure such boundary current in some (1+2) dimensional systems with
boundaries, such as graphene [35-38]. To enhance this effect, one should try to decrease
the temperature and the effective mass of charged particles in materials.

To end this section, we remark that the holographic BCFT (2.5) has electromagnetic
duality in four dimensions. And the absolute BC and relative BC are dual to each other.
This is another support that both absolute BC and relative BC are well-defined. Let us
briefly discuss the electromagnetic duality in four dimensions below. By ‘electromagnetic
duality’, it means the theory is invariant under the following transformations

1
‘F;,LV — *F/uz = ie;u/pafpgv (251)

which transform electric field and magnetic field into each other, i.e., (E, B) — (¢B,—FE/c)
(c is the velocity of light). Applying the formula

er/]:,ul/ — *]:uu*fuy, (252)

we find that the action of holographic BCFT (2.5) is indeed invariant under the electro-
magnetic duality transformations (2.51). And it is obvious that (2.51) transform absolute
BC N*F,, =0 (2.9) into relative BC N*#*F,,, = 0 (2.10). So the absolute BC and relative
BC are indeed dual to each other. Similarly, one can show that the electric charged black
hole (2.39) and magnetic charged black holes (2.42) are dual to each other, provided that we
set the parameter B = ¢. First, it is obvious from (2.39), (2.39) that the metrics of electric
charged black hole and magnetic charged black holes are exactly the same for B = q. Sec-
ond, one can show that the electromagnetic duality transformations (2.51) transform the
field strengths of electric charged black hole into the field strengths of magnetic charged
black hole. From (2.39), we get the non-zero components of field strength F,; = ¢ for

- 11 -



electric charged black hole. Under the electromagnetic duality transformations (2.51), it
transforms to

fzt%*fzt:j"xy:% (253)

which is exactly the field strength (2.43) of magnetic charged black hole for ¢ = B. Now
we finish the proof of our statements. To summary, the electromagnetic duality transfor-
mations (2.51) transform electric charged black hole satisfying absolute BC into magnetic
charged black hole satisfying relative BC.

3 Holographic BCFT with Dirichlet BC

In this section, we study the Dirichlet BC for holographic BCFT. We find that, similar to
Neumann BC, Dirichlet BC can also yield the expected one point function of stress tensors
and the universal relations between stress tensors and Weyl anomaly.

Consider the variations of action (2.5) with respect to the metric, we have

6l = /Q VK = T)y — K916, (3.1)

To have a well-defined action principle, one can impose either Neumann BC (2.6) or the
Dirichlet BC

Dirichlet BC fixes the induced metric on the boundary. To proceed, we must specify
what kinds of metrics we choose. The most simple and natural one is the AdS metric,
which satisfes

Rinkl + sech®p(vie vt — Yavjk) = 0, (3.3)

with p a free parameter of the model. The Dirichlet BC (3.3) is the central assumption
of this paper. Of course, one can choose the other metrics such as those of asymptotically
AdS, black holes and so on. For simplicity, we focus on AdS and leave the study of other
choices to future work. Another reason to choose the AdS metric is that it can be easily
written into covariant form (3.3). We remark that (3.3) is the gravitational counterpart of
the relative BC (2.10) for gauge fields, since they both fix the curvatures of induced fields
on the boundary.
The good BCs for holographic BCF'T should satisfy the following requirements:

(1) It should be neither too strong nor too weak. In particular, it allows AdS to be a
solution.

If the BC allows no solutions or only a limited number of solutions, it is too strong.
On the other hand, it is too weak if all the solutions to EOM are allowed. In general,
there is a narrow window of consistent BCs. We also hope AdS is a solution so that
we can apply AdS/CFT.
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(2) It can fix the location of bulk boundary Q.
This is the central problem in the construction of AdS/BCFT.

(3) It can produce the expected ome point function of stress tensor (current), Weyl

anomaly and universal relations between them.

In this section, we will show that Dirichlet BC satisfies all the above requirements.
So the holographic BCFT with Dirichlet BC is well-defined. As a quick check, we notice
that the Poincare AdS (2.7) together with the embedding function of @) (2.8) are indeed
solutions to the Dirichlet BC (3.3). As a result, holographic BCFT with Dirichlet BC
share most of the advantages of holographic BCFT with Neumann BC [21]. In particular,
it obeys the holographic g-theorem due to the fact that the two kinds of holographic BCFT
have the same g-functions To see this, let us show some details below. We require that
the Poincare AdS (2.7) is a solution to Dirichlet BC (3.3) for some suitable embedding
function of Q. For simplicity, we assume the embedding function is independent of y,

x=—F(2). (3.4)

Substituting (3.4) into (2.7), we get the induced metric on @

(1+ F'(2)2)d22 + updy’dy”

22

dsg = (3.5)
Imposing the DBC (3.3), we can solve F(z). From (z,y1, z,y1) components of DBC (3.3),
we get

1+ F'(2)? — sech?p (1 + F’(z)Q)2 + %z (F'(2)%) =o0. (3.6)

Since the curvatures of (3.3) have only one independent component in two dimensions,
there is only one independent BC (3.6) for d = 2. As for d > 3, we have more independent
components of curvatures and thus we have more BCs in addition to (3.6). For example,
from (y1,y2,y1,y2) components of DBC (3.3), we derive

F'(2)? = sinh? p. (3.7)

It is clear that there is no (y1,y2,y1,y2) component for DBC (3.3) in two dimensions.
Thus (3.6) works for both d =2 and d > 3, but (3.7) works only for d > 3.

Let us firstly discuss the case for d > 3. One can check that if (3.7) is satisfied, all the
components of (3.3) are automatically satisfied. As a quick check, we find this is indeed the
case for (3.6), i.e., the (2,91, 2,y1) components of DBC (3.3). Thus let us focus on (3.7).
We choose the boundary at = 0 which fixes the integration constant F'(0) = 0. We make
the choice that

F'(z) = sinh p, (3.8)

in order to get same solution as Neumann BC (2.8). Note that, the trace of extrinsic cur-
vature is positive for this choice for p > 0. Finally we obtain the embedding function (2.8).
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Now let us turn to the case for d = 2. As we have mentioned before, there is only one
independent BC (3.6) for d = 2. Solving (3.6), we obtain

22 cosh? p

F'(2)? =sinh? p — (3.9)

where ¢ is a integration constant. Note that the left hand side of (3.9) is positive, while the
right hand side of (3.9) could be negative for sufficiently large z. To avoid inconsistency,
we must have ¢; = co and (3.9) reduces to (3.7). Following the above method, we get the
embedding function (2.8) for d = 2.

Now we have shown that, holographic BCFTs with DBC and NBC have the same
solutions, i.e., Poincare AdS (2.7) together with the embedding function of @ (2.8). As
a result, they have the same boundary entropy and boundary central charges related to
Euler densities and thus both obey g-theorem. Let us show more details below.

For simplicity, we focus on the holographic g-theorem for 2d BCFTs. Since holographic
BCFTs with NBC and DBC have the same solutions, the following discussions apply to
both of them. The g-theorem claim that the boundary degree of freedom (g-function)
decrease under the RG flow. On the AdS boundary z = 0, we require that the g-function
g(z) reduce to boundary entropy, which is a natural candidate for boundary degree of
freedom. According to [21], the boundary entropy is defined by the difference between
entanglement entropy with p = p* and that with p =0

Shay = Sa(p*) — Sa(0), (3.10)

where the subregion A is defined by 0 < < [. One can use RT formula [40] to calculate
the holographic entanglement entropy above. Following exactly [21], we have

Shay = éif. (3.11)

Without loss of generality, we can choose g-function as

g(2) = —2'(2) (3.12)

so that we have g(0) = sinh p* = sinh(4Spq4y) from (2.8).
Now imposing the null energy condition on @ [21], we get

wI/(Z)

(K — Ky)mtm? = — =5
W a z[1+ x’(z)z]%

>0, (3.13)

where T, = (K, — Kv,,) are the Brown-York stress tensor on @ and the null vectors are
given by m# = (m*,m!,m®) = ((1+2/2)71/2,£1,—2'(1 + 2/2)"1/2). From (3.12), (3.13),
we derive

0.9(z) <0, (3.14)

which shows that the g-function (boundary degree of freedom) is a monotonically decreasing
function under the RG flow. Note that x(z) in our notation differs by a minus sign from that
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of [21]. Recall that we have choose K > 0 for the solutions. If we choose K < 0 instead,
we would get Spqy = —4 and thus negative g-function, which disagrees with g-theorem.

As a summary, the Dirichlet BC (3.3) indeed allows AdS to be a solution. It is
remarkable that, in addition to the Dirichlet BC (3.3), we impose an extra condition that
the extrinsic curvature is positive definite K > 0 for p > 0.2 This requirement is reasonable.
That is because, according to [29], the extrinsic curvature should be either positive definite
or negative definite in order to have a well-defined quantization for Dirichlet BC. We make
the physical choice K > 0 in order to satisfy the holographic g-theorem.

3.1 Casimir effects and Weyl anomaly

Let us quickly review the Casimir effects and Weyl anomaly for BCFTs. It is found in [41]
that the renormalized stress tensor of BCFT is divergent near the boundary,

(Tyj) = —2au—g'7, = ~0, (3.15)

where z is the proper distance from the boundary, Eij is the traceless part of extrinsic
curvature and « is a constant which depends only on the kind of BCFT under consideration.
The coefficient « fixes the shape dependence of the leading Casimir effects of BCFT.
Interestingly, the authors of [5] observe that the Casimir coefficient is related to the
central charge of Weyl anomaly. For example, there are universal relations
by

ag =by, 04=——

5 (3.16)

where b; are boundary central charges of Weyl anomaly of 3d BCFT and 4d BCFT [3, 4, 42],
respectively

A :/ V(bR + by Trk?), (3.17)
P
A = Bulk Weyl anomaly + / Vh(bsTrk® 4 byC, k). (3.18)
P

Under some assumptions, the authors of [5] further check that the holographic BCFT with
Neumann BC [21] is consistent with the universal relations (3.16) between Casimir effects

and Weyl anomaly. In this paper, we give a solid proof of the universal relations (3.16) for
both the holographic BCFTs with Dirichlet BC (3.3) and Neumann BC [21].

3.2 Solutions and stress tensors

To study the one point function of stress tensor, one needs to derive the perturbation
solutions around (2.7) and (2.8). Following [5], we take the following ansatz for the metric
1

2 2 2 — L E _ k a,b 2
ds” = - [dz da? + <5ab 20kap f (x) 2xd_15ab) dydy® + O(k )}, (3.19)

*We focus on the case p > 0 for reasons which will be made clear in section 4.
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and the embeding function of Q
x = —sinhp z + \okz? + O(k?) (3.20)

where k denotes the trace of the extrinsic curvature, f(s) is a function and A2 is a constant
to be determined. We require that
f(0)=1 (3.21)

so that the metric of BCFT takes the form in Gauss normal coordinates
ds® = da? + (5ab — 2xkgp + 0(82)) dy®dy®. (3.22)

Note that we expand the solutions in extrinsic curvatures, or equivalently, the derivatives
O(k) ~ O(0). Besides, we focus on the case without y dependent, which is sufficient to
obtain the Casimir coefficients and central charges of Weyl anomaly.

Substituting (3.19) into Einstein equations, we obtain at the order O(k) a single
equation

s(s2+1) f(s) — (d—1)f'(s) =0, (3.23)

which can be solved as

d d—1 d.d+2. .2
$ 2F1( 2 720 2 7_5)

d

Imposing either Neumann BC [21] or Dirichlet BC (3.3), we can fix the location of @ (3.20)
and derive

£(s)=1+ay (3.24)

cosh? p
= 2
A2 20d—1) (3.25)

In fact, A2 can be fixed by the symmetry of asymptotically AdS [31]. Thus it is universal
and independent of BCs. Now the BCs on @ (3.20), (3.25) become

Neumann BC :  coth pf’(—cschp) + sechpf(—cschp) = 0, (3.26)
Dirichlet BC : f(—cschp) = 0. (3.27)

Substituting (3.24) into the above BCs, we obtain the integration constant for Neumann
BC and Dirichlet BC respectively

3 —dcoshdp

ANd = d—1 d.d+2 2 2 7
(—coth p)?oFy (452, §; 442; —csch®p) + dcosh® peoth p
—d(—c d

(3.28)

schp)™

- d—1 d.d+2, 2.\
2F1( PERENE ga_CSCh p)

Qapgd (3.29)

We remark that the gravitational solutions (3.24), (3.28), (3.29) in D = (d+ 1) dimensions

are exactly the same as the solutions of gauge fields (2.16), (2.17), (2.18) in (D +2) dimen-
sions. As we have mentioned before, suitable analytic continuation of the hypergeometric
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function should be taken in order to get smooth function at p = 0. For example, we have
for d = 4,5,

1
ans = ) ONYG = 3.30
N+ dtan ! (tanh (%)) ik 2(1 + tanh p) (3.30)
2 tanh
aps Gpg = — P (3.31)

T r+4tan ! (tanh (%)) + 2cschp’ (1 + tanh p)?’

Now let us go on to derive the holographic stress tensors. We firstly discuss the case

of Neumann BC. Using (3.19), (3.24), we can derive the holographic stress tensor [43]

T;; = dhl) = ~2ax4—g%7 + O(k?), (3.32)

which takes the expected form (3.15). Here hg?) is defined in the Fefferman-Graham ex-
pansion of the asymptotic AdS metric
o _ 2% 100 2 o) ay (@) i
ds :?+Z—2(gzj + 22 +---+zhij+-~)dydy. (3.33)
Now let us turn to the case of Dirichlet BC. Similar to the current of gauge fields, in
general, there are potential contributions from the bulk boundary @ to the stress ten-
sors. Taking the metric variation of the action (2.5) with 7' = (d — 2)tanhp and us-

ing (3.20), (3.25), (3.24), (3.27), we have at leading order

(R
0l = /M dady?! (—apdxd_1> 5gg-))

th? p(— sinh p)?=2 f'(—cschp) k¥
+ /Q dady’—1 p(sin gzgf (Zeschp) 5ij (3.34)

where 7;; is the AdS metric due to Dirichlet BC (3.3). Recall that we focus on the case
that ;5 is a function of only x. Then the most general form of ~;; takes

cosh? p f2(z,k,q,...)dz? +sinh? p f3(x,k,q,...)hapdy®dy®
22

ds® = y;dz'da? = ., (3.35)

where f1 = 1 — x%, hay = 0ap and (hap, kapy Gap, - - -) are defined in the Gauss normal

coordinate
ds? = gV datde? = da® + (hay — 2wkap + 2%qup + .. ) dy"dy’. (3.36)
To derive the divergent parts of stress tensor via T% = %, we can replace
g 954
(haba kaba dab; - - ) in Yij by
x™m 0
hap = Z(fl)mﬁaﬁgib),
m=0 ’
1 mxm m+1 _(0)
kab = —5 > (-1 o A (3.37)
m=0 ’
1 €T 0
tab = 5 (—1)mm 2.
m=0 ’
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In this way, we derive

smh —x)™
0Yab = ) (fz > ( m,) 0759 4 hayo f22> . (3.38)

m=0

Note that 07, is not important for our purpose, since the stress tensors on @ (3.34) have
no rx—components at the leading order. Substituting (3.38) into (3.34), we derive

k”
(51_/ dxdyd_1< aDd )(5950)
M

—T m
[ B (157 C ) o

m=0
= /M drdy™™! <—odexd_1> 59 (3.39)

Similar to the case of gauge fields, the contributions on ) vanish. Note that the stress
tensor with d = 2 is the counterpart of the current with d = 4 of section 2.2. Similar to

the case of current, there would be non-trivial contributions on @) to the stress tensor with
d = 2. However, due to k% = 0 for d = 2, such potential contributions vanish. From (3.39)
we finally obtain the stress tensor for Dirichlet BC

T, = (K), (3.40)

which takes the same form as Neumann BC (3.32). In the next section, we shall test the
universal relations (3.16) for both Dirichlet BC and Neumann BC.

3.3 Holographic Weyl anomaly

In this section, we derive the holographic Weyl anomaly and verify the universal rela-
tions (3.16) between Casimir effects and Weyl anomaly for 3d BCFT and 4d BCFT. To
do so, we need to work out the perturbation solutions up to order O(k?) ~ O(9?) for
3d BCFT and O(k3,kq) ~ O(93) for 4d BCFT, respectively. Since the calculations are
quite complicated, below we take 3d BCFT as an example to illustrate the key points of
derivations and only claim the final result for 4d BCFT.

Following [5], we take the following ansatz for metrics

ds® = [dz +(1+332X2< )—l—xSXg( ) ) dz?
+(6ab—2xkabf(;) Qxdk Oab+2 Qab( )-I-SU Hab< ) > dy“dyb] (3.41)

where the functions X»(2) and Qq(2) are of order O(9?), X3(2) and Hyy(2) are of order
O(93) and ... denotes higher orders. We set that

f(0)=1, X3(0) =X3(0) =0, Qu(0)=qa, Haup(0)= hap (3.42)
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so that the metric of BCFT takes the form in Gauss normal coordinates
ds3; = da® + (0up — 20kap + 22qap + T3hap + ...) dy®dy’. (3.43)

For simplicity, we focus on the solutions without y, dependence. We further set k., =
diag(k1,...,kq-1), qap = diag(q1,-..,qq—1), where kg, q, are constants. Then the embed-
ding function of ) takes the form

h
CON P g2y c32d ... (3.44)

2
I:*SinhpZ‘i’m

where the second term is fixed by the symmetry of asymptotically AdS [31], ¢; are constants
of order O(9~1) which can be determined by BCs.

Now let us focus on the second order solutions for 3d BCFT. Substituting (3.41) into
the Einstein equations, we solve [5]

f(s)=1—oa(s—g(s))
Qui(s) = ¢ [4ar (2 +2) — F (ky — k) (57— 3) g(s)
— 207 (k1 — ko) ?log (s> + 1) + s (503 (k1 — k2) %s + 4as)
+ 5 (21 (—5kF + 8kaky + k3) — 4s (K — kok1 — k3 + q2))
—2g(s) (a1k? (Bars + s* —5) +2as (s + 1))

—2a19(8) (/@% (3s (a1 + 8) + 1) + 2k1 kg (4 — 3ovys)) },
1

Quals) = 5 |42 (7 +2) = af (k1 — ko) (7 = 8) g(5)’
+ s (5af (k1 — ko) %s — das) — 207 (k1 — k2) ?log (s* + 1)
+ 5 (4s (kT + kok1 — k3 — q1) — 20 (kT — dkoky + 7k3))
+29(s) (2az (s* + 1) — ank? (3ays +s° — 1))

+2a19(s) (k3 (=3a1s + 5% +7) + 2kika (3ars + 25° — 2)) } ,

Xao(s) = i[— a% (k1 — ko) 25%log (32 + 1) —2ay (k1 — k2) 25
+ a1 (k1 — ko) 2g(s) (a1 (s> +1) g(s) +2s (s — a1) +2)
+ s (Oé% (/61 — /62) 28 — 2s (k‘% + /ﬂgk‘l + ]{7% —q1 — QQ)) :|, (3.45)

where s = z/z and g(s) = 5 — 2tan™! (1/(3 + Vs + 1)) To rewrite the above solutions
in functions of x and z, we should consider suitable analytic continuation in order to get
smooth functions at x = 0. In this way, we get smooth g(z,x) as

g(z,z) = = —2tan"? (w/(z +V22+ :1:2)) : (3.46)

il
2
Imposing NBC (2.6) or DBC (3.3), we can solve the integration constants

a1 = —Q3, Qg = —%]{72, (347)
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where ag are given by (3.30) and (3.31) for NBC and DBC, respectively. The BCs can
not only fix the bulk solutions but also the location of @ (3.44). We obtain for both NBC
and DBC

sinh
Y] g [7k%+4k2k¢1 TR e)
+ (57 +2kok1 +5k3 —2 (q1+¢2) ) cosh(2p)
+af (k1 —k2)? ((24cosh(2p))log(coth? p) —1) }

ERY:
+<k124k2) (a1fa(p)—1) [a1(cosh(2p)+3)+cosh3(p) coth(p) (a1 fa(p)—1)], (3.48)

where f4(p) = § + 2tan~! (tanh (g)) It is interesting that NBC and DBC yield almost
the same solutions except a different parameter ;.

C3

Now we are ready to derive the holographic Weyl anomaly for 3d BCF'T. The following
approach applies to both NBC and DBC. By using Einstein equations, we can rewrite the
on-shell gravitational action (2.5) without gauge fields as

I:—G/ \FG+2/QW(K—2tanhp). (3.49)
N

To get the holographic Weyl anomaly, we need to do the integration along x and z, and
then select the UV logarithmic divergent terms. We divide the integration region into two
parts: region I is defined by (z > 0,z > 0) and region II is defined by the complement of
region I. Let us first study the integration in region I, where only the bulk action in (3.49)
contributes. Integrating along z, expanding the result in small 2 and selecting the 1/z

2
I = /dx [ﬂ-alTrk2+...]
c 2z

1 2
:Og ﬂ T _|_..._ .
1 21Tk2 3.50

€

term, we obtain

Next let us consider the integration in region II. In this case, both the bulk action and
boundary action in (3.49) contribute. For the bulk action, we first do the integral along
x, which yields a boundary term on (). Note that since only the UV logarithmic divergent
terms are related to Weyl anomaly, we keep only the lower limit of the integral of . Adding
the boundary term from bulk integral to the boundary action in (3.49), we obtain

2 : «a a
¢ 2z
1\ —20q —7mai, -
= log () e L O\ S (3.51)
€ 2z

where we have used oy = —apns (3.30) for NBC and oy = —aps (3.31) for DBC above.
Combining together (3.50) and (3.51) and noting that «; = —as, we finally obtain the
Weyl anomaly (3.17)

A= / Vh asTrk?, (3.52)
P
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with the boundary central charge b; = @&3. Hence we obtain the universal relation (3.16) for
3d BCFT. It should be mentioned that since we focus on solutions without ¥, dependence,
the first term R of Weyl anomaly (3.17) vanishes. Actually, it is easy to recover this term.
Applying the conformal map [21], we can obtain the holographic dual of BCFT on a round
disk from the one on half space (2.7), (2.8). Following the above approach, we can derive
the R term in Weyl anomaly and read off the central charge b; = sinh p. We remark that
holographic BCFT with NBC and DBC have the same boundary central charges related
to Euler densities but different boundary central charges related to extrinsic curvatures.
Since g-theorem in higher dimensions apply to the central charges related to Euler densities
on the boundary. The holographic BCFT with NBC and DBC both obey the g-theorem.
Following the same approach, we can derive the holographic Weyl anomaly for 4d BCFT
and verify the universal relation (3.16). Since the calculations are similar to the 3d case
but quite complicated, we do not repeat it here.

4 Casimir coefficients and central charges

In the above sections, we have obtained the Casimir coefficients and central charges for
holographic BCFT with NBC and DBC, respectively. In this section we study the interest-
ing characteristics of these charges. For simplicity we only list the main results and discuss
them briefly.

(1) The Casimir coefficients for NBC are greater than or equal to those for DBC.

By “Casimir coefficients”, we mean the coefficients «y defined in the renormalized
stress tensor (3.15) near the boundary. We use ang and apg to denote Casimir
coefficients with respect to NBC and DBC, respectively. From (3.28) and (3.29), it
is easy to check that

aNd > Apg, (4.1)

where the equality is saturated when the bulk boundary @Q is pulled back into the
AdS boundary, i.e., p — oo. Interestingly, &g gains its lower bound while apy gets
its upper bound at p — oo.

(2) The Casimir coefficients are non-negative.

According to [18], we have &g = Agcnn, where )4 is a positive factor and ¢y, is the
central charge defined by the two point funciton of the displacement operator

c
< D™(x)D"(0) >= ﬁ (4.2)
From (4.2), we have ¢, > 0 and thus

ang > apgq > 0. (4.3)

It should be mentioned that [6] find that by = %cnn for 3d BCFT and by = %cm
for 4d BCFT. Using the universal relation (3.16), we get ag > 0 for d = 3,4. This
can be regarded as an independent test of our claim above.
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Interestingly, the positive bound is automatically satisfied by NBC. As for DBC, the
bound yields 7' = (d — 1) tanh p > 0, which is reasonable if we take T" as the tension
of the brane @ [21].

(3) The Casimir coefficients for NBC reduce to the ones of free BCEF'T, while the Casimir
coefficients for DBC vanish, when bulk boundary Q is perpendicular to the AdS bound-
ary M, i.e., p=0.

From (3.28) and (3.29), we have for holographic Casimir coefficients

2_d7Td/2
lim Gyg = Crr, 4.4
p=0 T @ (d41) T (4.4)

lim apg = 0, (45)
p—0

where C'yp is the holographic central charge [44]

Co 2d+1) Td+1]
IT="q =1 md/2r[d/2]

(4.6)

In general the central charge C'r is defined by the two point functions of stress tensor
far away from the boundary

C
< T () Ty (0) >= ﬁfw,,(x) (4.7)

with I, ), a dimensionless tensor fixed by symmetry.

It is remarkable that free BCFTs seem to obey the same relation as (4.4),

2—dﬂ.d/2
g = C 4.8

where apg and Cpp are the Casimir coefficients defined by (3.15) and the central
charge defined by (4.7) for free BCFTs, respectively. One can verify (4.8) by free
BCFTs in three and four dimensions [3, 41, 42] and by free scalars in general di-
mensions [18]. It is expected that (4.8) applies to general free BCFTs in general
dimensions.

To end this section, let us draw the figures of Casimir coefficients for NBC and DBC
in three and four dimensions, respectively. See figure 2 and figure 3. From these
figures, we learn that Casimir coefficients for NBC are indeed greater than or equal
to those for DBC. And the Casimir coefficients are indeed non-negative for physical
tension T'= (d — 1) tanh p > 0.

5 Conclusions and discussions

In this paper, we have investigated the holographic BCFT with Dirichlet BC and find it
works as well as the one with Neumann BC. For example, AdS is a vacuum solution to
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Figure 2. 3d Casimir coefficients for NBC (blue line) and DBC (yellow line).
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Figure 3. 4d Casimir coefficients for NBC (blue line) and DBC (yellow line).

Dirichlet BC and the g-theorem is obeyed by this theory. Furthermore, it gives the expected
one point function of the stress tensor (current) and the universal relations between the
stress tensor (current) and Weyl anomaly. It is remarkable that the boundary central charge
related to B-type Weyl anomaly, or equivalently, the Casimir coefficient for Dirichlet BC
is less than or equal to the one for Neumann BC. We have also studied the relative BC
for gauge fields, which is the counterpart of Dirichlet BC for gravitational fields. We find
an exact solution to this BC, which implies that a constant magnetic field in the bulk can
induce a constant current on the boundary in three dimensions. And the boundary current
gets the maximum value at zero temperature. It is interesting to measure this boundary
effect in laboratory. In this paper, we discuss only the tip of the iceberg for Dirichlet BC,
i.e., we fix the boundary metric to be that of AdS. It is natural to study more general
metrics on @, such as the ones describing gravitational waves and black holes. Besides, one
can generalize the discussions of this paper to other fields, such as scalars and higher spin
fields. Finally, it is also interesting to study other kinds of BCs for holographic BCFT,
such as the conformal BC or mixed BC. We notice that the conformal BC is more subtle,
which is less restrictive than Dirichlet BC and Neumann BC. We leave a careful study of
this problem to future work.
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