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Abstract: Quasi-topological terms in gravity can be viewed as those that give no contri-

bution to the equations of motion for a special subclass of metric ansätze. They therefore

play no rôle in constructing these solutions, but can affect the general perturbations. We

consider Einstein gravity extended with Ricci tensor polynomial invariants, which admits

Einstein metrics with appropriate effective cosmological constants as its vacuum solutions.

We construct three types of quasi-topological gravities. The first type is for the most gen-

eral static metrics with spherical, toroidal or hyperbolic isometries. The second type is for

the special static metrics where gttgrr is constant. The third type is the linearized quasi-

topological gravities on the Einstein metrics. We construct and classify results that are

either dependent on or independent of dimensions, up to the tenth order. We then consider

a subset of these three types and obtain Lovelock-like quasi-topological gravities, that are

independent of the dimensions. The linearized gravities on Einstein metrics on all dimen-

sions are simply Einstein and hence ghost free. The theories become quasi-topological on

static metrics in one specific dimension, but non-trivial in others. We also focus on the

quasi-topological Ricci cubic invariant in four dimensions as a specific example to study

its effect on holography, including shear viscosity, thermoelectric DC conductivities and

butterfly velocity. In particular, we find that the holographic diffusivity bounds can be vi-

olated by the quasi-topological terms, which can induce an extra massive mode that yields

a butterfly velocity unbound above.
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1 Introduction

Einstein gravity extended with quadratic curvature invariants is the first step to include

an infinite number of possible higher-order curvature terms. In four dimensions, owing

to the fact that the Gauss-Bonnet combination
√
−g(R2 − 4RµνR

µν + RµνρσR
µνρσ) is a

total derivative, quadratic terms involve only the Ricci tensor polynomials. The theory has

attracted continued attention since it was proven that it is generally renormalizable, albeit

it contains additional ghost-like massive spin-2 modes [1, 2]. The theory admits the usual

Schwarzschild black hole as a vacuum solution. Recently it was demonstrated numerically

that the theory contains a new black hole associated with the condensation of the massive
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spin-2 modes [3, 4]. The result was generalized to higher dimensions [5]. (See, e.g. [6–14],

for studies on linearized theories of quadratically-extended gravities.)

Einstein gravity extended with higher-order Riemann curvature polynomial invari-

ants in general admits multiple vacua that are maximally symmetric spacetimes, such

as the Minkowski, de Siter (dS) or anti-de Sitter (AdS) spacetimes. Linearized gravity

around these vacua typically involves quartic differential equations, containing the usual

massless graviton, as well as a possible massive scalar and a ghost-like massive (spin-2)

graviton. In some particular combinations, such as the Gauss-Bonnet or more general

Lovelock terms [15], the massive modes are absent and theory can be ghost free. Interest-

ingly, the k’th order Lovelock term vanishes in D ≤ 2k − 1, and it is purely topological in

D = 2k dimensions in that it is a total derivative and gives no contribution to the equations

of motion.

In general relativity, or its application in gauge/gravity duality, black hole solutions

are of particular importance. Many insights can be gained from studying the static black

holes with spherical, toroidal or hyperbolic isometries. The most general ansatz for such

metrics in D dimensions is given by

ds2
D = −h(r)dt2 +

dr2

f(r)
+ r2dΩ2

D−2,ε , (1.1)

where dΩ2
D−2,ε is the metric of round SD−2, TD−2 and HD−2 for ε = 1, 0,−1 respec-

tively. Although analytical solutions of black holes in Einstein-Gauss-Bonnet gravity ex-

ist [6, 16], an analytical black hole in theories extended with higher-order curvature in-

variants are hard to come by. The existence of additional ghost modes implies that such

a black hole is unlikely to be unique, as demonstrated in [3]. It is thus of interest to con-

struct curvature polynomials that give no contribution to the equations of motion for the

ansatz (1.1). The k’th-order Lovelock term in D = 2k dimensions fits the criterium, but it

is topological and it has no effect on constructing any metrics except for measuring their

topological characteristics.

The quasi-topological structure on the other hand is more interesting: it has no effect

on the equations of motion for the static metric (1.1), but it can have nontrivial effects

on the general perturbations. This is a compromise that leaves the background solutions

intact but alters the perturbative spectrum. Quasi-topological Riemann cubic gravity in

six dimensions were constructed in [17]. Unlike the third-order Lovelock term that vanishes

in five dimensions, the quasi-topological cubic theory is non-vanishing, and its holographic

properties were studied [18]. The work has attracted much attention and here is the list

of incomplete references [19–39]. A new notable example is a quartic polynomial that is

quasi-topological in eight dimensions [22].

Quasi-topological gravity was perhaps a serendipitous discovery. In literature, the con-

struction typically starts from general Riemann tensor polynomials and then requires that

the solution space contains the Schwarzschild-like black hole with h = f , and furthermore,

there exists a first integration. (See, e.g. [17, 40].) It turns out that in some cases the

resulting theory becomes quasi-topological in certain specific dimensions, like the cubic

polynomial in six [18] and the quartic polynomial in eight dimensions [22]. However, since
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the polynomial coefficients typically depend on the dimension, the cubic and quartic theo-

ries in six and eight dimensions do not have any special properties in other dimensions for

the same set of coefficients.

In this paper, we focus our attention purely on the Ricci tensor polynomial invariants.

These polynomials are much more manageable compared to those constructed from the

general Riemann tensor. We study these structures up to the tenth order, since at the tenth

order, the total number of the polynomials is exactly 42! An important benefit of Ricci

gravity is that the Schwarzschild black hole (h = f) is already a solution. In fact all Einstein

metrics with appropriate cosmological constants are solutions of the theory. This leads to

another benefit that one can construct covariant linearized gravity on the Einstein metrics.

By contrast, the covariant linearized theory of a generic Riemann tensor polynomial is

possible only on a maximally-symmetric vacuum. We seek for combinations for which there

is neither massive scalar nor ghost-like massive spin-2 mode in linearized gravity around

the Einstein metrics. We expect that this ensures that the Schwarzschild metric is the only

black hole solution out of the ansatz (1.1). We then look for combinations such that the

Ricci polynomials give no contribution to the equations of motion for the ansatz (1.1). We

find that the first occurrence is at the quintic order in four dimensions, and at the sextic

order in D 6= 4 dimensions. We call these quasi-topological Ricci polynomial gravities

on general static metrics. Thus our construction is different from those in literature. By

construction, all our polynomials are quasi-topological and give no contribution to the

equations of motion.

For large classes of solutions known in literature, including Schwarzschild and Reissner-

Nordstrøm (RN) black holes, the metric functions h and f are equal, leading to a special

class of static black hole metrics

ds2
D = −f(r)dt2 +

dr2

f(r)
+ r2dΩ2

D−2,ε . (1.2)

In other words, the product gttgrr is constant. We can also construct polynomials such that

they give no contribution to the equations of motion for this special class of static metrics.

It is clear that the restrictions in this case are more relaxed and consequently the lowest

example is at the cubic order in four dimensions, and at the quartic order in general D 6= 4

dimensions. We call these quasi-topological Ricci polynomials on special static metrics.

As being mentioned earlier, Ricci gravities admit Einstein metrics as vacuum solutions.

We find that the absence of massive scalar and spin-2 modes in linearized Ricci gravities on

Einstein metrics implies that the higher-order terms give no contribution to these linearized

theories either, as if they were purely topological. The resulting theories are exactly the

same as linearized Einstein gravity and therefore are ghost free at the linear level. We call

these linearized quasi-topological gravities. The aforementioned quasi-topological gravities

on both general and special static metrics are subset classes of these linearized quasi-

topological theories, and hence they are all ghost free.

The coefficients of the quasi-topological gravities are in general dependent on the di-

mensions D, and hence they are not the same theories in different dimensions. We find

further subclasses of dimension independent polynomials, in which case, the same theory is
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quasi-topological in all dimensions. Furthermore, it is of interest to construct Lovelock-like

theories that are dimension independent and are quasi-topological in some specific dimen-

sions, but nontrivial and ghost free in other dimensions. We find that such Ricci gravities

do exist.

It is worth clarifying here that our construction becomes degenerate in one and two

dimensions. When we refer in this paper “general” or “all” dimensions, it is understood

that they mean all dimensions D ≥ 3. Also in this paper, when we say a theory is ghost

free, we mean only that the linearized gravity on an Einstein metric, rather than on a

generic metric, contains no ghost excitations. Finally, when we use the terminology of

“general” static ansatz, we mean (1.1), with spherical, toroidal or hyperbolic isometries.

The “special” static metric ansatz refers to (1.2).

One motivation for us to construct these quasi-topological gravities is to study the

effect of higher-order terms on the AdS/CFT correspondence [41], in subjects related to

strongly-coupled condensed matter physics in particular [42–45]. Our construction allows

that all the previously known static AdS black holes continue to be solutions when our

quasi-topological terms are included in the theory. This significantly simplifies the task of

constructing the background solutions in the presence of higher-order curvature terms. On

the other hand, the linear perturbations can be affected by these higher-order terms, which

are not topological, but only quasi-topological. In this paper, we employ a concrete example

of quasi-topological Einstein-Maxwell Ricci cubic gravity in four dimensions, and study the

corresponding holographic shear viscosity, thermoelectric conductivities and also butterfly

velocity. In particular, we find that conjectured holographic diffusivity bounds [46, 47] can

be violated by the quasi-topological terms, not by changing the thermoelectric properties,

but by inducing a new massive mode that yields a butterfly velocity that is unbound above.

The paper is organized as follows. In section 2, we study Einstein gravity extended with

cubic Ricci tensor invariants. We derive the equations of motion and obtain the effective

cosmological constants of the Einstein metric solutions. We construct linearized gravity

on an Einstein metric and require that the massive scalar and spin-2 modes be absent.

We find that the resulting linearized gravity is exactly the same as linearized Einstein

gravity, giving rise to linearized quasi-topological gravity. Interestingly, we find that the

theory becomes also quasi-topological on special static metrics of (1.2) in four and only

four dimensions. We also argue that Schwarzschild black holes are only solutions out of the

ansatz (1.1) in theories we construct in this paper. In section 3, we generalize the discussion

up to the tenth order of Ricci polynomials. We construct quasi-topological Ricci gravities

for both general and special static metrics, as well as linearized quasi-topological gravities.

We classify the results that are either dependent on or independent of dimensions, and

also separate the irreducible solutions from the reducible ones. In section 4, we construct

Lovelock-like quasi-topological Ricci gravities, which are nontrivial and ghost free in all

but one specific dimension. In section 5, we consider the Einstein-Maxwell-Axion theory

extended with the quasi-topological Ricci cubic term in four dimensions and study the

AdS/CFT correspondence. We summarize our results and conclude the paper in section 6.

In appendix A, we present the full results of irreducible quasi-topological Ricci polynomials

we construct in this paper. The complete structure of quasi-topological Ricci gravities can
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be obtained from these irreducible solutions. In appendix B, we present a proof of the

matching of the radially-conserved bulk current with boundary stress tensor for general

Ricci cubic gravity. This matching is important for us to read off holographic properties

from the bulk currents in the study of the AdS/CFT correspondence in section 5.

2 Quasi-topological Ricci cubic gravity

2.1 Einstein gravity with cubic Ricci polynomials

We begin in this section to consider Einstein gravity extended with cubic Ricci-tensor

polynomial invariants. The bulk action in general D dimensions is given by

Sbulk =
1

16π

∫
dDx
√
−g L , (2.1)

where L = L0 + L1 + L2 + L3, with

L0 = κ0(R− 2Λ0) , L1 = e1R
3 , L2 = e2RRµνR

µν , L3 = e3R
µ
νR

ν
ρR

ρ
µ . (2.2)

Note that we introduced κ0, the inverse of Newton’s constant, the bare cosmological con-

stant Λ0 and three coupling constants (e1, e2, e3) associated with the three cubic invariants.

The covariant equation of motion associated with the variation of the metric δgµν is

Eµν ≡ PµαβγRναβγ −
1

2
gµνL− 2∇α∇βPµαβν = 0 , (2.3)

where

Pµνρσ ≡
∂L

∂Rµνρσ
. (2.4)

For the (L0, L1, L2, L3) terms in the Lagrangian, the corresponding P tensors are given by

P 0
µνρσ =

1

2
κ0(gµρgνσ − gµσgνρ) , P 1

µνρσ =
3

2
e1R

2(gµρgνσ − gµσgνρ) ,

P 2
µνρσ =

1

2
e2RαβR

αβ(gµρgνσ − gµσgνρ)

+
1

2
e2R (gµρRνσ − gµσRνρ − gνρRµσ + gνσRµρ) ,

P 3
µνρσ =

3

4
e3

(
gµρRνγRσ

γ − gµσRνγRργ − gνρRµγRσγ + gνσRµγRρ
γ
)

(2.5)

It is clear that the theory admits Einstein metrics as vacuum solutions. It is convenient to

define an effective cosmological constant Λeff , namely

R̄µν =
2Λeff

D − 2
ḡµν ≡ aḡµν . (2.6)

In this convention, for negative Λeff , the radius ` of the AdS vacuum is

Λeff = −(D − 1)(D − 2)

2`2
. (2.7)
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For this ansatz, we have

P̄ 0
µνρσ =

1

2
κ0(ḡµρḡνσ − ḡµσ ḡνρ) , P̄ 1

µνρσ =
3

2
D2a2e1(ḡµρḡνσ − ḡµσ ḡνρ) ,

P̄ 2
µνρσ =

3

2
Da2e2(ḡµρḡνσ − ḡµσ ḡνρ) , P̄ 3

µνρσ =
3

2
a2e3(ḡµρḡνσ − ḡµσ ḡνρ) . (2.8)

Substituting these into the equations of motion (2.3), we have

κ0Λ0 =
1

2
κ0(D − 2)a+

1

2
(D − 6)(D2e1 +De2 + e3)a3

= κ0Λeff +
4(D − 6)

(D − 2)3
(D2e1 +De2 + e3)Λ3

eff . (2.9)

2.2 Linearized gravity and quasi-topology

Having obtained the Einstein metrics as the vacuum solutions, we would like to perform

linear perturbations on these backgrounds. For gµν = ḡµν + δgµν , we define two quantities

δR̃µν = δRµν − aδgµν , δ(R) = δ(gµνRµν) = ḡµνδR̃µν . (2.10)

After some somewhat involved algebra, we find each contribution to the linearized equations

of motion associated with
√
−gLi:

δE0
µν = κ0

[
δR̃µν −

1

2
ḡµνδ(R) +

(
Λ0 −

1

2
(D − 2)a

)
δgµν

]
,

δE1
µν = e1

[
3(Da)2δR̃µν −

3

2
D(D − 4)a2ḡµνδ(R)− 6Da(∇̄µ∇̄ν − ḡµν�̄)δ(R)

−1

2
D2a3(D − 6)δgµν

]
,

δE2
µν = e2

[
−Da∆̄LδR̃µν − (D + 4)a

(
∇̄µ∇̄ν − ḡµν�̄

)
δ(R)− 1

2
Daḡµν�̄δ(R)

+5Da2δR̃µν −
1

2
(3D − 8)a2δ(R)− 1

2
Da3(D − 6)δgµν

]
,

δE3
µν = e3

[
− 3Da∆̄LδR̃µν − 3a

(
∇̄µ∇̄ν − ḡµν�̄

)
δ(R)− 3

2
aḡµν�̄δ(R) + 9a2δR̃µν

−3

2
a2ḡµνδ(R)− 1

2
(D − 6)a3δgµν

]
. (2.11)

The total linearized equations therefore involve only δR̃µν and δ(R), given by

δEtot
µν = κ0

(
δR̃µν −

1

2
ḡµνδ(R)

)
+ a2(3D2e1 + 5De2 + 9e3)δR̃µν

−1

2
a2
(
3D(D − 4)e1 + (3D − 8)e2 + 3e3

)
ḡµνδ(R)

−a(De2 + 3e3)∆̄L

(
δR̃µν −

1

2
gµνδ(R)

)
−a
(
6De1 + (D + 4)e2 + 3e3

)(
∇̄µ∇̄ν − ḡµν�̄

)
δ(R) = 0 . (2.12)
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Here ∆̄L is the background Lichnerowic operator, given by

∆̄Lδ(R) = −�̄δ(R) ,

∆̄LδR̃µν = −�̄δR̃µν − 2R̄µ
ρ
ν
σδR̃ρσ + R̄µ

ρδR̃ρν + R̄ν
ρδR̃µρ . (2.13)

Linearized gravity of quadratic Ricci invariants was studied in [5, 14].

We now require that the linearized spectrum contains only the usual graviton mode,

with no massive scalar or massive spin-2 modes. This can be achieved by setting

De2 + 3e3 = 0 , 6De1 + (D + 4)e2 + 3e3 = 0 . (2.14)

This leads to just one cubic Ricci tensor combination

W (3) = R3 − 3

2
DRRµνR

µν +
1

2
D2RµνR

ν
ρR

ρ
µ . (2.15)

Intriguingly, for this particular combination, the linearized gravity becomes simply that of

Einstein theory, namely

δEtot
µν = κ0

(
δR̃µν −

1

2
ḡµνδ(R)

)
. (2.16)

In other words, the Ricci cubic term W (3) gives no contribution at all to the linearized the-

ory, as if it is purely topological. However, it is clearly not topological for a generic metric

at the nonlinear level. It is therefore appropriate to call it linearized quasi-topological

gravity on Einstein metrics. This should be contrasted with Einstein-Gauss-Bonnet grav-

ity in D ≥ 5 or Einsteinian cubic gravity [29] where the effective Newton’s constant 1/κ0

is modified by the higher-order terms. (See also, [30, 31, 39].)

It is also instructive to study the linearized spectrum before we set the condi-

tions (2.14). The linearized equations (2.12) can be split into the traceless and trace

parts, namely

−aα
(

∆̄L − 2a+ µ2
2

)
δR̂µν = a(α+ 2β)

(
∇̄µ∇̄ν −

1

D
ḡµν�̄

)
δ(R) ,

1

2
a
(
Dα+ 4(D − 1)β

)(
�̄− µ2

0

)
δ(R) = 0 , δR̂µν = δR̃µν −

1

D
ḡµνδ(R) , (2.17)

where

α ≡ De2 + 3e3 , β ≡ 3De1 + 2e2 , (2.18)

and the masses of the massive scalar and spin-2 modes are

µ2
0 =

D + 2 + (D − 6)(α+Dβ)a2

(Dα+ 4(D − 1)β)a
, µ2

2 = 2a− 3(3α+Dβ)a2 + 1

αa
. (2.19)

Thus the decoupling of the massive modes requires either a = 0 or α = 0 = β, which

corresponds to (2.14) and gives rise to (2.15). The case with a = 0, on the other hand,

yields Ricci-flat spacetimes on which cubic curvature tensor indeed gives no contribution

to the linearized equations of motion. In this paper, we consider only the situation with

a 6= 0. One may also consider other interesting limits. Critical gravity of [12, 13] can be
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achieved by setting µ2 = 0, together with the decoupling of the massive scalar modes by

setting Dα+ 4(D− 1)β = 0. The ghost free condition may be also possible if we decouple

the massive spin-2 mode by setting α = 0. It was also demonstrated [5] that the existence

of the massive spin-2 mode as in (2.17) implies that the theory admits a new branch of

static black holes over and above the Schwarzschild one. We shall come back to this point

in section 2.4.

It is worth emphasizing that covariant linearized gravities on Einstein metrics are lux-

uries enjoyed only by Ricci gravities. In Riemann tensor gravities, covariant linearized

gravity is possible only in Minkowski or (A)dS maximally symmetric vacua, unless the

Riemann structure is purely topological. There are a total of eight Riemann cubic invari-

ants. Absence of massive scalar and spin-2 modes also give rise to two conditions, leading

to six Einsteinian linearized gravity. The effective Newton’s constant of these linearized

theories is typically modified by the cubic terms. Two examples are worth noting. The

first is the well-known third-order Lovelock combination. The other is the recently con-

structed Einsteinian cubic gravity [29]. The coefficients of both examples are independent

of dimensions.

The linearized quasi-topological Ricci cubic gravity (2.15) on the other hand depends

on the dimensions, and hence they are different theories in different dimensions. Further-

more, the linearized theory with coefficients specified by parameter D is ghost free only in

D dimensions, but not so in dimensions other than D. In later sections, we shall construct

quasi-topological gravities at higher orders that are independent of dimensions and ghost

free at the linear level in all dimensions.

2.3 Quasi-topological Ricci cubic gravity in D = 4

In four dimensions, something new happens to the cubic term (2.15). We give a new name

specifically for D = 4:

Q(3) = R3 − 6RRµνR
µν + 8RµνR

ν
ρR

ρ
µ . (2.20)

If we substitute the special static metric ansatz (1.2), the equations of motion derived

from the variation of
√
−gQ(3) is automatically satisfied, as if it were topological. It is not

the case for the general static metric (1.1) with h 6= f . Thus we have constructed four

dimensional quasi-topological Ricci cubic gravity on special static metrics. (Note that the

Ricci cubic structure Q(3) was also obtained in [34] in somewhat different context.)

There are a large class of static black hole solutions in four dimensions with h = f ,

including the celebrated RN black hole. These black holes continue to be solutions after

Q(3) is included in the theory. However, linearized gravity in these black hole backgrounds

will involve nontrivial contributions from Q(3). In section 5, we shall discuss how this

phenomenon affects the linear response system in the AdS/CFT correspondence.

2.4 On the uniqueness of Schwarzschild black hole

In Ricci polynomial gravities, Einstein metrics with appropriate cosmological constant are

solutions of the theories. The static solution with spherical symmetry is the celebrated

– 8 –
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Schwarzschild black hole. As was demonstrated in [3], new black holes associated with the

condensation of massive modes can emerge. As a concrete and simple example, we consider

Einstein gravity extended with quadratic curvature invariants in four dimensions, studied

in [1, 2], namely

L = R+ αR2 + βRµνR
µν . (2.21)

Minkowski spacetime is the vacuum of the theory. Following from the metric ansatz (1.1),

the static and spherically symmetric deviation from the vacuum at the linear order is [1, 2]

h = 1− m

r
− c0

r
e−µ0r − c2

r
e−µ2r + · · · ,

f = 1− m

r
+
c0(µ0r + 1)

r
e−µ0r − c2(µ2r + 1)

2r
e−µ2r + · · · . (2.22)

Here the coefficients (m, c0, c2) are coefficients associated with the graviton, massive scalar

and massive spin-2 modes. The masses (µ0, µ2) of the scalar and spin-2 modes are

µ2
0 =

1

2(3α+ β)
, µ2

2 = − 1

β
. (2.23)

Thus we see that the excitations of either the massive scalar or the massive spin-2 modes

have the effect of yielding h 6= f . Indeed new black holes with h 6= f was constructed

numerically in [3, 4]. The absence of these two types of modes leads to the Schwarzschild

or Schwarzschild-like solutions with h = f . Note that the decoupling of the scalar mode

requires that 3α + β = 0, corresponding effectively to the Weyl tensor squared in four

dimensions. The decoupling of the massive spin-2 modes requires that β = 0, giving rise

to an f(R) theory of gravity.

The cubic W (3) (2.15) we constructed for general dimensions is quasi-topological on

any Einstein metrics at the linear level. In other words, it gives no contribution to the

linearized equations of motion. It follows that the linearized gravity is purely Einstein. The

Schwarzschild black hole, with or without a cosmological constant, is Einstein. Thus even

with the inclusion of the W (3) term, the black hole is “rigid” against perturbation provided

that we keep the ansatz static with spherical, toroidal or hyperbolic isometries, as in (1.1).

In fact we expect that Schwarzschild black holes are the only solutions from the metric

ansatz (1.1) in Ricci gravities we construct in this paper, since none of these theories gives

rise to massive scalar or massive spin-2 modes. However, at the stage of writing this paper,

we do not have an opinion whether there exist static black holes outside the class of (1.1)

in our quasi-topological Ricci gravities.

3 Higher-order quasi-topological Ricci gravities

3.1 The setup and notations

In section 2, we studied the properties of the cubic Ricci gravity and obtained quasi-

topological combinations. We now generalize the results to higher-order polynomials. Ricci

polynomial invariants are constructed from Ricci scalar R and irreducible Ricci tensor

polynomials. The irreducible Ricci polynomial of k’th order is

R(k) = Rµ1µ2R
µ2
µ3 · · ·R

µk
µ1 . (3.1)
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k 1 2 3 4 5 6 7 8 9 10

Nk 1 2 3 5 7 11 15 22 30 42

Table 1. The number Nk of possible Ricci polynomial terms at the k’th order.

The Ricci scalar can be viewed as R = R(1). The general Ricci polynomials at the k’th

order can be expressed as

R(k)
icci = e1R

k
(1) + e2R

k−2R(2) + e3R
k−3
(1) R(3) + e4R

k−4
(1) R

2
(2) + e5R

k−4
(1) R(4) + · · · . (3.2)

Here we use a lexical ordering of the coupling constants. The term with higher power

of R(k) and with smaller k has a smaller labelling index for its coupling constant. In

this paper, we shall work up to the tenth order of Ricci polynomials. The numbers of

possible terms for a given order are summarized in table 1. They are significantly less than

those of the Riemann tensor polynomials at the same order, and the structures are far

more manageable.

To derive the equations of motion (2.3), a useful formula is

∂R(k+1)

∂Rµνρσ
=

1

4
(k + 1)

(
gµρR

(k)
νσ − gµσR(k)

νρ − gνρR(k)
µσ + gνσR

(k)
µρ

)
, (3.3)

where

R(0)
µν = gµν , R(1)

µν = Rµν , R(2)
µν = Rµ1µ Rνµ1 ,

R(k)
µν = Rµ1µ R

µ2
ν R

µ3
µ2 · · ·R

µk−1
µk−2Rµk−1µ1 , k ≥ 3 . (3.4)

Since (1.1) is the most general static ansatz with spherical, toroidal or hyperbolic isome-

tries, we can substitute the ansatz directly into the action and obtain the two equations of

motion by varying the (h, f) functions. The non-vanishing Ricci tensor components are

Rtt =
f

r

((
1− 1

2
D

)
h′

h
− rf ′h′

4fh
+
rh′2

4h2
− rh′′

2h

)
,

Rrr =
f

r

((
1− 1

2
D

)
f ′

f
− rf ′h′

4fh
+
rh′2

4h2
− rh′′

2h

)
,

Rij = Θ δij ≡
f

r

(
(D − 3)(ε− f)

rf
− f ′

2f
− h′

2h

)
δij . (3.5)

Thus we have

R(k) = (Rtt)
k + (Rrr)

k + (D − 2)Θk . (3.6)

In extended gravities of curvature polynomials (without their covariant derivatives), there

are at most four derivatives in equations of motion. By requiring that the equations do

not involve higher derivatives, we obtain effective two-derivative theories. It turns out that

this can be achieved, and further more, it has a consequence that the higher-order terms

do not contribute to the equations of motion at all, leading to quasi-topological gravities.

In the next two subsections, we construct quasi-topological gravities on both the special
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static metrics (1.2) and the general static metrics (1.1). It turns out that in these theories,

the Ricci polynomials all vanish identically with the respective static metric ansätze. This

implies that if P(k) is quasi-topological, so is X P(k), where X is any Ricci tensor invariants.

We call these reducible solutions, and we shall present only the irreducible solutions that

cannot be factorized. The reducible solutions can be easily constructed from the irreducible

ones, by multiplying an arbitrary polynomial of some desired order. We then construct

linearized quasi-topological gravities on Einstein metrics. In the last subsection, we include

Riemann tensor invariants.

3.2 Quasi-topological gravities for special static metrics

For the special static metric ansatz (1.2) in general D 6= 4 dimensions, the first occurrence

of quasi-topological Ricci gravities is at the order of 4. The corresponding quartic Ricci

polynomial is given by

P (4) = R4
(1) − 2DR2

(1)R(2) + 8(D − 2)R(1)R(3) +
(
D2 − 6D + 12

)
R2

(2)

−2(D − 2)DR(4) . (3.7)

(As we have disclaimed in the introduction, it is understood that by “general dimensions,

we mean D ≥ 3.) For k = 5, there are two linearly independent solutions. As we remarked

earlier, one is simply the reducible R(1)P (4) and the irreducible solution (that cannot be

factorized) is given by

P (5) = R3
(1)R(2) −DR2

(1)R(3) −DR(1)R
2
(2) + 6(D − 2)R(1)R(4)

+
(
D2 − 4D + 8

)
R(2)R(3) − 2(D − 2)DR(5) . (3.8)

For k = 6, there are a total five independent solutions, three of which are reducible, namely

(x1R
2
(1) + x2R(2))P (4) + x3R(1)P (5) , (3.9)

for arbitrary constants xi. The remaining two are irreducible, given by

P (6)

1 = R2
(1)R

2
(2) − 2DR(1)R(2)R(3) +

(
D2 − 4D + 8

)
R2

(3)

+2(D − 2) (2R(1)R(5) +R(2)R(4) −DR(6)) ,

P (6)

2 = R2
(1)R(4) − 2R(1)R(2)R(3) +R3

(2) −DR(2)R(4) +DR2
(3) . (3.10)

We construct irreducible solutions up to the tenth order, and the results are summa-

rized in (A.1) in appendix A. Note that the reducible solutions associated with coefficients

(x1, x2, x3) in (3.9) are linearly independent; however, such analogous reducible construc-

tion in higher orders may not always be, and hence could potentially lead to a wrong and

over counting of total solutions.

The situation in four dimensions is somewhat different. The lowest occurrence is at

the third order, given by (2.20). At each order upward, up to the tenth order, there is a

new irreducible solution emerging. They can be given by the P(k) specialized with D = 4.

However, with the existence of Q(3) (2.20), we can use it to simplify the higher-order terms
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further by subtracting some appropriate reducible combinations. The results are called

Q(k), and we present them in (A.2) of appendix A. Note that P (6)

2 is irreducible in general

dimensions, but becomes reducible in D = 4, owing to the existence of Q(3).

It should be emphasized that the reducible quasi-topological Ricci polynomials are no

less trivial than the irreducible ones. In fact they can produce non-trivial perturbations on

the background metrics as much as the irreducible solutions. For a given order, the complete

structure includes all the irreducible polynomials as well as the reducible ones. However

for avoiding the proliferation of the results in presentation, we only list the irreducible

configurations in appendix A. The full lists of solutions can be easily derived from the

irreducible subset. However one needs to be careful to mod out those linearly dependent

reducible combinations in order to get a correct counting of all valid linearly independent

quasi-topological Ricci polynomials.

The coefficients of the irreducible polynomial solutions in general dimensions we have

constructed so far are dependent on dimension parameter D. This means that the theories

we constructed above are all different in different dimensions. It would be of interest to

construct a theory that is valid in all dimensions. Such a structure does exist and can be

found by selecting appropriate combinations of irreducible and reducible quasi-topological

polynomials. At the eighth order, we find first such an example, given by

P̂ (8) = R4
(2) − 2R(1)R(3)R

2
(2) − 8R(4)R

2
(2) + 6R2

(3)R(2) + 8R(1)R(5)R(2) + 4R(6)R(2)

+R2
(1)R

2
(3) + 12R2

(4) − 4R(1)R(3)R(4) − 16R(3)R(5) − 2R2
(1)R(6) . (3.11)

It is easy to verify that P̂ (8) vanishes identically for the metric ansatz (1.2) in all dimensions.

New irreducible such examples at the ninth and tenth orders are presented in (A.3) in

appendix A.

3.3 Quasi-topological gravities for general static metrics

In this subsection, we construct quasi-topological Ricci polynomials on the general static

ansatz (1.1). The metrics are more general and hence the conditions are more restrictive.

For general D 6= 4 dimensions, the first example occurs at the sextic order, given by

U (6) = R6
(1) − 3DR4

(1)R(2) + 4(3D − 5)R3
(1)R(3) + 3

(
D2 − 3D + 5

)
R2

(1)R
2
(2)

−3(D − 2)(D + 5)R2
(1)R(4) − 12

(
D2 − 4D + 5

)
R(1)R(2)R(3)

+12(D − 2)(D − 1)R(1)R(5) − (D − 2)
(
D2 − 7D + 15

)
R3

(2)

+3(D − 2)
(
D2 − 5D + 10

)
R(2)R(4) + 2

(
3D2 − 15D + 20

)
R2

(3)

−2(D − 2)(D − 1)DR(6) . (3.12)

That is to say, the Ricci polynomial U (6) gives no contribution to the equations of motion

associated with the general static metric ansatz (1.1). In fact an even stronger statement

can be made: substituting (1.1) into U (6), it vanishes identically. We present the full list of

irreducible such polynomials in (A.4) in appendix A, up to the tenth order.

In four dimensions, such a polynomial occurs at the quintic order:

V (5) = R5
(1)−10R(2)R

3
(1) + 20R(3)R

2
(1) + 15R2

(2)R(1)−30R(4)R(1)−20R(2)R(3) + 24R(5) . (3.13)
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It is one less than the sextic order for general dimensions, as in the case of quasi-topological

gravities on special static metrics (1.2). This allows to simplify the higher-order results

further by subtracting appropriate V (5) factors. The irreducible results are given in (A.5)

of appendix A.

All the results are dimension dependent, and up to the tenth order, we find no example

of Û that is independent of dimensions in this rather restrictive case.

3.4 Linearized quasi-topological gravities on Einstein metrics

In this subsection, we consider linearized gravity on Einstein metrics. It can be a tedious

and involved task to perform the linearization of Ricci polynomial gravity on a generic

Einstein metric, as we did in section 2 for the cubic invariants. The upshot in the study of

section 2 is that there are a total of only two constraints for the theory to be free from the

massive scalar and spin-2 modes. Furthermore, the two constraints for linearized gravity

on general Einstein metrics and on maximally symmetric vacua are the same. We can thus

consider the special static ansatz (1.2) and perform linearization f = g2r2 + ε + f̃ . The

absence of higher-derivative terms in the linearized equations of f̃ yields precise the two

constraints. When these two conditions are satisfied, it turns out that the resulting Ricci

polynomials give no contribution to the linearized equations of motion. The lowest order

occurs at k = 3, and the solution is W (3) given in (2.15). At the quartic order, there are a

total of three solutions: one is reducible R(1)W (3), and the two irreducible ones are

W (4)

1 = DR(4) + 3R2
(2) − 4R(1)R(3) , W (4)

2 = D2R(4) − 5DR2
(2) + 4R2

(1)R(2) . (3.14)

For the higher k’th order, there are a total of (Nk−2) solutions, but only one new irreducible

solution at each order. The irreducible solutions, up to the tenth order, are presented

in (A.6) in appendix A.

The irreducible W series are dependent on dimensions, and hence they are different

theories in different dimensions. Together with reducible results, we can build also the

dimension-independent structures. This is because the total number of theories in W
series proliferates as we go to higher orders, and there exist linear combinations of these

polynomials that are independent of dimensions. For example, at the sextic order, there

exist a total of nine linearly independent W polynomials, and there are two combinations

that are independent of dimensions, given by

Ŵ (6)

1 = 3R2
(3) − 4R(2)R(4) +R(1)R(5) , Ŵ (6)

2 = 2R3
(2) − 3R(1)R(3)R(2) +R2

(1)R(4) . (3.15)

These two theories generate no scalar nor massive spin-2 linear perturbative modes on any

Einstein metrics in general dimensions. This phenomenon occurs first at the sextic order

and higher-order such irreducible polynomials are listed in (A.7) of appendix A.

3.5 Including the Riemann tensor

Although we have focused on Ricci tensor polynomials, our results can be generalized to

include Riemann tensor polynomials as well, provided that they form an overall factor. For
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example for arbitrary k1’th Riemann tensor polynomials, the following direct products of

polynomials

R
(k1)
iem

{
P(k2),Q(k2),U (k2),V(k2),W(k2)

}
, (3.16)

give rise to respectively quasi-topological terms at (k1 + k2) order. These new topological

terms are inequivalent to the original ones, since the Riemann tensor factor can alter the

perturbations of the background solutions.

Finally before finishing this section, we would like to comment of a hierarchical struc-

ture of our results. The linearized quasi-topological gravity contains those quasi-topological

gravities on special static metrics, which themselves contain those quasi-topological grav-

ities on general static metrics. Thus our theories are all ghost free at the linear order

of perturbations around maximally-symmetric spacetimes and also Einstein metrics. (If

the theory depends on D, then the ghost-free condition is satisfied in D dimensions.) In

other words, the decoupling of the massive scalar and spin-2 modes yields a general class

of linearized quasi-topological Ricci gravities which we call the W series. The other series

with various special properties are some special linear combinations and hence are subsets

of the W polynomials.

4 Lovelock-like quasi-topological Ricci gravities

In the previous sections, we constructed three types of quasi-topological gravities in general

dimensions. They are all characterized by the fact that they do not contribute to the

equations of motion for some restricted class of metric ansätze. Many results were given in

terms of a parameter D and the theory is quasi-topological in D dimensions, and they may

suffer from having ghost excitations in dimensions other than D. We also presented some

dimension independent results, in which case the Ricci polynomials are quasi-topological

in all dimensions.

These are very different from Lovelock gravities. The k’th-order Lovelock term vanishes

identically in D ≤ 2k−1, and is topological in D = 2k, but nontrivial as well as ghost free in

D > 2k. Furthermore, the coefficients of Lovelock combinations, although dependent on k,

are independent of dimensions. It is of interest to construct Lovelock-like quasi-topological

gravities. The cubic example of [17] is quasi-topological in D = 6, and nontrivial in D ≥ 5,

but not 6. However the structure depends on dimensions. The Einsteinian cubic gravity is

independent of dimensions [29], but never quasi-topological. In this section, we construct

Lovelock-like quasi-topological Ricci gravities that satisfy the following properties

• The structure is independent of dimensions.

• The linearized theory on Einstein metrics in general dimensions is quasi-topological.

In other words, it is simply a linearized Einstein theory, and hence ghost free, with

the Newton’s constant unmodified.

• It becomes also quasi-topological on static metrics in one specific dimension n.
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The Ricci polynomials that satisfy the first two criteria are those discussed in section 3.4.

The minimum order of such polynomials is k = 6 and there are two solutions, given

by (3.15). It can be easily verified that the combination

Q̃(6) = 2Ŵ (6)

1 + Ŵ (6)

2

= 2R3
(2) − 3R(1)R(2)R(3) − 8R(4)R(2) + 6R2

(3) +R2
(1)R(4) + 2R(1)R(5) , (4.1)

is quasi-topological on the special static metrics (1.2) in D = 4 and only in D = 4; it is

non-trivial and ghost free in other dimensions. Note that we used notation Q to denote

quasi-topological polynomials in D = 4 on special static metrics. We here use wide tilde on

Q to denote those Lovelock-like combinations. Both Q and Q̃ satisfy the third criterium

above. The difference is that Q̃ satisfies the first two criteria as well, in that the theory is

ghost free in all dimensions. The Q terms, on the other hand, can develop ghost excitations

in dimensions other than four. The irreducible results of the higher-order Q̃ terms are given

by (A.9) in appendix A.

For n 6= 4, the lowest order of Lovelock-type of quasi-topological Ricci gravity is k = 7,

given by

P̃ (7) = R(1)

(
2R3

(2) − nR(4)R(2) + 2nR2
(3)

)
+R(4)R

3
(1) − 3R(2)R(3)R

2
(1) − nR2

(2)R(3)

−(n− 2) (4R(3)R(4) − 6R(2)R(5) + 2R(1)R(6)) . (4.2)

The expression has a parameter n, but is independent of dimensions D and the linearized

gravity on Einstein metrics in any dimension is simply Einstein and hence ghost free,

regardless the value of n. In fact the ghost free condition does not even require that n be

integer.

For integer n, in D = n dimensions, the polynomial P (7) becomes quasi-topological

on the special static metrics (1.2), but it is nontrivial in any other dimensions. Higher-

order irreducible solutions are given by (A.8) in appendix A. We now have constructed

the (P, P̂, P̃) series, all quasi-topological on the special static metrics (1.2). The P se-

ries depends on the dimension parameter D, and the theories are quasi-topological in D

dimensions, but can have ghost excitations in dimensions other than D. The P̂ series is

independent of dimensions and is quasi-topological in all dimensions. The P̃ series depends

on a parameter n, and it is quasi-topological in D = n, but nontrivial and ghost free in all

other dimensions.

Lovelock-like quasi-topological gravity exists also on general static metrics (1.1). For

n = 4, the lowest order example is

Ṽ (8) = R(4)R
4
(1) − 3R(2)R(3)R

3
(1) −R(5)R

3
(1) + 2R3

(2)R
2
(1) + 9R2

(3)R
2
(1) − 3R(2)R(4)R

2
(1)

−2R(6)R
2
(1) − 3R2

(2)R(3)R(1) − 16R(3)R(4)R(1) + 9R(2)R(5)R(1) + 6R(7)R(1)

−2R4
(2) − 3R(2)R

2
(3) + 12R2

(2)R(4) + 10R(3)R(5) − 16R(2)R(6) . (4.3)

Higher-order irreducible solutions are given by (A.11) in appendix A. For n 6= 4, the lowest
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order is k = 9, and there are two solutions:

Ũ (9)

1 = −2
(
3n2 + n− 3

)
R(3)R(4)R

2
(1) + 4

(
n2 − 2n+ 3

)
R(2)R(5)R

2
(1)

+
(
15n2 − 65n+ 84

)
R2

(4)R(1) −
(
3n2 − 35n+ 57

)
R2

(2)R(4)R(1)

−4
(
n2 − 13n+ 24

)
R(3)R(5)R(1) +

(
n2 − n+ 3

)
R3

(2)R(3)

−2(n− 2)
(
n2 − 6n+ 18

)
R2

(2)R(5) − 2(n− 2)
(
2n2 − 9n+ 15

)
R(4)R(5)

−2(n− 2)
(
n2 − 12n+ 15

)
R(2)R(7) +

(
6n3 − 59n2 + 185n− 192

)
R(2)R(3)R(4)

−2nR(5)R
4
(1) + 8nR2

(3)R
3
(1) − 4nR2

(2)R(3)R
2
(1) + 2(n− 2)(n+ 3)R(7)R

2
(1)

−2nR4
(2)R(1) + 4(n− 3)2R(2)R

2
(3)R(1) − 6(n− 2)(n+ 3)R(2)R(6)R(1)

−6(n− 2)(n− 1)R(8)R(1) − 4(n− 3)3R3
(3) + 6(n− 3)2(n− 2)R(3)R(6)

+3R(4)R
5
(1) − 9R(2)R(3)R

4
(1) + 6R3

(2)R
3
(1) ,

Ũ (9)

2 = −
(
2n2 − 9n+ 12

)
R3

(3) − (3n− 2)R(3)R(4)R
2
(1) + (2n− 1)R(2)R(5)R

2
(1)

+(n− 2)R(7)R
2
(1) + (5n− 3)R(2)R

2
(3)R(1) + (9n− 16)R2

(4)R(1)

−(3n− 1)R2
(2)R(4)R(1) − 2(4n− 7)R(3)R(5)R(1) − 3(n− 2)R(2)R(6)R(1)

−(n− 1)R3
(2)R(3) + (n− 4)(3n− 7)R(2)R(3)R(4) − (n− 9)(n− 2)R2

(2)R(5)

−2(n− 2)nR(4)R(5) + 3(n− 2)nR(3)R(6) − (n− 2)nR(2)R(7) −R(5)R
4
(1)

+R2
(3)R

3
(1) + 3R(2)R(4)R

3
(1) − 5R2

(2)R(3)R
2
(1) + 2R4

(2)R(1) , (4.4)

At the tenth order, there are four more irreducible solutions, given by (A.10) in appendix A.

5 Application in the AdS/CFT correspondence

In this section, we study the effect of the quasi-topological polynomials on the AdS/CFT

correspondence, focusing mainly on the linear holographic transport properties. As was

mentioned in the introduction, the Schwarzschild black hole is a solution of the theories,

and the quasi-topological terms all give no contribution to the linear perturbations. It

follows that nontrivial effects on the AdS/CFT correspondence from the quasi-topological

terms can only arise when additional matter content is included. As a concrete example,

we consider the four-dimensional theory

L4 =
√
−g
(
R− 2Λ0 + λQ(3) + Lmat

)
, (5.1)

where Q(3) is given in (2.20) and Lmat is the matter contribution to the Lagrangian.

The strategy is that we start with (5.1) by setting first λ = 0 and consider matter

content such that the Lagrangian admits solutions of special static metric (1.2), e.g. the

RN black hole. We turn on λ and the background remains a solution. We then per-

form some appropriate perturbations and study the effect of the Q(3) term on the relevant

holographic properties.

In this section, we consider the simplest the RN black hole background to study the

effects of Q(3) on the holographic shear viscosity (see, e.g. [48–66],) and thermoelectric DC

currents [67–78], and also butterfly velocity [80–97].
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5.1 Holographic shear viscosity

We first include the Maxwell field A and its field strength F = dA, with

Lmat = −1

4
F 2 . (5.2)

As was discussed previously, the theory (5.1) admits the general RN AdS black hole. For

our purpose, we consider the AdS planar black hole, given by

ds2 = −fdt2 +
dr2

f
+ r2(dx2

1 + dx2
2) , A =

q

r
dt ,

f = g2r2 − µ

r
+

q2

4r2
. (5.3)

The solution contains mass and electric charge parameters µ and q respectively. The

parameter g = 1/` is the inverse of the AdS radius. It can be easily checked that the

temperature and entropy density are given by

T =
f ′(r0)

4π
, s =

1

4
r2

0 , (5.4)

where f(r0) = 0. In other words, the quasi-topological term gives no contribution to the

entropy of the AdS planar black hole.

To study the holographic shear viscosity, we perform the transverse and traceless (TT)

perturbation

dx2
1 + dx2

2 → dx2
1 + dx2

2 + 2Ψ(t, r)dx1dx2 . (5.5)

When q = 0, the background metric is Einstein, and the Q(3) term gives no contribu-

tion to the linearized equation. It follows that Ψ(r, t) is simply a massless graviton, in

which case, the shear viscosity saturates the standard lower bound of the viscosity/entropy

ratio [48–50]:
η

s
=

1

4π
. (5.6)

For non-vanishing q, the metric is not Einstein, and the higher-derivative term Q(3) is no

longer “topological.” Linear perturbations involve four derivatives and hence contain an

extra massive mode. We make an ansatz

Ψ(t, r) = ςt+ ψ(r) , (5.7)

where ς is a constant. In literature on holographic viscosity, Kubo formula was typically

employed where the perturbation ansatz up to the linear order of frequency is used. The

above ansatz is for zero frequency. This technique was first proposed in [67] for studying

holographic thermoelectric DC currents. The zero limit from the low frequency ansatz to

the above linear time dependence was discussed in detail in [72]. As we shall see presently

that the linear time is necessary for Ψ(t, r) to be ingoing on the horizon.
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The linearized equation becomes

1

2
(4g2r3 − µ)ψ′ +

1

8
(4g2r4 − 4µr + q2)ψ′′ +

3λq2

16r8

[
r2
(
4g2r4 + q2 − 4µr

)2
ψ′′′′

+4r
(
4g2r4 + q2 − 4µr

) (
4g2r4 − 3q2 + 8µr

)
ψ′′′

+2
(
−80g4r8 + 112g2µr5 + 21q4 − 108µq2r + 112µ2r2

)
ψ′′

−24
(
−8g2q2r3 + 36g2µr4 + 7µq2 − 24µ2r

)
ψ′
]

= 0 . (5.8)

Note that the linear time dependent ς term drops from the equations of motion completely.

As one may have expected, the fourth-order differential equation can be solved by two

second order differential equations, namely

�̄φ1 = 0 , (�̄−m(r)2)φ2 = 0 , (5.9)

with

m(r)2 = − 1

6λq2
r4 . (5.10)

Here �̄ is the Laplacian with respect to the background black hole metric. The most general

solution of ψ to (5.8) is a linear combination of φ1 and φ2. The stability of the system

requires that λ < 0 so that m(r)2 > 0. The existence of the massive modes implies that the

lower bound of the viscosity/entropy ratio is violated [64]. (See also [65, 66].) However, in

this case, the massive function m(r) diverges on the boundary as r →∞. Consequently, it

can be easily verified that we have φ2 ∼ exp[±
√
−1/(24g2q2λ) r2] as r →∞. This implies

that φ2 should be truncated out by the boundary condition.

Here, we develop a new method to compute the shear viscosity, which we find particu-

larly convenient when higher-derive curvature terms are involved. We consider the radially

conserved current constructed in [78] for general gravity theories, namely

J x1 =
√
−gJrx1 , (5.11)

where

Jµν = 2
∂L

∂Rµνρσ
∇ρξσ + 4ξρ∇σ

∂L

∂Rµνρσ
+ ξρAρF

µν . (5.12)

For our particular example, the Killing vector is given by ξ = ∂x2 . For the static back-

ground, the current J x1 vanishes identically; it gives non-trivial contribution at the linear

order once the perturbation Ψ(t, r) is turned on. We find

16πJ x1lin = g2r2f ψ′ +
6λq2

r4
f
(
r2fψ′′′ + 2r(rf ′ − f)ψ′′ − 6(rf ′ + 2f − 2g2r2)ψ′

)
. (5.13)

It can then be easily verified that the radial conservation law ∂rJ x1lin = 0 gives precisely the

linear equation (5.8). In appendix B, we show that this radially conserved current matches

with the boundary stress tensor T x1x2 , demonstrating that this is indeed the bulk dual of

the holographic shear viscosity.

The horizon boundary conditions for ψ must be that Ψ(t, r) is ingoing, implying that

ψ = ς
log(r − r0)

f ′(r0)
+ · · · . (5.14)
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We can now read off the radially conserved current for the φ1 of (5.9) using the horizon

data. We have

Jx1lin(φ1) = g2r2
0ς , ⇒ η =

1

g2

∂

∂ς
Jx1lin(φ1) =

1

16π
r2

0 . (5.15)

Thus the shear viscosity/entropy ratio is exactly given by (5.6). The quasi-topological term

Q(3) does not alter the viscosity/entropy ratio. It is of interest to note that the radially

conserved current for the φ2 mode of (5.9) vanishes identically, which implies that the

corresponding shear viscosity would vanish. This is of course an irrelevant result since the

mode is inconsistent with the boundary condition.

Finally, we would like to comment that the radially-conserved method we adopt in this

subsection is particularly convenient to use for calculating the holographic shear viscosity in

theories with higher-order curvature terms, owing to the general radially-conserved current

formula obtained in [78]. The conserved current implies that the detail of the perturbation

function ψ is unimportant, except that it should satisfy the ingoing boundary condition

on the horizon and it falls sufficiently fast at the asymptotic infinity so that the linearized

equation is well approximated. In fact the φ2 mode was ruled out precisely because it

diverges asymptotically, giving rise simply to (5.6).

5.2 Thermoelectric DC conductivity

In order to obtain finite holographic thermoelectric DC conductivities, it is necessary to

provide a momentum relaxation mechanism. A simple way is to introduce two axion

fields [79]. We have therefore the matter system

Lmat = −1

4
F 2 − 1

2
(∂χ1)2 − 1

2
(∂χ2)2 . (5.16)

The theory admits the AdS planar black hole [79]

ds2
4 = −fdt2 +

dr2

f
+ r2dxidxi ,

A =
q

r
dt , χi = β xi , i = 1, 2 , (5.17)

with

f = g2r2 − 1

2
β2 − µ

r
+

q2

4r2
. (5.18)

The black hole horizon is located at r0, where f(r0) = 0, and the temperature and the

entropy density are

T =
f ′(r0)

4π
, s =

1

4
r2

0 . (5.19)

A small electric field Ei and thermal gradient ∇iT will generate an electric current J i

and thermal current Qi = T ti − µJ i, where T ab is the boundary stress tensor, i denotes

the spatial boundary directions and µ is the chemical potential. The conductivity matrix

is defined through (
J

Q

)
=

(
σ αT

ᾱT κT

)(
E

−(∇T )/T

)
, (5.20)
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where σ is the electric conductivity, κ̄ is the thermal conductivity and α , ᾱ are thermo-

electric conductivities.

We follow [67] and consider the linear perturbation

ds2 = −fdt2 +
dr2

f
+ r2dxidxi + 2Ψ1dtdx1 ,

A = adt+ Ψ2dx1 , χ1 = βx1 + Ψ3 , (5.21)

with

Ψ1 = −tζf + ψ1(r) , Ψ2 = (−E + ζa)t+ ψ2(r) , Ψ3 = ψ3(r) . (5.22)

A radially conserved electric current can be defined from the Maxwell equation; it is

given by

J =
√
gF rx1 = −ψ1a

′ + fψ′2 . (5.23)

The holographic heat current can be constructed by using the method proposed

in [78], namely

Q =
√
−g
(

2
∂L

∂Rrx1ρσ
∇ρξσ + 4ξρ∇σ

(
∂L

∂Rrx1ρσ

)
+ aF rx1

)
= a

(
ψ1a

′ + fψ′2
)

+ fψ′1 − ψ1f
′ . (5.24)

Note that here ξ is the timelike Killing vector ∂t. In appendix B, we show that current Q

matches the relevant boundary stress tensor exactly for general Ricci cubic gravity, and is

therefore the bulk dual of the holographic heat current.

Three linear differential equations of (ψ1, ψ2, ψ3) comprise J ′ = 0 and Q′ = 0, together

with an equation of ψ3 that does not play an essential rôle. What is somewhat surprising

is that the quasi-topological term Q(3) plays no rôle in the linearized equations in this

case. Since both the heat current and electric current are radially conserved, they can be

evaluated on the horizon. The ingoing boundary conditions on the horizon are specified by

Ψ1 ∼ ψ10 − ζf
(
t+

∫
dr

f

)
+O(r − r0) + . . . ,

Ψ2 ∼ ψ20 + (−E + ζa)

(
t+

∫
dr

f

)
+O(r − r0) + . . . , (5.25)

where ψ10 and ψ20 are constants. In fact, ψ20 is a pure gauge and ψ10 can be determined

through the equation of motion

ψ10 = −Eq + ζr2f ′

β2

∣∣∣
r=r0

. (5.26)

The electric and heat currents, evaluated on the horizon, are thus given by

J =

(
1 +

q2

β2r2
0

)
E +

4πqT

β2
ζ ,

Q =
4πqT

β2
E +

16π2r2
0T

2

β2
ζ . (5.27)
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The elements of thermoelectric DC conductivity matrix can now be obtained

σ =
∂J

∂E
= 1 +

q2

β2r2
0

, α =
1

T

∂J

∂ζ
=

4πq

β2
,

ᾱ =
1

T

∂Q

∂E
=

4πq

β2
, κ̄ =

1

T

∂Q

∂ζ
=

16π2r2
0T

β2
. (5.28)

The upshot in this exercise is that the quasi-topological term Q(3) plays no role in linearized

gravity associated with holographic thermoelectric DC conductivities and the result is

simply the same as that of Einstein-Maxwell-Axion theory alone.

5.3 Butterfly velocity

In this subsection, we study the butterfly velocity of AdS planar black holes with the metric

ds2
4 = −fdt2 +

dr2

f
+ g2r2(dx2

1 + dx2
2) . (5.29)

We refer to the references listed earlier in this section for motivations, and present only

the results and minimum steps. The term Q(3) included in our theory does not have any

effect on the construction of the background black hole solution. Near the horizon r = r0,

the function f can be expressed as

f = f1(r − r0) + f2(r − r0)2 + · · · . (5.30)

To study the butterfly effects, it is convenient to introduce the Kruskal coordinates (u, v)

u = eκ(r∗−t) , v = −eκ(r∗+t) , with dr∗ =
dr√
hf

. (5.31)

Here κ = 2πT = 1
2f1 is the surface gravity on the horizon r = r0, which corresponds to

uv = 0. Near the horizon, we have

uv = (r − r0)− f2

f1
(r − r0)2 + · · · , r − r0 = uv +

f2

f1
(uv)2 + · · · . (5.32)

The metric (5.29) can now be expressed as

ds2
4 = A(uv)dudv +B(uv)dxidxi , (5.33)

where

A(uv) =
1

κ2

f

uv
, B(uv) = g2r2 . (5.34)

We can Taylor expand the functions A and B on the horizon uv = 0,

A = A0 +A1 (uv) +A2 (uv)2 + · · · , B = B0 +B1 (uv) +B2 (uv)2 + · · · . (5.35)

The relation between the coefficients (Ai, Bi) and fi in (5.30) can be found in [95]. To

calculate the butterfly velocity, one considers the metric perturbation

ds2 = A(uv) dudv +B(uv) dxidxi −A(uv) δ(u)h(~x) du2. (5.36)

– 21 –



J
H
E
P
0
2
(
2
0
1
8
)
1
6
6

We find that the linear butterfly equation of motion for h(~x) is

− 24λA1

A2
0B0

(
�− 2B1

A0

)(
�− 2B1

A0
− A2

0B0

24λA1

)
h(~x) ∼ Ee2πT twδ(~x) . (5.37)

Here � is the Laplacian of the flat space dxidxi. There are two modes with masses

m2
0 =

2B1

A0
= g2r0f1 , m̃2 =

2B1

A0
+

A2
0B0

24λA1
= g2r0f1 +

g2r2
0

12λf2
. (5.38)

Stability requires that both masses squared are non-negative. The solution to (5.37) takes

the form

h(~x) ∼ E√
|~x|

(
e2πT (tw−t∗)−m0|~x| − e2πT (tw−t∗)−m̃|~x|

)
. (5.39)

It is important to note that the absence of a derivative of the δ-function source implies that

the solution has no additional integration constant. Since the temperature of the black hole

is T = f1/(4π), it follows that f1 ≥ 0. This ensures that m2
0 ≥ 0. To examine the sign of

f2, we note that the quasi-topological term λQ(3) does not contribute to the background

equations of motion. It follows that the black hole solution (5.29) is constructed from the

standard Einstein equation

Gµν = Tmat
µν . (5.40)

We can thus read off the properties of the matter energy-momentum tensor from the

Einstein tensor. For the back hole metric (5.29), the matter energy-momentum tensor in

the diagonal vielbein base is given by

T ab =


− f
r2
− f ′

r
f
r2

+ f ′

r
1
2f
′′ + f ′

r
1
2f
′′ + f ′

r

 . (5.41)

On the horizon, we have f(r0) = 0 and f ′(r0) = f1 ≥ 0, it follows that the null energy

condition requires that f ′′(r0) = 2f2 ≥ 0. Note that for the Schwarzschild AdS planar

black hole, we have f ′′(r0) = 0 and the m̃ mode thus decouples. For the RN AdS planar

black hole (5.3), we have f ′′(r0) = q2/r2
0 ≥ 0. In general for non-negative values of m̃2, the

coupling constant λ must satisfy

λ > 0 or λ ≤ − r0

12f2f1
. (5.42)

Note that in the context of holographic shear viscosity discussed earlier, the coupling

constant has to be negative for the stable TT modes. When the second inequality is

saturated, we have m̃ = 0.

The butterfly velocity is defined as

vB =
2πT

m
. (5.43)
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Thus the corresponding butterfly velocities associated with the m0 and m̃ modes are

given by

v2
0 =

f1

4g2r0
, ṽ2 =

v2
0

1 + r0
12λf1f2

. (5.44)

The quantity of v0 is the standard butterfly velocity and can be expressed in terms of

thermodynamical variables [95]

v2
0 =

1

2

TS

VthP
. (5.45)

Thus we see that for positive λ, we have ṽ2 ≤ v2
0. For some appropriate negative value of λ,

we can have ṽ2 →∞, which may potentially violate the conjectured holographic diffusivity

bounds [46, 47, 86, 88]. We shall discuss this in the next subsection.

Additional butterfly velocity in Schwarzschild AdS planar black hole of quadratically-

extended Ricci gravity was also obtained in [94]. However there is an important difference.

The mass of the new massive mode in [94] is solely determined by the coupling constants

of the theory, and if it vanishes, it is zero for all solutions. In our case, m̃ in (5.38) depends

not only the coupling constant λ, but also the integration constant of the solution, such as

mass and charges. Thus in our case, the vanishing of m̃ depends on the specific property

of a solution, provided that λ is negative. This provides a mechanism of breaking the

diffusivity bounds, which we shall discuss in the next subsection.

5.4 Violation of the holographic diffusivity bounds

In the previous two subsections, we studied both the holographic thermoelectric DC con-

ductivities and butterfly velocities of AdS planar black holes in Einstein-Maxwell-Axion

theory in four dimensions, together with the quasi-topological cubic Ricci term λQ(3). We

find that the λQ(3) term has no effect on the thermoelectric DC conductivities and yet can

give rise to a new mode associated with a new butterfly velocity. This phenomenon makes

it particularly simple to reexamine how the higher-derivative terms such as λQ(3) affect the

conjectured holographic diffusivity bounds.

The diffusivity bound of the Einstein-Maxwell-Axion theory was discussed in [75]. It

is advantageous to write the background electric potential as

a = µ

(
1− r0

r

)
, (5.46)

which vanishes on the horizon at r = r0, and the constant µ can be interpreted as the

chemical potential of the boundary CFT. The background metric profile can now be

expressed as

f = g2r2 − 1

2
β2 − m0

r
+
µ2r2

0

4r2
. (5.47)

One can solve for the mass parameter m0 from f(r0) = 0 and consequently, the Hawking

temperature is

T =
f ′(r0)

4π
=

12g2r2
0 − 2β2 − µ2

16πr0
. (5.48)
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This allows one to express the horizon radius in terms of thermodynamical variables as a

simple solution of a quadratic equation:

r0 =
4πT +

√
3g2 (2β2 + µ2) + 16π2T 2

6g2
. (5.49)

The entropy and charge densities are (We adopt the same unusual convention in literature.)

S = 4πr2
0 =

π
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)2

9g4
,

ρ = µr0 =
Φ
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)

6g2
. (5.50)

The compressibility and thermoelectric susceptibility are given by

χ =

(
∂ρ

∂µ

)
T

=
1

6g2

(
4πT +

6g2
(
β2 + µ2

)
+ 16π2T 2√

3g2 (2β2 + µ2) + 16π2T 2

)
,

ζ =

(
∂ρ

∂T

)
µ

=
2πµ

3g2

(
1 +

4πT√
3g2 (2β2 + µ2) + 16π2T 2

)
. (5.51)

The specific heat for fixed chemical potential and for fixed charge density are given by

cµ = T

(
∂S

∂T

)
=

8π2T
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)2

9g4
√

3g2 (2β2 + µ2) + 16π2T 2
,

cρ =
4π2T

(√
3g2 (2β2 + µ2) + 16π2T 2 + 4πT

)3

9g4
(

3g2 (β2 + µ2) + 2πT
√

3g2 (2β2 + µ2) + 16π2T 2 + 8π2T 2
) . (5.52)

The thermoelectric DC conductivities (5.28) can also be expressed as functions of µ and

T

σ = 1 +
µ2

β2
, α = ᾱ =

4πρ

β2
=

2πµ
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)

3g2β2
,

κ̄ =
4πTS

β2
=

4π2T
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)2

9g4β2
,

κ = κ̄− α2T

σ
=

16π2r2
0T

β2 + µ2
=

4π2T
(√

3g2 (2β2 + µ2) + 16π2T 2 + 4πT
)2

9g4 (β2 + µ2)
. (5.53)

The diffusion constants D± are defined by

D+D− =
σ

χ

κ

cρ
≡ c1 , D+ +D− +

σ

χ
+
κ

cρ
+
T (ζσ − χα)2

cρχ2σ
≡ c2 . (5.54)

It follows that

D± =
c2 ±

√
c2

2 − 4c1

2
. (5.55)

These results were given in [75].
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Owing the presence of the quasi-topological term λQ(3), we have shown in the previous

subsection that there are two the butterfly velocities. They can be written also as functions

of T and µ:

v2
0 =

6πT√
3g2 (2β2 + µ2) + 16π2T 2 + 4πT

,

ṽ2 =
v2

0

1 +

(√
3g2(2β2+µ2)+16π2T 2+4πT

)3

5184πλg6T (β2+µ2)

. (5.56)

In the incoherent region
β

T
� 1 and

β

µ
� 1 , (5.57)

the diffusion constants and butterfly velocities are given by

D+ =

√
6g

β
− 4πT

β2
+

3g2µ2 + 16π2T 2

2
√

6gβ3
+ . . . ,

D− =

√
3
2g

β
+

16π2T 2 − 3g2µ2

4
√

6gβ3
+ . . . ,

v2
0 =

√
6πT

gβ
− 4π2T 2

g2β2
+

16π3T 3 − 3πg2µ2T

2
√

6g3β3
+ . . . ,

ṽ2 =
864π2λg2T 2

β2
−

2304
(√

6π3λgT 3
(
1 + 54λg4

))
β3

+ . . . . (5.58)

In the incoherent limit, the constants D+, D− correspond to the charge diffusion constant

Dc and energy diffusion constant De respectively. It was conjectured that the charge and

energy diffusion constants have the bounds [86, 88]

2πTDc,e

v2
B

≥ Cc,e , (5.59)

where Cc,e are pure constants of order one. To examine this bound in our case, we define

C+ =
2πTD+

v2
0

= 2g2 +
g2µ2

β2
+

2
√

2
3πgµ

2T

β3
+ · · · ,

C− =
2πTD−
v2

0

= g2 +
2
√

2
3πgT

β
+

8π2T 2

3β2
+
πT
(
16π2T 2 − 9g2µ2

)
3
√

6gβ3
+ · · · ,

C̃+ =
2πTD+

ṽ2
=

β

72
√

6πλgT
+

1

36λg2
+ 2g2 +

g2µ2 + 48π2T 2

288
√

6πλg3βT
+ · · · , (5.60)

C̃− =
2πTD−
ṽ2

=
β

144
√

6πλgT
+

1

54λg2
+ g2 +

16π2T 2
(
432λg4 + 17

)
− 3g2µ2

1728
√

6πλg3βT
+ · · · .

Obviously, the usual mode associated with the butterfly velocity v0 indeed satisfies the

bound, with

C+ ∼ 2g2 + · · · and C− ∼ g2 + · · · . (5.61)
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The situation for the quantities C̃± is more complicated, depending on the sign of the

coupling constant λ in the quasi-topological term λQ(3). For positive λ, the bounds continue

to hold since in this case C̃± > C±. However, as was explained in sections 5.1 and 5.3, the

coupling constant λ can be negative, and should be negative in the discussion of holographic

shear viscosity. The bounds can then be violated for negative λ, for which case the butterfly

velocity ṽ2 is unbound above, leading to a possible infinitesimal C̃± → 0+. Although it

appears that C̃± in (5.60) can be negative for negative λ. This will not happen since

we require (5.42) so that ṽ2 be non-negative, but possible to be unbound above. Note

also that in our model, the violations of diffusivity bounds occur simultaneously for both

the diffusion constants Dc and De. Violations of charge diffusivity bound was previously

obtained [98–101], but not for the energy diffusivity bound.

It is worth pointing out that higher derivative gravities are liable to violate causal-

ity [102]. However, it was demonstrated [103] recently that linearized quasi-topological

Ricci-polynomial gravities, (which all our examples are,) preserve the causality of the type

discussed in [102], at least for perturbations on Einstein metrics. The metrics we have

discussed in this section, on the other hand, are beyond Einstein, and the linearized per-

turbation for the butterfly velocity involves higher derivatives and hence beyond the scope

discussed in [102] which considered generic two-derivative perturbations. However, it is

important to note that the extra mode that gives ṽ → ∞, depends on the integration

constant of the solution, which is different from typical higher-derivative gravities. Nev-

ertheless, the causality constraint in our case of violating the diffusivity bound requires

further investigation.

6 Conclusions

There are specific combinations of Remann tensor polynomial invariants that give no contri-

butions to the equations of motion in certain dimensions. These include the Gauss-Bonnet

term in four dimensions and more general k’th order Lovelock gravities in D = 2k dimen-

sions, and the property holds for any metrics in these dimensions. These terms are a total

derivative and measure the topological characteristics of the manifold of the correspond-

ing metric. A quasi-topological term can be defined as a combination of some curvature

polynomial invariants that does not contribute to the equations of motion on some special

subclass of metrics that one would like to study. In this paper, we focused on Einstein grav-

ity extended with Ricci tensor polynomial invariants R(k)
icci, up to the tenth order, i.e. k = 10.

We constructed quasi-topological gravities for both the general static metric ansatz (1.1)

and the special static metric ansatz (1.2). We also constructed linearized quasi-topological

gravities on general Einstein metrics. We obtained classes of solutions which we label as

the (W, Ŵ,P, P̂, P̃,Q, Q̃,U , Ũ ,V, Ṽ) series. The meaning of each symbol is summarised

as follows.

• R(k)
icci: the general Ricci polynomial invariants at the k’th order.

• W(k): linearized quasi-topological terms on Einstein metrics. The structures gener-

ally depend on the dimension parameter D. The term with D parameter is quasi-
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topological and hence ghost free in D dimensions only. In dimensions other than D,

the theory can develop ghost excitations. Quasi-topological gravities given below are

all subclasses of the W series.

• Ŵ(k): a subclass of W(k) that are independent of D, and hence they are the same

theories and quasi-topological at the linear level in all dimensions.

• P(k): these are quasi-topological for special static metric ansatz (1.2). The structures

in general depend on dimensional parameter D.

• P̂(k): a subclass of P(k) that are independent of D.

• P̃(k): the polynomials contain a parameter n, but independent of dimensions D.

The theories are ghost free at the linear level in all dimensions and become quasi-

topological for special static metrics (1.2) in D = n dimensions.

• Q(k): these are quasi-topological gravities for the special static metrics in four di-

mensions, and can develop linear ghosts in other dimensions.

• Q̃(k): these are subclass of Q(k) that are quasi-topological in D = 4, but nontrivial

and ghost free in other dimensions.

• U (k): these are quasi-topological for general static metric ansatz (1.1). The structures

in general depend on dimension parameter D.

• Ũ (k): the polynomials contain a parameter n, but are independent of dimensions D.

The theories are ghost free at the linear level in all dimensions and become quasi-

topological for general static metrics in D = n dimensions.

• V(k): these are quasi-topological gravities for the general static metrics in four di-

mensions, and can develop linear ghosts in other dimensions.

• Ṽ(k): these are subclass of V(k) that are quasi-topological in D = 4, but nontrivial

and ghost free in other dimensions.

In table 2, we give the total number of all linearly-independent solutions in each series at a

given order. The number in parenthesis denotes the number of irreducible solutions, whose

exact structures are presented in appendix A. It is intriguing to notice that the lowest order

of quasi-topological terms in four dimensions is typically one order less than those in other

dimensions with the same property. In other words, it appears that it is easier to construct

quasi-topological terms in four dimensions.

It is perhaps a misnomer to call our series quasi-topological since they vanish identically

for the corresponding metric ansätze, rather than giving rise to total derivatives, as in a

typical case of topological terms. This implies that the “quasi-topological number” is always

0. This property however makes it much easier to construct reducible solutions, even if we

are to include the Riemann tensors also. The numbers given in table 2 reflects that we

have restricted our attentions to Ricci polynomials only. As was discussed in section 3.5,
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k 2 3 4 5 6 7 8 9 10

R(k)
icci 2 3 5 7 11 15 22 30 42

W(k) 0 1(1) 3(2) 5(1) 9(1) 13(1) 20(1) 28(1) 40(1)

Ŵ(k) 0 0 0 0 2(2) 4(2) 10(3) 15(3) 25(4)

P(k) 0 0 1(1) 2(1) 5(2) 8(1) 14(1) 21(1) 32(1)

P̂(k) 0 0 0 0 0 0 1(1) 3(2) 7(3)

P̃(k) 0 0 0 0 0 1(1) 4(3) 8(3) 16(4)

Q(k) 0 1(1) 2(1) 4(1) 7(1) 11(1) 17(1) 25(1) 36(1)

Q̃(k) 0 0 0 0 1(1) 3(2) 7(3) 13(3) 22(4)

U (k) 0 0 0 0 1(1) 2(1) 5(2) 9(1) 16(1)

Ũ (k) 0 0 0 0 0 0 0 2(2) 7(5)

V(k) 0 0 0 1(1) 2(1) 4(1) 7(1) 12(1) 19(1)

Ṽ(k) 0 0 0 0 0 0 1(1) 4(3) 9(4)

Table 2. The total number of linearly-independent quasi-topological polynomials for a given order

in each series. The number in parenthesis denotes the number of irreducible solutions which are

presented in appendix A.

the quasi-topological characteristics are maintained if we multiple any factor of Riemann

tensor polynomials, and consequently there are much larger number of quasi-topological

gravities than those we listed in table 2.

One important property of our quasi-topological polynomials is that they will not af-

fect the solutions of either the special static metrics (1.2) or the general static metrics (1.1).

But they can give nontrivial effects on the perturbations. This allows us to study the higher

derivative contributions to the AdS/CFT correspondence using the previously known static

backgrounds. In this paper, considered the Einstein-Maxwell-Axion theory in four dimen-

sions, together with the quasi-topological term λQ(3) of (2.20). The theory admits the RN

AdS planar black hole. We examined how λQ(3) affected the shear viscosity, thermoelec-

tric DC conductivities and butterfly velocities associated with the bulk AdS planar black

hole. Interestingly, the cubic polynomial λQ(3) has no effect on the thermoelectric DC

conductivities, but provides additional massive TT modes in both the linear perturbations

associated with the shear viscosity and butterfly velocity. In both cases, the extra mode has

a potential of breaking certain previously established bounds. (In the case of holographic

shear viscosity, the extra mode is inconsistent with the boundary conidtion.) Our results

make it particularly simple to examine the holographic diffusivity bounds at the presence

of higher-derivative terms, since the only new ingredient from our model is an extra but-

terfly velocity that may be unbound above. We find that when the coupling constant λ is

negative, the diffusivity bounds can be violated owing to the possibility of infinitely large

butterfly velocity associated with the extra mode induced by the quasi-topological term.

This phenomenon may be quite universal for our quasi-topological Ricci gravities.
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Higher-derivative gravities are rather complicated in general, and can be quickly out

of hand when the order gets higher. Constructing quasi-topological gravities may be a

compromise between dealing with the most general structures and restricting only to the

ghost-free Lovelock terms. Our preliminary investigation of quasi-topological Ricci poly-

nomials indicates that in spite of being much more manageable than the general Riemann

tensor polynomials, they are nevertheless quite rich in structures.
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A List of quasi-topological Ricci polynomials

In this paper, we constructed a variety of quasi-topological Ricci polynomial gravities.

These are the (W, Ŵ,P, P̂, P̃,Q, Q̃,U , Ũ ,V, Ṽ) series. In the main body of the paper,

only the lowest-order examples were given. In this appendix, we present the full list of

irreducible polynomials in each series. First we give the quasi-topological terms for special

static metric (1.2) for general D 6= 4 dimensions. They are given by

P (4) = R4
(1) − 2DR2

(1)R(2) + 8(D − 2)R(1)R(3) +
(
D2 − 6D + 12

)
R2

(2)

−2(D − 2)DR(4) ,

P (5) = R3
(1)R(2) −DR2

(1)R(3) −DR(1)R
2
(2) + 6(D − 2)R(1)R(4)

+
(
D2 − 4D + 8

)
R(2)R(3) − 2(D − 2)DR(5) ,

P (6)

1 = R2
(1)R

2
(2) − 2DR(1)R(2)R(3) +

(
D2 − 4D + 8

)
R2

(3)

+2(D − 2) (2R(1)R(5) +R(2)R(4) −DR(6)) ,

P (6)

2 = R2
(1)R(4) − 2R(1)R(2)R(3) +R3

(2) −DR(2)R(4) +DR2
(3) ,

P (7) = −DR2
(1)R(5) +R1R

3
2 +DR(1)R

2
(3) + 2(D − 2)R(1)R6 − 2DR2

(2)R(3)

+
(
D2 + 6D − 12

)
R(2)R(5) − 6(D − 2)R(3)R(4) − 2(D − 2)DR(7) ,

P (8) = R4
(2) − 2DR2

(2)R(4) + 8(D − 2)R(2)R(6) +
(
D2 − 6D + 12

)
R2

(4)

−2(D − 2)DR(8) ,

P (9) = R(1)R
2
(2)R(4) −DR(1)R

2
(4) + 2(D − 2)R(1)R(8) −DR2

(2)R(5)

+4(D − 2)R(2)R(7) − 4(D − 2)R(3)R(6) +D2R(4)R(5) − 2(D − 2)DR(9) ,

P (10) = DR2
(1)R(8) − 2DR(1)R(2)R(7) +R3

(2)R(4) −
(
D2 − 6D + 12

)
R(2)R(8)

−DR2
(3)R(4) + 2D2R(3)R(7) − 4(D − 2)R(4)R(6) − 2(D − 2)DR(10) . (A.1)

In four dimensions, the lowest order of the quasi-topological polynomial is (2.20), and we

can use it to further simplify the higher-order ones by subtracting appropriate reducible
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ones, leading to the following irreducible solutions

Q(3) = R3
(1) − 6R(2)R(1) + 8R(3) ,

Q(4) = R(2)R
2
(1) − 4R(3)R(1) − 2R2

(2) + 8R(4) ,

Q(5) = −4R(2)R(3) +R(1)

(
R2

(2) − 2R(4)

)
+ 8R(5) ,

Q(6) = R3
(2) − 6R(4)R(2) + 8R(6) ,

Q(7) = R(3)R
2
(2) − 4R(5)R(2) − 2R(3)R(4) + 8R(7) ,

Q(8) = R(4)R
2
(2) − 4R(6)R(2) − 2R2

(4) + 8R(8) ,

Q(9) = R3
(3) − 6R(6)R(3) + 8R(9) ,

Q(10) = R(4)R
2
(3) − 4R(7)R(3) − 2R(4)R(6) + 8R(10) . (A.2)

There are also dimensional independent combinations, with the first example occurring at

the octic order. The irreducible solutions are

P̂ (8) = R4
(2) − 2R(1)R(3)R

2
(2) − 8R(4)R

2
(2) + 6R2

(3)R(2) + 8R(1)R(5)R(2) + 4R(6)R(2)

+R2
(1)R

2
(3) + 12R2

(4) − 4R(1)R(3)R(4) − 16R(3)R(5) − 2R2
(1)R(6) ,

P̂ (9)

(1) = R(3)R
3
(2) −R(1)R(4)R

2
(2) − 4R(5)R

2
(2) −R(1)R

2
(3)R(2) + 6R(1)R(6)R(2) + 4R(7)R(2)

+2R3
(3) − 2R(1)R

2
(4) +R2

(1)R(3)R(4) + 8R(4)R(5) − 12R(3)R(6) − 2R2
(1)R(7) ,

P̂ (9)

(2) = R3
(3) − 2R(2)R(4)R(3) −R(1)R(5)R(3) +R(1)R

2
(4) +R2

(2)R(5) ,

P̂ (10)

1 = R(6)R
2
(2) −R2

(4)R(2) −R(3)R(5)R(2) +R2
(3)R(4) +R(1)R(4)R(5) −R(1)R(3)R(6) ,

P̂ (10)

2 = −R(4)R
3
(2) +R2

(3)R
2
(2) + 8R(6)R

2
(2) +R(1)R(3)R(4)R(2) − 14R(3)R(5)R(2)

−2R(1)R(7)R(2) −R(1)R
3
(3) + 12R2

(5) + 6R2
(3)R(4) + 2R(1)R(4)R(5)

−16R(4)R(6) + 4R(3)R(7) ,

P̂ (10)

3 = −2R(4)R
3
(2) + 3R2

(3)R
2
(2) + 18R(6)R

2
(2) − 2R2

(4)R(2) − 36R(3)R(5)R(2) + 4R(8)R(2)

−2R(1)R
3
(3) +R2

(1)R
2
(4) + 32R2

(5) + 18R2
(3)R(4) + 4R(1)R(4)R(5)

−36R(4)R(6) − 2R2
(1)R(8) . (A.3)

Now we give the quasi-topological terms for the general static metric (1.2) for general

D 6= 4 dimensions. They are given by

U (6) = R6
(1) − 3DR4

(1)R(2) + 4(3D − 5)R3
(1)R(3) + 3

(
D2 − 3D + 5

)
R2

(1)R
2
(2)

−3(D − 2)(D + 5)R2
(1)R(4) − 12

(
D2 − 4D + 5

)
R(1)R(2)R(3)

+12(D − 2)(D − 1)R(1)R(5) − (D − 2)
(
D2 − 7D + 15

)
R3

(2)

+3(D − 2)
(
D2 − 5D + 10

)
R(2)R(4) + 2

(
3D2 − 15D + 20

)
R2

(3)

−2(D − 2)(D − 1)DR(6) ,

U (7) = R5
(1)R(2) −DR4

(1)R(3) − 2DR3
(1)R

2
(2) + 2(3D − 5)R3

(1)R(4)

+2D2R2
(1)R(2)R(3) − 2(D − 2)(D + 5)R2

(1)R(5)

+
(
D2 − 3D + 5

)
R(1)R

3
(2) −

(
7D2 − 21D + 20

)
R(1)R(2)R(4)

−4
(
D2 − 4D + 5

)
R(1)R

2
(3) + 10(D − 2)(D − 1)R(1)R(6)
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−
(
D3 − 7D2 + 21D − 20

)
R2

(2)R(3) + 2(D − 2)
(
D2 − 4D + 9

)
R(2)R(5)

+
(
D3 −D2 − 10D + 20

)
R3R4 − 2(D − 2)(D − 1)DR(7) ,

U (8)

1 = −R4
(1)R(4) + 2R3

(1)R(2)R(3) + 2R3
(1)R(5) −R2

(1)R
3
(2) + (2D − 5)R2

(1)R(2)R(4)

−(D + 2)R2
(1)R

2
(3) − (D − 2)R2

(1)R(6) − 2(D − 4)R(1)R
2
(2)R(3) − 6R(1)R(2)R(5)

+2(D + 1)R(1)R(3)R(4) + (D − 3)R4
(2) − (D − 3)(D + 2)R2

(2)R(4)

+
(
D2 − 2D − 4

)
R(2)R

2
(3) + (D − 2)DR(2)R(6)

−2(D − 3)DR(3)R(5) + (D − 4)DR2
(4) ,

U (8)

2 = R4
(1)R

2
(2) −DR4

(1)R(4) + 4(D − 1)R3
(1)R(5) − 2DR2

(1)R
3
(2)

+2
(
D2 +D − 5

)
R2

(1)R(2)R(4) − 4(D − 1)R2
(1)R

2
(3)

−2(D − 2)(D + 3)R2
(1)R(6) + 4(D + 1)R(1)R

2
(2)R(3)

−4(D − 1)(D + 1)R(1)R(2)R(5) − 4
(
D2 − 6D + 7

)
R(1)R(3)R(4)

+8(D − 2)(D − 1)R(1)R(7) +
(
D2 − 3D + 1

)
R4

(2)

−
(
D3 − 8D + 4

)
R2

(2)R(4) + 4(D − 4)(D − 1)R(2)R
2
(3)

+2(D − 2)
(
D2 −D + 4

)
R(2)R(6) − 4(D − 4)(D − 1)R(3)R(5)

+
(
D3 −D2 − 14D + 20

)
R2

(4) − 2(D − 2)(D − 1)DR(8) ,

U (9) = −3DR4
(1)R(5) +R3

(1)R
3
(2) + 3DR3

(1)R
2
(3), (9D − 1)R3

(1)R(6)

+3
(
2D2 − 2D − 3

)
R2

(1)R(2)R(5) − 3(7D − 1)R2
(1)R(3)R(4)

−3(D − 2)(2D + 1)R2
(1)R(7) − 3DR(1)R

4
(2) + 3(5D − 2)R(1)R

2
(2)R(4)

−3
(
3D2 − 7D − 2

)
R(1)R(2)R

2
(3) − 3

(
D2 + 9D − 5

)
R(1)R(2)R(6)

+6
(
D2 +D − 3

)
R(1)R(3)R(5) + 9(2D − 1)R(1)R

2
(4) + 6(D − 2)(D − 1)R(1)R(8)

+
(
6D2 − 15D + 2

)
R3

(2)R(3) − 3
(
D3 +D2 − 9D + 1

)
R2

(2)R(5)

+3
(
D2 − 3D − 1

)
R(2)R(3)R(4) + 3(D − 2)D(2D + 1)R(2)R(7)

+
(
2D3 − 3D2 − 14D + 12

)
R3

(3) −
(
6D3 − 12D2 − 33D + 32

)
R(3)R(6)

+3(D − 1)
(
D2 − 3D − 8

)
R(4)R(5),−2(D − 2)(D − 1)DR(9) ,

U (10) = R2
(1)R

4
(2) − 4R2

(1)R(2)R(6) −
(
D2 − 3D − 1

)
R2

(1)R
2
(4) + (D − 2)(D − 1)R2

(1)R(8)

−4DR(1)R
3
(2)R(3) + 12(D − 1)R(1)R

2
(2)R(5) + 4(D − 2)(D − 1)R(1)R(2)R(3)R(4)

−4(D − 2)(D + 2)R(1)R(2)R(7) − 4
(
D2 − 4D + 2

)
R(1)R(3)R(6)

−12R(1)R(4)R(5) + 4(D − 2)(D − 1)R(1)R(9) +DR5
(2)

−2
(
D2 + 1

)
R3

(2)R(4), 2
(
D2 + 2

)
R2

(2)R
2
(3) + 2

(
2D2 − 5D + 4

)
R2

(2)R(6)

−12
(
D2 − 2D + 2

)
R(2)R(3)R(5) +

(
D3 − 3D2 + 11D − 6

)
R(2)R

2
(4)

−(D − 6)(D − 2)(D − 1)R(2)R(8) − 2(D − 2)
(
D2 − 4D + 6

)
R2

(3)R(4)

+4(D − 2)
(
D2 − 2D + 4

)
R(3)R(7) − 2

(
3D2 − 6D + 4

)
R(4)R(6)

+6
(
D2 − 3D + 4

)
R2

(5) − 2(D − 2)(D − 1)DR(10) . (A.4)

In this case, there are no combinations whose coefficients are independent of the dimensions.

In other words, up to the tenth order, we find now example of the Û series. In four

dimensions, the first example of such polynomial occurs at the quintic order, and it follows
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we can use it to simplify further the higher-order U (k) with D = 4. The irreducible results

are given by

V (5) = R5
(1) − 10R(2)R

3
(1) + 20R(3)R

2
(1) + 15R2

(2)R(1) − 30R(4)R(1) − 20R(2)R(3) + 24R(5) ,

V (6) = R(2)R
4
(1) − 4R(3)R

3
(1) − 6R2

(2)R
2
(1) + 12R(4)R

2
(1) + 20R(3)R(2)R(1)

−24R(5)R(1) + 3R3
(2) − 8R2

(3) − 18R(2)R(4) + 24R(6) ,

V (7) = R2
(2)R

3
(1) −R4R

3
(1) − 6R(2)R(3)R

2
(1) + 6R(5)R

2
(1) − 3R3

(2)R(1)

+6R2
(3)R(1) + 15R(2)R(4)R(1) − 18R(6)R(1) + 8R2

(2)R(3)

−14R(3)R(4) − 18R(2)R(5) + 24R(7) ,

V (8) = −R4
(2) +R2

(1)R
3
(2) − 6R(1)R(3)R

2
(2) + 9R(4)R

2
(2) + 6R2

(3)R(2)

−3R2
(1)R(4)R(2) + 12R(1)R(5)R(2) − 20R(6)R(2) − 6R2

(4)

+6R(1)R(3)R(4) − 12R(3)R(5) + 2R2
(1)R(6) − 12R(1)R(7) + 24R(8) ,

V (9) = R(1)R
4
(2) − 6R(1)R

2
(2)R(4) + 8R(1)R(2)R(6) + 3R(1)R

2
(4) − 6R(1)R(8) − 4R3

(2)R(3)

+12R2
(2)R(5) + 12R(2)R(3)R(4) − 24R(2)R(7) − 8R(3)R(6) − 12R(4)R(5) + 24R(9) ,

V (10) = R5
(2) − 10R3

(2)R(4) + 20R2
(2)R(6) + 15R(2)R

2
(4) − 30R(2)R(8)

−20R(4)R(6) + 24R(10) . (A.5)

We now present the linearized quasi-topological gravities on Einstein metrics. Up to

the tenth order, the irreducible solutions are given by

W (3) = 2D2R(3) − 3DR(2)R(1) + 2R3
(1) , W (4)

1 = DR(4) + 3R2
(2) − 4R(1)R(3) ,

W (4)

2 = D2R(4) − 5DR2
(2) + 4R2

(1)R(2) , W (5) = DR(5) + 2R(2)R(3) − 3R(1)R(4) ,

W (6) = 4DR(6) + 5R2
(3) − 9R(1)R(5) , W (7) = DR(7) +R(3)R(4) − 2R(1)R(6) ,

W (8) = 12DR(8) + 7R2
(4) − 16R(1)R(7) , W (9) = 35DR(9) + 18R(4)R(5) − 45R(1)R(8) ,

W (10) = 20DR(10) + 9R2
(5) − 25R(1)R(9) . (A.6)

The structures depend on the parameter D and the linearized gravity on D-dimensional

Einstein metrics for each term simply vanishes. Linear ghost modes can emerge in dimen-

sions other than D. Together with the reducible solutions, we con construct linearized

quasi-topological gravities that are independent of dimensions. The irreducible dimension-

independent combinations are given by

Ŵ (6)

1 = 3R2
(3) − 4R(2)R(4) +R(1)R(5) , Ŵ (6)

2 = 2R3
(2) − 3R(1)R(3)R(2) +R2

(1)R(4) ,

Ŵ (7)

1 = 2R(3)R(4) − 3R(2)R(5) +R(1)R(6) , Ŵ (7)

2 = R(3)R
2
(2) +R(1)R(4)R(2) − 2R(1)R

2
(3) ,

Ŵ (8)

1 = 3R2
(4) − 4R(3)R(5) +R(2)R(6) , Ŵ (8)

2 = 8R2
(4) − 9R(3)R(5) +R(1)R(7) ,

Ŵ (8)

3 = −2R(4)R
2
(2) +R2

(3)R(2) +R(1)R(3)R(4) , Ŵ (9)

1 = 2R(4)R(5) − 3R(3)R(6) +R(2)R(7) ,

Ŵ (9)

2 = 5R(4)R(5) − 6R(3)R(6) +R(1)R(8) , Ŵ (9)

3 = 2R3
(3) − 3R(2)R(4)R(3) +R2

(2)R(5) ,

Ŵ (10)

1 = 15R2
(5) − 16R(4)R(6) +R(1)R(9) , Ŵ (10)

2 = 3R2
(5) − 4R(4)R(6) +R(3)R(7) ,

Ŵ (10)

3 = 8R2
(5) − 9R(4)R(6) +R(2)R(8) , Ŵ (10)

4 = R(6)R
2
(2) − 5R2

(4)R(2) + 4R2
(3)R(4) .

(A.7)

Any of the above theories is quasi-topological at the linear level in all dimensions.
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Finally we present the irreducible solutions of Lovelock-like quasi-topological solutions.

These theories are independent of dimensions and have one parameter n. The linearized

theories on Einstein metrics are simply Einstein and hence ghost free, in all dimensions. In

D = n dimensions, the theories become quasi-topological. The irreducible solutions with

n 6= 4 on special static metrics (1.2) are

P̃ (7) = R(1)

(
2R3

(2) − nR(4)R(2) + 2nR2
(3)

)
+R(4)R

3
(1) − 3R(2)R(3)R

2
(1) − nR2

(2)R(3)

−(n− 2) (4R(3)R(4) − 6R(2)R(5) + 2R(1)R(6)) ,

P̃ (8)

1 = 3nR2
(4) − 4nR(3)R(5) +R(2)

(
nR(6) + 3R2

(3) + 4R(1)R(5)

)
−R(6)R

2
(1)

−2R(1)R(3)R(4) − 4R2
(2)R(4) ,

P̃ (8)

2 = −R2
(2) (2nR(4) + 3R(1)R(3)) +R(2)

(
nR2

(3) +R(4)R
2
(1)

)
+ nR(1)R(3)R(4)

+(n− 2)
(
−4R2

(4) + 2R(3)R(5) + 4R(2)R(6) − 2R(1)R(7)

)
+ 2R4

(2) ,

P̃ (8)

3 =
(
n2 + 40n− 80

)
R(6)R(2) + 3

(
n2 − 24n+ 48

)
R2

(4) − 20nR(4)R
2
(2)

−4
(
n2 − 14n+ 28

)
R(3)R(5) + 7nR2

(3)R(2) + 14nR(1)R(3)R(4) − nR2
(1)R(6)

−24(n− 2)R(1)R(7) + 20R4
(2) − 24R(1)R(3)R

2
(2) + 4R3

(1)R(5) ,

P̃ (9)

1 = −R(3)R(2) (3nR(4) + 2R(1)R(3)) + n
(
2R3

(3) +R(1)R
2
(4)

)
+(n− 2) (2R(4)R(5) − 6R(3)R(6) + 6R(2)R(7) − 2R(1)R(8))

+R(3)R
3
(2) +R(1)R(4)R

2
(2) ,

P̃ (9)

2 = n (−2R(4)R(5) + 3R(3)R(6) −R(2)R(7))−R3
(3) +R(1)R

2
(4) + 2R2

(2)R(5)

−3R(1)R(2)R(6) +R2
(1)R(7) ,

P̃ (9)

3 = −nR(5)R
2
(2) +R(2)

(
−6nR(3)R(4) +R(5)R

2
(1) − 5R2

(3)R(1)

)
+n
(
4R3

(3) + 3R(1)R
2
(4)

)
+ 4R(3)R

3
(2)

−2(n− 2) (R(4)R(5) + 3R(3)R(6) − 7R(2)R(7) + 3R(1)R(8)) ,

P̃ (10)

1 = n
(
2R2

(4) +R(3)R(5)

)
R(2) − 2nR2

(3)R(4) +R(1)

(
R3

(3) − nR(4)R(5)

)
+(n− 2) (−2R(4)R(6) + 6R(3)R(7) − 6R(2)R(8) + 2R(1)R(9))−R3

(2)R(4) ,

P̃ (10)

2 = n
(
−3R2

(5) + 4R(4)R(6) −R(3)R(7)

)
− 4R(6)R

2
(2) + 7R(3)R(5)R(2)

+R(1)R(7)R(2) − 3R2
(3)R(4) −R(1)R(4)R(5) ,

P̃ (10)

3 =
(
−3R2

(3) + 4R(2)R(4) −R(1)R(5)

) (
nR(4) −R2

(2)

)
+2(n− 2)

(
−5R2

(5) + 4R(4)R(6) + 4R(3)R(7) − 4R(2)R(8) +R(1)R(9)

)
,

P̃ (10)

4 = n
(
−8R2

(5) + 9R(4)R(6) −R(2)R(8)

)
+R(8)R

2
(1) − 2R(4)R(5)R(1)

+R(2)R
2
(4) − 9R2

(3)R(4) + 18R(2)R(3)R(5) − 9R2
(2)R(6) . (A.8)

For n = 4, the irreducible solutions become

Q̃(6) = 2R3
(2) − 3R(1)R(2)R(3) − 8R(4)R(2) + 6R2

(3) +R2
(1)R(4) + 2R(1)R(5) ,

Q̃(7)

1 = R(3)R
2
(2) +R(1)R(4)R(2) − 6R(5)R(2) − 2R(1)R

2
(3) + 4R(3)R(4) + 2R(1)R(6) ,

Q̃(7)

2 = R(5)R
2
(1) − 5R2

(3)R(1) + 6R(6)R(1) + 4R2
(2)R(3) + 12R(3)R(4) − 18R(2)R(5) ,

Q̃(8)

1 = −2R(4)R
2
(2) +R2

(3)R(2) + 6R(6)R(2) + 2R2
(4) +R(1)R(3)R(4)

−6R(3)R(5) − 2R(1)R(7) ,
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Q̃(8)

2 = −4R(4)R
2
(2) + 3R2

(3)R(2) +R(1)R(5)R(2) + 8R(6)R(2) + 8R2
(4)

−14R(3)R(5) − 2R(1)R(7) ,

Q̃(8)

3 = R(6)R
2
(1) − 4R(7)R(1) + 7R(2)R

2
(3) + 16R2

(4) − 8R2
(2)R(4)

−28R(3)R(5) + 16R(2)R(6) ,

Q̃(9)

1 = 2R3
(3) − 3R(2)R(4)R(3) − 6R(6)R(3) +R2

(2)R(5) + 4R(4)R(5) + 2R(2)R(7) ,

Q̃(9)

2 = 2R3
(3) − 3R(2)R(4)R(3) − 6R(6)R(3) +R(1)R

2
(4) + 2R(4)R(5)

+6R(2)R(7) − 2R(1)R(8) ,

Q̃(9)

3 = 6R3
(3) − 7R(2)R(4)R(3) − 24R(6)R(3) + 14R(4)R(5) +R(1)R(2)R(6)

+12R(2)R(7) − 2R(1)R(8) ,

Q̃(10)

1 = R(6)R
2
(2) − 5R2

(4)R(2) + 6R(8)R(2) + 4R2
(3)R(4) + 10R(4)R(6) − 16R(3)R(7) ,

Q̃(10)

2 = 3R(4)R
2
(3) − 12R(7)R(3) − 4R(2)R

2
(4) − 2R2

(5) +R(1)R(4)R(5) + 8R(4)R(6)

+8R(2)R(8) − 2R(1)R(9) ,

Q̃(10)

3 = 5R(4)R
2
(3) +R(1)R(6)R(3) − 22R(7)R(3) − 6R(2)R

2
(4) + 12R(4)R(6)

+12R(2)R(8) − 2R(1)R(9) ,

Q̃(10)

4 = −R(4)R
3
(2) + 12R(8)R(2) +R(1)R

3
(3) + 4R(4)R(6) − 12R(3)R(7) − 4R(1)R(9) . (A.9)

Lovelock-like quasi-topological Ricci gravities on general static metric (1.1) with n 6= 4 can

be constructed from the following irreducible ones:

Ũ (9)

1 = −2
(
3n2 + n− 3

)
R(3)R(4)R

2
(1) + 4

(
n2 − 2n+ 3

)
R(2)R(5)R

2
(1)

+
(
15n2 − 65n+ 84

)
R2

(4)R(1) −
(
3n2 − 35n+ 57

)
R2

(2)R(4)R(1)

−4
(
n2 − 13n+ 24

)
R(3)R(5)R(1) +

(
n2 − n+ 3

)
R3

(2)R(3)

−2(n− 2)
(
n2 − 6n+ 18

)
R2

(2)R(5) − 2(n− 2)
(
2n2 − 9n+ 15

)
R(4)R(5)

−2(n− 2)
(
n2 − 12n+ 15

)
R(2)R(7) +

(
6n3 − 59n2 + 185n− 192

)
R(2)R(3)R(4)

−2nR(5)R
4
(1) + 8nR2

(3)R
3
(1) − 4nR2

(2)R(3)R
2
(1) + 2(n− 2)(n+ 3)R(7)R

2
(1)

−2nR4
(2)R(1) + 4(n− 3)2R(2)R

2
(3)R(1) − 6(n− 2)(n+ 3)R(2)R(6)R(1)

−6(n− 2)(n− 1)R(8)R(1) − 4(n− 3)3R3
(3) + 6(n− 3)2(n− 2)R(3)R(6)

+3R(4)R
5
(1) − 9R(2)R(3)R

4
(1) + 6R3

(2)R
3
(1) ,

Ũ (9)

2 = −
(
2n2 − 9n+ 12

)
R3

(3) − (3n− 2)R(3)R(4)R
2
(1) + (2n− 1)R(2)R(5)R

2
(1)

+(n− 2)R(7)R
2
(1) + (5n− 3)R(2)R

2
(3)R(1) + (9n− 16)R2

(4)R(1)

−(3n− 1)R2
(2)R(4)R(1) − 2(4n− 7)R(3)R(5)R(1) − 3(n− 2)R(2)R(6)R(1)

−(n− 1)R3
(2)R(3) + (n− 4)(3n− 7)R(2)R(3)R(4) − (n− 9)(n− 2)R2

(2)R(5)

−2(n− 2)nR(4)R(5) + 3(n− 2)nR(3)R(6) − (n− 2)nR(2)R(7) −R(5)R
4
(1)

+R2
(3)R

3
(1) + 3R(2)R(4)R

3
(1) − 5R2

(2)R(3)R
2
(1) + 2R4

(2)R(1) ,

Ũ (10)

1 = (n+ 4)R(4)R
3
(2) − (n+ 3)R2

(3)R
2
(2) − 2nR(6)R

2
(2) − 2(n+ 2)R2

(4)R(2)

−(n− 4)R(1)R(3)R(4)R(2) + (5n+ 3)R(3)R(5)R(2) + (n+ 1)R(1)R(7)R(2)

+nR(1)R
3
(3) − 3nR2

(5) − (n− 1)R2
(3)R(4) + (n+ 3)R(1)R(4)R(5)
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−2(n+ 2)R(1)R(3)R(6) + 4nR(4)R(6) − nR(3)R(7) −R5
(2) + 3R(1)R(3)R

3
(2)

−R2
(1)R(4)R

2
(2) − 7R(1)R(5)R

2
(2) − 2R2

(1)R
2
(3)R(2) + 4R2

(1)R(6)R(2) − 2R2
(1)R

2
(4)

+R3
(1)R(3)R(4) +R2

(1)R(3)R(5) −R3
(1)R(7) ,

Ũ (10)

2 = −2
(
n2 − n+ 4

)
R2

(4)R(2) +
(
n2 + 10n− 9

)
R(3)R(5)R(2)

+
(
n2 − 5n+ 7

)
R2

(3)R(4) + 2(2n+ 1)R(4)R
3
(2) − (3n+ 2)R2

(3)R
2
(2)

−(n+ 8)R(1)R(5)R
2
(2) − 4(2n− 3)R(6)R

2
(2) − (2n− 9)R(1)R(3)R(4)R(2)

+(4n− 5)R(1)R(7)R(2) + (n− 2)nR(8)R(2) + (n− 2)R(1)R
3
(3)

+(2n− 5)R2
(1)R

2
(4) − n(n+ 1)R2

(5) − (n− 3)R2
(1)R(3)R(5)

−(3n− 11)R(1)R(4)R(5) + (n− 10)R(1)R(3)R(6) + n(3n− 2)R(4)R(6)

−n(3n− 5)R(3)R(7) − (n− 2)R2
(1)R(8) − 2R5

(2) + 5R(1)R(3)R
3
(2)

−3R2
(1)R(4)R

2
(2) −R2

(1)R
2
(3)R(2) +R3

(1)R(5)R(2) + 4R2
(1)R(6)R(2) −R3

(1)R(7) ,

Ũ (10)

3 =
(
n2 − 28n+ 36

)
R(6)R

2
(2) −

(
5n2 − 8n+ 36

)
R2

(4)R(2)

+
(
4n2 − 19n+ 24

)
R2

(3)R(4) + 2(5n+ 6)R(4)R
3
(2) − (7n+ 11)R2

(3)R
2
(2)

−2(4n− 13)R(1)R(3)R(4)R(2) + 18(2n− 1)R(3)R(5)R(2)

−(2n− 17)R2
(1)R(6)R(2) + 12(n− 1)R(1)R(7)R(2) + 3(n− 2)nR(8)R(2)

+2(n− 1)R(1)R
3
(3) + (5n− 14)R2

(1)R
2
(4) − 12nR2

(5) − 6(2n− 7)R(1)R(4)R(5)

+6(n− 7)R(1)R(3)R(6) + n(5n+ 6)R(4)R(6) − 4n(2n− 3)R(3)R(7)

−3(n− 2)R2
(1)R(8) − 6R5

(2) + 14R(1)R(3)R
3
(2) − 6R2

(1)R(4)R
2
(2) − 30R(1)R(5)R

2
(2)

−3R2
(1)R

2
(3)R(2) + 6R2

(1)R(3)R(5) +R4
(1)R(6) − 4R3

(1)R(7) ,

Ũ (10)

4 =
(
n2 − 17n+ 22

)
R(6)R

2
(2) +

(
3n2 − 23n+ 18

)
R2

(4)R(2)

−
(
4n2 − 44n+ 46

)
R(3)R(5)R(2) + 2

(
2n2 − 17n+ 20

)
R2

(5)

−
(
7n2 − 52n+ 60

)
R(4)R(6) + 2

(
2n2 − 11n+ 12

)
R(3)R(7) − nR5

(2)

+2nR(1)R(3)R
3
(2) + (8n− 4)R(4)R

3
(2) − 3(2n− 1)R2

(3)R
2
(2) − 2(n+ 5)R(1)R(5)R

2
(2)

−nR2
(1)R

2
(3)R(2) − 2(4n− 9)R(1)R(3)R(4)R(2) − (n− 10)R2

(1)R(6)R(2)

+2(5n− 7)R(1)R(7)R(2) − (n− 2)2R(8)R(2) + 2(3n− 4)R(1)R
3
(3)

−3(n− 1)R2
(1)R

2
(4) + (8− 5n)R2

(3)R(4) + 2(3n− 5)R2
(1)R(3)R(5)

+2(4n− 3)R(1)R(4)R(5) − 16(n− 1)R(1)R(3)R(6) − (n− 2)R2
(1)R(8)

+R2
(1)R

4
(2) − 2R3

(1)R(3)R
2
(2) +R4

(1)R
2
(3) − 2R3

(1)R(7) ,

Ũ (10)

5 =
(
n2 + 6n− 6

)
R(4)R

3
(2) − 2

(
n2 + 6n− 14

)
R(6)R

2
(2) − 2

(
2n2 − 5n+ 8

)
R2

(4)R(2)

−
(
2n2 − 31n+ 43

)
R(3)R(5)R(2) −

(
n2 − 4n+ 6

)
R(1)R

3
(3)

+
(
2n2 − 17n+ 20

)
R2

(5) +
(
5n2 − 23n+ 29

)
R2

(3)R(4)

+
(
3n2 − 3n− 14

)
R(1)R(3)R(6) +

(
n2 + 10n− 16

)
R(4)R(6)

−
(
8n2 − 23n+ 16

)
R(3)R(7) − nR5

(2) − 5(n− 1)R2
(3)R

2
(2) − 2nR2

(1)R(4)R
2
(2)

+(6n− 17)R(1)R(5)R
2
(2) + 3nR2

(1)R
2
(3)R(2) − (9n− 19)R(1)R(3)R(4)R(2)

−(n− 6)R2
(1)R(6)R(2) + (n+ 1)R(1)R(7)R(2) + (n− 2)(7n− 8)R(8)R(2)
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+(3n− 7)R2
(1)R

2
(4) − (4n− 7)R2

(1)R(3)R(5) − (5n− 17)R(1)R(4)R(5)

+(n− 2)R2
(1)R(8) − 2(n− 2)(n− 1)R(1)R(9) + 2R2

(1)R
4
(2) − 3R3

(1)R(3)R
2
(2)

+R4
(1)R(4)R(2) −R3

(1)R(7) . (A.10)

The irreducible solutions for n = 4 are given by

Ṽ (8) = R(4)R
4
(1) − 3R(2)R(3)R

3
(1) −R(5)R

3
(1) + 2R3

(2)R
2
(1) + 9R2

(3)R
2
(1) − 3R(2)R(4)R

2
(1)

−2R(6)R
2
(1) − 3R2

(2)R(3)R(1) − 16R(3)R(4)R(1) + 9R(2)R(5)R(1) + 6R(7)R(1)

−2R4
(2) − 3R(2)R

2
(3) + 12R2

(2)R(4) + 10R(3)R(5) − 16R(2)R(6) ,

Ṽ (9)

1 = R(1)R
4
(2) − 2R(3)R

3
(2) − 2R2

(1)R(3)R
2
(2) − 2R(1)R(4)R

2
(2) + 4R(5)R

2
(2)

+5R(1)R
2
(3)R(2) + 4R2

(1)R(5)R(2) − 5R(1)R(6)R(2) − 2R(7)R(2) − 2R3
(3) +R3

(1)R
2
(3)

+5R(1)R
2
(4) − 4R2

(1)R(3)R(4) − 4R(1)R(3)R(5) − 4R(4)R(5) −R3
(1)R(6)

+6R(3)R(6) + 2R2
(1)R(7) ,

Ṽ (9)

2 = 2R(1)R
4
(2) − 5R(3)R

3
(2) − 3R2

(1)R(3)R
2
(2) − 9R(1)R(4)R

2
(2) + 15R(5)R

2
(2)

+12R(1)R
2
(3)R(2) +R3

(1)R(4)R(2) + 2R(3)R(4)R(2) + 3R2
(1)R(5)R(2) +R(1)R(6)R(2)

−18R(7)R(2) − 6R3
(3) + 6R(1)R

2
(4) − 18R(1)R(3)R(5) − 6R(4)R(5) −R3

(1)R(6)

+18R(3)R(6) + 6R(1)R(8) ,

Ṽ (9)

3 = R(5)R
4
(1) − 4R(6)R

3
(1) − 6R2

(2)R(3)R
2
(1) + 6R(3)R(4)R

2
(1) + 6R(2)R(5)R

2
(1) + 5R4

(2)R(1)

+24R(2)R
2
(3)R(1) + 3R2

(4)R(1) − 18R2
(2)R(4)R(1) − 40R(3)R(5)R(1) + 4R(2)R(6)R(1)

+18R(8)R(1) − 12R3
(3) − 14R3

(2)R(3) + 6R(2)R(3)R(4) + 39R2
(2)R(5) − 6R(4)R(5)

+36R(3)R(6) − 48R(2)R(7) ,

Ṽ (10)

1 = R5
(2) − 2R(1)R(3)R

3
(2) − 8R(4)R

3
(2) + 5R2

(3)R
2
(2) + 6R(1)R(5)R

2
(2) + 9R(6)R

2
(2)

+R2
(1)R

2
(3)R(2) + 11R2

(4)R(2) + 2R(1)R(3)R(4)R(2) − 18R(3)R(5)R(2) −R2
(1)R(6)R(2)

−8R(1)R(7)R(2) − 2R(8)R(2) − 2R(1)R
3
(3) + 8R2

(5) − 2R2
(1)R(3)R(5) − 2R(1)R(4)R(5)

+6R(1)R(3)R(6) − 14R(4)R(6) + 8R(3)R(7) + 2R2
(1)R(8) ,

Ṽ (10)

2 = 2R5
(2) − 3R(1)R(3)R

3
(2) − 18R(4)R

3
(2) + 9R2

(3)R
2
(2) +R2

(1)R(4)R
2
(2) + 7R(1)R(5)R

2
(2)

+26R(6)R
2
(2) + 26R2

(4)R(2) + 5R(1)R(3)R(4)R(2) − 32R(3)R(5)R(2) − 2R2
(1)R(6)R(2)

−10R(1)R(7)R(2) − 20R(8)R(2) −R2
(1)R

2
(4) + 14R2

(5) − 7R2
(3)R(4) − 3R(1)R(4)R(5)

−2R(1)R(3)R(6) − 28R(4)R(6) + 28R(3)R(7) + 2R2
(1)R(8) + 6R(1)R(9) ,

Ṽ (10)

3 = 3R5
(2) − 4R(1)R(3)R

3
(2) − 26R(4)R

3
(2) + 12R2

(3)R
2
(2) + 12R(1)R(5)R

2
(2) + 36R(6)R

2
(2)

+36R2
(4)R(2) + 9R(1)R(3)R(4)R(2) − 45R(3)R(5)R(2) − 21R(1)R(7)R(2) − 24R(8)R(2)

−3R2
(1)R

2
(4) + 18R2

(5) − 10R2
(3)R(4) +R3

(1)R(3)R(4) − 3R2
(1)R(3)R(5) − 2R(1)R(3)R(6)

−40R(4)R(6) −R3
(1)R(7) + 40R(3)R(7) + 6R2

(1)R(8) + 6R(1)R(9) ,

Ṽ (10)

4 = 5R5
(2) − 6R(1)R(3)R

3
(2) − 44R(4)R

3
(2) + 18R2

(3)R
2
(2) + 15R(1)R(5)R

2
(2) + 67R(6)R

2
(2)

+57R2
(4)R(2) + 18R(1)R(3)R(4)R(2) +R3

(1)R(5)R(2) − 67R(3)R(5)R(2) − 3R2
(1)R(6)R(2)

−27R(1)R(7)R(2) − 54R(8)R(2) + 30R2
(5) − 18R2

(3)R(4) − 3R2
(1)R(3)R(5)

−12R(1)R(4)R(5) − 6R(1)R(3)R(6) − 58R(4)R(6) −R3
(1)R(7) + 64R(3)R(7)

+6R2
(1)R(8) + 18R(1)R(9) . (A.11)
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Finally we would like to emphasize again that the decoupling of the massive scalar and

massive spin-2 modes in Ricci-polynomial gravity gives rise to the W series of linearized

quasi-topological gravities. We can construct the complete set of the W series up to the

tenth order from the irreducible polynomials listed in this appendix. Quasi-topological

Ricci polynomials with various additional properties discussed in this paper are subclasses

of the full W series, including both reducible and irreducible polynomials.

B Radially conserved current and boundary stress tensor

In this appendix we construct the radially-conserved current for some linear perturbations

on the AdS planar black hole background and show that they match the relevant boundary

stress tensor. The matching was demonstrated [78] for ghost free theories such as Lovelock

gravities or a class of Horndeski theories. It was conjectured in [78] that the matching holds

for general gravity theories that may or may not have ghost excitations. In this appendix,

we would like to prove this conjecture for the theory we studied in section 5. The theory

is Einstein gravity extended with cubic Ricci tensor polynomials, studied in section 2. We

shall consider the general case with arbitrary (e1, e2, e3) coupling constants. For simplicity,

we shall consider only the pure gravity theory in four dimensions without any matter. The

theory admits the Schwarzschild AdS planar black hole

ds2 = −fdt2 +
dr2

f
+ r2(dx2

1 + dx2
2) , f = g2r2 − µ

r
. (B.1)

Note that since the matching of the bulk current and boundary stress tensor occurs at

the asymptotic infinity of the AdS spacetime, our results are applicable when additional

minimally coupled matter is included, as long as the asymptotic structure is maintained.

This is indeed the case for the matter system discussed in section 5. The equations of

motion imply that

Λ0 = −3g2(1− 144e1g
4 − 36e2g

4 − 9e3g
4) . (B.2)

We consider two types of perturbations, namely

case 1 : dx2
1 + dx2

2 → dx2
1 + dx2

2 + 2Ψ1 dx1dx2 , (B.3)

case 2 : ds2 → ds2 + 2Ψ2 dtdx1 , (B.4)

where

Ψ1 = −ς t+ ψ1(r) , Φ2 = −r2ζ t+ ψ2(r) . (B.5)

The first perturbation is associated with holographic shear viscosity; the second perturba-

tion is associated with the holographic heat current. (Note that we consider the two per-

turbations independently.) The linearized equations of motion for ψ1 and ψ2 are given by

−1

2
(1 + 432e1g

4)r
(
(3g2r2 + f)ψ′1 + rfψ′′1

)
+

3

2
(4e2 + 3e3)g2r2f2ψ′′′′1 + 18(e2 + 3e3)g4r3fψ′′′1
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+
3

2
g2(−2(4e2 + 3e3)f2 + 9(4e2 + 5e3)g2r2f + 18(4e2 + 3e3)g4r4)ψ′′1

−3

2
g2
(
4(4e2 + 3e3)f2 − 3(20e2 + 9e3)fg2r2 + 9(−4e2 + 3e3)g4r4

)1

r
ψ′1 = 0 ,

−1

2
(1 + 432e1g

4)f

(
ψ′′2 −

2

r2
ψ2

)
+

3

2
(4e2 + 3e3)g2f2ψ′′′′2

+3(4e2 + 3e3)g2f

(
3g2r − f

r

)
ψ′′′2 − 3g2f

(
9

2
(4e2 + e3)g2 + (4e2 + 3e3)

f

r2

)
ψ′′2

−18(4e2 + 3e3)g2f(g2r2 − f)
1

r3
ψ′2

+3g2f
(
− 10(4e2 + 3e3)f + 3(28e2 + 15e3)g2r2

) 1

r4
ψ2 = 0 . (B.6)

These two equations are integrable and give rise to radially conserved currents. In [78], a

general formula for such conserved current was obtained using a Noether procedure for a

variety of gravities. To be specific, it was stated that the quantity J x1 of (5.11) is radially

conserved, where Jµν is given in (5.12). For the case 1 and case 2 perturbations, the

relevant Killing vectors are ξ = ∂x2 and ξ = ∂t respectively. For the background metric

that is diagonal, J x1 vanishes identically and hence conserved. For the two perturbations

we consider in this section, the linearized quantities are given by

16π
(
J x11

)lin
= −(1 + 432e1g

4)r2fψ′1 + 3g2f
(

(4e2 + 3e3)r2(fψ′′′1 + 6g2rψ′′1)

−
(
2(4e2 + 3e3)f + 3(4e2 − 3e3)g2r2

)
ψ′1

)
,

16π
(
J x12

)lin
= (1 + 432e1g

4)

(
fψ′2 +

1

r
(f − 3g2r2)ψ2

)
(B.7)

−3g2

r3

(
(4e2 + 3e3)r3f2ψ′′′2 − rf

(
9(4e2 + e3)g2r2 + 2(4e2 + 3e3)f

)
ψ′2

+
(
4(4e2 + 3e3)f2 − 9(4e2 + e3)fg2r2 + 27(4e2 + e3)g4r4

)
ψ2

)
.

It is easy to verify that a radial derivative of the above two quantities both vanish provided

that the corresponding equations of motion for ψ1 or ψ2 are satisfied.

We now derive the boundary stress tensor associated with these two perturbations.

In order to derive the boundary stress tensor, it is necessary to construct both the gen-

eralized Gibbons-Hawking surface term and the holographic boundary counterterms. The

generalized Gibbons-Hawking terms are given by [104]

Ssurf =
1

8π

∫
dD−1x

√
−hΦµ

ν K
ν
µ , Φµ

ν = 2Pµρνσn
ρnσ . (B.8)

Here Kµν = hµ
ρ∇ρnν is the second fundamental form and hµν = gµν−nµnν , with nµ being

the unit vector normal to the surface. For our specific example, we have n = ∂r/
√
f . It

is important to emphasize that when we vary the surface action Ssurf , we should treat the

quantity Φµ
ν as an auxiliary field that is not varied. In other words, for the variation of the

action, we have

δSsurf =
1

8π

∫
dD−1xΦµ

ν δ
(√
−hKν

µ

)
. (B.9)
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It can then be verified that the surface term plays the precise role of getting rid of the

∇ρδgµν terms arising from the integration by parts after the variation of the bulk action.

Finally we need to construct the holographic boundary counterterms. Since we consider

AdS planar black holes with a flat boundary, there is only one relevant contribution to the

boundary counterterm, given by

Sct =
1

16π

∫
dD−1x

√
−h c , c = −4g − 108(16e1 + 4e2 + e3)g5 . (B.10)

Note that the constant c is determined by requiring that the total action,

Stot = Sbulk + Ssurf + Sct , (B.11)

is finite for the AdS vacuum. Having obtained the full action, we can derive the boundary

stress tensor at the linear level, given by

16πT x2x1lin =
2√
−h

δStot

δhx2x1
=

2√
−h

δStot

δψ1

= −1 + 432e1g
4

gr2

((
− 4
√
fgr + f + 3g2r2

)
ψ1 + rfψ′1

)
+

3 (4e2 + 3e3) gf2

r
ψ′′′1 + 18 (4e2 + 3e3) g3fψ′′1

−
3gf

(
(8e2 + 6e3) f + 3 (4e2 − 3e3) g2r2

)
r3

ψ′1

−
27 (4e2 + e3) g3

(
−4gr

√
f + f + 3g2r2

)
r2

ψ1 ,

16πT tx1lin =
2√
−h

δStot

δhtx1
=

2√
−h

δStot

δψ2

=
1 + 432e1g

4

gr4

((
2− 4gr√

f

)
ψ2 + rψ′2

)
− 3 (4e2 + 3e3) gf

r3
ψ′′′2

−
9 (4e2 + 3e3) g

(
g2r2 − f

)
2r4

ψ′′2 +
3g
(
(8e2 + 6e3) f + 9 (4e2 + e3) g2r2

)
r5

ψ′2

−
3g
(
7 (4e2 + 3e3) f3/2 − 3 (28e2 + 9e3)

√
fg2r2 + 36 (4e2 + e3) g3r3

)
√
fr6

ψ2 .

(B.12)

It is then straightforward to verify that

J x11,lin

gr3 T x2x1lin

∣∣∣
r→∞

= 1 ,
J x12,lin

g3r5 T tx1lin

∣∣∣
r→∞

= 1 (B.13)

Thus we see that the radially conserved currents proposed in [78] match precisely the

corresponding stress tensor components in this cubic Ricci polynomial gravity for generic

coupling constants (e1, e2, e3). When (e1, e2, e3) are given by (2.20), the contributions

from the cubic terms to the J x12 and T tx1 , associated with the holographic heat current,

vanish identically.

– 39 –



J
H
E
P
0
2
(
2
0
1
8
)
1
6
6

The proof of the matching of the radially conserved bulk current with the associated

boundary stress tensor is not as elegant and covariant as that in [78] for ghost free theories

such as Lovelock gravities. Our concrete demonstration for Ricci cubic gravities never-

theless serves as a strong evidence that the proposed radially conserved current of [78] is

indeed the bulk dual of the holographic heat current.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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