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1 Introduction

Effective Field Theory (EFT) provides a powerful calculational tool to study multi-scale
processes in quantum field theory. In an EFT, the theory is defined so that only the
degrees of freedom with energies and momenta below some cutoff A are included in the
theory, while degrees of freedom above the cutoff are integrated out of the theory and their
effects replaced with a series of operators in the effective Lagrangian. Familiar examples
of this approach are four-fermi theory and Heavy Quark Effective Theory (HQET).

By construction, the infrared physics of the full theory is reproduced in a correspond-
ing low-energy effective theory. In its usual formulation, soft-collinear effective theory
(SCET) [1-7], an EFT appropriate for describing the dynamics of jets of particles with in-
variant mass much less than their energies, differs from the two previous examples because
this feature is not manifest. In addition to integrating out degrees of freedom above the
cutoff of the EFT, the low-energy degrees of freedom are then split into various modes,
which are differentiated by the scaling of the components of their four-momenta.! In SCET}
processes (for example, deep inelastic scattering [8-10], thrust [11-14], and the endpoint of
the photon spectrum in B — X [1, 15-18]) the low-energy degrees of freedom consist of
collinear modes with large momenta directed along the direction of each hadronic jet and
small invariant mass, and ultrasoft modes, whose momentum components scale isotrop-
ically and whose invariant mass is parametrically smaller than that of collinear modes.
Defining the usual light-like vectors n = (1,0,0,1) and 7 = (1,0,0,—1) and working in
light-cone coordinates
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LA similar splitting of the low energy degrees of freedom into modes occurs in non-relativistic QCD

(NRQCD).



the momentum components of collinear modes in the n direction are defined to scale as
Pn ~ (P, 0y PnL) ~ Q(A%,1,)), whereas the momenta of ultrasoft modes scale as pys ~
Q(A2,\2,\%). This defines the small parameter A\, and the effective theory is defined by
expanding QCD amplitudes in powers of A. Other processes — SCETy; observables —
[12, 19-22] require soft modes, ps ~ Q(\, A, \). More complex processes with additional
scales require additional modes [9, 23-25]. By describing ultrasoft and collinear degrees
of freedom by separate fields, soft-collinear factorization theorems which are valid in the
collinear limit of QCD (see also [26, 27]) are manifest in SCET at leading order in A.

Since ultrasoft modes just correspond to the infrared limit of collinear modes, by
treating them as separate fields with distinct interactions, SCET does not manifestly treat
infrared physics in the same way as full QCD. Ultrasoft and collinear modes are instead
handled very differently in the formalism: ultrasoft quark fields are described by four-
component QCD quark fields, while collinear quark fields are described by two-component
spinors with complicated nonlocal interactions [2]. To avoid double counting the effects
of ultrasoft modes must be subtracted from graphs containing collinear modes, a process
known as “zero-bin subtraction” [28]. Furthermore, expanding QCD amplitudes in powers
of A corresponds to expanding in the ratios of several scales simultaneously: \/E /Q ~ A,
Phs/Q ~ A2 and phs/ \/p?l ~ A. This makes SCET quite different from more familiar
EFT’s such as four-fermi theory and HQET, where multi-scale problems are handled by
a sequence of EFT’s: at the highest scale @, fields with invariant masses above () are
integrated out of the theory and amplitudes are expanded in powers of A;/@Q where the
A;’s represent infrared scales which are parametrically smaller than (). The theory is then
run down to the next scale (in this case AQ), at which point particles with invariant mass
above the cutoff are again integrated out of the theory, amplitudes are expanded in powers
of AL/(AQ), a new EFT is matched onto, and so on. No subdivision of the low-energy
degrees of freedom in the effective theory into separate modes is required at any point.

Subdividing infrared degrees of freedom into modes is also a frame-dependent proce-
dure, since the momentum scaling for collinear and ultrasoft modes only holds in certain
reference frames. In general, the mode decomposition introduces a privileged frame (typ-
ically the centre of mass frame) which may have no physical significance in the problem,
and breaks manifest Lorentz invariance. While physical results should be independent of
this choice — for example, it was shown in [10] that deep inelastic scattering (DIS) could
be analyzed in SCET in either the target rest frame, where only ultrasoft and n-collinear
modes were required, or the Breit frame, where n-collinear, n-collinear and ultrasoft modes
were required — the degrees of freedom may differ in different reference frames, so the the-
ory is not manifestly frame independent. Finally, since there are an infinite number of
ways that momenta can be defined to scale, it is not always clear what modes are required
to describe a given process, and there have been disagreements in the literature over the
counting of modes [9, 10].

In this paper we present a simple formulation of SCET? which avoids the complica-
tions discussed above. In a previous paper [29], it was shown that ultrasoft and collinear

2Despite the fact that it has no explicit ultrasoft degrees of freedom, we will continue to call the effective
theory with distinct low invariant mass sectors SCET.



modes in SCET may each be described by separate copies of the full QCD Lagrangian,
coupled through an external current which is expanded in powers of A\. Here we extend
this formalism to demonstrate that ultrasoft modes do not need to be explicitly included as
separate degrees of freedom; as expected from the above discussion, they are included in the
infrared of collinear degrees of freedom. The theory is therefore defined by different sectors
which are differentiated by the fact that the invariant mass of each sector is small while the
invariant mass of particles in different sectors is large, with no reference to the scaling of
different momentum components. We therefore do not have to introduce a small parameter
A to define power counting, but instead power-counting is in powers of k;/Q, where the
k; are infrared scales in the EFT. In addition, the formalism is manifestly invariant under
boosts along the n and 7 directions. This is in contrast to the usual formulation of SCET,
where the momentum mode scalings are only valid in one particular reference frame.

The formalism presented here is a simple extension of that in [29]. The effective theory
below the hard scale ) consists of separate n and n sectors coupled via an external current.
Each sector is described by QCD, and interactions between the sectors are described by
Wilson lines. The theory therefore looks like that presented in [29], but with no explicit
ultrasoft modes. Ultrasoft modes were originally introduced into SCET to allow the theory
to eliminate ultraviolet divergences which were sensitive to the infrared regulator [1], so it
might be expected that eliminating ultrasoft modes in SCET would leave loop graphs ill-
defined. However, we show that when the overlap between the n and 7 sectors is subtracted
from loop graphs, analogously to the familiar zero-bin subtraction in SCET, the theory
correctly reproduces the infrared of QCD, and explicitly including ultrasoft modes is not
required.

In this paper we restrict our attention to process with two sectors, such as DIS, al-
though it may be generalized to processes with multiple sectors (such as three-jet events
or qq — qqX scattering). In section 2 we discuss the matching of the external current
relevant for DIS near x = 1 onto SCET at the scale Q. We discuss tree-level matching at
leading and subleading orders, and illustrate that the power counting is given by dimen-
sional analysis. We illustrate that the theory is manifestly boost-invariant. In section 3 we
discuss the theory at the loop level, and show that SCET may be renormalized without
including explicit ultrasoft modes, as long as the overlap between the two collinear modes
of the theory is consistently removed, a procedure which we refer to as “overlap subtrac-
tion”. Finally, in section 4, we illustrate the necessity of overlap subtraction in the operator
product expansion for DIS and match SCET onto the parton distribution function at one
loop. We present our conclusions in section 5.

2 The effective theory for DIS at tree level

For concreteness, consider DIS near the endpoint = 1, where

- 2P.¢

q¢" is the momentum transfer by the external current, and P is the momentum of the

(2.1)

incoming proton. The incoming state consists of low invariant mass partons with p% ~
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Figure 1. Deep inelastic scattering kinematics.

AéCD, while the outgoing state consists of low invariant mass partons with p% ~ Q*(1 —
r) < Q% where Q* = —¢%> > AéCD, as illustrated in figure 1. There are thus two scales
which are parametrically smaller than Q: Aqcp and Qv/1— . DIS in this kinematic
region has been extensively studied in the framework of SCET, and provides an instructive
example to illustrate our formalism.

At renormalization scales u < @, the renormalization scale of the theory is lower than
the invariant mass |p;r+pp| of the total hadronic state, and QCD is matched onto SCET. In
our formalism, this theory consists of two distinct sectors coupled via an external current
with an expansion in inverse powers of ). When the scale is run down below 1 = Q/1 — =,
the invariant mass of the final state is larger than the renormalization scale, and so the final
state is integrated out of the theory by performing an operator product expansion (OPE)
of the T-product of two currents onto a series of bilocal operators, consisting of the familiar
parton distribution functions (PDF’s) [30] and their higher-twist counterparts [31]. This
sequence of EFT’s is standard; our approach differs only in how the intermediate theory
for Q > 11 > Q+/1 — x is defined, so in the next few sections of the paper we will focus on
this theory.

As discussed previously, the standard formulation of SCET is frame-dependent, which
leads to different descriptions in different reference frames. In [10], DIS was analyzed in
the framework of SCET in two different frames of reference, the target rest frame and the
Breit frame. In the target rest frame, the incoming partons were treated as ultrasoft and
the outgoing partons as n-collinear, so only ultrasoft and n-collinear modes were needed
in the calculation. In contrast, in the Breit frame the incoming partons were treated as
n~-collinear and the outgoing partons as n-collinear, so three modes, n-collinear, n-collinear
and ultrasoft, were required. The results in both frames were consistent, although the
calculation also illustrated that the concept of scaling used was not entirely satisfactory,
as there was no choice of A\ which corresponded to the DIS kinematics, since the invariant
masses of the incoming and outgoing states are independent.

In contrast, ref. [9] argued that in order to treat the two infrared scales Aqcp and
Q+/1 — x correctly, three distinct modes were required in both the Breit and target rest
frames, with momenta scaling in the Breit frame as p; ~ Q(1, A%, \), ppe ~ Q(¢, 1, /€) and
Pse ~ Q(e, A%, \/e)\), where ¢ = 1 —z and A = Aqcp/Q. However, this description was
also not entirely satisfactory, as graphs in which anti-collinear gluons were emitted by the
incoming parton into the final state, and which by power counting produced large invariant
mass final states, had to be excluded by hand.



In this paper we argue that at a renormalization scale < @, this process may be
most simply described in a boost-invariant manner by the effective Lagrangian

Lot = Lcp + Loep + T (2:2)

where E&CD and EgCD are two copies of the QCD Lagrangian with quark fields v, » and
gluon fields AJ, ;. The SCET expansion arises through the interactions between the sectors,
which are mediated by an external current with a large O(Q) momentum transfer,

T=70 4 éja) Lo (2.3)

This differs from other formulations of SCET in several ways:

e Rather than being defined by scaling, the sectors are defined by a cutoff in their
invariant masses: p? < @2, p2 < Q?, while p, - pr ~ Q?, where p, and p; are
the total momenta in the n and 7@ sectors.® Since the concept of collinear modes is
frame-dependent — the degrees of freedom in one sector only have large energies in
the frame in which the other sector is soft — we will henceforth simply refer to these
as the n and n sectors, to distinguish them from the familiar collinear modes in SCET.

e Asin [29], there is no collinear expansion within the n and 7 sectors. Partons interact
with one another via QCD: there is no small expansion parameter in the EFT within
a sector. The only source of 1/@Q) corrections is in the interaction between the sectors,
which is mediated by the external current 7.

e The current J has an expansion in powers of 1/Q, not A. J is constructed out of
separately n and n gauge-invariant quantities, and as usual in SCET each sector sees
the other as a Wilson line (or higher dimensional operators constructed from Wilson
lines) — fields in the two sectors do not directly couple in J.

e Ultrasoft degrees of freedom are not explicitly included as different fields in (2.2) —
different modes below the cutoff in a given sector are not described by different fields.
In SCET, the interactions between the ultrasoft and collinear modes were expanded
in a multipole expansion in pys/ \/;E ; here no such expansion is performed since it is
an expansion in two infrared scales of the theory. (In contrast with [29], here we only
introduce separate sectors when the invariant mass of those two sectors is of order @.)

e The theory is manifestly boost invariant: that is, it is invariant under the rescaling

. Thus, there is no distinction in the EFT description of the

n — an, n — o
process between frames which differ by a boost along the n-axis, such as the Breit

and target rest frames.

Note that in contrast with collinear and ultrasoft modes, particles in one sector typically
have energy of order () with respect to particles in the other sector, and therefore are

3We distinguish between p, » and the momenta in the initial and final states p; and pr because, as will
be discussed, partons in either sector may be present in both the initial and final states.



above the cutoff of the EFT and hence are integrated out of the effective Lagrangian for
the other sector. Thus, describing the n and 7 sectors with different fields does not in
general corresponding to double-counting infrared physics. However, there is an important
caveat here: if an individual parton has momentum p such that both p - p, < Q2 and
p-pn < @2, there is an ambiguity in assigning it to a sector, which will lead to a double-
counting which must be subtracted. This will be discussed in the next section. In the
remainder of this section, we illustrate the formalism by considering tree-level matching
onto SCET up to subleading order in 1/Q.

To match onto SCET at u = @ we calculate corresponding matrix elements in QCD
and SCET. It is convenient to consider matrix elements of states of definite helicity; this
allows us to use standard spinor-helicity techniques [32] to evaluate the matrix elements.
In addition, matching directly onto helicity eigenstates illustrates that it is unnecessary
to assign power counting in A to different components of polarization vectors as is usually
done in SCET; power counting in 1/@ in this theory is purely dimensional analysis.

Consider the on-shell matrix element in QCD of an external electromagnetic current
JH = 4py*p with momentum transfer ¢ between an incoming quark with momentum p;
and an outgoing quark with momentum py with 4 helicity,

Mg+ = (p2 £ [J¥|p1£) (2.4)

(since the quarks are massless, for a vector current the helicities of the incoming and out-
going quarks are the same). We choose our coordinates such that ¢; = 0. This matrix
element is straightforward to evaluate using standard spinor-helicity methods; the calcula-
tion is described in appendix A. We obtain

Mg = \/2p1_p§’e¢i“opfi + 1/ 2p  py eE el 4 (/T pg 7 4 \/pypy N (2.5)

¢y =(0,1,F1,0) (2.6)

are transverse basis vectors and ¢, is the polar angle of p| in the xy plane,

where

pl + sz _ pl + sz
@2+ (%2 [Pl

(2.7)

and we have used the fact that p;, = p> = p . The coordinates pf are frame-dependent,
so there is no obvious small parameter in which to expand (2.5) which is valid in all frames.
In the SCET literature, one chooses a frame (typically the centre of mass frame), assigns
power-counting in A to momenta and expands amplitudes in powers of A. However, each
term in the expression (2.5) is boost-invariant along the 7 direction: under a change of

Lpk, we have pii — aﬂpli, while the transverse basis

reference frame, n* — an*, n* — o~
vectors £/ are unchanged, so each term in M= is invariant. It is convenient, then, to make

boost invariance explicit by defining a new set of four-vectors n and 7 by rescaling n and n:

)
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These vectors are manifestly boost-invariant, and so % =(1—z)/z ~ (1 —x) whether n
and n were constructed in the target rest frame or the Breit frame, or indeed any other frame

_ A2 = .
related to these by boosts along the 7 axis. Similarly, % ~ %SD, % ~ % ~1,q-n=

—@, and ¢-77 = @ in any frame boosted along the 7 axis. We can therefore define SCET in a
manifestly boost-invariant way by expanding in % and % for particles in the n sector and

%ﬁ and % for particles in the n sector. We thus can write (2.5) in the boost-invariant form,

Myt =\/2p1 - pa-n €T L+ \/2p1 - pa - €5 EL 4 12

- (2.9)
+/p1-np2-nnt.

To match onto SCET, we must identify the states in the effective theory corresponding
to the full theory states. SCET power counting is defined such that the incoming quark is
properly described by the n sector and the outgoing quark by the n sector, so we can then
expand (2.9) and (2.27) in powers of p; /@ and p; - n/Q to obtain

Mg =@Q <x/§eiwp§i — \geﬂ%f‘;ma (7 + ") + .. ) (2.10)

where the ellipses denote terms of higher order in 1/Q.

SCET is constructed to reproduce the QCD result by expanding the current in powers
of 1/@Q via (2.3). Since the n and 7 sectors just correspond to the n and 7 collinear modes
in refs. [29, 33], the current will take the same form as in those papers. At leading order
in 1/Q, the SCET current is [29]

TO = Colu)O () = Cal) [5.T7.] Py Pr [ Wit 21)

where

_ ko, ik
p=" g =t (2.12)

are projection operators, ¥, 5 and Aﬁﬁ are full QCD fields in the given sector, and we have
defined the Wilson lines (using the convention in [26])

Wi (z) = Pexp (Zg/ n-As(x + ns)Tae_esds> (2.13)
0

for outgoing Wilson lines in the 7 sector, and

0

Wo(z) = Pexp (ig /

—0o0

n-Ar(x+ ﬁs)Taeesds> (2.14)

for incoming Wilson lines in the n sector. (Note that the subscript on the W’s denotes the
sector with which the Wilson line interacts, not the direction of the Wilson line.) Note that
the Wilson lines W, 5 are invariant under rescaling n — an, n — a7, so the effective
theory is manifestly boost invariant.



Following [34], it is convenient to rewrite Oz so that its helicity structure is manifest.
We define gauge invariant quark operators with definite helicity?

XE(x) = Wh (@) P By ()

" T (2.15)
Xi () = W5 (2) P Patn(z)
where Py = (1 ++5)/2 and a = n or in. Using the relation
P = ?n“ + ﬁn“ §“£+ g, (2.16)
(2.11) becomes
O = _gi nn+ Su JTZLZ'rL— (217)
where
The = X (2.18)

i

and ¢ and j are colour indices. We will often abbreviate J,5+ = J};4. Using these

fields will simplify the construction of operators subleading in the 1/@Q) expansion (see [34]
and [36]); in addition, matrix elements of operators between massless fields take a compact
form when their helicity is specified so this is a natural operator basis.

Taking the matrix elements of (2.17), we find

2
(pa(n) + |OL1pr(R)L) = €% /2pr 17 pa -7 €901 = \/3Qe*Pm ¢t (1 +0 ( Q2>> . (2.19)

where we have explicitly labelled the particles in SCET by their sector. Comparing
with (2.10), this reproduces the leading term with Ca(p) = 1+ O(as). The subleading
term in (2.10) is reproduced by the operator®

1
gD = 5 OS () (2:20)

where

0y =~ (im%%?v“m) + 0% <xw"¢%€><n>

= ((§+ n) nn++Z(f - On) Jna )
((£+ n) nn++z(§ 8) )a

which we have written in the usual form with Dirac matrices on the first line and in the

(2.21)

helicity basis on the second. The subscripts on the derivatives 0; indicate that the derivative
only acts on fields in the i-sector; for example,

(§+ - 0n) Jr%ﬁ = (fiaufé;[)ngX%- (2.22)

4For processes with additional sectors, quarks in a given sector will couple to multiple Wilson lines in

different directions, so the corresponding operators will not simply be constructed out of the xn,» fields.
This is in contrast with collinear modes in SCET, which couple to a single Wilson line [35].

5051“ and Oéla) (below) are linear combinations of the subleading operators introduced in [29, 33].



Since the x, n fields are gauge singlets, the derivatives in (2.21) are regular, not covariant,
derivatives. Taking matrix elements of (2.21) gives

(pa(n) £ |05 |p1 () £) = —v2e 908 p o (7 + 1) (2.23)

which reproduces the second term in (2.10) if C'D (1) = 1 + O(as). We note that since
oid)
C19) (1) = Co(p) is determined by reparameterization invariance and will be true to all

may be absorbed into Oz by a small perpendicular rotation of n and 7, the relation

orders in .

At O(1/Q), the effective current also contains operators of the form

J ~ Cé?’u)Bi:tJnn:l: (2.24)

where [34, 37, 38]
B, = &(WhiD, W)Y
By, = ¢4(WiD,Wy)"

is a gauge invariant gluon field with definite helicity, which only contribute to states with

(2.25)

external gluons. We note that the power counting of this operator is just determined by
dimensional analysis. Thus, to match at subleading order we also must consider matching
states with external gluons. We define the matrix element with a gluon of momentum k&
and polarization &’ in the final state

Moz = (P2t k £ [T |prt). (2.26)

To simplify the amplitude, we choose the incoming state to have pj; = 0, so that the total
perpendicular momentum in the final state vanishes, since we have already determined the
coefficient of Oéu‘). As shown in appendix A, the one-gluon result can then be written in
a boost-invariant form as

VP2 o VP21 Lip, VD21
M+ + = —\/§Ta94 (77:“ + 77:“ + \/§e:FZ<Pk _é"u' + \/56 Pk é‘l‘)
9 V/P1-1M Vb2 -1 * *

vz (2.27)

Mgtz = —2gTeTier 7&17%5:
VP2 1]
At leading order, the amplitude (2.27) is reproduced by the one-gluon matrix element
of Oy, given by the diagrams in figure 2, where the dashed line indicates an n-collinear gluon
emitted from the nonlocal vertex of Oy. This may be evaluated using the spinor-helicity
formalism to give

LT P27 gy g
Q P2 m *
(2.28)
(pa(n), k(n)  Os|p1 (7)) = —2gTe ¥ Y Teht
VP21
Using the on-shell conditions p; -7 =0, (p2+ k) -1 =Qand p1 -n=Q+ (p2+ k) -n=
Q-+ (p2+k)?/(p2+ k) -7 =Q+ (p2 + k)?/Q, so to the order we are working we can take

(pa(n)=*, k(n) £ |Oz|p1(n)£) = —2¢T°
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Figure 3. 7 sector gluons emitted into the final state. The dashed line indicates the Wilson line
Wi

p1 -1 = Q. The first matrix elements in (2.28) therefore reproduce to relative order 1/Q
the corresponding terms proportional to &} in (2.27).

Note that the QCD amplitude to produce a final state gluon has been reproduced by
the amplitude in SCET to produce an n sector gluon: this is consistent with the power
counting in the theory, where the invariant mass of the final state is much less than @Q, and
hence is described by the n sector. However, SCET also allows 7 sector gluons to be emitted
into the final state, through the diagrams in figure 3. If the gluon is hard and n-collinear,
the invariant mass of the final state will be large and the gluon will not contribute to the
final state near x = 1, but if the gluon momentum is soft, it can contribute to the final state
amplitude. Since the probability to produce an outgoing gluon has already been properly
accounted for, this contribution is spurious and must be subtracted. We will discuss this
procedure in the next section.

Continuing to match the QCD amplitude to produce a final state gluon with the SCET
amplitude to produce an n sector gluon to O(1/Q), we note that is no contribution from
o)

5 since we have chosen the total perpendicular momentum in each sector to vanish.
The O(1/Q) terms in (2.10) are reproduced by the subleading current

1 a
g1 = 51 mos (p) (2.29)

where
04/ (@) = xala)8: (5 5" ) oo
(2.30)
= @+ ") (BE T + BLIG ).

~10 -



The matrix elements of 7% to produce an n-collinear gluon are easily calculated,

(paln)k k() + 105 Ipa (1)) = ~C§*) 20, [P0 ) (2.31)

(p2(n)=£, k(n) F [0 |p1 (R)£) = 0

which gives Céla) = 14 O(as). Thus, the QCD amplitude to produce final state gluons
is reproduced order by order in 1/Q by the effective theory amplitude to produce n sector
gluons. Similarly, amplitudes with additional gluons in the initial state will be reproduced
in SCET by amplitudes with n sector gluons. The leading amplitudes will be reproduced
by the 7 sector gluon matrix elements of Oy, while at O(1/Q) SCET will also include
contributions from operators with By fields, whose coefficients may be determined by con-
sidering incoming states with n sector gluons. The complete set of operators to O(1/Q?)
relevant for dijet production in SCET is renormalized in [36].

3 One loop matching and overlap subtraction

At the loop level, naively applying the Feynman rules of the previous section leads to
difficulties with the effective theory. Matching onto O at one loop is equivalent to matching
onto standard SCET with only n and 7 collinear modes but no ultrasoft modes, which is
known to be inconsistent: ultrasoft modes were originally introduced in SCET in [1] in order
to remove mixed ultraviolet-infrared divergences at one loop that cannot be absorbed in a
process-independent counterterm. Subsequently, it was shown in [28] that to consistently
reproduce the infrared physics of QCD, the contribution to SCET loop integrals from
the region where collinear modes overlapped with ultrasoft modes must be subtracted, a
procedure known as zero-bin subtraction. Zero-bin subtracted graphs were then shown to
be equivalent to subtracting the ultrasoft contribution to loop integrals [8, 39]. In [35] it
was shown that this procedure allowed SCET to be regulated in the infrared with a gluon
mass. Individual Feynman diagrams renormalizing the two-jet current with a massive gluon
are not separately well-defined, but it was shown in [35] that the sum

where I, I and Iy are the n-collinear, n-collinear and zero-bin subtracted diagrams (the
latter quivalent to the ultrasoft contribution), is well-defined and reproduces the correct
mg dependence in the amplitude.

We argue here that the formula (3.1) arises naturally in our formulation of SCET,
where now [, and I are the one-loop diagrams renormalizing O with n and 7 sector
gluons, while the subtracted term Iy subtracts the double-counting between the n and n
sectors, rather than the zero-bin. To distinguish this from zero-bin subtraction, we refer to
this procedure as “overlap subtraction.” In the one-loop renormalization of Os, for example,
both n and n sector gluons propagate through the corresponding loops in figure 4. This
includes gluons with momentum & for which both k-n < Q and k-7 < @,% and so these

SUltrasoft gluons, for example, meet these criteria.
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Figure 4. Renormalization of Oy. Diagram (c) is the overlap subtraction. In (a), the gluon is in the
n sector; in (b), it is in the 7 sector. In (c), the dashed lines represent Wilson lines Y}, 7, depending
on their direction. The divergences in (a) and (b) cannot be absorbed by a counterterm in SCET.

gluons are included in both loop integrals, and therefore double-counted. Subtracting the
double-counting gives the formula (3.1).

This double-counting is already visible at tree level. Cutting the graphs in figure 4 (a,b)
gives graphs in which n and 7 sector gluons are emitted into the final state, respectively.
As discussed in section 2, the matrix element (2.28) of O2 with an n sector gluon correctly
reproduces the QCD amplitudes to emit a gluon into the final state at leading order. The
emission of an 7 sector gluon in the final state, illustrated in figure 3, therefore double
counts the degrees of freedom and must be subtracted from the EFT to reproduce QCD.
If the emitted gluon is hard and n-collinear, with k- n ~ O(Q), the invariant mass of the
final state will be large the gluon won’t contribute to the final state near x — 1, but a
gluon with momentum k-7 < @) will be present in the final state in SCET. Thus, without
a subtraction, SCET will not correctly reproduce the infrared physics of QCD.

The spurious amplitude to produce an 7 sector gluon in the final state is easily calcu-
lated:

(p2(n)E, k(n) £ |02|p1(n)+) =
- A — — 3.2
:_QQTQ< DU iy P20 /D2 N iongh /D2 n€1¢k§ﬁ> (32)
P21 (p2—q) -7\ p1-7n P17

(pa(n)k, k(R) F |Oa|py (R)£) = —2gT, | %ew%i' (3.3)

Since the gluon is in the final state, SCET is constructed to reproduce QCD expanded in
powers of k| /Q and k - 1n/Q, so the second and third terms in (3.2) are subleading and
may be neglected at leading order. The leading order amplitude is precisely that given by

and

the diagrams in figure 5, where the dashed lines are light-like Wilson lines

Y (z) = Pexp (ig /000 n- A%z + ns)T“ds)
. (3.4)
Yia(z) = Pexp (zg/ n- A%z + ﬁs)T“ds) :

—00

The notation in (3.4) is defined in analogy with ultrasoft Wilson lines in standard SCET,
and so the subscript indicates the direction of the Wilson line (which is unfortunately
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Figure 5. Overlap subtraction graphs for producing a final-state gluon.

opposite to the convention in (2.13) and (2.14)). Unlike the W), 5 Wilson lines, the gluon
fields in Y;, and Y5 do not carry sector labels. The gluons in (3.4) and figure 5 are distinct
final states from the gluons in figure 2 and figure 3, and so the corresponding amplitudes do
not interfere; instead, the contribution from the overlap graphs must be subtracted at the
probability level. Thus, the overlap gluons are similar to ghost fields in gauge theories. As
we have presented it at this stage, overlap subtraction is simply a prescription for avoiding
double-counting, which doesn’t come from the effective Lagrangian itself. Schematically,
for any sum over states, we make the subtraction

/ L,d*k, + / Ind*kn — / Ld*k, + / Lnd*ky — / Tod*k (3.5)

where the integrand I is obtained by taking the n limit of the n sector, or equivalently, the
n limit of the n sector. At tree level, where the sum over states is a phase space integral,
this corresponds to subtracting the rate for emission of gluons from the overlap sector from
the naive SCET result, and so cancelling the effects of n sector gluon emission into the
final state.

At one loop, the gluons in figure 5 are joined into a loop, which gives the contributions
of double-counted gluons to the one-loop renormalization of O to leading order. The sum
over states in (3.5) is then a loop integreal, which leads to the prescription to subtract the di-
agram in figure 4(c) from the one-loop renormalization, which is identical to the usual zero-
bin subtraction prescription. Regulating the effective theory with a gluon mass m,, the one-
loop renormalization of O, is then identical to that presented in [35]. As shown by those au-
thors, the unsubtracted graphs I,  with a massive gluon are not well defined in dimensional
regularization, again indicating that the theory is not well-defined without overlap subtrac-
tion. Including the overlap subtraction graph Iy, the sum (3.1) is well-defined, and gives

Q? 2
1 1 Crag, | 2 3—2log 12 o Mg
In+Iﬁ_IO—§wn—§w77L: ppm ?‘i‘f—logﬁ
(3.6)
Q> m; mZ 572 9
+2log — log — — 3log — — — + =
p2oe 2 pro 62

where I,,  are the results of diagrams (a) and (b) in figure 4, and the wy, 5’s are the wave-
function renormalization contributions from the n and n sectors. This result reproduces
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the nonanalytic dependence of the full QCD graph on mg, and gives the counterterm

2
Cras | 2 3—2log 9
i N (3.7)

A | €2 €

ct.
05" =

which is independent of the infrared regulator and in agreement with the usual ultraviolet
divergence in SCET.

It is also instructive to perform the calculation by including a A regulator [35], which
corresponds to modifying the Wilson line Feynman rules in W}; and W,

1 1 1 1
— —
k-n+1i0t" k-n—26,+i0t" k-n+i0t k-n—dp+i0T

(3.8)

where 9, 5 are infrared regulators, which then makes the individual graphs well-defined.
The graphs in figure 4 (a,b) then give

1 1 C 1 5nbn 1 )
In+1ﬁ—7wn—§w _ IEGs L<3—|—210 ””>+21og2 "

2 " oz o
1. 0nn 5 0n Q? Q> 22 7 (39)
_ilog 02 (310g 02 +4logu2+3>—310g,u2—3+2

This result contains an ultraviolet divergence which depends on the infrared regulators
0n,n and therefore cannot therefore be absorbed by a process-independent counterterm,
illustrating that the EFT is not correctly reproducing the infrared behaviour of QCD.

Subtracting the overlap contribution Iy in figure 4(c) with the same regulators in the
Y, n's gives

Q2
1 1 Cras |2 3—2log=r 1 Q26,05 1 )
In+In—Iop— swp — swy = = Fo — Slog® ——— + - log?
E e e i ol 08 T a TRlg
(3.10)
1 Q2 Q26,05 , Q% w7
+2<4log2—3>log il F—€+§

in which the ultraviolet divergence is no longer infrared sensitive, and is cancelled by the
standard SCET counterterm (3.7). This is, of course, exactly the same result as would be
obtained in the usual formulation of SCET using the A regulator and a massless gluon.
As we have noted, the prescription (3.5), like the zero-bin subtraction, is a prescription
for avoiding double-counting, not arising from the effective Lagrangian itself. However, it
was shown in [8, 39, 40] that the zero-bin subtracted renormalization of O3 is equivalent to
dividing out the unsubtracted matrix element by a soft form factor given by the VEV of
ultrasoft Wilson lines.” An analogous formula expresses the effect of overlap subtraction

(p2(n)|O2|p1(n))
A Tr(0] Y, V5 [0)

in our formalism:

<p2(n)’02’p1 (ﬁ)>subtracted = (311)

"This formula is also equivalent to the QCD factorization formula derived in [26, 27] after identifying
soft and collinear Wilson lines and removing the soft sector from the current.
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Note that, formally, the numerator and denominator of (3.11) cannot be renormalized
separately without including an additional infrared regulator such as the A regulator; only
the sum of individual diagrams divided by the overlap term is well-defined in the effective
theory. This definition of the subtraction also works for the renormalization of subleading
dijet operators in SCET as well, as is demonstrated in [36], with the only modification
being for certain operators the Wilson lines in the denominator must be in the adjoint
rather than fundamental representation.

The overlap subtraction prescription is more complicated than (3.11) for T-products
of currents (this is also true for zero-bin subtraction). As we will show explicitly in the
next section, diagrammatically performing the overlap subtraction for the T-product of
two currents is necessary to correctly perform the phase-space integral in DIS, and is
implemented by

(pa| TO}(2)02(0)|p)
L THO|TY L (2) Yo (2) Y2 (0)4(0)[0)

<pn|TOg (ZE)OZ(O) |pn>subtracted = (312)

Comparing (3.12) to (3.11), we see that each factor of Oy in the numerator comes with
a corresponding Y,I Y7 in the denominator. However, it is not sufficient to simply define
an “overlap subtracted” current Oy — O2/ <O]NLCYRT Y5|0) or overlap subtracted fields, since
that does not correctly reproduce the sum over states in the denominator of (3.12). For
more complicated observables, such as event shapes which are defined by a measurement
function, the overlap subtraction would have to be convoluted with the measurement func-
tion for the observable.

Finally, we note that this subtraction procedure only cancels the leading overlap in
1/@Q overlap in (3.2). Cancelling the subleading terms will require including subleading
operators in the overlap subtraction or, equivalently, in the denominators of eqgs. (3.11)
and (3.12). This can be formally accomplished by matching tree-level probabilities with
external gluons (note that probabilities, rather than amplitudes, must be matched since
overlap graphs with external gluons have distinct final states in SCET from n and n gluons).
Ensuring that the tree-level probabilities are correctly reproduced in the EFT also provides
a procedure to generalize overlap subtraction to situations with more than two sectors, such
as three-jet events or qq — qq processes.

4 Matching onto the PDF

To obtain the familiar factorization theorem for DIS into hard, jet and parton distribution
functions, we run the operators in SCET to the scale of the invariant mass of the final
state, u ~ @Qv/1 — x. At this stage we perform an OPE to integrate out the n sector and
match onto an EFT containing only the 7 sector (which is just QCD). The corresponding
bilocal operators in the EFT are the familiar parton distribution functions (PDF’s) [30]
and their higher-twist counterparts [31]. The matching at the scale @ corresponds to the
hard function, the matching condition at Q+/1 — x the jet function and the PDF’s are the
soft function. This is the procedure followed in [9, 10], but we will present it in some detail
here because the SCET calculation differs somewhat in our formalism.
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The hadronic tensor is defined as the totally inclusive DIS scattering cross section, and
so by the optical theorem we can compute it by taking the discontinuity of the forward
scattering amplitude. We therefore consider matrix elements of the discontinuity of the
T-product of SCET currents,

1 .
T* = Disc By /d4:): e_’q'ij“(x)ij(O)

T
= Disc % /d4:n e~ e g O ()T 7O (0) + 0 (1/Q) (4.1)
=70 4 O (1/Q),

where we have indicated that subleading currents, discussed in the previous sections, can
be included to incorporate corrections due to the matching onto SCET at ). At tree
level, and leading order in the SCET expansion, we can compute the spin-averaged matrix
elements between quark states, corresponding to the quark structure function:

1 TepPy” Py (p + ) Pay" Pa

1
5 2 T |p) = DISC

T
spins 1 2 . (pta)* +i0 X (4.2)
= _giua (1 + QQL> Disc [ ﬂ o
Yy Q?

where 1

g\’ =g" - 3 (nfn” + n*n"). (4.3)
and

y=—q"/p" (4.4)

is the partonic equivalent of the x variable in DIS. At the scale Q?(1—v) the invariant mass
of the final state becomes larger than the invariant mass of incoming state, so perform an
OPE by expanding the SCET result (4.2) in powers of p2 /Q*(1 — y):

3.2
% S (pIT O |p) = (1 + yg;;) [5(1 —y) - y@p; §(1—y)+... (4.5)

spins

where the omitted terms are suppressed by more powers of p; /Q+/1 — y, making explicit
that this class of power corrections is proportional to inverse powers of the intermediate
scale.

The leading term in (4.5) matches onto the bilocal quark distribution function

TOm / —Cs(w)p(—q* Jw) + ... (4.6)

where
1

= [ e et (0)
R

_ —irtt 7
] dte™"" " tah(nt)W (nt, 0)952(0),

p(r) =
(4.7)
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and in the second line we have dropped the n subscripts since there is only one QCD
sector in the theory. We have also made explicit the fact that the outgoing and incoming
semi-infinite Wilson lines partially overlap and leave a finite Wilson line, which gives the
usual Collins-Soper definition of the PDF [30].

At tree-level, the spin-averaged matrix element of (4.7) is

5 S wlo—atfwlp) =5 (1- 1), (48)

spms

which combined with the leading order term in (4.5) gives the matching condition
Cs(w) = 6(1 —w) + O(a). (4.9)

There are two sources of power corrections to (4.6). As already mentioned, we can add

(1a) , etc. to the hadronic tensor T#”. These are corrections at the hard

subleading currents J
scale matching @, and Wlll give corrections proportional to powers of Q?(1—1v)/Q? =1—y
and Aqcp/Q. In addition, the OPE (4.2) can be carried out to higher orders, which will
give corrections proportional to powers of Aqcp/ QV1—y.

The rate for DIS at one loop in SCET is given by the diagrams in figure 6. Diagrams
figure 6 (g) and (h) indicate the overlap subtraction graphs corresponding to the pairs
figure 6 (a, f) and figure 6 (b,f). As we will show below, the overlap graphs, along with

their relative minus signs, are reproduced by the formula

<pn’T;7(0)‘uT ($)j(0)1j’pn>

(pa| T3 () ¥ (0)|p) — — (4.10)
N TH{O|TY 3 (2) Yo (2) Y2 00V (0)[0)
To see this, first note that the denominator, evaluated to one-loop, is
1 ot
. DH{O[TY 5 (2)Yn (2 )Y, (0)Y7(0)[0)
4 . 2
:1+2/dk __ 2 Cr :
(2m)4 (k% + i€) (k= + i€) (—kT + ie)
ke / d'k 2ig>Cr (4.11)
(2m)4 (k% 4 ie) (k= +i€) (—kT + ie)
_ ik / d'k 2ig°Cr
(2m)* (k2 + ie) (k= + i€) (kT + ie)

+0(g%),

while the numerator at tree-level is given by

/ d4p2 4ip27pii>e_i(p1 —p2)~:L‘

2n)1 Atic " +0(g%). (412

> | 7T O (). 7O (0) [pn) = —

spins
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(9) (h)

Figure 6. One loop corrections to the product of two electromagnetic currents in SCET. Figures
(g) and (h) are the overlap subtractions. The angle of the Wilson line indicates whether it is in the
n or 7 direction.

Combining these results and performing the integral over x, we find
/ o oian_Sspins (21| TT O (@)707(0) |pr)
T (0] TV (2) Yo (2) Y (0)V7(0) [0)
_ 41.((]_ - p;)pf g
T a—p)E et
89°Crgh"(q~ —p)pT / d'k 1 (4.13)
(

-2

(g —p1)? +ie om)4 (k2 + ie) (k= + ie) (—kT + ie)
d*k (¢~ —py —k7)pf 1
2 ng 1 1
T8 Crg) / (2m)* (g —p1 — k)% + ie (k% + i€) (k— + i€) (—kT + ie)
d*k (¢~ —py —k7)pf 1
2 puv 1 1
+89°Cray / (2m)4 (¢ — p1 — k)2 +ie (k2 +ie) (—k— +i€) (kT +i€)

The first term on the r.h.s. of (4.13) is the amplitude for the tree level graph, the second
line is the amplitude from figure 6(g) and its mirror image, while the third and fourth lines
correspond to the amplitudes for figure 6(h) and its mirror.

We now procede to compute all of the graphs in figure 6. Figure 6(a) is scaleless and
vanishes in dimensional regularization, as does the wavefunction graph (d); figure 6(b)
gives for the spin-averaged matrix element

. d’k 1 TepPy" Pu(p— K+ ) Py Pa(p— F)ot
Ib_DISCQO‘SCFfE/ (@2m)22 (p— k2 +i07)(p—k+ ) +i0%) (K2 +i07)n -k
_ asCr /2291 —y)Q 2 (1—y) My (y(1—€) —e)T(—e)p*
T T(1—e)T (3—¢)

= —%gﬁ” (5(16; y) —% (5(1 —y)log (ffj) +y0(1—y) [;y} +> (4.14)
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%5(1—@/) (210g2 (g) —772> +0(1—y) LiyL <y10g (f;) g+ 1)

+y0(1—-y) [logl(l_;y)] +>

where we have used the identity

Hy=2) _ s ot (leely—2) &2
o)t S0y —a) +6(y )[(y_x)+ <(y_x) >++O( )} (4.15)

to expand the results in e. We have also used the relation

d*=%k B 20(1 — y)
| Tt (=) = G g

></OQdk-ﬁ/dk-n(k-ﬁ)_f(k-n)_eé<k-n—1;y(Q—k‘-ﬁ)).

to evaluate the imaginary parts of the various loop integrals. Similarly, we find for fig-

(4.16)

ure 6(c)

I, = Disc 92f€/(ddk 1 Tepy® (p = K) Py’ Pu(p— K+ ) P Pra(p = ) 7o

o ) (2m)?2 ((p—k)24i0+)2(k2+i0)((p—k+q)2+i0%)
_ OF (Y= D" (e = D1 —9)Q~* (1 —y) " YT B -l (—e)u*
4w ['(3—2¢)I'(1—¢)

N . _ 2
_ sCFTW<_(1WM+1(1_y)9(1_y) (210g (;;) +210g(1—y)—1> )

(4.17)

47 € 2

The ni-collinear graphs, figures 6(e) and (f) are also easily evaluated and give, respec-
tively,

_ O, €01 —y)Q > (1—y) =y T (2= )l (=e)p™
A I'(2—2¢)T'(1—¢)

(50 () se-af] )

2 2
+i5(1—y) <210g2 <§2> —4log (%) —7r2—|—8>

o[ 5] (s () n-o 52
_ asCF

T e 1-— (1l —y) 1—¢€)csc(me
o 0sCOp o, T4 O —y)Q (1 —y) My (1 — ) ese(me) ™
I 4 T(1—e) (2 —€)T(e)

R <_ 0 Ssy) <log @2) - 1> #3000 [1:1/] +)

Note that there are also virtual contributions from figure 6(e) (and its mirror) when the cut

I

(4.18)

crosses right-hand quark propagator (left-hand in the mirror), and wavefunction contribu-
tions from figure 6(f) when the cut crosses either of the outer quark propagators. Naively,
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Figure 7. One loop corrections to the bilocal PDF distribution function.

these integrals are all sensitive to the scale (p+¢)? ~ Q?(1—y), but in each case the cut sets
(p+q)? =0, or y = 1, and thus they are scaleless and vanish in dimensional regularization.

Finally, we compute the overlap subtractions, figures 6(g) and (h). Figure 6(g) is
scaleless and vanishes, while (h) gives

I, = Disc

g*fe [ d% Tr pPuy Pr(p + ¢ — k) Pay" Py

27 / (2m)d (k2 +4i01)((p — k + )2 +i0F) (=7 - k) (n - k)
_ a,CpTHerE YT (—e) (;ﬂ)e
B A (1 —y)t*el(1 — 2¢) \ Q2

_ %TW (‘5(16;@/) - (log 22225(1 —)+ <l_1y)+)> (4.19)

+ 35(1 —y) (2 log? <f§) - 79) +0(l—y) [;yng <yQ:2>

+6(1 —y) [logl(l__yy)] s

Combining these results with the relevant mirror image graphs gives the final result

I = 5(1—y) — +-6(1 —y)

27 € € e\(1—y) 2

+6(1 —y) (log2 (i’fz) — ;log (ffj) — 7;2 + 7) — %(1 —)0(1 —y)

ol () -o0es)

log(1 —y)}
-y |,

2
a,Cp ([ 2  3—2log& 1<1+y2 3 )
_l_i - v
(
(4.20)

+(y2+1)0(1—y)[

The first two terms are cancelled by the ultraviolet counterterm in the effective theory,
eq. (3.7). The remaining divergences are infrared, and are related to the Altarelli-Parisi
splitting kernel.

Having computed the structure functions at one loop in SCET, we compute the cor-
responding diagrams for the PDF so that we can determine Cg in (4.6) at one-loop. The
relevant diagrams are shown in figure 7. These graphs are all scaleless and vanish in dimen-
sional regularization. Thus, the matching condition C's at order «y is given by (4.20) after
the ultraviolet divergences have been removed by the counterterms for the effective theory.
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As noted in the previous section, the first divergences in (4.20) are removed by the coun-
terterms for the currents appearing in T"¥; the remaining divergences, which are infrared
in the effective theory above Q?(1 — ), have been converted to ultraviolet divergences of
the PDF and can be removed by an ultraviolet counterterm via the convolution

¢ B (—qtu) = / %UZ (%) o (—g"v) (4.21)
where X , , ;

As is well-known, this counterterm corresponds to the standard Alterelli-Parisi splitting
kernel.
Cg can now be read off from the finite parts of (4.20):

Cs(w)=06(1—w)+ a;(;F (5(1 —w) (log2 (52) —;log (35) 7;2+3)

_%(1_11;)9(1—10)—{—%9(1—11;) [IL <2 (w2+1)log( - > —(2w2+1))

1—w wp?

+(w?+1)0(1—w) [k’g(l_w)] > (4.23)
+

1—w

We can thus write down the full factorization formula for DIS in the endpoint region
by including the matching conditions Cy that relate the SCET currents 7 to the QCD
currents, i.e. for J# = 1py"1) and

1 .
TH = Disc - / dre T T (2) T (0), (4.24)
i
we have
THY _ gﬁt_yHCS QP+, (4.25)

where H = |C2(p)|? is the hard function, and we have used to shorthand Cg ® ¢ =
[ dw/w Cs(w)d(—q™ /w). The ellipses denote subleading structure functions and sublead-
ing SCET operators.

It is useful to compare our calculation with other analyses of DIS in SCET. In [10],
our calculation is most directly comparable to the calculation performed in the target rest
frame. In that reference, it was argued that the graphs 7(b) and 7(c) (corresponding to
figure 6(a), (b) and (c) in this paper) had the same value as the corresponding graphs in
the PDF calculation below Q?(1—x). This is because in that reference the propagator used
for a collinear quark interacting with a ultrasoft gluon was the same as a gluon interacting
with a Wilson line. In this work the quark propagator is a regular QCD propagator, and
is therefore sensitive to the scale (p + q)? ~ Q*(1 — y), and so the contribution is not the
same as the equivalent PDF graph figure 7(a).

This discrepancy is resolved by the overlap subtraction. We noted in section 3 that the
effect of the overlap subtraction is to remove the erroneous contributions of the incoming
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sector gluons being emitted into the final state. Indeed, graphs figure 6(b) and (c) involve
incoming sector gluons being emitted into the final state and so we expect this effect to
be cancelled by the overlap subtraction. Although this cancellation is not immediately
evident in the results above, we can consider the y — 1 limit of graphs figure 6(b) and (c):

2log (=5 ) +1 2 2
: > 25 ()

lim I, + I, = CFTW<5<1 —y | 5 - ———F—log’ <Q> "3
y—1 2 € w

™ €2 2 2
(4.26)
2 1 log(1 —
+2log <2> {] +2 [Og( y)] ,
1% 1-— Yy + 1- ) +
and compare them to the same limit of the overlap graph figure 6 (h),

21og (% +1 2 2

. asCp 2 & <u2 ) 2 (@ il

lim I}, = ——T" [ 6(1 — S N A | = ) _ L

yg% h 27 (5( v) €2 € & 2 2
(4.27)

()], 2 [152) )

and so they do indeed cancel in the y — 1 limit. Thus the net contribution from these
graphs vanishes in this limit and is therefore equal to the contribution to the corresponding
PDF graph figure 7(a), as was the case in [10]. The fact that this cancellation is not exact
is related to the fact that the overlap subtraction was only defined to remove the overlap at
leading order in the SCET expansion. A subleading overlap prescription would presumably
be able to reproduce the O(1 — y) corrections to the cancellation. The remaining graphs
in figure 7 from [10] correspond exactly with the corresponding graphs in figure 6 and the
results are the same. Although we use different methods to regulate and extract the UV
counterterm for the PDF, our final results also agree.

In addition to the target rest frame, ref. [10] also performed the calculation in the
Breit frame, where the incoming states were now treated as collinear. For the consistency
of that formalism of SCET, an additional ultrasoft mode needed to be included in the
Breit frame, and the author showed that the new effects of treating the incoming states as
collinear were compensated by the effects of the additional ultrasoft sector, leading to the
same results. We have showed in previous sections that this choice of reference frame has
no effect on the sectors that must be included in the theory using our formalism, and we
have deliberately not specified which frame our calculations were performed in.

We can also compare to [8], in which this calculation was performed by matching
directly onto a factorization formula involving a soft function, jet function, and PDF. The
jet function in that reference contains graphs equivalent to figure 6 (e) and (f), and since
the remaining graphs in figure 6 sum to zero in the y — 1 limit in our calculation, we
expect that the matching condition Cg(y) in (4.23) should be equal to the jet function in
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that limit. Indeed, we find

2 2
lim Cs(y) =0(1 —y) + aZiF (5(1 —y) <2 log? (%) —3log <C'32> R 7>

(@) ) ][ )

which is exactly equal to the renormalized jet function in [8].

(4.28)

The soft function in [8] is similar to the object we defined in the overlap subtrac-
tion (4.10). A crucial difference is that in [8] the soft function is only convoluted with
the external momentum along the light cone directions of the Wilson lines, whereas in our
formula we convolute them in all directions. In that reference it was shown that the net
effect of the soft function combined with the zero-bin subtractions in the jet function and
PDF was to subtract the contribution from the soft function. In our formalism the overlap
is subtracted directly, and while the contribution of the overlap is different form the soft
contribution in [8], our overlap contribution is cancelled in the y — 1 limit by the graphs
figure 6(b, c), as discussed above, while the soft contribution in [8] is scaleless and vanishes,
so our results are ultimately equivalent.

Finally, in [9], the authors describe a two-step matching procedure that is very similar
to the procedure we use here, where one first matches onto the SCET currents at the hard
scale, and then matches onto the PDF at the intermediate scale, integrating out the final
states and identifying the second matching coefficient with the jet function. These authors
also identify two sources of power corrections coming from the insertion of subleading SCET
currents and the inclusion of subleading parton distribution functions, agreeing with our
analysis. The distinction between our approaches is in the identification of modes, as they
describe new hard-collinear and soft-collinear modes in addition to the standard SCET
anti-collinear modes which all must be included when matching onto SCET. The Feynman
rules generated by the SCET Lagrangian thus constructed introduce diagrams in the one-
loop computation of the hadronic tensor that must be removed by hand to maintain a
consistent power-counting. These graphs are precisely the graphs figure 6(b) and (c) in our
formalism, and as shown above their effects are removed automatically at leading order in
(1 —y) by the overlap subtraction.

5 Conclusions

In this paper we have shown that SCET may be written as a theory of decoupled sectors,
where the invariant mass of particles in each sector is much less than the hard scale @), while
the invariant mass of any pair of sectors is of order (). Fields in each sector are described
by the QCD Lagrangian, and interactions are mediated by an external current, which
has an expansion in powers of A;/Q, where the A;’s are the infrared scales in the theory.
We demonstrated that in order to consistently match probabilities from the full theory to
SCET, the effects of overlapping degrees of freedom in each sector must be subtracted from
loop and phase space integrals. Once these effects are properly subtracted, the sum of loop
graphs is well defined in the effective theory.

~93 -



In this work we restricted ourselves to the simplest situation in which there are only two
sectors in the theory, and illustrated our results in the context of deep inelastic scattering;
however, they will apply to any SCET process — in particular, B — Xgv and thrust
distributions in the relevant kinematic regions. In the former, SCET will take the form of
a heavy (static) sector coupled to a final state n-sector through the external current, which
matches at a lower scale onto light-cone distribution functions. In the latter case, SCET
will consist of n and 7 sectors in the final state, which is then matched onto the usual
SCET soft function. The example of thrust is slightly complicated by the fact that the
integration over final states is not inclusive, and so the usual cutting rules from the optical
theorem must be modified, as described in [12]. We expect that the overlap subtraction
formula proposed in this paper will reproduce the correct results for thrust when this
modified cutting prescription is used. It is also straightforward to extend this formalism
to processes with multiple sectors, such as multi-jet events or qqg — ¢qqX scattering. With
multiple sectors, each sector will couple to multiple Wilson lines in different directions,
similar to the way a soft field in the usual SCET formalism couples to multiple collinear
fields. The overlap subtraction procedure then generalizes to eliminate double-counting
between the various sectors. Work on these examples is ongoing.

In future work, we will investigate the application of this formalism to SCET; observ-
ables, such as the massive Sudakov form factor and jet broadening. We note in particular
that events with small thrust (7) or jet broadening (br) are both dominated by dijet events
with low invariant masses, and so SCET with n and n sectors has the correct degrees of
freedom to describe the final states in both cases. However, in standard SCET one must
decide when matching at the scale @ whether to match onto SCET] (collinear and ultrasoft
modes) or SCETqy (collinear and soft modes), whereas in our formalism the theories are
identical at the scale (). The issue of summing the rapidity logs which arise in SCETy;
processes in this formalism is currently being investigated.
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A Matching onto helicity eigenstates

We first review some standard features of the spinor helicity formalism (see, for exam-
ple, [32]). We define spinors with momentum p with definite helicity,

lp+) =p), Ip—) =pl,(p+|=I[p, (p—|=(p (A1)

— 24 —



These have the explicit form®

_\/p? , (A.2)

1 c 2
ity = L Z (A.3)
ptp~
Inner products of spinors obey
(pq) = [ap]", (pg) = —(aqp), (pd] = [pq) = 0. (A.4)
and ]
p-qa=5(pg)ap]- (A.5)

For positive energy spinors pg, pg-) > 0, we have the explicit expressions

(pips) = /DI Dy €% — \/p; D) €' "
pipj] = —\/pfpj_e*iqﬁi + pfp;refwj

where the phases ¢; are defined in (A.3). Helicity spinors obey the Schouten identity

(pips)(Prp1) = (pivk)(pjp1) + (Pip1) (PEP;) (A7)

and Fierz rearrangement

iy pi) ey o) = 2[pivk) (pip;)- (A.8)
Charge conjugation gives
[v*q) = (a7"pl- (A.9)
We also have, for any null vector a*,
¢ = a)[a + a](a. (A.10)
Finally, polarization vectors e are written in terms of spinors as

(r F v"|kF)
V2(r 7 |k£)

where r# is an arbitrary lightlike reference momentum obeying r - p # 0, corresponding to

el (k,r) =+ (A.11)

the gauge degree of freedom. From (A.11) and (A.8) we then obtain

plf_la = —v2 L7 (A12)

and similiar expressions for the other helicities.

8Note that the standard SCET convention of p* = p° F p® is the opposite of that used in [32].

— 95—



We can use the above results to simplify Feynman amplitudes between states of definite
helicity. It is convenient to introduce the spinors |[n+) and |n+), defined with vanishing
phase ¢, = 0. The Schouten identity (A.7) then allows us to express inner products of
arbitrary spinors as inner products of spinors with n) and n):

(pq) = (pn){qn) ; {pn){qn) (A13)

(pn) = /2p7e®), (pn) = —/2p~. (A.14)

To evaluate matrix elements of the form (p + |y*|q%), we decompose v via (2.16), and
then from the definition [37]

where

1
= ——(n+ W|nt A.15
e = S lnt ins) (A15)
we have 1 1
pf q) = ﬁ[m“cﬁ [nun) = \ﬁ[pn} (nq) (A.16)
and similarly for ¢_, which therefore gives
B M K K
) ="y ol + 7 lonltng) — S lprltna) — - lprl(na). (A1)
This immediately gives the zero-gluon matrix element
Mgz = (p2 £ [V |Ip1%) (A.18)

= \/2py py el 5\ [oppy gl 4\ [pfpg et Pr o) it [prpy ni

The one-gluon matrix elements between different helicity states can be read off from the
corresponding Feynman diagrams and simplified using the above identities. For example,

o ([ P2f Py + KV D1) (2 (p, — F)E 1)
Myt g+ = —gT < + 2;)2 & - 2;1 k = )
e ([p2¢_p2>[p27“p1)  [p"pi)Iprf_p1) — [p27"k) [k¢_p1>>
-9 2y - k 2p1 -k (A.19)
_ ) [par] [p17] " 1 "
=Vt (|~ i) )~ )

= V29T (%[pz’y%ﬁ - [pjk][pﬂ“@)

where dependence on the gauge parameter r has vanished. We can simplify this expression
further by again using (2.16) to decompose v*,

_ [pen]((nk)[pok] + (p1n) [p2p1]) ,,  [p2n]((k) [pak] + (p17) [p2p1])

Myigr = V29T < oKl pok] n NG ¢t
_ [pan]({nk)[p2k] + (p1n) [p2p1])ﬁu_ (2] ((nk) [pak] + (p11) [p2p1]) o0
2[p1k][p2k] V2[p1K[p2k] §+> (A.20)

_ o 2nllponlng o [ponllponn-q ,  [penln-q ., [penfPn-q
= V29T < 2[p1k][p2k] 2[p1k][p2F] V2[pik][p2k] " V2[pik][pak] +>’
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where to get from the first to second line we’ve used a series of identities that can be derived
from total momentum conservation. For example, since p + ¢* = py + k*, we have

Pt 7% +4 7/L Py + K, (A.21)
and we can sandwich (A.21) between arbitrary spinors, e.g. [p2 and n), to find

(nn)

(k) [p2k] + (p17) [p2p1] = ===+ - Alpan]. (A.22)
Equation (A.20) is now a particularly compact expression for the exact tree-level matrix
element in QCD; however, it is useful to further manipulate it into a form that is simple to
expand in the collinear limits of SCET. For example, let’s set p; = 0, so that k4 py = 0.
This gives us

§x-k+&s-p2= (7 F [k£)(n £ [kF) + (0 F |p2£)(n & |p27F)) = 0, (A.23)

2xf

which, combined with the fact that k= +p, = ¢~ when p; = 0, leads to the useful relation

(p2 F In£)(n F [kt) — (po F Ink)(n F |k£) _ 2¢-n  (p2 T [n)
(nF Int) (nF Int) (k£ |nF)

(A.24)

Also, on-shell conditions enforce that KTk~ = pip, and (p; F [n+) = 0, a concequence of

the later being that

(P2 F |kE) =

(p1 ¥ [n£)(n F [k£) — (pr T [nd)(n F[k£) _ (pr T Ind) (0 F [k£)

kE) = A.25
T (5 ¥ Ind) CEATE
These identities allow us to further manipulate (A.20) to
nk
Mytg+r = \@QT“< - <[ k]>[[pr’:]] + <[ ]>[[pr;5 5 nt
! ! (A.26)

In -
In
n \/§]<nk>[7?2n] ndgn \f[<nk>[l?2n]§_>_

[nk][p1n][pan]n - g k][p1n]

In terms of boost-invariant variables, we finally have

Mysgs = ~Varg T (g g Va0 P D oo VP T} (7
g Spra\T Rk \/p2'77§+ (4.21)

Similar manipulations for the other helicities give the results in (2.27).
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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