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1 Introduction

The 1 4 1 dimensional dilaton gravity models, that on the one hand are exactly solvable
and on the other hand have quite a rich structure, are useful tools to study many different
aspects of classical and quantum gravity (for comprehensive reviews see [1-3]). These
models naturally appear after dimensional reduction of spherically symmetric gravity and
its generalizations and provide an ideal testing ground for the study of black hole quantum
mechanics, thermodynamics, and such deep issues in quantum gravity as the endpoint
of Hawking radiation and the nature of black hole entropy. Special 2D dilaton gravity
models were extensively used in the study of classical and quantum properties of Liouville
black holes [4], the exact string and CGHS black holes [5-9]. The Jackiw-Teitelboim
model [10, 11] is one of the simplest 2D dilaton gravity theories which contains most of the
desirable features. Recently it has been used to study backreaction effects in asymptotically
AdSs, spacetimes in the context of holography [12]. Its deformation has been found [13, 14]
using Yang-Baxter deformation technique, so that the quadratic potential is replaced by a
hyperbolic function of the dilaton field.

In this paper we use a simpler method to derive the hyperbolic deformation [13, 14] of
the Jackiw-Teitelboim model and further generalize it to include sinh-Gordon type matter
field. The class of the proposed dilaton gravity models is still exactly solvable for a variety
of choices of matter and dilaton distributions.



2 The model

We begin by considering a model of a two-dimensional dilaton gravity which interacts with
a matter field y of the sinh-Gordon type and a free massless scalar field f. The action
functional of the system we are interested in reads

S:S[guuv¢vx’f] = S¢+SX+Sf7
-4 [ Eav=a[Qer+ (- 2@) (Vo - ae ],
o / @2 /=g [(V)? +m cosh(2by)].
1
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S
||

(2.1)

The action Sy is the action of the Liouville dilaton gravity. On a flat background the
action Sy describes the matter field x which obeys the well known sinh-Gordon equation.
However, in our case the geometry is curved. The other field f is a free conformal matter
useful, e.g., to study the solutions involving collapsing null shells.

We consider the model with positive parameters A and m. By shifting the dilaton
field as ¢ — ¢ + const, one can make the coefficient A in front of the Liouville potential to
become an arbitrary (positive) constant. This is possible because in two dimensions [ R is
a topological invariant and this field redefinition does not affect the field equations. Later
on we will put A = m.

Using conformal transformations of the metric, the action (2.1) can be rewritten is
several different but equivalent forms. In the literature it is often used the representation
when the kinetic term of the dilaton field ¢ cancels. This choice is given by the following

metric redefinition
Guv = e( )¢g,uu (2.2)

When expressed in terms of the §,,, metric the action functional (2.1) becomes

N

S=- /de v - [ PR + VX —i—me(%_%)d)cosh(%x)—me_é(z)—i—

From the computational point of view the following conformal transformation happens

to be more convenient
G =G, V—g=¢e**\/—G, R=ePR-200¢). (2.4)
Then the action (2.1) takes the form
S = —ﬁ /d2£L' \/jg{QqﬁR + (V)2 + (Vx)? 4 me?* cosh(2b) — (Vf) , (2.5)
It is also useful to introduce two other field variables

=¢+x, w=¢—x. (2.6)



In terms of these fields the action (2.5) becomes a sum of two decoupled Liouville-type
actions! and the action of a free scalar field

5’251+SQ+SJ£, (2.7)

where

1 N -
Sp=— 8/d2x \/—g[(kaR + (V)2 + m e2en — m)}, (2.8)
™
and k = (1,2). These Lagrangians differ from the standard Liouville field theory only in
the extra “cosmological” term —m. Variation of the action (2.7) over the fields wy (for

k= (1,2)) and f gives the field equations

Owy, — %R — bm e®k = 0,

) (2.9)
Of =0.
Variation of the action (2.7) over the metric leads to the equations
™ =T + T, + 17" = 0, (2.10)
where -
~ 2 68 » 2 68
v — 222 w22k (2.11)
V=9 G V=9 0w
Here
1 . 0 . .
THY — _877( {Q(wauu _ w"u(.wy) + guu( —2Qw%, + w,aw;a + m(€2bw _ 1))} (2.12)
for w = (w1, ws) correspondingly and
TR _ 1 FiH }#wf;af (2.13)
I T 27 1 L) '
In the conformal gauge we have
ds? = — 2e*Pdztda, zt =t+z, T =1t— 2z, (2.14)
gr+ =G9-- =0, Gi- =04 = _62/)7
gt =q"=0 gt=g = e, —g=e*. (2.15)
Let us denote
w, = 0w, w_ =0_w,
wyy = 0,0,w, w__ =0_0_w, (2.16)
wy_ =0_0,w, w_, =0,0_w,

!This representation is similar to that of [14], where the difference of Liouville actions was considered.



and introduce similar objects for partial derivatives of p, f, and o. Then

R=4de?p, | Op=—2e%p,_, (2.17)
w= —2 %y, _, Of = —2e7%°f, . (2.18)

The components of the stress-energy 7, (see (2.12)) take the form

1
T, = I [ — Qi +wiw, + QQW+P+};

1
T _ = o [ —Quw__tw w + 2Qw_p_}, (2.19)
T
1
T, =T, = [2Qw+, +m e (2 - 1)].
T

Field equations (2.9) become

b

Variation of the action (2.7) over the metric leads to (2.10). When written explicitly in
components these equations take the form

2Q(w14 +way ) +me* (2 4 M2 —2) =, (2.21)
wiywiy — Qiyy +woywey — Qo +2Q(wiy +way)py + f1fy =0, (2.22)
wi_wi- — Qwi__ +wo_wr_ — Qwa__ +2Q(wi_ +wa_)p_+ f_f- =0. (2.23)

From (2.20) and (2.21) we get
(1 —0Q) (w14 +way ) +2Qp,_ +mbe* =0. (2.24)

For a specific value of the constant @) = 1/b the equation for the conformal factor decouples
from the matter equations. This case is of a particular interest for us, because the classical
field equations can be solved exactly. In the next sections we fix @ = 1/b.

3 CaseQ=1/b

In a special case, when @ = 1/b, (2.24) reduces to the Liouville equation

b2

pi+ mTeQP = 0. (3.1)

Taking into account (2.17), one can see that the solution for the metric g,, describes the
spacetime of a constant curvature
R = —2mb*. (3.2)

The general solution of the Liouville equation is well known and reads

by 2 YOV
mb? (Y+—Y~)%’

(3.3)



where
Yt=Y"(z"), Y =Y (z7) (3.4)
are arbitrary functions of the advanced and retarded null coordinates.
The other field equations are
mb o)
(bwp +p)y - + T =0, (35)

It is convenient to introduce new fields
or =bwg + p. (3.6)

In terms of these variables (3.5) take the form
2
Oky_ + %620’“ =0. (3.7)

Thus, in the conformal gauge the field equations for the metric and two o-fields reduce to
three identical Liouville equations. The constraint equations (2.22),(2.23) mean that total

fluxes T,, = T__ = 0 and in terms of o fields read
Ol++ — (Ul+)2 + 0244 — (02+)2 = 2[p++ - (P+)2] + b2(f+)2, )
o1 — (o1 )+ o2 —(02-)? =2[p__ — (p)’] + V*(f-)°

The matter field f satisfies the equation
fi_=0. (3.10)
The general solution of this equation is described by two arbitrary functions V and U
f=V(Eh)+U(x). (3.11)
The solutions of the (3.7), which have the form of the Liouville equation, are

9, 2 0y X0 X

C T (X7 - X;)%

k=(1,2), (3.12)

where
X = XE @) (3.13)

are arbitrary functions of the advanced and retarded null coordinates. For the fields wy it

leads to . - )
2wy _ 0. X0 Xy (Y'-Y")

(X — X, )2 0.V oY
Using this solution and (3.3) one can find the original metric (2.4), the dilaton field ¢ and
the matter fields .

e

(3.14)

b6 _ VO, XT0_X] 0, X570 Xy (Y —Y )2
(X7 = X7 [1Xg - Xg| 0.0 Y

ebe _ \/8+X1+8X1 \/(‘XEr — X£)2 (316)

(3.15)

X -x 2\ 050 %,



The result of substitution of the solutions (3.12) to (3.8)-(3.9) can be written in the form

(X1 o™} + (XS ety = 2{Y " 0} + 20°(F2)°,

(3.17)
(X7, e} +{Xg, a7y =2y a7} +20°(f )%
Here {A, x} denotes the Schwarzian derivative of the function A(z)
A" 3 AN 2
A= A3y )
=235 (318)
One can always use a coordinate transformation such that
2 1
+ _ .t - — 2p _
Yf=a", Y =27, ¢ R o o (3.19)
In this gauge the metric becomes
4  drtdx”
ds? = — . 2
§ mb? (zt —x)? (3.20)
and, evidently,
{Y*, 2"} ={Y ",z } =0. (3.21)
The remaining nontrivial equations (3.17) for the dilaton fields reduce to
{X;_a er} + {X;?er} = 2b2<f+)27
(3.22)

{X, 27+ {X5, 27} =20°(f.).

Different choices of the functions X ,;t and f* correspond to different physical setups
of the problem.

4 Vacuum solutions

Now consider the vacuum solutions of the system (3.22), when the matter field f vanishes.
Let the functions X ;t be related according to the rule

X=E
XE=xt,  xpoX *P

= XE+o (1)

for some arbitrary coefficients «a, 3,7, d. Substitution of this relation to (3.12),(3.14) gives
01 = 09 and ¢ = w; = we, that corresponds to x = 0 in the original field variables. Thus
this ansatz assumes that the sinh-Gordon matter field x also vanishes.

Thus the choice in question describes the system with the action

- 1 1 - ~ 1 -
In terms of the metric g, (see (2.2)) it reads

S = —ﬁ /d% \/Tg[zl)w? + 2m sinh(bo) + ;(W)Q} : (4.3)



Omne can see that the action (4.3) exactly reproduces, up to normalization factors, the
hyperbolic deformation (see [13, 14]) of the Jackiw—Teitelboim gravity model.

The vacuum solution assumes that the matter field f = 0 vanishes. Then because of
the properties of the Schwarzian derivative we obtain

(XT, 2%} = (X5, %) = (X, 2%} (4.4)

The constraint equations (3.22) reduce to

(X%, x5} =0. (4.5)
Their general solutions are
()[1.73+ + ,61
Xt (at) = ———— 01 — >0 4.6
(z) ey RE U By >0, (4.6)
V. Q2™ + B2
X (z7)=—""", 02— > 0. 4.7
(z7) Po—— 202 — B2y2 (4.7)

In the conformal gauge (3.19) we obtain the vacuum solution for the dilaton

2 1
mb? (xt —x-)2’
20 _ Cr(zt —ax7)?
CQ$+.73_ + 031"*' — 041'_ + C57

e =

e

where

C1 = (161 — Bim) (202 — Bay2),
Cy = ary2 —azy, O3 =102 — P, (4.10)
Cy = 201 — P12, C5 = P10 — (201.

By lifting the solution to a higher dimensional spherical spacetime, the dilaton field gets a
meaning of some power of the radial coordinate. In higher dimensions, even for non-static
spacetimes, one can define the apparent horizon using the condition, that a normal to the
constant radius surface becomes null on the apparent horizon. This property boils down
to the following condition for the analogue of the apparent horizon in the two dimensional
dilaton gravity

(Vo)®

As an example consider a particular choice of parametrization of the solution (4.6)

= 0. (4.11)

Hor

(14 2ac)z* + pc
XT@) =— 1 (4.12)

X (x7)=a". (4.13)

where a, ¢, p are arbitrary constants satisfying the condition 142ac > pc?. Then the dilaton
field takes the form

2 + _ )2
€2b¢ — (1 + 2ac pc )(.’IJ € ) ) (414)
[zt — 2~ +c(p+ 20zt —axta)]?



The horizon equation (4.11) gives

+

rh|,  =ax +p, w"Hor:ai a? + p. (4.15)

The obtained solution reproduces the hyperbolic deformation [13, 14] of the Jackiw—
Teitelboim gravity model. It can be also generalized to a non-static case [13, 14] that
includes the collapsing shell of null matter f.

5 Non-vacuum solutions

Now consider a more general setup of the problem. By choosing a different ansatz for
functions F'*
X =X*  XFf=FrxH (5.1)

and using the chain rule of the Schwarzian derivative, one can write the constraint equa-
tions (3.22) in the form

{X:t :I:} <8Xi> {F:I: Xi}:bQ(fi)2 (5 2)
e ) . .
Let us study a few simple examples of deformations of the Jackiw—Teitelboim dilaton
gravity, that correspond to different choices of the solutions for matter field y. In this
section the matter field f is assumed to vanish.
In the conformal gauge (3.19) for any given functions F'* we have (see (3.15),(3.16))

2b¢:|8X+8X|\/ |(F+) 9
e |X+—X|\F+—F| —z7)%, (5.3)
+
eZbX — |F - F | . (54)
[ X+ = X () (F)|
Here F’' = OxF(X) and X* are the solutions of (5.2). The constraint equations (5.2)
define functions X+, and for f = 0 take the form

(X,2} ++ (%X) {(F, X} =0. (5.5)

For any chosen function F'(X), this equation is a third-order ordinary differential equation.
Therefore its general solution X (x) is parameterized by three arbitrary constants. In some
cases the solution is quite simple. Let us consider a few natural choices of the function F
that admit exact solution of (5.5) in terms or elementary functions.

It should be noted that if one finds the solution X (x) for some function F'(X), then,
because of properties of the Schwarzian derivative, exactly the same function X (z) is
the solution of the problem with F' — (G, provided the function G is fractional linear
transformation of the function F'

ClF(X) —+ o

G(X) - CgF(X) + C4’

{G, X} ={F,X}. (5.6)



The dilaton ¢ and matter field y depend on choice of functions F*. Thus, starting from
any given solution and using this property we can generate a whole class of physically
different solutions for the dilaton and matter fields.

Among all possibilities we single out three simplest types

A when {F, X} = « (5.7)
a

B when {F,X} = . (5.8)
a

C when {F,X} = ﬁ’ (59)

where « is an arbitrary constant.

5.1 Case A
In this case a particular solution of the problem {F, X} = « reads
tan(aX), for a=+2a?,

F= (5.10)
tanh(aX), for a = —2a2

Using the property (5.6) we can derive a most general form of the function F' in the case A.

c1 tan(aX) + ¢
)+C4

c1 exp(2aX) + co

for a = 42a?,

(5.11)

for o = —2a2.

(

c3 tan(aX
(
(

c3 exp(2aX) + ¢4

One can see that, e.g., the functions tanh(aX), coth(aX), and exp(£2aX) have the same
constant Schwarzian derivative.

The general solution of (5.5), after substitution there {F, X'} = «, is characterized by
three arbitrary constants q1, q2, g3

2
g1+ £ arctan(gs(z 4 ¢3)], o = +2d?,
X = “ (5.12)

2
q + £ arctanh[ga(z + ¢3)], o = —2d?.
a

+

In order to obtain F* as explicit functions of the coordinates z*, one has to substitute the

solution (5.12) into the function in question (5.11).

5.2 Case B

A particular solution in the case B is

= 2 (5.13)



Using the fractional linear transformation (5.6) of (5.13) one can generate the other func-
tions which fulfill the condition (5.8).
The general solution of the constraint equations (5.5)

X =exp|q1 + arctanh[ga(x + ¢3)] |- (5.14)

2v2
vn?+1
Note that F'(X) ~ In X corresponds to n = 0 case.

5.3 Case C

It it easy to find a function, satisfying the condition (5.9)

tan %, for o = +2ad?,
F= (5.15)

tanh %, for o = —2a?.

The general form of the function F' in the case C reads

c1 tan & + ¢o
—f for a = +42ad?,
c3 tan ~x tc

F = 5.16
c1 tanh ¢ + co 5 ( )
— = = for o= —2a".

c3 tanh ¥ + ¢4

Substituting the ansatz {F, X} = a/X* to (5.5) we obtain the solution

2
@+ £ arctan[ga(x + g3)], a = +2d?,
¥ \jg (5.17)
q1 + — arctanh[ga(x + q3)], o = —2a?.
a

5.4 Some other cases

Note that the solutions (5.17) coincide with (5.12). It’s not surprising because {X ! 2} =
{X,x} and, hence, substitution X — X ! transforms constraint equation (5.5) of the case
C to that of the case A. In fact, any fractional linear transformation of the function X

eX(z) +¢

R (EE;

(5.18)

with arbitrary coefficients €, (,~,d does not alter the Schwarzian derivative. Therefore the
solution (5.12) is also a solution of the problem

0X (de —7¢)? 2
— = . .1
{X,z} + < x) a(vX(a;)—i—é)"‘ 0, «a==2a (5.19)
It corresponds to
GE(S;(_:S;; for a = +2d?,
r_ i 7( g (5.20)
a(de —~ 9
tanh ————= for a = —-2a
V(v X +0)

~10 -



with
(0e — 7¢)?
(VX (x) + )+

and also to all fractional linear transformations of this function F.

(F,X}=a (5.21)

6 Summary

We found out the explicit expressions (5.12), (5.14), (5.17) in terms of elementary functions
for the solutions of the constraint equations (5.5) in cases A,B, and C. The same solutions
are valid for the choice of any other function that is the linear fractional (Mobius) trans-
formation of the functions we have considered. Then one has to substitute these solutions
X*(2%) to F¥(X*) and,using (5.3)(5.4), derive the value of the dilaton ¢ and the mat-
ter field x.

The metric g, (see (2.14)) describes pure AdS; spacetime with the constant curvature
R = —2mb?. The metrics g, and g, (see (2.4)-(2.2)) describe conformal deformations of
the AdS, spacetime.

The obtained exact classical solutions typically have both horizons and singularities.
There are also other solutions we did not present in this paper. Their properties should
be analyzed for every particular choice of the matter fields x and f. Similar to the
cases of Jackiw-Teitelboim gravity [12] or its hyperbolic deformation [13, 14], one can
use the derived solutions to describe collapsing matter problem, holography, thermody-
namics, and Hawking radiation effects. We will return to these interesting questions in
future publications.
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