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1 Introduction

Deformations of spacetime geometry through compactifications of string theory may help
elucidate the precise mechanism by which closed strings provide a framework for a quan-
tum theory of gravity. This has been the hope in some recent investigations surrounding
non-geometric string theory, in which noncommutative and nonassociative deformations of
target space geometry have been purported to be probed by closed strings in non-geometric
flux compactifications [1, 9, 13, 15-17, 19, 25]. In particular, in locally non-geometric back-
grounds one aims to find a low-energy limit of closed string theory which is described by
an effective nonassociative theory of gravity on spacetime.

In this paper we focus on the parabolic phase space model for strings propagating in
locally non-geometric constant R-flux backgrounds in d dimensions [25]. In this framework
the canoncial commutation relations of phase space are deformed by a trivector R-flux on
target space to the quasi-Poisson coordinate algebra

[zH) 2"] = %R“Vppp, [z#,p,| = 1h*, and Pu,pv] =0, (1.1)
with the nonassociativity of spacetime captured by the non-vanishing Jacobiators
[xh, x¥, xf] = [xF, [2¥, 2P]] + [2¥, [2°, 2] + [2F, [2", 2¥]] = €3 RHP . (1.2)

On fields these deformations are described by nonassociative phase space star-
products [8, 24, 26|, and using them the formal mathematical development of nonasso-
ciative differential geometry of phase space has been pursued in [5, 10, 11, 27]; a more
pedestrian approach to these developments is given in [12, 14]. The purpose of the present
paper is two-fold.

Firstly, we present a self-contained construction of nonassociative differential geom-
etry based on the constant parabolic R-flux background which is rooted in two guiding
principles: equivariance under the twist deformed quasi-Hopf algebra of infinitesimal dif-
feomorphisms on the one hand (including invariance of the operations of multiplication,
inner derivation and exterior derivation of fields, and covariance of tensor fields) and, on
the other hand, the equivalent descriptions of tensor fields as sections of vector bundles and
as maps between vector bundles. These constructions are compatible with the category
theory formalism of [10, 11]; indeed, sections 2—4 of the present paper can also be regarded
as unravelling that general construction for the specific cochain twist deformation provided
by the constant parabolic R-flux model in phase space. This unravelling complements that
undertaken in [12]. However, as pursued by [14], the main viewpoint here is to avoid the
use of category theory altogether and yet, in contrast to the more pedestrian approach
of [14], to provide a self-consistent and mathematically rigorous construction of nonasso-
ciative differential geometry. This leads to a notion of torsion that coincides with that
introduced in [14] (see (4.35)). On the other hand, it leads to key new results, including
a simple definition of curvature tensor as the square of the covariant derivative, its equiv-
alent description as an operator on vector fields (the second Cartan structure equation,
see (4.55)), and a well-defined Ricci tensor (see (4.75) and (4.83)).



Secondly, we use this framework to systematically study the metric aspects of nonasso-
ciative differential geometry. This is a nonassociative generalization of the noncommutative
Riemannian geometry developed in [6, 7]. One of our main achievements is the construc-
tion of the analog of the Levi-Civita connection (see (5.49)), wherein we describe how
to circumvent the problems encountered in [14]. We thus obtain a metric formulation of
nonassociative gravity on phase space. A complementary vielbein or first order formalism
for nonassociative gravity has been considered in [11, 12]. Here we have chosen to develop
the metric aspects of nonassociative gravity, because it also represents the most direct way
to explore the potential relevance of nonassociative gravity to string theory, in that in
closed string theory the fundamental field is the metric tensor rather than the vielbein.

Although it is interesting in its own right to be able to implement general covari-
ance under the quasi-Hopf algebra of deformed diffeomorphisms and to formulate Einstein
equations in nonassociative space, in order to arrive at a theory that can be potentially
considered as providing a low-energy effective action for closed strings in the presence of
non-geometric fluxes, it is necessary to project nonassociative gravity from phase space to
spacetime. To this aim we further develop the approach of [5], which demonstrated how
to extract results of closed string scattering amplitudes in non-geometric backgrounds [16]
from the nonassociative deformation of phase space. We conclude in particular that, in the
constant parabolic R-flux model, the curvature of spacetime is deformed in a non-trivial
way by locally non-geometric fluxes. Our main result for the Ricci tensor of nonassociative
gravity is presented in (5.90) and reproduced here:

Ric;,, = RickC + 2 B9 (8,(008"” (0387) ,TEC") — 0, (0™ (05807) 0,TS")
+ 0,87 (0al€77 TS D5 — (g THCA) BT IS
T (TEC7 0,877 — 0,TLC7 g#) 9,TCH
— (TS 0,8 — 0aTC7 ) 4TEC) ) (1.3)

where Ricbg is the usual Ricci tensor of the classical Levi-Civita connection F,SSP of a met-
ric tensor g;,,, on spacetime. This expression is valid to linear order in the R-flux, which is
the order at which the corresponding conformal field theory calculations are reliable [16].
It represents the first non-trivial starting point for understanding how to define a nonas-
sociative theory of gravity describing the low-energy effective dynamics of closed strings
in non-geometric backgrounds, although in this paper we do not address in detail the im-
plications of this structure on string theory or double field theory [17]; see [14] for some
discussion of points which should be addressed in this latter context.

A somewhat perplexing aspect about the development of the geometry of the phase
space model for the R-flux background concerns the precise meaning of Riemannian geom-
etry of phase space. Superficially, our approach is reminescent of recent discussions of Born
geometry in string theory [21], wherein it is argued that the fundamental string symmetries
should contain diffeomorphisms of phase space, in accord with Born’s original proposal to
unify quantum theory with general relativity by treating spacetime and momentum space
on equal footing. It is precisely the phase space formulation that is responsible for nonas-



sociativity in the parabolic R-flux model [5, 26, 27], and it would be interesting to find
explicit connections between our constructions and the proposal of [21].

The outline of the remainder of this paper is as follows. In section 2 we describe some
preliminary Hopf algebraic ingredients and define the quasi-Hopf algebra of infinitesimal
diffeomorphisms. This is the symmetry algebra that leads us into the nonassociative defor-
mations of differential geometry, and in this preliminary section we follow [5, 10, 27], where
further details can be found; we also comment on how our constructions fit into frameworks
suitable for a double field theory formulation of all our developments. In section 3 we use
these ingredients to fully develop nonassociative tensor calculus on phase space, and apply
it in section 4 to construct a nonassociative theory of connections, obtaining new defini-
tions of curvature and Ricci tensors, together with the main results of the Cartan structure
equations for curvature and torsion. This section builds and expands on the nonassociative
differential geometry machinery developed by [11], and on the noncommutative geometry
techniques and results of [2, 6]. In section 5 we introduce metric tensors and develop the
Riemannian aspects of nonassociative differential geometry, including the extension to the
nonassociative setting of the noncommutative metric compatibility condition [2, 7], the
explicit construction of the Levi-Civita connection, the corresponding Ricci tensor and
vacuum Einstein equations on nonassociative phase space, and the induced corrections to
the spacetime Ricci tensor given in (1.3). Finally, in section 6 we conclude by summarising
our main findings and highlighting key open issues for further investigation.

2 Algebraic structure of non-geometric flux deformations

2.1 R-flux induced cochain twist and quasi-Hopf algebra

The presence of a constant non-geometric R-flux on M = R has been proposed to be
captured by a certain nonassociative deformation of the geometry of phase space M =
T*M = R? x (R%)*. Coordinates on M will be denoted 24 = (z#,%,) with A =1,...,2d,
where 2# are spacetime coordinates on M while z, = p, are momentum coordinates for
uw=1,...,d. Derivatives are denoted in a similar way: 0a = (% = Oy, % = 5“) In
string theory applications, the metric on M is usually taken to have Euclidean signature,
but in what follows our results do not depend on the signature of the spacetime metric
tensor which can be either Euclidean or Lorentzian.

The geometry of phase space M is deformed by using a particular cochain twist element
F in the universal enveloping Hopf algebra UVec(M) of the Lie algebra of vector fields

Vec(M) on M. It is defined by
F = exXp ( — %ﬁ (a“ & é# - 5” & 8“) - ;T%lep (puap ®8,u, - a,u ®pl/ap)> ) (2'1)

where RMP are the totally antisymmetric constant R-flux components, and implicit sum-
mation over repeated upper and lower indices is always understood. We will write

F=1%®f,=101+0(, ), (2.2)



where f ¢, are elements in UVec(M) and summation on « is understood; for the inverse
of the twist we write F~! =: f *®f ,. Following [5, 27, it will sometimes be convenient to
regard the twist element (2.1) as the result of applying successively two commuting abelian
cocycle twists

F=FFr=FrF, (2.3)
where the Hopf 2-cocycle
F:exp(—%(aue@é“—é“@au)) = fYQf,=1®140(h) (2.4)

implements the standard Moyal-Weyl deformation of canonical phase space, while the
2-cocycle

FR:eXp<— %RWP(pyap@au—aM@pyap)) 2@ fra=101+0(k), (2.5)

with

53

K:—%,

(2.6)

implements the deformation by the R-flux; in the following we shall sometimes treat i and
 as independent (small) deformation parameters.

The Hopf algebra UVec(M) has coproduct A defined as A(1) = 1 ® 1, A(d4) =
1®04+04®1, counit e defined as €(1) = 1, €(04) = 0, and antipode S defined as S(1) = 1,
S(04) = —04, with A and e extended to all of UVec(M) as algebra homomorphisms, and S
extended as an algebra antihomomorphism (linear and anti-multiplicative). With the twist
F, following [27] we deform the Hopf algebra UVec(M) (considered to be extended with
power series in A and k) to the quasi-Hopf algebra UVec” (M). It has the same algebra
structure as UVec(M) and coproduct Ar = F A F~1; explicitly, on the basis vector fields
we have

Ar(Oy) =1®0,+0,®1,
Ar(") =100+ @1+ ikR"PD,®0, . (2.7)

The quasi-antipode is S = S, where the quasi-antipode elements ar and Sr are the
identity in the case of the twist F, because « = § =1 in UVec(M) and

£95(£0) = £§ S(Era) = £ S(Ea) = F5 S(Fra) = L, (2.8)

(see [27], section 2.2). The counit is ex = e. The twist F does not fulfill the 2-cocycle
condition, and instead one obtains

O (Fel)(A®id)F=(1&F)({d® A)F, (2.9)
where the element ®, called the associator, is the Hopf 3-cocycle

@:exp(§Rﬂ”Pau®ay®ap> — @R =10101+0(8) (210



with summation understood in the second expression (as in e.g. F = {* ® f,). The
inverse associator is denoted @1 =: @1 ® ¢ ® ¢3. The failure of the 2-cocycle condition
implies that the twisted coproduct Arx is no longer coassociative, as one sees from the
quasi-coassociativity relation

P (Ar®id) Ar(§) = (id®@ Ar) Ar() @ (2.11)

for all £ € UVec(M).

The sextuple (UVec(M), -, Ar, @, S, €) defines on the vector space UVec(M) the struc-
ture of a quasi-Hopf algebra UVec” (M) [20]. In UVec” (M) the only relaxation of the Hopf
algebra structure is the presence of a non-trivial associator ® for the coproduct Ax. The
quasi-Hopf algebra UVec” (M) will play the role of the symmetry algebra of infinitesimal
diffeomorphisms of the nonassociative deformation of phase space M.

For later use, we rewrite the relation (2.11), which expresses the failure of coassocia-
tivity of Az, in the form

(€, @€ @ @) 27 =27 (€0 ®&2),, @ o)) - (2.12)
Here we introduced the Sweedler notation
Ax(§) = 1) @ &) (2.13)
for the coproduct (with implicit summation) and its iterations, for example
(Ar @id)AF(§) =: {u), @) e @E@) - (2.14)

Recalling that the quasi-antipode is just the undeformed antipode S, we also observe that
its compatibility with the coproduct A r,

§a) S(€@) = €(§) = SEw) &) (2.15)

for all £ € UVec” (M), follows from the equalities (2.8).

A further relevant property of the quasi-Hopf algebra UVec” (M) is its triangularity.
We denote by A;_P the opposite coproduct, obtained by flipping the two legs of Ar, i.e., if
AF(€) = £n)®&() then AP (€) := £y @E(), for all € € UVec” (M). Since the coproduct of
UVec(M) satisfies A = A it follows immediately that the coproduct Az of UVec” (M)
satisfies the property AP (£) = RA£(€) R, for all £ € UVec” (M), with the R-matrix
given by

R=F2=R°®R, . (2.16)
Its inverse R~1 = F2 =: R® ® R, satisfies
R*@Ra=Ra®R? (2.17)

so that the R-matrix is triangular. The quasi-Hopf algebra UVec” (M) with this R-matrix
is a triangular quasi-Hopf algebra [10, 22]. The coproduct of the inverse of the R-matrix
can be explicitly computed and reads

SBRPOR*®@R4Rp, (2.18)
@R, ®Rp . (2.19)



These equalities are a simplified version of the compatibility conditions between the co-
product Ar and the R-matrix that is due to the antisymmetry of the trivector RMP
(see (2.20) below).

2.2 Associator identities

There are various noteworthy identities for the associator that arise for the particular
cochain twist induced by the constant R-flux background, which we summarise here as
they will be used extensively in our calculations throughout this paper.

A main simplification is that the legs of the associator commute among themselves,
Ga Oy = ¢p Ga, and also with the legs of the twist, ¢, f* = %@, and ¢, fo = {4 Pa.
Moreover, by antisymmetry of the trivector R, we have

¢a ® ¢b ® (bc = (Zga @ &c @ &b (2'20)

and ¢, ® ¢p . = 1 ® 1, where here and in the following (a, b, ¢) denotes a permutation of
(1,2,3). Furthermore, since the antipode is an antihomomorphism we have

(id ® id © §)® = exp (% RMP 9, ® 8, ® S(8)) ) — exp ( — B Rmry, 20,8 ap) (2.21)
which leads to
ba @ b @ S(Pe) = hpa ® oy @ P - (2.22)

Since the coproduct A : UVec(M) — UVec(M) ® UVec(M) is an algebra homomor-

phism, we have

(id ©id ® A)® = exp ( RM? 9, ® 8, @ A(D)) )

‘m @ O ‘vf?a

:exp(éﬁR“”p(8u®8,,®8p®1+8H®8,,®1®8p)) (2.23)

—exp (5 R0, 20,009,801 ) exp (G RO, 20,2190,)
= 01P1 QP22 @ P3Q 3,
where here and in the following we use different symbols for multiple associator insertions

in order to avoid confusion. We further have (id ® id ® A)® = (id ® id ® Ax)®P because
Ar(€) = FA(E) F~! and F commutes with the legs of the associator. Hence we have

Ga @ Pp @ ¢c<1> ® ¢C(2> = Ga Pa @ Ob b ® P @ e - (2.24)

Finally, we also rewrite the identity ® ®~! = id as

GPaPa @ PpPp @ Pcpe=101®1. (2.25)



2.3 Double field theory formulation

Before deforming the geometry of M into a nonassociative differential geometry with the
cochain twist F and the associated quasi-Hopf algebra UVec” (M), let us describe the
general extent to which our results will be applicable, particularly from the perspective of
double field theory, as they will mostly be suppressed in the following in order to streamline
our presentation and formulas.

Firstly, if globally non-geometric @-flux is also present [1, 17, 19, 25], then it has the
effect of modifying the twist element (2.3) to

F=FFgFy, (2.26)
where
Fo =exp (= 4 Q", (w 0,00, — 0,2 w’9,)) (2.27)

with w* closed string winding coordinates which may be regarded as momenta p* conjugate
to coordinates %, that are T-dual to the spacetime variables z#. The twist Fp is an
abelian 2-cocycle, and the vector fields w” 0, commute with the other vector fields d
and p, 0, generating the twists F' and Fr, so the Hopf coboundary of (2.26) is still the
associator (2.10); indeed, unlike the R-flux, the @-flux only sources noncommutativity. In
this setting the Q-flux and R-flux are independent deformation parameters, while coexistent
constant Q-flux and R-flux in string theory are constrained in the absence of geometric
fluxes by the Bianchi identities

Ru[up Q/\T]M -0 and Q[VPN Q)‘]/"T =0 (228)

which are easily imposed as additional constraints on the twist element (2.26).
In fact, analogously to [8] one can extend the twist element (2.1) to the full phase
space M x M of double field theory in the R-flux frame as

F=FF, (2.29)
where
F=exp (=0 @0, -0, 00") (2.30)

implements the deformation of the canonical T-dual phase space M with coordinates
&,,p" = w”. The cochain twist (2.29) is O(2d, 2d)-invariant so that it can be rotated
to any other T-duality frame by using an O(2d,2d) transformation on M X M, and in
this way one can write down a nonassociative theory which is manifestly invariant un-
der O(2d, 2d) rotations. In particular, by restricting to rotations which also preserve the
canonical symplectic 2-form of double phase space, we obtain a formulation that is invariant
under a subgroup

0(d, d) € O(2d,2d) N Sp(2d) . (2.31)



As the inclusion of F' affects neither the commutation nor the association relations on the
original phase space M, while yielding the standard Moyal-Weyl deformation of the T-dual
phase space /\/l we will regard the phase space M as implicitly hidden in the background
in all of our subsequent treatments, with the understanding that all of our formalism can be
rotated to any T-duality frame by including a dependence on the T-dual coordinates of M
and suitably inserting F' in formulas. In this way we obtain a manifestly O(d, d)-invariant
formulation of the gravity theory which follows.

From this perspective, there are also natural modifications of our formalism, analogous
to those of Moyal-Weyl spaces [3], which fit nicely into the flux formulation of double field
theory appropriate to curved backgrounds [17]. The vector fields

X,=0,, Xt=0" and X, =p,0, —Dp,O, (2.32)

on M, defining the twist deformation of flat space M = R, represent a nilpotent subalgebra
£ of the Lie algebra iso(2d) with the nonvanishing Lie brackets

[(XH, X,,] = 6", X, — 6", X, . (2.33)

For any collection of vector fields {X”,X“,XW, w,v = 1,...,d} satisfying these Lie
bracket relations on an arbitrary manifold M, the cochain twist element

Fo=exp (= %X 0 X - X0 0 X,) = 4 R (X, 0 X, — X, @ X)) (234)

of the Hopf algebra Uiso(2d) C UVec(M) provides a nonassociative deformation of M, all
of whose features fit into the framework we develop in the following.

For example, in the cases considered in the present paper we will see that there is
a preferred basis d4,dz? of vector fields and 1-forms on M that is invariant under the
action of the associator and which greatly simplifies calculations. In particular, the Cartan
structure equations expressing torsion and curvature as operators on vector fields will be
established by checking that these operators define tensor fields, and by showing that
in the preferred basis they coincide with the torsion and curvature coefficients. These
simplifications can be carried out as well for the more general twist F., by considering as
basis the commuting vector fields X qu P and their dual 1-forms; more generally, if the
vector fields X, X* do not form a basis (e.g. they become degenerate), this can be achieved
by completing them to a basis that is still invariant under the action of the associator with
the methods described in ([3], section 4).

3 Nonassociative deformation of tensor calculus

3.1 Principles of twist deformation

The tensor algebra on M is covariant under the action of the universal enveloping algebra
of infinitesimal diffeomorphisms UVec(M). We have seen how the R-flux induces a twist
deformation of the Hopf algebra UVec(M) into the quasi-Hopf algebra UVec” (M). We
construct a nonassociative differential geometry on M by requiring it to be covariant with
respect to the quasi-Hopf algebra UVec” (M).



Every time we have an algebra A that carries a representation of the Hopf alge-
bra UVec(M), and where vector fields u € Vec(M) act on A as derivations: u(ab) =
u(a) b+ au(b), i.e., every time we have a UVec(M)-module algebra A, then deforming the
multiplication in A into the star-multiplication

axb=F%a)F o(b) (3.1)

yields a noncommutative and nonassociative algebra A, that carries a representation of
the quasi-Hopf algebra UVec” (M), where

§(axb) = Eny(a) xE2y(b) (3.2)

for all ¢ € UVec” (M) and a,b € A; in particular, the vector fields Oy and Ok act as
deformed derivations according to the Leibniz rule implied by the coproduct (2.7). We
say that A, is a UVec” (M)-module algebra because of the compatibility (3.2) of the
action of UVec” (M) with the product in A,. For later use we recall the proof of the key
property (3.2):

glaxb) = £(Ta)T

f f
= {u)(a) *§2)(b) (3-3)
§

where we used the notation A(§) = §(1,) ® (o) for the undeformed coproduct together
with A(&) F~1 = FLAx(€).

If the algebra A is commutative then the noncommutativity of A, is controlled by the
R-matrix as

axb=Rb)*Rala) = bk qa, (34)

where in the last equality we used the notation % := R%(a) and sa := R,(a); the ex-
pression (3.4) is easily proven by recalling that R = F~2 and that axb = f %(a)f 4(b) =
f o(b)f “(a). If the algebra A is associative then the nonassociativity of A, is controlled
by the associator ® as

(axb)xc=%ax(?2bx%c), (3.5)

where we denote ?*a := ¢;(a); an explicit proof can be found in ([5], section 4.2).
In the following we deform the algebra of functions, the exterior algebra of differential
forms and the algebra of tensor fields on M according to this prescription.

3.2 Functions

The action of a vector field u € Vec(M) on a function f € C°°(M) is via the Lie derivative
L,(f) = u(f), which is indeed a derivation. The action of the Lie algebra Vec(M) on
functions is extended to an action of the universal enveloping algebra UVec(M) by defining
the Lie derivative on products of vector fields as Ly, vy .cu, := Luy © Ly, © -+ 0 Ly, and

,10,



by linearity. The UVec(M)-module algebra C*°(M) (extended with power series in /& and
k) is then deformed to the UVec” (M)-module algebra A, := C°°(M),, which as a vector
space is the same as C°°(M) but with multiplication given by the star-product

frg=1%f)falg) (3.6)
= f.g+%(auf.gug _ 5uf‘au9)+ ik RMYPp, 0pf -0ug + -+,

where the ellipses denote terms of higher order in i and k. Noncommutativity is controlled
by the R-matrix as fxg = RY(g)*R o(f) =: “g*af, and nonassociativity by the associator
D as (fxg)xh =% fx(?2g%9h). The constant function 1 on M is also the unit of A,
because fx1=f=1xf.

Denoting the star-commutator of functions by [f, gl := f * g — g = f, we reproduce in
this way the defining phase space quasi-Poisson coordinate algebra

[zH, 2"], =2ik RMPp,, [z#,py) = 1ho*, and [Py Pl =0 (3.7)
of the parabolic R-flux background, with the non-vanishing Jacobiators
[z9, z¥, 2P, = €3 RMP . (3.8)

3.3 Forms

Similarly to (3.6), we can deform the exterior algebra of differential forms QF(M) by
introducing the star-exterior product

WAy =f*w) AT o(n) . (3.9)

The algebra of differential forms with the nonassociative product A, is denoted QE, with
00 = A,. Here too the vector fields in the twist act on differential forms via the Lie
derivative; in particular, for the basis 1-forms we find

Ly, (dzP) =0 (3.10)
along with (recalling that z, := p,)
ERHVP Xl/p (da’,’o—) =92 RHVU di’y and ﬁR}l«Vﬂ Xup (di‘o.) — 0 s (311)

where the vector fields X, are defined in (2.32) and we used the fact that the Lie derivative
commutes with the exterior derivative. Iterating the commutativity of the exterior deriva-
tive d : ©F — Q¥ with the Lie derivative along vector fields implies df *(w) = f “(dw)
and df ,(w) = f o(dw), giving the undeformed Leibniz rule

dwAcn) =dw A+ (=) w A, dy (3.12)

where w is a homogeneous form of degree |w|.
The star-exterior product of 1-forms dz* reduces to the usual antisymmetric associa-
tive exterior product: using (3.10) we have

dz? A, dzP = dz? A daP = —daP Ada? = —dzP A, da? . (3.13)
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In particular, the volume element is undeformed. For this, we note that the action of the
associator (2.10) trivializes on the exterior products of basis 1-forms: in the case of three
basis 1-forms we obtain
(dz? A, dzP) A, d2C = 21 (dz?) A, (¢2 (dazB) A, 3 (d:vc))
= dz? A, (da:B Ay d::/:C)
= dz* AdzB A dat (3.14)
where ¢, act via Lie derivatives on forms and we used (3.10).

The exterior product between O-forms (functions) and 1-forms gives the space of 1-
forms the structure of a C°°(M)-bimodule. Similarly, restricting the star-exterior product
of differential forms to functions and 1-forms defines the A,-bimodule structure of the space
of 1-forms Q.. In particular, the star-exterior product of functions and basis 1-forms is
given by

[xdz, = f-dz, =dz,* [,
frdat = fodat — ERWPY,f-dT, = da" x f — AT, * ik R*PO,f . (3.15)
Similarly to [14], it is convenient to package the relations in (3.15) into a single relation by

defining an antisymmetric tensor 248 on M whose only non-vanishing components are
%z“’xu@, = RMP, so that

frdat =da® « (6% f — ik %P oBf) . (3.16)
As a useful special case, this implies
df = 0afdz? = 0af xdz? = dz? x O f (3.17)
by antisymmetry of R*? (and hence of 248 ).

3.4 Tensors

The usual tensor product @cee(aq) over C*°(M) is deformed to the star-tensor product ®,
over A, defined by

T®*U:FQ(T) ®COO(M)FOC(U), (3.18)

where the action of the twist on the tensor fields 7" and U is via the Lie derivative. Due to
nonassociativity, for f € A, one has

(THf) @, U="T®, (P2fx%U) . (3.19)

Here the star-tensor product ®, between functions and tensor fields is denoted x. In
particular, it gives the space of vector fields Vec(M) an A,-bimodule structure. We denote
Vec(M) with this A,-bimodule structure by Vec,. In order to explicitly write the star-
product between functions and the basis vector fields 0u,5“, we first compute the Lie
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derivative action of the vector fields in the twist on the basis vector fields (i.e., the Lie
brackets):

L, (0) =0 (3.20)
together with
Lriwox,,(05) =0 and  Lpwrx,,(07) =—2R"0, . (3.21)
Then we have
fx0,=f-0,=0,%f,
fxOt = f-O"—ERWPY, [0, =0"%f+0, ik R"PO,f, (3.22)

where here 0, x f denotes the right A,-action on Vec, (and not the action of d, on the
function f). Again we can write these relations collectively in the form

frxoa=0c*0af+icZPA0Bf) . (3.23)

Using the star-tensor product, we can extend the A,-bimodule Vec, of vector fields to
the Qa—bimodule Veci = Vec, ®, QE: the left and right actions of the exterior algebra Qa
on Veci are given by

(U Rx W) N = ¢1u Rx (¢2W AW ¢377) ,
N A (u®sw) = (" (51)) @ (ap (P20) Ak P (o (Pw))) (3.24)

where @ (T) := R, (T) and
in (3.24) follows from

T := Ea(a)(T) for T a tensor or a form; the left action

*(a)

N A (1@, w) =1 A (P, gu) = (91 A 2Pw) @, % gu = (% gu) @, o(P'n Ak 2 Pw)
(3.25)

where in the first equality we used the fact that the tensor product between contravariant
and covariant tensors is commutative, in particular u®geo (W = W oo (A1) U, and similarly
in the last equality.

Analogously, we can extend the A,-bimodule of 1-forms Q) to an Q% -bimodule QE®*QL

3.5 Duality

The three star-multiplications %, A, and ®, thus far constructed are compatible with
the UVec” (M)-action according to (3.2). This compatibility can be regarded as equiv-
ariance of these products under the UVec” (M)-action: there is no action of & on the
star-multiplication in (3.2), only on (the functions, forms or tensors) a and b. This no-
tion of equivariance under the universal enveloping algebra of diffeomorphisms UVec” (M)
(invariance and covariance in physics parlance) is the guiding principle in constructing a
noncommutative and nonassociative differential geometry on M. The recipe thus far con-
sidered, which consists in deforming a multiplication m to the star-multiplication * defined

,13,



by composing the classical product with the inverse twist, + := m o F~!, extends more
generally to any bilinear map that is equivariant under infinitesimal diffeomorphisms, i.e.,
under UVec(M).

For example, the pairing between 1-forms and vectors ( , ) : QY(M) x Vec(M) —
C>®°(M) is deformed to the star-pairing

(, )i={(, YoF1:0l xVec, — C®(M), (3.26)
which is explicitly given by
(w,u>*:<fa(w),fa(u) > . (3.27)
Equivariance of the star-pairing under the quasi-Hopf algebra UVec” (M),
Cw,u)e= (0w, f@u),, (3.28)

follows from equivariance of the undeformed pairing under the Hopf algebra UVec(M),
with the proof being analogous to (3.3).

Since the usual pairing is C*°(M)-linear: (w-f,u)=(w, f-u), ( f-w,u) =
f-(w,u),and(w,u-f)z( >
<w*f u>* <¢>1w ¢2f*¢3u>*,
(frw,u >* — ¢1f <¢2w’ b3y, >*,
(wouxf)e=(Pw, Pu)ex®f, (3:29)

f, it follows that the star-pairing is A,-linear:

with the proof being analogous to that of quasi-associativity (3.19) of the star-tensor prod-
uct. The first equality in (3.29) shows that the star-pairing is a well-defined map

( )y : @, Ve, — A, . (3.30)

At zeroth order in the deformation parameters i and r, this is just the canonical unde-

formed pairing ( ) of 1-forms with vector fields which is nondegenerate, and hence the

star-pairing ( ), is nondegenerate as well. Because of (3.10) and (3.20), the star-pairing

between basis vector fields 94 and basis 1-forms dz? is undeformed: ( da?, 0p Y = 54 5.
This pairing can be extended to star-tensor products

() (Qi Rk Qi) R (Vec* Ry Vec*) — A, (3.31)
in the following way. Firstly, for w,n € Q! and u € Vec, we define the 1-form
(W), u )y :=Pwx (92, Py ), . (3.32)

This definition is compatible with equivariance under the quasi-Hopf algebra action, since
for & € UVec” (M) we have

W), u)e = E(Plwx (O, P ),)
= £(1> ¢1w* 5(2)< ¢277’ ¢3u >*
— iy, x ( £ ¢277: £2) () d>3u b

_ N 6(1)(1)w*< P2 5(1)(2)77’ P3&(2)y, Ve

= (O (W), {@u), (3.33)
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where in the second line we used the equivariance of the star-product, in the third line
the equivariance of the star-pairing, and in the fourth line the quasi-coassociativity prop-
erty (2.12). We then define the pairing

W X M), (U XyeV *x = W XM, U )%y VUV )%
(W), (W@uv) )i = (W), Pu ), Pv)
— < <¢1w®* @17], P22, >*7 b3 3, >*
:<C1<131w*<C2¢1777C3<732u>*,<233¢73U>*

_ a< C2<ﬁ1n’ C3¢§2u >**< p2 (1 <510[w7 03539531; >*’ (3.34)

and one again checks that it is equivariant under UVec” (M) by using quasi-
coassociativity (2.12). This definition can be straightforwardly iterated to arbitrary star-
tensor products.

3.6 Module homomorphisms

Tensors can be regarded either as sections of vector bundles or as maps between sections
of vector bundles. In section 3.4 we have taken the first point of view and deformed the
product of sections to the star-tensor product. Thanks to the pairing ( , )4, we can also
consider the second perspective; for example, for any 1-form w the object (w, )4 is a right
A,-linear map from the A,-bimodule Vec, to A,. More generally, given A,-bimodules V,
and W,, we can consider the space of module homomorphisms (linear maps) hom(V;, W,).
This space carries the adjoint action of the Hopf algebra, which is given by

CL(v) := (*L)(v) = &) (L(S(§2) (v))) (3.35)

for ¢ € UVec” (M), L € hom(V,, W,) and v € V;. Tt is straightforward to check equivari-
ance of the evaluation of L on v:

$(L(v)) =*wL(*@v) . (3.36)
Indeed the right-hand side can be written as
S L ((o0) = e (L(S(£<1>(2))£<2)U))
— $1én)¥1 (L (5(¢2 £2)(1) 2) P3€2) 5 @sv))
= e (L(* SE@ 1)) @ )
= (L), (3.37)

where we used (2.12), antimultiplicativity of the antipode S, the compatibility (2.15) and
ba ® ¢p de = 1 ® 1. Since the vector fields comprising the associator commute with those
of the twisting cochain F, using (2.22) and ¢, ® ¢ ¢ = 1 ® 1 we obtain the following
identities that will be frequently used:

Ga @ (Wx%f) = g @ (PvxPf), (3.38)
P L("v) ® e = ?*(L(%0)) ® e (3.39)
forveV,, fe A, and L € hom(V,, W,).
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We define the composition of homomorphisms by
(L1 ° LQ)(U) = ¢1L1 (¢2L2(¢3’U)) (340)

for Ly € hom(W,, X)), Lo € hom(V,, W,) and v € V,. One can readily check equivariance
of this composition, i.e., compatibility with the UVec” (M)-action:

S(LieLy)=*DL, e @ Ly, (3.41)

with the proof being similar to (3.37), see also [10]. In particular, with this composition
the UVec” (M)-module end(V,) of linear maps on Vj is a quasi-associative algebra:

(LieLy)eLy="1ie("?Lye?Ls), (3.42)

for all Ly, Lo, L3 € end(V,). We define the twisted commutator of endomorphisms Ly, Ly €
end (V) through

[Ll, LQ]. = L1 ° L2 — aLQ ° aLl s (343)

where the braiding with the R-matrix ensures equivariance of [, ], under the UVec” (M)-
action: $[Ly, Lole = [*W Ly, 4@ Ly] .
A map L € hom(V,, W,) is right A,-linear if

L f) = ML) £ 2f = 2 (L(%0)) +2f (3.44)

We denote the space of all such maps by hom, (Vy, W,); it closes under the UVec” (M)-
action [10]. To see this explicitly, we need to show that if L is right A,-linear, then so is
€L for all & € UVec” (M). This follows from the calculation

‘L(vx f) = S0 (L(S(£(2><2>)v * S(€<2)<1>)f))
_tm b [(L(<52 5(5(2)(2))0)) *<133 5(5(2)(1>)f]
= P [(L(S@s€e)y)) « S92 5<1><2>)f]
_ o1 5(1)(1)(1) (L(S(¢3 o3 5(2))1))) *501 5(1)(1)(2) S(¢2 @2 5(1)(2))f
= ) (L (S ea)y)) « D@y, P2 502 ) g #2) ¢
_im €<1)<1) ( (S(¢3 s 5(2))12)) *<P1 2 f(l)(2>(l) S(§(1>(2)(2))S(ﬁ3 P2 ¢2)f
_ 15(1)( ( (&(2)) S(¢3) )) *5(052)]0
PL(EL) (7o) x P f (3.45)

where the third equality follows from (2.12), antimultiplicativity of the antipode S,
and (2.20).

For later use, let us explicitly demonstrate that the composition of L; € hom, (W, X,)
and Ly € hom,(V,,W,) is a right A,-linear map L; e Ly € hom,(V,, X,); see [10] for a
general proof in the setting of arbitrary quasi-Hopf algebras. For this, we compute

(Ly o Lo)(vx f) = 1 (La (P (L2o(* (v % [))))) (3.46)
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using 3 (v * f) = P31 x ¢3(2>f and the identity (2.24) to get

(Ly o Lo)(vx f) = #1921 (Ly (9292(Lo(%0 % %2 f))))
- ¢19@1(L1(¢2s02[ (Lo (P2 %30 *ﬁ:s%f]))

(0 [P Lo )] £ 7))
— 19141 (L (%2 P21 ([ (P2 %393y ))*432/33903]"))
— $1d191C1

_ $1p L

HLa(B [P (Lo P20 Pr0))])) w02 e f
— DO ([ (G[O2202P1 ([, (P2 9303 B34))])) x P1 G d2Pa s f
_ ¢1¢31(L1(¢ (Lo(%s 95y ))))*a@zf
_ ¢1$1(L1(¢ (Lo (¢3¢2v)))) *ng
= S1((Ly @ Ly)(P20)) %% f (3.47)

which establishes that L; e Loy is right A,-linear.

For later use in our constructions of connections and curvature, we will also prove some
properties of tensor products of right A,-linear maps. Let Uy, V, and W, be A,-bimodules.
Then the lifting of L € hom, (U, W) to L ® id € hom, (U, ®4 Vi, W, ®, V4) is defined by

(L ©id)(u @, v) := (P L)(Pu) @, Pv = 21 (L(*2u)) @, %o (3.48)
for u € U, and v € V. Let us first check equivariance:
YL®id)=*L®id . (3.49)
For this, we need to check that
S(Loid)(u@,v)) = (L®id) (5@ (u @, v)) = (WL @id) (5@ (u @4 v))  (3.50)
for arbitrary u,v and for any & € UVec” (M). This follows from the calculation

S((L®id)(u®,v)) = 0 (PL(P2u)) ©, f@ %y
SONES )(5“)(2) o2 u) @, £ P34

P1E) ) 1 )(@2 P28(1) (5 izu) ®, P3¥3€@) 3,

o161 O d) (4.02 b2 5(2)(1) u®, ©3 63 §(2>(2>v)

= (
("
(Wlf(l) ) ¢1L 2 d) (902 €1 b2 u®, 3 §2) $3 )
(
= (

‘WL ®id) (5@ (u @4 v)) (3.51)
With the definition (3.48) the map L ® id is indeed well-defined on U, ®, Vi:

(L@id)((u* f) @ v) = (L @id) (P u @4 (P2f % 90)) . (3.52)
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For this, we use right A,-linearity of L to write the left-hand side as
(L @id)((ux f) @, v) = POL(M92P20) @, (P372 f 4 T8 034 (3.53)
which is indeed equal to the right-hand side
(L ®id) (¢1u R (P2 f % ¢3v)) = PLL(P201) @, P3 (P2 f x P30) . (3.54)
Finally, we can show that L ® id is right A,-linear:
(L@id)((u@v)* ) = (ML @id) 2 (uv) xS f . (3.55)
For this, we note that the left-hand side can be expressed as
(L ®id)((u®, v)* f) = P PLRP20y) @, (P9Cy P36 f) (3.56)
which is indeed equal to the right-hand side
(UL @)% (u @, 0)) B f = A1 OQP(T102C2y) @ ($27203 P2 4 3787 ) (3.57)
We also define
der L:=mr e (L®id)eTg , (3.58)

with 7r (v ®4 1) = “u®y v the braiding operator. This definition is well-posed because 7»
is compatible with (3.19), and the twisted composition e is associative if one of the maps is
equivariant (as ¢1 ® @2 ¢35 = 1 ® 1). Moreover, g is an equivariant map: ¢ (7 (u ®, v)) =
7R (*(u ®. v)), and thus the lifting of L to id ®g L is equivariant: ¢(id ®r L) = 7 @ (‘L ®
id) e 7 = id ®% €L. The lift id ® L is furthermore right A,-linear:

(id @ L) ((u @, v) * f) = 7= ((*1(L @ id) 7?2 (u @4 v)) % #* f)
= (TR (qglL ®id) TR(EQ (u @y v)) * ‘2’3]”
= (P(id @R L)* (u @, 0)) % (3.59)
where we used right A,-linearity of L ® id.
To summarise, if L : U, — W, is right A-linear, then L ®id is well-defined on U, ®, Vi
and right A-linear, and hence so is id®x L. In particular, given another right A,-linear map

L' : V] — W/ we obtain a well-defined right A,-linear map L®g L' := (L®id)e (id®xr L"),
which is compatible with the action of UVec” (M) and is quasi-associative [10]:

(Lar L' )@r L' =0 e (Log (L'arL"))ed. (3.60)

3.7 Quantum Lie algebra of diffeomorphisms

By applying the twist deformation to the Lie algebra of vector fields Vec(M) on phase
space M, we obtain the quantum Lie algebra of nonassociative diffeomorphisms described
in [5]. Again we deform the usual Lie bracket of vector fields to the star-bracket

[u, v] = [T *(u),f o(v)] . (3.61)
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Defining the star-product between elements in UVec(M) as € x ¢ := f “(&)f 4((), the star-
bracket equals the deformed commutator

[U, V], = uxv —“v*ug . (3.62)
This deformed Lie bracket satisfies the star-antisymmetry property

[u,v]* = _[av’au]* (363)

and the star-Jacobi identity

[u, [U’ Z]*]* — [[leu’ 521;]*, 9532] + [04(951 9511)), [a(952 @2u)’ b3 9532]*] (3.64)

* *

The star-bracket [, |, makes Vec, into the quantum Lie algebra of vector fields.
To implement the action of nonassociative diffeomorphisms on generic differential forms

and tensor fields, we need a suitable definition of star-Lie derivative along a vector u € Vec,.

From [5] it is a deformation of the ordinary Lie derivative on phase space M given by
L3T) = £ty olT)) = Lo (T). (3.65)
where we introduced the invertible linear map D on the vector space UVec(M) by
D : UVec(M) — UVec(M),
§r—DE) =f%O)fa. (3.66)

With this definition it follows immediately that £} (v) = [u,v], for u,v € Vec,. Moreover,
using the inverse of (2.9) shows that Lp¢)e L) = Lpexc), for all §, ¢ € UVec(M), so that

[CX, LE]e = LF (3.67)

[u,v]s
Thus the star-Lie derivatives provide a representation of the quantum Lie algebra of vector
fields on differential forms and tensor fields.
Using (2.9) together with A(u) = u ® 1 + 1 ® u, the twisted coproducts of D(u) €
UVec(M) are given by

Az(D(u)) = D(*'u) 2 ® ¢3 + R 61 o1 ® D(Ra(2%2u)) ¢3 33 . (3.68)

Using the Leibniz rule for the undeformed Lie derivative £, (wAn) = Ly (w) An+wALy(n),
it follows from (3.68) that the star-Lie derivatives satisfy the deformed Leibniz rule [5]

Li(w Aem) = L5, (P0) Ay P+ Pw) Ay L 5,0, (P Pn) (3.69)

a(¢2 P2y

on forms w,n € QE The Leibniz rule for tensor fields is then obtained by replacing
differential forms with tensor fields and the deformed exterior product A, with the deformed
tensor product ®,. In particular, since [u,v x f]x = L} (v * f) = Lp)(v* f) for f € A,
we analogously obtain the Leibniz rule for the quantum Lie bracket of vector fields:

[u, v fl = [(Elu, ‘521)]* x4 O‘(‘{’1 P1y) *£:(5’2 P2u) (‘753 waf) . (3.70)

Since the map D is invertible, as in the noncommutative and associative case [2, 6], the
symmetry properties of the quasi-Hopf algebra of infinitesimal diffeomorphisms UVec” (M)
are equivalently encoded in the quantum Lie algebra of diffeomorphisms Vec, with bracket
[, ]«, or in its universal enveloping algebra generated by sums of star-products of ele-
ments in Vec,.
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4 Nonassociative differential geometry

4.1 Connections

A star-connection is a linear map

V* : Vec, — Vec, ®, Q!

u— Vu =1’ ®,w;, (4.1)

where u! ®, w; € Vec, ®, Qi, which satisfies the right Leibniz rule
Vi(uxf) = ((‘glv*(%u))*%f%—u@* df (4.2)
for u € Vec, and f € A,. The action of ¢, on V* is the adjoint action (3.35), which in the

present instance is readily seen to also define a connection. For this, we calculate

¢av*(u*f) — ¢a<1) (v* (S(¢a(2))(1)u ¢a(2))

@ f))
_ ¢a<1) 1) (@1 v* (952 S(¢a(2))(l)u)) « P3 ¢a(1>(2) ¢a(2))(2)f

+ ¢a<1)<1 (¢ )(1> ®* ¢a(1)<2) S(¢d(2) )(2) df

— (@1 (%V*)(“_’Qu)) *P3f 4 Pa) S(¢“(2>)(u Ry df)
= (PO V) (F2w)) « P f 4 el ) u s df (4.3)

where in the last line we used (2.15). Now since ?aV* will always appear in linear com-
binations with the other associator legs ¢, and ¢., and since €(¢,) ¢p @ ¢ = 1 ® 1, we
effectively have the Leibniz rule

G (ux f) = (& (%V*)(@u)) *Pf tu®,df . (4.4)

More generally, the adjoint action of an element ¢ € UVec” (M) gives the linear map $V* :

Vec, — Vec, @, Q which satisfies $V*(u f) = (¢16V*(P2u)) x93 f + u @, e(€) df, ie., £V*

is a connection with respect to the rescaled exterior derivative ¢d = Le,, d £5(£(2)) =e€(§)d.
The connection on vector fields (4.1) uniquely extends to a covariant derivative

dy« : Vec& — Vec?frl

U Ry W — (ilv*(%)) A D0+ u @, dw (4.5)

on vector fields valued in the exterior algebra Veci = Vec, ®, Qi It satisfies the graded
right Leibniz rule

Ay (1 Ay w) = (Pdy+ (P29)) Ay Bw + (1) A, dw (4.6)

for 1) = u' @, w; € Vect.
The covariant derivative along a vector field v € Vec, is defined via the pairing opera-
tor as

Viu = ( Vu, v ) = ( (' @y w;), v )y = Pul % ( Py, Do), . (4.7)
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From the definition of the pairing (3.27), the Leibniz rule for V} comes in the somewhat
complicated form that we will need later:

Vilus f) = (V) v
= (VP ) + Feds) o).
= (AT E) (BB L L B0) )+ P (), ) ) (45)
= (AT ), () )k P ) + P (Pdf), P
= (POOT ) #E0) )) P (P )+ Pk (A ), P ).

More generally, we define

dvﬂ/J = < dy=y, v >* + dV*< Y, v >* (49)

for 1) = u' ®, w; € Vech.
The action of the connection on the basis vectors defines the connection coefficients
FEC € A, through
V04 =: 0p @, T8 = 0p ®, (T3, +dz®) . (4.10)

Then we have

Viop = (V*0p, 0a )«

(
= ((0c ®« (PGp*dz?)), 04 ).
= { (8C*I‘BD) @y dzl | 04 )4

= M (9o xTGp) * ( 2daP, 20, ),

= Jo«I'G,, (4.11)

where we used the definition (3.32), and the contributions from nonassociativity vanish
because we used basis vector fields and basis 1-forms. Using the Leibniz rule (4.2) and
writing an arbitrary vector field u as u = 94 x v with u € A, one can calculate

V*u = 04 @4 (du’ + T4« uB), (4.12)
and more generally
Ay« (94 @y w?) = 4 @, (dw? + T4 A WP, (4.13)
for w4 € QE

4.2 Dual connections

By considering 1-forms as dual to vector fields, we can define the dual connection *V on
1-forms in terms of the connection on vector fields and the exterior derivative as

(*Vw,u)y=d{w, u )y — ( “w, 2V*(%0) ), . (4.14)
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Since the pairing is nondegenerate, this defines a connection on the dual bimodule
Vil — ole, 0. (4.15)

This connection acts from the right so that we should more properly write (w)*V rather
than *V(w), but this notation is awkward so we refrain from using it. That the action
is from the right immediately follows by comparing the UVec” (M)-equivariance prop-
erty (3.36) of the evaluation from the left with the UVec” (M)-equivariance property of
the evaluation of *V on w, §(*Vw) = $0*V (40 w), which shows that evaluation is from the
right so that the equivariance reads ¢((w)*V) = ((Ww) @*V. The proof follows from
§< *VW, U >* — d< f(l)w7 f(g)u >* _ < f(l) Qﬁl(‘u7 &(2)(1) ¢2v*(€(2)(2> ¢du) >*
= d( §(1)W7 €2)q, b — ( b1 §(1>(1)w7 $2 5(1)(2) V*(¢3 5(2)u) Yy
_ < 5(1)(2>*v(§(1)(1) w) , 5(2)u >*’ (416)

where in the last line we used { $*Vw, u ), = e(&) d{ w, u s — { P1w, 928V*(?34) ), which
is easily understood by recalling that $V* is a connection with respect to the rescaled
exterior derivative ¢d = €(¢) d.

Correspondingly, the connection *V satisfies the left Leibniz rule

*(f xw) = ¢1f * (¢3*V(¢2w)) +df ®, w (4.17)

for f € A, and w € QL. The proof follows from the definition (4.14) and the right Leibniz
rule for V* after some associator gymnastics. It uniquely lifts to a connection

dy : Q@0 — QFle, 0. (4.18)
Setting w = dz# and u = 0p in (4.14), so that d( dz? , dp ), = d 645 = 0, we compute
(*V(dat), 0p ) = —(dz?, V*Op ).
= —(da?, 90 @, T'g ).
=T (4.19)
so that *V(dz?) = —T'4 ®, dzB. Then for w = wy *dz? € Q! with wa € A, we have
*Vw = *V(wy + dz?)
= wax*V(dz?) + dwy @, dz?
= —wy * (T3 @, dzP) 4+ dwy ®, dz?
= (dwp —wa *I'4) ®, dz? . (4.20)
More generally, for wy € QF we have
dey(wg @y dz?) = (dwa —wp A TE) @, da?t . (4.21)

These results are natural nonassociative generalizations of the usual results in noncommu-
tative differential geometry, since the associator acts trivially on the basis vector fields and
basis 1-forms.
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4.3 Connections on tensor products

Later on we shall need to compute the action of connections on metric tensors, for which
we require a construction of connections on tensor products of A,-bimodules. The general
construction is an extension to the nonassociative case of the noncommutative construction
in [4] and is provided in ([11], section 4.2). Here we shall give a somewhat simpler and
more explicit treatment. Given A,-bimodules V, and Wy, together with connections V{‘/* :
Ve = Ve Q4 Ql and V‘*V* W, = W, @, Q}H we wish to construct a connection V’{/*@*W* =
Vi, @ Vi, (Vi @, Wo) = (Vi @, W,) @4 Q. Using (3.58) we define

V. @« Viy, = Vi, ®id+id ®@r Viy, . (4.22)

Explicitly, using (3.48) and (3.58) we have
Vio.w, (V@ w) = ¢_’1VT/* (‘Ezv) ®y Bw + %0, 5‘51V§V* (‘52 “w), (4.23)
where we identify (Vi @, QL) @, W, = (V, @, W) @, QL via (v@,w) @,w = (5’1U®* $2 YW) Ry
?3 w for v € Vi, we W, and w € Qi
From the general analysis of section 3.6 it follows that this definition is equivariant:

§(Vi, @ Viv,) = V3, @, Vi, (4.24)
for any ¢ € UVec” (M). Next we need to check that this definition is well-defined:

(Vi @« Vir ) (v ) @, w) = (V, @ Vip,) ("0 @4 (P f % Pw)) (4.25)

Again by the general analysis of section 3.6, we know that this identity holds if the star-
connection V* is substituted by a right A,-linear map L, i.e., it holds for the terms which
come from the right A,-linear part of the Leibniz rule for V*, so we only need to check
the inhomogeneous terms coming from the exterior derivative: on the left-hand side this
comes from the application of Vi, ®@id to (vx f) ®,w which gives (v ®, df) ®,w on using
the fact that %e V7, is also a connection, whereas on the right-hand side it comes from
applying 7z o (Vi ®id) to (Pe@ Py % 3 W P2 f) @, o v which on using the R-matrix
identities (2.17) and (2.19) yields

TR (oz (pgdf Q% pgw) Qx apl U) = ’yaplv Rx 'ya(def Q% P3w) = (U Q% df) Ry W (426)

as required. Finally, we show that the map Vi, @, V7, is a connection because it satisfies
the Leibniz rule:

(V3 @y Viv) (0@, w) * £) = (VY @ Vip ) (P (v @, ) x B f + (v @, w) @ df
(4.27)

Again it suffices to check the inhomogeneous term, which comes from (id ®r Vi, )((v @«
w) x f), and the result follows by a completely analogous calculation to (4.26).

We can iterate the twisted sum of connections to arbitrary numbers of tensors products.
The nonassociativity of @, is controlled in the usual way by suitable insertions of the
associator [12]:

(Vi ©x Viy,) @, Vi, = @ 1o (V, @4 (Viy, B2 VX,)) 0 @ . (4.28)
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4.4 Torsion

In order to define the torsion T* € Vec, ®, Qz of a connection V*, we first observe that
the map

(04 @, dz?, )y : Vec, — Vec, (4.29)

A and use

is the identity map; for this, we simply expand any vector field v as u = 94 % u
the triviality of the associator when acting on 04 and dz?. Then as in the classical case

we define

T

dy+ (94 ®x diUA)

= V*O4 A, dz?

= 0p ®x« (FEC * (dz® A, dxA))

= 94 @, T4, (4.30)

We can also regard the torsion in the usual way as a map T* : Vec, ®, Vec, — Vec,
defined by

T*(u7 U) = ( T*a U Qg >*, (4.31)

where ( T*, u @, v )y = 04 * ( T4, uw®, v )y. This map is right A,-linear in its second
argument by (3.29), and star-antisymmetric: T*(u,v) = —=T*(%v, qu). This follows form

(dxA/\*de,u®*v>*:<dxA®*de,u/\*v>*, (4.32)

i.e., from ( *dzB @, odzd, u @, v Je = ( dz? @, dzB, v ®, ~u )«. To prove this last
equality we recall that the associator is trivial if it acts on the basis 1-forms and apply the
definition of the pairing; then reordering we obtain the equivalent expression ( “dz? | fv ), %
{ By adz? Byl 1x = “wdzB | @7 ), x ( odz?, Ju )y, which follows from (2.18)
and (2.19). Thus we have shown that the map T* is the torsion tensor T* € hom, (Vec, A,
Vec,, Vec,).

In our good basis one easily calculates the torsion components from (4.30) and obtains

T*(@A,QB) = 80 *< TC, 8,4 Rx 83 >* = 3@ * (FgB — FgA) =: 80 *TCAB . (4.33)

The torsion-free condition T*(04,dp) = 0 then results in the symmetric connection coeffi-
cients

IS =1%,. (4.34)

We shall now prove the first Cartan structure equation, which in the present context
states that the torsion tensor (4.31) can be written in terms of covariant derivatives as

T (u,v) = ¢1V22U(¢3u) - ¢1V$2au (93 %0) + [u, v]s (4.35)
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The expression (4.35) agrees with the definition of torsion from [14]. To prove (4.35), we
first check it in our good basis: we set u = J4, v = 0p and easily calculate

V%@A - VzaAa('aB + [8,4,63}* = V%@A — VZ@B
— 0% (M5 — T5) (4:36)
= T*(94,08B) ,

where we used [04,0plx = 0. The equality (4.35) then follows once we establish that the
right-hand side defines a tensor in hom, (Vec, A, Vec,, Vec,).
For this, it is useful to write the right-hand side of (4.35) as T™(u, v), where

T :=( ),o(V'®@id)—( )0 (V'®@id) e +[ ]s. (4.37)

Here we used the fact that the compositon e is associative since the pairing and the braiding
are UVec” (M)-equivariant; this implies that the composition e in this case reduces to
the usual composition of operators. The associators entering (4.35) are then due to the
definition (V* ® id)(u ®, v) = ?1V*(92(u)) ®, %30 from (3.48).

As defined in (4.37), the map T* is linear in both of its arguments because it is a
composition of linear maps. A first step in showing that T defines a tensor in hom, (Vec, A,
Vec,, Vec,) is showing that it is well-defined on Vec, ®, Vec,:

T*(ux f,v) = T*(*1u, 2 f « 20) (4.38)

for all f € A, and u,v € Vec,, so that we can write T*(u,v) = T*(u ®, v). Explicitly,
as before with the sum of connections, we know that (4.38) holds for the terms which
come from the right A,-linear part of the Leibniz rule, so we only need to check that the
inhomogeneous terms coming from the exterior derivative cancel out. In T™(u % f,v) such
terms come from ¢1V§,2U(¢3 (ux f)), which yields ( (u ®, df), v )4, and from

[uxf,v], =—=[", aluxf)],

_ _[¢1 prpraf, ¢2w2p2au*¢3wspsﬁf]
’ *

= [‘51 Pry, b2 P2 ﬁv]* % 93 @35]0 _ q;lu * £32 . ((ZB,Bf) , (4.39)
where we used (2.19) and (3.70). By definition of the Lie derivative we have
L20F) = Lpagy(Falh) = (T(), Taldf) ) = (°4f, u)s, (4.40)

and so L7 ﬂv(‘%gf) = (?3df, %2v),. It follows that the inhomogeneous term in (4.39) can

be written as
s L5, (Paf) = (PP, P20df), P90 ), = (eedf), v)e (441)

and hence cancels the appropriate term. Next, it follows immediately that T™* restricts
from Vec, ®, Vec, to Vec, A, Vec, because it is star-antisymmetric under exchange of its
arguments. Finally, we need to check right A,-linearity

T*((u @, 0) % ) = T (2 (u @, 0)) x B f (4.42)
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which is equivalent to
T*(¢1u7 P24, ¢>3f) _h ¢1T*(<Z_52u’ 952v) * b3 @3]0 ' (4.43)

Again we just check that the inhomogeneous terms coming from the Leibniz rule cancel
out: the contribution to the left-hand side from the first covariant derivative in (4.35) is
right A,-linear by the same computation that led to (3.55), while by (2.18) the star-Lie
derivative term from (3.70) is cancelled by the inhomogeneous term from

¢1v;§2au¢3 Yoxf)={ é1 plv*(¢53 P11 CL By, o P12 fzaPSf)’ $2 p2 P3 73 C_Baﬁu Voo (4.44)

after using (4.40) and (4.8).

4.5 Curvature

We proceed by defining the curvature of a connection as in the classical case, i.e., as the
square of the covariant derivative, with the composition being the UVec” (M)-equivariant
e-composition of linear maps:

R* .— dv* ° dv* : Vec* — Vec* Qx Qz . (445)

This definition is well-posed because the linear map dy« e dy+ is right A,-linear and hence
defines a tensor dy«  dy+ € hom,(V,, V, ®, Q2). Right A,-linearity is proven by repeated
iteration of the Leibniz rule for V*, giving

(dy«ody+)(vx f) = P11y (P292V* (%50 x 3 f))
= P11 (¢>2 ©2 [/31 v* (P2 ¢3v) % P33 f] ) + P11 g (¢2 £2(P3y @, 48 f))
—d11914, (P22 Prg*(P2 93 934 5 9275 93 £+ %1 dgs (72950 @, d2#3 f)
—$191914, (P2 02 P> (P2 03 ésv)) %9250 f 1 Ao (v @, df)
_$1d1¢1 (P2 02 P1* (P2 930) @, 92033 (df))

=91 (dg+ o dy+)(20) % ¥ f + dg- (v @4 df)

P11 P22 1 v*(ﬁz b3 4331}) Ry é1 2 P33 (df)

21 (dye o dy+)(20) x % f 4 dys (v @, df) — V4 (P20) @, P (df)

H(dys o dys)(P0) <% f (4.46)

i

For trivial associator this definition of curvature reduces to the noncommutative curvature
considered in [4], while the general noncommutative and nonassociative curvature defined
in [11] requires an extra braided commutator in the setting of arbitrary quasi-Hopf algebras.
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Acting on a basis vector field 04 gives

R*(04) = *'dy+(2V*(?0a))

= dy«(V*04)

= dy+(9p @, T'§)

= NV (P05) A, PTE + 0p ®, dT'E

= (V*Op) A TE + 05 @, dT'E

= (90 @, Tg) AT + 0 @, dIy

= 900 @, (215 A, PTF) + 00 @, dT§

= 0 @y (PG ATE) + 00 @, dTG

= 0c @, (AI'G +TG A TE)

. 00 @, RS . (4.47)
We used the fact that the associator acts trivially on basis vector fields and that the
covariant derivative on form-valued vector fields acts on the form-valued part just as the
exterior derivative d (see (4.5)), which commutes with vector fields (in particular those

defining the twist (2.1)). Taking the exterior derivative of the torsion 2-form from (4.30)
yields the first Bianchi identity

ATA + T4 A, T8 = R4 A, d2B, (4.48)

whereas taking the exterior derivative of the curvature 2-form from (4.47) gives the second
Bianchi identity which reads

dRG + TG A RE —REATE =TG Ay (DB ALTE) — TG Ay (2T Ay PTR) . (4.49)

We see that the naive expression for the second Bianchi identity is modified by the asso-
ciator of connection 1-forms. In the associative case, the right-hand side vanishes and one
recovers the usual expression of the second Bianchi identity.

Similarly to the torsion, we can also regard the curvature as the tensor field R* €
hom, (Vec* @y (Vecy Ay Vecy), Vec*) given on vectors u, v, z € Vec, by the vector field

R*(z,u,v) = ( 'R*(%22), 93 (u®, v) )y . (4.50)

Indeed from the definition we see that R*(z,u,v) = R*(z,u ®4 v), and moreover it is
not difficult to show that it gives the same result when evaluated on (z x f,u ®, v) and
on (?1z, 92 f % 3(u ® v)) so that it is well-defined on Vec, ®, (Vec, ®, Vec,). Hence we
can write

R*(z,u,v) = R*(2 @4 (u @4 v)) . (4.51)
This is also consistent with the UVec” (M)-action:

S(R*(z Ry (U@, v))) = SORY (5<2) (2 @ (u®x))), (4.52)
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for all ¢ € UVec”(M); this follows by using (4.50) and O (élR*(‘E?z)) =

) 7 R*(g(l)@) ¢2z), and then the quasi-associativity property (2.12) of the coproduct.

Finally, the map R* is right A,-linear:
R*((2 @4 (u @, 0)) % f) = 'R (P2 (2 @, (u @, v))) x % f . (4.53)

We have thus shown that R* € hom, (Vec* @y (Vec, ®, Vec,), Vec*); since moreover
R*(z,u,v) = —R*(2,“v, qu), we conclude that R* € hom, (Vec* Ry (Vecy Ak Vec*),Vec*).

One readily extracts the explicit expression for the curvature coefficients with respect
to the good basis 04. Using the star-pairing and (4.47) we get

R*(04,08,0c) = ( Op @« R, 0 A, Oc )y

= 0p * (dTE + T2 A TE 0 A, 0c )

= Op * ( (04T Ep *daz') A, daP
+ (B, o * da®) A, (TBp % daT) |, 05 Ay 00 )s

= 0p * ( O4TH * (dz?' A, da®)
T8 5 * (08 p TR + 1627 p (06T R R)) * (A2 A, dz™), 05 Ay Oc ).

= 9p % (8cThy — 9pTRe — T8 o x (0P TEL + ik %% 5 (06T5L))
+TBp* (05 Tp + ik Z27C (06T R)))

=: Op xR 45c, (4.54)

where once again we used the fact that the associator acts trivially on the basis vectors
and basis 1-forms.

We shall now prove the second Cartan structure equation, which in the present context
states that the curvature tensor (4.50) can be written in terms of covariant derivatives as

R*(z,u,v) = K141 ¢ 7 * , (ﬁld_nﬁzézdfgvf _

73 C3 b3 5, P2 C2 $34,

1 g2 k3 z)

BCRRA v (ﬁ1$1n2<¢32¢'gv>§ o §1<132H32)+V[*uv] 2 (4.55)

p3C3 b3 ¢’3au P2 Ca d3ay
where to streamline the notation we introduced the bold-face covariant derivative
Vi = ( "V (Pu), %), . (4.56)
The expression (4.55) for the curvature agrees with that of [14] after taking into account

their different conventions;! for trivial associator it reduces to the general expression in [6].
To prove (4.55) we first check it on our good basis by setting z = 04, u = dp and v = J¢.

"We are grateful to Michael Fuchs for pointing this out to us.
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Then the right-hand side reduces to

Vo (VIa) = V3o, (Vag,04) + Vig, o01,04
= V&(VE0a) — VE(VE0a)
= V&(0p « i) — V(00 x i)
= (V*0p, “0c Vs xoTHp +0p + (dTE5 90 ),
—(V*0p, “OB )« *aFlA?C —Jp * ( dFlA?C, OB )«
= R*(04,0B,90¢) , (4.57)

where in the third equality we used the Leibniz rule (4.8) while the last equality follows
from (4.54). The equality (4.55) for arbitrary vectors then follows once we establish that
the right-hand side defines a tensor in hom, (Vec, ®, (Vec, A, Vec,), Vec,).

For this, as in the case of the torsion, we rewrite the right-hand side of (4.55) as a
trilinear map R* on vectors z, v and v, and prove that it is a map in hom, (Vec, ®, (Vec, A,
Vec, ), Vec,). To arrive at the form of R*, for notational clarity we first consider vectors
z,u,v on which the associator acts trivially (for example basis vectors d4,0p,dc). Then
we reproduce V73 (V7 z) as the elementary compositions

* :1Q%2 —1
AL v (u ®y4v) N (V*2 @y u) @y v (4.58)

Vi@, v L2 gr v ) @, 0 s v (VL)

Z Qx (U Rx U)

< >* R« id
—

This leads to a definition of R* written solely in terms of the connection V*, the associator
®~! and the equivariant maps studied in section 3, which reads as

R = ( ),o(V*®@id) e ({ )y ®id)e <I>\761C*®917Vec*’\/ec* o (V*®id®?) e (id®® —id @r 1)

+ (o (V'@id)e (idor [ ]x) - (4.59)
Even though the composition e is nonassociative, there is no ambiguity in this definition
because of the equivariance of the maps which are composed and because ?2¢y, = 0 (the

associator being generated by an abelian subalgebra). For these same reasons, there is the
more explicit expression

R =( ),o("V*®id) o({ ), ®id)ody] 201 Vee, vee, (72 V ®1d%?)0 ¢50 (1d*° —~ id@7R)
+ ( Yo (V'®@id)o(id® [ 4 . (4.60)
As sought, explicit evaluation of R* on z ®, (u ®, v) gives the right-hand side of (4.55):
R (z,u,0) = MOV B P (P27 M ) ) )
_(Mbrgr i (B oaga 90 P2 831 9302 1) vy, " 3 P3 P52y P3(2) ) ot )y
e G VAL EE Il (T

= i1 k1 b1 A vid 772< p1 @1 fi2<232¢'2v*51 B2 G2 =P p2 G2 953<Z>Bu Ve ﬁ3ﬁ3§3¢;3¢év>*

P2 P31y P3 73 03 P30y 3
(1 2) 2 (2)
, ORI @) 7 @2)

— (M 1 ¢ \7* 2 P1o 1 K2 G2 Py \7*C1L P2 P2 K3, P2 G2 @3 P3ary, Yo 3 p3 (3 b3 ¢>éau>*

+ (VP22 Py, vy )y (4.61)
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Now the proof that R* is a map in hom,(Vec, ®, (Vec, A, Vec,), Vec,) requires as a
first step to show that it is a well-defined map on Vec, ®, (Vec, ®, Vec,):

R*(z,u* f,v) = R*(z,%u, 2 f x %0), (4.62)
so that we get a well-defined map R*(z,u ®, v) = R*(z,u,v), and
R (2% fu®,v) = R (" 2,22 f 93 (u @, v)), (4.63)

so that we get a well-defined map R*(z ®, (u®,v)) = R*(z,u,v). The star-antisymmetry
of R* under u ®, v — “v ®4 qu then immediately follows, and this implies that R* is
a linear map from Vec, ®, (Vec, A, Vec,) to Vec,. The final step is to show that R* €
hom, (Vec, ®, (Vec, Ay, Vec,), Vec,), i.e., that it is right A,-linear:

R (2 ®x (u@, 0)) % f) = LR (%2 (2 @4 (u @, 0)) x B f . (4.64)

In the following we prove right A,-linearity (4.64); the remaining A,-linearity proper-
ties (4.62) and (4.63) can be established with similar techniques.

For this, we note again that if the star-connection V* and the star-Lie derivative
L* =] s were right A,-linear maps, then the operator (4.59) would also be right A,-
linear because all composite maps would be right A,-linear. Hence as before it suffices to
check that the inhomogeneous terms coming from the Leibniz rule for the connection and
the Lie derivative cancel out. We denote by Leib* the projector onto the inhomogeneous
terms. For example

Leib* (V*(ux f)) = u®, df, (4.65)
which induces

Leib* (V5 (ux f)) = ( Leib*(V*(ux f)), v ) = Pux ( #2df, #v ), = Leib* (Vi(ux f)) .
(4.66)

Here we used the fact that in the inhomogeneous term the covariant derivative V7
from (4.56) acts as a rescaled exterior derivative ?d = e(¢;)d, which is U Vec” (M)-
equivariant. Furthermore, from (4.39) we also have

Leib* ([u* f,v],) = Pux ( #df, v ), . (4.67)

The projector Leib* in these examples is a linear operator in u, v and f. We have to show
that Leib* (R*((z ®x (v @, u)) * f)) = 0 for all z,v,u € Vec, and f € A,. Since

(z Ry (v ®x u)) *xf=%17rzQ, ((¢2U Ry P2u) % 3 pgf)
=Pz @, (P e, (PPux ), (4.68)

this condition is equivalent to Leib*(R*(z @4 (v @4 (u* f)))) = 0 because of linearity
in z,v,u, f. Hence we check that Leib* (R*(z,v,u * f)) = 0, or equivalently, using star-
antisymmetry and linearity again, that Leib* (R*(z, ux* f, v)) =0.
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From (4.55) we write

Leib* (R*(z, wx f, U)) — Leib* (m o1 P4 V;g e (,51 1 K2 G2 ¢'2ng 60 d (u*f)<1 ®2 “3,2))
+Leib* (Vi,f.0,2) (4.69)

and compare the two contributions. The second contribution in (4.69) is equal to

Vteib*([u*f,v]*)z = 7V31u*( ®3df, %20 >*Z

_ _(Fﬂ 8 VAl 1 @22) *R3¢:>3 4.53< <733df7 ‘EQU Vs (4.70)

Ro 2 d1q,
where in the second equality we used the definition (4.56) to rewrite
Vigz = ( DOV R0 SusBf,
= & ((51 R VAL ZP ¢ b3, Do x o Ps

= (f_‘il 4.51v>;2 d:>2u¢;1 4.52Z) % K3 b3 @Bf, (4‘71)
and then replace u * f with ®'u x ( ®3df, 20 ),. The first contribution in (4.69) can
be rewritten without the first three associator legs Ha,éa,%, because in the inhomoge-
neous term the covariant derivative %1 %1 %1 V7 again acts as a rescaled exterior derivative
o161 = (k1) €(h1) e(¢}) d, which is UVec” (M)-equivariant. Therefore the first contri-
bution in (4.69) equals

ox (T* p1 ¢} 1 * Gimé
Leib (V133<13§35353<53v(p1 ! 1V5252u*$/2ﬁ2f H 22))

e R1@1p1 ) & d1@2Cim é Rs §3 @3 &l 1

L (Vg (P POV PG sdinding) - (172)
_ X1 (R1p1p1 o) h1720m b Rs &3 @3 O 77 p3 P C3 713 &
_X1(f€1§01p1 1 1vz2$252c_2u 1P2C1 M1 22)*<X2N3 3$3 2772df7X3P3 363713 ¢34, >*'

Replacing (u, f,v) with (Tu,” f, %) in (4.72) gives an action of ¢} @ 71 ® (1 ® ¢h (o @
@% (3713 which cancels against that of ((Ar ®id) Ar(x1)) ® x2 ® x3 and yields

(Rl P1p1 ¢_>1v* _ <z:51 @2 C1 522) *< K3 d:)a ¢3df, p3C3 ‘531) >* (4.73)

Ro 62 P2 Cayq,

= (MR, P R )

thereby cancelling the contribution (4.70) with the same replacement of (u, f,v). This
shows that

Leib* (R*(z, Mu* " f,Bv)) = 0 (4.74)

and hence establishes the right A,-linearity property (4.64) as required.
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4.6 Ricci tensor

Since the associator acts trivially on the basis dz4 and its dual 94, the definition of the
Ricci tensor can be given following the noncommutative case studied in [6]. We define

Ric*(u,v) == —( R*(u,v,8,4), dz? ), (4.75)

for all u,v € Vec,, where the pairing between a vector field on the left and a form on the
right is given by
Cuw)e = (Tow), Fa) ), (4.76)

similarly to (3.27). The properties of this pairing are completely analogous to those de-
scribed in section 3.5, by simply interchanging forms and vector fields in all expressions
considered there.

We now show that the map (4.75) defines a tensor Ric* € hom, (Vec, ®, Vec,, Vec,).
We first prove that it is a map from Vec, ®, Vec, to Vec,, so that we can write Ric*(u,v) =
Ric*(u ®, v); indeed, we have

Ric*(u* f,v) = —( R (u* f,v,04), dz?t ),
H((u f) @x (v @4 D)), dz? )y

(Pu @, (2 f %P (0@, 04))), de? )
MO, (72 f % %0) @, 04)), dat ),

= Ric*(P1u, 22 f x %30) (4.77)

where in the second equality we used (4.51), and in the fourth equality the fact that the
associator acts trivially on d4. Next we prove compatibility with the UVec” (M)-action:

§(Ric* (u @, v)) = SORIc* (5@ (u @ v)) (4.78)

which follows from (4.52), iterated use of (2.12) and from (94 ®, dz?) = €(£) 94 @, da?;
this latter property follows from writing the identity map id : Vec, — Vec, as in (4.29)
and using *id = €(¢)id, ie., ¢(id(u)) = fwid(¢@w) = id(¢u), for all £ € UVec” (M) and
u € Vec,. Finally, we prove right A,-linearity. For this, we notice that
Py ®, ((¢2U* ¢3f) ®, aA) =%y, (¢QU @y (“O4 *a¢3f))
= ¢1u Ry (((1521) Ry aaA) * ¢3af)
— (@1 b1y, ®, P2 (¢QU Ry OéaA)) * P3 ¢3af
= (u @y (V®% “0a)) * af (4.79)
where we used the fact that the associator commutes with each leg of the R-matrix and

hence it acts trivially on *04. Then the proof follows from (4.79) and the centrality of the
tensor 94 @, dz: fx (04 @4 dz?) = (04 @4 Pda?) x gof = (04 @, dz?) x f, see (3.16)
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and (3.23), or again (4.29). Explicitly, we have

Ric* ((u ®, v) x f) = Ric*(?'u @, (v x93 f))
_ R*( ¢2U*¢3f)® 8A)) A>*
= R*( ®* V Qx aaA)) * ocf) ) dLL‘ >*

6

1

PIR* (P2 (u @, (v @y *04))) % Paf, dzt ),

(R*(P2(u @y (v @4 ¥0a)))) * P20 f, dz? )y
LR (P2u @y (P20 @, %04))) , 2P f xda? ),
PR (Pu @, (0@, 20.)) . et )k poP S

Y]
Al

—(
—(
—(
—(
—(@
—(
— _p ,51< R*(@zu R4 (ﬁzv R4 aA)) , dxA >* %P3 ,53f
— P1PIR|C* (sﬁzu Ry ﬁzv) % 73 ﬁsf
= P1Ric* (“32 (u @y v)) *xP3f (4.80)
The coefficients of the Ricci tensor in the coordinate basis are given by
Ric* = Ricap * (dz” ®, dz?), (4.81)
where Ricge := Ric*(0p, 0¢); indeed we have
Ric*(0p,0c) = ( Ricap x (d:cD s dacA), OB ®x Jc )« = Ricpo . (4.82)

We use (4.54) together with the fact that the associator acts trivially on basis vectors and
basis 1-forms to calculate explicitly

Ricge = —( R*(dp,0c,84) , dz?t ),
= —(9p*RPpca, dzt),
= —*RPgea* (o0p, dzt ),
=RA%uc — ik B  pOpRP poa x (O , dz?t ),
=RApac — ik Z" p OpRP poa
= 0aTc — 0T hs + Tpa*The —Te *Thy
+inDgp* (2794 (06T 5e) — #PCc (06TE.))
+ ik BEC L 06Oy — 1k BTC 406 (s x DB — T x TER)
+ 12 BAY ) (BEC ) Op(TE % 0aTE ) — #PCc 0p(T, 5« 0cTE L)) . (4.83)

This calculation did not use symmetry of Fgc, i.e., the torsion-free condition (4.34). Indeed
this is the Ricci tensor of an arbitrary affine connection.
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5 Nonassociative Riemannian geometry and gravity

5.1 Metric and torsion-free connection conditions

We shall now discuss the metric aspects of nonassociative differential geometry and how
it can be used to build a theory of nonassociative gravity. For this, notice first of all that
star-symmetric tensors are of the form T'®, T' + *T" ®, ,T. A metric tensor is an element
gt € Q! @, Q! which can be written in the basis dz? as g* = gap * (dz? @, dzP) with
real-valued components gap = gpa € A, (the bracketing here is immaterial due to the
basis 1-forms). We can regard it as a map g* € hom,(Vec, ®, Vec,, A,) which on vector
fields u, v € Vec, gives the function

g (u,v) = (g5, u®y v )y . (5.1)

It is star-symmetric: g*(u,v) = g*(“v, qu), and one easily confirms that g*(04,05) = gaB.
As usual we assume that g* is nondegenerate: g*(u,v) = 0 for all v € Vec, if and only
if u=0.

Let us now study the metric compatibility condition for a connection V* : Vec, —
Vec, ®, QL. The connection V* gives a connection V* : Vec, ®, Vec, — (Vec, @, Vec,) @, QL
on the tensor product Vec, ® ,Vec,, defined as in section 4.3. The space Qi Ry Qi is dual to
Vec, ®, Vec, and hence V* : Vec, ®, Vec, — (Vec, ®, Vec,) ®, Q! induces a dual connection
Vile 0l = (e, Q) e, 0L asin (4.14), now with w € Q! ®, QL and u € Vec, ®, Vec,.
We can then state the metric compatibility condition as

*Vgr=0. (5.2)

We shall now show that, as in the classical case, this condition together with the torsion-free
condition uniquely determine the connection in terms of the metric.
We start by using (4.14) with w = g* € Q! ®, Q! and v = 94 ®, dp € Vec, ®, Vec,
to get
dgAB = d< g*, 8A Rk 8B >-k

= (*Vg*, 04 @, 0B )x + ( 9'g", 2V*(%(04 @4 0B)) )

= (g", V(04 ®«0B) )« (5.3)
where we used gap = gpa and the fact that the associators act trivially on the basis
vectors. We can write this more explicitly as
8", V04 @4 0p + %04 @4 o« VOB )s
g°, V04 ®, 05+ 704 ®x o V10B )«
g", V04 @, 0p + Y04 @4 o(V*0B) )«

dgap = (
(
(
(g, (0c @ TF) @4 0p + 04 @4 o(0p @ T'H) s
(g"
(

(aC Qs FA) (o 8B + aA Qs (8D Qs aFB) )
g , Oc ®*( OB @ aFA)+aaA Q% (aD Q% aFB) >*
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(g, 0c @« (“0p @4 oT'Q) + 0 @ (“04 @4 oT'B) )
< g* 9 8C ®* (aaB ®* arg + aaA ®* al_‘g) >*

(grexda™ | “0p @4 o TG + 04 @4 TG s
g

mn * ((da™, 20p Yo x o TN + (d2™ | 204 ) xaI'H) (5.4)

where in the first equality we used (4.23) and the fact that the R-matrix acts trivially
on a pair of basis vectors, so that 94 @, 30 = 04 ®« Op. In the second equality we
used §(V*0p) = SO V*(*®9p) (as for all linear maps acting from the left), the coproduct
action (2.19) on the R-matrix, and again triviality of the action of R as well as of the
associator on d4 ®, dp. In the sixth line we used the fact that *0d4 is again a basis vector
and then star-symmetry of the metric.

We similarly calculate

(dzM | 29 ) x TN = (dz™ | 205 )y * o (TN o * dz®)
dzM | Pr9p ), % TN ,da®
da™  Bop ), x (/31“%0 *dxc)
(dz™ | Pop >**5F£C) * dz®

dz™ | TN % 0p )y xdz (5.5)

(
(
(
(
(

where as usual we used again (2.19) together with “94 x odz® = 94 x dz? for our cochain
twist (2.1). We can finally write

dgAB = EgMN % < dI‘M R Fgc*aB >**d:cc + gMN * < d:L'M s Fgc *6,4 >* *dl‘c . (56)
We now contract the expression (5.6) with dp using the star-pairing to obtain
Opgap = { dgap, Op )« = gun * (( dz™ , T« 0p Y + (da™ , TEp %04 )s) . (5.7)

We write the expression (5.7) two more times, with the indices A, B, D cyclically permuted,
and consider the combination dpgap+9dagep —Ipgpa. Using the fact that the connection
coefficients are symmetric for vanishing torsion (see (4.34)), we obtain

gun * ( da™ TN, % 0p ) = 3 (Opgan + 0ugnp — OBgAD) - (5.8)

The left hand side equals { gyn * dz™ % F]XD, OB)x, so star-multiplying (5.8) by any
vB e A, gives

(gunxdz™ « TNy, v ) = 1 (Opgap + 0agsp — Opgan) xv” | (5.9)

with v = O » v® € Vec,. Since the vector field v is arbitrary and the star-pairing is
nondegenerate, this shows that

EMN *dzM *F]XD = % (OpgaB + 0agBD — OBEAD) *xdz? . (5.10)
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Since moreover the metric g* is nondegenerate, the expression (5.10) uniquely defines the
torsion-free metric compatible connection in the nonassociative case.

It remains to explicitly solve for the connection coefficients I‘g p from (5.10). For this,
we use (3.16) to rewrite (5.10) as

dz™ x Gy + T p = dz™ « § (Opgam + dagnp — Ongan
+ ik Z"F v (0EOpgAF + OpdagpF)) (5.11)

with

Gun = gMN + iH%EFMaEgNF, (5.12)
where the associators act trivially due to the basis vector fields and basis 1-forms. The
tensor Gy is nondegenerate but not symmetric; it can be thought of as a realisation the

R-flux corrected “effective metric” anticipated from the string theory perspective [14]. We
then use the star-pairing to contract (5.11) from the left with dc and obtain

Gon I\ = % (9pgac + agpc — Ocgap + ik Z"F ¢ (OpOpgar + Opdagpr)) . (5.13)

We are now faced with the problem of extracting the connection coefficients I‘XD
from (5.13).

5.2 Inversion in A,

Before tackling the matrix equation (5.13), let us consider a simpler problem involving
ordinary functions: start from the equation

hxg=uw, (5.14)

where h, g, w € A, are functions, the star-product is given by (3.6), and h is invertible with
respect to the usual pointwise product of functions. From (5.14) we would like to uniquely
determine ¢ in terms of A and w.

Recalling the factorization (2.3) of the cochain twist F, let % := xp be the star-product
induced by the twist F' from (2.4); this is of course just the canonical associative Moyal-
Weyl star-product on phase space: fxg = £%(f) - fa,(g). All the R-flux dependence is
contained in the twist F from (2.5). Let h~! be the usual pointwise inverse of the function
h: h~Y-h =h-h~' = 1. Then h is also *-invertible [7], and we write h*~! for the *-inverse

function:
R lsxh=hxh1=1. (5.15)

It can be expressed explicitly as a power series [7]
(0.)
D D D N (R ey I (5.16)
n=1

where, since (1 —h* h™1)™ is of order O(h"), in order to get h*~! up to order O(A") we
only have to compute the finite sum A=t + pya h=1 « (1 — h hil)*k. This enables one
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to uniquely determine the function h*~! order by order in . If no R-flux is present, the
equation (5.14) becomes h *x g = w which has the unique solution

g=1xg=h"1xh)xg=hr"Tx(hxg)=h"txw. (5.17)

In the absence of R-flux, the problem of determining ¢ from the functions h and w has
been solved in a very specific way: by determining a function h*~! whose star-product *
with w gives g. As similarly observed in [14], in general we cannot solve the equation (5.14)
in the nonassociative algebra A, in this way. If a function A is invertible, and hence *-
invertible, then one can recursively construct a right «-inverse h*~! € A, for h: writing the
power series expansion

het=Y ot (5.18)
n=0

where h; "™ is of order O(k™), by using the fact that A*~! is unique one can solve the
equation h x hX~! = fp(h) * Tro(h*™1) = 1 order by order in x to obtain the iterative
solution

h*—l(o) — h*—l

n—1
WO = e ST ER () # Fpk (BT n> 1, (5.19)
k=0

where the terms of order O(k"~*) of the twist Fj;' are denoted fg_k ® frp—k (with
summation understood). Similarly, one can construct a left x-inverse hI‘*l € A, such that
hffl * h = 1. However, in general

Rt = (Wt xh) w bt = PR (PR P pETY) £ B (5.20)
so that the left and right *-inverses do not generally coincide. Moreover,
g=1xg= (b %h)xg=""h"" % (?2h* %) (5.21)

and so in general the equation (5.14) cannot be solved by using the left x-inverse.

In any nonassociative unital algebra which is alternative, i.e., for which (aa)b = a (ab)
and (ba)a = b(aa), for all algebra elements a and b, the theory of inverses is identical
to that in associative algebras (see e.g. [28]): inverses of elements when they exist are
unique, and equations such as (5.14) have unique solutions exactly as in the associative
case. However, the nonassociative algebra A, is not alternative, see e.g. [18, 23], with
the violations always being due to explicit dependence on momentum coordinates p, of
phase space. The basic counterexample to alternativity in this case is the function #?2 :=

ZZ:I a# z# for which
P25 (2% 72) = (B2 % Z2) % T2+ 31hK2 RMP RNP 5,5 27 py, (5.22)

While the equation (5.14) cannot be solved in general by taking -inverses in A,, in
the spirit of [7] we can regard the star-product operation hxg = f *(h)-f (g) as the action
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of the differential operator hx = f *(h)f , on the function g, and we can then consider
the inverse of the differential operator hx with respect to the usual associative composition
product of differential operators. We can actually refine this procedure by recalling the
factorization F~' = F~! F;! and the *-inverse expression (5.16) for the Moyal-Weyl twist
F'. We therefore write

hxg="%p(h)*tra(g) (5.23)

and star-multiply with * from the left by h*~!. This gives
Rl s (hkg)=h* " xEp(h) *Tralg), (5.24)

so that by defining the differential operator

Yy = (W xE5(h) EsERa (5.25)
we have
Yi(g) = B 5 Eg(h) xEralg) = "' % (hxg) . (5.26)

The differential operator Yj, can be regarded as a power series expansion in k (or equiva-
lently in the R-flux) given by

o .
1 n _ _
Yh = ]~+ E 7' <£> EAIBI..EAanfﬁ(h*_l*(aAI ...8A7Lh))f:88B1 ...8Bn
= n! 2

S (ir)" (o
=y yim (5.27)
n=0

with

(04) = (R’“’;py 8p> and (EAB) = <—(])1d ]gd> . (5.28)

The operator Yy, is invertible as a formal power series in k because it starts with the zeroth

)

order term Y}(L0 = 1; the first order term is

Vi) = 5 (0 (R 0)) 50— 37 (0 % () T 5 R p 0, - (5:29)

= (ir)" (n
Xp=Y" o X" (5.30)
n=0

as the formal power series in k with coefficients in differential operators that satisfies (with
composition o of operators understood)

XpYp =id. (5.31)
Then we can finally invert (5.14) to obtain the unique solution in terms of h and w:

9= (XpYn)(9) = Xpn(Yn(9)) = Xp(h* " xw) . (5.32)
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Crucially, this inversion cannot be written in general as ¢ = h = w where h is a function
depending on h; the inversion formula (5.32) uses differential operators rather than the
nonassociative algebra A, of functions on its own.

To explicitly construct Xj, we expand the left-hand side of (5.31) as a power series in
k and equate it order by order with the right-hand side. The order zero term is X;LO) =1,
while the n-th order equation for n > 1 is

3 (Z) Xy — (5.33)

k=0
Since Y}(lo) = 1, this yields a recursion relation for the differential operators Xgn) given by
) _ N~ () xR 0
n n—
X ==> <k> Xy, (5.34)
k=1
One easily shows by induction on n that the solution to the recursion relation (5.34) with
the initial condition Xg)) =1is
vy n! o
X = S (—1)'™ 5 Y (5.35)
X |=n '
where the sum runs over all unordered sequences \ = (A1, A2, ..., \;) of positive integers
A > 0 with length [(X) = [ < n that partition n, i.c., [X| := Al +Aa+ -+ A = n, and we
defined
YN = yMyP) oy g K= Al AL (5.36)
The first few orders are given by
) _
X, =1,
1 _ (1)
X, ==Y,
(2 _ (2) (1) (1)
X, ==Y +2Y,0Y, 7,
3 _ (3) (1) v (2) (2) (1) (1) (1) (1)
X ==Y, +3Y, Y, +3Y,Y, T —-6Y, Y, Y, (5.37)

Altogether, for the power series expansion (5.30) we obtain

-

Y L
Xp=1+Y (1?' (=)' Y (5.38)

where here the sum runs through all unordered finite sequences X of positive integers.

Let us look at an explicit example. For the tachyon vertex operators h(z) = e ku "

using antisymmetry of RF'? we easily obtain from (5.27) the differential operator

Y ikpen =exp (— K Rk, p, 0,) (5.39)
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with inverse
X, ikyan =exp (K R*? kypy 0,) . (5.40)
Then the equation e '*#®" x g = w has the unique solution
g(z,p) = (e*ik‘””“ * w) (ac + k R(k,p), p) = ¢ lhuat w(x +rk R(k,p), p— % k) (5.41)

where R(k,p)* := RM"P k, p,. When restricted to the zero momentum leaf of phase space,
this yields g(z,0) = e~k g (a:, —% k), which for functions w(z) depending only on

—iky xt

spacetime coordinates further reduces to g(z,0) = e w(x).

5.3 Levi-Civita connection

It is straightforward to extend the analysis of section 5.2 to construct a nonassociative
version of the Levi-Civita connection in Riemannian geometry. If the differential operator
Y}, is also matrix-valued, then we just have to interpret products as the composition of
operators together with matrix multiplication; the algebraic manipulations of section 5.2
are identical because h, g and w were treated there as abstract symbols and not as com-
muting functions. Hence all formulas are also valid if h, g and w in (5.14) are matrix-valued
functions and matrix multiplication is understood in star-products. Therefore we will only
sketch the main steps.

Let G™1 = (GMY) be the inverse matrix of the matrix G = (Gpy) describing the

GEM — 6% . There is the closed expression

string effective metric: GMC . Goy = Gne -
G'= (lyg+ing 'Z0g) g ", (5.42)
where Z 0g = (%EFM 8EgNF) while g=! = (gMc) is the inverse of g = (gon):

gMC gon = gno - g =0, (5.43)

and (log + ikg ' Z0g)~! is understood as a geometric series, so that
GMC = gMC — ik ghN 74P\ (Oagpp) g™ + O(K?) . (5.44)

Let G*~! = (G*M¥) be the -inverse of the matrix G = (Gyn):

G*MC * GC’N = GNC * G*CM = 5% . (5.45)

It can be expressed explicitly as a power series in & given by [7]

GMN = GMN 13 GMO s (1yg — G+ G N (5.46)

n=1

Let Yg be the matrix-valued differential operator defined by

Yg = (YG %) ) YG% = fB(G*MC *fg(GCN)) 75fRa = Z (1:1) Y(Gn)%[v (5.47)
n=0 ’
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so that acting on a function g gives Yg ¥ (g) = G*MC x£5(Gen) * Eralg). The zeroth and
first order terms are given by

0) M M
YON = oN
M

TE(G MO« (R™P p, 8,Gon)) £ 50 — LEP(GMY % (9,Gon)) E g R*P py O,
% EABfﬁ(G*SC(O) * 6AgCM) fﬁ 33 s (5.48)

where in the last equality we used the notation (5.28).
Following the formalism of section 5.2, we determine from (5.13) the connection coef-
ficients

(i)
Xl

I%p =G« Weap + ) (=)' YIS (G*MC 4« W ap) (5.49)
X

where

Weap = 4 (Opgac + 0agpc — dcgap + ik Z"F ¢ (0p0pgar + 0pdagpr)) (5.50)
and
VR = YEN o vEI N0 o YEYR, (551

for X = (A1, A2,..., A;). We also recall from section 5.2 the notation M= Al A
and |X| = A; + Ay + - -+ 4+ A, and that the sum in (5.49) runs over all finite sequences X
of positive integers. In particular, for |X | = 1 the only contribution to the sum is given by
the term Yg)% in (5.48).

In order to understand better the expansion (5.49) of the Levi-Civita connection, we
will now extract the leading non-trivial terms. For this, we have to expand every tensor
entering into this expression up to first order in x and first order in /; we expect non-trivial
nonassociativity contributions in the O(x k) = O(£3) terms. For any tensor T we write

T=> 17"  with 70 =" 10", (5.52)
n=0 m=0

where by T(™ we understand the term in the power series expansion of 7' which is of n-th
order in %, and 7™ is the term in the double power series expansion of 7' which is n-th
order in k and m-th order in . We write (5.50) as
Weap = gom Tap” + 1625 ¢ 05(grm T55")
0 1
= wO+wl (5.53)
where

TLCM — 1gMQ

AD T3 Opgaq + 048pQ — 0Q8AD) (5.54)

is the usual classical Levi-Civita connection, which is zeroth order in x and zeroth order in
h if the metric gy is independent of £ and Ai. Then the definition in (5.53) is exact in &,
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i.e., there are no higher order terms (Wgﬁ p = 0 for n > 2). The effective metric has the

expansion

Gun = gun + ik ZPF yr Opgnr

=t Gyl + Gl s (5.55)
G = g% — ixg®M Py, (5EgNF)gNC + O(K?)
_. GSC0) 4 gSC(n) O(k?) . (5.56)

Recalling (5.48) we can now write the expansion of '} , in (5.49) up to first order in & and
first order in A as

I‘S(O) _ G*SC(O) *W(O)

AD — CAD
= 557 + 55 + om?), (557
P = GO0 Wil 1 6D i,
-~ % KL G*SQ(0) Okgom * 0L, (G*MC(O) * W((,(‘)I)AD)
= T30+ TV + 00) 559

To explicitly calculate these terms we observe from (5.46) that
G*IC¢ = 2G5C — G % Gpg * GYC + O(h?), (5.59)
so that

GSCO) — 9g5C _ ¢SP4 gp0 4690 4 O(R?)
= g% — 4 (0u8°" 9"gpq — 0"g"" 9ugrq) 89 + O(R?)
. GHSC00) LGS0 4 o2 (5.60)
GHSC(1) — 9GSC() _ gSP % gpQ * GeC) _ gSP « Gg% « chf GSPM) gpQ * gQCJr O(hz)
= —inZ"" v g® (Opgnr)g™©
—LE (6Egzvp (89" g™ (0,857 0"gpq — 08" D.gpq)
_|_gSM gQC' (augNP é,ugPQ o 5/,LgNP 8ugPQ) + aMgSM é,ugNC o é,ugSM auch)
— (0u0penr) (g7 0'gN — g org™M)
+(0"Openr) (8% 0,8"C — g™ %gSM)) + O(n?)

—. G*SC(I,O) +G*SC(1’1) + O(hQ) ) (561)

We can now compute the first non-trivial terms of the Levi-Civita connection as defined
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n (5.57) and (5.58). We obtain
rip” = T4, (5.62)
Pi(fg’l) = 175 ( - (8ugSP 5“gPQ - éu P 9ugPQ) FILachQ
+ 0,8 "(gom T4p") — 08 0u(gom THD))
= — 5" ((Ougro) 'L’ — (0'8pQ) g’ ), (5.63)
P50 — s RosY (g% gsn (0aT5GY) — g5 pj (5801 ) aar;%N) , (5.64)
A" = 4 RO [ - 0,85 0 Galgan THEY) + 085 0,00 (ganTHTY)
+ (0,8°" 5“€PQ 9"g"" 0,gpq) £, Oa (gﬁN YY)
+0,(8% 8" Oagnp) 0" (ger Tap ) — 0*(8% 8V Oagng) Ou(gor THD)
— agNg (éi (0,8°" 0'gpo — 0"8°" 9,8PQ) T'AD"
+&5 (0,8 O'gpg — """ Ougpo) Ty’
+(0,8% 0"g"C - 58", 0,8" ) gor T )
+ (0u0agnp) (8% (08" ) ger THY — (0M8°)Thp")
— (0"0agns) (8% (0,8N9) gor THD — (0,8%)THSY)
+ 13 (9(8°9 0,80r) 90uT5G — (852 ,80p) 0,0aTT)
+p58°? (0,80p) Da (@Lgp “ oM (gor T ) — 98" Ou(ger THY )
— (08" O'gxy — 0"g"* O.gxy) FLCY)
+pp (%gm 0"0,8qp — 0'g™? 8uangP> 0uTAD
—ps (fhgs Morgyn — 'g™M au%MN) g™ (0,8qp) 0aTST
+ (9:6%9) (9580r) O, 155 | (5.65)
where gSV =g M5 M,z 18 the part of the inverse metric tensor gMN with at least one index

in momentum space.
We offer the following remarks on the expanded Levi-Civita connection:

1. Terms that are of type (0,1) and (1,0), i.e., proportional to & or to x alone, are
imaginary; this is analogous to what happens in gravity theories on Moyal—Weyl
spaces [7]. On the other hand, the term of type (1, 1), i.e., proportional to hx = %
is real; it represents the non-trivial nonassociativity contribution.

2. If we restrict ourselves to a metric that does not depend on the momenta p,,
then (5.63) vanishes and all terms but = Ro‘ﬁV (0.8°9) (0sgor) 0,TLS in (5.65)
vanish. This remaining term is just the absomator acting on a product of classical
metric tensors and the classical Levi-Civita connection (5.54), as is anticipated from
the way in which we extracted the connection coeflicients Fﬁ p from (5.13).
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3. If we restrict to a metric with no indices in momentum space, i.e., gsv = 0, then
many terms in (5.65) vanish. The terms that remain are those linear in momenta
pg and the associator term %R“BV (0a8°9) (Osgor) 0,TSS . If we further restrict
to a momentum-independent metric and constrain it to the zero momentum leaf in
phase space, we obtain a real-valued Levi-Civita connection on spacetime which is
independent of 4 and with a non-trivial R-flux dependence due to nonassociativity.
However, we must keep the momentum arbitrary for the time being as such terms
will make non-trivial contributions to the Ricci tensor below.

5.4 Einstein equations

Given an arbitrary metric tensor g on phase space M with nonassociative deformation
induced by a constant R-flux, we have constructed its unique Levi-Civita connection in
section 5.3. Recalling the definition of the Ricci tensor from section 4.6, we can therefore
consider the vacuum Einstein equations on this nonassociative deformation of M. They
read Ric* = 0, or in components as

Ricge =0 . (5.66)

This equation is a deformation in x and h of the usual vacuum Einstein equations
for gravity. It is easy to see that the flat space metric gap = map gives a vanishing
Levi-Civita connection and hence solves the vacuum equations (5.66). Indeed, in this case
Gap = nap and all star-products reduce to the usual pointwise products, because there is
no dependence on the phase space coordinates x and p at all.

A more general solution can be easily obtained by considering metrics gap(p) that
depend only on the momentum coordinates. For these metrics we have Gyp = gap and

GAB = g4B i5 also the *-inverse. Indeed here too all star-products drop

the usual inverse
out because the twist Fr always involves vector fields 0, and so acts trivially. Moreover,
the Moyal-Weyl twist F' also acts trivially on functions that depend only on the momentum
coordinates: each summand in (2.4) contains always at least one vector field d,, that acts
trivially in this case. This implies that if a metric gap(p) solves the vacuum Einstein
equations in the classical case, then it remains a solution of the vacuum Einstein equations
also when the R-flux is turned on and hence it is also a solution of (5.66). See [3] for further

details in the noncommutative case.

5.5 Spacetime field equations

Recall that our original motivation was to obtain a nonassociative theory of gravity on
spacetime. The correct way in which to obtain a reduction to spacetime dynamics from
the nonassociative phase space formalism was explained in [5]: we start from tensors on
M =R, lift them to tensors on M = T*M = R x (R%)*, construct new composite tensors
using the nonassociative deformation of the geometry of M, reorder the result using the
associator, and then project back to M. The lift from M to M for functions and more
generally for forms is just the pullback of forms using the canonical projection m : M =
T*M — M. In the opposite direction, using the embedding o : M — M = R¢ x (R9)*

— 44 —



given by the zero section z — o(x) = (z,0), we pull back forms on M to forms on M. For
example, the n-product of functions on M defined in ([5], eq. (3.7)) immediately extends
to the n-exterior product of forms on M as

in) (Wi, way ... ,wy) :=0" [(-~~((7T*w1 Ae T W) Ay T w3) Ay - - ) - W*wn} . (5.67)

The lifts of vector fields are obtained by considering a foliation of M via constant mo-
mentum leaves, with each leaf being diffeomorphic to M. Explicitly, the coordinate basis
vector field d, on M lifts to the coordinate basis vector field d, on M, and more generally
vH(x) 0y > w(v)(x,p) Op, where 7 (v#)(x,p) = (v*)(n(x,p)) = v*(x). In the opposite
direction, vector fields on M are projected to vector fields on M via the zero section
o M — M as v'(x,p) 9 + Dz, p) O = v (x,0) D).

The lift of a metric tensor on M to a metric tensor on M requires an additional
structure: a nondegenerate bilinear form on the cotangent bundle M = T*M, i.e., a
bilinear form on each cotangent space T M, which we denote by h(z)" dz, ® dz,. Then
a metric g, () dz" @ dz¥ on M is lifted to the metric gyrn dz™ ® dz™V on M given by

(Emn(@)) = (g“ ”O(x) hu,,o(x)> : (5.68)

Next we rewrite gy n dz™ @ dzV in terms of the star-tensor product as
gun de™ @ daV = gy * (d2M @, dz?V) . (5.69)

We thus obtain metric coefficients that have a linear correction in the R-flux given by

Suv (x) % Rove aagua
=1 . . 5.70
(gren () <12,€ R g h(2) (5.70)

Then the Ricci tensor on spacetime is the pullback
Ric*® := o*(Ric*) . (5.71)
Recalling the expansion (4.81) of the Ricci tensor in the good basis, we obtain
Ric*® = Ric),, dz/' ® da”, (5.72)

where the products are the usual undeformed products because the 3-tensor product in a
good basis is the usual tensor product:

& (f,da*,da”) == o™ ((7* f @u 7*da) @, 7°da”) = fda @ da” . (5.73)

Comparing (5.71) with (4.81) and (5.72) leads to the simple result that the nonassociative
spacetime Ricci tensor is obtained form the phase space Ricci tensor simply by restricting
the components Ricy;ny to spacetime directions and setting the momentum dependence

to zero:

Ric,,, (z) = o*(Ric,)(x, p) = Ric,(2,0) . (5.74)
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The spacetime vacuum equations for nonassociative gravity then read as
Ric,,, =0 . (5.75)

We observe that the flat metric gy, (x) = 1, W (x) = n*" is a solution of (5.75). More
generally, every solution of the phase space Einstein equations (5.66) leads to a solution
of (5.75). On the other hand, not all solutions of (5.75) can be lifted to solutions of
the phase space vacuum Einstein equations (5.66). Whether or not such a condition on
solutions should be imposed, i.e., that the dynamics is completely determined on phase
space, is presently unclear and should be ultimately prescribed by which procedure correctly
matches the expectations from non-geometric string theory. We do not address further this
salient point in the present paper.

Recalling our discussion from section 2.3, it is also interesting to examine projections
of the field equations (5.66) with respect to other polarisations of phase space in the R-
flux frame. For instance, we could alternatively choose to foliate phase space with respect
to constant position leaves rather than constant momentum leaves, and hence to reduce
the dynamics from nonassociative phase space onto momentum space. This corresponds
to embedding momentum space M , with local coordinates 7, = p,, in phase space via
&:M — M, &+ &(&) = (0,Z). Correspondingly, we can restrict the classical metric
to the same block diagonal form (5.68), but with the components now dependent only
on momentum. By our general discussion from section 5.4 it follows that there are no
R-flux corrections to the classical Ricci tensor on momentum space, so that momentum
space geometry is uncorrected by stringy contributions; in particular, the string effective
metric (5.12) coincides with the classical metric. This would appear to imply the expected
result that there are no nonassociative or noncommutative corrections to the spacetime field
equations in a geometric (H-flux or f-flux) frame obtained by an O(d, d)-rotation of the
R-flux frame. It would be interesting to understand how this perspective ties in precisely
with the possibility of Born geometry and dynamical phase space discussed in [21] using
curved momentum space geometry (see [5] for further discussion of this latter point).

5.6 First order corrections

We will now study the vacuum Einstein equations (5.66) and (5.75) in more detail by
determining the first non-trivial correction terms to the classical Einstein equations. For
this, we expand the Ricci tensor from (4.83) as

Ricge = Oal e — OcT s+ Ty« TBy — T« T8, — ik BPC T8 x 0aTE

+ ik BP0 4 (00T — 0T fp * DB + 9T e x DB + Do % 0T E )

+ O(K?)
=: Ricgg) + Ricg’é) + Ricg’(g) + Ricg’(}) + O(K?%, h?) (5.76)

by expanding the star-products x and using the expansion of the Levi-Civita connection
from section 5.3. For the undeformed contribution we obtain the usual Ricci tensor of the
classical Levi-Civita connection (5.54):

Ric'%D = Rich, i= 94T — 0TS + TS 4 THGP — TISATECE (5.77)
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For the order A contribution we have

Ricln) = aaT o) — aeT g0 + TGV TP 4+ TS 4 Tp (Y
I (U AT — DT Lo, T T
—TESATEON _ih (9, PECA TP — 0TSS4 0, TP ), (5.78)

where to obtain the explicit expression in terms of the classical metric tensor and Levi-
Civita connection one has to insert (5.63) in (5.78). Notice that Ricg’cl) is imaginary.
Likewise, the order x contribution is given by

Rici? = 0alpe"” —0cTpy " + T TR + T (5.79)
+ ik R pg (0,75 4 0T — 0,154 0T

T TP —TESATE (M) ik RO 5y, THS A 0TGP

+ ik R By 5A7557 (8580FLCA agFLBC/AFLCB + 85PB,5‘ FLCB + FB’é4 8BFLC B/) ,

where here one has to insert (5.64) to obtain the explicit expression in terms of classical

(1,0)

quantities. Notice that Ric BC is also imaginary.

Finally, the order xh = 3¢ contribution is given by

Ricg’cl) N F 1 1) aCFA(l,l) LA FB o1 FA(o 1) FB (1,0

B'A
+ F|]_3(:,A FB (1,1) + FA(l 1) FLCB FBgl ,0) FB (0,1)
_ Fgggl) FB (1,0) 1“53%4 FB (1,1 Fgglcl) FLC B’

(9,0 Y TSP 4 9, TG4 g (Y
~ aﬂrgﬂo) 9, TP — oS4 0, T 5" 0))
— (9,0 TP 4 8, IhSA drr Y
aﬂrgQ 0 9, TP — TS A 0,0 0
+ iR ps (9T %Y 0.5 + o, 156 4 0,0
—o,Tp Y 0. TP — TS A 0. )
_ nh Raﬂ'ypﬁ (8 o, FLCAaua FLCB —(’9”8 FLCAa B, FLCB’
a 0, T8 010, TSP + 00,152 0,0aT)
_ ik ROBY (5,4 . (aﬂPLCA PB .1 s FA(O 1) FLCB )
+ 80z, (T 0T " + T )
52 RO (345, (0,051 DTS — 50,752 0,
80z, (OuTH L 0"OTEL — 0T 2 0,0,T 7))
+ iR RO 6,5 (9500780 + 9 TSATE O 1 g raoh pie B’
+ TS A 0,78 00 L 10 5 IC B
— L RaBY S, o (9,058 OTELE — 91904 6,5
F O, A 09T D — TS 4 9,0,TH P ) (5.80)
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where again the explicit expression in terms of the classical metric and connection is ob-
tained after inserting (5.63)—(5.65). Like the undeformed contribution (5.77), the expres-
sion (5.80) is real.

We now consider metrics of the form (5.70) with the natural choice h*¥(z) = n*. The

pointwise inverse metric g™” has an expansion in &, which up to first order is given by

pv _ ik pavy N
@) = ) , 8% 4 om?) . (5.81)
- R 8ag'yp g’ Nuv

One caveat is that the x-dependence of (5.70) and (5.81) will now reorder the expansion
of the Levi-Civita connection in (5.62)—(5.65); for example, the classical contributions
Fi(g’o) = I'YS in (5.62) will receive both type (0,0) and (1,0) terms. These additional
contributions can be easily accounted for by using the fact that there is no momentum
dependence in (5.70) and (5.81), and our results below take this reordering into account.

After summing up all expressions, the proper expansion of the connection coefficients

is as follows: for the classical contribution Fi([o),o) the only non-zero components of the

classical Levi-Civita connection in this case are

F/llsp = %gpa (augm/ + aug,ua - 8ag,uu) . (5.82)
Using (5.63) one can check that all contributions Fi(]g’l) vanish. The only non-zero com-

ponents of the corrections Fi%’o) from (5.64) are

FZS/LO) = —1ikK Raﬁv bp gpa (a'ygm') 80(1—‘,'157— )

5 (1.0 .
Fﬁﬁ(l’ ) — _TH, ROPo o aarbgv,
1,0 i - -
ng,u) = % Ra,wy g paoc (go’T F'I;S ) ;
1,0 i
o0 = ik Rt g7 9, (g0, THST) | (5.83)

while the remaining correction terms I‘i(Dl’l) from (5.65) have non-vanishing contributions

Iy = 15 R (0a8™) (Dp80r) T4 - (5.84)
The non-zero components of the classical Ricci tensor are then
- LC C C C C C C
Ric,s = 0,0y ? — 0,05 F + TP The —TL P ThS (5.85)

Although the expanded formula for Ricgc appears to be unwieldy and very difficult to

. . . . . (0,1 . .
analyse in general, in this case all correction terms RIC(BC) vanish, while the non-zero
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. (1,0
components of RIC(BC) are

Ric(L?) = ix R py ( — 0 (8" (0+80r) alhy ") + 0y (8”7 (0480r) DalhsT)
- Fl[uczw 8" (0y8or) ath%T - Flﬁgp g7 (0+807) 8aF,|](V:T
+T05% 877 (0480+) 0T o™ + T3 827 (04807) 0aThs”
LC LC LC LC
+ (DTS aT 7 — (9,TEC?) BaTHS7 ) (5.86)

. (1,0 -
Ric(1 ) = 5 R (9, (8% 0ulgor T5GT)) + &% TS Ou(gor T5ET)

Ty
&7 TH5” Dalgor T5GT) +2THC DTS ) (5.87)
Ricl, ') = 15 R*7 (9, (€ Da(grr 1557)) — 0 (8" 0a(gor 155 7))
8" TS 0u(gor TECT) — 877 TH0“ Dalgor THET) ) (5.88)
Notice that all terms of type (1,0) are imaginary. Finally, the only non-zero components
of Ricg’é) are given by
Rtk = 2 R (0, (008" (9377) 9,TEC7) — 0, (00" (D) 0,157
+ 0180 (0a (877 Ty, ") 95T 15 — Oa(g”" T ”) 9510
+ (T1S7 0ag”™ — 0al'57 877) 05T 55"
— (TLS7 Dag”™ — 0THS7 877) D5TEG) ) (5.89)

Now we apply the reduction described in section 5.5, and altogether we find for the
Ricci tensor Ricfw on spacetime M up to first order:

Ric, = RIchS + £ R (9, (008" (93807) ,THS") = Oy (0a8™ (9580r) O, THST)
+ 0387 (0a(8"" T5p") 0T 5 — (8" T DT iy
+ (1557 0ag”" — 0l 57 g°7) 0T 55
— (TS 9,8 — DTS g"7) aﬁrg‘f)) (5.90)

for u,v = 1,...,d. One readily checks that the linear R-flux correction to the classical
Ricci tensor is not a total derivative: while the first two lines of the correction in (5.90)
are total derivatives, the last two lines are not. The consistent reduction to spacetime
has thus achieved two remarkable and desirable features: not only do we find that the
nonassociative R-flux gravitational corrections lead to non-trivial dynamical consequences
on spacetime, but they are also independent of h and real-valued, in contrast to what
happens in the usual metric formulations of noncommutative gravity [7]. Notice that this
latter feature in itself singles out the zero momentum leaf among all constant momentum
leaves: pulling back to a leaf of constant momentum p = p° generally gives a non-vanishing

imaginary contribution Ric,(}f) ‘p:po from (5.86) to the spacetime Ricci tensor (5.90); indeed,
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in that case the pullback via the phase space star-product * yields associative Moyal-Weyl
star-product deformations of the usual closed string scattering amplitudes with constant
bivector %% = 2 5 RV 5, [5], and Ricf}y’o) ‘p:po coincides with the first order contribution
to the noncommutative Ricci tensor from [7]. The potential physical significance of the
p° # 0 leaves is discussed in [5].

It would be interesting to confirm explicitly that these features all persist to higher
orders, and to find explicit solutions of the spacetime vacuum equations (5.75) for nonas-
sociative gravity. Note that these equations are linear in the R-flux, whereas the H-flux
modified Einstein equations at leading order in string worldsheet perturbation theory and
for constant dilaton read Ric/';lc, = %H o H,%? which by T-duality would naively imply
that the leading corrections should be of quadratic order in the R-flux. Here the first
non-trivial contribution to the spacetime curvature tensor is of order O(x h) which is the
order in which the first nonassociative contributions appear. As this is a second order
contribution when one expands the twist element (2.3), it is natural that the curvature
(and torsion) have corrections at this order.

6 Conclusions

In this paper we have provided and developed a formalism leading to a consistent approach
to nonassociative gravity induced by locally non-geometric constant R-flux backgrounds
of string theory in the parabolic phase space model of [25]. The construction relied on
the proper characterization of tensor fields in nonassociative geometry as well as their
covariance under the quasi-Hopf algebra generated by infinitesimal diffeomorphisms on
twisted nonassociative phase space. The unique Levi-Civita connection of any metric g has
been determined at all orders in the nonassociative deformation parameters. The vacuum
Einstein equations have been obtained also at all orders, and the first order corrections to
the classical equations explicitly calculated, which is the order at which the corresponding
string theory calculations are reliable.

We have then pulled back the vacuum Einstein equations on phase space M to space-
time M via the zero momentum section o : M — M. General covariance of these latter
equations is on the one hand guaranteed by the geometric pullback operation. On the
other hand, it could be studied explicitly by considering the projection of the quantum Lie
algebra of nonassociative diffeomorphisms from section 3.7 to the zero momentum leaf, as
pursued in [5], where it was illustrated how nonassociativity survives in the action of diffeo-
morphisms on spacetime. Ultimately, these symmetries should be compared to the classical
diffeomorphism symmetries of closed string theory and to the generalised diffeomorphism
symmetries of double field theory.

Further insights into this nonassociative theory of gravity on spacetime should be ob-
tained by studying the pullbacks to spacetime also of the torsion and the Riemann curvature
tensors. Additional investigations relating the curved phase space geometry to the curved
spacetime geometry, and in particular the other possible spacetime geometries obtained by
considering different foliations of the manifold M, and not only those defined by constant
momentum leaves and constant position leaves, are left for future work. These investi-
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gations, and the construction of a dynamical action principle for nonassociative gravity,
should clarify the expected relevance in the contexts of closed string theory and double
field theory of the field equations we have obtained, and in particular their interpretations
as low-energy effective field equations of closed string theory.
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