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1 Introduction

Numerical conformal bootstrap is a very general and powerful approach to quantum con-
formal filed theories (CFTs), based on the idea of analyzing the crossing symmetry [1-3] of
correlation functions in unitary CFTs by methods of semidefinite programming [4-8]. In re-
cent years, this approach has proven to be extremely useful in extracting non-perturbative
information about concrete CFTs, such as the critical exponents and structure constants
of 3d Ising CFT, O(N) and Gross-Neveu models [6, 7, 9-15], as well as a host of other re-
sults [16-65]. Crossing symmetry of the four-point functions of such fundamental operators
as spin-1 conserved currents or the energy-momentum tensor has also been instrumental
in deriving universal constraints valid for general CFTs [65, 66].

The practical implementation of numerical conformal bootstrap relies heavily on two
technical requirements: the knowledge of conformal blocks and the ability to efficiently solve
the semidefinite programs. An efficient semidefinite solver SDPB, designed specifically for
bootstrap applications, was introduced in [8]. This solver is able to solve the most general
semidefinite programs which typically arise in conformal bootstrap, thus eliminating the
technical obstructions related to semidefinite programming. The situation with conformal
blocks is different. The simplest conformal blocks — those with external scalar operators
— are very well studied by now and there exist simple and efficient techniques for their
computation [6, 67-71]. Some of these techniques, such as Zamolodchikov-like recursion
relations, iterative/analytic solutions of conformal Casimir equations or shadow integrals



have been extended to conformal blocks of operators with spins [41, 65, 72-77]. Another
approach to spinning conformal blocks is to relate them to simpler conformal blocks by
means of differential operators [13, 78, 79]; recently it was shown that the most general
conformal blocks can be reduced in this way to scalar blocks [80]. While these methods do
allow us to calculate any given non-supersymmetric conformal block, all of them currently
require a nontrivial amount of case-specific analysis.

In order to facilitate the conformal bootstrap studies with spinning operators it is
therefore desirable to have a simple and general algorithm for numerical computation of
conformal blocks which can be implemented on a computer, ideally avoiding the need for
symbolic algebra. The first step in this direction was undertaken in [81], where a general
classification and construction of conformally-invariant tensor structures was given. In this
paper, we take another step towards this goal by formulating a Casimir recursion relation
for the z-coordinate series expansion of general spinning conformal blocks in any number of
dimensions. For a conformal block exchanging a primary operator O, the recursion relation
takes the form

(C(Apr1,ma) —CONN m, = D (pmpmddpmdpmem)™.  (L1)

myc[ |®my

where the matrices A, m, encode the contribution of descendants at level p and in Spin(d)
representation my in z-coordinates, A, = Ap+p, C give the conformal Casimir eigenvalues,
while v and ¥ are some matrices. Similar recursion relations have been recently considered
in [75]. Our improvement over these results is in that the structure of our recursion relation
is much simpler (in particular, it is one-step, i.e. relates levels p and p + 1, similarly to
the scalar recursion relation in [71]) and we are able to remain completely general and
write the coefficients v and 7 in terms 65 symbols (or Racah coefficients) of Spin(d — 1).
Thus, in our form, the Casimir recursion relations can be immediately translated into a
computer algorithm in all cases when the 65 symbols can be computed algorithmically.
This includes the general conformal blocks in 3 and 4 dimensions as well as seed blocks
in higher dimensions. Importantly, since we solve all representation-theoretic questions in
terms of Clebsch-Gordan coefficients and 65 symbols, our analysis is applicable to all spin
representations without any caveats, i.e. it applies equally well to spinor representations and
is free from the redundancies which plague the less abstract approaches in low dimensions.!

This paper consists of three main parts. The first part is section 2 in which we review
the basics of the representation theory of Spin(d) and give a brief summary of the required
facts from the theory of Gelfand-Tsetlin (GT) bases. The advantage of GT bases is that
they allow us to work very explicitly with completely general representations in arbitrary d,
at the same time being perfectly compatible with the conformal frame construction of [81].
Moreover, many explicit formulas for matrix elements and Clebsch-Gordan coefficients are
available in these bases. These facts make them our main computational tool in this paper.

In section 3 we use these tools to study the contribution of a general R x Spin(d)
(dilatations xrotations) multiplet to a given four-point function. In section 3.1 we express

! Assuming, of course, that Clebsch-Gordan coefficients are known.



the answer in terms of an explicit basis of three- and four-point functions (constructed
using the Clebsch-Gordan coefficients of Spin(d — 1)). The functions P which replace the
Gegenbauer polynomials (which appear in scalar correlation functions) are some particular
matrix elements of ¢?12 in a GT basis. In sections 3.2-3.5 we consider the R x Spin(d) con-
tributions in some simple special cases. In section 3.6 we prove the folklore theorem which
states that the number of four-point tensor structures is equal to the number of classes of
conformal blocks. In section 3.7 we study the properties of P-functions and explain how
they can be efficiently computed in practice by organizing them in so-called “matroms” [82]
and deriving a recursion relation for these matroms. We also discuss the simplifications in
the low-dimensional cases of d = 3 and d = 4. In appendix D we relate the functions P to

irreducible projectors studied recently in [76] in the case of tensor representations.

In section 4 we study the Casimir recursion relations for general conformal blocks. We
start by rederiving the scalar result of [71] in section 4.1 using an abstract group-theoretic
approach. In section 4.2 we extend this approach to general representations and derive the
formulas (4.67) and (4.68) for v and 7 in terms of 65 symbols of Spin(d—1). In sections 4.3—
4.4 we discuss how these 65 symbols simplify in the case d = 3 and for the seed blocks in
general d.2 For more specific examples we explicitly work out the recursion relations for
scalar-fermion seed blocks in d = 3 and d = 2n and compare them to the known results.
In section 4.5 we briefly discuss the problems associated with a practical solution of the
Casimir recursion relation and suggest some possible workarounds.

We conclude in section 5. The appendices A and B contain some explicit formulas
and details on our conventions. The appendix C elaborates on comparison to known
results. In appendix D we explain the relation between GT and Cartesian bases for tensor
representations.

2 Representation theory of Spin(d)

We will be studying conformal blocks for the most general representations of Spin(d),
which requires a certain amount of mathematical machinery. In this section we review the
relevant representation theory and establish important notation.

We will be working exclusively in the Euclidean signature (the results can be easily
translated to Lorentz signature by Wick rotation). This means that we work with the
compact real form of Spin(d), which double covers SO(d). As is well known, the basic
properties of these groups depend on the parity of d. If d = 2n, then the Lie algebra of
Spin(d) is the simple® rank-n Lie algebra D,, with Dynkin diagram shown in figure la. If
d = 2n + 1 then the relevant algebra is the simple rank-n Lie algebra B, with Dynkin
diagram shown in figure 1b.

2We do not discuss the case of general blocks in d = 4, where these 6; symbols are also known, only to
keep the size of the paper reasonable — the application of the general formula is completely mechanical.
3Semi—simple for d =4: Dy = A1 @ A; is equivalent to two copies of sus algebra.
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(a) D, algebra. (b) B, algebra.

Figure 1. Dynkin diagrams of so(d) algebras.

It is standard to specify the irreducible representations? by non-negative integral
Dynkin labels A; associated to the nodes in the Dynkin diagram. The representations
in which only one )\; is non-zero and equal to 1 are called the fundamental representations.
The fundamental representation associated with A; (i.e. the one with labels \; = §;1) is the
fundamental vector representation R%.°> More generally, the fundamental representations
associated with \; with ¢ < d/2 — 1 are the exterior powers of the vector representation,
A'R?. The nodes \,_1 = a, A, = ¢ in D,, case correspond to the two chiral spinor repre-
sentations. Similarly, the node A, = b corresponds to the unique spinor representation in
B,, case. A general representation can be obtained by tensoring the above “fundamental”
representations together and taking the irreducible component with the highest weight (i.e.
by imposing the maximal symmetry and tracelessness conditions on the resulting tensors).

For us it will be more convenient to label the representations by generalized Young
diagrams, constructed as follows. To a given set of Dynkin labels of Spin(d) we associate
a vector of numbers my with components, for d = 2n,

a-+c
Mgl = A +Xo+...+ Ao+ 5 (2.1)
a-+c
mq2 = A+ A3+ ...+ Mo+ 5 (2.2)
a-+c
Mdnp—2 = Ap—2 + 5 (2.3)
a-+c
a—c
mdvn = 9 s (25)

4We are interested in representations over C, since the physical Hilbert space is complex. However, we
often treat the representations which are real (in the sense of being representable by real matrices) as being
over R.

5Unless d < 4 when A1 corresponds to one of the spinor representations.



and for d = 2n + 1,

b
md,1 :)\1+)\2—|—...+)\n_1+§, (2.6)
b
md,QZ)\2+)\3+...+)\n_1+§, (27)
b
Mdn-1= A1+ 5, (2.8)
b

This gives all possible sequences satisfying

Mmd1 > Mg2 > ... Map—1 > |Mqyl, ford=2n, (2.10)
Ma1 > Mga > ... Mgy >0, for d = 2n + 1, '

and consisting either entirely of intergers (bosonic representations) or entirely of half-
integers (fermionic representations). The dimensions of these irreducible representations
are given in appendix B.

When my is bosonic, we can think of |mgy| as giving the length of k-th row in a
Young diagram, with the caveat that for d = 2n the diagrams of height n can correspond
to self-dual tensors (mg, > 0) or anti-self-dual tensors (mg, < 0). Because of that, we

will often represent the vectors my by Young diagrams, for example,

(5,0,0,...) = [TTTT, (2.11)
(5,3,1,0,...) = [T, (2.12)
(0,0,...) = o, (2.13)

Note that we denote the empty diagram corresponding to the trivial representation by e.
We will also sometimes use the notation

J=r1J---0 (j boxes), (2.14)
3, Hj) = J e (j boxes in 1st row). (2.15)

Note, however, that we do not restrict our analysis to bosonic representations only.

For future convenience, we define
n
img| = mayl, (2.16)
k=1

which gives the number of boxes when my can be represented by a Young diagram.



Examples. For example, consider d = 2. Strictly speaking, this case does not fall under
the above discussion, since Spin(2) is not semi-simple. However, the vectors my can still
be used to label the representations, and this will be important to us in the following. The
vectors my are one-dimensional, with a single (half-)integral entry m = mg ;. The corre-
sponding representation is the one-dimensional representation which associates to rotation
e?Mi2 the phase factor e .6 This is 4m-periodic for half-integral m, corresponding to
the need to consider the double-cover Spin(2) instead of SO(2).

Now consider d = 3 corresponding to Bj case. In this case the vector ms consists
of a single component equal to b/2, where b is the unique Dynkin label. In other words
mg3 = (j) where j is the usual spin of Spin(3).

The case d = 4 corresponds to Dy. We have two Dynkin labels, which we will denote

by I, = a/2,lg = ¢/2. For example, the vector representation is given by (Iz,lr) = (%, %),

while the Dirac spinors are (3,0) @ (0,3). The vector my is two dimensional with the
components,
m4=(lL—‘rlR,lL—lR). (2.17)

We see that for traceless-symmetric representations with I;, = [r we recover the one row
Young diagram, while for example for the representations (1,0) or (0,1) we recover the
diagram H with self- or anti-self-duality condition.

2.1 Dimensional reduction

Labeling the representations by the vectors mg is convenient for describing the rule for
dimensional reduction from Spin(d) to Spin(d —1). More precisely, an irreducible represen-
tation my decomposes into a direct sum of irreducible representations my_1 of Spin(d—1),
which we can write as

mg= (P N mgo, (2.18)

mg_1€my

where NIIHHiI denote the multiplicity with which m,; 1 appears in the irreducible decom-
position of my. It turns out that all multiplicities are equal to one,

NP4 =1, VYmg_1 € my. (2.19)

mg_1
We say that dimensional reduction is multiplicity-free. The representations my_1 € my

are described by the following rule [82]

From Spin(2n + 1) to Spin(2n). For an irreducible representation m, of Spin(d),
d = 2n+ 1, and an irreducible representation my_; of Spin(d — 1) the relation my_; € my
holds iff both representations are of the same statistics (fermionic or bosonic) and satisfy

Mgl > Mg—1,1 = Md2 = Mg—12 > ... > Mg pn > |Mg—1.,| > 0. (2.20)

From Spin(2n) to Spin(2n — 1). For an irreducible representation m, of Spin(d),
d = 2n, and an irreducible representation my_1 of Spin(d — 1) the relation my_; € my
holds iff both representations are of the same statistics (fermionic or bosonic) and satisfy

Mgl > Mg—1,1 = Mdg2 > MGg—12 > ... > Mg—1pn—1 > |Mdn| > 0. (2.21)

5We choose the minus sign for future convenience.



Examples. Consider first the reduction from Spin(4) to Spin(3). The constraint is
ma1 > m3aq > |maal, (2.22)
which in terms of j,11,lr reads
IL+1g>7> L — gl (2.23)
Together with the constraint that the Fermi/Bose statistics is preserved, we find that
Jj=\lp =gl —Irl+1,...,lp + g (2.24)

This is the same as saying that j € I; ® [g, where I, and [p are interpreted as Spin(3)
spins, which coincides with the familiar reduction rule.

Consider now the reduction from Spin(3) to Spin(2). For a given ms = (j) we have
the following constraint on my = (m),

j=>|m| >0, (2.25)

and m should be (half-)integral simultaneously with j. In other words, m = —j, —j+1,....
It is no accident that the relation between j and m is the same as in the basis elements
|7,m), because the Spin(2) irreps are one-dimensional. This in fact is a very powerful
observation which generalizes to higher dimensions, as we now discuss.

2.2 Gelfand-Tsetlin basis

The fact that the dimensional reduction is multiplicity-free allows one to define a convenient
basis for the irreducible representations of Spin(d). To construct it, one first fixes a sequence
of subgroups

Spin(d) D Spin(d — 1) D Spin(d —2) D ... D Spin(2). (2.26)

In practice, we pick an orthonormal basis e1, . .. eq in R%, and the Spin(d—k) subgroup in the
above sequence is defined as the one preserving the basis elements ey, ..., e;. Then, given a
representation mg, we can consider an irreducible component my_1 € my with respect to
Spin(d—1). Since the dimensional reduction is multiplicity-free, by specifying the numbers
mg_; we uniquely select an Spin(d— 1)-irreducible subspace inside the representation space
Vin, of the representation mg. We can then continue to build a sequence

mg>mg_12>My 9> ...2 My, (2.27)

which uniquely selects a Spin(2)-irreducible subspace inside Vi,,. Since Spin(2) is abelian,
all such subspaces are one-dimensional. Therefore, if we in addition make a choice of
phases, the above sequence specifies a unit vector in Vi,,.

Let us now denote a sequence of my, k =d,d—1,...,2 by 9. Call a sequence 91, ad-
missible if (2.27) is satisfied. The above construction associates to each admissible sequence
a vector |My) in Viy,. It is an easy exercise to show that the set of |9t;) over all admissible
sequences (with my fixed) forms an orthonormal basis in Viy,,. This is the Gelfand-Tsetlin
(GT) basis [83], and the sequences M, are known as Gelfand-Tsetlin patterns.



Analogously to the well-known formulas for the matrix elements of Spin(3) generators
between the |j, m) states, Gelfand and Tsetlin have derived formulas for the matrix ele-
ments of Spin(d) generators in Gelfand-Tsetlin basis for arbitrary representations [82-85].
We provide these formulas for reference in section 2.3 and appendix B. Availability of such
general formulas is one of the reasons why Gelfand-Tsetlin bases are useful. For our pur-
poses the more important reason is that these bases play nicely with the inclusions (2.26),
which appear naturally in construction of conformally invariant tensor structures [81].

Choice of phases. Before proceeding further, let us make a general comment about
the choice of phases for vectors |9;). This choice is not going to be important in the
discussion that follows — it only influences the explicit expressions for Spin(d) matrix
elements, Clebsch-Gordan coeflicients, etc. Therefore, we should only worry about it when
we compute these quantities, and we can make a choice which is the most convenient for our
purposes. For example the formulas given in appendix B correspond to some particular
choice of phases. We have made this choice so that it is compatible with the explicit
constructions in the examples below, unless explicitly stated otherwise.

Notation. As we mentioned above, for us the utility of GT bases comes from their com-
patibility with the nested sequence (2.26), which plays an important role in classification of
conformally-invariant tensor structures [81]. Unfortunately, this means that we will have
to dive into the structure of the sequences 9, quite often. Because of that, it is important
to establish a well-defined notation.

Firstly, we will always explicitly write the space dimension d to which a weight my
corresponds as a subscript. Secondly, the GT patterns in representation with highest weight
my will be denoted by the capital Fraktur letter 91;. Distinct patterns in the same mgy will
be distinguished by primes, i.e. 9,. The subscript on the pattern indicates the dimension
d corresponding to the first weight in the pattern. This weight is kept fixed and equal to

> (2.28)

Mg
In all summations it is assumed implicitly that only admissible sequences are included.

my when we write summation as

Furthermore, my, for k < d’ is always used to denote the components of the GT pattern
M. In particular, this means that the pattern My is the tail” of the pattern My and

; => > . (2.29)

mg_1 Mg_1

we have, for example,

We also occasionally write 9y = mg9y_1, etc, arranging the right hand side either
vertically or horizontally, whichever way leads to more compact expressions. We also
sometimes write out the GT patterns explicitly as

md =mMg,mMyg_1,...,M9. (2.30)

"This is slightly in tension with our convention on primes. We will understand that 9, ; is the tail of
M), i.e. m);_, is not necessarily the same as mgy_1 (which would be the case if we gave the priority to the
prime notation rule and understood 90,_; as another pattern in my_1). Note also that by this convention
m/)_; € my, etc.



If we have my = e, then necessarily m; = o for ¢ < k. We therefore often write the patterns

out only to the first trivial representation, replacing the rest by dots. For example,

My = HHH, 010, o, . (2.31)

has my = e for all £k <d — 2.

Different representations and patterns are distinguished either by different letters (i.e.
uy and iy vs my and 9M,), accents other than primes (i.e. my and ﬁd vs my and My),
or upper indices (i.e. m}l and fm(li vs my and 9M,;). To reiterate, the lower index only
“addresses” inside one pattern.

Our final comment concerns the use of GT patterns as indices. We will assume that
the upper GT indices, such as

oM, (2.32)

behave as ket states |94), while the lower indices behave as the dual bra states (9], i.e.

[Myy, O (0)] = > (90| M, [24) O™ (0), (2.33)
o

[Oom, (0), M) = >~ (M| M, 199) Oy (0). (2.34)
o,

2.2.1 Bilinear parings

The most basic invariants of Spin(d) are the bilinear parings, such as the paring between a
representation and its dual, or the invariant inner product in real representations. A bilinear
pairing between irreducible representations my and ug is a singlet in the tensor product

mg X ug. (235)

Schur’s lemma implies that there is at most one such singlet, which exists iff my = uyg, i.e.
when the representations are mutually dual (equivalently, complex conjugate). The duality
acts on the Spin(d) irreps as follows. For odd d all irreps are self-dual, my, 11 = Mg,11,
as well as for d divisible by 4, my;, = my,. For d = 4k + 2 the duality acts non-trivially
by exchanging the spinor nodes on Dsj1 Dynkin diagram, resulting in

Mak+2i = Maky2,i, <n=2k+1, (2.36)

MAk42,2k+1 = —T4k12 2k+1- (2.37)

It is quite easy to write down the formula for the singlet in my ® my in GT basis.
Indeed, it has to be singlet under all groups in (2.26) and thus the above discussion implies
that it must be of the form

> G, |9a) @ [90g), (2.38)
My



where M, is obtained from GT pattern M, by replacing all representations with their
duals, and the coefficients (o, are yet to be determined. Let us define

(=1)mentt =1, (2.39)
(=1)™k =1, (2.40)
(_1)m4k-+2 — (_1)m4k+2,2k+1’ (2.41)
d
(=)™ = [ (=0 (2.42)
k=2

With the choice of phases as in appendix B, the coefficients (s, are proportional to
(—1)™4 8 In what follows, we will use the notation

<md7@’0> = Cmd(sﬁﬁd,gﬁ;v (243)
so that the singlet (2.38) can be written as

D (M, M|0) [ M) @ |9). (2.44)
Mg, M 4

Note that this is a special case of Clebsch-Gordan coefficients, which suggests the normal-
ization condition

D (019, $a) (Mg, $44]0) = Y (Mg, £44]0))* (Mg, 14a]0) = 1. (2.45)
Ug, My Ug, My

It corresponds to the requirement that (2.44) has unit norm. This implies

i = D™
My, M |0) = ——=0. ’. 2.46
(Mg, M,|0) T e, (2.46)
Whenever my; = my these coefficients have a definite symmetry under permutation of

the two tensor factors. For bosonic representations they are always symmetric, while
for fermionic they are symmetric if d = 0,1,7 mod 8 and anti-symmetric for d = 3,4,5
mod 8, as can be easily verified by using the explicit formula above.” Fermionic represen-
tations are never self-dual for d = 2,6 mod 8.

2.2.2 Vector representation

To gain some familiarity with GT bases, it is perhaps a good idea to start with the vector
representation of Spin(d). The vector representation is also going to play an extremely
important role in section 4.

First of all, for d > 3, under dimensional reduction the d-dimensional vector represen-
tation splits into two irreducible components — a scalar and a (d — 1)-dimensional vector.

8We have not proven this statement, but we have checked it on a large sample of representations in
various dimensions.

9If these coefficients are symmetric, then the self-dual my is real and otherwise it is pseudo-real (quater-
nionic). This statement is specific to Euclidean signature (in Lorentzian dual and complex conjugate
representations are not the same), but the symmetry properties are signature-independent.

,10,



For d = 3 we obtain three representations, the +1, e, —1 representations of Spin(2). This
means that the GT basis for vector representation consists of the following elements,

|(0,e,0,... 0 0) (2.47)
|01, ,e,...,0 ), (2.48)
|0, 0,0,...,e,e), (2.49)
0,0, 0,...,0,e), (2.50)
|0, 00,0,..., 0,+1), (2.51)
O,0,O,...,0,-1). (2.52)

Given that each sequence contains the d — 1 irreps (2.27), it is easy to see that the above
gives exactly d basis vectors.

Let us consider the element (2.47). By definition, it lives in the trivial representation
of Spin(d — k) for k£ > 1 and thus has to be proportional to e;. Similarly, (2.48) is invariant
for kK > 2 and thus has to be a linear combination of e; and es. Since it also has to be
orthogonal to (2.47), it can only be proportional to es. Repeating this argument, and
making a choice of phases, we find

[0, 0,0,...,0,0) = (=1)%, (2.53)
10,0, 0,...,0,0) = (—1)% ey, (2.54)
10,0, 00,...,0,0) = (—1)%2es, (2.55)
0,0, 0,...,0,e) = (=1)%e4_, (2.56)
eq—1 +ie
|D,D,D,...,D,+1>:(—1)2%, (2.57)
0,0, 0,..., 0,—1) = (-1t 2L T (2.58)

V2

In the above expressions the phases are chosen to be consistent with the formulas for the
matrix elements in appendix B and the interpretation that M;; “rotates from i to j7,

M;je; = e;. (2.59)

Note that according to our conventions for Spin(2) representations described earlier, we
have
Mg 140,0,0,...,0,£1) = F|O,0,0,..., O, £1). (2.60)

This approach generalizes to other representations. In appendix D we consider the relation
between GT and Cartesian bases in tensor representations of Spin(d).

Let us now look at the inner product between vectors. Note that myg42 2541 is only
non-zero in the GT patterns (2.57) and (2.58) and for k = 0. Thus (—1)™4 is —1 for these
two patterns and 1 otherwise. Finally, these two patterns are mutually dual, while all other
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patterns are self-dual, so that according to (2.44) and (2.46) we get the following pairing,
up to normalization,

|0, e,..)0Q@|0,e,...)+ |0, 0,e,..) |0, 0,,...0 +...
-o,...,.0,+hy®|O,...,0,-1)—|O,...,0,-1)®|O,...,O,+1). (2.61)

From (2.53)—(2.58) we see that this is equal to

d

D eiwe, (2.62)

=1

which is the usual pairing between vectors.

2.2.3 General representations in 3 dimensions

We now consider the case of general representations in d = 3 (n = 1). As before, the
representations mg are labeled by a (half-)integer j = mg3; > 0, which is the usual spin,
and the representations my are labeled by a (half-)integer m = mg ;. The representations
my € mg are given by m = —j,—j5 + 1,...,j. The GT basis vectors are then

[D3) = [mg3, ma) = [j,m). (2.63)

We can choose conventions such that this coincides with the basis of Spin(3) representations
familiar from the theory of angular momenta. Indeed, let us first define the anti-Hermitian
generators

1
I,u = §€NV>\MV)\’ (264)

which are then subject to the commutation relation (see appendix A),
Uy, 1] = €undn. (2.65)
Their Hermitian analogues J,, = il, satisfy the familiar Spin(3) commutation relations
(s Ju] = i€uada (2.66)

If we now define

1=2 2=3, 3

1, (2.67)

then the operators J; satisfy the same commutation relations. By definition, we have
J3ld,m) = ili|j,m) = iMas|j, m) = i(—im)|j, m) = m[j, m). (2.68)

We have performed the index relabeling (2.67) precisely so that |j, m) are eigenstates of
J3, making contact with standard angular momentum conventions. In particular, the
standard [86] formulas for action of .J; coincide with d = 3 case of formulas in appendix B.
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2.2.4 General representations in 4 dimensions

Ind=4 (n=2), we have

my = ({1,62) = (I + lr, 1L — lR), (2.69)
ms =j =l —Ig||lL —Ir|+1,....00+1r, & JjelL®Ig, (2.70)
m2:m:_j7_j+17"'aja (271)

and thus we can write

M) = [lr, Lr; j,m). (2.72)
It will be convenient to connect this to the basis which arises from the exceptional isomor-
phism Spin(4) ~ SU(2) x SU(2). To define this latter basis, we write
1

Q“EMLM, INE 5

euu)\Ml/)\v My vy A € {27374}7 (273)

where €334 = 1. Then the Hermitian operators

Jr=ill = 5T+ Qu), J=illt= 5 n = Q) (2.74)
obey the commutation relations
[‘]/fa']f] = ieuu)\*])%y (275)
[J57 Jf] = ieuuAJ){%v (2.76)
[Jr, g =o0. (2.77)
We can then define, similarly to 3 dimensions,
1=3, 2=4, 3=2, (2.78)
and construct the conventional basis states for the algebras J 5, J 5,
i, mp; lr, mR) (2.79)
subject to the usual condition
JENL,mp; g, me) = mpllL, mi;lr, mg), (2.80)
JEL, mp;lr, mR) = mgllL, mr;lr, mR). (2.81)

Let us now relate the bases (2.72) and (2.79). First, note that the generators J;, =il
of the Spin(3) which preserves the first axis are given by

Ju=Ji+ I (2.82)

and thus under this Spin(3) the state (2.79) transforms as a tensor product state in I, @ .
We can therefore simply set

I lridmy= > (L,mr;lr, melj,m)|ln, me;lr,mg), (2.83)

mrp+mpr=m
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where

(lp,mp;lr, mg|j,m) (2.84)
are the Clebsch-Gordan coefficients of Spin(3). It is easy to check that this definition is
consistent with the definition of GT basis. Note that (2.83) essentially fixes our choice
of phases through the phases of Spin(3) CG coefficients. The resulting phase conventions
are consistent with appendix B if one uses CG coefficients (j1,mq; jo; ma|j, m) which differ
from [86] by a factor of 3/ —71=72 10

For future reference, let us give the expression for M3 = Q2. We have
My = Qo = —idy +iJy = —iJf +iJf. (2.85)

2.3 Clebsch-Gordan coefficients and matrix elements

In the next sections we will find that a lot of calculations (for example, three-point tensor
structures and Casimir recursion relations) involve manipulations with Clebsch-Gordan
coefficients (CG coefficients). In this section we therefore discuss the structure of these
coefficients in GT bases.

CG coefficients essentially establish an equivalence between a tensor product and its
decomposition into irreducible representations,

Vit @V = D Vim, (2.86)

mgyEm}®m?
More specifically, we have the relation between basis vectors

M) = > (M| MEMT) (M), (2.87)

mgeEmi®m? My

where (90;/9L9012) are the CG coefficients. This equation has to be modified somewhat if
there are multiplicities in the tensor product,

M) = YD (Mg, tMEMT) |9, ¢). (2.88)

(mg,t)Emi®@m?2 My
Here t counts the possible degeneracy. Inverse transformation is given by

(DM, ) = > (MGG My, ¢) [MGNMT), (2.89)
MGG

where (IL2|M 4, t) = (Mg, t|IMLM2)*. Note that there is an ambiguity in the definition
of CG coefficients. Indeed, the decomposition

) = DY U (M, ¢ [ORGG) (M, 1), (2.90)

(mg,t)eEmL®m? Mg t’

"These CG coefficients will still differ from the vector CG coefficients of B by a factor of —i when j = j
and jo = 1, but the matrix elements in 4d will be consistent.
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where U is a unitary matrix, is also perfectly fine from the point of view of Spin(d) invari-
ance. One thus has to fix this freedom for every choice of mgl and mgl. We will not try to
fix the general conventions here, and work on a case-by-case basis in the examples.

GT bases exhibit a set of relations between the CG coefficients of the nested
groups (2.26). Indeed, let us write the GT patters in CG coefficients (2.88) in the form
Mg =mgMy_1,

(90, L) = (mg M, Hn MYy 3 M), (2.91)

Thinking about Spin(d — 1)-invariance, we see that must necessarily have

1 an2 .12 012 _ mygy m}i mé eyl 2
(mg Mg—1 tfmgy, My_1;mg NMy_,) = Z 1 2 (M1, 1M M)
o \Md—1|Mg_, My, /.,
(2.92)
where the constants
1 2
m m m
L I (2.93)
Mg—1|Mg_ My_y /.,

are the so-called Spin(d) : Spin(d — 1) isoscalar factors,'! while (Mg_1, /|90, 92 ) are
the CG coefficients of Spin(d — 1). This can be iterated, and since the CG coefficients of
Spin(2) are extremely simple,

(mm'm?) = 6, 1 4 m2, (2.94)

it follows that the knowledge of CG coefficients of Spin groups is equivalent to the knowledge
of the isoscalar factors.

For example, the Spin(3) : Spin(2) isoscalar factors are essentially the Spin(3) CG coef-
ficients, due to the aforementioned triviality of Spin(2) CG coefficients. One can show that
the Spin(4) : Spin(3) isoscalar factors are essentially equivalent to Spin(3) 95 symbols [87].

For our applications we in principle need the most general CG coefficients of Spin(d—1)
groups — simply the knowledge of all possible conformally-invariant three-point tensor
structures already implies the knowledge of all possible Spin(d — 1) CG coefficients (see
section 3.1). We are not aware of a general formula for Spin(d —1) CG coefficients valid for
general d.'? For the most physically relevant cases d = 4, 3 one can use the well-known CG
coefficients of Spin(3) ~ SU(2) or the trivial CG coefficients of Spin(2) ~ U(1). Due to the
exceptional isomorphism Spin(4) ~ SU(2) x SU(2), we also know the general CG coefficients
of Spin(d—1) for d = 5. Let us note that the case d > 6 is qualitatively different since tensor
products in Spin(5) and larger groups are not multiplicity-free. Luckily, for each particular
choice of a four-point function there is only a finite number of relevant three-point tensor
structures and thus also of Spin(d — 1) CG coefficients. For any given tensor product, the
problem of finding CG coefficients is a finite-dimensional linear algebra problem and can in
principle be solved on a computer, although phase conventions and resolution of multiplic-
ities need to be carefully addressed. See [90] for an approach to Spin(5) CG coefficients.

1 Also known as reduced CG, reduced Wigner coefficients, or reduction factors.
12See [88, 89] for partial progress in this direction.
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For the applications to Casimir recursion relations, we will need a special infinite class
of CG coefficients of Spin(d) — the CG coefficients involving a vector representation. The
good news are that these CG coefficients are known for general d in closed form.

Spin(d) matrix elements and Clebsch-Gordan coefficients with vector represen-
tation. It turns out that Clebsch-Gordan coefficients for vector representation are closely
related to the matrix elements of Spin(d) generators. Indeed, let us consider the matrix
elements of My,

Mip|Mg) = (0| My, |Ma) [9M),  my = my. (2.95)
m,

The piece My,|9M,) transforms under Spin(d—1) in the representation [] ®mg_;. The vec-
tors on the right, on the other hand, transform in irreducible representations of Spin(d—1).
For fixed mg, m;_; this therefore has precisely the form required of a CG decomposition,
so that we have

m m
(90| My, |Dg) = < 1175l )(mﬁzllfmcz—hm (2.96)
m; 4 my-—1
fOI' some constants
/
(rf‘d MO md) (2.97)
m; 4 my—1

known as reduced matrix elements. This is essentially a version of Wigner-Eckart theorem.
Note that the tensor product with vector representation is always multiplicity free and thus
we don’t need any extra labels. This follows from Brauer’s formula [91] and the fact that
all weights in the vector representation have multiplicity 1. The 7 label for M is supposed
to indicate that we are looking at Mj, which is a vector under Spin(d — 1).

Let us consider an example by setting p = 2 which is equivalent to u = [[J,e,...] in
terms of GT patterns. We then find

_ m m
(00| M1 g) = (—1)° ( 4 |MB| ><mtg_1md_1;m,-,...>
m; 4 mg—1
/
_ my my m, | mg_q[]
= (0 M d-1 ([ Mg_sse,...)
d—1 d—1 m; o|Md—2 ®
/
1
— (—1)d-1 ™M O] M Mg—1|Md—1 L) ¢ . (2,98
(—1) (miu moy |\, [mgs o ) a2 (2.98)

Here we used the definition of the isoscalar factor (2.92) and the triviality of CG coefficients
when one of the factors is the trivial representation. We also made use of the relation (2.54).
Note that this implies the constraint m/, ; € [J®mg_;. Due to the structure of the nested
sequence (2.26) the matrix elements of My, 11 for all 1 <k < d—1 follow from the matrix
elements of Mo for Spin(d — k + 1). It is an easy exercise to show that M}, ;11 generate
the whole Lie algebra of Spin(d).
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We therefore find that the reduced matrix elements (2.97) and the simplest vector

!/
mg_q1 e

mg—1
allow the computation of the most general Spin(d) matrix elements. There exist relatively

isoscalar factors

simple closed-form expressions for these quantities [84, 85], which we provide in appendix B
for the ease of reference.'
These quantities in fact also completely determine the vector CG coefficients. Indeed,

given the isoscalar factor (2.99), it only remains to find the second isoscalar factor!?

Mg O mgy ) (2.100)
mg o []

my;_,
It can be easily computed by considering the expression

(Mg; O, e, ... [ Mia|D) (2.101)

and evaluating it via isoscalar factors and reduced matrix elements in two different ways
(acting with M on the left and on the right). Action on the left produces, among other
terms, the term

(Ma; 0, O, @, (D), (2.102)

which is proportional to the sought for isoscalar factor. See appendix B.2 for details.

3 Structure of spinning correlation functions and conformal blocks

In this section we apply the formalism of GT bases to study the general structure of
radially-quantized correlators or conformal blocks. At this stage, no distinction is made
between correlation functions and individual conformal blocks, so we use these two terms
interchangeably.

3.1 Contribution of a R X Spin(d)-multiplet

Consider a 4-point correlation function, radially quantized so that the points 1 and 2 lie
inside the unit sphere, whereas the points 3 and 4 lie outside (or on) the unit sphere.
One can then insert a complete basis of states on the unit sphere, organized in representa-
tions of R x Spin(d) (dilatations x rotations), and ask what is the contribution of a single
representation. This question was answered in [71] for four-point functions with external
scalar operators, exchanging traceless-symmetric tensors on the unit sphere (the only rep-
resentations allowed in this case). The case of four-point functions of tensor operators was
addressed in [75]. Unfortunately, as mentioned in the introduction, the approach of [75]
requires a non-trivial amount of case-by-case analysis and the knowledge of irreducible
projectors. The goal of this section is to give a more general alternative treatment.

3Note that our phase conventions differ from those in [84, 85].
“For d = 3 we can have (+1) instead of lower [] in (2.100). The corresponding isoscalar factors can
be obtained completely analogously. See appendix B.3.
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For concreteness, we will work in the radial kinematics of [71].' Namely, we chose
an orthonormal basis in R?, labeling the axes by integers from 1 to d, and we introduce a
complex coordinate w in plane 1-2 as

w = z1 + ix9. (3.1)
We then place all four operators in this plane, setting their coordinates to
wy=—p, wp=p wz=1 wy=-1, (3.2)

for some p € C. Any non-coincident configuration of four points can be brought to a
configuration of the above form by a conformal transformation, with p being related to the
familiar cross-ratios u and v. We assume |p| < 1.

We also fix the sequence of groups (2.26), defining Spin(d — k) to be the subgroup
of Spin(d) which fixes the first k& axes. This defines for us Gelfand-Tsetlin bases for the
representations of Spin(d). We will accordingly denote the primary operators by

mi
O; *(wi), (3.3)
where the sequences i)ﬁf;l label the Gelfand-Tsetlin basis vectors as in section 2.2, and we
use the upper index i to label the operators in order to avoid confusion with the dimension
label, M}, = m), m}_,,..., mj.
We are interested in the radially-quantized four-point function

(0]07 (= 1)0F (1)O () O (—p) 0). (3.4)

It turns out that it is more convenient to work with
(00T (=105 (1)rPe 2 05 (1) 0T (- 1)[0), (35)
where p = re?, D is the dilatation operator and M uv 1s the anti-hermitian rotation gener-
ator in the plane p-v.1°® The relation between (3.4) and (3.5) is given by
(00T (=105 (1)rPe 2 05 (1) O (- 1)[0) =
= AR S R (0) R (6) (0107 (—1)O5 (1) (9)01 (—p)[0),  (3.6)
o o2

where R are the matrix elements of the rotations in the plane 1-2 in Gelfand-Tsetlin basis,

my

Ryii (0) = (|02 005). (37)

5The same approach also works in other kinematics. For examples, we will switch to Dolan-Osborn [67,
68] kinematics in section 4. The analysis in that case is only slightly different due to the presence of an
operator at infinity.

163ee appendix A for our conventions on conformal algebra. Our definition of M, differs by a sign from

e.g. [92].
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Recall that according to our conventions the primed patterns belong to the same represen-

tations as unprimed ones. Clearly, the two forms can be used interchangeably. The reader

—A1—Ao

may recognize the factor r , which appears in many formulas for scalar four-point

functions, and is often stripped off as in here by multiplying by 2122 The matrices R
play a similar role for the spinning degrees of freedom.!”
Consider now a contribution from a R x Spin(d) multiplet with scaling dimension A

and in representation my of Spin(d),

S O[O (—1) O (1) | A, M) (A, My P2 03 (1) 0T (1) 0) = (3.8)

My

= % 2010 (—1) O3 (V)] A, M) (Vg2 N A, M 07 (1) 0T (~1)[0)
My, I,

Here m/, = my. This expression consists of three main ingredients: the two three-point
functions

0[O (10T (1)|A, M) and (A, MO (1)OT(~1)[0), (3.9)

and the matrix elements

(M g|e?™Mrz|9n’,). (3.10)

In order to proceed further, we need to understand the structure of these objects.

3.1.1 Three-point functions

The three-point functions (3.9) are some tensors in the Gelfand-Tsetlin indices, whose
values are constrained by the requirement of conformal invariance. To be precise, for
three-point functions involving R x Spin(d) multiplets, the only intrinsic restrictions come
from R x Spin(d) invariance.'® Of these, only the Spin(d — 1) subgroup which fixes the first
axis imposes the restriction directly on (3.9), while the other generators in R x Spin(d) can
be used to determine the values of these three-point functions for different positions of O;
(we have essentially done this above). Even in the case when the R x Spin(d) multiplet
in question is a conformal primary, Spin(d — 1)-invariance is the only restriction on the
tensors (3.9) [81].
In particular, the allowed tensor structures for, e.g.

2 1
(A, 210,10} (~1)0) (3.11)
are in one-to-one correspondence with the Spin(d — 1) invariant subspace

(Mg ® m} @ m3)*P" Y (3.12)

Y Tmportantly, the action of R here is only on the labels of the external operators. Because it commutes
with the stabilizer group Spin(d—2) of four points, it can be though of as a change of the basis of four-point
tensor structures. We study the matrix elements such as R further in sections 3.1.2 and 3.7.

8The extrinsic restrictions, relating the contribution of the descendant multiplets to the primary, are
discussed in section 4.
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where the bar indicates taking the dual'® representation. Because dimensional reduction

is multiplicity-free, such singlets are in one-to-one correspondence with singlets in
m)_, ®mg , ®mg (3.13)

! % ) : : l :
over all mj; ;, € my, mj ; € mj. Such a singlet exists whenever m; , appears in
m) |, ®m? ,, in which case we write

(my_,t') € m}l—l ® m3—17 (3.14)

where the extra label ¢’ is needed if m/, | appears in the tensor product with multiplicity.?
If (3.14) holds, we can build an invariant using Spin(d — 1) Clebsch-Gordan coefficients.
More explicitly, we have

M2 oL m} | om?Z
(A, M0 (1)OTH (~1)J0) = ST Am T EIRY M), (3.15)

where \’s are the three-point coefficients unconstrained by symmetry, and we recall that
My—1 is defined as

Mg =mg,mg_1,...,myg = My_1 =my_1,my_o,...,Mmo. (3.16)

It is understood that if mii_l ¢ mcll_1 ®m3_1, then the Clebsch-Gordan coefficient vanishes
and the corresponding A is undefined.

Analogously, for the second three-point function we have?!

m4 b
(0[07(~1)05 (1] A, My) = ZAEZ O M M), (37)

where we now have a 3j symbol instead of Clebsch-Gordan coefficients (the distinction is
of course rather formal).

Note that (3.15) and (3.17) give a somewhat unusual way of writing the three-point

function, since the spin indices of the operators directly select which three-point coeflicients
A appear in the right hand side. A perhaps more intuitive equivalent form of (3.15) is

Z Z )\md 17md ' {5“1(1171761(11715m3717ﬁ3715m&—1vﬁ’é71<9ﬁ:1*1’t/|9ﬁ‘11*1’m3*1>}’
my_y mg_gt

(3.18)
where the object in the curly braces is the three point tensor structure, and it is made
explicit that the three-point coefficients are labeled by two Spin(d — 1) representations
ﬁl}kl and ﬁl?lfl and a pair (m},_,,t') € ﬁléfl ® ffl?iil. We will sometimes use a shorthand
notation to denote such composite labels. Namely, for the right three point function we

use the label

a = (Mg_j,mj_;,my_;,1), (My_y,¢') € Mmy_; @MY, (3.19)

Y Equivalently complex-conjugate, since all representations of compact Spin(d) are unitary.
20If d < 5, then tensor products in Spin(d — 1) are multiplicity-free and the sum over ¢’ can be dropped.
21The coefficients A are in general not complex conjugates of .
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Similarly, for the left three-point function we use
b= (mj ,,mj ,, Mg 1,t), (Mg_1,t) €M) ®my . (3.20)

It is instructive to consider the case of 3 dimensions. In this case, we are considering
the three-point functions

(A, 5/, m!| O™ (1) O™ (~1)0). (3.21)

The Spin(2) invariance basically tells us that the spin projection has to be conserved,
m' =my + mg, and the Spin(2) Clebsch-Gordan coefficients are

<ml‘m17 m2> = Om/ mi+my- (322)
We can therefore write

(A, ', m/|OF(1)OT ™ (=1)0) = sy 4ma At ™2, (3.23)

m/
Analogously, for the other three-point function we have
(O™ (=1)OF ™ (=1)|A, G, m) = XS"™ 60 iy ms 4 m- (3.24)

We discuss the 3d case further in section 3.3.

In order to study the most general four-point functions, we need to know the most
general three-point functions (3.15) and (3.17) and thus the most general Spin(d — 1) CG
coefficients. Unfortunately, as discussed in section 2.3, to the best of our knowledge there
is no general closed-form expression for such CG coefficients valid for general d available in
the literature, but there are important special cases when such expressions are available.

Besides the cases considered in section 2.3, an important scenario is when, say, m(li =
mé = e, in which case the required CG coefficients are trivial in any d. This happens, for
example, in a certain choice of four-point functions for the so-called seed blocks. These are
the simplest conformal blocks which exchange a given intermediate Spin(d) representation
my. We discuss this case further in section 3.5.

3.1.2 Matrix elements

Consider now the matrix elements (3.10). An important feature is that the Spin(d) element
e?M12 commutes with the standard Spin(d—2) subgroup which fixes the axes 1 and 2. On the
other hand, the Spin(d) representation my decomposes into irreducibles under Spin(d — 2),
and by Schur’s lemma this implies that e?12 acts by identity times a constant inside of
these irreducible components. More precisely, we have

(gle® 2 g) = PRNE (8)dm, o, - (3.25)

’
mg—i,mg; 4

One can arrive at the same conclusion by examining (2.98). The functions ng?ﬂf (9)
-1,y
will play the role of Gegenbauer polynomials for the spinning conformal blocks. We will

describe their structure, basic properties, and how to compute them in section 3.7. For now,
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note that they are labeled by an Spin(d) representation my, two Spin(d— 1) representations
mg_1,m/,_; € my, and one Spin(d — 2) representation mg_o € my_;, m/, ;.

It is again useful to look at the case of three dimensions. Here, Spin(d — 2) = Spin(1)
is trivial, and according to (3.25) we have (recall that ms = j and my = m)

P (0) = (Gomle™12(j,m) = (j,mle” %] j,my = d | (~0), (3.26)

where dfn v (0) is the small Wigner d-matrix familiar from the representation theory of
Spin(3). For other examples see section 3.7 and appendix D.

3.1.3 Putting everything together

We can now combine (3.15), (3.17) and (3.25) to rewrite (3.8) in the following terrifying
form,

S 0[0F (~1)OTHD)]A, M) (A, Myl P20 (1) 0T (<1) 0) =

My
~ 4
m(i 17md 1 md Mg A mg,mq_ 2
Z Z Z Am )\md 1,t Pm m’ (Q)X
d— 17 d—1,1y 4
m’
d—

mg_1,t mg_o
T

!
my 1t

3 a3 1
% md‘md 1 md 1My
1

ot . mgy_ 1,t}md g}md 1,t’ 9ﬁ2]’ (3.27)

where following selection rules on the summation variables hold,
lel—l € mila
~ 1 ~ 2
(miiflat,) cem; 4 ® mg 1,
—_ ~ 3 ~ 4
(mg—,t) emy_; ®@my_y,

my o € my 1,m} ; € my. (3.28)

Using the shorthand notation (3.19) and (3.20) for the three-point tensor structures, we
can rewrite (3.27) as

: o
=3 > AN AREE (0) % [ ‘ ‘md 2‘ ‘ ] (3.29)
) 1
a,b mg_o

We have also introduced a four-point tensor structure

M| WGy gy |
[fmg‘ﬁlﬁ 1md_1,t md_Q‘m’dfl,t w2 mg (3.30)

which we will define momentarily. Before doing that, let us comment briefly on the structure
of (3.27) and (3.29).

There are two complications compared to the case of external scalar operators. First,
there are many possible three-point tensor structures, and we have to sum over the con-
tributions from different pairs of three-point structures. This is done in the first two
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sums in (3.27) or equivalently the first sum in (3.29). Indeed, according to the discussion
around (3.15), the set a = (m}_,,m? ,,m/ .t) such that m/, |, selects an irreducible
component in ﬁl}lil ® fflzfl uniquely determines a three-point tensor structure for the op-
erators 1 and 2, and an analogous statement holds for b and the operators 3 and 4. Second,
there are many four-point structures, and a single pair of three-point structures can con-
tribute to many four-point structures. This is the last sum in (3.27) and (3.29). As we dis-
cuss below, the role of my_s representation is to specify a way of gluing the two three-point
structures into a four-point structure. Note that the three-point structures do not depend
on my_s, but the angular functions P and the four-point tensor structures do. We stress
that the structures (3.30) form a basis of all four-point tensor structures, as we now explain.

The definition of (3.30) follows straightforwardly from the construction,

mf& ﬁ’l?) ﬁll ml
o o ¢ -
= > (OIME, MG g, My, )Oom, o, (MG, MYy, MG )
Emd*%imfifz
X 8 ) ) ) (3.31)

mj mj  “mi . my  %mf mi  mj  mj

Here m/, , = m,_5. Note that for every choice of m!,_;,my_j,m/, ;,my_5,¢,¢, this is a
function of 9", i.e. an element of

m} ® m3 ® m) ® mj. (3.32)

Furthermore, it is clear from the definition that it is Spin(d — 2) invariant. This means
that it is an element of

)Spm(d 2)

(mg ® mj®mg®m : (3.33)

which is the space of four-point tensor structures [81, 93].

The set of structures (3.31) with the parameters restricted by (3.28) spans (3.33).
Indeed, we have

Spin(d—2
(md & md & md ® m ) pin( ) @ (md 1 (= m )Spln(d 2) (334)
ml2 €m1®m
d—1 d d
m3471€m3®m3
where the sum is taken with multiplicities. Because the dimensional reduction is
multiplicity-free, we have that Spin(d — 2) singlets in m}f_l ® mgfl are in one-to-one

correspondence with md234 € m}f 1> mg‘l 1

This enumeration is implemented by (3.28) as follows. By specifying
m) ,,m? ,,m/ ;¢ we first select a general Spin(d — 1) representation m}? ; ~ m/, , in

m} ® m2. Similarly, m3_,,m} |, my_y,t select a general Spin(d — 1) irrep m3* | ~ m

in m3® md The “gluing” representation mé2324 is then identified with mg_o.
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3.2 Example: scalar correlators

Let us see how we can recover the Genegenbauer expansion for scalar four-point functions.
For scalars we have m’ = (0,...0) = e, and the only Gelfand-Tsetlin patterns are [o] =
(o,...e). Similarly, fﬁﬁl_l =e. In (3.27) we only need to sum over m/, , € fh}i_l ® ﬁl?l_l,
thus only m/, , = e is allowed and there is no need in t' label. Similarly, m;_; = e. The
sum over mg_o is restricted to my_9 € my_q, mél_l, and thus we only have my_o = e.
The unique component of the unique four-point structure is

[o]] _
[-]] =1. (3.35)

Equation (3.27) collapses then to

S 0/0F (105 1) A, M) (A, MylrP 1205 (1) OF (~1)[0) = AT AT A P (6).
My
(3.36)

We need my_1, mfi_l € my, and thus for scalars we get the condition my > e, which is only
satisfied if my is traceless-symmetric, my = j = (4,0, ...,0). Finally, as we show in (3.99)
later in this section, Pﬂ:(@) is proportional to a Gegenbauer polynomial. Taking (3.99)
into account, we reproduce the result of [71]

W
S 0[OF (~DOL )] A, M) (A, M P Mz 0l (1) O (- 1))0) = A!"A!"TA%()-
(1)
m, J
(3.37)

3.3 Example: general 3d correlators

Consider now the case d = 3. Let us first write the four-point tensor structure (3.31). Since
d = 3, the sums in (3.31) are trivial, as well as mg_o is. Furthermore, Spin(d—1) = Spin(2)
tensor products are multiplicity-free, so the labels ¢t and ' are also trivial. We then find,
using (3.24) and (3.23),

[j37m3 ms H , 1| J1, My
mi|m

= Sy e s O D e N
3 ~ ~ - ,m1-+mso O,m+m3+m4 mi,m1Ym2,m2%1ms3,ms3 v nmg,maq*
J4, M4 1104 m2 ]2,m2}

(3.38)
Since the tensor product of Spin(2) representations m;j, mo contains only one representa-
tion, my + meo, we do not need to specify m’ separately. The same holds for m. We can
thus simplify this tensor structure as

j3, M3 | M3 M1 |j1, M
{]3 i 1] Omy i1 O, g O s O iy - (3.39)

Ja,malmg mal ja, mo

Before moving further, let us understand the meaning of this expression. It is a four-point

tensor structure in the sense that by fixing m; we have a tensor with indices m;, i.e. an
element of

J1®J2 ®J3 & Ja- (3.40)
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Note that these structures form a complete basis for such tensors, which is consistent with
the fact that Spin(d — 2) = Spin(1) is trivial and so there is no invariance constraint on
conformal frame four-point structures [81].22

As noted above, we can essentially drop my_1,m, |, mg_,%,t" in (3.27). Using (3.26)
and (3.39) we can rewrite (3.27) as

> 0[O (=1)OF ™ ()|A, j,m)(A, j,m|rP e 052 (1) 0™ (-1)]0) =

o . 3, M3 | M3 My | j1, M1
_ )\ml,mzAm&mzerdJ - (-0 J3 T 3.41
; fm3*m4,m1+m2( ) Ja, my lmy mo ]‘27m2 ( )

where summation is over
m; = —Ji, —Ji +1,... Ji, (342)
and the last line of (3.28) also restricts

|m1 4+ ma|, [m3 + my4| < j (3.43)

as well as that mq + mo and mg + my are integral or half-integral simultaneously with j,
so that small Wigner d-matrix is well-defined.

3.4 Example: general 4d correlators

We now consider the case of the general correlation functions in d = 4. The usefulness of
this example comes from the fact that while being not very different from the most general
case, it can still be formulated using only the familiar ingredients from representation
theory of Spin(d — 1) = Spin(3) ~ SU(2).

First, we need to construct the three-point tensor structures. Consider for example
the right tensor structure (3.15) parametrized by the data (3.19). We can write in 4d

a = (jl)j?vj,)v (344)
where j; € li @ 1% and 7 €l ® lp where (Ir,lR) is the representation of the exchanged
operator. The constraint in (3.19) then takes form j' € j; ® jo. In particular, we do not
need a multiplicity label because the tensor products in Spin(3) are multiplicity-free. The
three-point functions take the form

(AL, 1R §,m' |0 (O™ (=1)|0) = Ay, go,1) (' M/ |1, ma; a2, ma)
- Z )\Gl 325’){5j131 5J'252 61’}/ (7", m'lj1, mas 2, ma) }. (3.45)
a=(j1,j2.3")
Here, for notational simplicity, we have omitted the mY part of the GT pattern for

the primary operators ;. The second line of this equation gives the more traditional
form of the three-point functions as a sum over tensor structures labeled by a. Finally,

220ne can be more pedantic by taking Spin(1) = Zo, in which case there is a constraint which simply
says that mi + ma + ms + ma (equivalently, j1 + j2 + j3 + ja) must be an integer, i.e. the correlator should
contain an even number of fermions.
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(4',m'|j1, m1; j2, m2) is the SU(2) Clebsch-Gordan coefficient. Similarly, for the left three-
point function we have

<O’Oi4’m4(_1)0§37m3(1)’A7lL7lR;j7m> = 5‘(]’3,]'4,]' <0‘j47m4;j37m3;j7 m>

- Z; _ )\(33543){633735634,34 J]<0|'74’m4"73’m3"7’ >}’ (3‘46)
b=(J3,J4,3)

and the constraint from (3.20) is simply j € j3® ju since all SU(2) irreps are self-conjugate.
Here (0|74, m4; j3, m3; j, m) is essentially the SU(2) 3j symbol. Note that this parametriza-
tion of three-point structures is essentially the same as the one mentioned in [94].

The four-point tensor structures (3.31) can also be computed as

4 J1 ] J1,ma S S
}2 J2,mo jl,j15j27j26j37j35j4,j4'
(3.47)

Recall that the labels m; parametrize the representations of the Spin(2) which rotates in

.j37m3 j3 ‘
. ~ Jm
J4,M4 1 94

] = (0]j4,ma4373,m3;5,m) (5’ m|j1,m1;52,m2)d

the plane 3-4. This plane is orthogonal to the plane 1-2 in which we place our operators,
and thus this Spin(2) it the stabilizer group of the four points and, as usual, the four-point
tensor structures have to be invariant under it. Using the constraints m4 + ms +m = 0
and m = mj + meo coming from the CG coefficients, we find m4 + ms3 + mg +m; = 0 which
is precisely the required invariance condition. Of course, this comes as no surprise since
it was guaranteed by construction. Note that this basis of four-point tensor structures is
different from the one in [94], since it is not an eigenbasis for rotations in plane 1-2.
The final formula (3.27) takes the following form in 4d,

> (0]OF M (—1)OF ™ (1)| A L Lrs g, m) (A L s jyml e 2rP 0372 (1) O™ (—1)]0) =
7,m

- [l | e,

J4,my J2,m2 J

where the four-point tensor structure and the three-point labels a,b are described above,
while the P-function is given below in section 3.7 by equation (3.109). The range of
summation over m is restricted to be —min(j, j’), —min(j, j') + 1, ..., min(j, j).

3.5 Example: seed conformal blocks in general dimensions

Our last example concerns an especially simple case which occurs for every d. The sim-
plification is based on the fact that the CG coefficients are trivial when one of the repre-
sentations is trivial. Choosing two of the four operators to be scalars, we can ensure that
the CG coefficients for both the right and the left three-point function simplify, with the
correlator itself still being sufficiently general. If fact, as will be clear from the construction,
the so-called seed blocks for arbitrary intermediate representations can be chosen to be of
this form.
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Let us choose the operators O; and O3 to be scalars. Then the general result (3.27)
simplifies as

S (0107 (= 1)05(1)|A, My (A, My|rPe 1203 (1) 0y (~1)[0) =

My
§ : E : )\.md 1)\'md 1 APmd:md 2 ((9)><
mg my mj_,mj
m_

d—1
m
1d2

X om4 sl my ‘md rwm2 o | (3.49)
with the four point-structures given by the specialization of (3.31),
[ ‘ [ ]
il ma g ‘md1~2‘2_
s m; m
= Z <0|9ﬁd bgﬁd 1>69ﬁd 2,9, 2<9:nd 1|9n > m?_, m?2_ 16md omi_ T
md727g~n&,2
(1)
= > ——— "m0 0y w2 Om3 | w2 Omd i, =
Mgy, _, /A
_ T 5 St s 5
- dim m mj i “my my  Om) Wi 3%my , mg oo ma_ 279373 g’ (3'50)
immj_,
where we made use of (2.46). The constraints (3.28) reduce in this case to
m)_; € m), i=24, (3.51)
mg o € Ifflgfl € my, (3.52)
my o € 1713_1 € mgy. (353)

Note that for any m, there exists a choice of m{ such that these constraints can
be satisfied, and thus arbitrary intermediate representations can be exchanged in this
simplified setup. In fact, for a given my, in even d, we can always choose mfl so that there
is a unique choice available for ﬁlil_l (and thus a unique three-point function on either
side). For this, set, for example??

2
Mg = Md k41, lsk<n7

mdvn =0or 5,

m} = m?2, (3.54)

*3This is choice is different from the one used in d = 4 in [94]. In fact, in even d it doesn’t matter
what we choose mJ,, to be, and the choice in [94] corresponds to mJ,, = |ma,n|. Our choice (3.54) has
the advantage that is also works in odd dimensions, see below. Also, note that there is some freedom in
choosing m?% independently of m?.
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where the choice in the second equality is determined by the statistics of my. In odd d,
this only reduces down to two choices for each of ﬁléfl if the representations are fermionic
(but still one choice for bosonic representations). This is because in the case of odd d the
outer automorphism of Spin(d — 1) (given by reflection) necessarily acts non-trivially on
fermionic representations of Spin(d — 1), but trivially on the representations of Spin(d).
Therefore, the number of three-point tensor structures involving fermionic representations
is always even, and we simply cannot have less than 2 non-trivial structures.

If we think about the state |A,9t;) as being a conformal primary, then the choices of
external representations described above give us a valid choice for the so-called seed blocks
for exchange of primary mg; — they lead to the minimum number of three-point tensor
structures on both sides of the four-point function. The equations (3.49) and (3.50) then
give the leading contribution to the OPE limit of such seed conformal blocks.

As a concrete example, consider the scalar-fermion blocks in even dimensions. Specif-

1 1 1
__<2P.W2,+2>, (3.55)
1
2

__<;V.”,_;>. (3.56)

This is slightly different from the prescription (3.54) unless d = 4k + 2, but it is more

ically, we take

QUN

m

QU

m

convenient to have a uniform choice of representations for all even d. Under dimensional
reduction both mg and mg restrict to a single representation, and thus necessarily

1 1

These representations further restrict to a direct sum of (3,...,+3) and (3,...,—3) in
d — 2 dimensions, so that there are two four-point tensor structures
[ ]

T R O T S DRI e

Correspondingly, there are two types of my that can be exchanged, each with a single

three-point tensor structure on either side,

1 1

From (3.27) we find that the contribution of the representation m(ji[ to the four-point
function (3.5) is given by

2 E D) (R4 TEIEE S I € S
ZA r < <22§><§)(Z> oy + P(E,.z..,é)é,)...(f%) 2)(9)t—> , (360)
where
e.m? —e.m?
A:t - ,:2 a1 i)\~74 a1 + . (361)
my_ My Mg ,,my

Here mif index of OPE coefficients labels the exchanged representation. We find explicit
expressions for the above P-functions in section 3.7.3, with the result given in (3.93).
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3.6 Example: conformal block/four-point tensor structure correspondence

As another simple application of the above formalism, let us discuss the folklore theorem
which states that the number of classes of conformal blocks which contribute to a given
four-point function is equal to the number of four-point tensor structures [95, 96]. We will
consider the simplest case where the only relevant symmetry is the connected conformal
group (i.e. no space parity or permutation symmetries for identical operators). In our
formalism this theorem becomes essentially a tautology. Because of that, this section
basically reiterates what was already said, with a slightly different focus.

First, let us explain what is meant by classes of conformal blocks. Each conformal
block contributing to a four-point function is parametrized by the dimension A and the
Spin(d) representation my of the exchanged primary operator, as well as by a pair of three-
point functions a and b. From the previous discussion, we can parametrize the three-point
functions as follows,

~ 1 ~ 2 / /
a=(my_j,mg ;,my 1),

b= (md_,,mj_;,my 1,t), (3.62)
subject to (3.28). In particular, the constraint
i € m (3.63)
gives us finitely many choices for m¢,_, for fixed m}, and the constraints

/ / ~ 1 ~ 2
(my_q,t) € my_; @my_,,

(Mg—1,t) €em)_; @my |, (3.64)

thus give us finitely many choices of (m),_;,¢') and (mg_1,t). The intermediate represen-
tation is then constrained by mg_1,m/, | € mg. This leaves infinitely many choices of my
for a given four-point function. However, the allowed mg organize into natural families.
Indeed, let us denote my = (j, my_5), i.e. j is the length of the first row of the generalized
Young diagram of j and my_» encodes the remaining rows.?* The following two statements
are then equivalent,

my_ 1, my ; €mg = (j,My_3) <= My o€emy ,m; ;andj>mg 11,my ;.
(3.65)
This leaves only a finite number of choices for mgy_».

The infiniteness of the number of conformal blocks is therefore only due to the generic
parameters A and j. If we consider any two conformal blocks differing by only these two
parameters to belong to the same class, we obtain a finite set of classes parametrized by a
pair of three-point structures (3.62) subject to (3.63)-(3.64) and a mg4_» subject to

mgy_o € my_ 1, mii—l' (3.66)

ZNote that indeed mg_s is always a dominant weight for Spin(d — 2).
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The statement of the theorem is that the number of such classes is equal to the number
of four-point tensor structures. Indeed, we already saw that the four-point tensor struc-
tures (3.31) are parameterized by exactly the same data.

For conformal blocks this statement is, strictly speaking, only a counting statement
and thus it would be interesting to get a more physical understanding of this. Note however
that the matroms P
the spaces of R x Spin(d) blocks and four-point tensor structures.

my_;,m/, > a8 discussed in section 3.7.3 link together, in some sense,
3.7 P-functions

In this section we discuss general properties of the GT matrix elements P, as well as
their explicit calculation in various situations. This section is rather technical and mostly
independent from the sections to follow, and thus can be skipped on the first reading.

3.7.1 Basic properties
First, recall the definition (3.25)

(Male”™2|9M0) = P ™2 (6) S, 0, - (3.67)

/
mg—1,Mm; 4

There are a lot of properties of P which follow immediately from this definition as a matrix
element. For example, the simplest property of P is given by substituting 8 = 0,

mg,mgqg_2

Py, (0) = Omy oy, - (3.68)

Furthermore, P is 2w-periodic for bosonic representations and 2m-antiperiodic for fermionic
representations. More generally, we know from the standard representation theory argu-
ments that the spectrum of iMiy consists of (half-)integers ranging from —mg; to mq,
and thus all P-functions have the form

mg,mg_o _ im@
Pt (0) = ) Z; eme™ (3.69)
=—Mmq,1

where ¢, are coefficients which depend on the indices of P, some of which may vanish.
Reality properties can be obtained by applying Hermitian conjugation to the definition
above and noting that M, are anti-Hermitian, resulting in, for real ¢,

(Pmomes (0)) = P2 (—0). (3.70)

’ ’
mg—i,m; 4 m; ,,Mg]

Note that we also have

> (019D ) (M g P12 (D7) =) ~(O[MIN ) (Ml e~ M12|900) (3.71)
my 0y

due to the invariance of (0|49 ;). Contracting with (99" 4|0) on both sides we find

dim my Z (090490 3) (DN 4| PM12 | 9007 ) (IO 4|0 = (IR |e =022 oM y). (3.72)
0
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This implies, in terms of P-functions,

(_1)md71*mfi_1pm7d:md72 (0) — Pmd:md72 (_9) _ (Pmd,md72 (9)>* (373)

md,l,m:i71 m:iflvmdfl md*lvm:ifl
The group composition property for the matrix elements

> (Male” Mo (amg| ez o) = (M g|el®+02) M2 g (3.74)
my

gives the sum rule

mg,Mqg— mg,mqg_ _ pmMmgmg_
Do B (00) Pt (62) = Pt (01 + 6a). (3.75)
my_,
In particular, substituting # = —6;, m),_; = my_;, we find, for real 0,
DB ()P =1, (3.76)
my
and thus
P o (O < 1. (3.77)

/
mg—i,m; 4

3.7.2 Orthogonality relations

The matrix elements of group representations obey Schur orthogonality relations which
read as

(04 RIS (00| RIDT,)) R = ——

_ 1 3.78
Spin(d) dimmy (8.78)

59nd,55itd 5931&,551& :

Here the §-symbols also compare my with my. The group integral in the left hand side is
understood to be over Haar measure normalized as

/ AR = 1. (3.79)
Spin(d)

Let us set My = My, and m,_ | = ﬁ&—l in (3.78) and do Spin(d — 1) sums. Equa-
tion (3.78) then becomes

/ (mg9My_1|RImgM,_ V(g |R™ mgy 1)dR =
m,_,on Y Spin(d)
—1L¥ g1

. . ,
B dimmg_; dimm];

i~ - (3.80)

We then write R as R = KAK', where A = ¢?M12 for some # and K, K’ € Spin(d—1).?° In
the left hand side K and K’ cancel out due to Spin(d — 1) invariance of the contractions,

#5This follows from a standard choice of coordinates on Spin(d), which follows from Spin(d)/Spin(d—1) =
S971: an element on the sphere can be obtained from a fixed point by KA and K’ comes from Spin(d — 1
equivalence class.
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resulting in

/. (m DMy "2 im0y ) (M9 e M2 w0y ) dR =
My, M, Spin(d)

= Y dimmys /S » Pt ((R)) (Pr‘jl‘;f:gr;il(e(}z))) dR. (3.81)
pin

By using explicit coordinates on Spin(d) one can show that, for d > 2

/Spm(d)f(e(R))dR—ﬁF(d?)/0 0f(6)do. (3.82)

Putting everything together, we obtain the following orthogonality relation

Z dimmyg_» /

s
mg—2 0

prima: (o) (Pt (9)) sind 2 0do =

’ ’
mg—i,m; 4 mg—i,m; 4

Val(451) dimmgy_ dim mgl_lé
F(%) dim my

my, iy (3.83)

3.7.3 Computational techniques

In the remainder of this section we discuss how P-functions can be computed in practice,
first in general and then in specific examples.
The conceptually simplest computational scheme follows immediately from the defini-

tion (3.25) as a matrix element of /M2,

Indeed, since we know the matrix elements of
M5 (see section 2.3 and appendix B), we can find the matrix corresponding to My in any
given representation and then exponentiate it by the standard methods. When doing this,
one can reduce the amount of calculation by taking note of the structure of the right hand
side of (3.25). Following this strategy, we simultaneously produce

pramd-z ) (3.84)

/
mg—1,m; 4

with fixed mg and my_5 for all choices of my_; and m/, ;.

This strategy is therefore somewhat of an overkill for our purposes, since in a four-point
function the possible choices of representations mg_; and m/;,_, are prescribed by the spins
of external representations, while my and mg_o take on all the values allowed by each pair
of my_1 and m&_l.% Fortunately, there exist techniques which compute Pnl?j_’r:fr;i_l (0) for
fixed mgy_; and m/,_,.

Let us fix my_; and m/;,_,. Furthermore, write my = (j, mq—_s), i.e. define j = mgy; and
think of the rest of my as a (d — 2)-dimensional weight mg_». Note that mg_;,m/, | € my
requires j > max(mg—1,1,My_; ;). Assuming that this holds, it is easy to check that the
following two statements are equivalent,

! ~ !
mg>mg 1,; | <=My o2 €mg 1,M; ;. (3.85)

26 Also, the size of the matrix which one needs to exponentiate grows with the spin ma,1, which makes
this approach computationally more intensive.
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In other words, my_o satisfies the same requirements as mgy_o. This means that we can

j,Mg_o),mg_
arrange P(] d—2),Md—2

o ; (6) into a square matrix P’ . (0) with rows and columns la-
d—1,My_ 4 mgy 1

—1,m;
beled by my_o and mg_5 respectively. Such matrices aie discussed, for example, in [82]
(and references therein), where they are shown to satisfy certain second-order matrix dif-
ferential equations, and methods for solving these equations were developed. Following the
terminology of [82], we will refer to these matrices as “matroms”. Note that the size of the
matrom is independent of j and is only determined by my_; and m/, ;. Furthermore, all
(if any) components of a given matrom appear in a given four-point function.

Potentially, the results described in [82] may allow one to find analytic in j expressions

for the matroms P’ in terms of known special functions. Unfortunately, we were

mg_y,my
not able to devise a complete computational algorithm based on these results.?” However,
since in numerical applications one requires P{n oy for all j up to a certain cutoff, it
is convenient to use a recursion relation in j as described below. Expressions analytic in j
can still be obtained in a number of cases, as we discuss in the next subsections.

The basic idea is to consider the product
(M2 (11,8, [P212| [ e, L) = (D4]€¥M12|000)) cos 6. (3.86)

The left hand side is a matrix element in my ® [J and thus can be decomposed as a sum
of matrix elements in various irreducible representations,

my my [
mg 1 mil—l (]

One can easily see that in terms of matroms this leads to the following recursion relation,

(M g™z (0, e, ... |212| T 0, .. ) =

my []
mg_ 1 e

M ) . (3.87)

!
my 4

= > <ﬁld9ﬁd—1!€9M12\ﬁld9ﬁ&_1><

mgeEmy®[]

AP 4 ATPT 4+ BPY = cos O P, (3.88)

where Af, B/ are some matrices,?® and we have suppressed the dependence of everything
on my_1,m),_, for simplicity of notation. Starting from the smallest possible j (for which
we can compute P7 by, say, exponentiation), one can use this relation to find P for higher j.

As an example, consider the matroms in d = 2n withmgy_; =m/, | = (%, e %), which
will be useful in the example of section 3.5. There are two representations in the dimensional
reduction of my_ 1 = m&fl, mg_o = (%, ceey :I:%), i.e. the two fermionic representations in
d — 2 dimensions. We therefore have a 2 x 2 matrom

i

)= NI = NI

~
—

(j7l7"'7+l)7(
P 2 2
(%7;{"7%)7(7 .

(‘7’5""1
Pa 1

Jigel}
+
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S olee Nl
N= - M= -
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=
—
—
>
S~—
Kol N
SoNl=e Nl
N= - N= -
~— f ~—

goo

2Tt is an interesting problem to complete the results described in [82] to find a general algorithm for
constructing analytic expressions for generic matroms.
28The matrices A are, importantly, diagonal, which makes it easy to invert Aj+.
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For example, one can easily check that for any d
o—i0/2 +if/2
= <6+i9/2 —i0/2 | - (3.90)

By using the explicit formulas for the isoscalar factors from appendix B.2, one can show

=

P

that the recursion relation (3.88) reduces in this case to

| 4 2 j— 1 : —1 ‘ .
ww“ =2 pi-ty - O1) pi — 9cos0P, (3.91)
j+n—3 jtn—3 (j+n—5)(+n—-3)\10

where n = d/2. For instance, applying this relation twice, we find

P2+%_n_1 v
2n —1

+ —19+e—520+ 6
+19+€+29+ 6

w\w l\?\(ﬂ

10

L\D\H Nm—t

0 (n—2n-1) 11 N e T ) i
cos 2Pj7% (cosf) 11 + sin 2ij% (cosf) R
(3.93)

3.7.4 Contribution of R X Spin(d) multiplets in terms of matroms

Having introduced the matroms P in the previous subsection, it makes sense to reanal-
yse (3.29) in terms of them. For fixed a and b as in (3.19) and (3.20) denote by

T (3.94)

the column vector built out of four-point tensor structures

m3 ‘ m!
b’md,gla d] (3.95)

o
with mg_o running through all allowed values. Also, denote P] = Pin o, - Finally, let

7 d— 1
Al (3.96)
be the row vector built out of

)‘A ,my >‘A ,my (397)

corresponding to all my = (j, my_») which can contribute to the given pair a, b according
o (3.28), summed over degenerate multiplets. If we are considering the contribution of a

To find this solution, we first diagonalized the recursion relation and then matched it to the recur-
sion relation for Jacobi polynomials. The Jacobi polynomials entering this expression can in principle be
expressed in terms of linear combinations of Gegenbauer polynomials.
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single R x Spin(d) multiplet, then this vector contains a single non-zero element, but at
this point it is convenient to also allow several contributions. We then have

3 1
35 M P 0 [t o | -
mg,mg1=j a,b Mq_2 d d
=r® Y AlM-P] (0) T (3.98)
a,b
As we discuss in section 3.6, in this equation Ag’-a correspond, roughly speaking, to
the space of conformal blocks, while T®® correspond to the space of four-point tensor
structures. The matroms link these two spaces together, giving a realization of the folklore
theorem [95, 96] (see section 3.6).
In the rest of this section we consider some more explicit examples. First, we recover the
Gegenbauer polynomials relevant to the scalar correlation functions and then we consider
the low-dimensional cases d = 3 and d = 4.

3.7.5 Scalar matrom

Let us consider the simplest P-function Pf: (0), which is the only component of the simplest
scalar matrom PZ,(Q). Analogously to the example considered above, we could write down
the recursion relation (3.88) for this matrom and recognize that, together with the initial
condition P.'.'(H) =1, it is solved by

. C'(-V)(cos 0)
P‘.]::(H) = )
1)

(3.99)

where v = (d — 2)/2. However, it is instructive to take another approach to arrive at this
result. Consider the tensor given by

et .- el — traces. (3.100)

Obviously, this tensor is an element of j of Spin(d). On the other hand, it transforms under
the trivial representation of Spin(d — 1). Therefore, we have

et el — traces o |j, e, .. .). (3.101)
Acting with e?M12 we find that
69M12|j, o .. )oxel'(B)--- e’fj (0) — traces, (3.102)

where e1(0) = cosfe; + sinfey. This implies

Pf::(@) = (j,o,...|e"M2|j 0, .. ) o (e1,, -+-e1,,, — traces) (e (0) - - -eh? (0) — traces).
(3.103)
The right hand side of this equation is known to be proportional to the Gegenbauer poly-
nomial C’](-V)(el ce1(0)) = ](.V)(Cos ). Combining this with the normalization condition
PI2(0) = 1, we recover (3.99).
This strategy generalizes to other tensor representations and also allows one to relate
P-functions to the irreducible projectors studied recently in [76]. We discuss this further
in appendix D.
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3.7.6 3 dimensions

We now consider the case d = 3. As discussed in section 3.1, the 3-dimensional GT matrix
elements P’ () are given by (3.26),%

P (0) = (j,m|e™2]5,m) = (j,m|e" %2 |j,my = & (~0). (3.104)

Note that in 3d all matroms are 1 x 1 and coincide with the above functions. There is not
much to add here, except for the explicit formula for the small Wigner d-matrix dﬁn o (0),

. ’ ] (5 —m/)! m’'—m m/+m ’ ’
dgmm/(e):(_l)mfm \/(]-Hn N(G—m)! <Sinl6> <COS§> P(m —m,m +m)(COS@),

GrmG—m)! ™2 o
(3.105)
where in this expression Péa’b) are the Jacobi polynomials.
3.7.7 4 dimensions
In 4d we have the following definition of GT matrix elements P;?}lmm(ﬂ),
lL,lrym _ s oM Y
Pj,j’ (9) - <lL,lR,j,m|€ 12’lLalR7] 7m>' (3106)
We can compute them by going to the SU(2) x SU(2) basis,
lL,lr;m _ s oM Y
Pjle (6) - <lL7lR7jam|e 12|lLle7] 7m>
= Z Z <lL7mL;lRamR‘eeMu“LvmlL;lRam/R)X
mrt+mr=mm/ +mh=m
X <], m|lL, mr; lR, mR) <ZL, 'm’L; ZR, m;%]j', m> (3.107)

Using (2.85), we find

(r,mp; g, mple®02(lp, my; I, mlg) = (ln, mz; lR,mR\e_ieJéLHeJ?\lL,mlL;lR,m/R)
= e—i(mL—mR)gmLm/L(ngm;{’ (3.108)
and thus
Ir lpim letir m+k m—k m+k m—k ’ ik0
Pty = 37 (omfin, P e, T ) (s T e, T | m e
k=—l;—lp
(3.109)

Note that in this formula the summation is over (half-)integral values of k for (half-)integral
values of /1 = I; +1g, and whenever the Clebsch-Gordan coefficient is undefined, we assume
that it is equal to zero. Thus the range of summation is effectively restricted to

{=2lp —m,...,2lp —m}N{=2lg +m,...,2lg +m}. (3.110)

For example, if m = Iy, + lg, then only k = [, — [r enters the sum. (Also necessarily
j=j =1lL+Igr)

30We use the convention consistent with Mathematica’s WignerD [{j, m, m'},6].
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4 Casimir equation

In this section we derive Casimir recursion relation for the series expansion of spinning
conformal blocks. We first rederive the results of [71] for scalar conformal blocks in a more
streamlined way and then extend these results to arbitrary spinning conformal blocks. As
an example, we explicitly work out the recursion relations for general 3d conformal blocks
and for general seed blocks in arbitrary d.
In this section we will work in coordinates different from those in section 3. In partic-
ular, we set
w1 =0, wy=2 w3=1 wyg=-4o00. (4.1)

We use the following definition of O4(+00),

Os(+o0) = lim L*210,(Ley). (4.2)

Note that we do not act in any way on the spin indices of @4 when taking this limit.3!
The results of section 3 translate to this case without essential modification (except for
changing the insertion point of the operators in all formulas).

We use (4.1) because the Casimir recursion relations take the simplest form in these
coordinates, analogously to the case of scalar blocks [71]. The recursion relations in p-
coordinates, unfortunately, take a much more complicated form [70, 75].

4.1 Review of scalar conformal blocks

Consider the scalar conformal block for exchange of a primary operator O

Gol(s, ) = (0pa(00)d3(1)|0|sP e’ 125 (1)¢1(0)[0), (4.3)

0 32

where z = se'?, we have used the convention (3.5) for writing the four-point functions,

and |O| is the projection operator on the conformal family of O,

0= S 1AM q) (A, Maydl, (4.4)
p=>0,mg,Mq,q
where the sum is over an orthonormal basis of descendants of O. Here A, = Ap +
p is the scaling dimension of a level-p descendant, my is the Spin(d) representation of
the descendant, and ¢ labels the possible degeneracies which arise when there are several
descendants in representation my at level p.
The results of section 3 and in particular 3.2 tell us what is the most general contri-
bution of a single term of (4.4) to (4.3). We therefore have

o oo o o 2~ C(»V)(COSH)
Goler6) = 3 S A8 T ) = STt
p=07=0 4 =0 j=0 ¢ (1)

3'When Oy is tensor, one often acts on its indices with reflection along e; when taking this limit. This
is done because O4(c0) defined our way effectively transforms in the representation reflected to m?. When
m? is tensor, its reflection is equivalent to m3 and thus one may find it convenient to act on @4 with the
map which furnishes this equivalence. More generally, the reflected representation can be different from m3
and thus there is no benefit in acting on spin indices of O4 within our general treatment.

32In the scalar case (3.5) differs from (3.4) only by the factor s®1 742,
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We have defined
Apj= Z )‘:Z;,j,q)“:p,j,q‘ (4.6)
q

The range of j is in fact restricted by the spectrum of descendants at each level p so that
|7 — jo| < p, but we will ignore this by assuming that A, ; = 0 for p, j outside this range.
While this expansion respects R x Spin(d) symmetry, it doesn’t tell us what the coefficients
A, ; are.

These coefficients are constrained by consistency of expansion (4.4) with the full con-
formal symmetry. It was noticed in [68] that it suffices to ensure consistency with the
action of the quadratic conformal Casimir operator. Usually this is condition is formulated
in a form of differential equation [68, 69]. When applied to (4.5), this equation immediately
yields a one-step recursion relation for the coefficients A, ; [71],

(Cpj = Cogo)Npi =Ty 118151+ Ty Ap-1i41, (4.7)
where coefficients F;t,j are given by®?
= Bpti—An)(Bp+j+As)(j+d—2)
b 2j+d—2 ’
Ay—j—d+2—A1) (A, —j—d+2+4+ Asq)j
F’.:( p—J + '12)( p —J +2+ 34)1’ (4.8)
P 2j+d—-2
with A;; = A; — Aj, while the Casimir eigenvalues are given by
Cpj=D0p(Ap—d)+j(j +d—=2). (4.9)

This result is remarkably simple, much simpler than the intermediate steps in the
derivation of [71] would suggest. In fact, it is not a priori obvious from that derivation
that the recursion relation should take such a simple form. For example, when repeated in
p-coordinates, essentially the same derivation leads to a much more complicated recursion
relation. We are therefore motivated to look for a more conceptual derivation of (4.7),
which manifests this simple structure.

Let us start from the definition of the conformal Casimir operator,

C = D(D - d) + CSpin(d) - P . K, (410)

where Cgpin(qy is the Spin(d) quadratic Casimir defined as

1 4
Cspin(a) = —5 My M™. (4.11)

The key property of C is that it commutes with all conformal generators and thus acts on all
the descendants of O by the same eigenvalue as on O. That eigenvalue can be computed by

C|O) = (D(D — d) + Cspingay — P - K) |0) = C(0)]0), (4.12)
C(O) = AO(AO - d) + CSpin(d) (mz(io)a (413)

33In [71] these coefficients are given with Aj2 = Agq = 0, but it is trivial to generalize their argument.
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where we used K,|O0) = 0, and Cgpin(q)(mg) is the Spin(d) quadratic Casimir eigenvalue
corresponding to the Spin(d) representation my. It is given by

ld/2]
Cspin(d) (Ma) = Z mai(mar +d — 2k). (4.14)

k=1

For future convenience, let us define for any (not necessarily primary) R x Spin(d)
multiplet the number

C(A,mg) = A(A — d) + Cspin(q) (ma). (4.15)
It is the eigenvalue of the operator
C=C+P K =D(D—d) + Cspin(a)- (4.16)

Note that P- K = KT - K > 0 for A above unitarity bound and thus we always have in
such cases

Cc>C. (4.17)
Since C takes the same eigenvalue on all states in a conformal multiplet, we have
|O|C = |0|C(0). (4.18)
This implies the following operator version of the Casimir equation,
(0164¢301CsPe"M12 931 |0) = C(O)(0]64¢3]O]s” "2 91 |0). (4.19)

For notational simplicity, we have omitted the positions of the operators, which are the
same as in (4.3). The standard Casimir differential equation can be obtained by acting with
C on the right in the left hand side of this equation and expressing this action in terms of
derivatives in  and s. We will take another approach, rewriting the left hand side instead as

(0|3 O[CsP ™12y 91 0) = (0]pap3|O|(C — PFE,,)sP e 1251 |0)
= (0]¢p4¢p3|O|CsP ™12 a1 [0) — (0]|pach3|O| PP K u5P 12 551 |0)
= (0]¢4¢p3|O|CsP ™ 1291 |0) — (0|pap3 PH|O| K usP 129501 [0),  (4.20)

where in the last line we have used the conformal invariance of the projector |O|, i.e. that
it commutes with all conformal generators. Rearranging, we find

(0[¢463O|(C — C)sP " 12621 0) = (0]pacp3 P*|O| K u5P " 1201 |0). (4.21)

We will now derive the recursion relation (4.7) by evaluating both sides of this equation
with the help of (4.4).
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4.1.1 Left hand side

To warm up, let us consider the left hand side of this equation first. Using (4.4), we find

(0]¢43|O|(C—C)sP e 12 9y, |0)
= > (0]ads|Ap, Ma,q) (Ap, Ma,ql(C—C)sP e 12 h 1 |0)

pamdvmdzq
= Y (C(Apmg)—C(A0,j0))(0pas|Ap,Mqg,q) (Ap, Ma,qls” 12 p21 |0)
pamd7md7q

e ™ (cos
=D (Cpi—Cojo)hp s>t j(f)@ (4.22)
p=07=0 Cj (1)

where the last line follows similarly to (4.5), and we also made use of the fact that we
arranged the descendants into R x Spin(d) multiplets. We can already see that we are on
the right track — the coefficients in this expansion exactly reproduce the left hand side of
the recursion relation (4.7).

4.1.2 Right hand side

Let us now analyze the less trivial right hand side of (4.21). We first look at the contribution
of a single term of (4.4). For simplicity of notation, we will omit the degeneracy index ¢
for now and restore it later. We thus consider

> (01haga P | A, M) (A, Ma| K us” " 12 42631 10). (4.23)
My

Left three-point structure. We will first evaluate the left three-point function by com-
muting P on the left. We have (see appendix A for our conventions on conformal algebra)

(0194 (00)@3(1) Pul Ap, Ma) = —(0|¢a(00)Fpup3(1)| Ap, Ma)- (4.24)

The crucial point is that the knowledge of (0|¢4(00)p3(1)|A,, My) and R x Spin(d) invari-
ance allow us to evaluate

(0l¢a(00) @3 ()| Ap, Ma) (4.25)

for any « € R%. In particular, we can compute the right hand side of (4.24). For example,
note that

(0]p4(00)D1¢3(1)|Ap, Ma) = —(0]pa(0c0)P3(1)(D + Az — Ag)|Ap, My)
= —(Ap + Az — Ag)(0]pa(00)P3(1)[Ap, My). (4.26)

Here the first equality follows from action of D on the left while the second equality follows
from action on the right. The minus sign in front of A4 is due to the fact that we placed
Q4 at infinity. Analogously, for u # 1,

(0]4(00) 03 (1)|Ap, Ma) = —(0]pa(00)P3(1) Miu|Ap, Mg). (4.27)
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Here we can act with M, on the right by using the representation mg for My,. As
we discussed in section 2.3, such actions can be described by means of a reduced matrix

element,
m m
<fmﬁ1|Mw“|fmd>=< 7 >< d—1[Ma18g1). (4.28)
m; 4 mg—1
We conclude
m m
(0] @a(00)da(1) PU| Ay, M) = S [ME| () 181 ) X
S\ My my—1
md
X <0|¢4(oo)¢3(1)|Ap,9ﬁ’d>, (4.29)

where uy = ug_1 = .
Note that the states P%|A,, 9,;) are just some other descendants of O. It is convenient
to decompose them into the irreducible representations of Spin(d) by defining the states

[P Ay, mg M) = > (Mtly|IMy) PU[A,, My), (4.30)
Ma, U

where my € [] ® my and <93?dild|53v?d> are the vector Clebsch-Gordan coefficients. We can
decompose this sum according to Spin(d — 1) symmetry of the three-point functions as

P, Ay, mg; M) = > PEIS | A, M) (Mg 0,0, [MNy)
My

+ ) PRA, M) (Matly D),

M y,8y
my
my

ug_1=]
my []
m _
I )<5md—1ﬂd_1|9ﬁd_1>. (4.31)

— PDN,...|AP’ my ﬁd—1> < N
mg 1 e

+ j{: ])udhﬁp’ﬁnd>< mg []

Mg.4q mg-1 [

ug 1=[]

mg_g

Here we made use of (2.92) and of the triviality of CG coefficients involving the trivial
representation. Using equations (2.53), (4.26) and (4.29) we then find

~ 3
mg my

4
<0|¢4<oo)¢3(1>|P,Ap,md;s)Ttd>:[~ ]<0|¢4<oo>¢3<1)|Ap,mdsﬁd_o, (4.32)
p

mg—1
my
mg_q

my my [
mg_i mg_ []

where

~ 34
[“ld md} (1A, + Ag— Ay ( ma [

mg_ mg . e

M ) : (4.33)

mg
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As we discuss in appendix B.4, the two terms in the last expression are in fact proportional

my my; [ my
~ )
mg i mg 1 [] mg 1

(4.34)
where (mg [J|my) is given by (B.27)—(B.29). This leads to

to each other,

> (o

mg—1

muy

o ) : <—1>d-1<mm\ffld><~md .

mg-1 mqg.pi e

~ 34

mg m ~ myg []
[ ¢ d] :(—l)d(Ap+A34—(mdD|md))<~ ¢
myg_1 ) mg_|1 e

M ) . (4.35)

mg

Note that we have not yet actually specialized to the case of scalar operators, except in
deriving (4.29).3* Let us do this now.

We start by observing that we necessarily have my_; = e in order for both sides
of (4.32) to be non-trivial — both sides are proportional to Spin(d — 1) CG coefficient
(o,...;0 ... léi)vtd,l) which defines the three-point structures, see equation (3.17). The
selection rule my € my® [], combined with the requirement that in the scalar case my = j
and my are both traceless-symmetric, leaves only two options, my = j(£1), in notation of
appendix B. We therefore only need to compute
[j(ﬂ) j] o

(4.36)

According to (4.35) we have

i

. .34
[J(i.l) J] _ (_1)d(Ap + Aszs—(j D‘j(il)) (

p

j(i1)> (4.37)

By using the explicit expressions from appendix B we find

. .34 :

[J(—.l) J] = (—1)4A) + Agy — j —d+2)1/ﬁ (4.38)
. .1 34 .

[J(-i-.l) J] = (—1)4 Ay + Agy + j)\/ m (4.39)

One can already recognize here parts of the recursion coefficients F;t in (4.8). In order to
obtain the complete expressions, we need to consider the right three-point structure.

Right three-point structure. We now consider the right part of (4.23),
(A, M| K, 5P 12 a1 (0) = s THA, My K, e?12 6901 |0). (4.40)

Let us denote
(Ap, My; K, Ug| = (Ap, My| Ky, (4.41)

34For more general operators there will be extra contributions (which we discuss in section 4.2) to (4.29)
and thus also to (4.32). The formula (4.35) for the universal contribution (4.32) will remain the same.
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and write
(Ap, My| Koy, €12 00110) = Y (Mgthy|e? 2|80 x
0,0,
X (Ap,fm’d|K%¢2¢1|()>. (4.42)

We first compute (A, M| K, w, 0201 |0) in the same way as we computed the left three-point
function. We can make a shortcut by noting

(B, M| K, 626110) = (01261 P41, 1) ) (4.43)
and reusing the results for the left three-point function. This gives us
_, 21\ *
(K, Ap, mg; Myl p2¢1|0) = [ oy ] (Ap, mg My $2610), (4.44)
d—1 »
where
— 21
[nid, d] (4.45)
m
d—1 D

is given by an analogue (4.35) with Az, A4 replaced by Ay, A1, and we defined
(B, A g M| =y ([M80G) (A, NG| Ky, (4.46)
M
Finally, note that we can rewrite the Spin(d) matrix element in (4.42) as
(Mashale™ 2 M) = D" D (Mabla[Ma) (M”52 [0) (MM, (4.47)
rﬁd:r’hii iﬁtd,fﬁt&

where the summation is over my € mg ® 1. Note that the CG coefficients here are the
same as in (4.30) and (4.46), explaining the usefulness of these definitions.

Combining the results. By combining equations (4.30), (4.32), (4.42), (4.44), (4.46)
and (4.47) we can rewrite (4.23) as

> (01¢az Pl Ap, M) (A, M| KHsP P12 o1 |0) =
My

~ 34 - 21\ *
— Dptl Z Z [Hid md] Hld/ my %
s = myg 1 ) mdl

mge[J@mg o, o',
X (0]¢4(00) 5 (1) Ap, my My_1) %
X (Mg e?M12(907) x

X (Ap, mg My 62(1)$1(0)]0). (4.48)

Here m/, = mg. The right hand side of (4.48) now has the same form as the generic
contribution (3.8), except that the state (A,, mg) now contributes as a state with dimension
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Ap41 and spin my € [ ® my with a relative coefficient determined by the representation-
theoretic data through (4.35). In the scalar correlator case these contributions have the
form determined by (3.36). It is trivial to account for possible degeneracies and arrive at
the following result

D (0ladsPul Ay, Ma, q)(Ay, My, q| KsP 1201 |0) =

pvmd7md7q
e ") (cos 0)
:ZZ p—1,5—1 :0 1j— 1+Fp 1]+1AP 17]+1) AOH}JT7 (4‘49)
p=0 j=0 Cj (1)
where

s, e ({j(i}) j 21) ; (4.50)

Given the definition of (4.45) together with the formulas (4.38) and (4.39) we immediately
recover the result (4.8) of [71]. By comparing (4.49) with (4.22) we also recover the required
recursion relation (4.7).

This derivation may seem much more elaborate than that of [71]. However, it has
several advantages. The first is that the recursion relation is determined not by some
particular identities satisfied by Gegenbauer polynomials,® but instead by a simple set of
representation-theoretic data — by the reduced matrix elements and isoscalar factors. The
second is that it is completely general and only a few modifications are required to find the
recursion relations for the most general conformal blocks, as we now discuss.

4.2 Spinning conformal blocks

4.2.1 Difference from the scalar case

Let us now consider the general case of spinning conformal blocks. Looking at the derivation
of scalar recursion relation, one can see that the first essential deviation in the spinning
case happens in (4.27), which needs to be replaced by (recall that p # 1 in this context)

(0107 (00)3, 0T (1) A, M) = —(0]OT4 (c0)OT (1 1) Mspl A0 ) (4.51)
— 3 (I M ) (01034 (00) O3 (1)] A, )
gﬁld
+ 3O My, 98 (010 (00) 034 (1) | A, M),
ml4

Analogously to (4.26), the relative sign for action on Oy is required because we have
placed that operator at infinity. This forces this operator to transform in the reflected
representation, which is essentially defined by replacing the generators for M;,, with —Mj,,,

350f course, given the representation-theoretic interpretation of Gegenbauer polynomials from (3.99),
the identities satisfied by Gegenbauer polynomials can also be understood from representation-theoretic
point of view.
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hence the relative sign.?® Note that this does not affect the Spin(d — 1) representations,
and so the results of section 3 regarding three-point functions still hold.

To proceed, we need to put these new contributions into a form similar to (4.32). Let
us focus on the contribution from O3 which is proportional to

m4 m/B
> (M a1 ) (0]O;  (00) O3 (1)| A, M) (4.52)
'3

As is already familiar, we start by writing out the matrix element as

1307 71 81 13 mg 0 mg 3 3
(md \M ‘Dﬁd> = m’ M m <md71 fimdqud—lf (4-53)
d—1 d—1

We then recall from (4.31) that in the end we would like to contract (4.52) with
(My_18g—1|My_1). We are therefore led to consider the combination (we have temporarily

omitted the summation over m/ | and my_1)

13 3 e my o7} A _
> (M1 [T 1 a—1) (Mg—1Ua—1|Ma—1)(0]O, 4(00) O3 ¢ (1)|Ap, Myg) = (4.54)

g M3 Mgy

At this point, we should recall the structure of the three-point functions (3.17), leading to

13 4
mg_ Mg

= ST ) (M 81 M1 ) (O] M My, )N
ﬂd,1W&371Wd,1 ,t

mg_1,t

(4.55)
By separating the sum over ¢, we find the objects

ST (MG ) (M1 81 M1 ) (0| T My, t) = (4.56)
Ug— M3 Mgy

These objects have the same invariance properties as 3j symbols, and thus should be
expressible in terms of them,

- 3)
m4_ m3_ mgy 1 vy
t - d—1 !

The constants

4 3 & @
Mla—1 Mg Md-1 (4.58)
L mg— mg—l H

are known as 6j-symbols or Racah coefficients of Spin(d — 1).37-3® We added a label (3) to
the notation for the 65 symbol to distinguish its definition from the definitions (4.69)—(4.72)

36This is most easily understood by considering the radial quantization as the limit of NS quantization [97]
with poles at the positions of @1 and O4 as Q4 is taken to +oo.

37Up to inessential normalization conventions. We will not make a distinction between the two terms.

38Interestingly, a different kind of 65 symbols recently played an important role in another approach to
conformal blocks [80].
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for the operators 1,2, 4 which will appear later.?? Note that we can represent this equality
schematically as

(4.59)

Restoring the OPE coefficients and the summations over ¢, my_1 and m’il, and adding
the isoscalar factor from (4.31) we find

o '3 —
Z <m&3|M1ﬂd71|m3><0|O4 d(OO)OS d (l)yAp,md><md_1ﬂd_1|9ﬁd_l> (460)
m:i379ﬁdaud71
md D Hld m4 mg __ ,
~ = 0 O d O d 1 A , m 3 ’
) (mdl U] md1> (010, (00)O03 (1) Ap, mg My—1)

where prime on the three-point function indicates that the OPE coefficients A have been

replaced with )\ defined as

3 4
m; Mg g

NN/

(Mg, (4.61)
m> m?> my (]| m m? m3  m ~m’3 | m?

_ Z d | pf d d d d—1 Hg—1 Hd-1 )\mdflﬂmdfl

= N s .
mg) 1 mzfl mg 1 []|{mg 1 ] mg 1 mi?,l o -1

md—l,mg’,l,t
We can easily perform a similar analysis for the contribution of O4 as well as for the

O

operators 01 and s in the right three-point function. Note that the right hand side
in (4.60) has essentially the same form as the universal contribution (4.32), and thus we
can continue to derive the recursion relation in an exact analogy with the scalar case.

4.2.2 The general form of the recursion relation

It is now straightforward to finish the derivation of the Casimir recursion relation. The
operator version of the Casimir equation is given by the spinning analogue of (4.21),

~ 4
(00T 20T0|(C - ¢)sPefM2 0T 0™i|0) = (0|00 PHO| K ,sP M2 0T oM o),
(4.62)

390f course, there is only one type of 6 symbols for a given group, and this label is superficial. The 65 sym-
bols with different labels can be obtained from the 65 symbols of the form (4.58) by certain permutations
of columns and introduction of normalization factors. Such relations are, however, convention-dependent,
and we therefore avoid using them and instead use the labels such as (3).
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Completely analogously to the scalar case, the contribution of a single term of (4.4) to the
left hand side of this equation is given by (3.27) multiplied by the difference of C and C
eigenvalues,

S 0107 O Ay, Mg (A, M| € — €) 212074040y
My

g l’md B A v sAp pMd:Md—2
=20 2 2 (CApma) = CONA ™ A s PRt (0)x
m

m st m
dl/dl d—2

m R4

d—1’
M Mgy Mgy | M
X lfmé‘ﬁlél mg_1,t md,g‘m’dfl,t w2 oz |- (4.63)

Introducing the shorthand notation (3.19) and (3.20), restoring the dependence of A on
p,my and ¢, and summing over the possible degeneracies ¢ we find

S (0[0TOTH A, M ) (A, My, (€ — C)sP M2 00T o) = (4.64)
mdvq

mg,m m3 ml
=3 > (OB ma) = C(O)) ALy, 5™ Pnt™™ 2 () [m%‘b\m“}‘“mg]’

a,b mg_o

where the OPE matrix A is defined as

b b
Apamd Z )\avmdzq)\pzmd)q' (4'65)
q

Following the discussion of scalar recursion relations in section 4.1 and the modifications
mentioned in the beginning of this section, we can find

4 3 2 1
3 (010705 YAy, M) (A, M| Ky, 71205107 0) = (4.66)
My,iq

& om3
= X GV s> PR ) [ o]l ]

my€[ |Qmy a,b mg_o

Here the matrix ~ is defined as

m)_,m}_, ~ % I?1d my [] m}  m? |
Mpamama) gy, o = (1) (Ap=Asz—(mqmy) )(Hl& i .> v (4.67)

/ 12 !/
my U/ mg_, my , 0 ),

m D ! 2 1 (2) 1 2
d {md—l my md—l} A1

*
9 ~
| m3 my
m’? m’
d—1 d—1

*
L _
O my my
m’} m’
d—1 d—1

2
i Z ( mngil

12 ’ ’
my .t mj_

~ / 2 1 (1) /1 2
mg [] {md—l my_ 4 md—l} A1y
/
my_q[]

/1
m;_ 1t md
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while the matrix 74 is defined as

my []
mg_1 e

3 4
mg_mg_y

(ﬁp,mdﬁldj‘)ﬁ‘ld:ht' - :(_1)d(AP+A34_(mdDmd))<

!
md—l mg_1,t

M )Yi‘zl“‘ﬁl (4.68)

3 3 0l m 4 3~ B .,
N Z m} O m3 my my {mdl m’ md_l} i m
3 3 i 13 mg_1,t
g, \d—1 my ) \mg—1[]jmg— 0 mgmg,}J,,
d—1'0 -
4 4 0l m 4 3~ CORNN '
— E My MD my my mgq {mdl my 4 md—l} j\md—lﬁmd—l
4 4 i~ 14 mg_1,t .
mg_ mg mgi[Jjmg ) (mg-1 [] mg,J , !

14
md 1stmg_q

The 65 symbols are defined as solutions to the following equations

2 1 1 1 \/m
Z (O, 1900 g ) (Mg £ |9y ) (Mg [y 8y _y) =
My

. (1)
/ 1 .
= { /17 . /7 } < /d—lvtl/|m§—1m¢1i—1>v (4'69)
t" -

Z (O, |97 Mgy ) (O 40 [9MG ) (M 19Ty 405 4) =
MMy

2)
Z m m> m —~
- {md 1 md ' él} (_q, 8 [9MG_19MG_y), (4.70)
" d—1 d—1 e

> (019 Oy (Mgy, ) (O 95 g1 ) (Mg 1 8ha—1 [ M) =
mii?)fl )ud— 1 7md— 1

(3)
md 1 md 1 Mg—1 4 3 om /
= MM My_q,t 4.71
E { O L 5,1} (O] M1 (My-1,1')), (4.71)

> <orzmd_1 M (Mg, ) (O |9 gy ) (M1 g [ D1 ) =
mii4,17ud717md71

- (4)
4 3
_ mg_; My 4 mdl} (0[ond_ o3 (ﬁ o
= Z 4 d—1 g1 (My_1,1)). (4.72)
{md—l Lomg_q),,
Reintroducing the degeneracy index ¢ in (4.66) we find
4 3 2 1
3 (0]0FOF P A M) (A, M| Ky, 5120407 0) = (4.73)
D:ndvud7q

- ba Ap+1 pMa,mg_2 S)ﬁg mt}l
= Z Z Z (7p7md,ﬁldAP7md’YP7md7fﬁd) § Pmd,l,mjiil(e) gﬁé ‘b‘md_2‘a‘9ﬁ?[ :

my€[ |®my a,b Mqg_2
Comparing (4.64) and (4.73) we arrive at the following recursion relation
(C(Apt1,ma) =CONN m, = D (pmymdApmatpmem,)™" (4.74)
mg€[®my

Equation (4.74) represents the main result of this paper. It gives a recursion relation for
the power series coefficients A of a completely general conformal block. This relation has
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the same structure as the scalar recursion relation (4.7) and can be solved starting from
p = 0 in a straightforward way. The main difficulty lies in evaluation of the coefficient
matrices v and ¥, so let us discuss this in some more detail.

Suppose that we have chosen a concrete four-point function for which we wish to evalu-
ate the conformal blocks, i.e. we made a choice of mﬁl. If we look at, say, (4.68), we see that
all the sums are finite and the number of terms is independent of mg 1 or mg 1, which are the
only weights that can be arbitrarily large for the given four-point function. Moreover, each
term contributes to a single element of the matrix 4. Furthermore, we see that my and my
only enter into the simple quantities (isoscalar factors for vector representation and reduced
matrix elements) for which closed-form expressions are known (see appendix B). Similar
remarks apply to (4.67). This means that if we compute for the given four-point function
a finite number of 65 symbols (4.69)—(4.72), we can then express the matrices v and ¥ as
closed-form analytic expressions in mg and mg, thus obtaining a closed-form analytic ex-
pression for the recursion relation (4.74). If we know all the CG coefficients in (4.69)—(4.72),
then the calculation of a finite number of 65 symbols is a simple linear algebra problem,
so we can assume their knowledge to be equivalent to the knowledge of CG coeflicients.

As discussed in section 2.3, in several important cases the CG coefficients are known
analytically (and so are 6j symbols). In these cases we can write closed-form expressions
for 4 and . In the rest of this section we consider two such situations: general blocks in
d = 3 and seed blocks for general d.

4.3 Example: general conformal blocks in 3 dimensions

As discussed above, the only non-trivial ingredients in the recursion relation (4.74) are the
67 symbols entering the expressions (4.67) and (4.68). In d = 3 these symbols simplify
dramatically. However, before computing them, we need to understand a small subtlety
which arises in d = 3.

In the derivation of the recursion relation, we have encountered isoscalar factors such as

mg O] my | (4.75)
mg_1 [

my_,
In d = 3 this presents a problem since we should instead use the isoscalar factors

m3 [ (m}
4.76
(22 -

mg
because the vector representation is reducible in 2d. One can still use the formulas of
appendix B to compute the value of (4.75), but we need to interpret it in terms of (4.76).
Such an interpretation, together with a analogous discussion for reduced matrix elements

is given in B.3. Using these, one can check that (4.33) still holds in d = 3 and we can
still simplify it using the sum rule from appendix B.4. The formulas of section 4.2 can
also be seen to remain valid if we interpret the sum over s in (4.69)—(4.72) as a sum over
uz = (+1) and ug = (—1).
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Consider, for example, the equation (4.69) for the 65 symbol related to Oy,

Z (O, 8 [OVT 9M ) (O8hy |90 ) (D |9 84y y) =

/1 / U
9:nd—l ’ud—l ’md— 1

. 1)
m’ m2 ml .
= { gt el /dl} (O, |G My ). (4.77)

In d = 3, taking into account the subtlety discussed above, this equation simplifies to

1)
m' mso mq
Z 6m’7m2+m/15m’1+u’,m15ﬁl’,m’+u’ = { } Ot ma+ms - (4.78)

! !
m m
w=%1 1 U

It is solved by

~ (1) 1 _ I I +1
m' mo my )L mmmy=ml —m = (4.79)
my O m' 0, otherwise
Similarly, we find
~, (2) 1 ol = — ol — 41
m’ mo My _ , M2 — My =M m = (480)
my m' [ 0, otherwise 7
-\ 3 , ~
My M3 M B 1, my—mgzg=m—m==%1 (4.81)
0 m mj 0, otherwise ’ .
-\ @ , ~
mg m3 m B 1, my—ma=m-—-—m==1 (4.82)
m [0 my 0, otherwise . .

Recall that the right OPE coefficients in 3d are parametrized as A"™1"2. We then have,
according to (4.67) for j = j + 1,

(AMYp,jga1) ™2 = (4.83)

(] —mi—mo + (5:|:7+)(j +mi +mg + 5:|:,+)
(27 +1)(j +6+4)

Amime

—(Ap—Apptj— 51,—)\/

B Z n (J2 + uma2)(j2 — umea + 1)(j £ umy £ uma)(j £ umy £ umg + 1)
2 G000+ 1)

A1 (ma—u)

n Z 4 (j1 +umi)(j1 —umy + 1)(j £ umy £ ums)(j £ umy £ umg + 1)

i : )\(ml—u)mQ’
) 40 +0+,4)(2) + 1)
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and for } =7

(AMyp,j)™™2 = (4.84)
(o B D
J(+1)
n Z " (J2 + uma2)(j2 — uma + 1)(j + umi + uma)(j — umy — umsg + 1))\m1(m2_u)
P 135G+ D)
B Z " (J1 +umi)(j1 —umy + 1)(J + umi + uma)(j — umy — umsg + 1)>\(m1—u)m2
2 LG+
Similarly, from (4.68) we find
(’S/p7j7j:|:15\)m3m4 = (485)
. (j—m3—ma+0x+4)(J+ms+ma+0s4)s
— (A %—A&iij-—éi_ — LT \TeTe
(B ) (27 +1)(J + 0x,4)
B Z —ums3)(j3 +ums + 1)(§ F ums F umy)(j F ums F umyg + 1) 3 (ma-+uyma

2 40 +0e1)(2 + 1)

LY s (Ja = uma) (ja + uma + 1)(j F ums F uma) (j F uma F uma +1) s (mat)
4(j +0+.4)(25 + 1) ’

u==1
(Tp,jg A = (4.86)
(A + Agy — 1) 2L I s
i +1)
n Z (j3 — ums)(j3 + ums + 1)(j — ums — ums)(j + ums + umy + 1)5\(m3+u)m4
=, 45+ 1)

B Z " (Ja — uma)(ja + umy + 1)(j — ums — umy)(j + ums + umy + 1)5\m3(m4+u)'

P 45+ 1)

4.3.1 Scalar-fermion block in 3 dimensions

As a concrete example, consider the scalar-fermion blocks in 3d [73, 80]. In this case we

have j1 = j4 = % and jo = j3 = 0. Matrices A then have the indices

1
mi, My = :|:§. (4.87)

mq,m1
y2¥) ’

In terms of these coefficients the conformal block takes the form, according to (3.41),

<0W}ZL4¢ |O|SD60M12¢ wmllo Z ZZAW4,m1dJ_m47m1( 9)6m4’ﬁl45m1’7’;‘11. (4.88)

m1,mq4 p=0 j=0

The intermediate representations are ms = (j) with half-integral j > % The Casimir

eigenvalue is given by
Cpj = Ap(Bp =3) + 51+ 1). (4.89)
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Using equations (4.83)—(4.86) we find

. 3 .
+1 . ]"’_5 41 1 7+ 1
. =—(Ap,—A —y | 2T 4.90
(Mp,gj+1)72 (A, 12+7) 2(j+1))\ 2 + 2\ 261 D) 2, ( )
+1 . _% 411 j_% Fi
(Mpji-1)72 = =(Bp — A —j—1) % Ao % AT2, (4.91)
3 1 1 11 (j+y) 1
(Mpgg) 2 = F(Ap — Apg — 1) s ———AF2 F -2 \F3, (4.92)
’ 25 +1) 25 +1)
_ 4l . jH+2 0 1 g+
NTE = (A, + A JT2 N+ o [ L2 5T 4.93
(Fp.ji+1A)™2 (Ap + Ags +j) 2G + 1) 2 +2 2+ 1) 2, (4.93)
_ Ty\+1 . ]_% w1 1 /7 _%—:Fl
(Tp.ij—1A)"2 = =(Ap + Aza —j — 1) T AT (4.94)
Y 1 1 11 (4 3)
(Fpjg N T2 = (A + Agg — 1) ——F2 & - ———2-_)F3, (4.95)
o 8 235G +1) 235G +1)

Using this in (4.74) we immediately obtain the recursion relation for coefficients (4.87).
For example, we have

C1
J+ 2 \F3ts
2j p—1j—1

+l7+l . .
(Cpj = Cogo)A, 7 2 = (Bp1 — Az +j —1)(Ap1 + Aza +j — 1)

4 1j+3% 141
—(Ap_1 — A +j — 1)5 2j2 pfl,j31
 +

— §(Ap_1 + Az +j—1) Ap_zLjEl
1j+3,-3-3
ZT p—1,j-1 T s (4.96)
where ... represent contributions from A,_;; and A,_; j+1. We compare the conformal

block generated by this recursion relation with the known results [73, 80] in appendix C,
finding a perfect agreement.

4.4 Example: seed conformal blocks in general dimensions

We have already considered the seed blocks in section 3.5. Here, as in previous subsections,
we start by computing the 65 symbols (4.69)—(4.72). Since in the seed block case the
operators O and Oz are scalars, we do not need the 65 symbols for them.

For Oy the equation for the 65 symbol specializes to

Z ( fi—l’mf—lﬂmg—luil—l‘img—ﬁ(gﬁil—l‘mii—luii—ﬁ =
M8y

2)
2 2
_ Mg Mgy ® m. (92 4.97
{méf_l mf_lm} (D195 1), (4.97)
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and we can simplify the left-hand side to

(0T, |9M5_1) (4.98)
which implies that simply
2)
2 2
e M 2L (4.99)
mg ; mg ;[

whenever the selection rules are satisfied. Similarly, equation (4.72) specializes to

Z (O[99 ) (U |94 841 ) (9181 [Mg_y) =
ML g1, Mg_q

m; ;e my w i on
= mT, O m (0121 Ma-1), (4.100)

and the left hand side can be reduced to
+ (O]9 My_1), (4.101)
4 14

where the sign is equal to*° (—1)m3*1_mfi4*1 unless mj ; = my ; and d = 4k in which case
it is equal to —1. To see this, one can use the identity

> (01 D) (MG Gy 8hg1) = £ Y (019G MG ) (MG Mg 184a-1),
mglfl S):n;lfl

(4.102)
where the sign is as above. Up to normalization, it has to be true because both sides
have the same Spin(d — 1) invariance properties. Up to a phase, the normalization can be
determined by fully contracting each side with its Hermitian conjugate. The sign can then
be found by setting ;1 = ([, e,...) and examining the phase on both sides using (2.46)
and the formulas in section B.2.

This implies that

(4.103)

4
mi | e mﬁ_l}( ) {—1 m} | =m/}  and d =4k '

4 /4 .
{mgl_l 0 m/} (—=1)™a-17™d-1  otherwise

It is now straightforward to substitute these 6j symbols into the expressions (4.67)
and (4.68) for the matrices v and 7 to obtain closed-form analytic expressions for them.
The final general expression is not particularly illuminating, so we do not write it out ex-
plicitly. Instead, let us again consider a specific example, the scalar-fermion seed blocks in
d = 2n dimensions.

40Here, as before, (—1)™¢ is defined as 1 unless d = 4k + 2 in which case it is equal to (—1)™4k+2,2k+1,
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4.4.1 Scalar-fermion blocks in d = 2n dimensions

We have considered the structure of these blocks in section 3.5. The OPE matrices A are

1 x 1 and there are two types of exchanged representations, j* = (j, %, ceey %, :I:%) Thus,

we can label the OPE matrices as

Apjis. (4.104)

We can arrange them into a vector as in section 3.7.4,

A
Anj==<A“?+>. (4.105)
PJ—
We furthermore have
Oejif=G+D)r*ae-1*aj. (4.106)
Equation (4.67) reduces to
N — (A, — A+ ) 1j+2n—%
Tpit,G+DE = (B 1277014/ 5 j+n—1

i +i 1j+2n—3
— [ =v2 Q - 2
(2 " Van—1\2j+n—1
1 1j+2n—3
= (A, —A + =) fz—2 4.1
<p 12+ 2> 2j+n—% (4.107)
1 j—3
MYy it (i = (A, —Ap—j—d+2)/=——2 )
Tt -0t = (Bp 12— —d+2) 2j+n—3
i Ti 1 j—43
— | =v2n—-1 - A
<2 ><\/2n—1 2j—|—n—§>
1 i—3
= (A, —Ap—j—d+2F =) /=—2+ 4.1
(8-t i-av2w ) [l (4.10)

1 2n —2
)\ . . = A —A - = >\
Vot i <p 12 n+2>¢@j+%L3X%+2nD

i F2i(j +n — 1) o — 2
_<2foi>< Von—1 ¢CU+2n—3K%+Qn—U>A

1 1 -1
:<AP—A12—H+2:F(j+TL—1)>\/ 77:; 1/\. (4.109)

2(+n=3)0+n-3)
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Similarly, we find from (4.68)

1 1j4+2n—2
_ , 1 3
'7p7ji’(j+1)i)\: (Ap+A34+]:|:(_1)" 2) im ’ (4.110)
. . a1\ 1 -3
Yot (-)EA= | Bpt Az —j—d+2F(=1)"" 5 §j+n_%A, (4.111)
1 1 n—1
Vpit 3 A= | Ap+Azg—n+-F (=" (j+n—1 ) )\. 4.112
Finally, the Casimir eigenvalue is given, according to (4.14) and (4.15),
2n —2)(2n -3
Cp,j ZAp(Ap—Zn)+j(j+2n—2)+( i ). (4.113)

8

The recursion relation (4.74) can then be put into the form

- 0
(Cpj = Cojo)Ap; = F;quAp—l,j—l + 1, 1 A1+ + D1 1 A1 (4.114)

where
I —(Ay=Arotjrs ) (Ay+Agjt(—1m 12 Jt2n—y (10)
pi =\ TrT DRI T J{ T asTd 2)2j12n—1\00
1 11\ j+2n—5 (00
Ap—Apg+j—= | [ Ap+Agy+j— (1) 1o ) Z—— 2 4.115
—i—( p—A12+] 2>< pFA34+7—(—1) 2)23—1—271 1(() 1), ( )

1 1 j—1 10
o =(A,+A—j—2n+2—= | [ Ap+Ags—j—2n+2—(-1)" 12 | —2
i <p+ 12—J—2n+ 2>< p+Azs—j—2n+2—(—1) 2>2j+2n—3 (0 O)+

1 1
+ <AP+A12—»7'—2"+2+2> (Ap+A34—j—2n+2+(—1)“2>

1
w-J-2 (V0) (4.116)
274+2n—3\0 1

3 1
= <AP—A12—]—27’L+2> (AP+A34_TL+2_(_1)n_1(]+n—1)> %

o 2n—2 00 n
(2j+2n—3)(25+2n—1)\1 0
1 1
+ <AP—A12+j—2> (AP+A34—n+2+(—1)”_1(j—|—n—1)> X

92 01
. 4117
“2j12n-3)(2j+2n—1) (0 0) (4.117)

The full conformal block can then be expanded by using a generalization of (3.98),

([ 41b3| O s ™M 124ha 1 [0) = Y Y " s2HPA,, ;- PI(0) - T, (4.118)

p=0j=0
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where T = (t,,t_) and the matrom P7 is given by (3.93). In appendix C we compare the
conformal blocks obtained from this recursion relation with the known expressions in 2d
(n=1) and 4d (n = 2), finding a perfect agreement.

4.5 An efficient implementation?

We have derived the Casimir recursion relation for general conformal blocks. Our derivation
relies on the knowledge of a number of 6j-symbols of Spin(d — 1). As we have discussed,
there are important cases, such as general blocks in 3d and 4d or seed blocks in general
dimensions, where these symbols are readily available. In other cases, they can be computed
as soon as the relevant Clebsch-Gordan coefficients are known. These Clebsch-Gordan
coefficients are needed anyway for the three-point functions (and can be derived from them),
so it is reasonable to assume that the 65 symbols are computable in all cases of interest.

If the relevant 65 symbols are known, then our results provide a closed-form expression
for the recursion relation (4.74). This is a quite general result, so it is interesting to discuss
the possibility of employing it for an efficient computation of spinning conformal blocks.
Assume that we have fixed numerical values for scaling dimensions and spins of the external
operators and the spin of the intermediate primary and would like to compute the conformal
block and its derivatives as a function of the intermediate dimension An. The simplest
approach is to naively iterate the recursion relation and find the coefficients of the power
series expansion in z-coordinates.

This approach has several obvious disadvantages. Firstly, the z-coordinate expansion
converges much slower than the p-coordinate expansion [71]. Secondly, the coefficients of
the expansion are going to be some complicated rational functions of Ay, manipulations
with which are costly. Moreover, the difference of Casimir eigenvalues in (4.74),

C(Ap + n,my) — C(O) = 2nAo + n? — nd + C(my) — C(mY), (4.119)

produces a lot of apparent poles at various rational values of Ap. We however know that
the conformal blocks can only have poles at (half-)integral values of Ay [72]. This implies
that there must be a lot of cancellations, which make the direct analytic even less optimal.
Let us discuss some possible solutions to these problems.

The first problem can be in principle avoided by converting the z-coordinate expansion
into a p-coordinate expansion. It is possible because we have the relation z = 4p+0(p?), so

if we know the expansion of f(z) to order 2

, we can compute expansion of f(z(p)) to the
same order p". If the coefficients in expansion of f(z) are numbers, and we aim to evaluate
f (%), then this conversion can be done efficiently by defining z]]‘{, to be equal to the p-series
of 2¥, truncated at order pV and with p set to p = 3 — 2v/2 (the value corresponding to
z = 3). Then the number f(1/2) can be computed by simply replacing z* in its z-expansion
by the numbers zf\, These numbers can be precomputed once for any given V.

However, as we noted above, in our case the coeflicients of z-expansion are complicated
rational functions and thus this conversion would have to be performed using symbolic
algebra. To solve this problem, it is convenient to recall that for any conformal block

G(Ap) (for simplicity of notation we keep the dependence only on Ap explicit) the function
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H(Ap) = |p| 2°G(Ap) is a meromorphic function of Ap with either single or double*!
poles and a finite limit at infinity*? [6, 72, 99]. In odd dimensions this function only has
single poles, so let us consider this case for simplicity.*> We then can write

H(Ap) = H(co) + Z AOR_Z'Ai, (4.120)

where A; are the locations of the poles and R; are some coefficients.** The function
H(o0) can be computed in closed form for a general conformal block by a suitable choice
of the basis of four-point structures. Expansion (4.120) is often used to derive rational
approximations to conformal blocks, required for numerical analysis using SDPB [6, 8]. For
this, note that different terms in this expansion are suppressed by powers p™i for some
positive n;. Thus, one can keep only the finite number of terms with n; < M for some
sufficiently large M. Since the derivatives of G are determined by derivatives of H, it is
sufficient to compute the derivatives of R; and H(co) numerically in order to obtain the
rational approximations required for numerical bootstrap applications.

Our recursion relation can be used to determine R; and their derivatives numerically.
Indeed, on each step of the recursion relation we explicitly divide by a linear function of
Ao (4.119). Thus, we know exactly when we produce poles and we can compute their
residues and how they change on each step of the recursion. If we select a subset of A,
we only need to track the derivatives of the residues at these poles, which are simply
numbers. We can avoid dealing with the apparent poles at rational Ay by tracking only
the A; allowed by representation theory [72]. This is similar in spirit to multiplication of
polynomials in Fourier space (as in FFT polynomial multiplication), except we are working
with rational functions. This approach should allow us to efficiently compute the numerical
z-series of derivatives of R;. We can then use the aforementioned procedure to resum it
into p-series at z = %

Note that in this scheme it is most convenient to take the derivatives in z-coordinate.
These derivatives do not necessarily have the fastest rate of convergence among other simple
choices.*® A related problem is that it is not obvious what is the best basis of four-point
tensor structures in terms of convergence.’® The approach based on (4.120) somewhat
solves this ambiguity — it is a well-defined procedure to keep a finite number of poles
in (4.120), and we can then compute R; to an order N higher than M, eliminating the

“1We are not aware of a direct proof that at most second-order poles appear in even d (see e.g. [72, 98]
for a discussion). However, since the scalar blocks have at most second-order poles, the results of [80]
imply that there are at most finitely many higher-order poles in any given conformal block. Also, standard
arguments from complex analysis show that at most double poles can appear from collision of two single
poles, which can possibly be used to show that at least the blocks which can be analytically continued in
dimension d have at most second-order poles.

42 At least for Ap-independent choice of three-point functions.

43The same approach should work in even dimensions, with minor modifications.

44 R, are known to be proportional to other conformal blocks. We do not use this fact here.

45Choice of the coordinate matters: the derivative df(z)/df(z) converges much faster than the derivative
of df (z)/dz.

46The choice of basis matters as well, because the bases can differ by z-dependent factors: even if f(z)

converges quickly, f(z)/(1 — 2)'°° may converge much slower.
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possible discrepancies between various choices. Indeed, if we keep the number of poles that
we track fixed, then the complexity of computing each new order grows only because the
range of allowed values for mg 1 expands.

In order for the above program to succeed, we need to be able to efficiently compute
derivatives of these P-functions. It appears that this problem is largely solved by the
recursion relation (3.88) which can be easily implemented numerically for any choice of
representations given the availability of closed-form formulas for vector isoscalar factors.
We still need an initial condition for the recursion relation. As we discussed previously, it
can be obtained by direct exponentiation of Mi,. However, in numerical applications we
do not even need this. We only need a first few derivatives of P-functions at 8 = 0, which
are given by matrix elements of powers of Mjo, making the computation even easier.

5 Conclusions

The two major results of this paper are

1. The general form (3.27) of a R x Spin(d)-multiplet contribution to a general four-point
function of operators with spins.

2. The Casimir recursion relation (4.74) (and the formulas (4.67) and (4.68) for the
relevant coefficients) for the amplitudes Apm, of these contributions to a general
spinning conformal block.

The first result is expressed in terms of certain special functions P (3.25), which we have
studied in detail in section 3.7. We have described the basic properties of these functions
(including orthogonality relations) as well as a practical approach to their calculation.
In appendix D we have furthermore related these functions to the irreducible projectors
of [76].47 We have studied how (3.27) simplifies in some special cases, namely for d = 3,4
and for seed blocks in general d. We have also proven the folklore theorem which states
that the number of four-point tensor structures is the same as the number of classes of
conformal blocks.

Our second result paves a way to an algorithmic computation of general conformal
blocks. The expressions (4.74), (4.67) and (4.68) give a closed-form recursion relation for
the coefficients of the z-coordinate expansion of a general conformal block, if the relevant
67 symbols of Spin(d — 1) are known. There is a finite number of such 65 symbols for any
given conformal block, and they can be straightforwardly computed if the corresponding
Clebsch-Gordan coefficients are known. The required CG coefficients are indeed known in
many important cases. In particular, we have explicitly worked out the case of general
conformal blocks in 3 dimensions and the seed blocks in general dimensions. To illustrate
the recursion relation in explicit examples, we have studied the scalar-fermion seed blocks in
d = 3 and d = 2n, comparing to the known results when possible. Finally, in section 4.5 we

4"We believe that this is not the most optimal way for computation of explicit examples of functions P,
and one instead should use the methods described in 3.7. Nevertheless, this relation does provide expressions
which may be useful in analytical applications.
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have briefly discussed a strategy for an efficient numerical implementation of the recursion
relation (4.74).

Many extensions of these results are possible. For example, the scalar-fermion seed
blocks can also be straightforwardly obtained for d = 2n+1, we have omitted this case only
to keep the size of the paper reasonable. For the same reason we have not written down the
explicit formulas for the case of general blocks in d = 4, even though these can be obtained
(in terms of SU(2) 6j-symbols) mechanically from the general expressions. Extension to
d = 5 is also possible, due to Spin(5 — 1) ~ SU(2) x SU(2). An interesting problem is
to develop a numerical algorithm for computation of general Spin(d — 1) CG coefficients
and 65 symbols. Combined with the recursion relation (4.74) this would constitute the first
completely general algorithm for computation of conformal blocks.® It is also interesting to
implement this recursion relation efficiently, perhaps along the lines of section 4.5. Finally,
there is always the question whether these results can be extended to superconformal case.
We hope to address some of these questions in future work.
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A Conformal algebra and its representation on local operators

Here we describe our conventions for the conformal algebra. The commutation relations
are as follows,

[D,P,]=P,, [D,K,|=—-K,, (A1)

(K, Py =20, D+2My, (A.2)

(M, Pyl =06,pP)—6,p Py, (M, K| =0u,K,—6,,K,, (A.3)

[ p,l/a ] Vo_(sz/pM,u,o‘i‘d,uaMpy_duchpu- (A4)
The generators obey the following conjugation properties,

D' =D, P'=K, M, =-M,,. (A.5)

“8Here by an “algorithm” we mean an actual complete algorithm which can be straightforwardly trans-
lated into a computer program. Techniques (not algorithms) for computing completely general spinning
conformal blocks are already known [72, 75, 77, 80].
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The generators act on primary operators as follows,

[D,0(z)] = z - 00(x) + AO(x), (A.6)
[Py, O(x)] = 0,0(x), (A7)
My, O(@)] = (20 — 2,0,)0(2) + S Ol), (A8)
(K, O(x)] = (2z,27 — x252)80(’)(x) + 227 (Adpus + S,0)O(). (A.9)

Here S, are the generators which act on the spin indices of O(x) and satisfy the com-
mutation relations opposite to M,,,. Our convention for M, differs by a minus sign from
that of [92]. M, in our case has the interpretation of rotating e, towards e, .

B Reduced matrix elements and vector isoscalar factors

In order to write down the formulas for isoscalar factors and reduced matrix elements, we
need to take some preliminary steps. First, let us consider the decomposition of the tensor
product my ® []. Generically, we have in even dimensions, according to Brauer’s formula,

n
my ® [ ~ @ my(+i) ® mg(—i),  d=2n, (B.1)
i=1
where mg(=+i) is the same as m, but with the component mg; shifted by £1. Similarly, in
odd dimensions we have, generically,

n
my ® [ ~my ® P my(+i) @ my(—i), d=2n+1 (B.2)

i=1
These formulas are valid for generic my, i.e. those with all components non-zero and suf-
ficiently large. For concrete representations, some of the direct summands may disappear
if there are non-dominant weights in the right hand side. By applying Brauer’s formula,
we see that to find the final tensor product rule we just need to remove all non-dominant
weights and, if d = 2n + 1 and mg, = 0, also remove m,. "

We now define the following new parameters,

Tyl = Many1j + 1 — ], (B.3)

Tonj = Man; +n— J. (B.4)

Note that regardless of the dimension, mg ; is a non-increasing function of j. Since we add
to it a strictly decreasing function of j, we find that x4 ; is a strictly decreasing function
of j. In particular x4 ; # x4; for ¢ # j. Furthermore, x4; > 0 except possibly for j = n
when it can be zero (for d = 2n + 1) or negative (for d = 2n). We can also easily check
that |z4 ;| is strictly decreasing and thus in fact x4 ; # £x4, for i # j.

“*This can be seen by analyzing the situations in which mg(44) may fail to be dominant. It turns out
that in most cases there is an affine Weyl reflection which stabilizes the non-dominant mg(+i) and thus
such weights simply have to be removed. The exception is the case man+1,n» = 0: mMapy1(—n) can be turned
into ma, 41 with one affine Weyl reflection, and thus cancels it.
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In terms of these parameters the dimensions of the representations mg have the fol-
lowing expressions

dimmy, — H (2n,i + Ton i) (Ton,i — Ton,j) (B.5)

r<isien W2ni T+ Y20.5) (Y205 = Y2ng)

n

1
T . _|_ = . . 1 . .
di ontl = | [ 2n+1,1 2 I l (x2n+1,z + T2n+1,j + )(1'271—&-1,1 x?n—i—l,])’ (BG)
(Yan+14 + Yont1, + 1) (Y2nt1i — Yont1)

41
where yq, =n — k is x4 for the trivial representation (so that dime = 1).

B.1 Reduced matrix elements

We are now ready to write the formulas for the reduced matrix elements (2.97). We will

my
mg—;

which is more natural from the point of view of (2.98). We have in odd dimensions

mop41 M
moy,

According to (B.1) this gives all possible reduced matrix elements in even dimensions.

give formulas for

o ) (B.7)

(B.8)

Mon1 | [ (Tont1.k F 22n,) (@241 6 £ Tonj + 1)
my, (£j) 2 H%? (Tonk — Ton,j)(Xon ik + Tonj)
J

Note that according to the discussion above, the factors in the denominator are never zero
(assuming that all weights are dominant).

In even dimensions we have

moy, moy, —1 HZ:I L2n,k
M (B.9)

= Y
mop—1 mop—1 \/Hz;ll xanl,k(xQn*Lk + 1)

<m2" M| M >: (B.10)

mo,_1 my, 1 (£7)

[ (xonk — Ton—1,i — 0+ 4+ ) (T2, + Tan—1, + 0+ +)
(Zan—14 + 0+ +) (20201 + 1) [1'2d (Ton—14 — T2n—1.0) (@on—14 + Ton_14 + 1)
ki

where 4 4 is equal to 1 for 4 sign and to 0 for — sign. According to (B.2), this account for
all reduced matrix elements in even dimensions. The only potential zero in the denominator
of (B.9) is from x9,—1,,—1. However, if 29,1 -1 = m2p—1n—1 = 0, then my,,_; does not
appear in moy,_1® [J, and this reduced matrix element has to be set to 0. Similarly, the only
potential zero in the denominator of (B.10) appears for (—) sign and i = n—1, when we have
a factor of x2,—1,—1. Again, it is only a problem if z2,—1 ,—1 = map—1,n—1 = 0, in which
case mo,_1(—n+1) does not appear in my,,_1® ] so we need to set this matrix element to 0.
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B.2 Isoscalar factors

The isoscalar factors are given by formulas of a very similar form. In odd dimensions we

have
Mop+1 LI | M2pt1 _ szl Ton,k (B 11)
Man @ | My VITi—i @on1k@ongip +1)
Moy, 1 O | Moy, (F0) _ (B.12)
my, e mop

[y (®2nt1i — Ton e + 04,4+ ) (Tong1,i + Tan g + 04 1)
(Ton+1,i + 0+ +)(2xon41,i + 1) HE?_ (241, — Tont1,k) (Tont1,i + Tans1 ke + 1)

and the same comments as for the reduced matrix elements apply about the possible zeros

in denominators. In even dimensions the isoscalar factors are given by

mo, [
mop—1 @

To derive the isoscalar factor for ([, [J) pattern in vector representation, we consider the

(B.13)

mm(ii)) _ 1 (Toni F Ton—14) (@2, £ Top—1 4 £ 1)

mo,_1 2 HIZ? (2ni — Ton k) (T2ni + Ton k)
1

following expression,
(Mg; O, 0, ... [ Mo D). (B.14)

Acting with Mi5 on the left, we find
(M50, 00,0, [+ > (M| M| D) (Mg 0, [ V) =

My
!/
_ my [] mZI my 1] m; 4 5 ,
= My_o, M,
my_1 [ mii—l my o e mZI—2 d—2,"tg_o
k
~ /
72 my mg_1 J|mg_g mg [J| my 5 N
g | lmg mg_o e |my o)\ my_qe|m/ | | Pa2Ma2 My M
!/
_( mg O] my mg—y 0oy ) o /
= My_o0, M,
my_1 [ m:j—l mg o e m2l—2 d—2,"tg_o
k
!/ /
my my mgy [Jjm,; 4 myg [ my,
T\ Mz m mg_ o e |m’ m/, . e |m’ Oy Wy (B.15)
d—1 d—1 d—2 d—2 d—1 d—1

Action on the right gives, on the other hand,
D (M50, D) (Mg Mo | 0) =

my m/,
~ /
mg_1 )\ m)

My
!
my ;
my, my,
/
mg-1 mg

mii—2> Ma—1,Ma—1 593?:1_2,9}%—2

*
m:i my [
mg_; mg o e

*
mzl mg_1[]
mg 1 m:i—2 o

D B
— mg_; ®
My

_ [ mg [
mqg.i e

/
md_l
o ) Somy o, - (B.16)
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By comparing these expressions and choosing m/;,_, such that

my | []|m)_
(m, o 1) (B.17)
d—2 m; ,

is non-vanishing, we conclude

mg | m) _ [ ma O m/, m/, u m/, *
mg_; [ |m/_, mg_; e |mg_;)\mj my_
o e D) m Md g, M) (B.18)
my; ;e |my my mg—1

B.3 Comments on d =3

A few modifications to the above formulas are required in the case d = 3. This is because
the d — 1 = 2 and vector representation in d = 2 is not irreducible.

The formulas for the reduced matrix elements of remain valid if they are used together
with (B.13). Indeed, we can compute

. ) _ J m+1l|Om)\| 1 - -
(J,m £ 1[Miz|j,m) = (mi ] My m> ( e leoe > = :Fi\/(] Fm)(j+m+1),
B.19)
which coincides with the standard expression for Mis which follows from
J J_
Mo = —iJQ = —74_ + ?, (B.QO)

as discussed in section 2.2.3. Alternatively, the formula for the reduced matrix can be

J J M J Y\ J M
m m=+1 m mt1

where M1+ = —% are defined according to (2.57) and (2.58) (treating the second index
of M as a vector index). The matrix elements in the right hand side should be used with
the CG coefficients of Spin(2), (m +1|£1,m) = 1.
The isoscalar factors can interpreted as
7’ j o
m') B (m -1

Jgoliy (70O
m|m' ]  \m+1

The isoscalar factors in the right hand side are to be combined with the CG coefficients of
Spin(2), (m £ 1| £ 1, m) = 1. This can be checked against the known formulas for Spin(3)
CG coefficients.”

50Recall that the m-independent phase of CG coefficients is convention-dependent. The formulas given

interpreted as

Tm
<mi1

1,41 1,-1
12

m

J > (B.21)

m/

7 ) (B.22)

here agree with the conventions of [86] (the conventions used in Mathematica as of version 11.0) for
j' = 34,7+ 1 and differ by a sign for j' = j — 1.
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B.4 A sum rule for reduced matrix elements and isoscalar factors

As discussed in the main text, the following identity holds,
MmO ma )
mg—1

23@5: éﬁ)(;ﬁ? ﬁd>=<m*mwmm%“”m
(B.23)

my mg—1 mgi e
We are not aware of a simple derivation of this fact or of the coefficients (my [J|mg). We

note, however, that this identity is required for existence of certain weight-shifting operators
in vector representation. The coefficients (my [1|mg) are given by the following formulas

(mgn [] \mgn(:l:z)) =nNnF Ton,i — 1, (B.24)
(mop41 O|mayy1(£0)) =n F xon; — 04y, (B.25)
(m2n+1 ] |m2n+1) =n. (B.26)

We found these formulas by considering a few low-dimensional cases and guessing the
general result, which was then verified on a large set of representations in various
dimensions. In terms of mg  these coefficients can be rewritten as

(mg Ofmg(+i)) = —ma; +1— 1, (B.27)
(mg OJmg(—i)) =mg; +d—i—1, (B.28)
(m2n+1 [ \m2n+1) =n. (B29)

C Scalar-fermion blocks in various dimensions

C.1 Comparison in 2 dimensions

Interestingly, the formulas for scalar-fermion seed blocks in section 4.4 also work in the
case n = 1, i.e. d = 2. We have the following identity,

$D Mz _ (sew)%(se’ie)%, (C.1)

and so if we define
Ly — %, L= @, Ly = % (C-2)
Iy = %, I, = w, L= @ (C3)

we find that the conformal block in the form (3.5) is given by
(0|0 02| 0|20 FLo 02 O™ |0). (C.4)
The algebras (C.2) and (C.3) satisfy the usual commutation relations
(m = 1)L, (C.5)

[Lm), Ln]
[Lin, Ln) = (M — 1) L. (C.6)

h
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The configuration considered in section 4.4 is mg = —my = % and my; = mg = 0. This

corresponds to holomorphic and anti-holomorphic dimensions

1 1 1 1 1 1
— 7A — . s —A = 7A — .
hi 521, ha 582 — 7 h3 523 ha 5 4-1-47 (C.7)
_ 1 _ 1 1 _ 1 - 1 1
hi = §A1, he = §A2 + T hg = §A3, hy = §A4 - (C.8)

while the intermediate representation j* corresponds to hp = %Ao F % j and hp = %Ao +
% j. The conformal block for exchange of j* is equal to the usual expression

20y F1(ho — hig, ho + haa; 2ho; 2) X 209 Fy (ho — hua, ho + haa; 2ho; 2). (C.9)

It is straightforward to expand this expression in power series in s and check that it is
consistent with the recursion relation (4.114).

C.2 Comparison in 3 dimensions

To perform the comparison with the known 3d results, we first need to relate the GT basis
to the standard basis for 3d fermions. There is a unique fermionic representation in 3d,
mj = (3), with the allowed GT patterns

e (1), (1), e

consistently with the representation being two-dimensional. For 3d spinors we use the
conventions as in [73, 80, 81], and we will be comparing with the scalar-fermion blocks in
the form of [80]. These papers use Lorentz signature and thus we need to perform Wick
rotation by defining
MM = —jPmotovo puv, (C.11)
where M are the Lorentz generators from [80]. We also added a (—) due to the difference
in conventions for conformal algebra. Furthermore, we need to relabel the indices by
defining
1here - 2therea 2here - Otherea 3here - 1‘chere- (012)

This is required because of the way the conformal frame is defined in [80]. Using the explicit
expression for the Lorentz generators and the correspondence above, we can identify

Ot = 0% 0% =0+, (C.13)
Contracting the structures (3.39) with polarization vectors s, as in [80], we find
:;;24 f% J:)% %(’)jzl — =841 = — [—;,0,0, —;] , (C.14)
RII [ ENN P
:;;24 _05 J:)% 567”81 — &1y =1 [—;,0,0, ;] , (C.16)
;;24 _O% _Oé %(7)777(;1 — &1 = E,0,0, ;] , (C.17)
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where the right hand side is in the notation of [80]. The results (for parity-even components)
of [80] are given in the form

(O141(00.81)63(DIOl (2 0,50)l0) = 51 (29 | 0.0, | 4 59 | 5005 | +
#30(a7) 5005|502 5,005 (©a8)

This implies that

1 0 1 1
s AQ<0W4¢3|(’)|8D69M12¢2w1\0 =3 (cos g1(z z)+zsm2gg(z z)) [—,0,0,—] +

2 2

1 0 0 1 1
+§ < 08292(2’ z)—{—zsm2gl(z z)) [2,0,0,—2] +

1 0 0 1 1
+§ (coszgg(z,z)+isin2gl(2’,z)> [—2707072] +

1 0 a0 \[1 1
—1—2<cos2gl(z,z)+zsm292(z,z)> [2,0,0,2} . (C.19)

Using this result, we can compute the expansion (4.88) in terms of functions g; and
g2. These functions are conveniently computed by acting with the differential operators
of [80] on the scalar conformal block obtained from the recursion relation (4.7).5" We have
checked that the resulting expansion is consistent with the recursion relation which follows
from (4.90)—(4.95) at the first few levels for various choices of jo.

C.3 Comparison in 4 dimensions

To perform the comparison with the known 4d results, we first need to relate the GT basis to

the standard basis for Weyl fermions. We are considering the two fermionic representations

mff =(3 i%) The allowed GT patterns are

:
S RO R
w0 e

consistently with the representations being two-dimensional. For 4d Weyl spinors, we will
use the conventions of [94]. We need to make a few adaptations from conventions there to
the present conventions. First, we need to perform Wick rotation by defining

MM = —duwotdno ppiv (C.22)

where M|, are the Lorentz generators of [94]. We also added a (—) due to the difference in
conventions for conformal algebra. Furthermore, we need to relabel the indices by defining

1here = 3therev 2here = Otherev 3here = 1thereu 4here = 2there- (C23)

This is required because of the way the conformal frame is defined in [94].

5! Alternatively, one can use Zamolodchikov-type recursion relations of [73].
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Comparing the transformation properties of |9ﬁjﬁ 1) and the operators 0% and O, we
find that we can set

0, = 0%, Oy = —iOM+ (C.24)
Ol = O™ 0% = +iOMi+, (C.25)

According to (3.50) we find the following non-zero components of tensor structures (3.58)

o 8 ICDIE) &

* ] _ (C.26)

M| Ve
° . 1 1 1 . ° 7
- _Z Z = —. C.27
[fm;+ 3) ()1(2)1() 3) zmz,] V2 (©.21)
Contracting with polarization vectors as in [94], we find
:4_%: LO_%OO 7:_@:_L0+%00 ) (C.28)
V2 V2|0 0 0-1|" V2 V2 (0 0 0+2

Using this correspondence, we can find that the primal conformal block has the form

(0h43|O1s7eM124p3¢1|0) = —v/2 <2\/5H?(272) + \}gﬂf(zaZ)> tr

—V2 (2\/ZHf(z, zZ) + \}EH%(z, z)) t_. (C.29)

In our terminology it corresponds to exchange of a primary in representation (¢ 4 1, 1)

272
with ¢ as in [94]. Using explicit expressions for functions H [74] in normalization of [94],
we can check that the leading term in s = |z| coincides with (4.118) and (3.93) with

i (0+2)(—1)*
Aojo = I E (C.30)

We can then use the recursion relation (4.114) to compute higher order coefficients and
plug them into the expansion (4.118). We can compute the same expansion by plugging
the explicit expressions for functions H into (C.29) using CFTs4D package from [94]. We
checked that both expansion coincide at the first few levels.

D Gelfand-Tsetlin bases for tensor representations

To gain some familiarity with GT bases in general dimensions, let us consider how it is
related to the usual Cartesian bases for tensor representations. For simplicity of discussion,
we avoid dealing with self-duality constraints. This restricts us to the representations my
with mgy = 0 for k > d/2, i.e. to Young diagrams with less than d/2 rows. In particular,
we will only consider the GT patters in which all representations are of this kind."?

52The same general approach works even without these assumptions, and the details are not hard to
recover.
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Figure 2. The relationship between Young diagrams of my and mg_;. The boxes which belong
to mg_ are shaded.

Our goal is for a given GT pattern 9, to find the explicit tensor T;;;dmmmd‘ which gives

the corresponding basis element |9t;), up to a multiplicative factor. We do this recursively,
by explicitly constructing the dimensional induction map

Ima . de_l — de, mg_1 € my (Dl)

mg—1

which is defined, up to normalization, by the requirement that it is Spin(d — 1)-equivariant
and non-trivial. By irreducibility of mgy_; it follows that I establishes an isomorphism
between Vi, , and the subspace in Vi, which transforms according to mg_; under Spin(d—
1). Since dimensional reduction is multiplicity-free, this subspace is uniquely determined.

It then immediately follows from the definition of GT basis that the following relation-
ship between GT basis vectors holds,

mg

|md, mg_1,Mgq4_o,.. > X Imd—1 |md_1, mg_o,.. > (D.2)

In particular, if mg_; = e is the trivial representation, we find

m, mg—1 yMmg—2 Mg —k+1
|md, my_1,Mmg _o,.. > X ]mj,llmd_Q Imd_3 v Imd_k 1. (D.3)

To construct Im? , explicitly, start with a general U Hibimag 1l e Y, For conve-

d—1"
nience we assume that the indices of U run from 2 to d.?® We first extend the definition of
U to allow its indices to assume the value 1 by setting U"'"*I™a-1l = (0 whenever at least

one of pu; = 1. We then define
T Himgl — [P Hmay A mal e, (D.4)

A generic relationship between the Young diagrams my and mg_; is shown in figure 2. We
can associate the indices of e; in (D.4) to the unshaded boxes in figure 2 and apply to 7"
the Young symmetrizer Yy,, corresponding to my to define

M U =Yy T. (D.5)

mg—1

Note that it is guaranteed by the dimensional reduction rules from section 2.1 that no two
indices of e; land in the same column of m,.

As explained above, this map allows us to reconstruct Gelfand-Tsetlin basis vectors
up to a phase. Let us look at some examples. First, consider the GT basis vector

(-, e,...). (D.6)

%3Recall that by our choice of Spin(d — 1) C Spin(d), Spin(d — 1) stabilizes e.
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From (D.3) we find
-0, e,...) oc I = et .- el’ — traces. (D.7)

This reproduces the result of section 3.7.5.
As a more complicated example, consider

-0, O, e,...). (D.8)
From (D.3) we find

|13+, [, e,...) OCIE:‘"D|D,O,...>

(1 2 1)

o Igj"'meé“ =ey el e]?’ — traces. (D.9)
Similarly, we can find that
(-0, 0,0, e,...) eé“le’f . ~-efj) — traces, (D.10)

and so on. In the case j = 1 this reproduces the results of section 2.2.2 for vector repre-
sentation.

Consider now the simplest non-STT example,

IH U O, 0. (D.11)

Note that [ is the simplest representation to which Bj L can reduce. This differs
from (D.9) only in the Young symmetrizer,

‘Bj...57 (,0,...) o< Y. . (ehelt -+ - el — traces) =
= %egeg‘“eé@ - e’fj) — %eﬁ’eé’“e’f2 . -e’fj) — traces. (D.12)
Similarly,
|Hj ~0.0,0,0,...) « %egegﬂlelf ) --e’fj) _ %e{eg‘“eﬁm ) -'e’fj) — traces, (D.13)
and so on.

It is important that we perform trace subtraction and Young symmetrization in all
steps of dimensional induction. Consider for example the state

|01, (1, e, ...). (D.14)

We have first in d — 1 dimensions

1
|CT],e,...) o< ehleh? — ﬁé“”‘?, (D.15)

and when we lift it to d dimensions, we have agreed to set the new entries of this tensor to
0, which in this case amounts to replacing

SHH2 _y SHVL — §Hip2 el (D.16)
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so that indeed 62 = 0. We thus have®

1
|13, (0, e,...) X YT (eglegz —9T1 (oHrHz — e’f%’f)) el’. (D.17)

Clearly, if we didn’t take care with g, or had postponed trace subtraction to d dimensions,
we would have never obtained a term e/ e/?e}®*. These choices would be wrong since for
p1 = po = pug = 1 they would reduce to a non-zero constant and thus their dimensional
reduction has a component along the trivial representation of Spin(d — 1). On the other
hand, (D.17) is non-zero iff only one of y; is set to 1, in which case it reduces to [1], as
required.

Similarly, care should be taken with compositions of Young symmetrizers between

dimensions. Consider the state

IH, o, Oy e, .00, (D.18)
We have successively
|0,e,...) oceb?, (D.19)
(T3, 00, e,...) eg‘“eg@), (D.20)
1 1 ,
IH. o, 0., ) 5611/65“1652) ) (eﬁ”eg’egm) + e’erg egl)) : (D.21)

Here we have applied Young symmetrizer both in (D.20) and (D.21). Had we only applied
the d-dimensional symmetrizer, we would find

IH, O, Oy, .. ) %e’l’eg’”egz) — % (efesel® + ef?eselt) . (D.22)
It is easy to see that (D.22) is wrong: setting pe = 1 we obtain —%egeg“, which is a tensor
with no definite symmetry. On contrary, setting po = 1in (D.21), we find —%eg/eg 1) which
belongs to [T as required. We thus see that the symmetrizers from different dimensions
interact non-trivially to ensure that the dimensional reductions are irreducible.

We have so far avoided the question of normalization of the tensors Tyy,. Up to a
phase it is determined by the requirement that GT vectors have unit length. This is
straightforward to implement on the tensor side. Sometimes we would like to know the
normalization factor as a function of the length of the first row j — this is perhaps most
easily implemented using the irreducible projectors as we explain below. The phases can
be chosen based on convenience,? unless one wants to make contact with the GT formulas
in appendix B. We have not attempted to find the general prescription which would match
the phase conventions of these formulas.

4This object is automatically traceless in d dimensions so we don’t have to subtract d-dimensional traces.
55 0f course, for every GT pattern this choice should be made once and for all in order to have consistent
expressions.
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D.1 P-functions

In this section we relate P;l:’r:lf;,z (0) in tensor representations to the irreducible projec-
—Ld—1
tors studied in [76].

We start by utilizing the tensor representation of GT basis vectors in the definition of P,

11;1::1:?;5_1 (0) = <md7 mg—i,Mmqg—2,... |€9]\412 ’mdv mél—l? mgo,.. >
Hi--Himy| , QM V1 Vim |
= de mg (e 12)#1~~'“\md\7V1"'V|md|T9ﬁ:i mgy
M1 fm | M1 Hm )
=Ty, Ty, T(O), (D.23)

where Ty, (0) is equal to Ty, in which all occurrences of ey and ey have been replaced with

e1(0) = e?Mi2¢, = cosfe; + sin fes, (D.24)

ez(0) = e"™12e5 = —sin fe; + cos fey. (D.25)

Note that in the first line of (D.23) ... represent the same sequence in both vectors, which
can be chosen arbitrarily. For example, if m4_o is STT, we can choose all representations
in ... to be trivial. We have also assumed that we had chosen the tensors Tyy, to be real
for all relevant 9t;.%°

We can further trivially rewrite the last line of (D.23) as

V1. Vm
T [mg|

HLee P g L m | MM my |
T Tm, (0) =T 0,

My A = Lon, /'Ll“"u‘|md|7TV1"'V|md| (9) = de < T - Tm:i, (D26)

where |, By T V| 19 the projector onto the irreducible representation my. From our

md\

construction of tensors Top, we know that we can write Tyy, in terms of the basis vectors
e; and Kronecker deltas d,,,,,. We can thus write

Ton, = TD(;; + terms containing §#7, (D.27)
Ty, = Téﬁ/) + terms containing §#i#7. (D.28)
d
We then conclude
mg,mg_o — mle) (e)
Pmd_hm’d_l (0) = Ty, - Tm;(ﬁ). (D.29)

)

d
remove traces in the last step of dimensional induction, while the number of indices in the

Note that it is easy to compute Téﬁ for generic mg 1, because we do not need to explicitly
preceding steps is independent from mg ;.

Furthermore, the right hand side of (D.29) contains the irreducible projector 7 con-
tracted with a bunch of vectors (basis vectors e; or e1(6), ea(f)) on both sides. These are
precisely the contractions studied recently in [76]. Given their results, we then obtain a
simple algorithm for computation of P-functions. It is best illustrated in examples.

®6This might not be possible it the GT patterns do not satisfy the assumptions discussed in the beginning
of this appendix. In that case one needs to add some complex conjugations in the formulas.
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Matrix element P.‘?.d"(e). We start with the simplest example,
Py (0). (D.30)

Since in this case my_1 = e, we necessarily have my = j is a traceless-symmetric tensor
representation. Recall from (D.7) that

TJ“:“] = N; (e[ ... e} —traces), (D.31)
where we also introduced the normalization factor N;. We thus conclude
T = Nyt (D.32)
T{ 1 (0) = Ny (6) ... (0). (D.33)
The results of [76] are formulated in the following way. They define the function
’ﬂ'j(zl, 21) = Zlfl - ijpl...ujﬂul...uj?l“ - Efj, (D.34)

where 7 is the projector on traceless-symmetric spin-j representation. This function com-
pletely encodes the projector since the components can be recovered by taking repeated
derivatives in z; and %;.°7 It is then can be shown that

_ J! i) 212
J

where v = %. We then immediately find that
PRO) =Ty w1 (0)

= N27r(z1 21)
J ’ z1=e1, 21=€1 (9)

! 4 ; e1-e1(0)
—N2—L_1eiley (6 ic® <11>
T3y, P OPST ee)
NZj!
_ Y (v)
= Qj(V)jCj (cos ). (D.36)
Note that the normalization condition for |j,e,...) is equivalent to P;': (0) = 1, and thus
using
y (2v);
(1) = i 3 (D.37)
we find N2l
) AW) 2 (2v);
1=_—22_ (1) = N2 D.38
2wy, 1 = Nai), (D-35)
from where we conclude that®®
27 (v)
N; = I (D.39)
! (2v);
while 4
j,® _J: (v)
Ple(0) = C;7 (cos0). (D.40)

(2v);

5TNote that we do not require z; - z1 = 0.
*Here we essentially make a choice of phase for |j,e,...).
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Matrix element PJD’.,D (0)

We now consider the matrix elements

PE‘E (9). (D.41)
Note that now both mg_; and m/,_; are equal to [J and thus m, can be either a traceless-
symmetric tensor j or a hook diagram (j, ).

We start from the traceless-symmetric case and will return to the hook exchange later.
From (D.9) we find

T = Ny el el (D.42)
TN (0) = Ny e (0)eh(0) - el (6). (D.43)
We then find
Je _ (e (e)
Pn@) =T, ™ ... 0)
1
= -*N'QD(€2'821)(62(9)'821)77(21751) )
z1=e1, Z1=e1(0)
N7 ! v . y
= 22’]? Y (cos 980](- )(cos 6) — sin® 9820](- )(cos 0))
N7 5!
Y (v)
=~ 70 ’ 690 (cos ). (D.44)

Again, we have the normalization condition PJD”,D (1) = 1. To solve for N;j—, we need to

know 8CJ(V)(1), which can be computed using the identity

v v+1
0,08 (z) = 20 OV (). (D.45)
We thus find ,
NZod! 2v(2v +2);-
0 V@421 g (D.46)
FPW); (G-
and therefore (adding a phase for future convenience)
- 21j(v);
Nig= (20 +2); 1" (D.47)
j,® (] - 1)
Pt () = — o030 (cos ). (D.48)

220 +2); 1

Matrix elements Pmd"(O) and Pmd’°(9)

Having determined the normalization factors N; and N; —, we can now address the matrix
elements

PEC0), PIEN0), (D.49)
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which are not subject to a simple normalization condition at § = 0. In particular, their

phases are convention-dependent. We have

PREO) =T, , 7w T\) (6)

= NijVDj_l(eg . 8z1)71'j(2’1, 21)

21261,21261(9)
2v7! 2v+1 (v+1)
= — e, \ i@+ ) sinf C;” "’ (cos ). (D.50)

An analogous calculation shows that

mg,e ZVJ' 2v+1 . (v+1) mg,e *
d>s _ _ d»
P50 (0) = ), \/ o) sinf C;_ 7 (cosf) = <PD,° (—0)) , (D.51)

consistently with (3.70). One can check in explicit examples that these results coincide

with the direct exponentiation of Mjo, providing a non-trivial check of the formalism and

normalization factors.

Matrix element Pg’,%)”(@)

Consider now the case of the hook exchange my = (j, ) in (D.41). We are now dealing
with a new type of representations. Correspondingly, in [76] the following function is defined

W(jvl)(zla 22, 21, 22) = ZZVZi” e ziljlj,/.tl...pjﬂ_ﬂ,ﬂl..,ﬁj252{“ s Eilj (D52)

The expression for the full projector is somewhat complicated, so we do not reproduce

it here. In practice, we used the Mathematica code supplied with [76] to perform the
calculations with these projectors.
From equation (D.12) we find

T = Nao [t e ] o
T e 0) = Ny | (0)e" (0)eh™(6) -4 (0)
— 5 (O)e ()€l (0) e (9)]. (D.54)

This implies

T e ()= (e2:02,)(€2(0)- 05, )71y (en,e1,e1.(6) €1 (9)
—j e2:0:, )7 i1y (e1,e1,€1(0),e2(0))
— 537 H(ea(0)-0z, )m(; 1) (e1,€2,€1(0),€1(0))

+7 (1) (e1,€2,e1(0),€2(0)), (D.55)

-2 (e)
NooolooOe..-

where the values of the arguments of 7T(j71)(21, 29, Z1, Z2) should be substituted after taking
the derivatives. Using the explicit form of the projector [76], and using the normalization
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condition P(DJ’,DD)’. (0) =1, we find

B 27j(d+3j—3)(v);
N(J 0,0 = \/21/2(] + 1)2(21/ + 2)‘7'717 (D56)

(jvl:‘)v. — (j B 1)! l/+1)
PD?D (9) = Wc‘jil (COS 9) (D57)
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