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ABSTRACT: In the vacuum state of a CFT, the entanglement entropy of singular surfaces
contains a logarithmic universal term which is only due to the singularity of the entangling
surface. We consider the relevant perturbation of a three dimensional CFT for singular
entangling surface. We observe that in addition to the universal term due to the entangling
surface, there is a new logarithmic term which corresponds to a relevant perturbation of
the conformal field theory with a coefficient depending on the scaling dimension of the
relevant operator. We also find a new power law divergence in the holographic entanglement
entropy. In addition, we study the effect of a relevant perturbation in the Gauss-Bonnet
gravity for a singular entangling surface. Again a logarithmic term shows up. This new
term is proportional to both the dimension of the relevant operator and the Gauss-Bonnet
coupling. We also introduce the renormalized entanglement entropy for a kink region which
in the UV limit reduces to a universal positive finite term.
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1 Introduction

Entanglement entropy is one of the important measures of entanglement feature in quantum
systems which emerges in diverse research area [1-13]. In the context of quantum field
theory, the entanglement entropy of a sub region A is defined as Von Neumann entropy
of reduced density matrix pga, i.e., S = —Tr(palogpa). The reduced density matrix is
in turn defined by tracing over the degrees of freedom of complementary region A of A,
pa = Trz(p). In general, the entanglement entropy suffers from the UV divergence due
to the short range correlation across the so-called entangling surface, the boundary of two
regions. So in order to have a well-defined quantity it must be regularized.

In the vacuum of a (2 + 1)- dimensional CFT, the entanglement entropy for a smooth
entangling surface takes the following form

I
Spp = 4% ~-F (1.1)

where [y is the length of the entangling surface, ¢ is a UV cut-off, and a is a constant
depending on the details of the underlying theory. The leading term exhibits the “area
law” [14, 15] and the second term F' is a universal term independent of the regularization
scheme. In the special case, when entangling surface is a circle of radius R, F' is related to



the renormalized Euclidean partition function Z of the CF'T on the three dimensional sphere
S3, F = —log|Z| [16]. The F term actually appears in a constraint by an F-theorem [17, 18],
which states that in a unitary quantum field theory, F' is positive, stationary at fixed points,
and monotonically decreases along an RG flow between UV and IR fixed points, Fyy >
Frg. In the holography context it was addressed in [19]. The proof of its positivity and
monotonicity relies on the renormalized entanglement entropy [20, 21], that is defined as

F(R) = RORS(R) — S(R), (1.2)

where R is the length scale of the entangling surface. We will come back to this point in
section 5.

In 3 dimensional CFT, when there is a singularity in the entangling surface, the en-
tanglement entropy contains an additional singular term which is universal

SeEg = B% —a(Q) log <I§> +0(1), (1.3)

where (2 is the opening angle, £ is a non-universal constant, and H denotes the size of the
entangling surface. a(2) is a coefficient of the new logarithmic term that appears due to
the corner shape of the entangling surface and gives the universal part of the EE. It is a
positive convex function that satisfies some properties (for details see [22-28]).

We note that similar universal logarithmic terms appear in conformal field theories in
other dimensions, logarithmic terms in even dimensions [11, 29-31], and double logarithmic
terms in singular entangling surfaces in higher dimensions [32, 33].

On the other hand, there are several studies on the relevant perturbation of conformal
field theories [20, 34-40]. It is known that a universal logarithmic term shows up in the en-
tanglement entropy when a CF'T is perturbed by a relevant operator. From the holographic
point of view, the relevant perturbation corresponds to including a massive scalar field in
the bulk which can deform the background from a pure AdS space to an asymptotically
AdS. The deviation depends on the scaling dimension of the relevant operator. It has
been shown in [35] that in the first order of perturbation only for dimension A = (d+2)/2
the Sgp receives a universal logarithmic term proportional to the scaling parameter. The
same result can be found by the field theoretic calculations in [34, 36-38]. In this work, we
raise the question that how the effects of corner singularity and the relevant perturbation
may get mixed up. In the frame work of holography, we consider a 3 dimensional CFT
on the boundary of an asymptotically AdS space which is perturbed by a massive scalar
field. We take a singular entangling surface and derive the entanglement entropy by the
Ryu-Takayanagi prescription [10, 11]. The results show that we recover two independent
universal logarithmic terms: one for the corner contribution to Sggr and the other due to
the relevant perturbation exactly for dimension A = (d + 2)/2.

In the holographic frame work, it is important to study the higher curvature gravities
where, in contrast to the Einstein gravity, usually new features appear. A minimal higher
curvature modification would include addition of the Gauss-Bonnet (GB) term. In 4 di-
mensions, this term is topological and does not contribute to the equation of motion. We
therefore expect to have the same background. However, we know that the Ryu-Takayanagi



prescription is modified in the presence of the GB term. In the presence of a singular en-
tangling surface, it has been shown in [27] that there is no contribution of GB modification
to the universal term in Sgg. We investigate this case in the presence of the relevant
perturbation of the CFT and show that indeed there is a universal term proportional to
the GB coupling and the scaling parameter exactly at A = (d + 2)/2.

This paper is organized as follows. In section 2, we review the holographic view to
the relevant perturbation of a CFT. In section 3, first we briefly review the holographic
entanglement entropy of a kink in an AdS background, then we derive the Ryu-Takayanagi
minimal surface in the perturbed asymptotic AdS background. In section 4, we add the
Gauss-Bonnet term and find out the entanglement entropy by plugging the minimal surface
into the modified Ryu-Takayanagi formula. In section 5, we introduce renormalized version
of the entanglement entropy. Results are discussed in section 6.

2 Relevant perturbations in holographic framework

In this section we review the relevant perturbation of a conformal field theory in three
dimensions in the AdS/CFT context [35, 41, 42]. We consider the CFT perturbed by a
relevant operator O(z) of scaling dimension A,

Icpr — 1 = Icpr + )\/d?’xO(x), (2.1)

where X is the coupling constant of the relevant operator O(z) and A < 3. By the holo-
graphic prescription, this relevant perturbation is described by turning on the scalar degrees
of freedom in the bulk in which we have Einstein gravity coupled to a massive scalar field,

I= 1673GN /d%\/é [R LGQ} - ;/d‘lx\/a [(6@)2 +M20? (2.2)

The relevant operator has a weak effect on the UV regime while it strongly affects
the IR regime. In the holographic context, then the bulk geometry is asymptotically AdS
in the presence of the relevant operator. The metric of an asymptotically AdSy can be
taken as 12 5.2

ds* = 55 <—dt2 +dp? + p*do* + f(i)) , (2.3)
where f(z) — 1 as z — 0 and thus encodes the deviation from AdS spacetime. By the
AdS/CFT prescription, the mass M of the scalar field and the scaling dimension A of the

relevant operator are related by
3 19

Near the boundary, the asymptotic expansion of the scalar field takes the form
(I)(Z,.’L‘) - ZA7 {(I)(O) + .- } + ZA+ [@(A*%) + .. i| (25)

The interpretation of AL depends on the range of the scalar field mass or equivalently the
conformal dimensions of the relevant operator. In the standard quantization, the range of



scaling dimension of relevant operator is 3/2 < A < 3, and we choose A to be A,. In this

range, we regard ®° and ®(2-3/2)

, respectively, as the source of the coupling A and vacuum
expectation value of the operator (O). On the other hand, for the alternative quantization
of 1/2 < A < 3/2 we have A = A_, and in this range ®A~3/2) is identified with A while
®Y with (O). When A = 3/2, we should replace 22~ with 22~ log z in (2.5).

In order to take into account the back-reaction of the scalar field into the background
geometry and finding the f(x), we must solve the Einstein equation and the scalar wave

equation. At all, for a source deformation and near the boundary, f(z) can be expanded as
f(z) =14 p2o2> ... z—0 (2.6)

where y is some mass scale,! and « is a positive constant where for a source deformation,
we have @« = 3 — A, in the standard quantization 3/2 < A < 3, and @ = A in the
alternative quantization 1/2 < A < 3/2. In the case for which A = 3/2, we should replace
©2%22% in (2.6) by (uz)?(log(uz))?. We will consider the effect of these terms in EE of a
kink region.

3 Holographic entanglement entropy of kink

In this section, we study the entanglement entropy of a relevant perturbed conformal field
theory in three dimensions where the entangling surface has a kink singularity. First we
review the entanglement entropy of the kink for holographic CFTs dual to Einstein gravity
which was derived in [25]. Then, we focus on the relevant perturbation of those CFTs.

3.1 The entanglement in pure AdS

The kink region in the time slice tg = 0, is parameterized by V = {0 < p < H,—Q/2 <
0 < Q/2}, where H is an IR cut-off.

According to Ryu-Takayanagi (RT) prescription, the holographic entanglement entropy
of a sub-region V on the boundary theory is given by
Area(m)

4Gy
where m is the bulk minimal surface which is homologous to V and 0,, matches the en-

Spp = (3.1)

tangling surface dy on the boundary. The above formula holds in the case that the bulk
physics is described by the Einstein gravity.

We parametrize the bulk minimal surface as p = p(z, ). Hence the induced metric on
the bulk minimal surface becomes

2
ds? = 5—2 ((1 + ,0/2) dz? + 29 pdzdf + (/)2 + pz) d02) , (3.2)

where L is the AdS curvature scale, p = dgp, and p’ = 9,p. The holographic entanglement
entropy is given by

1 LQ Zm %76 1
Spp = —— [ dzdf = d df— 2 + 1) p2 + p? 3.3
EE 4GN/ zdf/~ 4GN/5 Z/;hre ZQ\/(p +1)p? + p2, (3.3)

in which § is a UV cut-off, € is an angular cut-off, and z,, is defined such that p(z,,,0) = H.

'Since the only dimensionful parameter is the coupling A of the relevant operator, the dimensional
analysis yields pu ~ A'/(4=2) 35, 39).



Due to the scaling symmetry of the AdS space in the absence of other scale in the
problem, we can choose the following ansatz to parametrize the bulk minimal surface,

(3.4)

where h(0) is defined such that h(0) — 0 as 6 — +£Q/2. With this ansatz, the holographic
entanglement entropy becomes

modz V1402402
3.5
o | / AL L (35)

in which h = dph. By extremizing the above action we can derive the equation of motion
for h(#) which reads

SEE =

h(1+0%) h+2h* + (14 1?) (2+ k%) = 0. (3.6)

Since there is no explicit # dependence in the entropy functional (3.5), there is a conserved

1+ h? 1+ h2
K= i Al (3.7)

h2 (1 + h?+ h2) g

quantity K as

where ho = h(0) and we used kg = h(0) = 0. In the following we trade the integral over 6
for one over h

Spp = (3.8)

/Zm dz /hc dh m
ho

2G N

Now we analyze the divergence of the above entropy functional. Near the boundary,
the integrand in the asymptotic limit behaves as

V14 h2+ 72 11,

Hence we can isolate the divergent part of the integrals in the following way

I /zm dz /hc dh \/1+h2+h2
ho

/Zmdz/ 1—i—h2-|—h2 1 /Zmdz 1 1
S o ey e
ho b2 B2 s % \he ho

in which 7 and I® represent the first and second integrals, respectively. Firstly we
consider I, We differentiate it with respect to the UV cut-off § and look for various



divergent terms. We find

a1 [he®

VI+h2+h2 1
== dh |- 7 4
do 8 Jno hh2 h2]
10 [Vi+n2+R2 1] dhe() [VI+R2+R2 1
o | hh ] hh -
1 0 [Vi+r2+h2 1]
= — dh | —————+ — S 3.11
d ho L hh2 + h2_ + ( )
Similarly for I(?),
a1 T VR (3.12)
ds  Oho(8)  Shg 02 ' 6hg ’ ‘

where in the last line we used h.(6) = d/H. So we reach to [24]

sun =g {0 (- [l (L) D] s
h

T 26N | 6 . hh? h2

We see that there is a logarithmic divergence due to the singularity of the entangling
surface.

3.2 Minimal surface in the asymptotic AdS

In this subsection, we study the holographic entanglement entropy for a kink region in the
asymptotic anti-de Sitter space time background which corresponds to a perturbed CFT.
Recall the metric in (2.3),
L2 dz?
ds* = = | —dt® + dp* + p*do* + — ). 3.14
i < A (314
Similar to pure AdS background, we parameterize the bulk minimal surface as p = p(z, ).
So the induced metric on the entangling surface in the time slice ¢ = 0 becomes

12 : 1
ds® = = <<p 24 f(z)> dz? + 20 pd=d + (5* + p?) d92> , (3.15)
then
L2 9 1 L2 7.
(= (P + ‘f(z)) 2PP (3.16)
Yij 2 . L2 (.92 2 ’
PP = (P + )

L? , 1 1.
\Fy:zz\/<p2+f(z)> p%tmp?. (3.17)

By the RT prescription, the entanglement entropy is derived as

1 L? 1
— — fp'2+1)p2+p2. 1
SEE = 1Cn /dzd&f Cn /dZde,ZZf\/( P+ )p P (3 8)



By extremizing the above action we derive the equation of motion for p(z,0) to be
2fzp (p° + §%) p" + 22p (1 + fp'2) p—afzpp'pp + zpp’ (0> + %) f

—22 ((1 n fp’2) 0+ 2p2) —Afpy ((1 n f,o/2> 0+ p2) —0  (3.19)

/.

where p = 92p, p” = 0?p, and §/ = 0pd.p. Now consider the following first order

perturbation
z

h(0)
Plugging it in (3.19), we derive the equations of motion for h(#) and ¢(0)

p(z,0) = po+dp = +0fg(0)z,  f=1+6f. (3.20)
h(1+h%) h+2h%+ (1+ %) (2+h%) =0, (3.21)
203 (14 h?) 6 g + 4h2h(25f/ 122+ h2)6f>g
+2h[ (87722 4+ 220f) (B + h2) + (228f + (34 h?) o) (b + 20?)
—2(20f'+26f) (20 + 217 +3) — 20 2+ 1?) o |g
+ [(hQ +i7?) 2f 2 <4+3h2 +hh+2h2) 5f} —0 (3.22)
Inserting 0(z) = 42*2%* in (3.22), the equation of motion for g(f) appears as,

B3 (1 + h2)g + 4h2h(a + 2 + h2)g + h[a(2a +1) (B2 + h2) + (da + 3+ h?)(202 - on)

~4(a+1) (22 + 2 4 3) - 207(2 + h2)]g [ (n?+ 2)(4+ 882 + h + 202 = 0.
(3.23)
Using the equation of motion for h we can write
h3 (14 h?) G+ 4h*h (1 +h?) (a+2+h?) g
+h(20(2a+ 1) (14 52) (B2 4+ h2) + (4o + 3+ %) (2+ %) (202 + 12 + 1)
~4(a+1) (1+h2) (207 + 202 + 3) — 202 (14 1) (2 + 12) |g
la(n?) (124 02) =2 (2(1+ 82"+ %2)] 0. (3.24)

In order to find the universal term, we must extract the possible logarithmic or power-
ing law divergences from the entanglement entropy. Suppose the deformation is small. By
keeping the first order in the expansion of f(z), and by substituting (3.20) in the entropy
functional (3.18) we get, up to first order, the following perturbed entropy functional,

2_.

G /zmdzf d VAL A ()0

2 ’ .
4GN s e z 2z2\/p3 (1+ pg?) + po’
_ PRPLOP' + podp + P podp + podp
22,08 (1+ ) + 6o’

SEE =

2

(3.25)




Using integration by parts and the equation of motion for py, we find

2 VAU T (e

SEE = 2
4G N z 222\/p3 (1+ p2) + po
00 206
+ 0 foor + 0, PoPoCP (3.26)
22\/03 (1+pg) + po? zQ\/ﬂ% (1+ pg) + po?

Now by substituting the ansatz p(z,0) = po + dp = z/h(0) + 26 fg() in (3.26) we reach to
the following entropy functional,

2

2G N

SEE = <I1+IQ+I3+I4), (3.27)

where I, Iy, I3, and I are defined as:

/Zm dz/ \/1+h2+h2
I =

o dz \/1 h2 h2
/ z s (3.28)
z
9 —(R2+h?
b [T [ B )
EZ h2v/1+ h2 + h?
Zm 5f he — <h2 + h2)
= [ [ e _ (3.29)
5 22 hh2\/1 + b2 + h?
2_ s
Iy = / dz / 00y Podp
zQ\/p 1+ pi) + po
o §f —hg(f
_ / dzl 90) | o (3.30)
ENV1+h24+027 7
/ dz/ 60, PoPo‘sP
22\/p 1+ pi’) + po”
= / dz (6f") / dh (3.31)
5 ho  hhV/1 +h2 e

where we have changed the integration variable to h. We have also defined hg = h(0),
he = h(2/2 — €), and used ho(0) = 0 in getting boundary terms.
Now in order to single out the logarithmic divergences, we consider each term sepa-

rately. By changing the derivative variable from 6 to h and by expressing §(6) = d?g/d6?
and ¢(0) = dg/df in terms of g”(h) = d?g/dh? and ¢'(h) = dg/dh, we can reach to the



equation of motion for g(h)

B3 (1+h%)" (1+h2 — K2ht) g

+h* (14 h%) (2(1+ h%) (20 + 3 4 20°) — K*h* (4a + 8+ 5h%))

+h(20(20 + 1) (1+42)7 = K2h') + (da+3+ %) (2+ %) (2+ 202 — KB
~4(a+1) (2(1+ 1)+ K2hY) - 202 (24 1%) K2 ) g

+[(1+7?) (e + (@ —2)h?) — (e + 2)K*h'] =0

(3.32)

To extract the logarithmic divergence, we must consider the asymptotic behavior of A and
g. Depending on o we can choose the solutions for this equation such that p becomes finite
in the limit A~ — 0 and 6 — 0. Hence the asymptotic solution turns out to be

b C1 C3

dq
9= o+t T p2a-1 T j2a3 T, T dah +--- (3.33)

where b, ¢’s and d’s are constants, and to avoid duplicated terms in (3.33) we take a #
1/2,1,

1
c1 = g(2b + 5bac — 2ba?)

~1
dy=—
T 234 20)
2
dy = 34
7 3+ 20)(5+ Ta+ 202) (3:34)

and so on. Since h, = h(€2/2 —€) and z = §, then UV cut-off expansion of h. becomes
he(8) = a16 + azd® + a50® 4 1620 ex02073 ... (3.35)

where a;’s and e;’s are coefficients that depend on «,

1
a; = — + bM2aH2a—1

H
as = 01M2aH2a_3
as = CBMQaH2a75
d
e] = El 2a
d2 2
€9 = ﬁ,u “ (336)

and so on. In appendix B, we explicitly derive g and h,. for two values of a = 1/2, 1.

Plugging this solution into the entropy functional is postponed to the next section
where we add the Gauss-Bonnet gravity. Then the results of the Einstein gravity are
included in the Agg — 0 limit.



4 Gauss-Bonnet gravity

In the previous section, we studied the entanglement entropy for theories dual to the
Einstein gravity. In this section we consider those which are dual to the Gauss-Bonnet
gravity [43, 44]. We will consider the effect of the relevant perturbation on the entanglement
entropy of these theories. After reviewing the holographic entanglement entropy for CFTs
dual to Gauss-Bonnet gravity which was derived in [30, 45], we proceed to the relevant
perturbation of CFTs dual to the Gauss-Bonnet gravity in AAdS backgrounds.

In d = 3 dimensions, the bulk action for the Gauss-Bonnet gravity is written as

1
- 167Gy

6
/d4x\/§ [LQ + R+ MgpLl?x4l (4.1)

where
X4 = Ruypo R*P7 — AR, R" + R? (4.2)

is the Euler density for four-dimensional manifolds. Hence the interaction term does not
affect the gravitational equations of motion.

In this theory, by taking into account the effect of interaction term, the RT prescription
is improved as [30, 45]

Area(m) L*)\gB 2
4.
1Gx + 3G /m d°z\/7R (4.3)

where m is the bulk minimal surface which is homologous to V and 0,, matches the entan-

SEE =

gling surface dy on the boundary. Also, v;; and R are the induced metric and the intrinsic
Ricci scalar of the bulk minimal surface, respectively.

Adding the interaction term leads to a topological contribution to the entropy func-
tional with no effect on the universal term. Here m is a two-dimensional sub-manifold and
hence the second term in r.h.s. of (4.3) is proportional to the Euler characteristic which is a
topological invariant of m, up to boundary terms, so it does not contribute to the equations
of motion that determine the bulk minimal surface. We therefore use the solutions found
in the previous section and substitute them in (4.3).

4.1 Pure AdS

We parameterize the bulk minimal surface as p = p(z,60). Since the correction term in
the (4.3) does not affect the profile of the bulk surface, we choose the bulk profile as before
p = z/h. With this choice, the contribution of the correction term \/4R can be written as
a total derivative

d |2 hh
VIR = — |- ———— (4.4)
do Z\/1+h2+ k2

then the holographic entanglement entropy becomes

o dz he dh \/1 + h2 + h2 “m dy h
SEE = —— +2X\gB — | ——
2GN ho 5 Z [hV1+h2+h2|,

(1.5)

~10 -



in which kg = h(0), he = h(Q/2 — €), and ho(0) = 0. Now we analyze the divergence of the
above entropy functional. Near the boundary, the integrands in the asymptotic limit, i.e.
h — 0, behave as

V14 h2+ 02 11 5,

h 11
——  ~ 4 SKZP (4.7)
Wi+h2+h2 ho 2

Now we can isolate the divergent part of the integrals in (4.5). The first integral is the
same as in (3.8), so we consider the second integral that is due to the effect of interaction
term. Similar to procedure of section 3.1, we have

Zm h
I :/ N C— (4.8)
5 2 hvV1+h2+h2

so we find

dal, -1 h 1 H
2_7—:74_...:*4----7 (4.9)

A5 0 p/1yhze 2 Ohe 52

where in the last equality, we used h.(6) = §/H. Hence, the final result for the holographic
entanglement entropy becomes [27]

I? | H 0 1+h2+h2 1 1
N T O e = FEA PRI
ho 0

2Gn hh? h?
(4.10)

As we see, there is a logarithmic divergence only due to the singularity of the entangling
surface and the effect of the interaction term is topological and modifies only the coefficient

of the area law term.2

4.2 Asymptotic AdS

In this subsection, we study the holographic entanglement entropy for a kink region in the
asymptotic anti-de Sitter space time background in the Gauss-Bonnet gravity.

By equation (4.3), the entanglement entropy is derived as

Sge = 4GN/ dz/ f—i—QL )\GB\/>R 2N / dz/ oL  (4.11)

2As was pointed out in [27], see also appendix A, the Agp dependence disappears by adding the bound-
ary term.

- 11 -



where Lagrangian £ defined as

1 \/ / . 2\gB 1
= 57V A+ 02+ 07+
i i ((1+fp'2)p2 +/’>2)

3
2

) {Zf/ [(pz +77)" =20 (0 + 24 — pp) PI} —222fp (p*+ 207 — pp) p"

—2f [t = 2070 4 2220 = 20l (- 2)) + 0P (20° + el + 2%
+212p°0 [=p' (0% + 0 — 2pp’ + 20'p — 22p0") — 2 (p* + ) p"] } (4.12)
with § = 92p, p" = 92p, p/ = 9p0.p and f(z) encodes the deviation from pure AdS

background as in (2.3). As we see, the higher derivatives terms, like p, p”, and p’ appear in
the entropy functional. But due to the topological nature of the Gauss-Bonnet term, the
equation of motion for p(z,#) remains intact. As before, for small deformation we make
the following ansatz,

p(2,0) = po+06p=—— +0fg(0)z, f=1+05f (4.13)

z
h(0)
and by inserting it in the entropy functional (4.11) we get, up to the leading order, the
following perturbed entropy functional,

S = 5o / dz / a6 (Lo p0)+5c) (4.14)

where Ly(pg) comes from the unperturbed contribution of the original Lagrangian, and 6L
is due to the effect of the relevant perturbation defined as,

SL =L+ L16p+ L26p" + L36p + L40p + L56p" + Lo (4.15)

in which Ly is the contribution of 6 f, f’, and independent of g and its derivatives. The
other terms come from the dp and its various derivatives. Now we rewrite the derivative
terms as

. (0pL2) — 0pLy,
L36p = 0y(6pL3) — dpLs,
£465 = Bp(0pL) — 09 (9pLs) + OpLa,
L56p" = 0.(0p'Ls) — 05 (6pL5) + 6pLE,
L6607 = 0.(6pLs) — g (3pLE) + dpLe, (4.16)
where £; = OL;, L = 02L;, and /L; = 0y0,L;. Using these terms, the entropy func-
tional (4.11) takes the form,

Spp = / dz/ a6 Lo+ Ly + (£1— Ly — L+ La+ L5+ £) dp

2GN
+ 0. (0pLa + 0p' L5 — 5pLL + 5pLe) + D <5p£3 6Ly — OpLy — 5p£6) ] .
(4.17)

- 12 —



In the above form of the entropy functional, the coefficient of dp vanishes due to the
equation of motion of py(z,6). Then we have

L2 Zm 2 .
Spp = —— / dz / Coae [50 4 Lf+ 0. (5pLs + 6p/Ls — 5pLl + 6pLs) }
2G N 0

Zm .
+ / dz (5p£3 " OpLy — pLa — 5pL’6) . } (4.18)
§ =% —¢

=5

Now by substituting the ansatz p(z,0) = po+dp = z/h(0) + 20 fg(0) in (4.18), the entropy
functional reduces to
Z.

(2) Rs0)
2GN U dz/h (£o+cp+£5) + /5 dz(ﬁB)eg_e]. (4.19)

where we have changed the integration variable to h. The various L;’s are defined as

EE

+2X\gB -
h? h2(1+ h2 + h2)?

1(ﬁh2+m h<1+h2>h(1+zh2+h2)h2)

L (VLR ot || ) = L (£8P + 257 )
z h2 df hv 1 +h2 + h2

h? + h2 INGE

Ef:_ZzlzJ 2 '2+ 3
h 1+h +h h2<1+h2+h2>2

—5f 2)ap R3h — (B2 + 2h%) A2
h2<1+h2+h2> ( ( ’ ) )

((2h4 R4+ Rt R (—1 + 3h’2>)h2

— (W24 h* o+ (34 h?) h?) hh)

ol

of s
22

(h)+ 6 L (h),

ﬁ

Y
el
I
Or.

+g <h2 +2h* + h® + 3h% + hPh% + h*h? + 3h* + (h2 +ht+ (=34 A7) iz2> hii) )]

4 aB

— h2+h4+52+h3}i)g

h (1 FR2 4 iﬂ) 2

=0 L3 (h) + 26 1" £ (h),

5 hg(6) h(1+h2)g+h(1—h2)g
z

V14 h2 4 h?

= —Aap

(1+h2+h2>g

~13 -



in which h = dgh, h = 6gh, and g = Jgg. In the above expressions we used the equation of
motion of A (3.21). Finally, the entropy functional reduces to

G AT CU AT Z(J 007250
) +

@ , A p " A(Z) Z"L
+/6 d,z/h0 (07 £35(h) + =0f" L h))ezge ,
(4.21)

where hg = h(0) and h. = h(2/2 — €). So we have

2

2G N

SEE = (Io-l-ff-i-I(Be) +I(BZ)), (4.22)

in which Iy, Iy, Ig), and IJ(BZ) are defined as:

I = / m dz/ @/jo
ho
#modz dh modz s(GB
-/ / m+ [
ho 5 z

P+ 1@ (4.23)

; :/6 /hhc dh < D(h) +5f’ﬁ§c2)(h)>

5f he dh 4y /Zm , (Mo dh @)
= S L+ | deo — L (h
[t [ m e [y [P

ho
— 10 >, (4.24)
0 _ [T 0 (40
Zm he . Zm he
19 = / dz8 f’ / d-*hﬁ(lig)(h)-l- / dzz6 " @ﬁéf%(h)
F) ho h 1) ho h
S O8 (4.26)

Regarding the topological nature of /4R, the equations of motion of h and g remain
intact. So their asymptotic behaviour is unchanged, then the behavior of the integrands
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in (4.21) near the asymptotic boundary, h — 0, is

R 1 1
£ (h) ~ 2265 (—h KR > , (4.27)

fi}”(h) 1+4Xgp 1
: +5(=

~— AapK2h? + - .

- T3 +3\an e (4.28)
A(0) 1 274
Ly (k) ~ (1 —4XgB)g + 5(—1 +20\gB)K*h*g+ -+, (4.29)
£

Uz( ) o (—1+36Ag)K2hPg + - --
ﬁ(z)(m
% ~ dAapK?*h3g 4+ - . (4.30)

Using these expressions, we isolate the divergent parts of integrands and make them finite.

Hence, we reach to the following terms

/Zm dz /hf dh 4
ho
mo 1 mody 1
— — | dh| = — = 4.31
/ zAO ( i +m>+é T w) (43

G Zm dz 4 G
0
5f Ly'(h)  1+4xgp (L1
I(l)—/ a2 " g (£ —(1+4 / e
o) Ty, h 02 Urban) | 5 ke ")
(4.33)
. he 2(2)(]1) 9\ Zm 1 1
(2) / f GB !
1= [ s Iy = -
o [ (0B e [ (1),
0 o Of (a0
zgzé M?@gm%g_, (4.35)
-2
¥ = / “asap [Py 4 / "z [ A ). (4.36)
5 ho h 8 ho h
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Then we take a derivative with respect to ¢ and find the following expressions

arl® 1 o (£F) 1 1 ooy 1

=5 T - — 4.
S /ho P TR T 5 o (4.37)
dI(gGB) 2X¢B €1 20-2

T a%5 T (4.38)

1 A(1
C”J(f) _(A+4xgp)dof 6/(0) /0 i 5;) ~ (1+4Xgn) N (1+4XgB)
dé 2a1 (52 20 ho h h2 ho

5f(—1+ 36Acsn)

—(1+ 4>\GB)2—5 fo2a2 - I K%a36* 4 -, (4.39)
h aBof
= 4.4
ds w o a0
Using a similar procedure for the boundary terms we find that
ay s 1
Tg __9f (1 —4\gE + 2( 1+ 20>\GB)K2h4> g(6) + -+ (4.41)
dI(Z) 0 A(2) h
5 _ _sp [ gnFB®) (4.42)
dé ho
(2) 0o pk)
dl. Lys(h
28 — _(§)5f" | dh 2B_( ) (4.43)
dé ho
so we have
dI _
ds - dé
—H 1] 1)1
{(1—2)\6’8) 52 +< /hodh h +ﬁ +h0>5+}
bH?+! H H (14 4Xgp(1 —2a))
2a
+ i {2)\(;3 52 + 9§2—2a +2XgB (1 +d; — 2a) 52—2a Qhool -2
200 | h 2 B S F T
(4.44)

Up to now, we have identified the various kinds of divergences for a general situation. The
integration of (4.44) can be written as

Spp =S+ As) (4.45)

where S)(EO}; and ASJ(E% respectively represent the zeroth and leading order of the relevant
perturbation. The former can be found as

2 0 2 52
(0) L _ E _/ vV1+h?2+h i i
Spgp = STepe (1 —2X\gB) 5 + ( . dh BT + 72 + P log(d) +

(4.46)
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It exactly matches with results of [27]. To find ASS}E, it is needed to split various ranges
of a as follows:

) 0<a<;
L2 % bH?+l  14dy—2a H 1 H
AW —92)\ _
SEE = 3Gy [ o8 < 5 T T(1=2a) 512a> 2(1—2a)si—2 ]
(4.47)

this result shows that in the case of the Einstein gravity, Agp = 0, singular term in
the leading order is a power law singularity of order of 1/6'~2%. In addition, there is
a 1/ singularity in the Gauss-Bonnet gravity.

N[

i) a=

bH? H
~2han’ + @ dan)log®) +o- |, (@)

L2

1
ASgy = oTem

in this case, there is a logarithmic term both in the Einstein and the Gauss-Bonnet
gravities. The 1/¢ singularity emerges in the Gauss-Bonnet case.

iii) o> 3

_ 2a+1
bH+] (4.49)

Here when A\gp — 0, there is no contribution from the relevant perturbation to the
entanglement entropy. In the Gauss-Bonnet gravity, a power law 1/§ singularity
contributes to the leading order of mass deformation pu.

The summary of results are depicted in table 1 in which we introduce the angle de-
pendent coefficient as

0 (E) 0 / 2, 72
A(Q):l—/ dh(ﬁ%Jrl):l—/ dh<1+.h+h+ 1)
h

ho  Jho h? ho . hh2 2
1 /Odh h§v/'1+ h? L1
ho I\ e = 2) (3 (L p2) P
2G;
= 7L2NCL(Q), (4.50)

where a(€) introduced in (1.3). Note that A(Q2) is the cut-off independent term that only
appears due to the singularity of the entangling surface [25]. The dependence of A(2) on
the opening angle is through the dependence of hg on 2, such that we can write [27]

g h 2 /11 h2
Q:/2 d@:/odh 2h"V1 1 . (4.51)
-$ 0 VIHRE (B h2) (B + (1+13) h?)
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Einstein Gravity | Gauss-Bonnet contribution
p=20 % — A(Q)log % —2/\GB%
pA0 0<a<}| bkl | 2gpplemt (-l s b
o= % —%log% 2 appH (_I’TH+%log%)
a > % 0 2\gpulH? (%)
Table 1. Summary of results for Qfé\’ SkEe. Note that contributions of the Gauss-Bonnet and the

relevant perturbation are additive to the Einstein gravity.

5 The renormalized entanglement entropy

As was mentioned in the introduction, the entanglement entropy is a UV divergent quantity,
such that the leading term scales with the area of the entangling surface and sub-leading
terms exhibit the power law divergences. The coefficients of those terms are scheme de-
pendent, but there is certain sub-leading term which is logarithmic or constant, depending
on dimension of space time, so that its coefficient is universal and describes the character
of the underlying quantum field theory.

In order to have a well-defined quantity we must somehow get rid of the UV divergences
and extract a finite and universal quantity, which is physically meaningful. In other words,
the entanglement entropy must be renormalized. One of the procedures to dealing with this
problem is the renormalized entanglement entropy (REE) which was introduced in [20] and
is based on the differentiation of the entanglement entropy with respect to the characteristic

3 In the spirit of [20], the renormalized entanglement

length of the entangling region.
entropy is derived by applying the differential operator (d = 3), D(R) = ROr — 1, on the

entanglement entropy S(R):
F(R) = ROgS(R) — S(R), (5.1)

where R is the characteristic size of the entangling surface. The F(R) quantity is finite in
a renormalizable 3d quantum field theory which has a well-defined UV fixed point. This
procedure is defined for a scalable surface like a sphere that can be scaled without any shape
deformation. In this sense our singular surface is a scalable one. Let us firstly consider the
Einstein gravity and by analogy define the renormalized entanglement entropy as

F(H) = Hop(Hoy —1)S(H) (5.2)

where H is the characteristic scale of the entangling surface. In order to regularize di-
vergences as well as possible finite terms, we compute explicitly the entanglement entropy
from the relations (4.31)—(4.36). At the UV fixed point the entanglement entropy has

the form: 12 I "

3See also [46] which is based on the area renormalization of the entangling surfaces.
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So the renormalized entanglement entropy derived as

L2

Fuv = 3G

A(Q) = a(9). (5.4)

As we see this term is finite, positive, independent of the UV divergence, and so has a
well-defined continuum limit. It is H-independent and specified by the universal part of
the entanglement entropy, so it is physically meaningful. Under the relevant deformation
the entanglement entropy takes the following form

2 (H H 1 2 H
=—9—=—-AQ)log | — Mpg(h 20 pp2ac _

SpE 2GN{5 () Og<5>+ Blho; a)u 2(1—2a)51—2a} (5:5)
where hg = h(0) which depends on the angle © through (4.51) and o = 3 — A with A the
scaling dimension of the relevant operator. Mg(hg, @) is defined as the sum of finite terms
that come from the relations (4.31)—(4.36):

Mpg(ho, a) = ME (ho, @) + M (ho, a) + M (ho, @) + M§(ho, ). (5.6)
These terms are finite and functions of hy and «, which with some manipulations we can
derive
2, 72
B2 0 (h +h ) 1 p2a-1
Mg(hg, ) = — =2 dh + =+

Ao Jp, W21+ h2 b2 PP 4a(l — 2a)

0
+ h%a/ dh | - — (5.7)
ho hh\/ 1+ h? + h?
From (5.2) the renormalized entanglement entropy can be derived as
F(H) = Fyv — Mp(ho, o) p** H**. (5.8)

where the second term denotes the leading correction due to the relevant perturbation and
2

~ Gy

ME(]’L(), a) 204(1 — QQ)ME(ho, Oé) . (5.9)

As we see F(H) reduces to that of the UV fixed point in the limit
f(H) — va, H — 0. (510)
In the special case a = 1/2, or equivalently A = 5/2, Mpg(ho,«) is divergent while

Mg (ho, ) is finite and we have

H
f(H)Zva—%. (5.11)
In conclusion, we can interpret F(H) as the measure of the entanglement at the scale H.
Note, in the above renormalization approach/scheme we have used the minimal prescrip-

tion. Indeed, one can show that there are several renormalization operators with the same
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renormalized entanglement entropy at the UV fixed point but different RG flows. For
example consider the following operators

(-1

GO (o = 1), (5.12)

where there are infinitely many linear combinations of these operators with different n that
reproduce the same Fyy while they give different flows away the CFT fixed point. This
ambiguity in introducing the renormalization operator was reported earlier in [47, 48]. To
choose the correct operator, one needs to apply some extra physical conditions. Besides,
let us first consider the most general operator by changing the variable to u = log(H/9)
then HOy = 0. The renormalization operator in (5.2) is a second order one made of 0.
So in general we can write it as a polynomial,*

D(0u) = ag + 10y + a0 + -+, (5.13)

with «;’s constant. Now look at the bare entropy in table 1. The singularities appear as
e" and u where the last one is the universal log term and to regularize them one need to
consider, respectively, 1 and zero roots for the polynomial operator (5.13). Thus we have

D(9u) = P(0u)(0u — 1)0u, (5.14)
where P(0,,) is any polynomial in the following form,
P(Ou) = (14 B10u + B202 + ). (5.15)

Now, the ambiguity in introducing the renormalization operator is the freedom in choosing
the coefficients of P(9,). To fix it we need to consider the renormalization flow. Let us
take the criteria that F satisfies the F-theorem in the fashion of [17, 18]. Then it should be
decreasing away from the UV fixed point. It implies that M (hg, @) in either (5.8) or (5.22)
should be positive. It follows that

2

(2a)(1 = 2a)P(2a) M (hg, @) > 0 (5.16)

then P(2a) should be chosen such that M(hg, @) to be positive and finite term.

Based on the above results, we have a family of operators and it seems there is no more
physical constraint to choose the proper renormalization operator. We see, in the vicinity
of a UV fixed point, these are the most restrictive criteria which can be imposed on D(9,,).
To achieve a unique renormalization operator, we propose that the extra condition may be
to consider the renormalization flow downward to an IR fixed point. In this way it seems
one can determine which polynomial 75(8u) correctly flows between the UV and the IR
fixed points.® This needs the IR calculations which we postpone to future works.

4In this and the following equations by dots we mean an arbitrary finite number of terms.
SWe assume there is an IR fixed point.
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The above computations are related to the Einstein gravity. Similarly, for the Gauss-
Bonnet gravity we can write

L? H H
SEE = Ter {(1—2AGB)5—A(Q)Iog <6> —i—} . (5.17)
So using (5.2), the renormalized entanglement entropy becomes
L2
Fov = A(Q) = a(Q). (5.18)
2GN

As we see this term is the same as (5.4) with a well-defined continuum limit. Under the
relevant deformation the entanglement entropy takes the following form
L2 20 1720
ASEE ZiMGB(ho,a)u H

2GN
L2 p% bH? 1 14d;—20 H 1 H
—2) —
GB ( 5 T T =2a) 512a> 2(1—2a)8—2« 7|

2G N
(5.19)

+

similar to the previous discussion, Mg(hg, «) is defined as the sum of finite terms coming
from the relations (4.31)—(4.36).

Mep(ho,a) = ME (ho, ) + M§P (ho, @) + My (ho, a) + M (ho, a) + M§(ho,a).  (5.20)

But, in this case we must refine the differential operator of renormalization in order to
remove the effect of bH2**!/§ term. So, we define

-1

H)= ——HOy(HOy — 1)(HOyg — (2 1))S(H 5.21
FUH) = oy 10 (O~ 1)(Hop — (20+ 1))S(H), (5.21)

as a renormalized entanglement entropy and find
F(H) = Fyy — MGB(hO,CY)M2aH2a. (5.22)
where the second term denotes the leading correction due to the relevant perturbation where

L? 2a(1 —2a)

h = Mgp(h . 5.23
Mg (ho, ) Gy ot D) aB(ho, a) (5.23)

Again in the small H limit, the 7 (H) reduces to that of the UV fixed point
f(H) — ]:Uv, H — 0. (5.24)

In the special case o = 1/2 we find that

H
F(H) = Fyv — %(2 — AeB). (5.25)
Notice that both operators in (5.2) and (5.21) give the same Fyy. Again similar to the
Einstein gravity, there is a family of renormalization operators that doing the same thing
which similar to the previous discussion we can write
—1

D(0y) = m

P(94)(0y — 1)(0y — (2 + 1)), (5.26)
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where the numerical factor is written such that to produce the correct renormalized entropy
at the UV fixed point and P(9,,) is any polynomial in the following form,

P(u) = (1+ f10u + G20 + ). (5.27)
Again decreasing F away from the UV fixed point implies that

L7 (20)(2a—1)
M(ho, @) = 52— 2o+ 1)

In this case, more investigations are needed in dual higher derivatives theories to better

P(20) M (ho, @) > 0 (5.28)

understand their flow.

6 Discussion

In this paper we studied a CFT which is perturbed by a relevant operator and identified
various divergence structures that may appear in the holographic entanglement entropy of
a kink region.

There are two kinds of data contributions in the calculation of EE, the geometric data
and field theoretic data, and each contribution may be separately specified. As we have seen
in the previous sections, in three dimensions, in the absence of relevant perturbation there
are two kinds of divergences; the power law of order 1/§ and the logarithmic divergences.
The later is due to the singularity of the entangling surface and reflects the geometric
contribution to the entanglement entropy, and the angle dependent coefficient a(€2) of this
term, which satisfies some properties [23-25], encodes some features of the underlying
CFT [26-28].

In the relevant perturbation case, there are also two kinds of divergences due to the
effect of relevant perturbation which are of field theoretic type. These divergences appeared
for some special values of the scaling dimension of the relevant operator A. At the first order
of perturbation, only for the special value of A = 5/2(= (d + 2)/2) we had a logarithmic
divergence, whereas for other values of A we had power law divergence of the order 1,/§'~2%.
The appearance of the logarithmic divergence at A = (d + 2)/2 is independent of the
singularity of the entangling surface and was firstly reported in [35]. This indicates that the
relevant perturbation and the surface singularity have two distinguished log contribution
to the entanglement entropy.

In order to consider the effect of the relevant perturbation in higher derivative gravities,
we chose the Gauss-Bonnet gravity which is topological in four-dimensional space time.
As expected there is no effect on the logarithmic term and only the coefficient of the
area law term is modified. But, after adding boundary term, all effects of the Gauss-
Bonnet term disappear and the entanglement entropy remains unaffected. However, in the
relevant perturbation, even though the Gauss-Bonnet term is topological, two kinds of Agp
dependent terms appear. As shown in the appendix A, these terms are unaffected by the
surface term.

In summary, in the Einstein gravity, there are two separate contributions due to the
singularity and the relevant perturbation. The corner contribution appears only in the
Einstein gravity and the pure CFT, i.e. it is independent of p and Agp. Contributions of
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the Gauss-Bonnet and relevant perturbation are additive to the Einstein gravity. On the
other hand, there is a log contribution due to the combination of the Gauss-Bonnet gravity
and the relevant perturbation. This effect is absent in the pure CFT and happens again
at A =5/2.

The contribution of the logarithmic term is universal in the sense that its value is
independent of the precise details of the UV regulator, so the appearance of that kind of
terms helps us to probe the characteristics of the underlying theory.

We also introduced the renormalized entanglement entropy for the kink region in the
vacuum. It is positive, finite, universal, and well-defined in continuum limit. It is intrinsic
to the underlying conformal field theory at the UV fixed point and is an H independent
constant Fyy. In the relevant perturbation, it is sensitive to the scale of the size H of
the entangled region and F(H) — Fyy as H — 0. But, as we seen, we faced by a family
of the renormalization operators that all of them yield the same Fyyy at the CFT fixed
point. Unfortunately, based on our results it seems that there is not enough physical reason
to choose the unique differential operator and it needs to be more investigated in order
to define an appropriate and unique renormalized entanglement entropy away from fixed
points. We speculate that the renormalization flow downward to an IR fixed point, if any,
may distinguish a unique renormalization operator. In this way seems one can determine
which polynomial P(d,) correctly flows between the UV and the IR fixed points.

At the end it is worth to mention few comments. Firstly, as was shown in [35], given
the form of the expansion of f(z) around z = 0 in the source deformation, f(z) = 1 +
Yoo emz™®, and noticing the form of the expansion of the minimal surface, in order to
have a logarithmic term we must have a = (d — 2)/m and it immediately follows that the
conformal dimension of the dual operator must be A = d—(d—2)/m. So the appearance of
the logarithmic term depends on the order of perturbation expansion of the metric and the
bulk minimal surface, and it only arises for a < d/2—1 or equivalently, the scaling dimension
of the relevant operator corresponds to A > d/2+1. So as we see we may have a set of A’s
that leads to a logarithmic term depending on the order of the perturbation. Hence in the
smooth case, there is a family of operators with the scaling dimension A = d — (d — 2)/m
which produce the corresponding logarithmic term in the entanglement entropy. So when
one perturbs the CFT with any of the listed above operators, the logarithmic term shows
up itself in some order of perturbation. Therefore, it seems that in our case too, if we
perturb the CFT with any of single operators in the above family, then we will have the
logarithmic term in some order of expansion. But, note that it is natural to expect that in
a given conformal field theory, the perturbation is done by few operators not all of them
in the above family. So few logarithmic terms in some order of perturbation may appear.

Secondly, although the operators with scaling dimension A = d—(d—2)/m with m > 2
is special and does not arise in a free CF'T or a scale invariant field theory, but in the inter-
acting theories, the existence of such operators are possible. Since the scaling dimension
receives quantum corrections through the anomalous dimension, it might be possible to
have scalar operators with scaling dimension A = d— (d—2)/m in an interacting CFT [40].

Finally, it would be interesting to investigate these divergence structures in higher
dimensions, as smooth case, and for various kinds of singularities [49].
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A Evaluation of the boundary term

In this appendix, we will show that the logarithmic term due to the relevant perturbation
of HEE of Gauss-Bonnet is unaffected by the addition of a surface term. As was denoted
in [27], one can add the boundary term to the entropy functional (4.3),

L2\ -
5 = 1208 / dy/3K, (A1)
N om

where Om denotes the boundary of Ryu-Takayanagi surface at the cut-off surface z = 4§,
and 4 and /C are the determinant of the induced metric and the trace of extrinsic curvature
on the boundary, respectively.

To consider this boundary, it is convenient to change the independent coordinate sys-
tem, and write the p as one of coordinates induced on the bulk minimal surface. So we have
z = z(p,0). The induced metric on the boundary of the bulk minimal surface parametrized
as {p=p,0 =Q/2,z = 4§}, is written as

ds* = =dp? , (A.2)

so we find that I
VA ~ 5 (A.3)

Moreover, the associated normal vector and the trace of the extrinsic curvature can be

written as
z
n~ (0, —Z\/f(z),0,0> , (A.4)
and JF
1 1
_vJ = 1—726!52& . A.
o= (1 ) (A.5)
Finally, the contribution of the boundary term is written as
H
H 1
/ dpK /3 ~ = — ZHp?* 521 ... (A.6)

where dots in the lower limit in the integral denote the higher order terms of ¢ and in the
right hand side stand for the regular terms. Substituting the above relation in the surface
term, we reach to )

Sp = QLGNQAGB?. (A.7)
As we see the effect of the boundary term is only on the area term, and does not affect the
universal term.
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B Calculation of EE for special values of A

In this appendix, we derive the explicit form of g, h. and the holographic entanglement
entropy for two values of a:

) A=E (0=}

First we consider A = 5/2, in this range o = 1/2. So we find

b1 4b 1
_ _ had oo B.1
9= g T Tt (B-1)

and

ho(8) = — (1 + pbH)S — o Ao s (B.2)

H 5H?

Note that we have kept only the leading order in p at any order in é. So the divergence
structures that appears are

arV 1 Vi+h2+h? 1 1, )
= dh AL —K?*(1+3ubH)8*+ - - B.3
i~ s e Taz| T LA ubH)T e (B
ar® H 2,1 1 1 bH®> H1 (B.4)
s 52 894 '
<1) h2 + h2
dIQ 1 2 3
il R C 7 LI B.5
d6 [ 1+h2+h2+h2 +4H3 ’ ( )
dfé) _Hpl 1w (B.6)
s 26 ho 2t ‘
And for the boundary terms we have:
dl; 1 H1 4
e A H?2— — = Z B.
@ (b 2 8o > * (B-7)
dl 0
4:—u/ dh- I 4. (B.8)
s ho  hhv/1+ h?+ h?

Again we have kept only the leading order in u. So we find HEE for AAdS geometry,

IL? |H V1i+h2+h2 1 1
SEgp = — dh|———— log (&
BE =5a 5-1—( /ho [ ) —l—h]—i-ho og(d) + -
L?> [H
e [ log () + - ] (B.9)

As we expect the first term denotes the unperturbed part of EE, but second term
is due to the relevant perturbation of the boundary theory in the geometry of bulk
minimal surface.
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i) A=1, (a=1):

Now we consider A = 1, in this range o = 1. So we find

b 10b—1 1+ 5bK?
+ +

- B.1
9= T 1o 55 0T (B.10)
and
_ 2 pr2 (106 — Dp? o5 (14 50k%)p? 5
he(d) = 5 (1+ p*H?b) 6 + T BT A (B.11)

Note that here the leading correction is second order in p at any order in 4. So the
divergence structures that appears are

ar 10 [Vi+rreh2 1 1, 2 2

=—— [ dn | | K2 (14 3bH?u) 8% + -+, (B.12
o 5/110 o o3 |+ oK (14 3bH %) 6%+, (B.12)
ar  H 11 ,bH3

__ g 11 20 B.1
ds 52 s TH (B.13)
(1) 2 0 h? + h2 2
I 1
aly " _ p” /dh : ( ) : : 5+L3K254+...’ (B.14)
dd 2 ho Wh2\/1+h2+h2 h 4H

dIQ(Q) Hp? 1 p?

And for the boundary terms we have:

dl3 ) 31 106—1 14 5bK?
R e ) s H B.1
T (b 2t 0 At g °) T (B.16)
0
s _ /dh_ N Fa (B.17)
do ho  hhy/1+ h2 + B2
Then we find
L?> |H O IV1+h2+0h2 1 1
== =4/ dn| =" 4 |+ = log(d)+---| (B1
B = 50 5+< /ho e | g )0 (B9

As we expect, in this case, only the unperturbed part of EE appears and the effect
of the relevant perturbation of the boundary theory disappears.
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