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ABSTRACT: We introduce a new basis for the gauge-invariant Hilbert space of lattice gauge
theory and loop quantum gravity in (2 4+ 1) dimensions, the fusion basis. In doing so, we
shift the focus from the original lattice (or spin-network) structure directly to that of the
magnetic (curvature) and electric (torsion) excitations themselves. These excitations are
classified by the irreducible representations of the Drinfel’d double of the gauge group, and
can be readily “fused” together by studying the tensor product of such representations. We
will also describe in detail the ribbon operators that create and measure these excitations
and make the quasi-local structure of the observable algebra explicit. Since the fusion basis
allows for both magnetic and electric excitations from the onset, it turns out to be a precious
tool for studying the large scale structure and coarse-graining flow of lattice gauge theories
and loop quantum gravity. This is in neat contrast with the widely used spin-network
basis, in which it is much more complicated to account for electric excitations, i.e. for
GauB} constraint violations, emerging at larger scales. Moreover, since the fusion basis
comes equipped with a hierarchical structure, it readily provides the language to design
states with sophisticated multi-scale structures. Another way to employ this hierarchical
structure is to encode a notion of subsystems for lattice gauge theories and (2 + 1) gravity
coupled to point particles. In a follow-up work, we have exploited this notion to provide a
new definition of entanglement entropy for these theories.
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1 Introduction

Yang-Mills theory and general relativity are prime examples of theories with gauge sym-
metries, which have become indispensable in modern physics. The Ashtekar formulation of
canonical general relativity [1, 2] brought the two theories even closer. Roughly speaking,
this was achieved by including the group of local rotations, as an extra gauge symmetry
beside space-time diffeomorphisms. This allowed to incorporate lattice gauge theory tech-
niques in the realm of background independent field theories and led to the development
of loop quantum gravity [3, 4].

Lattice gauge theories allow for non-perturbative quantization schemes, which are
needed in particular for the understanding of quantum chromodynamics as well as quan-
tum gravity. The success of such schemes relies on a clever choice of discrete observ-
ables [5, 6] transforming nicely under the gauge symmetries.! These observables are based
on holonomies, built out of the gauge connection, and on fluxes, built out of the electric
field and — in non-Abelian gauge theories — out of the connection, too.

!The issue is, however, much more involved for the space-time diffeomorphism group [7-9].



The major drawback of gauge formulations is, however, that it still needs the identi-
fication of a complete set of mutually independent gauge invariant degrees of freedom and
observables. This is particularly important when it comes to the quantum theory. A gauge
invariant basis for lattice field theory, allowing a convenient description of the gauge in-
variant Hilbert space, is the so-called spin-network basis [10]. Such a basis has found wide
applications in both lattice gauge theories and loop quantum gravity. In particular, it solved
the problem of over-completeness of the Wilson loop observables, as encoded by the Mandel-
stam identities, which plagued the early developments of loop quantum gravity, see e.g. [11].

The main purpose of the present work is to introduce another basis of the gauge-
invariant Hilbert space: the “fusion basis”. Among its desirable properties, one of the
most important ones is that in this basis coarse-graining of states simplifies considerably
with respect to an approach based on the spin-network basis [12, 13]. This feature makes it
the natural candidate to study the large scale dynamics of loop quantum gravity in terms
of coarse-graining and renormalization [9)].

The amenability of the fusion basis to coarse-graining is due to the fact that in non-
Abelian gauge theories, effective electric excitations (or torsion excitations, in a gravity
context) emerge at large scales even if they are not present at the lattice scale [14]. Since
these excitations are not present from the onset in the spin-network basis, one needs to
devise extension of the “standard” framework. See [15] for proposals. In contrast, the fusion
basis improves this state of things in a twofold way: on the one hand it allows from the onset
for both magnetic (curvature) and electric (torsion) excitations, and on the other it can be
designed to have a notion of coarse-graining directly built in its combinatorial structure.

The fusion basis we introduce here is adapted from the theory of topological phases
in (24 1) dimensions. We will therefore restrict here to (2 + 1) dimensional lattice gauge
theories and loop quantum gravity. For a strategy to generalize the fusion basis to (3 + 1)
dimensions, see [16]. Furthermore, another simplification we introduce in order to focus
on the main ideas without bothering about technical details, is that we will consider only
a finite gauge or structure group G. We will comment on the application to Lie groups in
the discussion section, 7.

Let us briefly describe and compare the main features of the spin-network and fusion
basis. The spin-network basis diagonalizes at each link of the lattice the quadratic Casimir
operator built from the electric fluxes. These operators are gauge invariant and coincide
with the electric contribution to the Yang-Mills Hamiltonian. For a non-Abelian structure
group, additional, gauge-invariant, information on the electric fluxes is encoded at the
nodes, in so-called intertwiners. Thus, the spin-network basis provides a polarization of
the state space based on the flux observables.?

The fusion basis, on the other hand, diagonalizes Wilson loop operators, i.e. traces of
holonomies associated to closed paths. In this sense, the fusion basis provides a polarization
dual to the spin-network one. To avoid over-parametrization, one does, however, not
include all possible Wilson loops supported on the lattice, but only a certain hierarchically
ordered set.

2Flux observables do actually not commute in non-Abelian gauge theories. In [17], this is made explicit
and a polarization is constructed, in which fluxes compose by non-commutative multiplication.



A crucial feature of non-Abelian gauge theories is that this set of Wilson loops does
not define a maximal set of commuting observables. In fact, it is necessary to also consider
certain flux observables, based again on closed loops, that capture the electric (or torsion)
degrees of freedom arising at scales larger than the lattice one.? Maybe surprisingly, these
large scale data are not already encoded in the multilevel Wilson loop observables. The
fusion basis is designed to encode both Wilson loop and large scale flux observables in a
unified framework.

In fact, it turns out that the fusion basis diagonalizes closed “ribbon” operators, which
directly classify the magnetic (curvature) and electric (torsion) excitations. This notion
of excitation has to be understood with respect to some vacuum state. Here, the relevant
one is the so-called BF vacuum. Taking its name from the BF topological field theory, of
which it is a physical state, this vacuum state is a gauge invariant state peaked sharply on
vanishing curvature, i.e. on a flat connection. It is then not surprising, that the fusion basis
framework bares a close relationship with the theory of extended topological quantum field
theories on the mathematical side, and with topological phases and their defect excitations
on the condensed matter side. In particular, BF theory can be described by so-called
extended? string net models [18-20)].

The classification of the excitations comes with an interesting mathematical structure,
the Drinfel’d double D(G) of the gauge group G. For this reason we will introduce and
review various basic facts about the Drinfel’d double and its representation theory. This is
in fact the fundamental mathematical tool behind the definition of the fusion basis, since
the irreducible representations of D(G) characterize the excitations of the model, while
their tensor product describes their “fusion”.

After having introduced the fusion basis and the ribbon operators characterizing it, we
will give an overview of various applications. Firstly, we will discuss how to use the fusion
basis to easily design multi-scale states. It is interesting to compare the tools developed
here to the closely related philosophy underlying the introduction of tensor network states,
which provide an Ansatz for the ground state of Yang-Mills theories [21].> Secondly, using
the muli-scale states, we describe a coarse-graining scheme based on the fusion basis. At
this point of the discussion, the advantage in using the fusion basis should be obvious:
coarse-graining is directly given by the fusion of excitations, which are in turn naturally
encoded in the fusion basis itself.

In a follow up work, we plan to discuss entanglement entropy in non-Abelian lattice
gauge theories, a topic which recently attracted increased attention [22-27]. Specifically,
we will make use of the fusion basis to provide a new definition of entanglement entropy
for such theories, and to compute it for a certain family of states.

3We already mentioned this effect when we discussed coarse-graining.

“Here the attribute ‘extended’ describes the addition of non-gauge-invariant group-representation-space
indices, encoding the choice of local reference frame, which are not present in the ‘pure’ string net models.

°In the context of (2 + 1)dimensional gravity, on the other hand, the BF vacuum already provides the
physical state of the theory, i.e. the state invariant under full diffeomorphism symmetry. Fusion basis
states, then, encode multi-particle states coupled to gravity. Therefore, this basis could be a useful tool to
understand their coupled dynamics.



Let us conclude this introduction with a note. In this paper, we will rely on a lot
of previous work coming both from the context of topological phases with defects and
from extended topological field theories. This material will be translated and adapted
to our purposes. The reformulation of lattice gauge theory and loop quantum gravity in
terms of extended topological field theory is parallel to [28-30]. The fusion basis has been
constructed already for string-net models [18]. An explicit definition for SU(2),, at ¢ root
of unity, was given in [31], which is easily generalizable to modular fusion categories (see
also [28]). The fusion basis for more general fusion categories appeared — albeit only
implicitly — in [32].

Our characterization of basic excitations is adapted from arguments® in [34-36] which
were developed also in the context of string-net models. Here, although we make use of
the same idea of gluing states, we rephrase it in a context more amenable for applications
to lattice gauge theory and loop quantum gravity. For this reason, we develop our ar-
guments for the BF representation [37, 38] and work in the holonomy polarization. This
will considerably facilitate the interpretation of the excitations generated and measured by
ribbon operators in terms of standard gauge theory and loop quantum gravity observables.
It will also help us to provide an interpretation of the corresponding operators defined for
the Turaev-Viro based representations [28], where the operators are constructed via more
abstract arguments within the flux (spin) polarization.

The Drinfel’d double of (finite) groups and their representations have been discussed
in [39, 40]. Ribbon operators were introduced by Kitaev [41] and studied in great detail by
Bombin et al. [42] in the context of a lattice gauge theory model. Our discussion, however,
will rather be based on a lattice-independent description of the ribbon operators. While we
believe that this can be fruitful in the study of Yang-Mills theory, it is definitely necessary
for application to background independent theories, such as loop quantum gravity.

This paper is organized as follows. In section 2 we formulate the BF representation
in (2 + 1)D. This provides also an interpretation of lattice gauge theories as topological
field theories with defects, making the fusion basis available for these cases. Then, we give
the main argument for the appearance of the Drinfel’d double D(G), in section 3; in this
section we also review the representation theory of the Drinfel’d double, and fix the relevant
notations for the rest of the paper. Section 4 is the core of the paper, where the fusion
basis is introduced. In section 5, we introduce the open ribbon operators that generate the
fusion basis by acting on the BF vacuum, as well as closed ribbon operators that project
onto the fusion basis states. Finally, in section 6, we discuss possible applications of the
fusion basis, firstly for the multi-scale design of states, and secondly for coarse-graining.
The paper has also a number of appendices, where technical calculations are relegated and
further details on the BF representation are provided.

2 BF representation in (2 + 1) dimension

In lattice gauge theories, observables can be given in terms of holonomies (or Wilson
lines), encoding the magnetic degrees of freedom, and fluxes, encoding the electric degrees
of freedom. In (2 4 1) dimension both holonomy and flux observables test the continuum

6See [33] for alternative derivations.



field along a one-dimensional path embedded in the spatial manifold. On a fixed graph (or
lattice) one has only access to a restricted set of such holonomies and fluxes, that is those
that can be composed from the elementary holonomies and fluxes associated to the links of
the graph itself. In this way different graphs I' lead to different Hilbert spaces Hr, hence
providing a representation of the holonomies and fluxes based on T'.

One can however consider also all possible graphs at once (or at least a suitable set of
graphs allowing for infinite refinement) by constructing a so-called inductive limit of the
family of Hilbert spaces {#Hr }r. This allows for the representation of holonomies and fluxes
based on arbitrary paths (or again based on a suitable set of paths). Such an inductive
limit construction led to the Ashtekar-Lewandowski-Isham (ALI) representation [43-46]
of the kinematical” observable algebra in loop quantum gravity. Here the selection of a
(kinematical) vacuum state is essential, which in the case of the ALI representation is
given by a state for which the expectation values vanishes for all operators composed from
fluxes. This implies that the resulting Hilbert space supports states which have vanishing
flux expectation values almost everywhere. As the fluxes encode the spatial metric the
states describe therefore an almost everywhere degenerate geometry.

This was one of the motivations for the construction of an alternative representa-
tion based on a different — actually dual — vacuum, sharply peaked on vanishing cur-
vature [14, 37, 38]. This vacuum is a solution of a topological field theory known as BF
theory and describes in lattice gauge theory the weak coupling limit. BF theory plays also
an important role in the gravity context: it is itself a formulation of (2 4 1) dimensional
gravity, and moreover, in (3+ 1) dimensions, it is the starting point for the construction of
spin-foam models, a covariant version of loop quantum gravity [47]. A quantum deformed
version [28], based on the Turaev-Viro topological theory® [48], describing (2 + 1) dimen-
sional Euclidean gravity with positive cosmological constant, is more directly formulated
as an extended topological field theory. Here the notion of defect excitations, supported in
(24 1) dimensions on punctures, is essential.

In this section we will shortly explain the BF representation for loop quantum gravity
and a related understanding of lattice gauge theory as an extended topological field the-
ory. The BF representation in [14, 37, 38] has been based on an inductive limit involving
triangulations and their dual lattices. We will review this notion and then lay out an al-
ternative construction, similar to [28], which is nearer to the spirit of extended topological
field theory. In the latter case the graphs or lattices have a less fundamental role. Instead
one uses punctures (or ‘defects’) which carry the excitations. These defect excitations are
to be understood as deviations from a vacuum or alternatively violations of constraints,
which characterize the vacuum. This vacuum is here given as the BF vacuum, i.e. a state
without curvature (magnetic excitation) or torsion (electric excitation).

These considerations will also allow to understand lattice gauge theory as an extended
topological field theory, that is a topological field theory with a (here fixed) number of
defects allowed.

"That is the observables are not completely space-time diffeomorphism invariant.
8This representation is so far only applicable to (2+1) dimensions, for a strategy to generalize to (3+1)
dimensions, see [16].



2.1 Triangulation-based BF representation: review and limitations

The BF representation is based on a so-called inductive limit of Hilbert spaces. The
inductive limit is defined via a family of Hilbert spaces labelled by elements of a partially
ordered (and directed) set. Each Hilbert space of this family can be understood to capture
a certain subset of the degrees of freedom of the continuum, given by the inductive limit.
In this sense a given Hilbert space of this family defines also a discretization.

In [14, 37, 38|, such an inductive limit was based on the refinement of triangulations
of a given 2D hypersurface .. Specifically, given ¥ and a triangulation A thereof, the
configuration space underlying the Hilbert space Ha is given by the moduli space of flat
connection on X\ A, that is M32¢(2\ Ag). Here Ag is the set of O-simplices, i.e. vertices,
of the triangulation.

As is well known, M8(3\ Ag) can be fully described by considering the set of
holonomies” along the links of a graph I' dual to the triangulation. Clearly, the flat-
ness conditions ensures that the specific choice of dual graph is irrelevant. Then, Ha is
given by the gauge invariant functions of such holonomies, equipped with a specific inner
product. For a well-defined inductive limit, the measure on the underlying gauge group G
has to be discrete, even if G is a Lie group [37, 38].

It is often convenient to choose a marked point on the manifold, the ‘root’, at which
gauge invariance is relaxed. Fully gauge-invariant functions can be re-obtained via a gauge
averaging procedure. The advantage of having a root is clear if G is a Lie group: the gauge
averaging procedure over G equipped with a discrete measure would in general lead to
many subtleties [38]. Physically, the root can be interpreted as a reference frame internal
to the system.

So far we have described the structure of the Hilbert space Ha on a fixed triangulation.
What is missing is the inductive limit construction of the continuum Hilbert space Hyx.
Consider two triangulations A and A’, such that A’ is a refininement of A, i.e. A < A’
Then, the inductive limit is based on the definition of embedding maps

LA HA — Har. (21)

Roughly speaking, in the BF representation, the embedding maps multiply the states in
HA with a set of delta-functions — hence the relevance of the discrete measure on the
group — enforcing the triviality of the holonomy around every additional cycle present in
I but not in I'. Notice that there is one such cycle for every element of A\ Ag. This
defines Hy. However, we also need to define operators O compatible with the refinement
procedure. This is easily done by requiring,

OA’ [e) [/A,A’ = LA,A’ (e) OA. (22)

In [14, 38], such operators have been constructed and fully characterized. They are of two
types. Firstly, there are holonomy operators along root-based closed cycles of I'. These

9We use the word ‘holonomy’ for the group-valued path-ordered exponential of a connection along a path
between two points on the manifold. It transforms covariantly upon gauge transformations at its starting
and ending points, and it is invariant upon any other gauge transformation.



operators are labelled by a representation of G and act by multiplication in the obvious way.
Secondly, there are so-called ‘exponentiated flux operators’. In (2+1)D, they are associated
to edges of the triangulation A itself. They act by translating the holonomies associated
to the links of I' dual to the relevant edges of A. Therefore, they act as exponentiated
derivate operators, hence their name.'® Notice that the holonomy translation by the action
of the exponentiated fluxes induces curvature defects at some vertices of the triangulation.
In other words, it introduces non-trivial monodromies around cycles of I' dual to some
vertices of A. To obtain a state with a curvature defect at an arbitrary position =z € 3,
one just has to first refine A to A’ in such a way that = € A{,. Finally, we stress that the
operators just described, and properly defined in [14, 38], are either gauge invariant or lead
to gauge violations confined at the root.

This last remark is important because in the present work we will allow torsion degrees
of freedom to be carried by the vertices of the triangulation. Which means that more general
gauge-invariance violations will be allowed than in the setting presented above. Although
to avoid technicalities we will do this in the context of a finite group gauge theory, this
generalization is conceptually of crucial importance for gravity (which is, of course, based
on a Lie group). This is because, spinning particles induce torsion violation [49, 50]. The
relevant operators, creating this more general type of excitations, have been introduced —
albeit in a slightly different manner with respect to ours — by Kitaev, in [41]. He called
them ‘ribbon operators’. In the context of (2 4+ 1)D gravity, ribbon operators crucially
provide Dirac observables [51]. We draw from this further motivation for the present work,
in that we want on the one hand to give a lattice-independent definition of ribbon operators,
and on the other to use their eigenvalues to fully characterize a basis of the quantum gravity
Hilbert space on 3.

2.2 An alternative description of the BF representation

Here we present an alternative formulation of the BF-representation. Its advantages are
multiple: first, its language is closer to that of the Turaev Viro based representation [28].
Second, it translates a range of techniques used in the context of string-net models [18, 32]
to an holonomy-based formalism. Finally, it provides a lattice-independent description
of the Kitaev model [41], which can in turn be mapped onto an ‘extended’ string-net
model [19, 20].

The basic idea behind this alternative formulation is to replace the triangulation, its
vertices and its dual graph, with a less rigid structure provided by punctured surfaces and
general graphs on them. Introducing an equivalence class among graphs allows for a first
step towards the continuum limit. We say ‘a first step’ because in this paper we will work
with the defects’ locations, i.e. the punctures, kept fixed. The second, and last, step to
the continuum limit would be to consider the inductive limit in which one allows for the
addition of new punctures. A possible way to achieve this is sketched in appendix A.

Let us provide all the ingredients needed for the construction of this alternative de-
scription of the BF representation.

10Tp the ALI representation of loop quantum gravity, gravitational fluxes act as derivatives on the
holonomies.



Finite group. As mentioned above, we will work with a finite gauge group G, with
|G| < oo elements. Some of our results can be generalized to Lie groups, in both the BF and
ALI representations. This would, however, require lengthy (measure theoretical) technical
discussions. Here, we rather prefer to emphasize the underlying algebraic structures and the
many analogies to the TV representation. Indeed, one can understand the g-deformation
at root of unity characteristic of the TV representation, as in a certain sense turning SU(2)
into a finite (quantum) group SU(2),. Spin-foam models with finite groups are used to
study the behaviour of spin-foams under coarse graining [13, 66-69], and we hope that the
techniques developed here will be useful also in this context. We denote general elements of
Gby G, H,qg,u,... and variations thereof, and the identity element by e. The delta-function
on the group is normalized so that d(g,h) = 1 if g = h and vanishes otherwise.

Punctured surface. In our analysis we will for simplicity exclusively work in the case
in which ¥ is the two-sphere S. Fix S to have a finite number [p| of marked points,
called punctures {p}. Define S, to be the surface S with one disc removed around each
puncture and with one point marked on the boundary of each such discs. We will call these
points ‘puncture-nodes’. This structure is needed to describe torsion defects and later-on to
define the gluing of states along punctures. Now, consider finite directed graphs embedded
into this surface. The graphs can have ‘open links’, i.e. links ending in a one-valent node,
provided this node is a puncture-node. We require all other nodes to be two- or tri-valent.!!
This is just a choice, that leads to a triangulation as dual complex and furthermore makes
a translation to string nets (via a standard group Fourier transform) more immediate. This
restriction can however be easily dropped.

Among all the possible graphs, there is a special subclass of ‘minimal graphs’. Minimal
graphs on a punctured sphere are defined by the following properties: (i) they capture the
first fundamental group of the punctured sphere, m(5,), (i) they have no contractible
faces, that is all their faces enclose a puncture, (iii) they have no two-valent node, and
(iv) they have one open link associated to each puncture, see figure 1 for examples. Given
Sp, minimal graphs are by no means unique. From our definition, it is not difficult to see
that a minimal graph on S~ must have exactly L =1+2(p—2)+3(p—1) = 5p — 6 links,
and N = %(QL — p) internal nodes.

Before moving to the next point, notice that the puncture-nodes play the all-important
role of making possible the gluing of surfaces along the boundaries of the punctures’ discs.
Following Ocneanu’s insight [34, 35], we will show how this operation unveils a wealth of
algebraic structure hidden in the theory.

Hilbert space H,. The configuration space underlying the BF representation is, exactly
as before, given by the moduli space of flat connections on S minus some points (or,
equivalently, discs). In this case, this reads MU3%(S,). This space is now completely
characterized by the holonomies along the links of a minimal graph I'. Hence, we define
the Hilbert space Hr to be given by the set of gauge invariant functions {¢'} on such a

U wo-valent nodes are needed only as intermediate steps of the refining procedure.



Figure 1. Examples of minimal graphs on S, and S3, respectively.

space of holonomies:

v: GF = C, (2.3)

where L denotes the number of links of the minimal graph. Importantly, we require the
gauge group to act only at the internal nodes, and not at the puncture-nodes. Indeed,
imposing gauge invariance at the puncture-nodes would result in the trivialization of the
dependence of the state from the group element associated to the only link ending there.
In the following, it will become apparent that avoiding this trivialization is crucial to im-
plement both torsion excitations and a consistent cutting-and-gluing scheme of the states.

More specifically, a gauge transformation is parametrized by a choice {u,}, € G~
where n denotes an internal node and N their number. It acts on a holonomy configuration
{g1} € G" as

{un}n > {gl}l = {Uill) g us(l)}l ) (24)

where s(I) and t(I) denote the source and target nodes of the link I, respectively.'? Finally,
the inner product in Hr is defined by

(1,92) = > di{atvela}- (2.5)

~ciL
|g| {ai1}

To obtain a Hilbert space H, associated directly to S,, we need to show how to identify
various Hps for different choices of (possibly non-minimal) graphs I'V in S,. We do this
by declaring two states based on different graphs as equivalent if they are related by a
combination of the four operations we are now going to describe. The idea is that via a
minimal graph one can already characterize /\/lﬂat(Sp) completely: it gives access to the
holonomies associated to all the non-contractible cycles (those around the punctures), as
well as giving the holonomy (parallel transport) between any couple of punctures. Since the
connection is locally flat, the path underlying each holonomy can be smoothly deformed.
Also, we can refine the graph, provided we ensure that the holonomies associated to the
contractible cycles are all trivial, and that gauge invariance is preserved. As a consequence
of gauge invariance, we can freely remove two-valent nodes. Likewise for a non-minimal
graph we can remove links, if the resulting graph still captures 71(S,). Formally, the
operations are:

?In the equation above, we left understood that u,y = e if s() is a puncture-node. Similarly for ¢(l).



i) Link deformation — A link can be (smoothly) deformed as long as no other link,
node or puncture is crossed. Two states 1,1’ based on two graphs I', IV related by
a link deformation are defined to be equivalent if they are described by the same
function, i.e. if 1({g}) = ¥'({g}) as functions on G~.

ii) Link orientation flip — After flipping the orientation of a link { — [~!, the state v
equivalent to v is

V(g-r,) = wlg ) (2.6)

iii) Link subdivision/union — After the subdivision of a link [ — Iy o[y, the state
1/’/(91179127 tee ) equivalent to 1/}(917 N ) is

w/(gllanga"') = w(glzgllv"')' (27)

iv) Face removal/addition — After the addition of a new link [, the graph gains a new
closed face (that is a contractible cycle) f with holonomy h; (we are assuming that
any link subdivision necessary to the addition of this new link has already been
performed). Then the state ¢'({gr}) on the new graph which is equivalent to the

original ¥ ({g;}) is

V'({ar}) = V161 (e, hy) v ({gi})- (2.8)

where the factor v/G in (2.8) has been introduced to ensure that equivalent states
have the same norm.

At this point, it is a simple exercise to show that the inner product is independent of
the choice of representative in the equivalence class described above. This concludes the
construction of H,,.

Notice that the only information that is common to all Hr, and therefore that is
proper to H,, itself, is the embedding of the punctures. This mirrors the properties of the
states in H,: excitations are confined to the punctures and the state describe locally-flat
gauge-invariant connections away from the punctures.

To obtain a continuum Hilbert space allowing for excitations at arbitrary positions in
> we have to consider the inductive limit over Hilbert spaces H,, where p stands not only
for the number of punctures (denoted by |p|) but also for their embedding information.
For a sketch on how to achieve this, we refer to appendix A.

All the construction presented here can be recast in a spin-network language, essentially
by decomposing the states 1 via the Peter-Weyl theorem onto a graph-dependent basis
labeled by representation-theoretic data. In this formulation one would recover the so-
called extended string nets [19, 20], and the conditions above would be rephrased in a
completely algebraic and combinatorial language.
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3 From Ocneanu’s tube algebra to the Drinfel’d double

So far, we have been describing states in a graph-dependent and redundant fashion. Graph
independence is then shown to be recovered thanks to the introduction of appropriate
equivalence relations. It would be, however, much more efficient to characterize the states
directly, with no reference to any choice of graph. To this end we turn our focus on the
punctures and the excitations they carry. Let us start by analyzing the simplest cases, S,
with [p| =1,2,3.

Clearly, 51 cannot carry excitations, since m1(S;) is trivial. Indeed, a minimal graph
on 51 has one link [ surrounding the puncture, and one link !’ starting at n = s(l) = t(I)
and ending at the puncture-node; now, contractibility of [ imposes ¥ (g;, gir) = d(e, 1) f (gr),
while gauge invariance at n requires f to be constant.

Thus, the simplest non-trivial case is that of the 2-punctured sphere, S, which is
topologically just a cylinder. The study of states on the cylinder is the subject of this
section. The next-simplest case is 53. The three-punctured sphere is a fundamental object
in 2D topology. It goes under the names of ‘trinions’, or — for obvious topological reasons
— ‘pair-of-pants’. The analysis of states on S3 will be the subject of the next section
(section 4).

The reason why S3 is such a fundamental object is because out of it, by the procedure
of successive gluing, one can produce any S,.'> Therefore, 5o, S3 and the gluing procedure
are all that there is to know. Let us hence start by discussing cylinders.

3.1 Characterizing the excitations

Cylinders play a special role in the characterization of ‘basic’ excitations. Simply put, the
reason is that cylinders can be glued ‘around a puncture’ without changing the topology
of 5. Therefore, via the gluing operation, states on a cylinder can also be interpreted as
maps acting on H,. By successively gluing cylinders onto one-another, it is straightforward
to define a multiplication between cylinder states. In this way, states on the cylinder define
an algebra, called the Ocneanu ‘tube-algebra’.

But what is the physical interpretation of this algebra? By visualizing the cylinder as
an annulus of space, one can think of the gluing operation as the addition of ‘more-space’
around an excitation. Topological excitations relevant to 3D gravity should be stable under
this operation. Therefore, they are characterized by idempotents of the tube algebra, or
— equivalently — by its indecomposable (representation) modules [34-36]. As pointed out
by Ocneanu [34, 35], this allows the interpretation of such idempotents as viable boundary
conditions.

In the next subsection, we will show explicitly how the tube algebra is nothing but the
Drinfel’d double algebra D(G) [52]. Thus, it follows immediately that states on the cylinder
are labeled by irreducible representations p of D(G). Also, from the above discussion, we see
that any puncture on S, should be labeled by such a p. Hence we conclude that excitations
in 3D Euclidean gravity can be classified in terms of irreducible representation p of D(G).

13 Actually Sz is enough to build any ¥,, although the gluing procedure for the states becomes more
subtle in this case. We will not discuss this in the present paper.
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In the case G = SU(2), the two labels defining such a p can be directly interpreted as the
mass and the spin of the excitation.

This result is not new, see e.g. [53-56]. However, in previous treatments, it was a
found as a consequence of the presence of group-valued constraints (moment maps).'* The
gluing of cylinder states seems, however, to provide so far the simplest and most direct
argument.

Of course, the next important question is to understand how different ‘local’ states
defined at each puncture, eventually fit together. Not surprisingly, the answer lies in the
study of the tensor product of representations, i.e. in the fusion algebra of Rep(D(G)). This
will be the content of section 4.

3.2 Two-punctured sphere

A minimal graph I's on Sg possesses four links {/;};=1 4. We fix the compositions l2_1 oly
to be a closed loop winding once around the cylinder, and I3 ols0l; to go from the ‘source’
puncture to the ‘target’ puncture. Finally, label the links of the graph with group elements
{91, € G}. For brevity we set g;, = g;:

= 94 = " :392 : (3.1)

A state in Hr, is given by a gauge invariant state

1/)82 (917 g2, 393, 94) = ¢82 (ugla U92u717 931)717 Ug4’LL71), (32)

for any u,v € G. Taking advantage of the gauge invariance of ¥°2, choosing v = g3 and
u = g3g2, we can fix go = e = g3. A basis of Hr, is then given by the gauge-fixed states

U2 (g1, 90)g.r. = |G1*%0(G, g1)3(H, g4) = 1G> - (3.3)

where |G|*/2? is a normalization factor chosen for later convenience. In the above dia-
gram, dashed lines represent gauge fixed group elements, while solid lines carry the group
variables. In fully gauge-covariant form, these basis states read

1/122,11(91792, 93,94) = |G1>26(G, g39291)8(H, 939495 *95 1) (3.4)

This basis can readily proved to be orthogonal:

1 ~ ~
(W v2g) = i Y U 90V (01 90) = |G16(G, G)S(H, H).

= |g7
g1,--,94

AR thanks Karim Noui and Florian Girelli for a useful discussion at this purpose.
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Notice that the states ¢2~2 g are not normalized. The reason for this choice will be made
clear later. Henceforth, we will often keep the {g;} implicit, and denote the basis states
. )
simply 1/1G2’ -

A general element of Hy can then be written as

U= > (G H)WYEy, (3.5)

G,Heg

In particular, we define the (unnormalized) S; vacuum state to be

0% = 0(e, 9495 ") 1g1) 1(g3) (3.6)

where 1(-) denotes the constant function evaluating to 1 on any group element. Therefore,

@Z)§2 is the following linear combination of basis states,

vor = 16177 Y T we, with (452, 45%) = 1G] (3.7)

Geg
3.3 Ocneanu’s tube algebra

As we have already mentioned, a fundamental property of punctured manifolds is the
possibility of gluing them together. Let us denote the gluing operation with a star, x.
Then, denoting %3 the Riemann surface of genus g and p punctures,

h
EDVED Y S (3.8)

Clearly, gluing a cylinder So = XY to any other 7 gives back . At the level of the
graphs I'j and FZ, the gluing is defined by identifying the marked points associated to
the punctures along which the gluing is performed and matching the two edges which end
at these marked points. The marked points then become a single two-valent node n in
Iy * Ff]l. Even if the two original graphs on 3§ and 22 were minimal, the resulting graph
on Egigd is not. Indeed, it contains an extra closed face f, i.e. a face surrounding no
puncture. Therefore, if we want the gluing to be mirrored at the level of the state spaces,
this face must be associated with a trivial holonomy. This suggests to define first the gluing

operation on basis states based on graphs via

*: Hr @ Hrr — Fra E> Hru
PPl = gl gl o gl ol = P(yT - o),

and then to extend this by linearity to arbitrary states. The ~ before the last term in

(3.9)

the diagram above signals that equivalence relations (section 2.2) are generally used at this
point. Here, Fp, v is simply the space of functions on I'xI", and the first operation is trivial.
On the other hand P is a projector, and it is itself the combination of two operations:

P = Pfat © Pyauge (3.10)

the first being a projection onto gauge invariant states at the newly created two-valent
node n of I'xI", and the second a projection onto states carrying trivial holonomies around
the newly created closed face f.

~13 -



To clarify the above construction, let us consider the important case of gluing two
cylinders to one-another. In this case, S9 x 59 = Sg, and the gluing defines a multiplication
operation on Hy. Notice that this is not a standard structure on a Hilbert space. In
particular, thanks to the gluing operation, Hs carries a representation of algebra, named
Ocneanu’s tube algebra.

Consider two minimal states

({gid), ¥3*({gi}) € Ha (3.11)

Then, following the prescriptions above, we obtain

!
94

(W1 - 03*) ({90, 91}) = (3.12)

ga

where the gray face is the new closed face f on which the flatness constraint has to be
imposed. The node n is the one where the links /3 and I} meet. Gauge invariance at n can
be imposed by group averaging;:

({91 91) = (Paanse¥5 - 05%)) ({50, 01}) (3.13)
1 _
= 5 Z sz)ész (gik 15 gév géa gé)wisz (glv g2, kg?)a 94) (314)
|g| keg
Now, the flatness constraint at the new closed face f is readily imposed as
U3 s? = (P (g 91)) = o(e, ) ¥ ({i,g1) (3.15)

where hy = g39499 ! g3 ! gfl gj[l ghg}. The state so constructed is not defined on a minimal

graph. However, it is in Hp, and hence via the equivalence relation described above, can
be identified with a state in Hs.
Let us be even more specific, by gluing two basis states of Hs. Graphically:

S [ S S
wg%7H/ *wg?H i gg ) i Pﬂat O [Pgauge <g3 | )

but, on the other hand, the linked cylinder state is explicitly given by

AQ

Sam— R — A‘*Hl
T Lol
Gl
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= 0(G, g39291)0(H, 939495 95 " )6(G', g59591)5(H', 9594 (g5) " (g5) ") (3.16)

Hence, applying the projectors and rearranging the delta functions, we obtain

Phat © [Pgauge ‘g’ .

IQ\3|g| G, g59501 k1) 0(gh91 939495 a5 (g1) M (gh) ™
keg

x 8(G'G, g39591939291) 6 (H, (G') ' H'G") 6(H', g5,94(95) ™"

~

Now, we appeal to the equivalence relations of section 2 to remove the dependence on g4 by
removing the corresponding link (and associated face, see equation (2.8)). We then undo
three link subdivisions and declare I} o l3 0 l2 0 l; to be the new link l~1 Hence, we finally
obtain the following crucial result!'®

Ved g x gty = |G1¥P6(H,(G) T H'G) = 0(G) 'H'G H)Gg - (3.17)

This multiplication law, together with the usual Hilbert space linear structure, defines the
Ocneanu tube algebra. As a matter of fact, the x multiplication we have just constructed
is exactly the multiplication law of the Drinfel’d double algebra D(G). The present con-
struction can be readily generalized to the case where m > 1 links are allowed to end at
the puncture, see appendix C.

3.4 Drinfel’d double of a finite group

Drinfel’d (or quantum) doubles of a finite group [52] are examples of quasi-triangular Hopf
algebras (or quantum groups). Here we will present the basic properties relevant for our
discussion. More details can be found e.g. in [57, 58].

As a linear space, the Drinfel’d double D(G) is isomorphic to

D(G) ~ CG ® F(G), (3.18)

15Note that there we could have made different choices to simplify the final form of the state, but all

choices have led to the same result.
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where F(G) is the Abelian algebra of linear complex-valued functions on G, and CgG is the

complex group algebra. Both F(G) and CG can be made into Hopf algebras and moreover

as Hopf algebras are dual to each other.

Due to the isomorphism (3.18) we can state a basis of D(G) by {G ® 0u }q Heg Where

0p is the delta function peaked on H such that d(e) = 0(H,e). To have a more symmetric

notation, we will denote such basis elements as [G, H| = G ® dy.

The Drinfel’d double being a Hopf algebra, it comes equipped with a series of operations

and maps satisfying certain compatibility axioms. This is a standard construction, and we

refer e.g. to [57, 58] for the complete list. Here, we just provide a brief reminder of some

of its structures.

i)

i)

i)

Multiplication — It is denoted with a * and is defined by

* : DG)@DG) — D) (3.19)
(IG,H),[G,H]) ~— [G,H|x[G,H|=0dH GHG")GG, H].
It is associative and its identity element is
1= [e H]. (3.20)
Heg

Note, this multiplication does not come from the direct product of the algebras F(G)
and CG, but it rather has a semi-direct product structure where the CG factor acts
on the F(G) factor.

Comultiplication — This is needed for defining the action of D(G) on tensor product
representations, and in D(G) it is non trivial:
A : DG) — DG)®DG) (3.21)
G.H] — AGH]= ) [G.X]@[GY]
X, Yeg
XY=H

Importantly, this operation is co-associative, i.e.

(A®id)o A= (Id® A)o A, (3.22)
where we introduced the identity map on the double, id(e) = e.
Antipode — We will not make essential use of it in this paper, but since it is what

generalizes the inverse element to the context of quasitriangular Hopf algebras, it is
worth recalling its definition

S([G,H)) =[G, *H1q). (3.23)

The defining relation for the antipode, which qualifies it as the generalization of the
notion of inverse, is

(idxS)o A= (S*id) o A =, (3.24)
where € is a linear map on D(G), known as the counit, defined by €([G, H]) = §(H, e)l.
Notice the role played by both the multiplication and the comultiplication in the
above identity.
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As our notation suggests, the *-multiplication corresponds to the gluing product in-
troduced in the previous section. The *-product of two basis states of the form 1/12?71{ is
a different basis state (of the same form). However, if we want to follow the idea that
physical excitations must be stable under the operation of gluing cylinders on the top of
them, we are motivated to look for an alternative basis, labeled by p, such that

Vo x 1y o 8(p, p)iby. (3.25)

Mathematically speaking, we look for a basis of D(G) that is idempotent under the -
multiplication. Since the Drinfel’d double algebra D(G) is semisimple, the idempotent
states we are looking for are directly provided by the irreducible representations of the
Drinfel’d algebra. By this, we mean that the p-index above labels irreducible representa-
tions of the Drinfel’d algebra.

3.5 Irreducible representations of D(G)

Irreducible representations {p} of the Drinfel’d double D(G) are constructed as induced
representations [39, 40]. This is possible because the multiplication operation

(G, H] » [G, H] = §(H, GHG ")[GG, H] (3.26)

can be roughly read as ‘G multiplies G, while acting on H’.

Since G acts on H by conjugation, a fundamental ingredient to build the {p} is the set
of conjugacy classes of G. The property of being conjugated to each other is an equivalence
relation:

H~H if 3GeG, H =GHG™ . (3.27)

Therefore, the group G is partitioned by the set of its conjugacy classes G = | |C (to not
burden the notation even further we do not introduce an index labeling different conjugacy
classes). Denote the elements of C' by ¢; with i = 1,...,|C|. And say that ¢; € C C G is
the ‘representative’ of the conjugacy class C.

Now, having fixed a representative, we can define N¢ to be the stabilizer (‘little group’)
of ¢y, i.e.

Nec ={G € G|Ge;G™ = ¢y}, (3.28)

We now want to define ‘standard’ transformations that bring the representative ¢; to any
other element of C. Clearly, there is no canonical choice in G. And therefore we need to
make a set of choices, we will call {¢;} = Q¢:

c = qicqul. (3.29)
Note that q; can always be taken to be the identity, g1 = e. Note also that
Qc ~G/Nc (3.30)

and therefore |Q¢c| = |C| exactly as desired.
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We also introduce a ‘label function’ k¢ that associates to any ¢; € C their ‘number’
withing C,
ko(ci) = 1. (3.31)

The last ingredient for constructing {p} is the set of unitary irreducible representations
(‘irreps’) of N¢, {R}. Denote the matrix elements of G € N¢ in the representation R, by

D (@) (3.32)

where M, M’ are the ‘magnetic indices’ which take dp different values, dg being the di-
mension of the irrep R. The corresponding characters are

Y*@G) = tr(DR(G)). (3.33)

A useful consequence of Schur’s orthogonality relations is that the (Kronecker) delta func-
tion on the group can be decomposed on the characters as

5(e, ) = ’Nlc‘ ER: dnie) (3.34)

The idea is then to separate the action of each element G € G into its action within C
and Ng. For this we unfortunately need to introduce some extra notation. Fixinga G € G
and a label i in C, we define the index i’ via i’ = ko (Ge;G™1), i.e.

cy = Ge;G™L. (3.35)
Now, this allows us to construct out of G and i an element G; € N as
Gi=q;'Gy. (3.36)

Indeed, this follows by the comparison of the first and last terms of the following series of
equalities
qi/clqi71 =y =GeG = quclqi_lel. (3.37)

At this point we have all is needed to introduce the irreducible representations {p} of
D(G). These are labeled by a conjugacy class C' and an irrep R of No: p = (C,R). The
relevant vector space on which p acts is given by the linear (complex) span of the following
vectors (in a ket-bra notation):

V(CR) — Span{]ci,M> ’ i=1,....C; M=1,... ,dR}. (3.39)

The action of the Drinfel’d double D(G) algebra on V(©F) is thus defined by the following
action on the above basis:

DYR((G, H))|es, M) = 6(H, Ge;G~ ZDMM, )|Ge:G™Y, M), (3.39)

Equivalently, the matrix elements of D®([G, H]) are
Dyl (G HY) = 8(H, cq) 8(cy, GeiG™1) Dfy (Gy). (3.40)

This is then extended linearly to the whole vector space.
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We can interpret such a definition as follows. First one acts with the adjoint action of
G on ¢; € C. However G contains also a part in N¢, and this part acts via D¥ on the R

representation index. Then one projects out the H component |H, -).

DC’R

The representations can also be extended to elements of the Drinfel’d double of

the more general form

> agu G®dn, (3.41)
G,HeG

by linearity, i.e.

DEE(a Z ag.ad(H, cy)8(cy, GeiG™Y) DYy (Gr)
= Z ag,e, d(cir, GG~ DR, (Gy). (3.42)

Often, it will be not necessary to have a grasp on the precise value of the magnetic
indices. For this reason we introduce the short-hand notation
_ ACR

D?’,I(') = Di/M/,iM(')a (3.43)
with p=C, R, I' =M’ and [ = iM.
3.5.1 Some properties of the irreducible representations of D(G)
The dimension of the representation p = (C, R) is given by

d,=dcr=dpg- |C|. (3.44)

The following consequence of Schur’s relation will be useful

> dy = |Ncl. (3.45)
R

Using the two equations above, it is easy to check that dim(D(G)) = |G|?> = dCR déR.
From the contragradient representations of N, we deduce an expression for the complex
conjugate of the matrix elements

C

Dt g (G- H)) = 8(H, &)3(ci, G C) D (47 G )
= Diyfon (G G HG)). (3.46)
Note that the element of D(G) appearing in the last term fails to be the antipode S([G, H])
of [G, H]. Therefore, the above formula does not define the representation dual to (C, R).

Anyway, such a notion of dual representation will not be necessary for our discussion.
Finally, the characters of the irreducible representations labeled by (C, R) are defined

as XO (o) = tr(D%%E(e)) and they satisfy the property

X Cromy) it HEC and G'H'GH = e

(3.47)
otherwise

(G, H)) = {

where recall that kc(c;) is the label function ko (c;) = i.
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Using this remark, it is easy to check the following character orthogonality relation [39]
1 -
@Zx’“([GvH])xp?([G,HD = Oprp2- (3.48)

Other important relations which directly descend from the definitions above are the
following (proofs are relegated to appendix B). First of all the fact that D?([G, H]) actually
defines a representation of the Drinfel’d double star product:

Dy, (G, H] x[G.H]) = Y _ Dy (G, H)Dj (1G, H)) (3.49)

Then, come the orthogonality relations

O
‘g| ZDllfl G H Dp2 ([G H]) ;C)ilp’fz 6[’ 1/511[27 (350)

as well as the completeness relations

SN d, D4, (G, H) DS, (G, H)) = |616(G, G)s(H. H). (3.51)

p I,I

3.5.2 Diagonalizing the star-product

We have now all the ingredients needed to diagonalize the star product in the sense of
equation (3.25). Consider the following change of basis in Ha:

1/1 ‘g’Z\/»Dm ¢

(3.52)
Vel = Y > Vdy DG H) b,
p I'I
Then, the new basis {7, } diagonalizes the star-product:
Sy S _ 5;017p2 S 3.53
wpzyféb*wm,fih - dp, 2.1y wﬂlaféfl' (3.53)

This crucial relation is proven in appendix B.4. Recall that according to the discussion
at the end of the previous section, the importance of such a basis is that it is labeled
by the physically ‘stable’ properties of the punctures. In other words p = (C, R) can be
interpreted as the ‘charge’ carried by the puncture.

With a little stretch of the formalism, we could in principle consider G = SU(2).
Then, interpreting the punctures as point particles, C would correspond to the mass of
the particle, as measured by the (curvature) conical defect it induces, and R € N would
correspond to its spin, i.e. the torsion defect.
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3.5.3 Tensor products of representations and the Clebsch-Gordan series

In order to consider the tensor product of two representations, it is necessary to make
use of the comultiplication A to ‘redistribute’ the Drinfel’d double elements to the various

factors:'6
(DO @ DY (A[G H) = Y (DO @ D) (G, X] @ [G,Y]). (3.54)
X, Yeg
XY=H

The fact that the tensor product of representations can be itself decomposed onto irre-
ducible representations, leads to the notion of fusion category. More precisely, the fusion
structure relies on the existence of ‘fusion rules’ of the form

(C1, R1) @ (Co, Ry) = @ N§I5262 (Cs, Rs). (3.55)
C3,R3

with the fusion coefficients Ngllg;gg being integers. If N]%%% € {0, 1}, the fusion category

is said to be multiplicity free. Henceforth, we assume for notational convenience that the
fusion category of D(G) is multiplicity free, thus avoiding extra multiplicity indices. The
subsequent derivations, however, could be easily generalized. A non-zero fusion coefficient
signifies the presence of a non-trivial recoupling channel, which translates into the existence
of an invariant subspace in the tensor product of the corresponding three representation
spaces. Using the orthonormality of the characters, we obtain the following expression for
the fusion rules [39]

NG = g 3 (DO @ DO (G, 1)) G A 359
14243 |g‘ GyHeg
1 / —_—
=G > Y XOR(G H) (G, HTTH )OO B ([GLHT). (3.57)
GeG H'eCy
HeC,

Now, we look for a relation between the matrix elements of the representations p1®p2 =
(C1, R1) ® (Co, Rg) and the matrix elements of its irreducible components p3. From our
hypothesis, there exists a unitary map UlP1r2] : Dpseprops Vps — Vo ® V), which satisfies
the relation

DY @D (MG H) = 0 Y Ul D (G H) )y, i, (3.58)
p3 I3,I%

where the matrix indices are given by the composed labels I115 and p3l5. The map U
corresponds to the analogue of the Clebsch-Gordan coefficients for the Drinfel’d double
and therefore we will make use of the following notation

CppErs =upr (3.59)

18Tn the case of the tensor product of representations of a group, the comultiplication is in principle
needed as well. However, in this case, it is trivial (A(g) = g®g, for g a group element) and passes therefore
unnoticed.
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Note that relaxing the multiplicity-free assumption of the fusion category would lead to
extra indices for the Clebsch-Gordan coefficients. As for the fusion rules, we can use the
orthogonality of the representation matrices, to obtain

1

1 - 2 S50
9] E D?fh([G Hl])ngzlz([GvHQ])D§513([G7HlHQ]) = EC?EIPEIT; Crpre,  (3.60)
G 3

Hq,Hy

from which one can compute explicitly the values of the Clebsch-Gordan coefficients (no-
tice that there is an ambiguous overall phase, exactly as in the SU(2) Clebsch-Gordan
coefficient).

From the unitarity of i, it follows the following orthogonality and completeness relation
for the Clebsch-Gordan coefficients:

D CRECLmt = dpporr. (3.61)
I, Iz
and
p1P2P  AP1P2P _
Z chffff ‘61111221 = 51{11515,12- (3.62)
p I
(One can easily prove this equation — see appendix B.5 — using the completeness of
the Df, )

Furthermore from the defining equation (3.58) one can derive the following invariance
property of the Clebsch-Gordan coefficients

> > Dp (G H)D (G Ha)) DY, (G HiH]) CREEr = CRpele. (3.63)
Hy,Ho I1,I2,13

This is shown in appendix B.6. Note that in this formula the summations over H; and Hs
(not present in the analogue formula for a group instead of a double) have the following
origin: one sum over H; and Hs restricted to HiHo = H fixed, comes from the coproduct
A(H), while the sum over all possible H is there because we are considering the Drinfel’d
double identity element | =) [e, H].

We can now use this invariance property to show that the Clebsch-Gordan coefficients
automatically implement both flatness and gauge invariance. Consider the following con-
traction of the Clebsch-Gordan coefficients

Z D?fh ([G1, Hl])D%Q[Q([Gz, Ho)) CP e Df;lé([Gg, Hj))
In,12,13

=3 > X DL (G, HD ((Ga, Ha)) DY, (1Gs, Ha))
Hy,Ho 11 d2 03 1T I3 1Y

x Di (G Hi)) D7y (G, Ho)) D72y (G HiHo) Crolpl (3.64)

where on the r.h.s. we used equation (3.63), which holds for any G € G. The summations
over I, I, Is implement the x-multiplication in the Drinfel’d double, leading to three delta
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functions. Two of these can be solved for ﬁ[l and f[g, thus resolving also the sum over
these group elements. We finally obtain

Z Dzlh([Gb Hl])D§é212([G2, Hs)) C;’llgzgs DIP:I{,,([G& H3))

I,I5,13
= Y 0(Hs, Gy HiG1Gy  HyGy)
I1,12,13
< D ((G1GLHN ) DY (GG, Hol) g DR (167G, G HA G, (3.65)

with G € G an arbitrary group element. When we will use the Clebsch-Gordan coefficients
to construct the fusion basis, the “extra” delta function on the r.h.s. of equation (3.65) will
ensure flatness of the state, while the fact that equation (3.65) holds for arbitrary G shows
the gauge invariance of the construction.

This concludes the set of preliminaries that we needed before getting to the core of
the paper.

4 The fusion basis

In this section, we make use of the notions introduced previously to construct a new basis for
the Hilbert space H,. The idea is to label the punctures by its physical charges p = (C, R),
and to use the recoupling theory of D(G) to ‘put these charges together’ into singlet states
on S;,. The result of this construction is a basis with a direct physical interpretation, which
mathematically resembles a spin-network basis where G has been replace by D(G). Thanks
to the use of recoupling theory at the level of the defect charges, this basis will also trivialize
the notion of merging — or coarse-graining — defects. Heuristically, we can imagine the
merging of defects by replacing two punctures by a single one defined by a disc containing
the two puncture-discs to be merged:

(4.1)

In practice, such a merging will be realized by performing a fusion of the corresponding
irreducible representations. For this reason, we will refer to this basis as the fusion basis
and label the corresponding basis states with an f. Since any surface S, can be decomposed
into trinions (a.k.a. ‘pair of pants’), it is only necessary to define the states @b?z and w?,
as well as a procedure to glue them to one another.

4.1 The two-punctured sphere

In the case of Sy, we have already introduced the fusion basis (although without naming
it this way). Consider the {1/122 17} basis of Ho,

1/122,11(917 ooy g1) = |GIP28(G, g39291)0(H, 939495 '95 ). (4.2)
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Then, the following change of basis defines the fusion basis {¢?2 lp, I'T]}:

w |g‘z\/7DI’I 1/}
GH_ZZ\/>DI’I ([G, H]) @Z} [PJ/]

p I'I

(4.3)

With the above normalizations, the fusion basis can be shown to be orthonormal in Hs:
(Wlp, 1'1), 42 (5, 1'T))
- |g\6\/df7 ) Z%H 91 92 (91, -, 94) D7 (G, H) D (G, H])

g1,---,94 G H

= 081507 (4.4

The calculation above uses the explicit form of ¢22 ;7 and the orthogonality relation (3.50).
Similarly, one can explicitly show that the basis is complete in Ho:

SN0 I (gD o I TN {G)

p I'I

= |G|*6(939291. G39291)0 (939495 ' 95, G39495 'G5 1), (4.5)

where once more use was made of the explicit form of ngH, as well as of the complete-
ness (3.51).17

4.2 The three-punctured sphere

Using the Clebsch-Gordan coefficients which play the role of intetwiners between the ir-
reducible representations of D(G), one can now construct the fusion basis states for the
3-punctured sphere. Once again, we start from the basis in the [G, H|-picture. After
gauge-fixing, a basis of Hg, is given by

V& by ({9} {9 Dlgr =16 Hi Hy =422 i, ({9 lg 988, ({9 Dt

(4.6)

where we borrowed the notation of equation (3.3). The definition on a non-gauge-fixed
state is readily recovered by reintroducing the other group elements and averaging over
the gauge action at the five internal nodes. Now, we perform the transformation to the
[p, I'I]-picture on each of the Sy factors:

S P p S

Vo Iyl [T = |g‘2 > dp, Dy, (G2, Ha) Dy ([Grs Hil) Y6, myap e (A7)
G1.Hy
Go,Ha

17A generalization of this construction to cylinders with multiple marked points at the punctures is
provided in appendix C.
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where we have suppressed from our notation the dependence on {g,¢'}. In this basis,
the charges at the “top” punctures 1 and 2 are fixed to p; and ps. However, little can
be said for what concerns the charge of the bottom puncture. Moreover, we are left with
‘magnetic’ indices of D(G), I; and I, associated with the “bottom” of the two cylinders we
are gluing, which — from the trinion perspective — ‘sit’ in the very middle of the graph.
What is needed, is therefore a unitary transformation that maps two magnetic indices
into one representation label (the charge of the third puncture) and one magnetic index
(now sitting at the bottom of the graph). This is exactly the job of the Clebsch-Gordan
coeflicients constructed in section 3.5.3. Hence, we finally define the fusion basis of Hs, as

p1, 1]
S / S
wf[] =GP 2V CREE Dff (G Hal) DY (G HD VG

p?”IS 11 12 Gl Hl
Hy

Pl:Ii
S: S:
VO ot = O D Vo CIPP Dy, (G, Hal) DYy (G, Hi) oy [pz,lgl
p3.I3 p1.111, p3, I3
p2.1215

(4.8)

To prove the consistency of the two formulas above, it is sufficient to use the orthogonality
and completeness of both C7'7”’* and D7, /([G, H]). That is equations (3.50), (3.51), (3.61)
and (3.62).

The orthonormality of the basis,

s p1, 1] s nl
3 / 3 |~ 77 — - - ~ ~ ~ ~
¢f p2: 1 ’wf P2, 15 = 5p17p15p2,p25p3,p351',1’ 51',1'513,137
3, I3 73, I3 1041 f212

is proved in appendix B.7, while its completeness follows from the completeness of the basis
{wGl Hy:Go, 1, ) and the change of basis above.

4.3 States on 5,

Here we define the fusion basis states w%s ? for the p-punctured sphere by generalizing the
construction followed for the case of the three-punctured sphere. In particular, this means
that the Sy factors associated with p — 1 punctures are transformed to the [p/, I'I]-picture
and then a fusion tree is constructed by contracting Clebsch-Gordan coefficients together.
In the following subsection, we will present how such states can be recovered by gluing
states defined on three-punctured spheres as outlined at the beginning of this section.

To make the construction more transparent, we introduce a more synthetic graphical
notation. Since all the operations defined on the fusion basis states can be performed at
the level of the representations, it is not necessary to look at the group variables {g} in
details. Therefore we will represent the fusion basis state ¢§3 as follows

I I
,01711 p1 P2
U (e 1y| = : (4.9)
p37[3 r3
I3
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The tube structure provides the following combinatorial information:

I, I,
P1 P2
__ (P1,P2,03
= 611712713 (4.10)
P3
I3

while the bold edge signals where the group variables are inserted (see equation (4.6)), i.e
in a sense where we consider the degrees of freedom to be. By this we mean that the lower
cylinder in (4.9) “does not carry any degree of freedom” because the flatness constraint
tells us that a complete knowledge of the state is encoded in the knowledge of the upper
tubes only. Nevertheless, it is possible to use the expression for the flatness constraint in
order to rewrite the states on the three-punctured sphere in a more symmetric form (see
equation (4.15)), in which each tube is associated to a representation matrix.

To obtain the states on S, we first perform the transformation to the [p’, I'I]-picture
using equation (4.3) on each of the p — 1 upper tubes respectively associated to p — 1
punctures. The upper tubes are then connected to each other two by two via Clebsch-
Gordan coefficients so as to form a fusion tree. Using the graphical notation introduced
above, the resulting states are given by

U AL L) =

Z Z CP1P2P(p+1)CP(2p—3)p(p—1)Ppd}
|g\p 1Glp—1 Il “Lep-3)lp-1)lp "{G,H}

2p—4
PiP(i— YP(i+1)
X H [GkaHk’]) chlil(i::;l(i:ll) . (411)
i=p+

The subindex i € {1,...,2p — 3} labels the edges of the fusion tree. The subindex k =
{1,...,p} labels the p punctures, which are in one-to-one correspondence with the leaves
of the fusion tree. The orthonormality of these states is proven in appendix B.7.

It is important to recall that the CG coefficients of D(G), C7I[*, are not symmetric
in all its indices, and {ps, I3} actually play a distinguished role (see equation (3.60)).
Therefore the above graphs are directed. Different choices of root trees defining the states
above are related by a change of basis, as it is most easily seen by going back to a group
representation.

Notice that this is just the simplest example of fusion tree. More refined construction
can be built in a similar way, possibly with the idea in mind of reproducing the multi-scale
design underlying the tensor network states. For this we refer to section 6.

— 96 —



4.4 Fusion basis via gluing

As we mentioned in the beginning of this section, every punctured-sphere can be decom-
posed into trinions so that the fusion basis state for 5, boils down to a “gluing” of states
defined on three-punctured spheres.

To start with we want to represent the fusion basis for the three-punctured sphere in
a more symmetric manner. To this end we use the equivalence relations in section 2.2 and
express the sate (4.6) on an extended graph

wgi,Hl;Gg,Hg({g}v {g/}7 {g”})’g-f = ‘g’7/2 Z Gngl A G2G3 (4‘12)
Gs,Hs \r* (1
| 3
s

=G> (g4, H1)d(91, G1 G5 )3(gy, Ha)d (g}, GGy )
G3,Hs

x 0(gy, H3)d(g}, G3) 6(G3  H3G3, G H GGy ' HaGa) .

Now the following identity (equation (4.13)) can be obtained from equation (3.65),
which spells out the relation of the Clebsch-Gordan coefficients to the flatness and
GauB} constraints, by first setting Gs = e and then summing over Hs € G, that is by
evaluating it on the Drinfel’d double identity | =} [e, H3]:

) Dy (G, F)) D (G, Hol) CTI 7 (4.13)
In,I>,13
= > DU ([GiG™Y Hi)) DR (GG ™Y Ha))CR 282 DY, (G, GGy HiGhGy P HaGaG ).

I1,12,13

Using equation (4.12) for the expression of ngf’i Hy:Go.H, OD an extended graph, we can
express the fusion state as

Ple{ ]_
S S
WP e | =Y D Vdnds CLEE Dy ((Ge: Hol) Dy (G H) VG, oo
3,13 4 Il G 3 2 1 g

lg.f 1,42 G;H;

=|G[3/ Z 2 : Vdpydp, CPP D§§I2([Gzag1,ﬂg]) foll([G1G3_17H1D
11,12713 Gq1,Hy
Go,Ho,G3,Hg

X Dﬁ’;é([Gs, H3)) 6(ga, H1)d(g1, G1G351)d (g}, Ha)d (g, GaG3t)
x 8(gll, H3)d(g}, G3) 6(G3 ' H3Gs, Gy ' H G 1G5 HoGl) . (4.14)
We first translate the summation variables G; — G1G3 and G — G2G3, then we apply

identity (3.65) again (this time with G = e), hence “reabsorbing” the delta function into
the Clebsch-Gordan coefficient. In this way, we finally arrive at the following representation
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of the fusion state on Ss:

p1, 1]
s [Pif;] =
P3, |gf
GF2 S0 30 Vil CREZE? DY7(Go. H) DY, (G H)) D (G, )

Iy, 12,03 G1.Hy
Go,Hy,G3,Hs

X 6(g4, H1)0(g1, G1)d (g4, H2)6 (g1, G2)d (g4, H3)(g1, Gs3) . (4.15)

We have thus obtained a more symmetric representation of the fusion state on the three-
punctured sphere. Note however that the dimension factors d, are still not equally dis-
tributed, which is due to an asymmetry in the Clebsch-Gordan coefficients.

The fusion basis state on the three-punctured sphere is now expressed such that each
leg carries a state that is locally equivalent to a cylinder state. We know how these states
behave under gluing and thus we can now proceed to build a fusion state on the e.g.
four-punctured sphere by gluing two three-punctured sphere fusion states:

IT I
P1 P2
M3 i
[{pl i= 17{I }i:17I4] = P5 * I5 (416)
P3
s 3
P4
pa
Iy
Iy
p1, 1 ps, Is
= \/dps wf /’2712 *w p3, 15
ps, 15 pa,ls

ps5,Is P4, 14

1 5, 15
rZw% [z] xS [1] , (4.17)
dps

where in the first line we used that for the gluing of cylinder states the “glued” indices I
have to coincide but drop out in the final result (see equation (3.53)), while in the last line
we summed over this index and included the corresponding normalization factor.

4.5 Gauge invariant projections of the fusion basis

The fusion basis zpf ? describes both curvature and torsion excitations at the punctures. Of-
ten we are interested in having only curvature excitations, that is states that are also gauge
invariant at the punctures. We can obtain such states by applying the Gaul constraint
projector Pgauge to the punctures.

Let us for example consider a fusion basis state on a cylinder

U [CR, M iM)(gr, -+ ,9a) = |GV \/dor 6(H, ) 8(cir, GeiG™) Dy (g5 ' Gai)

x8(G, 939291)0(H, 939495 *93 1) (4.18)
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and apply Pgauge to the source node of the link carrying g1, i.e. at the source puncture of
the cylinder state.

Plhee UPACR, M iM) = |G 72 "N \/dog 0(H, ci) (e, GeiG™) Difi (g7 Gay)

h G,H
x8(G, g3g291h)5(H, 939495 ' 951 (4.19)
One finds (see appendix B.8)
s . , 1 g
P e WPCR, /M iM] = Srodurodno s T Zw? [C0,4'0, 0] (4.20)
j

Likewise, applying Pgauge to the target puncture we find

1
P uge V52 [CR,iM, i M'] = 5R,06M,05M0m > w*(C0, 50,i0]. (4.21)
jl

Note that the gauge averaged states have now norm equal to 1/|Q¢|, to get normalized
state we should multiply by /|Qc¢/.

This generalizes to the fusion basis for p-punctured spheres: applying a gauge averaging
at a puncture p forces the corresponding labels R, and M, to be trivial and leads to an
averaging over the i, index.

5 Ribbon operators

In the previous section we have introduced the fusion basis, which gives immediate access
to the excitation structure of a state. We are now going to construct operators that
generate and measure these excitations. For reasons that will be clear soon, these operators
are called ‘ribbon operators’. They come in two families: open ribbon operators, which
generate excitations, and closed ribbon operators, which measure them. In particular, we
will see that we can define operators that are diagonal in the fusion basis.

5.1 Open ribbon operators

Choosing as our configuration space group holonomies, that describe locally flat connec-
tions, we have at our disposal two types of operators. On the one hand, multiplication
operators, known as holonomy or Wilson path (loop) operators; on the other hand, trans-
lation operators, which translate an argument of the wave function either on the left or on
the right.

Wilson path operators, va , multiply wave functions by an f: G — C,

W) (g1,-.-,9) = f(hy)¥(g1, ..., 9L), (5.1)

where h, = g, --- ¢, is the holonomy associated to the path v = Iy o---ol; (clearly,
care must be taken with respect to the orientation of the links). Being a multiplication
operator, va preserves any flatness constraints, which are multiplication operators them-
selves. Gauge invariance (i.e. Gaufl constraints) is preserved only if v is a loop and f a
class function.
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Translation operators Ty [H| act by finite translations, and can therefore be thought of
as the exponentiated version of momenta. In loop quantum gravity momenta are known
as fluxes, hence the name of ‘exponentiated flux’. On a group translations can act either
on the left or on the right. We choose to work with left multiplication:'®

(To[H]) (- -y gy -2) = (.., H  gp,..). (5.2)

Note, however, that T[H]| in general violates all flatness constraints involving the group
element gj, carried by the link [, as well as the Gaufl constraints at the target node of [,
n = t(l). Thus, this operator in general takes a state out of its definition Hilbert space,
Hs,, and is therefore not viable as it is. Hence, we need to adjust the definitions of the
above operators to correct this issue. Before doing this, however, we need to understand
the structure of constraint violations their action induces.

A translation of — say — the group element associated to the link [y will change
the holonomies of the two faces — say — f; and fo which are adjacent to I;. Now, by
changing in a precise way also the holonomy associated to another link — say — Iy € fo,
it is clear that we can re-gain flatness at fo. Nevertheless, this comes in general at the
cost of changing the holonomy of a third face f3, and so on. The argument can be used to
push around Gauf constraint violations as well. To do so, we can first parallel transport
the argument g which is about to be translated from its target node to another node n
along a path . Once the translation is performed, we then transport back the translated
holonomy. The resulting operators are denoted by T}, [H] and their action reads

(Teny [HIY) (- ks ) = (.. A H  hagie, ) (5.3)

with h, the holonomy along the path . Notice how h, involves an implicit dependence
on all the group elements g; corresponding to links [ € ~.

What we actually learn from this discussion is that curvature excitations and Gauf} con-
straint violations are always generated in pairs. Now, recall that — by construction —
punctures are locations in S, where constraint violations are allowed. Therefore, we are led
to considering operators that generate pairs of excitations whose positions coincide with a
pair of punctures.' Also, Wilson path operators Wwf , which are associated to open paths
v, generate defects in pairs. In this case the defects are Gaufl constraint violations that
appear at the two ends of the Wilson path. Again, such violations are allowed if the Wilson
path starts and ends at punctures.

5.1.1 Kitaev’s ribbon operators

Kitaev, in [41], combined translation operators and Wilson path operators into so-called
ribbon (or dyonic) operators. He also showed that ribbon operators carry an algebraic
structure given by the Drinfel’d double of the underlying (discrete) gauge group.

We first define ribbon operators on Sy (with a minimal graph), and generalize to
more general punctured surfaces in a second moment. We will show that ribbon operators

!8Right translation can be implemented by Tk [gr Hg;, ']-
9Operators generating curvature defects at the end of a certain path have been defined in [14, 37, 38] as
(integrated) exponentiated flux operators.
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generate the basis {1/122H} (equation (3.3)) of Ha, thus revealing already a connection to
the Drinfel’d double D(G).

Kitaev’s ribbon on S;. Kitaev’s ribbon operator on Sy is defined as the combination
of a translation and a Wilson path operator.

The translation operator acts at the link l4, going ‘around’ the cylinder. The trans-
lating element is parallel transported to the target puncture, i.e. the target node of 3. We
write this

(Tas[HI™) (g1, ..., 94) = ¥ (g1, ... 95 H g3a). (5.4)

After the action of Ty 3[H]| the inner vertices remain gauge invariant. The Wilson path
operator involves the ‘longitudinal’ holonomy in between the two punctures, and it is
characterized by a function f which acts by multpilication. A basis for these operators is
provided by delta functions {§(G, -) }geg:

(Waa [G19%) (g1, - -, 94) = 6(G, gagagr) ¥ (g1, .- ., ga)- (5.5)
With these ingredients, we define on Sy the Kitaev’s ribbon operator R[G, H]| to be:
R[G, H] = W31 [G] o Ty 3[H]. (5.6)
Acting on the cylinder (global) vacuum state,

U2 (g1, -+ 91) = 8(e, gagy )1(g1)1(g3) (5.7)

with 1(-) the constant function of value 1 € C, we see that T[H| and W[G] generate the
whole basis {7,/}22}[} of Hs (equation (3.3)):

(RIG, Hlvg?) (g1, -, 94) = (W321[G]T4,3[H]¢§2 (91,---,94) (5.8)

G, H

N——

= G172 vy (5.9)

I
A V—
75|
)
=
I

Hence, ribbon operators R[G, H| generate all possible pairs of excitations at the punc-
tures of Ss.

Let us briefly mention the fact that reversing the direction of the ribbon operator
involves the antipode in D(G):

(Reev[G, HIUG) (g1, - -, 92) = (R(S[G, H))U5?) (g1, - - - 94) , (5.10)

where S([G, H]) = [G~},G"'H 1G] is the antipode of [G, H] defined in equation (3.23).
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Figure 2. Action of the open ribbon operator.

Kitaev’s ribbon on S,. The above considerations can be generalized, to ribbon op-
erators on S, which start and end at two punctures. Consider two punctures connected
by a directed link ¢ , possibly composed of several elementary links ¢ = Iy, o --- o[y with
associated group elements gy, - - - g1, from which several links are departing to the right and
to the left with respect to the orientation of £. If necessary, we change orientations so that
edges departing to the left are ingoing to /¢, see figure 2. Note that the graph underlying
the state under consideration can be always brought into this form using the equivalences
of section 2.2.

We can now define the action of a ribbon operator acting from the left. To this end,
draw a ribbon to the left of the link ¢, connecting the two punctures. It will be (over—
)crossed by all the links departing to the left of £. We denote the group elements associated
to these links hy,--- ,h Ny as in figure 2. We also denote by g the ordered products of the
{gi} from the target of h; to the target puncture of /.

The (left) ribbon operator along ¢, Ry[G, H|, is then defined by

(RK[G7HW})(91, agNgahla"' ’hN’La)
= 6(Ggn,g0)U(o1, - 9N (90) T H  giha o (gl) T H gy, - (5.11)

As before the action of the ribbon operator splits into two parts: a Wilson path operator
part which fixes to G the holonomy from the source to the target punctures of ¢, and a
translation operator part which translates by H~! and from the left the (anti-clockwise)
holonomy around the target puncture of ¢:

(gﬁvé)hNé...(gM)—l — H_l(g;\fﬁhNé”'(g;\fé)_l- (5.12)

At the same time the (clockwise) holonomy around the source puncture of ¢ is changed by

(o) thy---gh (g())—l(g;)—l...(ggvé)—lH—lggVé...gflhl...gé
=G 'HT'G (gp) " ha -+ gy (5.13)

Note that the face holonomies stay trivial for any closed face. To ensure this the pre-
scription of how the group elements h; are translated is essential: for any closed face being
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affected, there are always two group elements h; and (h;; 1)~ ! translated in an opposite
manner, so that the net effect is leaving the face holonomy trivial.

In fact we can imagine that we slide the ribbon operator from one face (lying left to
the link ¢) to the next face, keeping the upper end fixed at the target puncture. By this
‘sliding’ curvature and torsion excitations are moved from one face to the next, until one

reaches the source puncture.

5.1.2 Charge ribbon operators
As we have seen the ribbon operators R[G, H]| generate the basis {wg?H} of the two-

punctured sphere (equation (3.3)). Then, the same transformation that allowed us to
introduce the fusion basis can be used to define ribbon operators generating the basis
{¢ 2[p, I'I]} (equation (4.3)). This is just a Fourier-Peter-Weyl transform performed from
the functions on the Drinfel’d double to functions on its representation labels:?°

Rlp, I'I] = 2 ZRG H|DY, (|G, H)

!Q
ZZR Ps I/ D?’[([G H])

p I.I

(5.14)

And

’g|3/2

W2, I'T] = (Rlp, I'T]wo)( )"g‘g/2 lllg (5.15)
f P - \/@ |2 0)91, » 94 \/7 4- .

The fusion basis had projective (idempotence) properties under the gluing operation defin-

ing the x-product for cylinder states. This qualified its labels as physical charges carried

by the punctures. For this reason, we refer to R|[p, I'I] as the p-charge ribbon operator.
In calculations, the following expression of R[p, I'I] is sometimes more useful

RIC, Ry M' i, M dlcg,R Z 8(ci, G~y G) 8(H, c)Dipas(a; ' Gai) R[G, H]
Z rar(n) Rlgong; ', el (5.16)
TLGNC

It is straightforward to extend the definition of the charge ribbon operators to S,. It
is indeed enough to transform the [G, H| labels of R/[G, H] to [p, I'I].

5.2 Properties of ribbon operators

Deformation invariance of ribbons. The action of the ribbon operator Ry[G, H] be-
tween two punctures p; and po along ¢ changes the quasi-local charges at the punctures.
This action, however, does not depend on the precise path ¢. Indeed, one can check that

20The factor d, is not evenly distributed across the following two formulas in order to have equation (5.21)
to hold as it is, with no extra dimensional factors.

— 33 —



the action is invariant under isotopic deformations of the path (with regard to other punc-
tures). On the one hand, only the holonomies around the punctures are changed by the
ribbon. This translation is determined by the parameter H and the parallel transport
along ¢ from p; to pa. On the other hand, the state is multiplied by a delta-function, which
fixes the holonomy from puncture p; to puncture ps along ¢. And since we are dealing
with locally flat states, only the isotopy class of ¢ matters, for both the parallel transport
and the evaluation of the holonomies. This is the reason why the action of R/[G, H] is
invariant under isotopic deformations of /.

Ribbon operators can be combined in different ways. We can glue two ribbons by
their extremities and in this way define a lengthwise product. Or we can consider the
operator product of two ribbons associated with the same path, which we call lateral
product, obtaining a linear combination of ribbon operators. Again, these operations can
be described by the structure of the Drinfel’d double of the group [41].

Lengthwise product. To combine ribbons lengthwise, we consider a ribbon Ry, [G1, Hi]
extending from a source puncture p; to a target puncture ps, as well as a second ribbon
Ry, [G2, Ha] extending from the (now) source puncture py to a target puncture ps. We
assume that ps does not carry any excitation, i.e. Wilson loops around the puncture give
trivial results, and the wave function has a trivial dependence on the holonomy associated
to the link arriving at the puncture.?!

We then demand that the lengthwise product should be such that it does not induce
any excitation at the ‘middle’ puncture ps. And hence that this product in fact coincides
with some (not self-crossing) ribbon operator along ¢ = ¢50 /{1, directly going from p; to ps.
To achieve this we will project onto the flatness and Gaufl constraints at the puncture ps.
This construction is analogous to the gluing of ribbons for the SU(2), case described in [28].
Moreover, as it will be apparent, this construction parallels the gluing of cylinder states.

If the links ¢; and ¢9 are consistently oriented, to preserve the flatness at po we need
to require

Hy = G5 H,yGo. (5.17)

On the other hand, to avoid torsion excitations at p2, we have to apply a group averaging
at p2 to the resulting state. This operation eliminates the delta-function 6(G1, gs,) (here,
ge, is the holonomy along ¢;), which results from the action of Ry, [G1, Hi], but keeps the
delta-function §(G2G1, gr,ge,) fixing the holonomy along the combined path ¢ = ¢5 o ¢;.

The resulting action of the procedure we just described is — as expected — equivalent
(modulo normalizations) to that of a single ribbon operator acting along ¢ = ¢ o {1 and
modifying the charge structure at p; and ps:

| g ‘ PP2 [PP2

D2 gePis Re,[Ga, Ha] Ry, (G, Hy| = 6(Hy, Gy ' HyGa) Ryyor, [G2G1, Ho].  (5.18)

appendix D.1 exemplifies the gluing of two ribbons for states on the three-punctured sphere.

2Later, we will define closed ribbon operators that project onto wave functions with prescribed charges
at a given puncture.
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We now consider the lengthwise product of charge ribbon operators Ry,[p, I'I] and
R, [p, I'I]. Using (5.18) one finds (see appendix D.2)

‘g| [nguge[Pﬁzt Rf2 [p27 IéIQ]Rgl [pla Iill] = 5,02,91 512711 Rf20€1 [an Iéll] (519)

Note that the resulting ribbon does not involve the indices Is = I} at the ‘middle’ puncture
p2. Thus, for the gluing of two charged ribbons, we can also define that the magnetic indices
of the ribbons meeting at the puncture have to be contracted. This would introduce an
extra factor d,, = |Ci|dg, in the final result.

Comparison with equations (3.17) and (3.53) immediately shows that there is a direct
relation between the gluing of cylinders and the lenghtwise multiplication of open ribbon
operators. This means that the composition of ribbons agrees with the multiplication of
the D(G) algebra. To make this completely explicit, we introduce a *-product notation for
the left-hand side of equations (5.18) and (5.19):

'R@Q [Gg, HQ] * 'R,gl [Gl, Hl] = (5(H1, GQ_IHQGQ)Rgzogl [GQGl, HQ} (5.20)

and
Rf2 [va Iév IQ] * Rfl [Pl, Ii? Il} = 5pl7p2612,11 Rboh [02, Iév Il]' (5'21)

Lateral product. We now consider the operator product of two ribbons based on the
same path ¢, which we name lateral product. Due to the deformation invariance of the
ribbons this is equivalent to having the product of two ribbons that are based on paths
parallel to each other, and which start as well as end at the same punctures. Hence, we
can drop in this section the path label, from R[G;, H;], i = 1,2. It is straightforward to
verify that the lateral product of two ribbons is a third ribbon operator (of course based
on the same path):

R[Ga, Ha) R[G1, Hi] = 6(G1,Ga) R[G1, HoHy ). (5.22)

To prove the previous formula one can e.g. consider the consecutive action of two ribbons
on the (global) vacuum state on Ss:

(R[G2, HoR[G1, Hiltbg?) (g1, -+, ga) =

= 8(G1,939291)(R[Ga, Hov5?) (g1, -, 95 " Hi ' g34)
G1,HyHy

Ik
= 0(G1,939201)8(G2, 939291) 5 (91, -+ » g5 ' Hy 'Hy 'g3ga) = 94

= §(G1, Go) (R[G1, HoH1)Y5?) (g1, - 5 94)- (5.23)
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We can also consider the lateral product of two charge ribbons based, i.e. the operator
product of two charge ribbons based on the same path. Here, the two ribbons generate two
basic excitations at the same puncture. We therefore expect that the resulting excitation
should arise from a fusion of the two basic excitations. In fact, the lateral product involves
the tensor product of the Drinfel’d double representations (and their dual):

R[p27 IéIQ] R[,Ol, Iijl]

dy d
= % Z D§’2] ([G27H2]) I/I ([Gl,Hl])R[G2’H2] R[GlaHl]
G1,Hy

Gg,Hg

522 d, d
,‘Oé’;z Z DI,I G,Hz])Dé’{lh([G,Hﬂ)R[G,Hng]
H1 Hy

dy d
= e ST ST Dy 16 1) DY (6 ) DI (G T Rlpa, 1
G P3 Ig]é
Hqy,Hy

dp,d VToTaVES
ZZ p2%p1 C[P?ﬁlﬁ3 CPPPPE Rlps, I415). (5.24)
p3 I31}

gl

Note that also the lateral product of two ribbons reflects an algebraic structure of the
Drinfel'd double, namely its co-multiplication A([G, H]) = > _y, y, 6(H2H1, H)[G, Ha] ®
[H, Hi]. Similarly the lateral product allows us to write a given ribbon as a sum over all
possible pairs of ribbon operators whose product is the desired one:

R[G, > 6(HyHy, H)R[G, Hy| R[G, Hy]. (5.25)
Hy,Hy

IQ\

5.3 Closed ribbons

By gluing the ends of an open ribbon, starting and ending at the same puncture, we
obtain a closed ribbon. Closed ribbons do not generate excitations, they just measure the
excitation content of the region they enclose. In the context of BF theory on a surface with
fixed punctures (or higher genus), closed ribbon operators provide a complete basis of Dirac
observables. This is because closed ribbons are defined in such a way to commute with the
flatness and GauB} constraints. And the fusion basis constructed in section 4 diagonalizes
the (charge) closed ribbon operators.

To explicitly construct a closed ribbon operator, we start with an open one as in sec-
tion 5.1. It might be necessary to introduce an auxiliary puncture, at which the open
ribbon starts and ends. By applying the refining operations detailed in section 2.2, we can
always consider this puncture connected to the graph underlying the state under consid-
eration via a link carrying a holonomy k (see figure 3). The refined state would then be
constant in k, i.e. not depend on this holonomy. The ribbon crosses L links with associated
group elements hy,--- , hy which are incoming to a closed (circular) combination of links
with associated holonomy g --- ghg;. We also define g7, := ¢797_; 9], i.e. g7, is the
parallel transport from the target node carrying h; to the target node carrying h;. Note
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Figure 3. The construction of a closed ribbon operator. The left panel shows the auxiliary
puncture and an auxiliary link with holonomy k going to this puncture. This holonomy plays no

hs3

role in the final action of the closed ribbon operator as described in (5.28).

that ¢, := g7¢7_1 - g} is given by the holonomy going around the cycle defined by the
ribbon. The (open) ribbon operator, then acts as

= 0(G, kg k™) W(gl, -+, (90) 'k H kgl ha, o, (9n) kTP H kg b)),

We know that the ribbon will preserve both the flatness and Gaufl constraints for every
faces, with the only exception given by (i) the flatness constraints for the face containing
the auxiliary puncture, since this face contains the holonomy combination hl_1 grhr, and
(7) the GauBl constraint at the target node of the link carrying the holonomy k.

To deal with the flatness violation,?? we first notice that the holonomy combination
hi'g) hy is shifted to

hitgphn — hit(gpy) kT Hkgli g7 (g) e H kg hy, = by k'GP HGH kg hy, .
(5.27)

Therefore, to avoid a curvature excitation at the auxiliary puncture, we need to demand
GHG 'H~! = e, which can be taken care of by introducing an extra delta-function factor
S(GHGYH L e).

Then, we have to ensure gauge invariance at the target node of the link carrying k.
This is achieved by applying the gauge averaging projector for this node. Using that the
initial state is gauge invariant this results in

([Pgauge © [PgatR[Gv H]w) (k,gll, T /17 I )
=5(GHG‘1H‘176)|;|25(G, hkgri k™ D) (gr - (gn) T R T H kgl ey )
h
1
:6(GHG’1H’176)@Z (RIWGR™  RHR ) (dh, -+ 1,y 0). (5.28)
h

Note that due to the group averaging the dependence on the (auxiliary) holonomy &
disappears. Furthermore the (projected) closed ribbon operator does not depend anymore

22Even if the face we are considering here is a priori not closed, we can apply the refinement operations
detailed in section 2.2, so that this face is closed. After applying the closed ribbon operator we can go
back to the coarser graph again, applying a coarse graining transformation, to reach a state based on the
initial graph.
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on the choice of face, among the faces crossed by the ribbon, at which the auxiliary puncture
was inserted. Analogously to the open ribbons, the closed ribbons path dependence is
limited to its isotopy class.

Note also that, due to the projections onto flatness and Gaufl constraints, not all
information contained in the pair (G, H) is actually relevant. To see this we first rewrite G
using the notation of section 3.5 for the description of the Drinfel’d Double representations.
This way we obtain, G' = g;c1q; ! where ¢ is a representative of the conjugacy class C
of G and ¢; € Q¢ = G/N¢ with N the stabilizer group of ¢;. Now, due to the delta
function 6(GHG 'H~! e) in (5.28) we see that H must be of the form H = qiﬁqi_l for
some 1 € No. Therefore, using the fact that G and H must commute, we have

> RRGh L RHR = Rlhg; t gicrg; ik ha;  aimgy  gih
heg heg
_ -1 ~ -1 -1
= > Y Rlgeq ", gnin'q; ]
q;€Qc nENc

= [Np| Y > Rlgjerq;, gsdg; ) (5.29)
q;€Qc deD

where in the first step we shifted the summation argument by ¢;, and in the second step
we split the summation over h € G into a one over ¢; € Q¢ and n € N (here, we use that
each group element has a unique representation of the form h = ¢;n). In the third step,
we split again the summation over N¢ into one over the stabilizer group Np C N¢ and a
conjugacy class D of the group Nc¢.

Thus the group averaging over ribbons R[G, H] (with G and H commuting) does only
depend on the conjugacy class C' of G (such that G € C) and a conjugacy class D of N¢
(such that H is conjugated to an element of D).

Hence, we define closed ribbon operators as

KIC, D= > > Rlgerg; ", g5dg; ), (5.30)

¢;€Qc deD

where C' is a conjugacy class of G and D is a conjugacy class of N¢, the stabilizer group
of g € C.

We constructed closed ribbon operators from gluing open ribbons. We arrive at the
same definition as in [42], where the closed ribbons K[C, D] are defined (via the third line
of (5.29)) based on more abstract reasoning.

5.3.1 Closed charge ribbon operators

In the case in which we consider punctured spheres only, the closed ribbon operators
measure the excitation content of the region enclosed by the ribbon.?* We are now going
to construct closed ribbons with projective properties, which allow to project onto a region
with a certain charge content. In this case, what is needed, is the projective property with
respect to the lateral product, rather then the (lengthwise) *-product.

230n higher genus surfaces, the closed ribbons could wind around non-contractible cycles.
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Using (5.22) of the R[G, H], we can deduce the lateral product for the closed ribbons:

1 2) — _ _

KIC2, Do) KICL, Dy = Y 3 0(aiet” a7t aetVar ) Rlgiel” 47 qidag; gy Y]
qZEQC2 do€Dg

QJGQC d1€Dy

(5.31)

=dcocr Y > RlgeVq ™, gdadig ™). (5.32)
q€Qc,y d1€D1,d2€D2

; ; D3 .24
Defining coefficients N7, via

S - YN Y e
d1€D1,do€D> D3 ds€Ds
(both sides are to be understood as elements of the group algebra C[N¢,|) we arrive at
K[Ca, D3] K[Ch, D1] = dcy.c0 Y Npop, K[Ca, Ds). (5.34)
D3

Therefore, the closed ribbon K[C, D] are already projective in C, but not so in D. To
reach fully projective closed ribbons under the lateral product, we define the charge closed
ribbons via the formula

KIC.R) = 75 NC| Zx Dy, (5.35)

where R is an irrep of the stabilizer group N¢ (see also [42] — although, there slightly
different conventions are used). The inverse transformation is given by
_ INel
K K[C,R 5.36
.0 =5 Z " ] (5.36)

Now, it is straightforward to check (see appendix D.3) that the lateral product of two
charge closed ribbons is simply

K[C, R|K[C", R) = 6¢.cr0p.mK[C, R. (5.37)

Hence, the charged closed ribbons K[C, R] define a family of orthogonal projectors. We are
now going to show that they do actually project precisely on the fusion basis states.

Diagonalization of closed ribbon operators. We consider the action of a closed
charge ribbon K[C, R] applied to a fusion basis state on the cylinder. (We will later
generalize to fusion basis states on S,.) Using a minimal graph, the fusion basis state can
be expressed in the holonomy representation as

@DSZ [CR;i'M',iM] = |G|"*\/dc.r Z §(gimg; ', g39201) 6 (cir, 939495 *93 V) DAY ar(n). (5.38)
neENc

We apply a closed ribbon K[C’, R'] that goes anti-clockwise around the cycle with
holonomy g5 194 and crosses only the link with holonomy g;, as in figure 4.

*The set {3 acp d}p, where D is an index labelling the conjugacy classes of Nc, gives a basis of (group
algebra) elements commuting with all n € N¢. Thus also the product of ngeDg do with ZdleDl d1
commutes with n € N¢ and can be expanded in this basis.
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Figure 4. The closed ribbon operator applied to a state on a cylinder.

Then, the action of the closed ribbon K[C’, R'] on ¢];52 [CR;i'M',iM] can be readily eval-
uated in the holonomy basis (see appendix E). We expect that the closed ribbon does not
change the charge content of the states. And indeed, the fusion basis states are eigenstates
of the closed ribbon operator:

K[C', R $[CR;i'M',iM| = 6¢.cr6p rr 52 [CR; i’ M, iM). (5.39)
Or, more succinctly
K[p') ¥lp, I'T) = .0 072 [0, T'T]. (5.40)
Thus the closed charge ribbon operator K[C’, R'] projects onto the basis states
Y2 [CR; ' M, iM).

This result can be immediately generalized to the fusion basis states on S,. In this
case, we consider a closed ribbon going around one leg of the trinion decomposition of S,
underlying the fusion basis. We can then choose the graph on this trinion to be the same
as in figure 4. Hence, the action of the closed charge ribbon can be evaluated in the same

way as there. Again, the closed charge ribbon K[C, R] will project onto fusion basis states
with charge labels (C, R) for the trinion leg in question.

5.4 An alternative closed ribbon operator

In the previous section we started with a ribbon R[G, H] based on a closed path, and
then projected onto its flatness and gauge-invariance preserving component. We saw that
the resulting operators only depend on the conjugacy class C' of G and a conjugacy class
D in the stabilizer group N¢. Alternatively, we could also start with the charge ribbons
R[p; I'I], again based on a closed path, and project these. This provides an alternative
basis of closed ribbon operators. We are going to discuss these here, as these ribbons
mimic the closed ribbons discussed in [28] for the quantum group case SU(2)y, where the
group representation is not available. We will in particular see that the two types of closed
ribbons are in a certain sense dual to each other: they are related by a specific transform
that can be interpreted as Fourier transform within D(G) [59].
Recall the following expression of the charge ribbon operators

d
R[C, R; Z',M/,Z'M] - R Z D]}E/M(n) ’R,[qi/nq.fl, cir. (5.41)
|Nc| '
nENg
Aiming at the definition of a closed ribbon operator, we sum over the indices i = i and
M = M’

o d _ _
STRICRiM, i, M) = = ST xB(n) Y Rlging !t gicig - (5.42)

i, M ’NC’ nEN¢c 6 EQC
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As ¢; = gic1q; L and n is in the stabilizer group of ¢; we see that G = qing; Vand H = ¢
do commute, and hence the flatness constraints are already satisfied. The contraction of
the ribbon as defined in (5.42) is also invariant under the group averaging projector:

> Y X)) Y Rlhaing b hgierg b

Pgange Y RIC, R;iM, i, M] =

iM ‘NCHg| hegneNc 6€Qc
- \N NP 2 X' 3 > Rlgn'n() g geag;”]
c neENg quQc n'EN¢
- S @ R e
neNc ¢;EQe
= Y R[C, R;iM,i, M]. (5.43)
iM

In the above calculation, we first shifted the summation over h by ¢, ! making the sum
over g; € Q; superfluous. Then, we split again h as h = gjn’ and redefined the variable n
to = n/n(n’)~!, hence making the sum over n’ superfluous.

This shows that the following is a viable definition of an operator on H,, since it
preserves both the flatness and Gaufl constraints:

K[C,R] =) R[C, R;iM,i, M], (5.44)
i, M
or, equivalently,
Klp] =Y _Rlp; I1]. (5.45)
I

In particular, the above formulas show that IE[C’, R], when expressed in terms of
R[G, H], has essentially the same form as the ribbon operators K[C, R] defined at equa-
tions (5.30) and (5.35). The only difference is that the role of the entries in the ribbon
operator R[G, H] is exchanged. Indeed, the transformation between the two types of closed
ribbon operators reveals why this is the case.

To express K [C, R] in terms of K[C’, R'] operators, we write

K[C.R] = Pgauge Y _RIC,R;iM, i, M]
i, M
= |NC| Z ) Z [PgaugeR[Qinqi_lv%'clqi_l]
nENc qEQc
(5,29 D(nc1)’
O ar | K[CnaDn,c ]
,g\,: |Nc| '
(5.35 1 = ,
5 Dnc ICCnaR 3 5.46
INCMEZN MY g Do) Ko I (5.46)

where in the third line, we used the definition (5.29) of the ribbon operators K[C, D], and
where we made use of the following notation: C), stands for the conjugacy class of n in G
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and D,, ., for the conjugacy class in N¢,,, which includes the element

nqlzl C1nqk where N = ndk nC1 an;1 and nqk € Qo,, nc1 € Cy. (5'47)

Therefore, we conclude that K[C, R] is a linear combination of operators K[C”, R']. This
can be summarized with the formula,

KIC,R] = Y Screw K[C', R, (5.48)
C'.R
where
dr R AYE (Do )
IR = — DTLC 6 !/ . 4
ScRr.c'R i ’NC|H§0X (M)X* (Dne,) dcr .0, (5.49)

This matrix turns out to be related to the so-called S-matrix of the Drinfel’d double of the
group. This is defined as [39, 60]

1 N YIS YN
Scrom = = Y. O(hly, k) xP(g;  Bra) XB () had}).- (5.50)
91 hi€CHeC

where h; := g;c1q; ' and R = qjc’lqj_l, with ¢ € C, ¢y € C" and ¢; € Qc, ¢; € Qv As it
is shown in appendix I, the S-matrix Scr c/r can be rewritten as

1

Scror = 161 Z Z dcr.cp XF(n) X (Dne,)
h¢€CnENc
1 7
= N4l Z d¢r,c XB(n) XH (Dney) (5.51)
’ C’ neENc
and thus
d
Scro'r = dlSCR*,C’R’7 (5.52)
R/

where R* denotes the contragredient representation to R.
Using this result, it is straightforward to deduce the action of K[C, R] on the fusion
basis. In the conventions of figure 4, and with the usual short-hand notation:

Klp) ¥lp, I'T) = S, 10, I'T), (5.53)

i.e. the fusion basis states are also eigenstates of IE[C’, R], but this time with eigenvalues
determined by the entries of the S-matrix.

The relation between the two basis of closed ribbon operators and the fusion basis
on the cylinder can be understood as follows. The label C' in 7,/1;32 [CR;i'M',iM] denotes
the conjugacy class of the holonomy (H) around the cylinder, whereas the representation
label R encodes information about the functional dependence of the wave function on the
‘longitudinal’ holonomy (G) along the cylinder. Going back to the construction of the
closed charge ribbon K[C, R] (equations (5.29) and (5.35)), we see that C is again the
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C1,Ry Ca,Ra

Figure 5. Two braided closed ribbon operators. These can be constructed by gluing open ribbon
operators, which act in a certain order, e.g. under-crossing pieces of ribbons act before the over-
crossing pieces of ribbons.

conjugacy class of the holonomy around the cylinder and R captures information about
the holonomy along the cylinder. This explains why IC[C, R] projects onto wave functions
U [C R T,

In turn, if we consider a closed ribbon IE[C’, R] going around the cylinder, C' now
captures information about the ‘longitudinal’ holonomy along the cylinder (the one crossed
by the ribbon), whereas R encodes information about the holonomy going around the
cylinder.

In fact, on the torus T — obtained e.g. by gluing the two punctures of the cylinder — we
can consider closed ribbons associated to the two cycles generating the torus fundemental
group. We can then define two different basis of Hy diagonalizing the two different closed
ribbons. The transformation between these two basis is given by the S-matrix. This is
for the same reason why the S-matrix appears in the transformation between X and K: it
exchanges the role of the longitudinal and transverse holonomies. But, on the torus, the
role of longitudinal and transverse holonomy is the same. Hence, the complete duality in
this case.

At the level of the Drinfel’d double, D(G) = F(G)* ® F(G), the S-matrix defines
a transform exchanging the role of F(G) and its dual F(G)* ~ CG [59]. In particular,
this translates into the fact that the role of multiplication and co-mutiplication are also
exchanged in a proper sense. This is why, in the analysis above, we have seen both the
*-multiplication and the co-multiplication structures appearing naturally in the context of
lateral products.

The S-matrix can also be defined through the eigenvalues for the operator defined by
two interwoven closed K-ribbons (figure 5): to define this interwoven operator one needs
to build the closed ribbons by ‘gluing’ open ribbons, after having applied the latter to the
state in the appropriate order. See [28] for details.

5.5 Back to the fusion basis

We have previously shown that the charge ribbon operators generate the fusion basis on
the cylinder

I’
Rlp, I', 11452 _gP” l:'
( [p’ ) ]17[}0 )(glv 794) = \/d—p P

|g|3/2

J/d,

U2 [p, T, 1) .- (5.54)

N 7
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Figure 6. Construction of the fusion basis states on the three-punctured sphere using charge
ribbon operators. An auxiliary puncture is introduced at which the three ribbons are fused via a
Clebsch-Gordan coefficient.

This statement can be generalized to spheres S, with more punctures. Consider for instance
the three-punctured sphere S3. We wish to obtain a fusion basis state by using the charge
ribbon operators Ri[p1, 1, I1], Ralp2, I3, I2] and R3ps, I3, I3] for each of the legs of the
three-punctured sphere. However the three ribbons need to be fused (or glued) at an
auxiliary puncture, we therefore need to consider a four-punctured sphere, see figure 6.
Moreover, we need to contract the free indices arriving at the auxiliary puncture with a
Clebsch-Gordan coefficient.

By construction, the fusion procedure at the auxiliary puncture includes a projection
of this puncture to vanishing electric and magnetic (curvature and torsion) charge. This
allows us to understand the resulting state as a state on the three-punctured sphere again.
As shown in appendix G this gives

Z ((Rl[p1711711] R2[p27lé712] 0?11;;2;;3) * R3[p37[37]é]) :)53
I,15.1%

1 Ss pl’Ii
:des dp,dp, 1/}; /’27[; . (5.55)

p3,I3

This construction can be easily generalized to spheres with more punctures.

6 Applications: multi-scale design of states and coarse graining

We finally come to applications of the fusion basis and the related ribbon operators. Here
we will discuss applications that make use of the multi-scale control the fusion basis offers.
In a follow-up work we will discuss a new notion of entanglement entropy for non-Abelian
lattice gauge theories that can be defined with the help of the fusion basis [61].

6.1 Multi-scale design of states

In the previous sections we constructed the fusion basis as well as ribbon operators which
either generate it (open ribbon operators R) or project onto it (closed ribbon operators
K). Crucially, the fusion basis is quite different from e.g. a spin-network basis, since it
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Figure 7. We can embed a regular square lattice on the sphere by closing it with an exterior ‘big
plaquette’. Each plaquette, including the exterior one, can carry an elementary curvature excitation.
The solid lines represent the embedded graph while the dashed lines represent a possible scheme
for coarse-graining the lattice.

allows a direct access to observables at different scales. In fact, the {p} labels of a fusion
basis state wf PI{p}, {I}] correspond to the p labels appearing in the set of closed ribbon
operators {K[p]}, which project onto the fusion basis state. In turn, such closed ribbon
operators go around different number of punctures. This number provides us with a notion
of ‘scale’, which we can associate to the closed ribbon operator K[p], and hence to the label
p itself. In the case of gravity the geometry is encoded in the states. Thus this notion of
‘scale’ is not a priori associated to a notion of length or metric. It is rather an auxiliary
notion, from which one can however deduce a length scale once a choice of state is given,
see e.g. [9, 62].

Note that we are not forced to follow the ‘linear’ construction of the fusion basis as
indicated in section 4.3: we can be more flexible. Take for example a regular square
lattice?® with N x N plaquettes, with N = 2% for some K € N. To obtain the topology
of a punctured sphere?® we close off this lattice with one ‘big plaquette’, see figure 7. This
corresponds to the choice of free boundary conditions for the original lattice. The ‘big
plaquette’ has 4 two-valent and (4N — 4) three-valent nodes along its boundary.

Each plaquette can then carry an elementary curvature (i.e. magnetic) excitations.
The Gaufl constraint violations (i.e. torsion or electric excitations) would usually sit on the
nodes of the lattice.?” However, for the regular square lattice it is immediate (and natural)
to move also these excitations onto the plaquettes. To do this, we restore gauge invariance
at the two-, three- and four-valent nodes, but add an open link to all the four-valent nodes,

25This lattice (or graph) would of course have four-valent nodes. Nevertheless, the techniques developed in
this paper can be straightforwardly applied to graphs with nodes of valence higher than three. Alternatively,
four-valent nodes can always be expanded into three-valent ones in a regular manner.

26 Alternatively, we can allow for a punctured torus topology, for which one can also define a fusion basis.
This implements periodic boundary conditions.

2In lattice gauge theories, as well as in loop quantum gravity, one restricts quite often attention to
gauge invariant states, which would make the introduction of open links unnecessary. As we will see, coarse
graining of non-Abelian gauge theories does however introduce torsion excitations, and one might want thus
to include such cases in the discussion. On the other hand it is straightforward to restrict to a basis which
is gauge invariant, by setting the torsion excitations for the initial plaquettes to zero.
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pointing in one direction, toward the center of — say — the top-left plaquette. Thus it
is only the two-valent and three-valent nodes on the boundary of the ‘large’ plaquette,
for which we ignore the Gaufl constraint violations. To also allow for a Gaufl constraint
violation at the ‘big plaquette’ we introduce an open link at one of its corners.

We are now in the setting discussed in this paper: each plaquette can be identified with
a puncture, which can carry both curvature and torsion excitations. To define a fusion basis
we have to decide on an ordering in which the punctures or plaquettes are fused to larger
ones. To reach a homogeneous definition, we can first fuse pairs of plaquettes in z-direction
and then pairs of plaquettes in y-direction (leaving the ‘big plaquette’ untouched). This
coarse-graining procedure can be repeated until we remain with just two plaquettes, which
represent the two-punctured sphere.

The corresponding fusion basis diagonalizes closed ribbon operators, 1 that go around
single plaquettes, operators Ko that go around pairs (in z-direction) of plaquettes, operators
K4 that enclose quadruples of plaquettes, and so on. Correspondingly, the different scales of
the basis states are described by sets of representation labels {pfc}, where k =0,1,2,..., K
indicates the scale given by the number 2* of plaquettes surrounded.

Hence, we see that the fusion basis is ideal to design states with a prescribed multi-
scale behavior of observables. We expect that this will help to design low-energy states
for Yang-Mills (lattice) theory, by merging our tools with the techniques developed for
this purpose in the context of tensor network states or MERA (multi-scale entanglement
renormalization Ansatz, [63]), see [21] and also [64, 65] for some recent developments.

The advantage of using the fusion basis is that it comes with multi-scale observables,
that are automatically diagonalized by the fusion basis itself.

The fusion basis can also be useful in covariant (space-time) approaches to renormal-
ization and coarse graining of lattice gauge theories and spin-foams [13, 66-71]. Here, the
partition function associated to a space-time building block can be represented by a state
on the boundary of this block [62, 72, 73]. Using the fusion basis to represent this state
would allow to keep control in particular over the torsion excitations, which are generated
by coarse graining in non-Abelian gauge theories, and which are rather difficult to handle
in the spin-network basis (see next section, and especially [13]).

6.2 Coarse-graining in lattice gauge theories and loop quantum gravity
6.2.1 Coarse-graining in terms of density matrices

We will discuss here the coarse-graining of gauge theory and loop quantum gravity states,
explain the intricacies of this procedure, and motivate the use of the fusion basis to define
coarse-graining. We will work in the context of a fixed (initial) graph, or lattice, thus the
discussion in this section is independent of the question on which representation (ALI versus
BF) we use. In the context of loop quantum gravity coarse graining has been discussed
in [12, 14, 15, 38, 74].

To start with, one considers an (initial) graph I" and associates to it the Hilbert space
‘Hr of functions ¢ € F (gL ) of the graph connection. Here, L denotes the number of links,
while the inner product in Hr is given by (2.5).
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Coarse graining in a canonical framework is usually discussed using density matrices,
which we will here denote by © (instead of p which we reserved for the representation labels
of the Drinfel’d double D(G)). Pure states are then represented in the holonomy basis by

0 = [v)(v] = 309} 8] |10} (@)

9.9

7 (6.1)

where

2[{g}. 193] = v(lgh) @(@h.- (6.2)

The coarse-graining of a density matrix is defined as follows. First, choose a splitting
of the holonomies {g} attached to the links of the graph I' under consideration, into two
sets of finer {g/} and coarser {g°} holonomies. Starting from a density matrix ® for the
initial system, a coarser density matrix can then be defined by summing over the finer
degrees of freedom,

({9} {9°}) =

G 2 e A ) ) 4. (6:3)

gf

where L; denotes the number of finer links, i.e. those links carrying ‘finer’ holonomies.

In general, however, the graph under consideration will ‘break apart’ once the finer
links are removed. To avoid this, we can first (unitarily) transform the state onto a lattice
where all the finer links one wishes to integrate out are given by loops, see e.g. [12, 21].
(In [21] such transformations are called ‘controlled rotation unitary gates’.) This way,
removing these loops leaves us with a connected coarser lattice. But this coarse-graining
procedure has at least two major drawbacks.

(a) Despite providing a certain control over the coarser and finer variables in terms of
the holonomies, it completely lacks control over their conjugated variables, i.e. the (electric)
fluxes. This is an important issue, especially in the context of loop quantum gravity, where
the fluxes encode the metrical information of the (spatial) geometry. From this perspective,
one would rather be tempted by defining a coarse-graining procedure in terms of both
holonomies and flux variables.

(b) Moreover, the coarse density matrix is in general gauge invariant only under di-
agonal transformations, that is under those gauge transformations which agree in their
action on the {¢g¢} and {g°} variables. This is the case even if the finer density matrix was
invariant under arbitrary gauge transformations at every single node. This full invariance
holds in particular for pure density matrices constructed as in (6.1) from gauge invariant
states. Note that this issue arises only in non—Abelian gauge theories. Indeed, in Abelian
gauge theories this issue does not appear if the finer variables are associated to loops. The
reason being that gauge transformations act by adjoint action on holonomies associated to
loops and are therefore trivial for Abelian structure groups. In other terms, in this latter
case one has a simple procedure to coarse-grain gauge-invariant variables. On the contrary,
for non-Abelian gauge theories, the spin-network basis for density matrices is not stable
under coarse graining, and is therefore quite inconvenient for this purpose.
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Of course, one could consider an extension to non-gauge invariant spin-network states
as proposed in [12, 15], however, the main appeal of the spin-network basis is the straight-
forward implementation of gauge invariance.

A neat solution to issue (b) would consist in providing a basis which allows for a
coarse-graining in terms of gauge-invariant variables. Here, one not only needs a maxi-
mally commuting subset of observables (which specifies a choice of basis), but also their
conjugated observables, which brings us back to issue (a).

Before discussing a proposal for such a procedure in the next section, let us mention
another possibility based on density matrix factorization. This consists in finding a trans-
formation which decouples the finer holonomy variables (which we assume to be based on
loops) from the rest of the state. That is, after the transformation, the density matrix
takes the product form

o[{g°h Ao} (5} 4o} = o[} 57| x 2 {9/} {9} . (6.4)
Upon coarse-graining, this would simply yield the density matrix ©¢. In this case D¢
would be fully gauge invariant — provided this is the case for the initial density matrix ©.
However, such a transformation which allows us to cast density matrices into a product
form, clearly depends on the initial states. Therefore, the coarse-graining itself would not
be controlled by a choice of coarser and finer observables, but rather by the form of the
initial states. We mention this possibility here, because this type of decoupling of finer and
coarser variables underlies the MERA approach [63].

6.2.2 Coarse-graining based on the splitting of the observable algebra

Let us now discuss a coarse-graining procedure in which the splitting of the observable
algebra into coarser and finer variables is central. Here one can consider the kinematical,
that is gauge covariant observable algebra, or the algebra of almost?® gauge invariant ob-
servables. Such splittings of the observable algebra are also important for the construction
of the continuum Hilbert spaces by an inductive limit [14] or projective techniques [75-77].

We will use a phase space description, and to this end assume that G is a compact
semi-simple Lie group. In this case?” the phase space associated to a graph is given by
pairs (g;, X;) for each link [ of the graph. X; € Lie(G) are the Lie algebra valued (electric)
fluxes. We will often express them in the basis 7% as X; = > X;Ti. The phase space
carries the canonical symplectic structure

(X1, X} = o f9RXF, (X}, v} = dpar’ — 81 p7igy and {g,gr} =0. (6.5)

Here, it is understood that we associate to an inverted link /=! an hololonomy g;-1 =
g, Dand a flux X;-1 = -9 X19; ! Both fluxes and holonomies transform under gauge
transformations, which are parametrized by {u, € G},, with n labeling the nodes of
the graph:

g — ut(l)glu;é) and X;— us(l)Xlu;(}). (6.6)

Here, s(I) and t(l) denote the source and target nodes of [, respectively.

Zsince we will use a root that provides a global reference system.
298ee e.g. [14] for a more detailed review of the phase space structures.
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A coarse-graining procedure based on gauge-covariant observables can be achieved in
two steps, as follows. (1) First, find a canonical transformation such that the new variables
split into coarser and finer sets of variables. Crucially, the sets of coarser and finer variables
must commute with each other. Also, one should take care of preserving the form of the
symplectic structure given by (6.5), since this is at the basis of the interpretation of the
variables in terms of holonomies and fluxes. (2) Then, as before, one can simply use a
polarization of the wave functions in the new holonomy variables and integrate out the
finer holonomy variables, while keeping the coarser holonomies fixed, as in (6.3). The
coarser holonomies and the coarser fluxes give (conjugated) observables characterizing the
coarser states.

Therefore, this procedure is not different from the one described at the end of sec-
tion 6.2.1, but rather an amendment thereof. This amendment, which basically prescribes
in more detail how to split the holonomies into coarser and finer sets, allows us, to gain
control over the coarse-graining of the fluxes as well.

Now, one can ask what kind of transformations would preserve the symplectic struc-
ture (6.5) hence keeping the interpretation of the variables as holonomies and fluxes intact.
Examples for such transformations are constructed in detail in [14, 38, 78]. We review the
construction in [14, 38] shortly, as it is closely related to ribbon operators.

Holonomies are easy to treat, since we can simply consider compositions gy = ¢;,, - - - g1,
that result in ‘new’ holonomies gy attached to ‘new’ links I’ = [, o --- o[y built out of the
corresponding links on the initial graph. For the fluxes, we can consider combinations of
the following type (see [14] for more detailed definitions)

L —1
Xpi= ) 5@y X1 Is(s(t)- (6.7)
les()

Here, S(I') is a set of links, so that the dual of these links form a connected path made
out of edges of the triangulation (or — more generally — out of edges of the dual complex
to the graph under consideration). This connected path should be interpreted to be dual
to a ‘new’ link I’. The holonomies 9s(1)s(1r) denote the parallel transport from a node s(l"),
which will be the source node of the new link !’ to the source node s(l) of the link {. In
this way, we sum up the fluxes in one and the same reference system, provided by s(I').
An explicit procedure to find phase space splittings into coarser and finer variables based
on such transformations can be found in [14].

In a loop quantum gravity context, the fluxes are su(2)-valued and encode the edge
vectors — for the edges dual to the links — in a reference frame associated to the nodes
of the graph. This interpretation also holds for the coarse-grained fluxes (6.7) and thus
justifies such a coarse-graining prescription.

The exponentiated action of the coarser or ‘integrated’ fluxes, as defined in (6.7), agrees
with the translation part of the open ribbon operators as discussed in section 5.1, see [38].
The holonomy (or multiplication) part of the ribbon operator is also constructed via a
composition of holonomies, following the same prescription we employed in this section.
Hence, ribbon operators use a coarse-graining of fluxes and holonomies analogous to the
one described here. There is nevertheless an important difference. The holonomy part and
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I

Figure 8. Each link of the graph is associated with an holonomy and the thick arrow represents
the corresponding conjugated flux. The black dot represents the root at which gauge invariance

is relaxed. The left panel shows an example of construction of a coarser flux. Fluxes are first
parallel transported to the root following the path defined by the wiggly line and then added to
form a coarser flux. The right panel shows an example of closed path. As before, fluxes must
be first parallel-transported to a common frame before being added to each other. In presence of
curvature, this sum will not be zero meaning that the Gaufl constraint is violated.

the translational part of a ribbon operator commute with each other: the translational
part corresponds to a flux integrated along a path of edges in the triangulation, and the
holonomy part is associated to a path in the dual lattice. For the ribbon these two paths
are parallel (in fact could be seen as the boundaries of the ribbon), whereas a holonomy
and its conjugated flux are based on a link and edge respectively, that are transversal to
each other.

We have so far discussed the gauge covariant phase space. The coarse-graining proce-
dure described above would give us control over the coarser holonomy and flux variables,
but would suffer also from a violation of (full) gauge invariance for the coarse density ma-
trix. In the canonical formalism, gauge invariance is encoded in Gaufl constraints associated
to each node n,

G, = Z X + Z X-1. (6.8)

l:s(l)=n lt(l)=n

Geometrically, these constraints demand the closure?? into a polygon of the edges dual to
the links ending or starting at n.

With such an interpretation, one might expect that the Gaufl constraint are preserved
under coarse-graining, as the coarser Gauf} constraints would demand that the coarser edges
of the coarser triangulation close, too. This is, however, generally not the case [14]. The
reason is the following. The coarser fluxes have to be parallel transported to a common
frame (see figure 8). Now, if this parallel transport has to go through a region with
curvature, the coarser Gaufl constraint will in general not hold. Hence, we effectively obtain
torsion, defined as a violation of the Gaufl constraint, due to the presence of curvature.
Such an effect, which was named curvature-induced torsion in [14], is strictly related to the
need of deforming the Gaufl constraint in phase spaces describing piecewise homogeneously-
curved (instead of piecewise flat) geometries [55, 79-83] (see also [84-87], for an analysis in
four dimensions). In terms of defect excitations discussed in this paper, torsion excitations
interpreted as spinning particles can arise from the fusion of two spinless defects, since two
particles can have orbital angular momentum.

39Sometimes, Gaul constraints are renamed ‘closure constraints’.
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As mentioned, we could attempt to use gauge invariant variables for the coarse-
graining, which would avoid loosing gauge invariance. At the phase space level, this would
also mean that the Gaufl constraints become redundant. In fact, implementing gauge
invariance in phase space means to consider only the constraint hypersurface where the
Gauf3 constraint is satisfied, and at the same time only gauge invariant functions on such
phase space.

But it is a very involved task to come up with a phase space description involving only
completely gauge invariant observables. It is much easier to work with an almost gauge
invariant set-up. This consists in choosing a node, called root r, as global reference frame,
to which all fluxes and holonomies are parallel transported. In other words, in considering
only root-based holonomies and fluxes. The resulting variables are invariant under all
gauge transformations, except for those at the root, which act by adjoint action.

A further, necessary, step consists in identifying an independent set of observables.
Indeed, the fluxes are related by the Gauf} constraints (6.8), while holonomies along loops
must satisfy certain algebraic relations. Such an independent set of variables can be ob-
tained by choosing a rooted spanning-tree of the underlying graph I'. This defines leaves ¢,
i.e. links which are not part of the tree. Each leaf ¢ defines a unique closed loop, which starts
and ends at the root and which contains only links of the tree and the one leaf ¢. Hence,
each leaf defines an holonomy variable hy. Furthermore, for what concerns the fluxes, we
can consider the leaf’s flux X, parallel transported to the root: X, = gs_(é)rX ¢ 9s(eyr- The set
of variables {(h¢, X¢)}¢, with £ running through all leaves, gives a complete parametrization
of the almost gauge invariant phase space.?! And they do so by essentially preserving the
form of the symplectic structure of the gauge covariant phase space:

(X5, X0} = Ouf*XE, {X),he} = Spphet’ — 81 pmhy and {hg,hp} =0. (6.9)

The coarse-graining procedure can now be run analoguesly to the gauge covariant case.
In particular, there is a well defined sense in which both the graph and the tree are coarse-
grained to a coarser graph and tree. Based on such a choice of coarser graph and tree, one
can perform a split into coarser and finer variables, as needed for coarse-graining. All this
is discussed in detail in [38].

Notice that within this procedure, one is working with an “almost” gauge-invariant
state space, which after coarse-graining still captures the “almost” gauge-invariant observ-
ables. Therefore, we have in this way exhibited a structure which is stable under the
coarse-graining procedure. This comes, however, at a price: whereas all the initial fluxes
could have been reconstructed via the Gaufl constraint, this is not the case at the level
of the coarser fluxes. Of course, one could use some (ad hoc) Gaul constraints of the
form (6.8) to define fluxes associated to the links of the coarse tree. But these fluxes would
not correspond to the fluxes one obtains via coarse-graining from the finer fluxes. In this
sense, one looses important information, which in the case of loop quantum gravity encodes

31The leaf-associated loops allow the reconstruction of all other (root based) loops by construction.
Furthermore we are only left with the fluxes associated to the leaves. The fluxes associated to the remaining
links can be reconstructed using the Gauf3 constraints (see [14] for the procedure).
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the coarser spatial metric. Once again, the underlying reason is that curvature can lead to
torsion on a coarse-grained level. This is naturally taken into account in a coarse-graining
scheme based on the fusion basis. We now turn to describing such a scheme.

6.2.3 Coarse-graining in the fusion basis

As discussed in section 6.1, the fusion basis diagonalizes operators which can be natu-
rally interpreted as describing different coarse-graining scales. Therefore, the fusion basis
Yi[{p;}, {Ix}] comes equipped with a natural coarse-graining scheme, in which one sums
directly over its D(G) representation labels.

Let us first review, what kind of observables these representation labels are related
to. As discussed in section 5.3.1, the fusion basis diagonalizes the closed charge ribbon
operators associated to the fusion tree structure. More generally, closed ribbon operators
ICi[p'] project onto states ¥5[{p;}, {Ix}] for which p; = p', where i and j label the branches
in the fusion tree associated to the fusion basis, whereas k labels its one-valent nodes (i.e.
its endpoints).

We want now to compare the coarse-graining procedure provided by the fusion basis
and closed ribbon operators, to the one provided by the holonomy polarization in the
almost gauge invariant set-up. To this end, we assume that we work with a p-punctured
sphere S, and a minimal graph, but do not have torsion excitations at the punctures, i.e.
we have gauge invariant wave functions.

The holonomy polarization uses a basis which can be symbolically written as
Y[{Ge}](e) = [[,6(Gy, @), where £ runs over the leaves of a spanning tree in the graph
I', and the number of leaves is given by [¢| = p — 1. The operators diagonalizing this
basis are given by root-based Wilson loop operators W/. These Wilson loops need not be
restricted to class functions, i.e. functions of the trace of the loop holonomy.

On the other hand, the closed ribbon operators KC;[C}, R;] are fully gauge invariant
observables. In particular, the label C; measures the conjugacy class (or trace) of the
Wilson loop along the closed ribbons, instead of the full loop holonomy. While with the
holonomy basis we describe holonomies only around a fundamental set of (p — 1) cycles,
the subindex j of the fusion basis ¥5[{p; = (Cj, Rj)}, {Ir = (My,ix)}] runs over (2p — 3)
values and we have as many (not completely independent)? closed ribbon operators.

In addition to the holonomy information, the closed ribbon operators K;[C}, R;] en-
code flux observables within the labels {R;}. More precisely, these are integrated fluxes
associated to a closed path. Note that in the almost gauge invariant phase space, discussed
in the previous section, we only had fluxes associated to open paths,?® provided we assume
that the graph does not include loops (i.e. links with the same source and target node).

32The closed charge ribbon operators result not being completely independent, since their possible results
are restricted by the coupling rules. E.g. for an Abelian theory, all the coarser closed ribbon operators are
determined by the finest closed ribbons around (p — 1) punctures.

33Before coarse-graining one can obtain fluxes associated to closed paths by combining the open paths
fluxes and by using the Gauf} constraints to reconstruct the fluxes associated to the tree links. The Gauf} con-
straints are however not anymore valid for ‘coarse grained’ nodes.
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Another way to talk about the {R;} labels is to say that they measure torsion (electric
charge). Indeed, if we assume a gauge invariant state we immediately find (see section 4.5)
that R; is equal to the trivial representations for those ribbons K;[C}, R;] that go directly
around the punctures. Notice that there are exactly p of such punctures. But for non-
Abelian groups, we can well have non-trivial labels R; for the remaining (p — 3) closed
ribbons. These observables are crucial to keep track of how the Gaufl constraint gets
deformed under coarse-graining.

As explained in section 4.5, a basis for fully gauge invariant states satisfying the
Gaufl constraints at all punctures can be obtained from the fusion basis ¢5[{p;}, {Ix}] by
setting the appropriate indices Ry equal to the trivial representation, denoted by 0. Cor-
respondingly, the relative My, indices in the Iy = (My,ix) multi-index are also trivialized.
Furthermore, we also sum over the {ix} labels

VP (O RLACHY = (H — ) S H(Cone B} {C, 0F: (i, O} (6.10)
e VIQal) &5
In this formula, we have split the index j running over the edges of the fusion tree into
two sets k and m, labelling the punctures (or leaves of the fusion tree) and the remaining
edges of the fusion tree, respectively.

Note that if one allows for states violating the Gaufl constraints at the punctures, the
{Iy} labels encode only local information, and are measured by projective operators given
by gluing cylinder fusion basis states 11)%52 (o, I,1].

The closed ribbon operators K;[C}, R;] and the operation of gluing of the cylinder
fusion basis states give together a maximal commuting set of observables characterizing
the fusion basis. Coarse-graining in the fusion basis means that these observables determine
the splitting into coarser and finer ones.

In addition, there are conjugated observables, given by open ribbon operators extend-
ing from one puncture to another puncture. We leave it to future research to find a complete
set of such independent operators. The coarse-graining scheme based on the fusion basis
will also induce a splitting of the conjugated observables into a coarser and a finer set. To
deduce this splitting one needs to study in more detail the commutation relations or the
corresponding symplectic structure in phase space.

The coarse-graining is now given by summing over the finer variables, just as usual.
Consider a density matrix defined using a fusion basis by

D= 3 3 o[l T AT |[wllek TN ) (Wl AT (611)
{pH AT} (3 AT}

This density matrix is adapted to the intended coarse-graining (or fusion) of punctures
into new ‘larger’ punctures. That is the p punctures are partitioned into p’ < %p sets, each
including at least two punctures. The fusion tree needs then to include a subtree for each
set that describes the fusion of the punctures in this set. We label the variables attached
to the subtrees with a super-index f, except for the pairs (Cs, Rs)g,:l, which prescribe the
excitations for the fused punctures. We label these pairs and the remaining variables with

a super-index c.
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Working in the polarization given by the fusion basis variables, the coarser density
matrix is then defined by

N I SR Ve R NI s R R s (6.12)
{p 317}

In this scheme we get rid of all indices I, assuming that these are all classified as finer
information. An alternative scheme introduces new indices Ij, for the coarser punctures.
This scheme is based on an extension of the Hilbert space (before coarse-graining). We will
explain this scheme®? in the forthcoming work [61], where we will also discuss entanglement
entropy.

7 Discussion

In this work we introduced the fusion basis for (2 + 1) dimensional lattice gauge theories,
in particular with non-Abelian structure groups. The basis is well adapted for the weak
coupling regime and for describing topological BF theory with defects. The latter theory
can also be taken as a description of (2 4+ 1) dimensional gravity coupled to (possibly
spinning) point particles.

In contrast to the spin-network basis [10], the fusion basis is a multi-scale basis. It
diagonalizes the traces of a certain multi-scale set of Wilson loop observables. This set does
in itself not form a maximal set of commuting observables: for non-Abelian gauge groups
one has rather to add further gauge-invariant observables describing electric excitations.
Importantly, the electric (or torsion, in a gravitational context) excitation might emerge on
larger scale even for gauge invariant states. This fact make it hard to control large scales in
a spin-network basis. For this reason, the fusion basis is ideally suited for coarse-graining
in lattice gauge theories and loop quantum gravity [12, 13, 15, 64-73].

More specifically, we have seen that the fusion basis comes with a number of advan-
tages. That we list and comment here below.

e The fusion basis incorporates the notion of basic excitations and their fusion to coarse
grained excitations, hence making explicit the quasi-local structure of the excitations
relative to the BF vacuum;

e it makes transparent the Drinfel’d double algebra structure, which in past (loop
quantum gravity) discussions was rather hidden in the algebra of constraints [55, 56];

e it incorporates a notion of cutting and gluing pieces of spatial manifolds along bound-
aries and thus comes automatically with a natural notion of local subsystems (see
e.g. [88] for a different notion).

34Note that for the definition of entanglement entropy based on subdividing the manifold into two regions
the extension involves only a very limited set of additional degrees of freedom, which arises from cutting
one edge of the fusion tree. In contrast, for the application to coarse-graining, one usually needs to cut
many trees of the fusion tree. Correspondingly the extension would involve a much larger set of additional
degrees of freedom.
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Moreover, in the context of (2 4+ 1) dimensional loop quantum gravity coupled to point
particles, the fusion basis

e provides naturally and directly the physical states of the theory, even for states
including spinning particles (i.e. states with torsion);

e and diagonalizes the gauge and diffeomorphism invariant (Dirac) observables of the
theory, which are given in terms of the closed ribbon operators.

This shows that the fusion basis is a convenient tool for describing the coupling of multiple
particles to (2 + 1) dimensional gravity. It would be of particular interest to consider a
thermodynamic or continuum limit, possibly resulting in gravity coupled to a matter field,
see also [89, 90]. A further question in this direction is whether the resulting system can
be described by a matter field propagating on an effective non-commutative space-time, as
derived in a covariant framework by [91, 92].

The use of the fusion basis emphasizes the Drinfel’d algebra or quantum double struc-
ture of (24 1) gravity coupled to point defects. This facilitates the comparison with other
quantization schemes [93], such as the combinatorial quantization for Chern-Simons the-
ory [94-97]. Let us also point out the recent work [98, 99], which reformulates Kitaev
models as a special case of combinatorial quantization via a reformulation of the latter in
terms of a Hopf-algebra gauge theory.

Furthermore, in relation to coarse-graining, we emphasized that the fusion basis

e solves a deep problem related to coarse-graining in the spin-network basis: in non-
Abelian gauge theories, coarse-graining generally leads to torsion degrees of freedom,
even though these are not initially present, therefore the spin-network basis cannot
be stable under coarse-graining. The fusion basis, on the other hand, incorporates
torsion degrees of freedom from the onset, hence allowing for a consistent coarse-
graining scheme;

e moreover, the fusion basis can be naturally used to design multi-scale states, in the
sense that it diagonalizes a set of operators defined at all available scales (cf. e.g. [21]),
a fact that makes it ideal for discussing coarse-graining schemes.

We hope to make all this explicit within a new tensor network coarse-graining framework,
by generalizing the recently developed schemes of [13, 73]. One of our principal aims
is studying the continuum limit and coarse-graining of spin-foam models [9, 13, 66-71].
In the context of (2 4+ 1) dimensional gravity models, a particularly intriguing question
is how to flow via coarse-graining from models based on flat building blocks to models
based curved building blocks, hence recovering in the quantum theory the classical result
of [79, 80]. More specifically, for spin-foam models one expects a transition from SU(2) to
the quantum deformed SU(2),. This requires besides a condensation of curvature degrees of
freedom to a constant curvature state, also a condensation of torsion degrees of freedom. It
is therefore important to have coarse-graining schemes which do not throw away the torsion
degrees of freedom. Notice also that the fusion basis is already available for SU(2),, with
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g root of unity, [28, 31] and has in some aspects even a simpler structure than in the finite
group case. (Even more so, if one compares with SU(2), since the corresponding fusion
category is not finite.) The finiteness of SU(2), makes this choice particularly attractive
for numerical approaches to coarse-graining, see e.g. [100].

We have also anticipated that

e the fusion basis can be used to provide a new definition of entanglement entropy for
non-Abelian gauge theories. Let us add here, that in contrast to other proposals, this
new definition leads to finite results, even in the continuum limit, for states describing
a finite number of defects [61].

Finally, we conclude with some remarks about open problems and further directions
of investigation.

In this paper our analysis has been confined to lattice gauge theories with finite gauge
groups. It is, however, an important point to generalize our analysis to Lie groups. For
Lie groups there are two very different choices for the underlying topology of the state
space and the related inner product. Ome possibility is to choose a discrete topology
and measure on the gauge group, which is in fact necessary for the BF representation for
continuum loop quantum gravity. In particular, this is needed for the BF vacuum to have a
finite norm [38]. Alternatively, if one is only interested in lattice gauge theory with a fixed
lattice or with a fixed number of excitations (i.e. of punctures), one can also adopt the usual
(continuous) Haar measure on the gauge group. Drinfel’d double representations and their
tensor product, based on this choice, have been discussed in the case of SU(2) in [101, 102].

At last, a further interesting research direction comnsists of generalizing the fusion ba-
sis to (3 + 1) dimensions. One possibility to achieve this is to use the idea formulated
in [16, 103], where it is proposed to formulate a (3 + 1) dimensional theory of flat connec-
tions with defects, as a theory of flat connections in one less dimensions at the price of
defining it on some topologically complicated Cauchy surface based on a Heegard splitting
of the 3-dimensional hypersurface. The idea is then to use the machinery described in
this paper to define a basis and operators for the (3 4+ 1) dimensional theory, in order to
find a characterization of its basic excitations. Also in (3 + 1) dimensions, one expects the
maximal set of commuting observables to include a multi-scale set of Wilson loops. Torsion
degrees of freedom, on the other hand, are now captured by electric flux observables based
on closed surfaces, as defined in [14, 38]. However, using the techniques of [16], these can
be recast into ribbon operators acting around the non trivial cycles of the topologically
complicated Cauchy surface designed to encode the (3 + 1) dimensional theory.
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A Inductive limit on {H,}

In this appendix, we explain how to construct an inductive limit of the Hilbert spaces H,
over the number of punctures |p|. Here, the index p in S, and #,, will not only denote the
number of punctures (which we here denote by |p|) but also the embedding information of
the punctures. Importantly, this embedding information includes not only the position of
the punctures, which themselves are infinitesimally small disks removed from the manifold.
But also a marked point on the boundary of each of these small disks. Alternatively a
puncture can be described by a point in the manifold equipped with a tangent vector at
this point [29]. The open links of the graphs have to end at the marked points of the small
disks (in one description) or to approach the punctures tangential to the associated vector
(in the other description). This additional structure of the punctures allows the inclusion
of torsion defects and is also crucial in order to make the gluing operation well defined.
It however leads also to an entire family of continuum Hilbert spaces constructed via the
inductive limit, as we will now explain.

We fix once and for all a coordinate atlas for the sphere S. For the inductive limit we
need to specify a partial ordering of a label set. This label set will be given by the punctures,
including their embedding (and marked points) information. Given two punctured spheres
Sp and S,y we say that S,/ is a refinement of S, denoted by p < p/, if all the punctures of
Sp are punctures of S,y. That is there are |p| punctures in S, whose positions and marked
points agree with those of the punctures in S,.

Thus we have a family of Hilbert spaces H,, labelled by the embedding information
p of a set of |p| punctures. Theses labels are now equipped with a directed partial order
<. What is needed for completing the definition of an inductive Hilbert space is the
specification of (consistent) embedding maps iy, : H, — H,y for any pair p < p'.

We construct such an embedding map as follows: given a state 1) on S, we can w.l.o.g.
assume that this state is defined on a minimal graph I',. We add links and nodes to I',
so that is becomes a minimal graph for I'yy. This is done in |p/| — |p| steps and we denote
the graph after each step by I'pyi,i = 1,...,[p'| — |p|. We label the new punctures with
i=1,...,]p| = |p|. For a new puncture added in the i-th step we do the following: we
enclose the new punctures with a cycle and furthermore add a path (composed out of links)
that connects the marked point of the puncture to some (new) node on the graph I'py;_1,
see figure 9.

The embedding map from H,, to H,y can be given as a composition of maps ¢, with
Ip2| = |p1]| + 1. For |p'| = |p| + 1 the refinement of the graph adds the following additional
holonomies:

e One link /g of I'), needs to be subdivided into two links | = I3 o Iy with a new two-
valent node n. Correspondingly we will have two new holonomies g;,, g;, satisfying

9o = 91591, -
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Figure 9. Adding a puncture and extending correspondingly the minimal graph.

e There will be a new path consisting of three new links I5 o l5 o I} starting from the
new node n to the marked point of the puncture. We will denote the associated
holonomies by ki, ko, k3.

e Furthermore there is one additional link ) starting at the target node of I} sur-
rounding the new puncture and ending at the target node of l5. We denote the
corresponding holonomy by k4.

The embedding ¢,y : H, — H,y mapping a state 1(gi,, {91 }i,) is then given as

Lop ()1 Gy {91 isttgs K1s - - -, k1) = VG 8(e, ky k) (g1,91,5 {01 Hi10) - (A.1)

That is the refined state describes a trivial holonomy for the cycle around the new puncture,
whereas it is totally spread on the holonomy k = ksk2ki, that gives the parallel transport
from the added node on the coarser graph to the new puncture. In summary the new
puncture carries neither a curvature nor a torsion excitation.

The embedding maps are consistent, that is reaching a given refinement via different
smaller steps, leads to the same result. We have further chosen the pre-factor in (A.1) so
that the embedding map is isometric.

Consider now a family of Hilbert spaces {H,} {,ep}, so that P carries a directed partial
order. The inductive limit Hilbert space Hp is defined as the (closure) of the union over
all Hilbert spaces H, with the following equivalence relation imposed: two states ¥ € H,
and ¢ € H,y if they can be made equal under some refinement. That is, if there exist a p”
with p < p” and p < p’ such that

Lpp (V) = tyrpr (4') . (A.2)

On this inductive limit Hilbert space one can define an inner product between as well as
the addition of two states ¢ € H, and ¢’ € H,y by first embedding these two states in a
common refinement Hilbert space H,» with p < p” and p’ < p”.

Note that the inductive limit Hilbert space Hp depends on the set of labels P and that
we demanded that this set is directed. The latter property means that we can find for each
two elements p,p’ a common refinement p”. By construction, this excludes the case that
p,p’ have a puncture position in common, for which the marked points disagree, since in
this case there is no common refinement.?> Also, for Hp to describe a sensible continuum
limit one can demand for P to include some regular and infinite family of refinements.

35 Alternatively, one can introduce a refinement of the punctures itself, i.e. allow that an arbitrary number
of open links end at a given puncture. We will discuss the consequences of this choice elsewhere.
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B Properties of the irreducible representations of the Drinfel’d double

B.1 Defining property of the representations

The irreducible representations of the Drinfel’d double are homomorphisms and as such
they preserve the algebraic structure. The following shows how the irreducible representa-
tions are compatible with the definition of the star-product:

Dl (G H] % (G, H))

= DSy (GG H) (G HG, H)

= 0(GYHG, H)3(H,c)d(c;, G G ,GGR) DY (0, ' GGgp)
= > §GT'HG,H)6(H,c))d(c;, G G GG (H, )
l/ M//
X DJI\%J/M//(qgléq )DM”M( NleZ)
> 6(H, (e}, GG DRy (a; G )6 (H, ¢} )8(ci, G/ G)Difyuns (a7 Gai)
i//7MII

= Y DIt (G H) DG (G H]) (B.1)
'i/,,M//

where we have first used the linearity of the representations as well as the definition of
the multiplication in D(G) together with the definition of the induced representations,
and then the fact that the irreducible representations of the stabilizers preserve the group
multiplication rule.

B.2 Orthogonality of the irreducible representations
The space of functions on G x G is equipped with an inner product defined by

(f, 1) > fGHF(GH) (B-2)

G,HcG

Igl

Furthermore, the matrix elements of the irreducible representations of the Drinfel’d double
form an orthogonal set with respect to this inner product, i.e.

B 2 DYt (G HDDG (G ) (B.3)
GHGQ

= ’g| > 6(H,cir)d(ciy, G ey G)3(H, c)d(cin, G ey G)
G,HeG

X D]@[l/M ( IGQH)D]@[%M ( izlGQiz)

= Y b1, cudiy iy 0ir,iad (i, G, G)Dh v (4 Gai ) Do v, (a5, Gy )

|C1].[Ney | INcJ ot
0cy .c OR.,R
= !(1“1|2 i lwz%éM’ MyOMy, My - (B.4)
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where we used between the third and last line the orthogonality of the irreducible repre-
sentations of the stabilizer N¢,. Note that for all G, the Kronecker delta d(c;, , G_lcixl G)
ensures that qi_,llei1 € N¢,. However it does not mean that the summand is non-vanishing
for all values of G. As a matter of fact only N¢, configurations are non-vanishing which
explains why the summation over G' does not produce any additional factors.

B.3 Completeness of the set of irreducible representations

The irreducble representations form a complete set of representations, since they resolve
the identity on D(G):

SN derDGy 0 (IGH) DG, (G, H)) (B.5)
C.R o.M/
_ZZdCRD ’M/lM([G H]) zMz’M’([G G lHG]) (BG)
CR z’]\]};f
= ch aCR(GG H)6(G'HG, G~ HG) (B.7)

—ZdR CIX" (4 GG Yk(m)0 (GG H,HGG™)§(G'HG,G'H)  (B.8)

= [C-|Ne|6(gj, () GG ar()d (GG H, HGG™)8(G HG, G~ H) (B.9)

— G16(G, G)3(H, H) (B.10)

First, the formula (3.46) for the complex conjugate of the representation matrices is used
together with the property (3.49); this allows us to obtain the character of the represen-
tation labeled by C, R. Then, we apply the definition (3.34) of the delta function for the
stabilizer No and use the fact that the identity in N¢ is the same as the identity in G.
Finally, we find that this resolves the identity in the following sense:

1
9l

> 1G16(G,G)d(H, H) f(G, H) = {(G, H) (B.11)

G,HegG

B.4 Diagonalization of the star-product

As an algebra, the Drinfel’d double is semi-simple and therefore a decomposition into
irreducible modules is provided via an idempotent decomposition. This means that the
irreducible representations of the algebra are idempotent with respect to the multiplication.
In other words, the irreducible representations diagonalize the star-product. Considering
two basis states respectively labeled by the irreducible representations p; and po as well as
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their corresponding matrix indices, we have indeed the following relation:

Sa Sa _
Uy * Yor i =

— \/dpldPQ Z D G2,H2])

|g|2 ([Gl?Hl])¢G2 Ho Q;Z)GLH1

G1,Hy
Go,Hy

d,.d
_ Vdodp, S S Dy, (G, o) D3y, (1G1, Hi)O(Gy oG, Hy)

2
|g‘ Gl Hl P3 I/ I3

% \/wa;mg L((G2G1, H))
dp,d
- 3 ZZZD (G2, H)Df (G, F ) e

G, H1 3 I/I I”
Go,H:

xDI,I,,([GmHQ])fo/ ([Gy, Hi])o

P3, 1’15

Sa
\/dmdpz E E E 3/2 Pz;ﬂséfé,lé6[2,]{,”5,01,p351{,1§’511,13¢p37[é]3

p3 14,13 1Y dyp:

6P17P2

=52 On V3, (B.12)

B.5 Completeness of the Clebsch-Gordan coefficients

The Clebsch-Gordan coefficients for the Drienfel’d double are unitary maps and as such
they resolve the identity. Indeed, we have

ZZCWW crp = i Z > D dDy, (G H)DY, (G, H H)x’ (G, H'))
p

GeG H'ec p

HeCy
(B.13)
=> > DY (le, H))DY;, (le, H 1K) (B.14)
KeG HeCy
= 071,011, (B.15)
where we made use between the first and the second of the following relation
Y dpX"([G H') =) dpd(GH', H'G)x™ (4 1 Gl (117) (B.16)
P p
=|C| - |N¢c|6(GH', HG)d(e, G) (B.17)
B.6 Invariance property of the Clebsch-Gordan coefficients
We rewrite the defining equation for the Clebsch-Gordan coefficients (3.58)
D?’lh D§§ Z Z uf/’)};i);]sl’ D??Lg([G’ H) (u[phpZH)P?J&hlz (B.18)

P3 137
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as

lp1, lp1,
DY, @ DRy (AIGH) Uy = ST S ufh L D (GO H)) . (B.A9)
P3 Ig I’

We now make use of the equation

> > DR (G HNDE, (GG HG) =) D, (le, H]) = Dy (1) = dj1y . (B.20)
Iy Heg Heg

after multiplying (B.19) from the right with fo,l ([G™1,G™'H,G)) and summing over
H. Resolving the co-product and using the property (3.46) of the matrix elements under
complex conjugation we obtain the invariance property of the Clebsch-Gordan coefficients

p1p2p3 _ 7 41P1,p2]
(remember that C7'7"7° = Uy )7 )

Y Dy (G, Ha)) D7, (G, Ha)) DYy (IG, HyHo)) CEEe = Cipaie . (B.21)
Hi,Hs I1,12,13

B.7 Orthonormality of the fusion basis states

The basis states {1/)];53} defined on the three-punctured sphere are orthonormal with respect
to the inner product of Hg (this is defined in (2.5) and the following pages):

p1, 1] Pl

s. g, | P12
wfd PQ,Ié 71/]f3 P27{é -

p3, 13 53,[3

- glyli% > > D Vi Uad lg vy iy ok {gi})

9091084 Gy, Hy, Gy, Hy 1,0y
9194 Go,Ho,Go,Hy Ip,Io

2 2
< [T \/dpds ] Dt ( Gk,Hk])D~ - ([Gk,Hk])c;);g?g N
k=1

11]213
2
_1’2 S S [T 6(Gr, Grd(Hr, )

G1,H1,Gy,Hy 1,5 k=1
Go,Hg,Gg,Hy Ig,Io

2
x H dp,d, H Dy, ( Gk,Hk])D~ z ([Gk,Hk])Cf’ffjf e

DD 11 dpkdpkHD (Gr B DR (G BT - CRE
G1, H1 11,0 k=1

Go,Hy Ip,0o

_ E P1P2P3 p1P203 _ - - -
- “ 6111—2]3 Ch[z[g 511,1151571561717!715[72:%72
1,42

= 6]3773511,7{ 5I§,E 593,53 5P1 01 5/12,52 : (B-22)

Here, we used the orthogonality of the irreducible representations together with the or-
thogonality relation (3.62) of the Clebsch-Gordan coefficients. Similarly, the completeness
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relation for the fusion basis on the 3-punctured sphere follows from the completeness re-
lation of the 2-punctured sphere together with the orthogonality relation (3.61). These
properties generalize to the fusion basis states on the p-punctured sphere. For instance,
the orthonormality is given by

<w§1’[{m}?§;3,{fk}k L) (B AT T )
1 e —
s =2 o= 1D DD DRED DI AT SN0

{9i}; 5p ¢ {1}, {I} {G“H“G“H }1 711
Cplp2ﬂ(p+1) P(2p—3)P(p—1)Pp Plp2ﬂ(p+1) CP(2p73)P(p71)/7p
LIy “lep-3)lp-0le "ThhIpiy  ep-slp-1)lp
p— 2p—4
NP (Y. 1T\ NP ~ 17 PiP(i—p+2)P(i+1) APiP(i— p+2)p(z+l)
X d, ds D’ ., H;]) D2 iy H;

H PiTpi I;Ii([G“ il) I;Ii([G“ i) ‘HA €, Ii—pt2yL(i+1) CI Ti—pr2yliitn)
_ i=p

Z Z CP1P2P<p+1> CPer=8)P=1)Pr aP1P2P(p41) P(2p=3)P(p—1)Pr
]1I2I(P+1> I(2p73)1(p71>]p 11121(p+1) I(Qp_3)l(p_1)lp
{I} {TH{Gi, Hi Yo~

2p—4

p—1 -
_ DPi 17 pi 7. PiP(i—p+2)P(i+1) APiP(i— p+2>P(z+1>
x [T\ donds D3 (G HD DSz (G H)) T Cog 2 e v iore!
i= i=p+1

_ Z P1P2P(pt1) ~P(2p—3)P(p—1)Pp pwzf(pH) p(zp 3)P(p— 1>pp H‘S 5
 hilalgey Tlep-nle-nle TLLIG ) Top_sylp-1)lp LI, pips
{131}
2p—4
% H Pzp(z p+2)P(i+1) Pzp(z p+2)P(z+1)

p+1 II(z p+2) I(z+1) Il(l p+2)1(1+1)

2p—3

IpIp H 5[’[’ H Opip: (B.23)

where we followed the same steps as for the case of the three-punctured sphere.

B.8 Gauge invariant projection of the fusion basis
Here we consider the Gaufl constraint projector Pgauge applied to a fusion basis state on a
cylinder:
Peangethy 2 [CR, ' M',iM] = |72 "> " \/dor 6(H, cir) (e, GeiG™) Dy (g ' Gai)
h G.H
x 0(G, gsgagrh™)8(H, g3gags ' 95 ")

=617 "N Vder6(H, ¢i) 5(cy, Ghesh ™ G Dy (g, Ghas)

h G,H
x 0(G, g39291h)6(H, 939495 '95 ') - (B.24)

One now writes h as h = g;ng; and splits the sum over h € G into a sum over n € N¢ and
¢j € Qc. We have thus

heih ™ =¢j, hg; = gjn . (B.25)
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Hence the summation variable n only appears in D]@[,M(qglthi) = D]@[,M(ql,lejn)
which gives (Note that qglej is in N¢ due to the delta function in (B.24).)

1 _ _
NG Z DYi(g Gain) = Srodarodmo 0(g; 'Gjye) . (B.26)
neNg

where we denote the trivial representation of No with R = 0. We are left with the
summation over ¢; which leads to the final result

1
Pgaugewfz [CR,¥M',iM] = |G|'/? Z Vdeo 6(H,cir) 0cl Zé(ci/, quclqj‘lG*I)
G,H 4a;j

x8(G, gsgagih™")6(H, gsgagy ' 95 ")
1 NP
— 5R,05M/05M0m > 45[C0,i'0, j0] . (B.27)
J

C Generalized fusion basis

Here we discuss an extension of the fusion basis, resulting from a generalization of the gluing
procedure of section 3.3. There, using the fact that the gluing of two cylinders is another
cylinder, we found that such a gluing procedure defines at the level of the states (defined
modulo appropriate equivalence relations, as in section 2.2) a multiplication mirroring that
of the Drinfel’d algebra:

(G, H],[G,H]) — [G,H]|[G,H]=6§H,GHG VGG, H] . (C.1)

In defining the gluing procedure of cylinders and states, it was necessary to specify a
marked point on the boundary of the punctures at which a link of the underlying graph
terminates. This prescription can be readily generalized by introducing several, say m > 1,
marked points at a given puncture, prescribing now where m different links can terminate.
We will refer to such a puncture as a m-puncture. We can then consider the gluing of
manifolds along two m-punctures.

As an example consider a cylinder with two 2-punctures denoted a and b. Labeling
the marked points at a by ai,a2 and at b by by,bs we can associate four independent
holonomies to such a cylinder:

G = h(b1,a1), H = h(b1,b2)h(ba,b1), K' = h(b2,b1), K = h(az,a1), (C.2)
where h(y,z) denotes the holonomy from the marked point x to the marked point y.

All other holonomies between the marked points can be reconstructed using the flatness
condition, e.g.

h(ag,be) = K'GK 1. (C.3)
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Considering a minimal embedded graph for the cylinder with two marked points at each
puncture, we can define the following basis states via gauge fixing

wg?H;K/K = (C.4)

where the graphical notation is the same as in the main text. We can thus label a (basis)
element of the algebra describing these cylinder states by [G, H; K', K]. Compared to the
cylinder basis state with simple 1-punctures, these states contain additional information
given by the holonomies between the two marked points at each of the punctures. In this
sense, these are ‘refined’ punctures.

Consider now gluing two such cylinders:

[
CIK/ﬁ-([?/)—l
G
) o
AR (K
G
Qj{‘
= 0(H,GHG ")6(K,K") ~ (C.6)

That is,
G H;K', K|+ [G,H;K' K| = §(K,K')§(H,GHG™") [GG,H;K",K]. (C.7)

Note that this new multiplication rule (C.5) is essentially the same as the original Drinfel’d
algebra multiplication (C.1): the [G, H;-, ] part multiply precisely as in the Drinfel’d
algebra, while the [-, -, K/, K] part functions as a factor with trivial multiplication rule

[ oK' K] %[, K' K] =6(K,K') [, K", K] . (C.8)

In a way, this part already behaves like matrix indices in a representation. It is therefore not
difficult to see, that the representations of this new algebra are given by a trivial extension
of the Drinfel'd algebra representations V() of section (3.5). It is indeed enough to
extend the representation spaces to Ve(XCtY’R) whose basis |¢;, M, k) is the tensor product of

the basis |¢;, M, ) of V(&) with the basis |k) of the group algebra C[G], k € G. This leads
to the matrix elements

(DR s (G H; K K]) = 6(k, K)S(K, KYDSE | (G H) . (C9)

b
ext
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It is easy to see that the representation property holds, as well as the generalizations of
the orthogonality and completeness relations (equations (3.50) and (3.51), respectively).
Thus, it follows that the basis states for the cylinder with (m = 2)-punctures carry an
additional label k£ € G, which can again be absorbed into an extended multi-index I. This
construction gives straightforwardly an extended fusion basis, which distinguishes itself
from the original one only by its extended index structure associated to the punctures.

Generalizations to (m > 2)-punctures is obvious: for each additional marked point
at a given puncture one obtains an additional index k£ € G, describing the holonomy
between two consecutive marked points. The generalization of the cylinder algebra and its
representations is also obvious. In particular, the dimension of the corresponding extended
representation is given by |C| x dim(R) x |G|™ 1.

Therefore, we see that the physical content of the states, which is encoded in the set of
charges p = (C, R), is not altered at all by a refined puncture structure. This mirrors the
Morita equivalence of tube algebras (with different number of open legs) discussed in [36].
What changes is only the ‘amount of information’ retained at the gluing interfaces. For
a more thorough discussion of this point see the final sections of [61], where the effect of
refined punctures is discussed in relation to entanglement entropy.

D Properties of ribbon operators

D.1 Gluing of ribbons

Here we consider the gluing of two ribbons R;[G;, H;], i = 1,2 at a puncture. We assume
that the state does not carry charges at this puncture.

Applying a ribbon R; ending at a puncture p and then a ribbon Ro starting at the
puncture p we obtain

Ro|Ga, Ha|R1[G1, Hi]yp =

= (G2, 98979695 ' 95 91 ) 6(G1, 9ag3g2g1)
X (-, g5 Hy '9a95(98979695 1) Hagsgrgegs '+ > 95 Hy ' 9sgo)
= 6(G2G1, 98979691)0(G1, 94939291)
X (- g5 Hy 919593 91 Gy HaGagags, - g5 Hy ' gsgo) - (D.1)

Here R shifts g5 and Rg shifts g9 and g5 L

A state without any charge at the puncture po would have a g5 dependence of the form
5(93_1g5). For this factor to be left invariant we need Hy = G2_1H2G2. Thus the flatness
projector Py, at the puncture p leads to the corresponding delta function. Also, we can
now use that g, 'gs 'gzga = e in the first delta-function on the (last) r.h.s. of (D.1) so that
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for a state 1 = §(g5 *g5)1)’ we have

Poat R2[G2, Ha]R1[G1, H1](8(g5 ' g5)¥") = 6(H1, Gy ' HaG2)d(G2Gh, 98979695 95 ' 939291)
x8(G1, 94939291)0 (95 1 95) V' (- -+ , g5 ' Hy ' gsgo).

(D.2)
We also apply a group averaging at the puncture
|G| PgaugePriat R2[Ga, Ha]R1[G1, H1](5(g5 ' g5)¢) (D.3)
= 6(Hy, Gy HyGo)S(GaGh, gsgrgegs 95 ' 939201) (D-4)
h

x 8(G1, hg1939291)5(95 ' 95) ¥/ (- -+, g5 " Hy ' gsgo)
= 6(Hy, Gy  HyG2)d(GoGl, gsgr9695 05 1 939291)6(95 Lg5) ' (- - , g5 " Hy *gsg9), (D.5)

where we used that 1)/ is gauge invariant at the target node of l4, i.e. cannot depend on g4.

Now the r.h.s. of (D.3) can be written as

|g| I]Dgauge[Pﬂat RQ [GQa HQ]Rl [Gla Hl] (5(95195)¢,)
= §(H1, Gy ' HyGo)R3[G2G1, Ho)(3(g5 g5)¢'), (D.6)

where the path underlying Rg3 is as follows

The ribbon does also cross the link /5 and hence should shift the holonomy ¢g». However
we assumed that ¢ = 6(gy ! g5)Y’" does not carry charges at the puncture p and that means
that ¢’ does not depend on gy (and also not on g4, as we used earlier).

We conclude that for a gluing of ribbons at an (auxiliary) puncture which does not

carrying any charge, we have

|G| PgaugePiat Ra[Ga, Ha|R1[G1, Hi] = §(H1, Gy HoGo)R3[G2G1, Ho). (D.7)
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D.2 Gluing of charge ribbon operators

Using the previous result, equation (D.7), we can now repeat the same construction in the
case of two charge ribbon operators

|G| PgaugePiat R2[Ca, Ro;ig My, izMz]Rz[Cl, Ry iy My, i1 M|

dr; O, R V) 2
= D2 5 s ; ! 7
|N02’ |NC1| Z My M2 M1 (nl) (C Cig )R[anQqZQ 4, nlqll 12 ]

ni,ne

dr, dr Ry R -1,
= b Ca i T S DR (1) DY Rlgy ,
O NG, Ve, 2 (12) Dt (1) Rlagmamay,”, e

ni,ne

dr, dg SRs R 1 (2
= 001,07 : - Z DM/M// n)D i Mo MY (nl)Djwl/M (n1) R[Qignqilla CE/ )]
|N 2‘ |Ncl M// 1 ! 2

dR — 2
= 501,025R2,R16M2M —2 ZDM/Ml [%’2”%11’ 65’2)]
= 501,026R2,R16i2i’16M2M{ 73[027 Ros iy My, iy M. (D8)

The delta function in the second line enforces io = i}, which we used in the third line.
Furthermore, it requires that Cy = C;. We then performed a variable transformation and
used orthogonality of the representation matrix elements.

D.3 Lateral product of closed ribbons

Here we consider the lateral product of two charge closed ribbons as defined in (5.35):

KIC,RKIC,R] = U5 TN~ Rrp) B () (e, DIKIC, D] (D.9)
[Nel [Nl £,
5.32) drdp _ _
O3 500 ’f,TQ IS D')Rgerg ™", qdd'q™"] (D.10)
DB icae je,

drdp , ) )
= 5c,aﬁ D> XX () Rlgeg ! qdd'q ]
¢ q€Qc d,d'EN¢e

dpds B B
= docr |N1|D; > X d~'d") Rlgeq ™, qd"q "]
¢ qEchd”eN
= dccr 5RR’|N | > > X)) Rlgeg ™t qd"q
q€Qc d"EN¢
= 50’0/5R7R/,C[C,R]. (Dll)

In the first step we used the result (5.32). We then rearranged the sums according to
YD 2deD = 2_deng together with the fact that x*(D) = x®(d) for all d € D. Fi-
nally, we performed a change of variables and used the orthogonality of the irreducible
representations for the stabilizers.

Thus, we conclude that the closed ribbons K[C, R] define a family of orthogonal pro-
jectors under the above lateral product.
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E Action of closed ribbons on cylinder states

Here we consider the action of a closed ribbon on a fusion basis state on the cylinder. The
minimal graph we use as well as the specific ribbon are indicated in figure 4.

Using the expression (5.38) for a fusion basis state on the cylinder and the defini-
tions (5.30), (5.35) for the closed ribbon we obtain

K[C', R ¢ [CR;i' M, iM)

dR/ ' _ _ 1 -
= 6]"*\dr dRO Z > X @)D (n)s(acia, 95 ga) 8(cir, gsgagy '3 )
nGNC qEQC/ n GNC/
x 8(gima; ", 939297 " g2a(n) e g5t gagn). (E.1)

To lighten the formulas we will evaluate the resulting wave function in a gauge-fixed form,
gs = g2 = e. Hence,

(/qc' R4 (CR; 7'M’ zM]>

lg.f.
dp _
=16]"*V/drc dRC|N 1 oD > X )DFa(n)d(acia ! 9a) (e g4)
neENg qEQC/ n ENC/
x 8(gomg; ", g7 a(n) g gagn) - (E.2)

The first two delta functions on the r.h.s. of (E.2), enforce C' = C’, and also allow us to
determine ¢ from the condition

gt = qaqgt = grag’, (E.3)

which in turn follows from the definition ¢; = qi/clqi_,l. Indeed, we find ¢ = ¢ (as now

both ¢, g € Qc).
1 1

Next, we turn to the last delta function in (E.2). Using g4 = qc¢j¢~' = gc1g™*, one

-1

can show that g4 and ¢(n’)~!¢~! do commute (since n’ € N¢g). Therefore, the condition

enforced by the last delta function simplifies to
gng; ' = q(n’)"'q g1, (E.4)
This can in turn be solved for n':
n' =q 'qgn g, q = ¢ gran" (E.5)
Now, apart from determining n € N¢, equation (E.5) also requires that
;' g10: € Ne. (E.6)
We encode this into a characteristic function

On.(g9) =1 ifg € N¢, and vanishing otherwise. (E.7)
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Now, (E.2) can be written as

(zqcf R ¢ (CR;i' M’ zM])l f (E.8)
g
d : _
= b6V dr oy Z Xr (@ graim ™) Dipar(n)8(cirs 9a) One (a5 9145)
’VLENC

= dc.o0rr |GV dro DY (4 a1ai) One (a7 9100) O (cir, ga)

= 50,01(5}3’3/ 1/Jf [CR, Z/M/, ZM] (EQ)

gt

Thus the closed ribbon operator K[C, R] projects onto states ¥[CR;#' M’ iM]. In particu-
lar, the projective cylinder states are eigenstates for the closed ribbons .

F The S-matrix

The S-matrix can be defined as [39, 60]

1 —57
Scrc'R = T Z S(hibls, Wihi) XB (g hsai) XB ((d)) " hid)). (F.1)
|Q\ h,-eC,h;.eC’

with h; := gic1q; ! and R} = qjc’lqj_1 where ¢1 € C, ¢} € C" and ¢; € Qc, ¢} € Qcr.
As h;- commutes with h;, it has to be of the form

q}c’l(qé-)_l = h; = ging; " with n € Ne. (F.2)

Here, n is given by
n =g '¢;c1(q) e = nar hngg - (F.3)
The second equation comes from (5.47) and defines ,g;. Note that we use ¢f = ,ci1.

Thus (q;)_lhiq; = nqk_lcl nqk € Dyc,. This shows that the summation over h; € C is
superfluous, and we can write

Scror = |g| > bere, XB(n) X (D)

h;€eCneNg

- Z Scr e XB(n) XT (Dne,) (F.4)

nGNC

G Constructing the fusion basis via charge ribbon operators

Here we construct the fusion basis on the three-punctured sphere by applying three charge
ribbon operators, ending at an auxiliary puncture, see figure 10.

We start with a vacuum on the three punctured sphere, which in gauge fixed form is
given by

U5 s, = 390, 0)8(dhe) (G.1)
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Figure 10. Construction of the fusion basis states on the three-punctured sphere using charge
ribbon operators. An auxiliary puncture is introduced at which the three ribbons are fused via a
Clebsch-Gordan coefficient.

We now introduce an auxiliary puncture, using the embedding map detailed in (A.1):

0 e, = (o (V%) 5. = 1G1'%6(94,€)6(gh, €)5 (94 ) - (G.2)
This allows us to apply three ribbon operators, as indicated in figure 10:

(R1[G1, H1R2[G2, Ho|R3[G'3, Hs) S’ﬁ4)|g‘f'
= 1G1"%5(g1 g0, G3)8 (g Gy H1G1 Gy Ha G, Hz) 6(g1(97) ™", G2)6(gh, Ho)
x 6(g1(91) ™", G1)0(ga, H) - (G.3)

To glue the ribbons together we apply the flatness projector Pg,; and the gauge av-
eraging |G|Pgauge at the auxiliary puncture. The flatness projector leads to an additional
delta function 6(g}, e). We use its solution in the second delta function factor on the r.h.s.
in (G.3). The gauge averaging leads in this gauge fixed setting to a summation over g7,
that is we can solve e.g. the first delta function in (G.3) for ¢f. This results in

|g“Pgauge|Pﬂat (Rl [Gh HI]RQ [G27 HZ]R?’ [G?H H3] 8H4) lg.f.
= |G'?6(G HiGh Gy HoGo, Hz) 8(gY, €) 6(d190, G2G3)d (g, Ho)
x (9190, G1G3)6(g4, Hr) - (G.4)

We have now projected away any charge contend at the auxiliary puncture, and can there-

fore use the equivalence relations in section 2.2, to express the state on a minimal graph
for the 3-punctured sphere. (The gauge fixing is the same as in (4.6)). We write this as

<(|g‘ [Pgauge[Pﬂat (Rl [le Hl]R2 [GQ’ HZ]R3 [Gg, H3])) w§3> lg.f.

= §(Gy ' H1G1G5 ' HaGo, H3) 6(g1, G2G3)d(gh, Ha)d(g1, G1G3)d(g4, H1) . (G.5)
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We now transform the three ribbons to charge ribbons and contract the appropriate
I-indices with a Clebsch-Gordan coefficient. This gives

((\Q\[Pgauge?ﬁat Z Cfff;le [p1, 11, 11| Ra[p2, 15, I2] R3ps, I, I3]> ¢§3>

I, 1,15 |g.f.

3
d
- ¥ % (T op 6o ey
G1,G2,G3, [1,1,15 \a=1

Hy,Hg,Hg

x §(G1 H1G1Gy ' HaGo, H3) 6(gig0, G2G3)6(dy, H2)5(9190, G1G3)(g4, H)
dﬁldpzdps

= 2. D> HaEtDn, (GGt ) DL ((GaGy 't Hal) Cp T
G1,G2,G3, I1,15,1} ’g‘ ! 2 3
Hl’HQ 9 k)

X DZSIS([G?,, G3G1'H1G1Gy  HaG2G3 ') 8(g1 90, G2)d(gly, H2)d(g190, G1)3(ga, Hi) -
(G.6)

For the second equation we solved the delta function for Hs, and furthermore translated the
summation variables G — Gngl and Gy — GgGgl. We proceed by using equation (4.13)

Z foh ([G1G5 1, Hl])D§§12 ([G2G5t, Ha)) cf;;ffp;glg ([Gs, G3G{ T H1G1 Gy HaGo G )
I1,I3,1}

= > Dy, ([Gy Hi))DY, ([Ga, Ha)) CL7EEY @)
I,I>

and performing the (now trivial) summation over Gs:

<(‘Q’Pgauge”3ﬁat Y CHPERilpr, I, L Ralpa, I, Lo Ralps, I3, 13]) ¢§3>
I, 1o, 1}

dy d,,d). .
= > > LD (G H) D (G Hol) R
G1,G2 I1,Ip,I% 9] ' 2
Hy,Ha

x 6(g190, G2)0(gy, H2)6(g190, G1)0 (g4, H1) . (G.8)

lg.f.

The right hand side of this equation can be compared with the definition of the fu-
sion basis state in (4.6) and (4.8). (Note that ¢2‘31,H1;GQ,H2 = [G35(g}90, G2)d(g), Ha)

5(g190,G1)6(94, Hy).)
We finally obtain

Z (Rl [pla Iiv Il]R2[p27 Iéa 12]6?3;;223) *R3[p37 Iil%v I3])>wé33

Lo, 14
= <|g|ngauge[Pﬂat > Cffg2§3721[/)1,f{,-71]732[/327I§712]733[P3,I§,—73]>¢§3
0D, 1
\dy dy,d P11
=g Y [pz] . (G.9)
p3, I3
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