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sub-leading order are best studied using the Cachazo-He-Yuan (CHY) formulation of the
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representation is shown to obey recently proposed amplitude relations in which the collinear
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effective field theories and study the collinear limit of the non-linear sigma model, Einstein-
Maxwell-Scalar and Yang-Mills-Scalar theory.
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1 Introduction

A very important feature of scattering amplitudes is their factorization property when
generalized Mandelstam invariants go on-shell. The residues associated to such propagator
poles are given by the product of two lower-multiplicity amplitudes and this analytic struc-
ture puts strong constraints on the functional form of the amplitudes. This property also
lies at the heart of various modern on-shell techniques for scattering amplitudes developed
in the recent past being far more efficient than the traditional Feynman diagram based
approach.! Of particular interest are the factorization properties on the two-particle poles
that involve three-point amplitudes which are subtle objects in massless quantum field
theories. For real momenta such a two-particle pole s;; = 2p; -p; = 0 implies collinearity of
the two momenta, p; = zp and p; = (1—2)p with z € [0, 1]. Color ordered gluon scattering
amplitudes factorize in such a collinear limit according to

A, <1h1,2h2, N ) il h;:spht_h (z; 1h1,2h2> A (ph, N ) , (1.1)

with the universal splitting functions Split_(z;1"1,2"2), which diverge as 1/ V/P1 - p2 and
are known to very high loop-orders in QCD. Along with collinear properties other aspects of
infra-red(IR) physics like behavior under soft limits also provide deep insights into nature.
In the soft limit p — d¢ with 6 — 0 color-ordered gluon amplitudes display a universal
factorization [4-6]

Awsr @) =, (557 @ 0ad) + S (0. ) ) A 1) +00) - (12)
Interestingly enough, this universal factorization extends beyond the leading singular term
in 0, for gauge theories up to the sub-leading order [5-7] and for gravity even to sub-sub-
leading order [8]. The universal factorization properties of gluon amplitudes in soft and
collinear limits have been studied extensively over many decades and lead to various inter-
esting properties including the all-loop universal form of IR divergences [9, 10]. Moreover,
recent insights into sub-leading and sub-sub-leading terms in the soft expansion for YM and
gravity theories have revealed their connections to hidden symmetries of the asymptotic
null infinity where soft theorems are manifest as Ward identities of such symmetries [11-13].

In light of this interesting structure in the soft limit at sub-leading level it is a natural
question to explore the collinear properties of scattering amplitudes at the sub-leading order
as well. In this work we provide a framework for studying such scenarios in a systematic
way for a wide class of quantum field theories and specifically focus on the explicit form
for the collinear limit of tree-level amplitudes of gluons at the sub-leading order. In fact,
computing such effects using standard textbook techniques is an arduous task requiring
to take into account the sum over a large number of contributing Feynman diagrams in
general. Modern on-shell methods usually provide a way to bypass these complications but
unlike the sub-leading soft theorem a straightforward BCFW [14, 15] analysis of the gluon
amplitudes with collinear kinematics up to the sub-leading level suggests that all possible

!See [1-3] for a text-book level introduction.



BCFW factorization channels contribute, thus making it very hard to find a compact and
insightful expression.

However, a uniform formulation of tree-level scattering amplitudes for theories with
massless particles in any dimension has recently been proposed by Cachazo, He and
Yuan(CHY). The full tree-level S-matrix for the scattering of gluons and gravitons, as
well as massless cubically interacting scalars, in arbitrary dimensions may be represented
in an universal fashion as an integral over the moduli space of a punctured Riemann
sphere [16, 17]. The key ingredient are a set of scattering equations

n
2 .
fo= Y P — g, (1.3)
w1 C2a — Ob
b#a

where the p denote the null-momenta of the scattered particles and the o, € C are
the positions of the punctures. These equations have appeared a number of times in
the literature in various contexts [18-24]. They are known to possess (n — 3)! solutions
for an n particle scattering problem. This formulation of scattering amplitudes makes
many dimension independent properties and symmetries manifest. Especially the study of
single [16, 17] and multi-soft theorems [25-27]? becomes quite straightforward. Inspired by
the successful study of soft theorems in CHY we will utilize the same formalism to study
collinear limits beyond the leading order.

On a parallel track of recent research, various intriguing relations have been observed
between amplitudes in Yang-Mills theories and theories containing both gluons and gravi-
tons, namely the Einstein-Yang-Mills (EYM) theory. These have been explored both
from Type I [30-32] and heterotic string theory [33] as well as from field theory perspec-
tive [32, 34, 35]. A particularly interesting set of such identities holding in the collinear
limit were proposed by Stieberger and Taylor [36, 37]. Here specific linear combinations of
n-gluon sub-leading collinear amplitudes in YM theory are related to amplitudes in EYM
with one graviton and (n — 1) gluons. Effectively the two collinear gluons in the pure YM
amplitude are being replaced by a graviton. There is a nice understanding of this property
from superstring theory [37], but here a direct derivation in the field theory will be per-
formed. While intriguing the Stieberger-Taylor relations only provide half of the needed
(n — 3)! relations to completely determine the sub-leading collinear gluon structure. It is
also interesting to note that some of the above mentioned relations in the quantum field
theory regime find a natural description in terms of the CHY formalism [34, 35]. Since the
CHY formula for various theories shares many common building blocks it is very suitable
for studying relations among theories. One of the important motives for our framework to
compute sub-leading collinear effects in quantum field theories is also to explore and prove
such relations.

In this work we report on a detailed study of the collinear limit of adjacent gluons in YM
theory. Our main result is the amplitude for same helicity gluons 1 and 2 becoming collinear

2 Also see [28, 29] for other approaches to multi-soft theorems in field theory.



at the sub-leading order in a near collinear limit in the form of a CHY representation,

A= / dpin-1 K" (ep, {pi}s {01} T2 (e p), {(€3:p3) - - (eni pa) } {0} (14)

Note that the above sub-leading CHY formula of the collinear YM n—gluon amplitude is
given by the CHY integral over the (n —1)— particle YM integrand weighted by a collinear
kernel leé‘ff) " whose form is given later in (4.5), such that this kernel is only dependent on
the helicity of the effective collinear particle €, even though it depends on the momenta and
the position of punctures for all the other particles. Hence, even though this collinear kernel
at the sub-leading order cannot be taken outside the CHY integral to yield factorization in
the form of a sub-leading splitting function, it does have robust universal structure that it is
not sensitive to the type of the non-collinear particles. We also note the intriguing relation
that a gauge transformation on the effective leg p of the sub-leading collinear amplitude
yields an (n — 1)-point gluon amplitude

- %Azf\f{f% = Zz(z_i) AM (p. 3., n). (1.5)
Moreover, one can use the expression (1.4) to recover the Stieberger-Taylor relations within
field theory such that this collinear kernel in fact magically combines to generate the CHY
integrand building block for the scattering of one graviton with the remaining (n—1)-gluons
in EYM theory.

As an extension to the new structures seen in the study of soft theorems for different
theories it is important to mention that recently there has also been a lot of interest in
exploring scattering amplitudes in certain effective field theories (EFT) which have been
proposed to have compact CHY formulae [38] as well. The interest in these theories not only
stems from their appearance in certain physical contexts but also due to the special behavior
of their amplitudes under soft limits which could be used to classify such EFTs [39, 40].
Not much is known about their properties under collinear limits. Their CHY formulation
is very suitable for such a study due to the framework we develop here. In this work we
also comment on the collinear limits of a number of EFTs.

We organize the paper in the following way: in section 2 we begin with setting-up
the kinematics for the collinear limit that we will study. We then discuss solutions of
the scattering equations and the behavior of various building blocks in the CHY formula
under this limit. In section 3 we compute the leading order collinear limits of gluons and
gravitons recovering the known gluonic and scalar splitting functions and find their graviton
cousins. In section 4 we present the results of the sub-leading collinear limits for scalars
and gluons with same helicity and the universal nature of the collinear CHY integrand
and follow it up in section 6 with further explorations in universal structure by adding a
soft limit on top of this. In section 6 we use the sub-leading YM results and show that it
directly reproduces the Stieberger-Taylor relations. Next in section 7, we extend our study
to scattering amplitudes in EFTs, namely the Non-Linear Sigma Models(NLSM), YM-
Scalar(YMS) and Einstein-Maxwell-Scalar(EMS) theories. We conclude with a summary
and outlook in section 8. Finally, we have an appendix to present some of the details of
the sub-leading collinear gluon computation and other observations that we made during
this project.



2 Collinear kinematics in the scattering equations

In this section we introduce the reader to the basic concepts of the CHY formalism and we
establish all necessary preliminaries for the computation of the collinear limits.

2.1 CHY formula

In terms of the CHY formula [25, 38, 41] the scattering amplitude for n massless bosons
with momenta p, and polarizations ¢, takes the general form of an integral over positions
of the punctures o, on a Riemann sphere

An({pre}) = / djn Tn({p.2,0}) (2.1)

where

n n
d i, = d'oy Al = (04 Ok Oki) (Opg Ogr Orp) H do, H (fo), Oap:=04—0p. (2.2)
S bk

We write d'o,, for the CP; measure and A/, for the product of §-functions which impose
the scattering equations (1.3). The prime is the commonly used notation for deleting
three arbitrary integrals and d-functions, manifest in the second equality. In this work we
will focus on theories whose integrand, Z,({p,e,0}), is constructed from a combination
of two building blocks, namely the Park-Taylor factor €,(1,...,n) and the Pfaffian of an
anti-symmetric 2n x 2n matrix ¥,,, i.e. Pf ¥, ({p,e,0}) where

1 A -C"
¢ =—, U, = , 2.3
" 019093 ... O " (C B ) (2:3)
with the entries
ha P 2 Z“~
7?“_'?; aFb,  halh 2ate’ #b, . = a7 b,
Aab e a Bab — Oq—0p Oab = 26ga.pc - b
0 a:bv 0 a:b, 72 0a—0c¢ a=0.
c#a
(2.4)

The superscript h; is labeling the helicity state of particle ¢ and the prime of the Pfaffian
indicates that two rows and columns must be deleted according to

(_1)i+j o
Pf' ¥, = ———Pf ¥, (2.5)
Oij
where we use the superscript to denote which rows and columns {i,j} € {1,...,n}

are deleted. Combining both building blocks one defines the tree-level n-particle
S-matrix [16, 17] of pure gravity, pure Yang-Mills and scalar ¢>-theory as

I;glravity _ (Pf’ \I/n)Q, Igang-Mills =¢, Pt v, , I:‘lcalar — @721 ) (2.6)



Furthermore, single-trace S-matrices of Einstein-Yang-Mills theory [41] can be constructed
easily, e.g. for k gravitons and n — k gluons we have

ZVM({p,e,0}) = €, PO, P, (2.7)

Note that the Pfaffian Pf ¥} is not primed and that one should treat the indices of the
integrands as sets, i.e. the index k£ on ¥; means that only the graviton labels are present
and €,_j only includes the labels of the gluons.

2.2 The adjacent collinear limit in CHY

Now we move on to discuss the proper implementation of the collinear kinematics in the
CHY formalism.

2.2.1 Kinematic definitions

Consider the scattering of n particles thereby taking the neighboring particles 1 and 2 to
be collinear. Then their spinor-helicity variables® may be conveniently parametrized as [36]
1) =clp) —es|r), [l =clp]—es[r], c=cosg, (2.8)
2) =slp) +eclr), [2]=slpl+eclr], s=sing,
where we use the perturbation parameter € to probe the sub-leading collinear effect as
e — 0. Here p" = pi + ph + O(€?) is the limiting collinear momentum vector and 7 is
a null reference momentum not parallel to p*. This translates the four-momenta of the
collinear particles to
p1=c*p—ecs(p)lr|+Ir)[p|) + €% r,

p2 = s2p+ecs (Ip)lr] + o)) + 7.

(2.9)
Defining ¢ = |p)[r| -+ |r)[p| we have ¢* = ~2p - and

(p1+p2):p+e27', (pl—pg):(cz—sz)(p—ezr)—%csq, (p1~p2):62p-r.(2.10)

Collinearity of two particles affects their polarizations. In four dimensions we have

o gl o plall (2.11)

(ra)’ [ral

where we have chosen the same r as in (2.8) to be the reference vector for all particles. Then

+_ % S =+ +_ & C .t
€ =& — € Eprs £y =€ —i—eggp’r. (2.12)

Here 5?,5 is the polarization of a leg carrying the limiting collinear momentum p and

+v2 ) Ir] pos. helicity

4 (rp) (
€, = 2.13)
br -2 % neg. helicity .
A very important consequential identity is
&l p=—cp" -4, (2.14)

which follows directly from 6}{1 -pL = sgg -p2 = 0.

3See e.g. [1-3] for a text-book introduction.



2.2.2 Collinear scattering equations

Next, we will analyze the scattering equations (1.3) in collinear kinematics (2.8). Following
the strategy of the double soft limit in [25], we perform a change of variables for the positions
of the punctures corresponding to the two collinear momenta p; and po, i.e.

Ulzp—g, 02:p+§. (2.15)
Now we solve for £ by rewriting the measure as
dn = dpin—2 dS2 (2.16)
d) = do1 do2 0(f1) 6(f2) = 2dpd€6(f+)o(f-),
with
fr=+F), [-=—f)- (=) fi+f) (2.17)

The choice of this peculiar linear combination for f_ will be commented upon at the end
of this section. Note that df2 is never affected by the “prime” operation defined in (2.2).
The scattering equations now take the form

n
21, - 27, - 29, -
fa:Z DPa pb+ DPa p1£+ DPa p2£7 a#1,2

b3 02— 0b Og—pt35 Oa—p—3

b#a

([ 2p,p 2pp - p pLp

b M1 b P2 :
A-f=) ¢ - —= g (2.18)

b=3 \P =3~ 0b PT3=0b 3

fit+ fo :z":< QpZ-pl + Qp?pz ) .
b=3 \P ~3 "0 PT30b
An interesting way of seeing the relation between the collinear kinematics p1||p2 of the two
particles and the coincidence of o1 and oy was already argued in [42]. If we assume a linear
vanishing of £ in the e — 0 limit (2.21), the scattering equations (2.18) factorize at leading
order in € — 0 into a set of (n — 1)-particle scattering equations for each of the (n — 1)

momenta {pa p37 e 7p7l}

n
2Da - Py 2pa - p
0 = = O
fae—>0 ;Ua_0b+0a—p+ (6)7
b7 (2.19)
—~2p - pp
0= ’ = 24 0(),
J1+ fo o Zp—ab + O(e)
b=3
along with
4 p -
0=f1—f2‘ =_h'P (1+(9(6)) = pr-p2=0. (2.20)
e—0 € fl

Hence, we see that coinciding o1 and o9 implies collinearity of the corresponding particle
momenta. The question then arises whether the opposite is also true, i.e. whether collinear-
ity implies confluency of o1 and o9. To clarify this, we performed a numerical analysis using



the polynomial form of the scattering equations [42]. Dialing various kinematical config-
urations with two collinear momenta for n = 5,6,7 and 8 particles we have consistently
found two different classes of solutions in all cases tested, namely there are 2(n — 4)! de-
generate solutions with vanishing £ = 091, accompanied by (n — 5)(n — 4)! non-degenerate
solutions with finite £. In fact, the above-mentioned numerics also support a vanishing of &
linear in € and not with a higher power. We also observe that the non-degenerate solutions
only contribute to the limiting amplitudes at the sub-sub-leading order in the e-expansion.
Hence for all our analysis in this work where we only focus up to the sub-leading order we
can exclusively consider the degenerate solutions captured by the ansatz

(=€l +E6H+0(E). (2.21)

We insert this ansatz into the scattering equations obtaining

fa:fa+6[—(02—s2)£217727a} + O(?), a#1,2
fr=1fpte [(02 - 52)521772} + O(€?)
(2.22)
4(p -
fo—e [2c252§1732 ~2¢sQ — (1; T)]
1
+ €2 [4 (p- r)gg —2(c? = §?)Ry 4 22826 Py + £1(c? — s%)esQy | + O(€8)
1
where we have introduced the modified scattering equations for n — 1 particles as,*
~2pa - P —~2p-p
_ o Db _ Db
= e = —_—, 3§a§n+27 2.23
o= oo b;p_ab (223)
b#a
along with the short-hand notations,
2p-pa ~ 2p-pp —~ 27 pp
Pig=——"-, Pi= — Ri = —_—
" (p—a) ' 2 (p—ov) = (p- o)
) " ) (2.24)
T Pa q- Dy q " Pa .
R =, Q: - = Q',: ) 2211
M (p—ay) ' ; (p—op) M (p—ay)

for compactness. Note that P; = fp = O(e) by virtue of the scattering-equation corre-
sponding to the particle with momentum p. Also we now see why it is advantageous to
consider the specific linear combination f_ in (2.17) as it is O(e).

2.2.3 The degenerate collinear solutions

In order to find the degenerate solutions of £ to the scattering equations in the collinear
limit (2.22) we perform the £ integral by localizing the d-function 6(f-). This amounts to

4For f, the sum starts from 0 which indicates the momentum of the effective collinear particle po = p
and the full sum runs over the set of momenta{p, ps,p4,...,pn}.



solving the equations f_ = 0 in (2.22) perturbatively in e. At the leading order in O(e)
we have

—2(p-r) — sy + PGP =0, (2.25)
with solutions
£ =65 =2 + /13,

o Q3 +8(p - )Py (226)
Tl = To = .
2csPy 4(c?s?)P3

Moving on to the next order at O(e?), it can be easily established that

52 . C2 - S2 2R1 - CS§1 QQ 9.97
e 9 . 2522, (2.27)
& 2p-r+c s &P

Note the vanishing of the sub-leading solution & in the ¢ = s case.

2.3 Collinear expansion of the CHY formula

Inserting the transformations for the collinear o’s (2.15), the measure (2.16) and the
collinear kinematics (2.8) into the CHY formula (2.1) one obtains

A, =2 /dun_g dpd€5(f+) 5(f—)In =2 Z / dlun—Q dp(5(f+) T I, (2.28)
&1

where we performed the £ integral by using

50 =Y ) e (2:29)
- T ‘% T ’ ‘
¢ O |er €
such that J is the Jacobian for the transformation & — f_ and the sum runs over the two
solutions (2.25) for £. In order to complete our analysis we need the expansion of all the

different components that make up the CHY formula.

Jacobian. We write the expansion of the Jacobian in (2.29) as

T =To+eT +0(?), (2.30)
with
1 &
jOZ* . 2.2 2
22(p-r)+c?s2Pr ¢ (2.31)

J1 = j02 <8(p . r)gg - cs(c2 - s2)Q2> .

1

Note that, using this notation, we can also write (2.27) as,

Lo =(c*—s*) T (2R1 —cs&1 Qo) - (2.32)



Measure. The measure in (2.28) can be expressed as,
dpin—2dpd(f1) = dpl)y + edpl) | + O(e2), (2.33)
with
dp) | = dpin—z dp (). (2.34)

)| = (& —s*) d'o, s d,o% (7’2 S (T A, = 5(7) S Poud(Fo) Aggo_g,a) . (2.35)

a=3
where
90z 0 L o .
IORSUILNNURES | EIANED DCAT R I S (2.36)
The definition of the primed sum is due to (2.2).
Parke-Taylor factor. Here we easily obtain,
Le0) 4 g
¢, = ECn +¢,) +0(e),
1 & 1
eV =——e, ., S ( + 5 S 3> ) 2.37
& gy (2.87)
1 : 11
Cp1 = Sk =~ = — .

_ =
034 -+-0np0p3 045 Ojk 044 Ok

The matrix ¥,,. We write the matrix (2.3) with more emphasis on the entries which

are sensitive to the collinear limit as

0 A Ay —CP —Ch2 —Cha
As; 0 Ay —Cfgl —0322 _Cgﬁl
g, = | Aot A Aw —Cly -Cht ~Ci
Cfll1 C’121 C’11)1 0 B12 Bld
O3t O35 Oy Byp™ 0 By
Cly cls che iy gl et

(2.38)

We now expand out all entries by using the definitions from section 2.2 and list them below
(modulo higher orders in €):

1. A-matrix:

A = czApb—i—e <§2102A1(57) — chb) , Agp = szApb —€ (52152145)) — chb) ,
2p-r 2 &2
Ajg = —¢ +e2p-r=. 2.39
&1 & (2.39)

~10 -



2. B-matrix:

Bl :B;Lb1|hb+ S phalhe@ - phalts :ngmb_ & Blel®
2.40
e ] 0 hy = hy (2.40)
2o 226 ho
6 e 1 # hs

3. C-matrix:

o =ctop - <51 ot )+cscf;> L Cly =s*Cp — e (51 s? oy —cscgi;> ,

hi _ h &1 @ _ S ph ha _ oih §1 ~ho(2) | €
ch—ch+e(Gon®-2m),  ch=chre(-Sop®e Sy,
ol 2P 82506 e _ €255 P 253 P&
27 g c & &’ s 4 s & &'
s 2&M . p & s 280 P &
Chl — Chl _ =2 ""pr Tel = Chl,(2) +2 p,r + Ehl
11 pp c 51 2 pp c 51 61
c 285 p & c28%p& ¢
Chz —Ch_ZIpr © _ st Chg,(2) CoZ%pr PS2 € phy ’
22 g 3 +€ 5 Cop + S & & .
Coa = Cha +e(c? =57 % Ca®). (2.41)

In the above we defined the short hand notations

h hy _h
hy 26" 4 @) _ 2D Db holh, (i) _ 2€p" - €3
ol =20 9 AD - BB g =P
M oy —p P (p— o) P (p—op)
hp hp n
hy(i) _ 2€p P hpo(i) _ 2" Db 0 25" - py
ch® - 2 1L ohe) 2 B cppt = N~ 2=
b (ob = p)t P (p—op) o ,;, -y’ (242
2&hr Y -
hyr b,r hy __ hr
By = =22, Eh =3B
pb

The Pfaffian Pf’ ¥,,. Now we will study the expansion of the Pfaffian building block
for two different cases, i.e. whether the collinear bosons have equal or opposite helicity.
The Pfaffian of ¥, is computed via the recursive formula

2n
Pf W, = (1) Y (1)U g prwd (2.43)

i
where we introduced an appropriate sign for future convenience. Note that, here, we
postpone the prime operation according to (2.5) on the above definitions of the Pffafian, to
after the first expansion and hence the sum runs over all 2n terms. We expand along row
J, ©(j —1) is the Heaviside function, ¥; ; is the matrix element at position (¢, j) and i is
the matrix ¥,, with both deleted rows and columns %, j. By definition the Pfaffian of a 0 x 0

- 11 -



matrix is set to one. It is possible to add a multiple of a row and its corresponding column
to another row and corresponding column without changing the value of the Pfaffian. The

derivative of the Pfaffian may be written as

9 2n—1 2n
5c Pfvn = DTN (-1 lﬂ“ ” Pf Wiy (2.44)
€

=1 j=1

Finally note that any operation performed on the Pfaffian always acts on both, rows

and columns.

1. Equal helicity case. This case is characterized by hy = hy = h and since we use
the same reference vector for all polarizations we have Bhllh2 = 0. In anticipation of
the sub-leading order, we perform the following manipulations:

(a) Add row/column 1 to 2.

(b) Subtract ¢? times the new second row/column from the first row/column.

Doing so, we end up with

0 Ay €Ay —s2CP 4+ 20, 2 Chy —s2Cl —eCle

A2y 0 Ay —Cl—-Ch ~Cly —CY _Cgéi

v |, € Ag1 A Aw -Ct, ~C%, gl':j
s2Ch —c2ch, ot + oy Ch 0 0 Bl |

s2Ch — c2Ch, Ch, +Chy Ch 0 0 Blha

eCli ¢l oBy" B Bl
(2.45)

with
Alb = 515202214}(5)) — CSQb -+ O( ) y

é-21 pb + O( )
- h(2) N (2.46)
Cut = glsQCQCd}f’ +esCyi +O(e)

Agb = Apb + € (C2 )

Ol = Ot — (>~ 5) SLCh® 1 0().

Note that Ajo is also of O(e). We expand the Pfaffian(doing the prime operation
according to (2.5)) along the first row/column and write
Pt' ¥, = PO, + ¢ PFY 0, + O(e?). (2.47)
Immediately we see that the only contribution to the leading order is
PO W, = —(s* Cfy — ¢ Cfy) PI(W," 1) — (c* Oy — s° C3y) PY (7 F2)
= (C,?p - C{LQ - 031) Pf’(\I/n,l)

, (2.48)
2. -p
J— h p,r /
_ (cpp T ) P W,
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since all other contributions in the Pfaffian expansion are proportional to € due to our
manipulation of the matrix ¥,,. Furthermore, ¥,, with deleted first row/column will
have the two equal rows/columns (n+ 1) and (n + 2) in the collinear limit wherefore
deleting rows/columns (1) and (n + 1) will produce the same Pfaffian as the matrix
with deleted rows/columns (1) and (n + 2). This was used in the second equality
and we call the resulting matrix ¥,_; since it is the matrix associated with the
(n — 1) particle amplitude where the first particle has momentum p* and position p
on CPy, i.e.

0 Ay —Ch —Ch
Aap Agy —CP, —gc’l;g
e
Cly Cay Bey' B

U, g = (2.49)

The sub-leading structure Pf’ \1153) is rather involved and given in the appendix.

2. Opposite helicity case. In the situation that the collinear gluons have opposite
helicity, e.g. 17, 27, the matrix (2.45) will not have the feature of containing two
equal rows/columns in the limit € — 0. Even worse, it seems like the matrix is now
carrying a divergence in the Bis = % component. We attack both issues by denoting
the matrix after doing the usual manipulation pattern as

0 Ajg €Ay —s? Cli+c2Cf, 2Ch —s2Cy —¢ C'c}lLf
Aoy 0 A2b _sz - Cl+1 _02_2 - C2_1 _C'filéi
U, — ) € ANal A~a2 Aab _Cltl, _€|2J£1 _f%;l
s?Cy, — 2, Ch+ CY, 0 By B
25 — 20y Ciy +Cy Cp BT 0 By,
eCli cls ok oBy" By~ Bl
(2.50)

The crucial insight now is to perform two more matrix manipulations, i.e.

(a) Add ecsé,, - p times the (n + 1)’st row/column to the first row/column,

(b) Add ecsé;f,. - p times the (n + 2)'nd row/column to the first row/column,
while using the identities
q-pi = (&, 0) (6 i)+ Gr ) (g 1), € -a=Epp) (g ), (251)

which follow from direct computations using the Spinor-Helicity representation of the
momenta and polarizations.® In the above h; is of the opposite helicity to h;. Hence

®Note that all our results, though explicitly calculated in four dimensions using spinor-helicity represen-
tations of momenta and polarization vectors, can be lifted to arbitrary dimensions. The results are expected
to be qualitatively similar but they would have a non-trivial form due to the polarization vector dependent
building blocks of the Pfaffian, which simplify considerably in four dimensions. It will be interesting to
study if the final result can be expressed in a compact form.
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we observe (using the short hand notations from (2.24))

Qui=(E, p)Cri+ (-0 Cl,  Q=—(5,-0)Cp— (& P)Cpp 252
+ _ ozt +[— - —|+ :
Ciq - (Epﬂ' ’ p) Bip ’ Ciq - (gp,r : p) Bip ;

which can be checked explicitly. If we also use (2.25) to express Ajs in terms of P
and Q, we end up with a first row of the form (modulo higher order terms in ¢)

(Oa —€&1 c?s? Py, €§c?s? Aﬁ), —s2CY, 205y, —e£1c2s20;’(2)> . (2.53)
Again we write
Pf' W, = PO 0, + ¢ P ¥, + O(?), (2.54)

where now all terms contribute, since we have a % term in the matrix, i.e.

IOl = - |8 (G, — Cfp) PEWI™HY 4 2 (O = Cy) PR | 4 g

PP
28+ . 26 -
_ 2 4+ 84&p, D /o — 2 —  C&&ypD PR
= — [S (Cpp—cgl> Pf l:[/n—1+ C (Cpp—sgl> Pf \Iln—l +g
(2.55)
Here we defined ¥, = \IJS’”*” , \I/:_l = \Ilg’nﬁ) , since those are the matrices for

a (n — 1) particle scattering where the first particle either has positive or negative
helicity respectively. The object G contains all other terms of the expansion along
the first row that, in the equal helicity case, have been of O(€) but are now O(1) due
to the singular behavior of Bio which we extracted from the Pfaffian by expanding
along row (n+ 1) (w.r.t. the Pfaffian with undeleted rows/columns). The important
observation is that G is independent of £ due to Biy é Again, the sub-leading
order of the Pfaffian is given in the appendix.

2.4 Key sum-over-solutions identities

In order to evaluate the leading and sub-leading behavior of any amplitude it is necessary
to sum over the two solutions of £&. Any building block will contribute with a certain
power of & or & either in the numerator or the denominator but since & and J; can
be both expressed through £; and Jy, the calculations will always narrow down to the
computation of

Ty N—M N N—M 1

= (1’1 + \/372) + (—1) (.T1 — \/xg) . (2.56)

gzi: & ( ) (2 ya2h1)N

1
This equality follows from
1 1 & (z1 £ /@2)

To . =550 — - = il :12 o (2.57)

3 28" c*Pa+(—csQ1) = & +he Va2h

A/—/ A,—/é‘l
h1 ho
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Q _ Q%+8(p‘7”)7’2) and

where we used (2.25) (for the readers convenience z1 = 355, 72 = (2P
2
h1x1 + ho = 0. Using this identity we note the key sum-over-solutions identities
Qi +2(p-r)Ps
27051 4C4S47D3 ; Zjofl 2C3S37D
P
ZJO 2¢2s2P, 82732 ; &1 ’
1
z@= 1 Y i
& dp-r’ éi” 8(p-1)?’
o (2.58)
Z@ZCZSZ (Q%—{—Q(p-r)Pg) Z O )
&t 16(p-r)3 ’ & T 433D Py]
. &  2¢?s’D’ : g% ~ 8csp-rD’
1 1
D — sh_ A
: & 16c?s?p-rD’ : & 32cs(p-r)?D’
1 1
where we defined D := Q% + 8p - r Py. Immediately more identities follow, i.e.
Jo&r (¢ —s%) Q1 Q2 Jo&2 c? —s? Q1 Ry
= 4Ry — =—
2 &€ " 4css’D py ) %: &3 2esD \ 2T 5,4 )
j2 c? —s?)R jQ C2 — S2 R Q
20452:8(22)11) 20552:_16 D ' 1+Q2 .
z &1 cés“p-r z &3 csp-r p-r
(2.59)

3 Leading order collinear limit

Now we are ready to compute the leading collinear structure for several theories. We write

the expansion of the amplitude as,
A2 = AO) e AW 1 O(e?), (3.1)
and will now study collinear gluons, gravitons and scalars correspondingly.

3.1 Collinear gluons

We expect to find the known universal behavior in terms of the helicity-dependent split

function,’ i.e.

AP (1 2k2 ) =3 " Split™se(e; 1M, 272) A, 1 (0", ) + O(0), (3.2)

6See [43] and citations therein.
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with

1 3
Split'{**(e; 17, 2%) =0, Split**(¢; 1+,27) = —~ ——,
e c(pr)
1 1 1 &3 (3.3)
Split*(c; 17, 27) = = . Split™®(e;1t,27) = -~ .
€ s {pr) e s [pr]

Same helicities (h1 = ha = +). Inserting the leading contributions of all building
blocks from the previous section to (2.28) yields

AD) = _9 —o: C+—w Pf' ¥
n - Z n—1 pp SC€1 n—1

2& re 2 (3.4)
~ ip /dﬂglml e PR, )= V2 4
esc2p-r ecs(pr)

= v/2Split'™® A,_1,

which, up to a factor of v/2, is the known collinear behavior. Here the sum-identity
> ‘7;) = 0 of the last section was used. It is easy to see that this statement is also
true for hy = hg = —

Opposite helicities (h; = +, ha = —). Due to 251 % = 0, the object G drops out
of the calculation and we are left with

A;OJ)FQ(IJF,Q_, ) =V2Split™ A, 1 (PT )+\fSphttree.An 1(P™,...), (3.5)

which again, up to a factor of v/2, reproduces the right behavior. In both cases above, the
universal structure is independent of the helicities or the type of the non-collinear particles
participating in the scattering process.

3.2 Collinear gravitons

From our previous analysis and the form of the gravity integrand in A,, = [ du, T8V (2.6)
it is evident that, since gravitons appear without any Parke-Taylor structure in the CHY
formalism, no singular behavior would be present. The collinear expansion is finite and
can be easily computed. For the case of pure gravity and identical helicities we have

2
2eh .
AQ@M oMy =2 3 / 'y Fo (Cpp—w> Pf' W, 1 PF 0,1, (3.6)
&1

cséy
with the result

2) (gh X p)2 1 02
0) _ pr hh (0) “pp per /
AO) = WAn_l(P )+ c2s2/d“n—1 o P Wy PIW, (3.7)
which is a mixture of a factorized part, that agrees with known results [44, 45], and a
previously unknown non-factorized integral kernel part. This structure is independent of

the type of all other particles in the scattering process as long as two gravitons are going
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collinear, i.e. it is universal. We can, for example, look at the scattering of m gravitons
and k gluons, represented through

Ap = [ dun € PEU,, PF' U, | (3.8)

which in the collinear graviton limit will have the form

2
2 éhr P
0—2%" / dul? | Ty €, (C,,p - ) PfU,, | PF U, 4, (3.9)
&1
and hence
2(e
A7(10) = (2 p2r p) 1 —I— /dun 1 pp Pf/ LV Pt U,_1. (310)
c?s

Adding scalars will not change this behavior either.

3.3 Collinear scalars

Inserting the collinear expansion of the building blocks in (2.6) we arrive at

An = /dunzscalar’(:oll =2 Z /dun 1j 2§2 (311)

The leading order is easily computed to be

1

0 __ >
An e2p-r

An_1, (3.12)

which is an expected result one can obtain from Feynman graph calculations, i.e. it is the
factorization into a 3-vertex and a propagator with the n — 1 point amplitude. Again, the
exchange of particle types of any other particles except the collinear scalars is not changing
this behavior.

4 Universal structure in the sub-leading collinear limit

We now compute the sub-leading order for the case of collinear gluons and scalars. Other
bosonic theories do not have any singular behavior. For gluons, we will only consider the
equal helicity case since the mixed helicity case is a tedious, yet straightforward general-
ization of the results presented here.

4.1 Gluons with equal helicity
The sub-leading order of the amplitude is formally given by the following terms

AP =2 Z / d'oy_odp [Aj@g&ﬁo PO g, + A0 0 7, PO g
(4.1)
+ A0 R PrD w, 4+ A D 7 PO w, |

17 -



where we expanded out all building blocks to the next-to-leading order. The computation
of the four terms is rather involved and is relocated to the appendix. The result is

2 2
1) _ c—s h,(2
AP = /du ( —p 550 ¥ s, chl >> ¢y PH 0,

c? — 2 ©0 Ch 0 70
= (PP, A
 2¢2s2 /dunl% ¢n18p< W1 >

(4.2)

Using partial integration, we find

ch 2_ g2 Cch P
(1) _ (0) pp c"—Ss h(2) _ “pp”3
An / d,u (2 s2 ¢2 P, Sn,p73 + c2 g2 P, CPP Py

c? —s? Cgp 2
- 1|5 - — ¢,_1 Pt'U,,_ 4.3
2 C2 82 ,P2 < n,p,3 O'p3> n—1 n—1 ( )

2 2 ch
a T / d'on—2 dpai (;p €t PEU, IA’“))) :
2

which may be rewritten directly as
A = /d o, (% (4 Ll i Ch7(2)_cgp733 Ch1 P W
n Hp—1 Py \ c? Tnp s2 003 c2s2 P, pp Py n—1 n—1

2 2 ch
T / dons dpaap (7)”1” G 1 IA’(O)> . (4.4)
2

The last term is a total derivative w.r.t. p and can be dropped. Furthermore, we define

the collinear gluon kernel by

Ch 1 11 c?—s? CppP
gluon - h,(2) _ ZppT3 4
K b (i o)) = (P2 (Fotsos ) tomr, (Gh0-22) ). o)

s.t. we can write the final result compactly as

coll

Agl):/du(()) lcgluon h {pz} {Uz}> Yannglls (46)

We may also ask the question whether this expression is universal, i.e. invariant under the
exchange of all other particle types except the collinear gluons and their direct neighbors.
The answer is yes, which we shall proof in the appendix. Therefore K& Yeh {pi}, {oi}) is
a universal object reflecting a factorization at the level of CHY integrands. Furthermore,

note that we can express the kernel in a way s.t. it contains CHY building blocks, i.e.

1 01
Pf,)?
pPty, 3p772>( »)
1

1 /1 ;0 o 1
‘s2<27>2pa+ \Ifap%)(m)

gluon 1 h 0
’Ccoll ({pl} {JZ}) C2 <27)2 p a +
(4.7)
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0 —Cpp
Crp

for the data of one particle with momentum p and helicity h at position p. Note that the
IYang—Mills
n—1 .

where we defined h to be the opposite helicity to h and v, = , i.e. the matrix

derivatives in this expression are not acting on
Although (4.6) is a compact expression, we have been unable to find any factorized structure
on the integrated amplitudes level from this result. The reason is mainly the appearance

of Py in the denominator. Even in the case c? = s?, i.e.

C
AD = 9 / dp'” | B Snps Cuot PE Wy, (4.8)
2
no factorization can be extracted. Note that the reason for non-factorizability is of the

same type as already seen in the gravity result (3.7).
We close the discussions of the sub-leading collinear gluon limit with two important
observations: firstly, from the form of our final result (4.5) and (4.6) it is manifest that the

)

subleading-collinear gluon amplitude Aﬁ} for the case of identical helicities of the collinear
legs, is bi-linear in the effective polarization vector EZ. This is not at all obvious from the
outset. Secondly, making a gauge transformation on this effective ‘fused’ leg p, i.e. acting

with p - 862, of .A,(ll) , yields an (n — 1)-point gluon amplitude,

C2—S2

9

(1) —
862 An

AXYaneMills g, 30 n). (4.9)

p.
c2s?

We have checked this identity independently with the help of explicit four and five point
gluon amplitudes expressed via momenta and polarizations presented in [46]. It remains to
be seen how this intriguingly simple relation may be used to understand the sub-collinear
structure. This relation arises from (4.5) and (4.6) as

Yang-Mill
p- 66201}3117 =P1~0, D 5eZCz}7LI5(2) = P2, p- aegznirig = 0, (4.10)
where the first expression vanishes on the support of the scattering equations.

4.2 Scalars

The following terms are contributing to the sub-leading order of the collinear limit of scalars
in (2.6)

1 ~1 J
AP =2%" / a7 e e +du”, Jp2eM e, 5—1+d'an_1 ag 2 AW (411
&1 _
t1 to

The last term vanishes due to A:ﬁ)

kills this term. The other terms are computed to be

1 < &1 and therefore the sum over solutions, Z& % =0

c2—-s?2 /R0
ty=— ( : 1+QQ> e dul,

csD 2p-r (4.12)
e O (RQ o) g2 g, O
27 "¢sD 2p-r 2 ) Sn—1 @y
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Summing up both terms, we see a remarkable cancellation leading to
AD =0, (4.13)

which is a universal theorem, i.e. independent of the exchange of external particle types,
which we shall proof in the appendix. We can express the result via a collinear scalar kernel
and write

K™ ({pi} {oi}) = 0. (4.14)

We conclude that there is no sub-leading O(E) contribution to the collinear scalar scatte-
ring.

5 More universal structure from soft limits

In the previous section we derived the universal factorized structure of the CHY integrand
for gluons in YM. Now we will show that one can also find a factorized universal structure
n (4.4) but this can only be reached by taking an additional soft limit on top of the
collinear momentum p. Such limits would in fact be a special kinematic configuration of
the double soft limits and hence invariably relates the n-particle amplitude to an (n — 2)-
particle amplitude. Soft limits are very well studied in the CHY formalism [16] and the
calculation is straightforward. Taking p — 0 p in the sub-leading result (4.4) with § — 0
yields the following expansion

1 1 1
(1) — - =
An 2771/ Hin— 27{5]”13 (5732 <c Tnp +s2 ap3>

(¢ —82 ha(2 C 733 h
* c2s25P, (Cpp( - Py Sn,p3 Cn—z Gy PI'(Vn—2)

In order to study this limit we have to integrate out the p variable. No pole at infinity

(5.1)

is present and therefore we progress in the standard fashion by deforming the contour to
include all poles except the one at f, = 0, i.e. the only possible poles are at p — oy, k €
{3,...,n}. It is also quickly seen that there are no poles for k € {4,...,n—1} and therefore
we only need to focus on k = 3 and k = n. Moreover the factor

c@ _ SwPs

v Py (5.2)

always vanishes when p approaches any o;. Hence the only relevant term in the soft limit is

Cz, 1 1 1 1
< — 4+ — ) Sn,p,3 5 (5'3)

fpP2 \c? op, s%0p3

since neither Pf'(¥,,_s) nor C,,_o have any p dependence left. The first contribution comes
from p — o3. In this limit the factor (5.3) approaches

RS <5p'p3>2 ’ (5.4)

S% 0p3 b-PpP3
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and similarly in the limit p — o,
2
1 1 Ep -
= — <pp”> ) (5.5)
C® Opn P DPn
Therefore we only get contributions from single poles and we can easily perform the contour
integral, obtaining

Wposp _ L |1 (€p-Pn 2 €p D3 2
Ay =5 + An—2(3,...,n), (5.6)

c2 \ p-pn s2 \ p-ps

where the superscript of the amplitude indicates the order in which the limits have been
performed. We see a universal factorization of the n point amplitude to an universal factor
and a (n — 2)-point amplitude in the sub-leading collinear and soft limit.

6 Recovering the Stieberger-Taylor identities

Stieberger Taylor identities connect sub-leading adjacent collinear gluon limits of pure
YM amplitudes with Einstein-Yang-Mills (EYM) amplitudes [36]. In full generality those
relations are rather involved and we will refrain from writing them down here. For n =5
the they read

1

s5p AP (17213 4 5) — 54, AV (1,2, 3,5.4) = gA(Phh, 3,4,5), (6.1)

where on the Lh.s. we have the sub-leading collinear limit of gluon amplitudes with mo-
menta py; and ps collinear weighted by the Mandelstam invariants s;; = 2p; - p; and on the
r.h.s. we have an EYM amplitude where the collinear gluons are replaced by one graviton.
We will refer to such linear combinations as “Stieberger-Taylor (ST) sums” and denote
them by » ¢p. Considering our result (4.4), we notice that the only objects affected by
any particle permutation are the Parke-Taylor factor and U—}m + i. All other objects are
either sums over all particles which remain invariant under permutations, or the Pfaffian
in which a particle permutation is equivalent to the interchange of four rows and columns
leaving the Pfaffian untouched. In the ST sum additionally 0—})3 is invariant since leg 3 is
never permuted. Hence, if we know how €,,_; and o—}m ¢,_1 behave in the ST sum we can
deduce the behavior of the amplitude itself. It turns out that while the ST sum exclusively
hits €,_1, a zero is produced due to either momentum conservation or the production of
a P1 which is the scattering equation fp = 0. We can see this explicitly in the five point

case, i.e.
1 1 1 1 1 1
S5p — S4p = Sgp ( + ) ¢35 + S4p < + > ¢3
0p303404505p 0p303505404p O5p Op3 O4p Op3
1
= — (S5p + S4p + Sgp) ¢3=0, (6.2)
0'p3
where we used the scattering eq. fp = 0 in the third step and €5 = — L This behavior

034 045 053
was checked up to n = 7 and we therefore conjecture

> =0, (6.3)
ST
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which is yet to be proven for the general case. The situation changes if we take the ST
sum of U%w Ch1, ie.

1 1 1 1
Spp— ———————— — Sgp — ————————— =
O5p 0p303404505p O4p Op3 035054 04p
1 1 1 1 1 1
S5<+> 3 + s4p — (—l—) C3 = (6.4)
O5p \O5p  Op3 O4p \O4p  Op3 ’

s S 1 s S

PR — (5”+4p> C3=P2 s,

Op5  Opa Tp3 \T5p  O4p
where we used fp = 0 in the last step. This behavior was also confirmed up to n = 7 and
we again conjecture that

Z KE" ({pi}, {oi}) € N Z €1 =G 2. (6.5)

ST
Putting all information together we arrive at the statement

1 1
ZA ]-h 2h 7”) = _g /d,unl Cpp Cp2 pf’ Uy 1= ?Anfl(Phhazga v ’n)7

(6.6)
which are the ST relations and where the last equality follows from direct construction
according to (2.7).

7 Collinear limit for effective field theories in CHY

In this section we want to compute the leading collinear contribution in the adjacent case
for effective field theories that can be constructed in the CHY formalism by methods
explained in [38]. Here we probe the leading collinear structure and also comment on the
intriguing insight in [47] regarding extension of certain EFT’s under single soft limit. The
latter idea essentially means a factorization of an n-point CHY amplitude into a sum of
lower point CHY amplitudes but living in a theory with extra interactions with additional
matter, typically scalars, than those one has started out with and hence the nomenclature
‘extension’. In order to progress we need to explain further the building blocks and their
collinear behavior. We perform the computation for the NLSM model, the Yang-Mills-
Scalar theory and the Einstein-Maxwell-Scalar theory. Collinear amplitudes in other EFT’s
and even sub-leading effects can be computed as a straightforward generalization but we
refrain from discussing them here.

7.1 More building blocks

For the further analysis we need to introduce two more building blocks. On the one hand
we have the unprimed Pfaffian of a n x n matrix A}, with components
1 . .
i
X = = (7.1)
0 i=3

and on the other hand we have the primed Pfaffian of the submatrix A, of ¥,,. Now we
study the adjacent collinear behavior of both building blocks as we did before in section 2.3.
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The Pfaffian Pf X,,. We begin by noting the collinear expansion of the relevant entries
of A, i.e.

1
Xig = —— + 2+ 0(e),
12 6 e (€)
1 & 1 2
Xip=—+e=—+0(¢),
) (¢%) (7.2)
1 1
ng—i—ﬁ%T+O(62)
pb T b

We note a divergent behavior in X1s and therefore the Pfaffian will expand up to leading

order as
(_ )n+1
Ptx,=———
€1

where we expanded along the first line.

Pf X2 +0O(1), (7.3)

The Pfaffian Pf’ A,,. We perform the same manipulation scheme as we did in the
hi = ho = h case for the matrix ¥,,. The first two lines of the matrix A, are given
n (2.46). We expand the Pfaffian along the first line and obtain

n

Pf' A, = (—1)"e [Z( 1)¢ (51 ?s? AL —chl) Pf' AL 221'7” Pf' A2 4 O(2).
= (7.4)
7.2 Non-linear sigma model
The scattering amplitudes of this model follow from the CHY integrand
T, =¢, (Pf'A,)%. (7.5)

We immediately note that the leading order is of O(¢) in the adjacent collinear limit. More

precisely, we can insert the building blocks and write

n

0>:_622/dun1‘§]¢nllz< D (ghetst A A — 267t 6 0, A
1

1,j=3

+CQSQQ“QU> Pf’A“Pf’A”+4( @ )’ (Pt AL?)? (7.6)
1

—4(p-r) Y (1) <02 s2A Sf) Pt AL P AL

1=3

resulting in

n S Ql (2) CS Q1 i A(2) . .

0 = _¢2 /d 1€ _yyia (22 o Ay - — P pf AL PE AL
.An € Hn—1Cn—1 Z]z:g( ) 27322 ,P2 n n
+3 (~1)'es Qi PF AL P AL? — CSQQl (P’ AL2)’ (7.7)
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7.3 Yang-Mills-scalar
The integrand is given by

7, =¢, Pfx, Pf'A,, (7.8)
yielding the collinear behavior

n

/ dpn—1 PE X2 €00 | (=1)" Qo PE AL — Q) PF A, (7.9)
=3

CS

0 ___ %=
An 2¢(p-r)

which apart from scalars and gluons, is the only other theory studied here with a singular
collinear limit.

7.4 Einstein-Maxwell-scalar

The integrand is

T, = (Pt X, Pf' A,)%, (7.10)
resulting in the collinear limit
" L A(2 Q Q , ,
AO = C 5 g (P a2 )it Li ZLj | pf ALi p’ AL
Hin1 ( ) ”2_:3( ) 772 (p T)
2 " 2p -
- Ql Z )i Qp; Pf' AL Pf AL2 4 < +( (p )T)PZ (Pt AL2)? (7.11)
p-r
=3

In all three previous cases we studied in (7.7), (7.9), (7.11), namely NLSM, YMS and
EMS the leading collinear behavior is not in a form from which the extension of the theory
is manifestly evident and it needs more detailed study to have a conclusive statement
regarding this.

8 Conclusions and outlook

In this work we initiated the study of collinear limits in massless bosonic quantum field
theories beyond the leading order. We realized the CHY formalism is the most appropriate
for this purpose. Using the solutions of scattering equations in the collinear kinematics we
constructed the perturbative expansion of the CHY integrand building blocks relevant for
various field theories. The above expansion allowed us to reproduce all known results for
the leading order collinear limit as well as present explicit structures of both the sub-leading
collinear limit in pure gauge theories and in ¢ scalar theories where the latter case in fact
has a universal vanishing behavior (4.13). In particular we carried out a rigorous analysis
for the case of adjacent collinear gluons in YM theory. We found that even though the full
amplitude does not have a factorized form of a sub-leading splitting function times a lower
point amplitude, nevertheless there is a universal factorization at the integrand level of the
CHY formula at the sub-leading order. In fact, it is possible to write the CHY integrand
of the sub-leading collinear YM amplitude in terms of a lower point YM integrand and a
collinear kernel building block (4.6) which is invariant under the exchange of all external
particles except the collinear ones and their neighbors and hence results in its universality.
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It is imperative to note that absence of a non-factorized sub-leading splitting function
at the integrated amplitude level, is due to the presence of a factor P, in the denominator
of the collinear kernel (4.5). This feature is ubiquitous at the sub-leading collinear limit
of other theories too and for some special cases even at the leading order. As an example,
we also considered the leading collinear behavior of gravitons (3.7): apart from the usual
non-singular factorized term, there is also a well-known non-factorized part which can
again be attributed to the presence of the same P, term in the denominator of the CHY
integrand similar to the sub-leading term in YM theory. Nevertheless, in a remarkable
way the above mentioned non-factorized sub-leading collinear amplitude in YM combines
through a specific linear combination proposed by Stieberger and Taylor to give amplitudes
with one graviton and remaining gluons in EYM theory (6.6). Hence we have been able to
directly establish these amplitude relations in field theory which were elusive otherwise.

In summary, we developed a proper treatment of collinear limits in the CHY frame-
work for all integrand building blocks and hence theories that can be represented by CHY
formulas. Treating collinear limits in CHY turns out to be elegant and controlled compared
to Feynman graph analysis. It is straightforward to consider even higher order collinear
limits or study other EFT’s aside from those that we presented here. The collinear limit
of the amplitudes in the EFT’s studied here, namely for NLSM, YMS and EMS, could
not conclusively throw a light on the extension of theories as was seen in single soft limit
study of amplitudes in certain EFT’s [47]. An important question still needs better under-
standing though for these purposes, namely the proper treatment of the non-degenerate
solutions to & with an analytic proof that they never contribute to the sub-leading order
which we could only see numerically.

There are few open directions in which one could use the framework for studying
collinear effects via CHY formulas. Collinear and soft properties of scattering amplitudes
are very important for studying signals in collider experiments. In such a scenario the soft
and collinear effects of an amplitude are often bundled in the so called antenna function [48],
which is again a complicated object. Now that CHY stands out as the right framework to
deal with both soft and collinear effects it will be interesting to have a deeper understanding
of antenna functions using CHY. There has also been great progress in understanding
scattering amplitudes in A/ = 4 super Yang-Mills theory starting from a near collinear
kinematic regime and reconstructing the whole amplitude at any value of coupling [49].
This is the OPE approach and it will be interesting to incorporate the ideas of OPE
approach into the CHY results for collinear YM.” Moreover, there has been recent progress
in formulating loop amplitudes using CHY formulas (e.g. [50-53]) and it will be a natural
extension to study soft and collinear limits at the loop level. Finally, we have studied only
a few EFTs under the collinear limit and it would definitely be a very important direction
to further understand the space of EFTs using soft and collinear limits.
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A Sub-leading order calculation

A.1 Gluons in pure Yang-Mills

We divide the calculation into four terms, i.e.

AP =23 / dop_s dp[Aﬁlolle:g)jo PO g, + A? ¢ 7 prO g,
31

n e (A1)
+ A €O R PV w, + AD e 5 PO w, |

T3 T4

The first two terms are easily obtained by using the sum-over-solution relations (2.58)
and (2.59). We will give the relevant structure of the terms which can be adjusted to
whether one works in the equal helicity case or the mixed helicity case.

Ty: Parke-Taylor contribution. The relevant term to compute is

& 1 che _y . 260D
Z Jo e 5 O3 a-Cpp —0- o ) (A.2)
€1

where the factors a and b can be adjusted depending on the helicity situation of the collinear
gluons, i.e. whether one uses (2.48) or (2.55) for PO W, For hy = hy = h we have a = 1

and b = i and for h; # ho this term appears twice with either a = s? and b = % or
a=c?and b= % We evaluate this term to be
h h
a.(cs—s2)C’p§ 4R1—Q1Q2 +b'(02_s2)5p5"‘p Q2+91R1
4c¢2s2D P csD 2p-r
h (A.3)
Sn,p,3 Chp

a- .
4c2s2Py

T5: Jacobian contribution. The relevant term is

-1 3 2 2 hp 252?'}7
Z ijO 8(p"l”)f3 _CS(C —S )QQ a'Cpp —b— y (A4)
&1 1

which can be evaluated to be

(2= Q) (s p Qi Ry As
¢ 4c?2s2D AR Py b csD 2Q2 + ' (A.5)
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T3: Pfaffian contribution. Here we consider the sub-leading expansion of Pf' ¥,, for
an arbitrary helicity configuration of the collinear gluons after we performed any of the
presented manipulation schemes, from either the equal helicity case or the mixed helicity
case, and expanded along the first line. Then

PYOV W, == == (¢-s*Clf —y-*Cly)| _ PEU(mD
€ =
88 (z-c? 0522 —y-s C’Sf) Pf’ \Ilgl’"ﬂ)
€ e=
(A.6)
(Ol -y POl Loprue|
€ e=

— (z-c2Ch —y.s20p2) 886 pf’ g(ln+2)

)

e=0

where we introduced the two numbers x, y in order to quickly switch the manipulation
scheme, i.e. t =y =1for hy = ho =hand x =1, y = 0 for h; # ho. These are the only
relevant terms of any sub-leading Pfaffian expansion of both (2.45) and (2.50) due to the
equality of the lines ( +1) and (n + 2) in the h; = hy = h case or due to neglecting any
contribution from 8 g (the reason is an involvement of higher orders in the € expansion,
ie. &£ =e& + &+ &+ O(eh), which is beyond the scope of the current dlscussmn) in
the mixed helicity case. Let us define the (2n — 2) x (2n — 2) matrices gt = and
foS’"“) = U for the sake of a compact notation.

The contribution to the sub-leading order of the first two terms in (A.6) are quickly
evaluated to be

-J 0
Z P o (w820l —y - 2 C)

& 86 e=0
AT)
h1,(2) 2 _ Q2 (
C ! (C — S ) Ql Rl
—_ 2 pp
—‘(f'sm @ty p o (@ g,
h
Z 51 ae C22 —Yy-s 0212) L
A8)
h1,(2) 2 _ g2 (
C (C — S ) Ql Rl
- .ol pp .c2 . g2 A,
($°4c2s2732+(xc+ys)s r PToeD <Q+2pr '
For the last two terms we directly apply (2.44)
o 2n—2 8 a
— Pf'U = — L pf gl 1)t St ppr e
Oe lz:; (=1 ae + Z “de
Terms with € dependence in first row  Terms with ¢ dependence in n/th column
2n—2 8\1! 2n—2 a‘i} i (Ag)
o n+2+1 7,1 Pf/ \I,nz n—i+3,1 Pfl ‘ijn—i—l—?),i ]
- Z (=1 “de * Z Oe
i=n+1 i=n-+1
Terms with e dep;:dence in n’/th row Terms with € dependence in the diagonal of C

not including C11
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The same formula holds true for . We identify

A i i<n-—1 Ag it i<n-1
V=02 y  izntl,  Wiy=0-CM L, izn+l,

~Cy3 —Cyf i=n ~Cit = O3 i=n (A.10)
Ui =—Cy, W= Byl W s = —CP L,
Wi =—Cltyy, W= B W= —C L,

The rest of the calculation is straightforward. Taking into account the & dependence of

%0) and Jp, we compute

. Z _\.70 (.T . 52 C{Lf —y- C2 C{l21) g Pf/ \Ilgll,n-f—l) —
: &1 Oe =0
1
r-s2Ch 7! )
pp i (.2 2 (2) 1,2

4css2 Py { 2(_1) (c” =89 A7 Pf' &
2n—2 ' , ) o _

+ 30 (iR - s O ® P gt 4 (—1)n ol @) pp gl
i=n+1 (A.11)
2n—2 n—1

T Z (_1)n+’i B;l21|h;+n2+2 2(2) P i _ Z (— )n+z Cgiﬁ) Pf i
i=n-+1 i=2
2n—2 _ ' .

_ Z (—1)" (02 _ 52) Ci}li;zrerrQQ,;;(2) Pt/ \pn—z+3,z}
1=n—+1

+ (=) 2z sty e pEM YO

and
. Z _\70 (.’E . C2 051,22 —y- 52 Cglz) g Pf/ ‘Ijgll,n-i-Q) —
1 Oe =0
T-C C”12 n-! i
(2) TN
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2n—2 n—1
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We can compare both terms with

o n—1 A
87p Pf/:l: \I/nfl —_ Z (_1)Z+1 A}()?Z)+1 Pf/:t n 1
=2
2n—2
+ Z z+1 ! znvf;p(?) Pt @ whi +( )" Crpip,(2) pe/E gln
1=n+1
(A.13)
2n—2
< . n+l B:th n+2, (2) Pf/i \I]Tl’b n+l+l ( ) Pf/i \I/'fl’b
+ Z ( pyi—n+2 1+Z pH—l
1=n-+1
2n—2
— hi—nt2,(2) pert qn— z+3z
+ > (~nrel e peE :
i=n-+1

to see that summing (A.11) and (A.12) in the case of hy = he = h (z =y = 1) yields

. Z \70 S 011 o 02 012) é Pf/ (1 n+1)

Oe e=0
~Ji 0 n
- Z 0 (c*Cgy — 2 C3y) e Pt/ @l t?) o (A.14)
h
:_(C _S)Cppipf/i nl-
4¢2s2Py  Op
Ty: d-functions contribution. The relevant term is
h 2 _ 2\ P
—J () h 265 p / a-(c*—s*)Cpy O
; &1 " @ o b &1 =don 4c2s2Py GiA" 1 (AD)
1

which can be quickly seen by direct computation. Now we can sum all contributions while
regarding the proper multiplicative factors and quickly arrive at (4.2) in the hy = hg = h
case. The case for h; # ho can also be studied by putting in the proper values of a,b, x,y
but the result will not have the feature (A.14).

A.2 Gluons — gravitons or scalars

In the next two sections are heavily based on [41]. We focus on the EYM integrand given
in (2.7) with k& gravitons and n — k gluons with collinear gluons 1,2 and particles 3, n being
gluons s.t. the structure (2.37) is not changed. The sub-leading order of the amplitude is
computed via

A =9 Z/dan ) Jo PEO ;. PO g
T
+ AV e 7 POy PrO w, + AP e T PO W, PP W, (A.16)
Ty S
+ AD ¢ 7 PtO g, PrO W, + AL ¢ 7 P g, PFO W,
T ps
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We claim that this yields (4.4) for hy = hy = h with the replacements €,,_; — €,_;_; and
Pf' ¥, 1 — PfW, Pf' ¥, ;. In order to prove this claim we only need to show that the
last term can be written in terms of a p derivative acting on the graviton Pfaffian. This is
easy to see, since the only place that the graviton Pfaffian has any e dependence are the
diagonal entries of the C' matrix which is the last term in (A.9) but this time also including
Cn—k+1n—k+1, i-e. the first diagonal element in C'. Repeating the same computation as in
the previous section for h; = ho = h, we see that

Pt o, = (c? - §° Z O @) prgy it (A.17)
1=k+1

If we now compute T5, then we indeed get

h
D g =)0 9
§ 0 pfO) g, PO g, PSrer Pt ¥ 13, Pf U, . (A.18)

Hence T5 only contributes to the last term in (4.4) and the kernel (4.5) is unaffected by the
exchange of gluons to gravitons as long as the collinear particles and their neighbors are
gluons. Changing gluons into scalars also cannot have any effect on the structure of (4.4)
since the only thing that will happen is that the size of the matrix V¥, will change into
W,,_i for k scalars and that some parts of €, will now be squared but those parts have no
€ dependence since particles 1,2, 3,n are fixed to be gluons. Therefore (4.4) is true up to
an adjustment of €,_; and Pf' ¥,,_; — Pf' ¥,, ;. Thus is kernel (4.5) is again invariant,
which proves universality.

A.3 Scalars — gravitons or gluons

We can quickly show that (4.13) is also independent of the exchange of all external particles
except the collinear scalars and their neighbors. The reason is that if we start exchanging
the particle types we start adjusting the size of the Parke-Taylor structure in (4.11), which
is not affecting the established structure, and adding Pfaffians of matrices ¥ for k gluons
or gravitons. The Pfaffian structure Wﬂl yield more terms to the sub-leading structure but
those terms will vanish due to Zgl 7 = 0 since (CfLOzk)2 x é and PfM ¥, £ as we
have shown in (A.17). Hence no corrections to the sub-leading order is present and the
kernel (4.14) is invariant and universality is manifest.

B Non-adjacent collinear gluons of equal helicity

Let us take p;||p; for some non-adjacent ¢ and j. We repeat all steps that we did in the
adjacent case (i.e. replace 1 — ¢ and 2 — j) but with the additional, follow up, matrix
manipulation:

e Subtract (n + j)’th row/column from (n + 7)’th row/column.
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Then the Pfaffian expands along the i’th row as (up to leading order)

2527r )

Pf(¥,) = (1) <—C[,;,+ st

) Pf(Tpy_1). (B.1)

Since there is no divergence in the non-adjacent case (i.e. there is no divergence coming
from the Parke-Taylor factor) the amplitude expands as

22, -
Ap =) 2 /dun—l Jo <C[fp - p,p> Si-1,pi+1Sj-1,p4+1 Ca—z PE (1) + O(e),
&1

cs &y
(B.2)
which results in
1 Coo :
-An = @ /d/ﬁnl ﬁsz‘—l,p,zﬂrl ijl,p7j+1 Cr2 pf (\Ijnfl) . (B-3)

The indices of the factors Sy ., refer to the position of ¢ and j before the collinear limit
and C),_s does not contain any p label. We can also check that this result reproduces the
known ST relations [36]. Nevertheless, although universal, no factorization at amplitude
level can be extracted.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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