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1 Introduction

A salient feature of string theory is that physics on different background geometries can
be equivalent due to duality symmetries. This allows us to think of geometries whose
coordinate patches are glued by duality transformations, as well as by ordinary general
coordinate transformations [1-3]. They are relevant in understanding the vacua and the
symmetries of string theory, and may give clues to formulations of string theories where
the duality symmetries are manifest.

When such stringy geometries involve T-duality, they are called T-folds [4]. They have
been studied mainly in the framework of supergravity and Double Field They [5]. In order
to go beyond and analyze their quantum aspects, one may need the world-sheet approach
based on conformal field theory (CFT). The transitions in the target space by T-duality
are represented on the world-sheet as the twists by the T-duality transformations. Since



they are generally left-right asymmetric, the world-sheet theories fall into a particular class
of asymmetric orbifold CFTs. Such T-fold CFTs have been studied e.g. in [6-17].

As is generally the case for asymmetric orbifolds, the construction of the T-fold CFT's
is not automatic. In addition to the modular invariance, there is an issue of the relative
phases of the action of the T-duality twist on the left- and right-movers [7, 8], which
may be regarded as an analog of the discrete torsions. As an interesting consequence
of the explicit construction of a class of T-fold CFTs, it is found that T-folds provide
a simple setting to realize non-supersymmetric string vacua with vanishing cosmological
constant at least at one loop [16]. The mechanism there is extended to a more general class
of asymmetric orbifolds [17]. Through T-folds and related more general non-geometric
backgrounds (monodrofolds [3]), one can also explore the possibility that the world-sheet
conformal interfaces [18-20], which may be regarded as fundamental from the world-sheet
point of view, can be applied to string theory [14]. For the applications of the conformal
interfaces to string theory, see e.g. [21-24].

In spite of the developments on T-fold CFTs so far, we are still lacking their general
construction, which is in contrast to the quite general analysis from the target space point
of view by supergravity. The purpose of this paper is to advance a step in this direction
and provide a systematic construction of the modular invariant partition functions of T-
fold CFTs. A point of our construction is that we formulate the problem based on the
momentum lattices in order to control the modular properties of the partition functions
in the twisted sectors from the asymmetric T-duality twist. This allows us to consider the
cases which are not reduced to the free fermion construction as well.!

The condition that the T-duality twist acts in a single Hilbert space requires the back-
ground moduli of the torus compactification to be invariant under the T-duality transfor-
mation, i.e. at the fixed points, as is found also in the supergravity analysis [1, 25]. Imposing
this condition, we first give the modular invariant partition functions for T-folds in bosonic
string theory, whose momentum lattices are associated with the Lie algebra lattices called
Englert-Neveu lattices. The fixed-point condition restricts the possible Lie algebras. In
the case where the T-duality acts as a simple chiral reflection in the right-mover, we are
left with the four cases, A1, Do, E7, Eg among the simple simply-laced algebras. Similar
construction is also possible by using Fuclidean even self-dual lattices. We then apply our
construction to the T-folds in the Eg x FEg heterotic string theory. Including non-trivial
phases in the T-duality twists, the twisted partition functions in the originally intact left-
mover are represented by the building blocks which appeared in the bosonic-string case.
As simple examples, we explicitly construct a class of the modular invariant partition func-
tions of the T-fold CFTs parametrized by three integers. The cases including the building
blocks from A; and E7 are not covered by the fermionization.

The rest of this paper is organized as follows: in section 2, we summarize the toroidal
compactification and T-duality in bosonic string theory, which also serves as fixing our
notation and conventions. In section 3, we set up our problem and analyze the fixed-point

!Based on the free fermion construction, systematic scans of of certain classes of T-fold CFTs have been
performed for type II [10] and heterotic [11] superstrings.



(self-duality) condition of the T-duality transformations. In section 4, we construct the
modular invariant partition functions for T-folds in bosonic string theory, based on the
Lie algebra lattices. In section 5, we apply our construction to the T-folds in the heterotic
string theory. In section 6, we conclude with a summary and discussion. In appendix A, we
summarize the characters of the affine Lie algebras and our building blocks for the modular

invariant partition functions.

2 Toroidal compactification and T-duality

Let us consider the bosonic string theory where d coordinates are compactified on a d-
dimensional torus 7¢. We basically follow the conventions in [26, 27]: the compactified
coordinates X? (i = 1,...,d) have a periodicity X* ~ X* + 27. The constant background
fields, the metric G;; and the anti-symmetric tensor B;;, are organized into a matrix,

Ez'j = Gij + Bi]‘ 5 (21)

which forms the background moduli of the compactification. The metric and anti-symmetric
tensor are its symmetric and anti-symmetric part, respectively, i.e. G = (E + E%)/2,
B = (F — E")/2, where we have suppressed indices. The vielbeins are defined so that

d d

D Sapefe] =2Gy, > eferd =6}, (2.2)

a,b=1 a=1

implying Zib:l (5“beziezj = %Gij . The space-time indices i, j are converted to those of the

tangent space a, b by e?/v/2,v/2¢%!, and they are lowered and raised by Gij, GY and 64, 5eb.
The world-sheet Hamiltonian takes the form,

H = Lor + Lor, (2.3)
where

1 y
Lo == =p; + N, Log := §P%+N7
pra(E) = e}'[n; — Eijw’], pra(E) = €'[n; + Efjwj] ) (2.4)

with p% /R = PL/ Ra0pp /Ry and ni,w’ € Z being the momentum and winding numbers.
The dependence on the background E;; has been indicated explicitly in the momenta py /.
The transpose of F;; reads Efj = (G — Bj;. The remaining terms N, N are the number
operators for the oscillator modes,

N(E) =Y o (E)Gyal,(E), N(E)=)_ & ,(E)Gial,(E), (2.5)
m>0 m>0
which take the values of non-negative integers. The partition function then takes the form
d

1
Tr[qLoL—Mq—LOR_%] = W Z q%pQLq%pQR7 (2.6)
" PL,PR



where ¢ = €™ and T = T + i (11 € R, 75 > 0) is the modulus of the torus. The sum
over the zero-modes are regarded as that over the Lorentzian lattice A which is formed
by the pair of the momenta (pr,pr), and equipped with the Lorentzian inner product,
(pr,pr) © (P}, Pr) = pLP}, — PRPR- Since this lattice is even self-dual, i.e. (pr,pr)? € 2Z
and A = A* (dual lattice), the above partition function is modular invariant. The zero-
mode part of H is concisely expressed as

1 1
Hy = 5(?% +pR) = §UtM(E)Ua (2.7)

where v := (w’,n;)! and

_ —1 —1
G — BG~'B BG ) 28)

M(E)‘:< —¢'B G

This Hamiltonian keeps its form under the canonical map [27] associated with an O(d, d,Z)
matrix. To see this, we first note that an O(d, d) matrix g is defined as a 2d x 2d matrix

0 I,
tjg=J, J:= 2.9
g'Jg , <Id0>’ (2.9)

satisfying

with I being the k-dimensional identity matrix. One finds that M(E) € O(d,d,R). We
then consider two backgrounds F and E’ which are related to each other by the O(d, d,Z)
transformation,

E — E' =g(E) := (aE +b)(cE +d)™!, (2.10)
for g € O(d,d,Z) of the form,
ab
= . 2.11
g (C d) (2.11)

This in turn implies the map of the metric,
G = G =Gy = kG (2.12)

and that for the vielbein,

a

ef =€ = 6?(721)3'@' = 6?(%}1)]‘@, (2.13)
up to orthogonal transformations in the tangent space. Here, we have defined
W(E) = (d—cE'),  yp(E) = (d+cE), (2.14)

and O* := (O")~! for any invertible matrices, and used (E')! = (aE* — b)(—cE® + d). The
canonical map acts on the oscillators as

am(E) = 7p (B)am(E'),  am(E) = v (B)am(E"). (2.15)

These are valid also for the zero-modes with the level m = 0,

ao(E) = éG_l(n ~Bw), ay(E) = éG_l(n + Elw), (2.16)



and thus (2.15) is translated into
PL(E) = YL (B)pL(E'),  Pr(E) = YR(E) pr(E"), (2.17)
in terms of
pri(E) = €lpra(E) = (n —wE")j, prj(E) = elpra(E) = (n+wE);. (2.18)

By these transformation rules, the number operators are mapped as

N(E) —» N(E'), N(E)— N(E'), (2.19)
whereas ]
HdEyeiﬁmwgﬁfv:HMEﬁ, (2.20)

where we have used M (E’) = gM (E)g". These indeed show that the form of H(E) is kept
intact. The transformation (2.20) is regarded as either that of M (E) with v kept fixed or
that of v with E kept fixed. Since g € O(d,d,Z) and hence the integer-valued vector g‘v
can be renamed as v, one confirms that the spectrum is invariant under the map.

3 Partition functions for T-folds

We now consider the asymmetric orbifolds by the O(d,d,Z) T-duality transformations
discussed in the previous section. In particular, we start from the target space,

M xR xT?, (3.1)
and twist the strings on it by the operator
0=Toaxr®g. (3.2)

Here Torg stands for the shift by 27R in R, and g € O(d,d,Z) for the T-duality twist
acting on T¢. M is other non-compact part. Consequently, we are considering a class of
non-geometric backgrounds, i.e. T-folds, where R twisted by 7o, provides the ‘base’ circle
S}l% with radius R , while T is its ‘fiber’.

3.1 World-sheet partition functions

In order to construct the world-sheet torus partition functions describing the strings on
the above T-folds, we start with the partition function for the R x T¢ part with the m-fold
temporal twist, i

Z(0m(T) :=Tr [O’m qLO_iqLo_i} . (3.3)

Here, Lo, Lo and ¢ are the Virasoro generators and the central charge, respectively, and the

trace is taken over the untwisted Hilbert space. The trace in the base part is evaluated as

1 1

base__ 1 _fbase__ 1
Trpase [(EWR)m C]LO 21 g-0 2 :| = ZR,(O,m) (7—)7 (34)



where

R _nR? \w7’+m\2
Z = ¢
om0 = e

is the partition function for a free boson on S}% in the winding sector with the spatial and

(3.5)

temporal winding number w, m € Z, respectively. n(7) is the Dedekind 7 function. If the
twist acted on the R and the T part independently, the partition function in the base
part would be Zw,meR Z R, (w,m) glving the ordinary partition function for a compactified
free boson. Denoting the fiber part as Z(Igfm), the trace in (3.3) is written as Zom) =
Zr0m) Z{oym):

The partition functions in the base part transform covariantly under the modular
transformations,

ZR,(w,m)(T)‘T (E ZR,(w,m) (T + 1)) = ZR,(w,w+m) (T) s
ZR,(w,m) (7_)‘5 (E ZR,(w,m)(_l/T)) = ZR,(m,—w) (T) . (3'6)

These form a particular representation of the modular group. If the fiber part Z(Tolfm)

satisfies the same form of the modular covariance,

77 )<T)‘ =20 (™, Zh (T)‘ =zl (), (3.7)

(w»m T (w7w+m (w,m) S (mvf’w

they give Z(Tujlm) with general winding numbers. Summing up all, the total partition func-

tion in such a case,

Z(r) = Zn(1) Y. Zi ) (7) Zly (7)., (3.8)

w,meZ

becomes modular invariant. Here, the first factor Zj; is the contribution from M in the
background, which is assumed to be modular invariant itself.

In this argument, a non-trivial step for constructing the modular invariant Z(7) is
to find the fiber partition functions with the desired covariance (3.7). We see that a
formulation based on the momentum lattices is useful to control the modular properties of
the fiber part for that purpose.

3.2 Fixed points of T-duality transformations

In the fiber part, the twist operator ¢ acts as a T-duality transformation. In general,
T-duality connects different (but equivalent) world-sheet theories, and thus in order for
the twist to be well-defined in a single Hilbert space, it has to be self-dual.? In other
words, the CFTs for T-folds are defined at the fixed points of the moduli space under the
T-duality transformations. This also conforms to the supergravity analysis [1, 25]. Given
the transformation rule (2.10), this condition is represented as

E = (aE +b)(cE+d)™", (3.9)

2In this paper, we use ‘self-dual’ to express both the ‘self-dual’ T-duality transformation satisfying (3.9)
and the ‘self-dual’ lattice satisfying A = A* as below (2.6).



for g of the form (2.11). This also implies the invariance of the metric,

G =71,rGYL/R - (3.10)

Denoting the momentum squared as
2 ~t L, 2 At L,
pL(E) = pi(E)5GTpL(E),  pr(E) = Pr(E)5G™ pr(E), (3.11)

one finds that p% /R is separately invariant in the self-dual case.
To read off the form of the O(d,d,Z) element implementing the self-dual transforma-
tion, we rewrite the transformation (2.17) in the form,

pri(E)) . B )
(ﬁRj‘(E)) = P(E)v = I'(E) P(E)v =: P(E)gspv, (3.12)

—FE 1 0
= g IZ ,and I'(E) := PYOL n) After the map

in the above, one has pr/pr(FE) instead of pr,r(E’) due to the self-duality. Comparing

where v = (w’,n;)! as before, P(E) :

this to the map of the Hamiltonian (2.20), one finds that gsp in the above represents the
corresponding O(d, d) element. Its explicit form is [15, 28]

gsp = P'TP*
_ 1 (i +9k =BG =(4i +7k — By-G)B - Gy- + By (3.13)
2 —y_G™1 Y-G7IB + 4 ’ '

_ ~1
with 4 = 7 & yg. Here, we have used P(E)~! = 1 (Ejtd g) <G0 G0_1 , and the

invariance of G (3.10). This gives a necessary condition on the form of the self-dual
transformation. Using the invariance of G, one can check that gsp € O(d, d,R). Thus, if its
components are integer-valued, gsp provides a proper O(d,d,Z) self-dual transformation.

3.3 Fiber twist

As a simple example of (3.13), we consider in this paper the case where

vL = 1q4, Yr = —14, (3.14)

and hence

_ (BG'-BG'B+G
$P="\ ¢t —¢'B

) = _—M(E)J. (3.15)

This is a Zs element, g%, = Iy, since g~' = Jg'J for g € O(d,d) and M(E)! = M(E).
One can explicitly check that it induces a self-dual transformation £ — E' = E. A
sufficient condition for the integer-valuedness of gsp is Ej;, G4 /2 € Z, which follows from
the product form in (3.13). When Ej; is triangular e.g. B;; = Gy; (i > j), it is also sufficient



that E;j, GY € Z. This is confirmed by noting that E;; € Z implies 2G;;, Gy (no sum) € Z
and that the products of B;; and matrices are rewritten as

Z BijMjy, = Z GijMjy, — 2 Z Gij M, — Gii M, (3.16)
J J

1<j

which is used for M = G~! or G~'B. We note that in general the above ggp does not
correspond to the G <+ G~! (R < 1/R) duality, in spite of the forms of v, vg.

In this case, from the transformation (2.15), i.e. (aum,@m) — (Qm, —aum), it follows
that the oscillator contribution to the twisted partition function in the fiber part becomes
[Qn(T)/OQ(T)]d/2 x (7)™ In the zero-mode part, the right momenta are projected out,
pr = 0, which implies that n = —E'w and hence we are left with the Euclidean lattice
sum in the left-moving sector with this constraint. Taking into account gg, =1 (m € 2Z)
and g&', = g (m € 2Z + 1) in the untwisted sector (w = 0), we have

— 1
Z(T(fm) (1) ="Tr [Q?D qLLo*ﬁqLRO*% = 1934d/2(7.) . ek Z qthw’ (3.17)
wEeZ4

for (m € 2Z + 1), where we have used 020304 = 21% and defined

(7))

2910q(7') = 77(7_)2

(3.18)
Below, we show that further choosing appropriate backgrounds yields the partition func-
tions with the desired modular covariance (3.7), and thus the modular invariant total
partition functions.

4 T-folds from lattices

In this section, we show that one can systematically construct the fiber partition functions
with the desired modular covariance by choosing the background moduli E;; associated
with the Lie algebra lattices, namely, sublattices of the weight lattice of a semi-simple Lie
algebra. We first discuss the case of Englert-Neveu lattices [29] for simply-laced Lie algebras
and then the case of Euclidean even self-dual lattices, both of which are straightforwardly
realized by the momentum lattices of bosonic strings. For a review on the lattices in
relation to string theory, see for example [30].

4.1 Lie algebra lattices and Englert-Neveu lattices

We consider the background with an affine symmetry of level one )?1 for a semi-simple
simply-laced Lie algebra X which is realized by [26, 31]

1
Eij=0Cy (i>7),  Ei=3Ci,  Ey=0(@<j). (4.1)

Here, Cj; is the Cartan matrix of X, and the indices are not summed in the middle equation.
The simple roots are normalized so that their norms are equal to two. In this background,
ei-e; = 2G;; = Cy; (for any i, ), and thus e; are the simple roots, whereas the duals e* are



the fundamental weights. Since E;; € Z, the sum over the momenta in (2.4) becomes that
over the weight lattice. Furthermore, since pr, — pra = e?wj , the weights in the left- and
the right-movers belong to the same conjugacy class. Up to this constraint, one can confirm
by using the inverse of P(E) in (3.12) that the summation reduces to the independent ones
in each of the left- and right-movers. This gives an explicit realization of the Lorentzian
even self-dual (Narain) lattice (pr,pr) of the type called the Englert-Neveu lattice [29].

Thus, without twists, the relevant partition function is given by the sum of the diagonal
combinations of of the level-one affine Lie algebra characters for X,

ST @), (4.2)

where

)= Y M, (4.3)

X
AaeA( )

and r is the rank of X. The summation is taken over the weights A, belonging to a
conjugacy class Agg ) i.e. an element of the coset A% /Ax labeled by a, where A% and

Ax are the weight and the root lattice of X, respectively. A conjugacy class Afg ) also

corresponds to an integrable representation of the affine Lie algebras at level one X 1-
For our purpose, a useful fact on the Lie algebra lattices is that these characters form
a finite dimensional representation of the modular group, which is summarized as

Xa (Mlp=Tasxs (1), X&(7)|g =52 x5 (7). (4.4)

The modular matrices here are given by

T = AN 5, S5 = \/%Ce%“a“ﬁ , (4.5)
in terms of the weight vectors A, € Agg ) and the number of the conjugacy classes N..

Now let us return to the construction of the partition functions for T-folds. First, we
note that, since E;; € Z, the constraint wE € Z% in (3.17) is automatically satisfied, and
hence the summation becomes that over the root lattice. This enables us to utilize the
above modular covariance to derive the partition functions in the twisted sectors.

Next, we note that the condition discussed in the previous section that gsp in (3.13)
with 77,/ in (3.14) be integer-valued constrains the possible Englert-Neveu lattices. In
particular, due to the condition that G—! = 2C~! is integer-valued, we are left with

A1, D, (r:even), E7;, Eg, (4.6)

among the simple simply-laced Lie algebras. Since Ej; is triangular and its elements are
integral, E;; € Z, one finds that gsp is indeed integer-valued for the algebras in (4.6) and
for their products, as discussed in section 3.3. Since any background realized by (4.1) is
a fixed point under some non-trivial O(d, d,Z) transformation [26, 32], one may consider
other simply-laced Lie algebras. It may also be possible to consider the Zy elements of
O(d,d,Z) as in [15]. However, the corresponding twists are more involved than (3.14).



By starting from the twisted partition functions Z( m) given in (3.17) and using the

modular properties (4.4), we can now uniquely determine the whole building blocks Z! (w m)
for the cases (4.6) including the suitable phase factors to achieve the modular covari-
ance (3.7). We concisely call this prescription and the resultant blocks as the ‘modular
completions’ in the arguments below. Combining these Z(T;m) with other parts, we ob-
tain the modular invariant partition functions of the form (3.8) for the T-fold CFTs. One
can also utilize products ZTder 7T x 7T
(w,m) = “(w,m)
the algebras in (4.6).

We list the result of Z( m) in each case below. The corresponding Lie algebras are

(w m) where each factor corresponds to any of

explicitly denoted there. Among the list, the cases for Dy and D, appeared e.g. in [16, 17].
The appearance of A; and E7 may also be of interest, since such a case is not covered by the
ordinary fermionization. We note that the action of ggp in the partition functions below
is Zg in the untwisted Hilbert space with a = 0, which is in accord with the supergravity
picture. In the twisted Hilbert spaces with a # 0, this is however not the case, except for
D, (r € 8Z) and Eg. A related discussion on the modular covariance in the A; case is
found in [34]. In the following, we denote the fiber torus corresponding to X by T¢[X].

Partition functions for A;. There are two conjugacy classes Aéll) with o = 0, 1, which

include the spin a//2-representation. The norms of the weight A, for these conjugacy classes
are A2 =0, A = 1/2 (mod 2) and Ao - A; =0 (mod 1). Thus,

v 1
Ti) =e 1 diag(l,i),  Sih= 7 G _11> . (4.7)
Since ZE‘SIT[)’?)I}(T) = 7934(7)1/2X641 (1) (m € 2Z + 1), the modular completion yields
o (M + i ([ (a €2Z,b€27),
o R ESER { 1) + it (7 )] (a€2Z,be2Z+1),
- juss l
@ (7= e % 0 g3(T)> %[ L(r) + it (r )} (a €2Z+1,be27),
i 1
e~ B G, () '%[xo (7) + b1y (7 )} (@€2Z+1,be2Z+1),
(4.8)

which indeed satisfies the desired modular covariance (3.7). Here, Xﬁl = X0 ALy X 1, and
the explicit forms of the characters X(I;‘j are found in (A.6) in the appendix.

Partition functions for D, (r : even). There are four conjugacy classes A([;’"), which
include the vacuum, vector, spinor or conjugate-spinor representation. We label these by

a = 0,v,s,c, respectively. A representative weight in each conjugacy class is (0,...,0),
(1,0,....,0), (£1/2,£1/2,...) with even or odd number of minus signs. Thus,
11 1 1
i 1111 -1 —1
DT _ iy ed’ D, __
T, ;7 =e" " diag(1,—1,e7" ), Sap = 311 # —# |- (4.9)

1 -1 =" "

3In this paper we use this terminology in the sense different from e.g. [33].

~10 -



Since Z [DT]( ) 1934(T)r/2X0D’" (1) (m € 2Z 4 1), the modular completion yields

(0,m)

( T [‘93(7)’% +10a(m)|* + \92(7)|2T} (a €27 ,be27),
T [Dy ]< ) = e%ﬁabﬁm(ﬂ% zn(T) [93( )"+ 6%”(194(7')71 (a€2Z.,be2Z+1),
(ab) e D (1) by [05(7) + €07 (a€2Z+1,be22),
e—%’"abm%.m [94(7)r+ e%(a+b—1)02(7)r:| (a €2Z+1,b € 2Z+1),

(4.10)
satisfying the modular covariance (3.7). The theta functions are related to the D, charac-
ters as in (A.8).

Partition functions for E;. There are two conjugacy classes Ag), which include the
vacuum or the 56 representation. We label these by @@ = 0 and o = 1, respectively.
The norms of the corresponding weights are A3 = 0, A? = 3/2 (mod 2) and XAg - A; = 0
(mod 1). Thus,

_Tmo. . 1 11
Tog=e 'disg(l—i),  Sf=—% (1 _1> . (4.11)
Since Z(0 [E)7]( )= 1934(7')7/2X(3E7 (1) (m € 2Z + 1), the modular completion yields
X () [* + [ () (a € 2Z.,b € 27),
; 7
i TG+ )] e e,
Z(a,b) r) = —Tmig3p z 1| Er b Er
e” s V(1) %5 | xo (T) + (=9)°xy T (T) (a €2Z+1,be27),
; 7
T S ) + () T ()] (e €2z 41,0 €22 41),

(4.12)
satisfying the modular covariance (3.7). Here , X? = X07 + X 7, and the explicit forms
of the characters are found in (A.9) and (A.10).

Partition functions for Eg. There is only one conjugacy class including the vacuum
representation, which we label by a = 0. The norms of the weights is A2 = 0 (mod 2).
This is an even self-dual lattice and hence the modular property is trivial up to the phases
coming from the eta functions for the oscillator part,

Tg=e 1",  Sg=1. (4.13)
. T8[Es] _ 4 Eg ' ‘
Since Zyg (1) = V34(7) X" () (m € 2Z + 1), the modular completion yields
s ()| (a €27 ,be?27),
4
2B () = z%dﬂ4xgqﬂ (a€2Z,be2Z+1), (414
o %dﬂ~x?hﬁ (a€2Z+1,be2Z),
(

—Wog(T) - (T) a€22+1,b€22+1),

satisfying the modular covariance (3.7). The explicit form of the character x5 (7) is given
n (A.12).
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4.2 FEuclidean even self-dual lattices

Another class of the lattices for which the modular properties of the Euclidean lattice
sum in (3.17) are well controlled is those associated with Euclidean even self-dual lattices.
Precisely, we start from a Lorentzian lattice (pz, pr) which is specified by the basis e*! of a
Euclidean even self-dual lattice. The vielbein e; and the metric G; are determined by (2.2).
The matrix corresponding to the Cartan matrix is defined in this case by C;; = 2G5, which
fixes the background moduli E;; by adopting the relations (4.1). With this setting, after the
T-duality twist we are left with the sum over the Euclidean even self-dual lattice in (3.17).4

The Euclidean even self-dual lattices are allowed only for dimensions d € 8Z. At d = 8,
the unique lattice is the Eg lattice, which is already discussed in the previous subsection.
At d = 16, there are two. One is the Eg x Eg lattice and the other is the Spin(32)/Zs
lattice. At d = 24, there are twenty four. These are called Niemeier lattices.

For an even-self dual lattice, e** and e; span the same lattice since it is self-dual.
Moreover e* - €%/ ¢; - ej € Z (i # j) and they are even for i = j, since it is even. Thus,
GY /2, E;; € Z and the integer-valuedness of gsp for (3.14) is satisfied.

The even self-duality also means that the modular property of the lattice sum is trivial,

TESD ——dz SESD ’ (4'15)

e 12

as in the Fg case. Thus, denoting the corresponding character by y#5P, the fiber partition
function for a d-dimensional even self-dual lattice reads

IXESP(7)[? (a €2Z,b€27),
- 1934(7)6” 2 \ESD(7) (a€2Z.,be2Z+1),
Zigpy (1) = (4.16)
’ Uas (1) - XESD(7) (a €2Z+1,be27),
(—1)%89a4 (1) /Q'XESD(T) (a€2Z+1,be2Z+1),

(
satisfying the modular covariance (3.7). The explicit forms of x¥%P’s are found by using
the relation of these even-self dual lattices and Lie algebra lattices [30]. For example for
d = 16, the Spin(32)/Z, lattice is realized as the D¢ sublattices with the vacuum and the

spinor conjugacy class, and thus

XPSP(r) = XD % () = P10 () 4 D0 7). (117)

in this case. Furthermore, by the identity of the Eisenstein series Eg(7) = E4(7)?, one has
\(SPIn(32)/Z5 XOEs (T)‘JQ — \PsxPBs,

As in the case of the Englert-Neveu lattices, combining these with other parts, we
obtain the modular invariant partition functions of the form (3.8) for the T-fold CFTs.
The action of ggp on Z( [;ESD] in this case is Zg both in the untwisted and twisted Hilbert

spaces.

1A typical example of Euclidean odd self-dual lattices is Z™, which is also unique for dimensions n < 8 (see
e.g. [35]). It is also realized as the D,, lattice with the conjugacy classes (0) and (1). However, the partition

function is not compatible with the modular covariance of the form (3.6): starting with Z(O 1y = 19;14{293 /n",
and assuming the covariance (3.6), successive transformations ST'ST'S(# 1) would give Z(O’l) = 1934 92/7]”,
in contradiction. Choosing the basis so that e; -e; = Ci; = d;5, the integer-valuedness of gsp is not satisfied
either if we adopt (4.1) and (3.14).
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4.3 Twists with phases

In acting with the T-duality transformation, the relative phase between the left and the
right mover are not unique. Such a phase is strongly constrained when one requires that the
full operator product expansion, not only the chiral one, of the vertex operators respects
the invariance under the twist [7, 15]. For the A; lattice, the phase in this case becomes
(—1)™ with which the T-duality acts as an inner automorphism of su(2)y ® su(2)g [7, 8].
In section 5, the possibility of including such phases is explicitly discussed, when we apply
our construction to the T-fold CFTs for the heterotic string. In the partition function, the
above phase is implemented by the shift 7 — 7 + 1/2 since p% — p%% € 27Z. Tt would be an
interesting problem if the phases in higher dimensional cases [15] are also interpreted from
the current algebra or the lattice point of view.

5 Application to heterotic string theory

So far, we have discussed T-folds in bosonic string theory. Our construction can be applied
straightforwardly to the case of superstrings. In particular, applying the results of the
Englert-Neveu lattices for Dg, Dy to type II superstrings reduces to the analysis in [16].
Its generalization has also been discussed [17]. A notable point in these analyses is that,
combined with further twists, our T-fold CFTs simply realize the non-supersymmetric
vacua with vanishing cosmological constant at least at one loop.

In this section, we apply our construction to the heterotic string theory. In our set
up, the left-mover is the bosonic string with the Fg x FEg-lattice, while the right-mover
is the superstring including the fermionic one. We focus on the supersymmetric models
preserving 8 space-time supercharges. Namely, we assume that the chiral reflection acts
on the right-movers along a four dimensional fiber torus, which we choose to be T*[Dy] for
simplicity. We briefly comment on the case T#[Dy x D3] = T#[(A1)*] later on. The T-fold
CFTs for the heterotic string have been discussed e.g. in [6, 11].

However, since we are considering asymmetric orbifolds, we still have a large variety
of possibilities for the heterotic vacua: the orbifold group may act non-trivially on (i) the
left-mover of T#[Dy4] and (ii) the 16-dim. internal torus with the Eg x Fg lattice, while
maintaining the modular invariance. We demonstrate how we can systematically construct
the modular invariants describing a large number of such heterotic string vacua, by utilizing
the modular covariant blocks (4.8), (4.10), (4.12) given in section 4. Above all, we uncover
a fairly non-trivial phase factor that realizes the manifest modular covariance of the total
building blocks.

5.1 Orbifold action for heterotic T-folds

Let us elaborate on a concrete construction of the models of heterotic T-folds. We start
with the Eg x Eg heterotic string compactified on T4[Dy] (X% -directions). As in the
previous section, we consider the orbifolding by ¢ = T2,r ® g. Here, g acts along the
T*-direction as the chiral reflection,

g Xho— —Xb o ol — b (i=6,7,8,9), (5.1)
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0 1 2 3 4 ) 6 7 8
X, | trivial | Ay | Dy | A1Dy | Dy | A1D4 | Dg | E7 | Eg

<

Table 1. list of X,.

which preserves 1/2-SUSY, while T, denotes the shift operator acting on the ‘base’ X°-
direction,

Torr + X° =X} + X} — X’ +27R. (5.2)

We use the notation Zg () (7) defined in (3.5) to write down the partition function for
the X5-direction.

We further allow g to act non-trivially on the left-mover as the ‘chiral shifts’ along vari-
ous compact directions characterized by three integers (1, r2,73), where r1(< 4), ro, r3(< 8)
are associated with T4[Dy] and the two Eg-directions. Requiring the modular covariance,
it turns out that this orbifold action provides extra phases mentioned in section 4.3. We
now separately specify the orbifold action g on these sectors.

Action on left-mover of T#[Dy]-direction. As mentioned above, g acts as the chiral
reflection (—1g)®* for the right-mover.

To specify the left-moving action, we consider the decomposition of the conjugacy
classes of Dy for a fixed integer r1 (0 < ry <4),

Dy A A Xa—r
A=Y Al el eag™, (5.3)

{a’i}»ﬂ

where @ = 0, v, s, ¢ for Dy, and o = 0,1 for A; as in section 4.1. We also denote by oo = 0
the conjugacy class for the basic representation (the root lattice itself) for any algebra X,
ie. Agg) = Ax. We can uniquely determine the (semi-simple) Lie algebra X,_,, of rank
4 — r1 on the R.H.S. by imposing the following conditions;

(i) X4—,, is composed only of the irreducible components given in (4.6), that is, Ay, D,
(r: even), Er, Es.

(ii) X4—,, is ‘maximal’ in the following sense; when taking A(%i = Ap, on the L.H.S of
(5.3), there is only one component with oy = - -+ = a,,;, = 0 on the R.H.S, which
X4,T-1 X47r1
(0) (8)
with 8 # 0 always couples with at least one spin 1/2-representation in the r; factors

of Al)

should inevitably couple with A . (In other words, the conjugacy class A

We explicitly exhibit the solutions of X, in table 1 for < 4. The entries for > 5 in this
table are used shortly in the discussion on the Ejg-part.
Then, we define the left-moving action of g as an involution g|jeft-mover = [ A1]®T1 asso-

ciated with the lattice component [Aél)]”, where p4, is an involutive (outer-)automorphism
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acting on the Aj-currents {J%} (a = 1,2,3) as®
oDl = =), (=12, pa PEE = PR 64

This operator is actually interpreted as the chiral half-shift along the direction of lattice
Aéf) (up to some phase factor), when the A\l-currents J?® are bosonized in the standard
fashion.

We next consider the relevant partition sum with the orbifold twist g inserted. To this
end, we recall that g acts on the right-mover as the chiral reflection (—1z)®?4, which leaves
the sum over the root lattice in the left-mover as in (3.17). Together with the condition
(ii) given above as well as the definition of p4,, it is then obvious that only the basic

~ 171 ~
representation of [Al} @ X4—p, can yield non-vanishing contributions. The right-mover

just gives [1934(7')1/2]4, as already described in section 4. On the other hand, the [p4,]®"-

twist in the left-mover acts as sign factors on the relevant charge lattice, while leaving the
oscillator parts unchanged, which again provides [1934(7')1/ 2]“ eventually. (See e.g. [8] for
detail.) In this way, we obtain

_4 fo_ 4 9 9o L X4r
TTT4[D4] [quO 24qL0 24:| = 1934(7—)2 . 1934(7-) 2 X0 4=

()
= W @] [ @) o). 69)

Here, the building blocks ngTl)(T) = xi"(7) from the lattice and )Zé)ll)(T) = 1934(7)"/? for

the pa,-twist already appeared in (4.8), (4.10), (4.12), and are summarized in appendix A.1

Aq
(0,1)°

explicitly. For later convenience, we have also rewritten 197341/ ? in the right-mover as x

although it does not necessarily originate from the A;-symmetry.
For example, in the case of r1 = 1, the relevant decomposition is

Ap, = Ay @A+ = Aay ®Aa, ® Apy +- -, (5.6)
and the trace (5.5) becomes

- 1 0207 [0304]7
Xy (™) -x(ofl)mxfg?l)(ﬂz;44-[;24] X0 (T)xg? (7), (5.7)

where Xgh (), x&2(7) are the characters of basic representations of (21\1)1, (ﬁg)l respec-
tively.

5pA1 is explicitly written as
pa, = efirrgei-:rJS”
.y
on the integrable representation of spin £/2 (¢ = 0,1). The phase factor e™*"2 is necessary to make pa,
.13
involutive. Note that the simpler inner-automorphism g4, = €0 is not involutive;

[ﬁAl}z = (_1)57

which would play the role of the ‘Z4-chiral reflection’ appearing in [16, 17]. It is presumably an interesting
possibility to extend the heterotic vacua given in this section so as to include the Zs-action pa,, and we
would like to discuss it elsewhere.
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Action on two FEg-directions. Let us first focus on one of the Eg-factors. There,
we have a unique conjugacy class, that is, the root lattice itself. We fix an integer ry
(0 <7y <8), and consider the decomposition of the root lattice Ag, as

Apy= > {Aé}l)@---@AAl }@Aég)*”. (5.8)

(O‘TQ)
{O‘i}Vﬁ

The decomposition (5.8) is again uniquely determined by essentially the same conditions
as for T*[D,], i.e. (i) and (ii) with D4, X4_,, replaced by Fg, Xg_,,, respectively. The
result of Xg_,, is listed in table 1.°

We then define the g-action in this sector by [p,]®"

associated with the lattice com-
ponent [Aal)]”. Since the relevant trace has contribution only from the basic representation
of Xg_r,, we have

_38 - 2 Xg_,.
Treylga™ %] = [Xgn (1] xion* () (5.9)

The g-action for another FEjg-factor is defined in the same way with an integer r3
(0 S r3 S 8).

5.2 Construction of heterotic T-folds

Now, let us discuss how to construct the full building blocks characterized by the three
integers (71, 72,73), which are modular covariant. In other words, we would like to con-
struct the modular completions of (5.5) and (5.9). For this purpose we recall the modular
covariant blocks (4.8), (4.10), (4.12), and consider their extensions to the r-dim. torus
T7[X,] composed of their products. For the ‘odd sector’ with a € 2Z + 1 or b € 2Z + 1,
they are organized into the form,

A X’r r ﬁ »
Z(a,IE) (r) = ﬁu,b) [Xéfm(ﬂ} X (7)- (5.10)

Here 5[(7;] b) denotes the phase factor assuring the modular covariance, which can be directly

read off from (4.8), (4.10), (4.12), and generally expressed as
] = RV (o) (@€2Z+1orbe2Z+1), (5.11)
with

(5.12)

. ] -1 a=3,5(mod8), be2Z+1,
(@b) "= 1 otherwise.

Note that the peculiar factor () affects only for odd r.

5The uniqueness of the decomposition (5.8) would be slightly non-trivial, even though it is almost trivial
for the Dy-case (5.3). For instance, in the case of 72 = 1, one might think that another decomposition

Ape = Ay © (M) © AR ) + Arem,

would be allowed. However, Arem here includes the conjugacy class such as Af})l) &) (Aél) &) A(Ds ‘)’) . Thus,

this possibility is excluded by the condition (ii), and we obtain the unique decomposition with X7 = E~.
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Furthermore, it is useful to note the following observations:

2
e The function ’)Z‘élb) (7')‘ satisfies the modular covariance of the form (3.6).

8
e The function (—1)2 [iél’b) (T)} is similarly modular covariant up to the phases aris-

ing from the T-transformation acting on the factor n(7)~%.

Based on these facts, one can construct the building blocks with the expected modular
properties as follows:

(1) T4[D4]-sector. Fix an integer 7 (0 < r < 4), and set

. e B 2(4—r)
Fia(7) = Ze ) [xaty ()
r B 47 4—r
= o [Xam ] [ty ] Xm0, (5.13)
By construction, F([Z]b) (7) is obviously modular covariant as
(a,b)(T) T (a,a—l—b)(T)’ (a,b)(T) s (b,—a)(T)‘ (5.14)

(2) Eg X Eg-sector. For a single Eg-factor, fix an integer s (0 < s < 8), and define a
chiral building block as

s (X - —2s ab [~ 8
G (@) = 20BN - [y )] (0 [ )]
S a ~ A 878 s
= 6Ea},b)(_l) ' [Xé,@(ﬂ] X (7)- (5.15)

Then, G [(Z] b) (7) is ‘almost’ modular covariant, which precisely means the following modular
properties,

alsl (r)| = e 2mig sl (1), alsl

_ ]
(a,b) T (a,a+d) (a,b)(T)‘ _G(b,—a)(T)‘ (5.16)

Chiral blocks for another Eg-factor are identical.

To describe the total modular invariant, we still need to describe the free fermion
chiral block in the right-mover, which is twisted by (—1z)®*. This has been presented e.g.
in [16, 17], and can be concisely expressed as

flap)(T) :(—1)“%&‘5’[)) [(xéib)(ﬂ)[l — (Xéfb) (T))4] (a€2Z+1orbe2Z+1),
(5.17)

in terms of the notation adopted here. Here the trivial cancellation appearing in the bracket
[ - ] just means the existence of supersymmetry. A more explicit form of f,)(7) is given
in appendix A.2. The modularity of f(, ;) (7) is expressed as

fiap)(T) s

211

S Faatn) (1), Fan M| = oo (7). (5.18)

S
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Combining all the sectors, we can write down the total partition function characterized
by three integers (r1,72,73) (0 <71 <4, 0 < 79,13 <8) as follows:

Zrsmsl(r) = 22r) 3 2y (1) 2003 0), (5.19)

w,meZ

where

Zlrranlr) = [(%)4 - <0;>4 - (%)4] > ‘xf‘*(f)f [x{fg(f)r, (5.20)

for the ‘even sector’ (w, m € 2Z), which is actually independent of (r1,72,73), and

Z{a 3N T) = Fwmy (T (TG 2 (TG 2 (7)

(w,m) (w,m) (w,m) (w,m)
=57 (50 m) ' = (0 0) ] [t )]
2T _ r
<[5 ] X @) T X (- (5.21)
i=2,3

for the ‘odd sector’ (w € 2Z+1 or m € 2Z+1). In (5.19), we denote the (transverse part of)

1.,

bosonic sector of the X ¥1-4_directions as Z5q(7), which is assumed to be modular invariant

and not important here. The modular invariance of the total partition function Z[7273)(7)
is now obvious due to the modular covariance of the building blocks Z ([Tl’m“]( ). Especially
the covariance of the odd sector (5.21) is readily confirmed by the relations (5.14), (5.16)
and (5.18).

We add a few comments:

e In the cases when all r; are even, only the Ds,-lattices (or the FEg-lattice itself)
come into the above construction. For these cases, our heterotic T-fold vacua can
be reproduced by the free fermion construction. However, when at least one of r; is
odd, our construction does not reduce to the free fermion construction.

e It is straightforward to apply the above construction to the case of T4[Dgy x Do
(= T*[(A1)"]). The lattice decomposition (5.3) should be replaced with

DoxDoy A . A Yir
AR =3 [Maye e Jeag™, (5:22)

{a:}.8

and the root system Y, (0 < r < 4) is uniquely determined as for T*[Dy]. The result

is explicitly listed in table 2. Therefore, in order to construct the desired vacua,
Xi—py . . .

we only have to replace X(uim)( T) with X(4 1)( 7) in (5.21), and also X?‘* (1) with

[ijQ (7’)]2 in (5.20).
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0 1 2 3 4
trivial | Ay | Do | A1Do | DoDo

==

<

Table 2. list of Y.

5.3 Unitarity in each winding sector

In the heterotic string vacua we constructed above, the action of the orbifold twist o =
Torr ® g is simple in the untwisted sector, namely, the unwound sector along S}%, because
g is involutive on the untwisted Hilbert space, g> = 1. However, the situation gets much
more complicated in the twisted sectors, especially in the winding sectors with odd winding
w € 2Z + 1 due to the existence of the non-trivial phase factor GEZ]),m) given in (5.11). It is
thus not so obvious whether or not the string spectrum is unitary in each winding sector,
which is read off by the standard technique of the Poisson resummation with respect to
the temporal winding m. Namely, after summing over m and rewriting the total partition

function in the form,

zirensl(r) = 2%(r) 3 | 209(r) + 280 (1) (= 0), (5.23)
weZL

each of Zq(UNS)(T) should be ¢- (and ¢-) expanded with coefficients belonging to Zx>g.

Although it would look more cumbersome because of the complexity of the phase factor

e
(w,m)
After that, we can confirm that the above heterotic vacua are indeed unitary for an arbitrary

, we can perform the Poisson resummation analysis in a manner following [14, 16, 17].

choice of (r1,72,73). We here briefly sketch how it works as follows:

e For the sectors with w € 27Z, it is easy to see the spectrum is unitary. Indeed, since the
fermion chiral block f(,)(7) given in (5.17) (or (A.19) for a more explicit form) with
a € 27, b € 27, 4+ 1 vanishes because of the cancellation only within the NS-sector,
we find

209(r) = 20 (r) 7209(r)

? w
evenm

=0 Yw e 27 5.24
oddm ’ (fw ), ( )

where ZI(UNS) (7)|evenm (Zq(uNS) (7)|oddm) denotes the summation over the even (odd)

is then g-expanded in the desired
evenm

form thanks to the absence of the phase factor e[(*} ) in (5.20).

w,m

temporal winding m. The remaining Z&NS) (1)

e For the sectors with w € 2Z + 1, we have

Zz(uNS)(T) - Zl(UNS) (T) evenm + Zl(UNS) (T) oddm
= zN9(7) + Z0N9 (7 4 1) (5.25)

The equality in the second line follows just because of the covariance of total building
blocks under the modular T-transformation.
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e Nextly, we evaluate zN (7)|evenm, (w € 2Z + 1) by using the Poisson resummation.

[+]

The relevant computation is now straightforward, since the phase factor €
w,m

)is

(-7 imTwm/

(wam) = € 4 , where we set 7 = ) . r;. Other types of phase

factors may come from i~ )(7') as in (A.13), (A.14) and (A.15). In any case,

(w,2m’

relatively simple, €

o
2miom” with some

however, the relevant phase factors always have the form such as e
rational number «. This yields the shift of the KK momentum, %n — ﬁ(n + a),
and no extra phases are left. We thus obtain the g-expansion with positive coefficients
belonging to %2.7
e Finally, we pick up the remaining sector, ZI(UNS)(T)|Oddm = ZQ(UNS)(T)|evenm”

As pointed out in [14], this is Poisson resummed into almost the same form as
ZZ(UNS) (7)|evenm, but with an extra minus sign in each term with the level mismatch
h—h e % + Z. In the end, we conclude that the total partition sum for the odd
winding sector (5.25) is indeed g-expanded only with the coefficients belonging to

Zzo.

6 Conclusions

We demonstrated that one can systematically construct the modular invariant partition
functions for the T-fold CFTs by using the Lie algebra lattices. We first discussed the case
of bosonic strings. By the condition that the background moduli is at a fixed point for
a simple T-duality transformation realized as a chiral reflection, the possible Lie algebras
for the Englert-Neveu lattices are restricted to the four cases listed in (4.6) among simple
simply-laced ones. Based on the fact that the characters of the level-one affine Lie algebras
form a finite dimensional representation of the modular group, the partition functions for
the fiber torus part are found to satisfy the modular covariance of the form (3.7). The
results are listed in (4.8), (4.10), (4.12) and (4.14). Together with the base part, summing
up these gives the desired modular invariants for T-folds. Similar constructions are possible
also by using the Euclidean even self-dual lattices.

We then applied the above construction to the T-folds in the Eg x Eg heterotic string
theory. As an example, we took a fiber torus representing the Dy Englert-Neveu lattice.
Incorporating the non-trivial twists/phases in the left-moving sector, we obtained a class
of modular invariant partition functions of the T-fold CFTs which are labeled by three
integers. In the twisted sectors, the partition functions in the left-mover are given by the
building blocks obtained in the bosonic-string case, which are composed of the characters
of the affine Lie algebras at level one. After the Poisson resummation, one can also check
the unitarity of the spectrum. The case of the Dy x D5 torus was briefly discussed.

Our construction in the bosonic-string case formally resembles the truncation of the
bosonic-string spectrum to the heterotic-string spectrum, which is used to study the T-
duality of the latter [26, 32]. Indeed, one can start with a (d+ d’)-dimensional torus whose

"The potential factor 1/2 in the coefficients of g-expansion comes from the fact that the Poisson resum-
mation is now made over m € 27Z rather than m € Z.
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background moduli takes the same form as in the truncation,

Ei; 0
o ) =1 d, pr=1,....d), 6.1
1J <A,u] EH,I/+ }lAuiAl/szj) (Z J w, v ) ( )

and proceed as in section 3 and 4. An interesting possibility in this case is that the
additional moduli A,; may be incorporated in the T-fold CFTs. For this to be the case,
one needs to check the fixed-point condition of the T-duality and also to confirm that the
twisted partition functions with non-trivial A,; indeed satisfy the modular covariance of
the form (3.7). We leave these as future problems.

It is worthwhile to remark that the heterotic T-folds we constructed include novel cases
which contain rather non-trivial phase factors and are not reduced to the free fermion con-
struction. It would thus be interesting to apply our construction to building the ‘realistic’
heterotic vacua of asymmetric orbifolds, since recent attempts so far are mainly based on
the free fermion construction e.g. as in [11] for the SUSY vacua and in [36-42] for the
SUSY-breaking ones. Especially, it is indeed possible to extend the present construction
to a variety of the non-SUSY heterotic T-folds by following [16, 17]. It would also be
interesting to figure out the moduli space of such a class of vacua. We would like to return
to these issues in a future work.
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A Summary of building blocks

In this appendix we summarize the definitions of the building blocks that are repeatedly
used in the main text.
A.1 Building blocks associated with Lie algebra lattices

As preparation, we summarize our conventions of theta functions and the character formu-
las of affine Lie algebras relevant to our analysis.

Theta functions. Our convention of theta functions are

Or(r,2) =1 Y (~1)"g" V2212 = 9sin(nz) g /B TT(1 - ¢™(1 — ya™) (A -y~ ™),

n=-—00 m=1

(A1)

Or(r,2) = q VD212 = g cos(mz)g® T (1 - ¢™) (1 +ya™)(1 +y~ ™),

n=-—00 m=1

(A.2)
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Os(r.2) = Y "y = [ — ™A+ g™ A +y ), (A.3)
Oa(r,2) = > (—1)"¢" 2y = [[ A= g™ —yg" VA =y g2, (A4)
n=-—oo m=1
n(r) =g ] - ¢, (A.5)
n=1

where g := e?™7 y := €2™*. We use abbreviations, 0;(7) = 6;(7,0) with 0;(7) = 0.
Characters of (A1);. The character of affine A; of level one ((A1)1) is written as

_ 05(27)
n(7)

(basic rep.), Xfl(T) = 62(27) (spin 1/2 rep.). (A.6)

n(7)

X' (7)

We also define
XA () =X (1) £ 1 (7). (A7)

Characters of (D,); (r € 2Zsq). The characters of (D,); are given by

1

XE"(7) = gy 57 +0a(7)] (basic rep),
1 T T
Xor(r) = () [03(7)" — 04(7)"] (vector rep.),
iy — Doy . 2(T)" : .
XSD (1) = X? (1) := 2727(7)T (spinor and cospinor rep.). (A.8)

Characters (E7);. The character of (E7); is given by

T (7) = 217(17)7 [03(27) (85(r)° + 0a(7)%) + 6a(27)0a(r)°] | (A.9)

for the basic representation, and by

X (r) == 277(17)7 [02(27) (03(7)% — 04(7)%) + 03(27)02(7)°] (A.10)

for the fundamental representation 56 with conformal weight h = %. We also define
XET(7) = X" (1) £ 77 (7). (A.11)

Character of (E’g)l. The root lattice of Eg is the simplest example of even self-dual
lattices, and the corresponding chiral block for strings is the character of the basic repre-
sentation of (Eg)1,

X(r) = s (060 + 04(7)° + 0a()'). (4.12)
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Now, we summarize the functions used in order to compose the modular covariant
blocks in the main text, which are associated with the Lie algebra lattices for Ay, D,(r €
2Z0), b7, Es:

(s {0s(r)7 + e F o0y} (a €2Z, be2Z+1),
Xy (1) =4 sty {03(r)" + ei?r%beg(T)T} (a€2Z+1, be22), (A.13)
| sty { a0 + e”%(a+b—1>02(T)’"} (a€2Z+1, be2Z+1),
(L) + e%”axi‘l(r)} (a €22, be2Z+1),
Xl (T) = % X (7) + 3 byt (T)} (a €2Z+1, be 2Z), (A.14)
LI+ e%<“+b—1>xf1(r)} (@a€2Z+1, be2Z+1),
1 {X£7(T) + e*%ax?(r)} (a €2Z, be2Z+1),
Xy (M =4 5 {dm + e*%bx{%m} (a €2Z+1, be 27), (A.15)
LT+ e T i) (we2z+1, vezt),
Xan(™) = (=D)“xg™(7), (a€2Z+1orbe2Z+1). (A.16)

In each case, the integer labels a, b characterize the spatial and temporal boundary condi-
tions. We also denote

( 1 2 03(7)04(7
e} T;Z(—l)"q” = 3(77()7)42() (a €27, be2Z+1),
A V2 a1y [03(7)02(7)
Xilp(7) = o % g1 = m (a €2Z+1, be 27), (A.17)
V2 S (—1)rg(i) = 0a(0)0T) oz 1 ez,
T) nez ?’](T)2

for the (A;)i-characters twisted by the involution pa, = e~ 5™ in (5.4). See e.g.
appendix C of [8] for more detail. These coincide with 19,1,42 defined in (3.18). It is easy to
confirm the equality

2
X(Dcfb)(T) = [Xél’b)(T)] )

which is consistent with the isomorphism of the root lattices Ap, = Aa, ® As,. We also

use the notation such as Xéfb) (1) = Xélb) (T)X(Dazb) (1) for X3 = A1 D> (see table 1).

A.2 Free fermion chiral blocks

We next describe the chiral blocks for the 8 world-sheet fermions wi twisted by

(=1)%* b — — it (i=6,...,9). (A.18)
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The relevant blocks are explicitly written as

Fap () = 2q3% 5 (01 ; m;b)>2 (91(7, 0)>2

n(7)

(a €2Z, be2Z+1),

Il
o
of3
o
o
/N
3®
[\]

_ (ez (93 (a €2Z+1, be 27),
2

0

2
(%2) } (a€2Z+1, be2Z+1).
(A.19)

In the last line, each term corresponds to the NS, Né, R sectors with keeping this order.
These trivially vanish, as is consistent with the space-time SUSY. They satisfy the modular
covariance of the form,

1
f(a,b)(T)!S = f(a,b) <—T> = f(b,fa)(T)a
fap) (DT = flap(r+1) = —6727"%f(a,a+b) (7). (A.20)

Therefore, setting

oG- e

[mf(a,b)(ﬂ} ‘S =J <—i> flap) <—i> =T () fp—a)(7),
[mf(a,b)(ﬂ} ‘

Since (A.19) vanishes, the relations (A.20) may appear to be ambiguous. See, however, [16]

we find

T (™ + D) fap(™+1) =T () flaars)(T) (A.22)

o=

for more precise arguments.
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any medium, provided the original author(s) and source are credited.
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