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1 Introduction

The AdS/CFT correspondence with emergent Gravity from the boundary theory offers
a framework for understanding deep quantum aspects of black holes [1]. Recently issues
concerning the physics at the horizon and applicability of quantum mechanics have been
vigorously debated [2]. Of central significance is the understanding of emergent Gravity [3]
and its space-time [4].

A particular CFT scheme for understanding the space-time of eternal AdS black
holes [5] is the so-called Thermo field dynamics (TFD) where identical copies of the CFT
are suggested for right and left regions of a Penrose space-time [6]. In this scenario one
at the outset has a question if these (decoupled CFT’s) are capable of producing a con-
nected [7] space-time characteristic of a black hole [8, 9]. A further very relevant issue
concerns the reconstruction of local bulk fields [10, 11] from the two boundaries. The
ability to accomplish this is central for a possible reconstruction of behind the horizon
physics [12] for black holes.

A simple and calculable model of AdS/CFT correspondence is given by vector mod-
els [13, 14] (in d-dimensions) and Vasiliev type Higher Spin Gravity theories [15-18] (in
d+ 1). For these tractable class of field theories an extensive study established [19] agree-
ment for all spins [20, 21]. Furthermore, BTZ type black holes dual to CFTy have been



investigated in detail [22-25]. Also, a generalization of 4D black hole solution in Vasiliev
Higher spin theory was invastigated in [26, 27]. The reconstruction of Higher Spins and
AdS space-time through bi-local [20, 28-33] fields was accomplished in a systematic 1/N
expansion scheme. In this paper we study the Thermo field dynamics [34] of O(N) vector
models with the intent of understanding their dual bulk degrees of freedom [35].

As it was shown by Shenker and Yin [36] O(NN) vector model exhibits a phase transition
at T, ~ v/N. Below the critical temperature T,, the free energy of the model is seen to
be of order O(1). Le. Floy ~ T*. This phase corresponds to thermal excitations of the
O(N) singlet sector whose Hilbert space is described through the Hamiltonian formalism
of collective field theory [37]

Fiow = Z log (1 — 6_5H> (1.1)

singlet states
On the other hand, above T, the free energy was seen to be of order N, Fiigp ~ IV T2 [36]
and is associated with the non-singlet sector states. This was reproduced by a stationary
point approximation in the collective action formalism of the collective field theory [28, 37]

Fhigh = Ntr logJ (1.2)

The one-loop corrections for this leading behavior was studied recently in [28, 37-40].

In the TFD of the O(N) vector model, one introduces another field ¢'(z) as a copy
of the original O(N) vector field ¢*(z). The Lagrangian is now doubled and there arises
the question of how to define a generalized O(N) singlet constraint. First, one can impose
the singlet constraint on both the original and the copied Hilbert spaces separately. Then,
the original and copied singlet sector can be described by the associated collective field,
U(Z,7) = ¢'(¥)¢' () and \Ti(f, y) = ggz(:f)qgl(gj), respectively. In this way the collective
Hamiltonian and its Hilbert space is being doubled

HTFD = Hcol(Ha \Ij) - ﬁcol(ﬁa \I’) (1'3)

This representation is associated with the O(N) x O(N) gauging of the Thermo field
Lagrangian and it describes the lower phase of the theory. Here the thermal vacuum
corresponds to an entangled vacuum of the linearized bi-local fluctuations of ¥(Z, ) and

U(Z, %), and is invariant under the O(N) x O(N) transformations. Based on the AdS/CFT
correspondence with Higher spin gravity, this TFD of the singlet sector in O(N) vector
model will describe higher spin theory in the thermal AdS background.

For the high temperature phase we will find it appropriate to relax the O(N) x O(N)
singlet constraint. It was observed [41] that when original (T = 0) Lagrangian poses a
symmetry group G, the vacuum of TEFD respects the diagonal subgroup of G x G. For the
O(N) model gauging of the diagonal subgroup will describe the theory in the upper phase:

JU 4 JU|®) =0 (1.4)

where Ji and J¥ is a O(N) generator of ¢ and 5, respectively. This implies that we have
the following invariant bi-local fields

(L, E)'(1,7) , &' (LD (L, G) 5 (L T)e' (1, 7) (1.5)



Now, due to the weaker singlet constraint one has the additional mixed bi-local field
(¢, :E')qgl (t,¥) in comparison with the scheme where the singlet field is doubled. Note that
this additional bi-local field ¢'(t, Z)¢'(t, ) is a non-singlet with respect to O(N) x O(N)
transformations. We will see that this bi-local field is a crucial for finding the full spec-
trum of the upper phase. In particular it will be seen to play a key role for generating the
so-called evanescent modes [42-44] of the bulk theory. These modes have been known to
represent a signature associated of a horizon in the bulk. Hence, one can deduce that the
bulk dual to TFD of the vector model with the diagonal singlet constraint representing the
higher phase of the O(/N) model corresponds to an AdS background with a horizon.

We follow the earlier established framework of using collective bi-local degrees of free-
dom of the vector model and working out their Large N expansion. It will be shown
that this leads to a linearized set of equations that produce modes which can be put in
agreement with bulk (higher-spin) modes in d + 1 dimensional space-time.

We demonstrate that bi-local fields contain the information for generating all the phys-
ical modes in the dual space time. The question of bulk recovery from the disjoint CFT’s
is therefore further illuminated by our explicit construction. The outline of this paper is
as follows. In section 2 we develop the collective description of the TFD for (free) vector
models. Fluctuations of bi-locals and their bulk interpretation is given systematically in

section 3. We give our conclusions in section 4.

2 Thermofield dynamics

Our CFT will be a free O(N) vector field theory (analogous constructions also apply to
the interacting O(N) model at the IR fixed point)

N
L= 0'¢'0.¢’ (2.1)
i=1

The finite temperature theory in the real time formalism of Schwinger (and Keldyish) [45,
46] is based on a closed time path which implies doubling of the degrees of freedom. This
TFD (Thermo field dynamics) of the O(V) vector model, is associated with a Hamiltonian

HTFD =H-H (22)

where H and H is the Hamiltonian of the original and the copied system, respectively.

H= Z/m( 8(/5’ ) Zma“ (7)a*(7) + Eo (2.3)
~:;/df<;(%i)2 % ) Z\paﬁ ()3 (5) + Bo (2.4)

In TFD formalism, one defines a new vacuum |0(/3)) defined in such a way that thermal
average of an operator is fully reproduced [47]. Namely,

(0)p = (0(8)[0]0(B)) = Tr (e 71 0) (2.5)

1
Z(B)



The entangled vacuum state reads

N
0(8)) = 7 Cl0) =exp |3 3" 0 (o’ (233 - @@ @) | 10)  (26)

Jj=1 p

where the temperature 7' = 1/ dependence lies in 0(p) = tanh™! e PIPl/2, The generator
G equals

N
G=iy > 00 HFD) — D) () (2.7)

Jj=1 p

Note that the operator a’(p) and a(p) do not annihilate the new vacuum |0(3)). One can
introduce Bogoliubov transformations generated by G-

ag(ﬁ) = e %4 (§)e'? = ! (p) cosh 8(p) — @1 (p) sinh 6(p) (2.8)

and similarly for agr (ﬁ),'dg(ﬁ) and Egr(ﬁ). Then, ag(ﬁ) and &@T(ﬁ) form Fock space and
al(p) and aj)(p) annihilate the vacuum |0(3)). Le.

apl0(8)) = al0(B)) =0 (2.9)
For further details and proofs regarding the TFD formalism, readers should consult [41, 48].

2.1 Bi-local collective field representation

The basis of the AdS/CFT lies in the different manifestation of a theory when seen through
the Large N expansion. Collective field theory is built to construct an exact all orders (in
1/N) bulk representation. For the case of O(NN) vector model, it was suggested [28] that
the bulk Higher spin theory is generated completely in terms of the bi-local collective fields
U (t; 21, 2) given in the canonical picture [29] as

N
U (68, 8) = ¢ (t, 1) ¢’ (t, ) (2.10)
i=1
These bi-local operators generate all the spin-s primaries

/2 pyms=2n vk o
1 ((2:3' Z k'(s(—;’rz_k)‘(g . a/)n—i-k(C . 8)s—n—k : ¢Z(x/)¢z(x) :

k=0 =z
(2.11)

This representation is exactly canonical due to the existence of the conjugate field

= 6%. For the bi-local representation, we have

(W(z1,29), (2], 25)] = §(x1 — o)) (2o — %) + 0(21 — 25)5(x2 — 2)) (2.12)

for all order in 1/N.



The bi-local fields obey the Large N Schwinger-Dyson equation, which leads to a sys-
tematic 1/N expansion. It is implemented through the associated collective Hamiltonian:

H = Hcpr = Heol (Y, 1/N) (2.13)
which is systematically given in powers of 1/N.

1 1
——Hy+ —Hy+--- 2.14
\/N 3+N 4+ ( )

The 1/N series is obtained as follows: one first determines the Large N background

HCOIZNHO+H2+

field Wo(Z, ¥2) through minimization of the collective Hamiltonian. Expanding the bi-local
field W (¢, #1,Z2) around the background field Wy (&1, Z2)

- - o 1 -
U (t; 71, @2) = o (T, T2) + ﬁn (t; 71, 22) (2.15)

the collective Hamiltonian gives the series of higher interaction vertices:

Hy=Tr (Tt s« Uyt xnx¥yh) (2.16)

n

with a natural star product defined as A« B = [dZy A(%1,Z2)B(Z2, ¥3) representing a
matrix product in the bi-local space.

The only nontrivial issue with respect to the exact duality is the re-interpretation of
the bi-local space. This represents a kinematical problem. When interpreted in physical
terms, the collective space leads to extra emerging coordinates and emerging gravitational
and higher spin degrees of freedom.

To deal with these bi-local collective field, it is convenient to introduce a new index
7 = 1,2 which distinguish the original vector field ¢ and the tilde vector field %, respectively.
Then, one can define a new bi-local field ¥ ((Z, 5), (¢, k)) of which arguments are the doubled
bi-local space of (j, Z).

w((Z,

f )’( Y
U((z

1), (4,1
:2), (9,1

01 (F)¢7 () —¢ () (§)
(2.17)

Note that we multiply ¢ to each 57' in the definition of the new bi-local field in order to

W((@.1),(7.4)) = ( ”zg;;) - ( @) 6/ @0 (1)

have minus sign in front of H in the total Hamiltonian (2.2). As explained, this collective
field W((Z, ), (¥, k)) is invariant under the transformation
¢ (T), ¢ @) — UFF@), UF¢F(@)  where U e O(N) (2.18)

We define a star product A((Z,1), (¢,7)) * B((¥,7), (2, k)) = C((Z,i),(Z, k)) representing a
matrix product in the doubled bi-local space. Moreover, Tr [A((Z, 1), (,7))] is defined as
a matrix trace in the doubled bi-local space. Now, one can use the result of the standard
collective field theory. The collective Hamiltonian for the doubled O(N) vector field is
given by

2 N N
Hrppp = T [T 1) + - Tr (O] + 5T [-V2 0] + AV (2.19)

Note that the derivative V2% act on the first argument of the collective field V.



2.2 Thermal background

In Large N limit, one constructs the background field by minimizing the leading effective
potential. This leads to an equation for the background field given by

1 1
5 Yo x V2% Wy = -1 (2.20)

where I is the identity of the doubled bi-local space. The background field is static and
translationally invariant so that the background field has the following form:

o dp a(p)e? @9 ip(p)etP (F—Y)
Wo((Z,4), (¥,4)) 5/(%)52“51 <Z-C((]]?)eiﬁ(a?—g') _éé%eiﬁ.@_g)> (2.21)

Note that the bi-local collective field W ((#,1), (¥, 7)) is symmetric in the doubled bi-local
space. From this symmetric condition of the collective field as well as the reality condition
of ¢ and @, a solution of the equation is given by

a(p) = d(p) = cosh F(p), b(p) = ¢(p) = sinh F(p) (2.22)

where F'(p) is an arbitrary function of p with F(p) = F(—p). Hence, the static Large N
background collective field is given by
N dp cosh F(p)e” =9 jginh F(p)e' (E-9)
\IIO((xvz)v (?J,J)) = /2 .. (4) ip-(Z—7) (4) B (T~ 1) (2'23)
(2m)22|p] \isinh F(p)e®?*~¥) — cosh F(p)e? ¥~V
From the background field, one can evaluate the leading Hamiltonian H ()

HY =N (;Tr (O] + %Tr [(—v2)\110]> =0 (2.24)

We comment that the above thermal ground state solution is not unique because F'(p) is
arbitrary. Uniqueness could be accomplished by minimizing an operator representing free
energy [34] in general. But, for our case we found more practical way to determine F(p)
from two-point function. Note that the background field is equal to the (equal-time) two
point function of the vector field with respect to the thermal vacuum |0(3)). Le.

(D)W@) g i (ST (7))
Wo((7,1), (,4) = (C(&1), @ ))s= | ./~ g < >B

i ¢a(f)¢a(y~)>ﬁ _ <$a(f)$a(g)> (2.25)

B

Using the Bogoliubov transformation (in (2.8)), one can easily evaluate the vacuum expec-
tation value (V(%1,Z'2;41,92)) 5. Comparing to (2.23), one can determine F(p) to be

F(p) = 20(p) = 2 tanh~! ¢=PIP/2 (2.26)



3 Collective modes and bulk

To study the collective modes one expands the bi-local field around thermal background:*

Ut (7,1), (7,4)) = Vo((F,), (7.5)) + \/lﬁn(t; (1), (7)) (3.1)

I(t; (,4), (¢, §)) = VN=(t; (Z,4), (7, 5)) (3.2)

By the Large N expansion of the collective Hamiltonian, the quadratic Hamiltonian reads

1
H(2)22T‘r [W*\Ilo*ﬂ]+§’1‘1' [\1161*7’]*\:[/51*?7*‘1/61] (33)
This quadratic Hamiltonian gives the equation of motion for 7.
i L * ot % 71—1@071* * 71—11/71* 1 (3.4)
n= 477 o * Yo 5 %0 n* Y 40 Yo~ *1n .

To study the Hilbert space, it is convenient to express the quadratic Hamiltonian in the
momentum space.

By Fourier transformation of n and 7 into the momentums space where we use
ePrT=iP2Y a9 kernel, the quadratic Hamiltonian becomes

1 oL I oL I I oL I
H? = 2/dp1dp2 (7" (Pr, P2) K (B, ) (§1, 52) + m" (1, 52)V (Br, o) (P, 52))  (3.5)
where we define
(1, Pa) n' (1, P2)
12/ = 12/ =
Lo (D1, D) Lo n=(p1, p2)
TP, P2) = - o ) npi1,p2) = o o 3.6
(P, 72) (P, pa) (71, 72) n?! (P, p2) (3.6)
72 (p1, pa) n** (P, Pa)
c1 + ¢y So S 0
Lo S9 —C1 + C¢o 0 —51
K(p1,p2) = (3.7)
s1 0 €1 —C  —S3
0 —S51 —S892 —C1 — C2
c1+ co —S9 —S1 0
S L2 59 ci+c2 O $1
V(p1, = [p1 %2 3.8
(91, 2) = |1°[ 2] 0 ci—cs 8 (3.8)
0 s1 S9 —C1 — Cy
and ¢; = COS}%@'@"), P = % and 0; = tanh~te PIPil/2 (; = 1,2). To analyze the

constraint structure, we Legendre transform to the Lagrangian scheme. To this end one
has to express the momentum 7 in terms of

n=Km (3.9)

"Here, we include numerical factor i or —1 in the components of n(t; (Z,1), (#,4)) in the same way
as (2.17). Moreover, we also include complex conjugate of the numerical factors in the components of
7w (t; (%,1), (¥, 7)) in order to keep canonical commutation relations.



However, the matrix K is not always invertible because the determinant of K is given by

(171 — P2 (P3| + [Pa])”

det K = =
|p1\4|p2|4

(3.10)

For |p1| # |p2|, the matrix K is invertible so that Legendre transformation to Lagrangian
is possible.

T, 1 _
L=l (p1,po)(P1, o) = H =gm' (~K7'0; = V)m (3.11)

By deviation, the equation of motion is given by
(=0} —KV)n=0 (3.12)

One can easily check that this agrees with (3.4) as expected.
On the other hand, for the case of |pi| = |p>|, the matrix K is not invertible. We first
diagonalize the matrix K

(3.13)

UTKU = diag (2 cosh(46) 2 cosh(40)>

T

where [p| = |p1| = |p2| and 0(|p]) = 61(|p1]) = 02(|p2|). The orthogonal matrix U induces a
canonical transformation from (n, ) to (g, 7). Le.

m=Uln, j=U"n (3.14)
Under this transformation, the quadratic Hamiltonian density for |p]| = |p2| modes becomes

1(112\/m 00 2y/cosh(10) ) s (3.15)

2 71 |71 2

where

ab0 0
3 3
w=oTyvy = [200 0 (with P Slnh(40)> (3.16)

000 0 \/cosh(46) ’ \/cosh(40

0b0 —a

Note that 72 and 72! do not appear in the Hamiltonian. In addition, the Hamiltonian
contains a linear term in 7'2. Therefore, one can see that 7'2(p1,p2) is a Lagrangian
multiplier and the corresponding constraint C; is given by

C1 =7 (51, 72) + 2P, o) = =" (B, o) + 172 (P, pa) = 0 (for || = |fal) (3.17)
In addition, [H,C;] give a secondary constraint Co.
Co =7 (P, o) — T2 (PL.p2) =0 (for  [p| = |pal) (3.18)

Note that C; and Cy form the first class constraints. E.g. [C1,C2] = 0. We further analyze
these constraints in appendix B.



To express the fluctuations in terms of of creation and annihilation operators in the
Large N, we need to solve the equation of motion (3.4) in general. However, we do not
have to explicitly solve (3.4) because for the present problem we know the exact O(N)
singlet eigenstates in the Fock space. They are given in terms of the bi- local operators
defined in appendix A. For instance, consider W!!(¢; %, 7). The fluctuation n'! can be ob-
tained by subtracting the background field from W'l or equivalently, by normal ordering of
Wi (t: 7, 4) with respect to the thermal vacuum |0(3)). Recall that the annihilation opera-
tors a’(p) and @' (p) do not annihilate the thermal vacuum, but the Bogoliubov transformed
annihilation operators a}(p) and a}(p) do. Therefore, for the correct normal ordering
with respect to the thermal vacuum we have to follow the standard normal ordering rule
with al)(p), ae (]5) ai(p) and a, (;5') From either way (subtracting or normal-ordering), one
can express n*'(t; #,7) in terms of normal ordered O(NN) invariant composite operators of
ab(p), ag "(),a ay(p) and a alt o (D). We summarize the algebra of those bi-local composite oper-
ators in appendix A together with a systematic 1/N expansion. Bi-local creation operators
af,at, 41 are defined to be the composite operators with the two creation operators:

(a*u,ﬁz) 7*(51@))5 L (% >a9*<p1>a*<ﬁ1>~j*<ﬁ>) (3.19)
2 i 2Nl \@ (B1)ay (B1) @ (51)aty (1)

and one can also define their conjugate bi-local annihilation operators a(p'1, p2), a(p.1, pa),
~(p1,P2). Note that the physical creation operators are defined with respect to the thermal
vacuum |0(3)). They satisfy the commutation relations:

1
[04([, J), OzT(K, L)} = 5 ((5[’K(5J7L + (5[?[,(5(]7]()

1
[a([ J),at (K, L)} 5 (0101 +01.L05K)

1
[’7(—7, J), (K, L)} = §5I,K5J,L (3.20)
where I,.J,--- represent the bi-local momentum such as (p,¢). One can express all O(N)

invariant operators in terms of these bi-local oscillators in 1/N expansion. For example,
bi-local composite operators with two annihilation operators can be expanded as follows.

1 aé(
2N|p1|[pa] \a@h(

and the rest of composite operators such as a’fa’ are sub-leading in the % expansion so
that we ignore them. Therefore, the linearized fluctuation 7! can be expressed in terms
of the bi-local oscillators «,y (and their conjugates) in 1/N expansion, and we can read



off the leading terms:
1 / dp1dp>
(@m)* ) 2p ]

X [a(ﬁl , P2) cosh 07 cosh fye™

' (6, 9) =
(|1 [+ |p2 ) t+ipy -E+ipa i
+ a(p1, p2) sinh 0; sinh e P IHIP2)t—ipy - T—ip2y
+ v(P1, P2)

cosh 6 sinh 6 (e‘i(‘ﬁl = P2])t+ipr-Z—ip2-y | o —i(|P1|—|P2)t+ipy ~?7—iﬁ2~az‘) ]

1
+h.c.+ 0O <> 3.22
VN (3.22)
In the same way, one can also find the mode expansion of n?2(t; %, %), n'%(t; Z,%) and
n? (6 2, ). Bg.
Lo 1 dprdps

P (t; 1) =

2m)2 ) /20

% [1(51,72) (cosh 6 cosh e (P17t 2—iF 7

Ui

+ sinh 6y sinh gzefi(lﬁl |*|ﬁ2|)t+iﬁl'g’*iﬁ2'f)
+ a(p1, p2) cosh 0 sinh et IPLIF P2t +ip1 T+ip 7

+ &(py, Pa) sinh 6; cosh 926i(\ﬁll+\ﬁz\)t—iﬁ1~f—i13‘2-17}

+he 40 <\/1N> (3.23)

Using these mode expansions, one can evaluate the two-point Green’s function in the Large
N limit. And, one can confirm that the Green’s function satisfy the equation of motion (3.4)
(see appendix C).

3.1 Bulk interpretation

At zero temperature, the bi-local fields are mapped into the bulk fields of higher spin
theory in the AdS background. This is simply accomplished in the light-cone gauge [20, 30]
and was furthermore extended to the timelike (canonical) quantization in [29]. At finite
temperature, the TFD is expected to generate a space-time similar to the eternal black
hole which asymptotically approaches AdSy. The fluctuation modes found in the linearized
collective analysis are expected to fully reproduce the bulk modes of higher spin in the
modified space-time. Using the knowledge of the AdS/bi-local CFT map, we can work out
their properties.

Let us summarize the main features of the canonical bi-local map to AdS bulk fields
given in [29] for the O(N) vector model CFT. We have the following expression for the
bulk higher spin field

dQﬁdpo P | _§+l
HE (t:4,2)=C / P —ipt+ipd g [(p0)2 — 2] 2T
S ( x Z) S,i p0>‘ﬁ| (27_‘_)32]?06 z [(p) p:|

X 21 (V(°)? = P? 2) [Os(p; €) + Os(p; €7)] + hoc (3.24)

,10,



where (4) represents polarization of the bulk higher spin field. The spin-s current O,
defining the Hilbert space of CFT is normal-ordered with respect to the vacuum (at zero
temperature), which is the standard definition of CFT operator. Due to the standard
normal-ordering, it can be expressed in term of bi-local operator a(p1, pa):

Lo R g 25T
O*(pse) =/ o dP1AD T (71,525 (0} + py — 1) (€ - 1h) — P pe) (3.25)
sin =5-2>0 .

This map (and the kernel) directly follows from the following canonical relation between
bi-local and AdS coordinates:

P = p1+ D2 (3.26)
y = 2VIllsin (91522 (3.27)
95 % 7
6 = arctan <M> (3.28)
(Ip2] = 1p1)p

where p; = (|p;| cos ¢i, |Di| sin ;). Under this map (with the conjugates determined by a
chain rule) the bi-local on-shell condition is translates into an AdS on-shell condition:

(p*)? = (°)* -7 (3.29)

Here p* is a canonical conjugate to the radial AdS coordinate z. The center of momenta
of the bi-local operator a(pi,p2), which is mapped to the (three) momentum (p°,p) of
the spin-s current operator, is always timelike at zero temperature. Hence, there is no
bi-local operator with spacelike momentum at zero temperature, and the corresponding
spin-s current operator has no spacelike mode. Consequently, the constructed AdS bulk
field propagates in z-direction (p? is real) at zero temperature.

For the thermal case, we suggest a similar reconstruction of the bulk field in terms of
CF'T operators. We will start with the discussion of the Hilbert space and give the explicit
bulk reconstruction formula subsequently. Let us apply the bi-local canonical map given
in the above to the finite temperature modes and their bulk interpretation. First we have
the modes:

P’ = [pi| + |72

ot (p1, pa) oL
p=p1+Dp2

P’ = —|p1| — |p2|

al (P, Pa) = .
b= —p1—p2

and, therefore, the operators of (1, p») and af(j;, pa) create states in Hilbert space with
timelike momentum. The map (3.26)~(3.27) and the on-shell condition (3.29) produces
real values for the momentum p? in the bulk.

P =" -p"20 (3.30)

— 11 —



On the other hand, our TFD collective analysis exhibits another set of modes correspond-
ing to:

= |p1] — P2l

(P, ph) L
b=Dp1—PpP2

These are characterized by spacelike momentum, which leads to imaginary momentum p?
of the bulk.

(p*)? = (p°)? =" 20 (3.31)

We recognize the last set of modes as representing evanescent mode. In [42, 44|, the
importance of such modes and their presence in black hole background asymptotic to
AdS was discussed and emphasized. In particular their presence was seen to prevent a
straightforward extension of the bulk to boundary kernel in the case of black hole type
backgrounds.

Turning to our reconstruction of the bulk field in TFD formalism, we note the following.
In recent work [12, 49] a construction was suggested based on the composite single trace
operators, O and O of CF Tr and CFTp, respectively, with the further argument that @)
can be reconstructed from the Hilbert space of O’s.

In the bi-local field formalism, we have seen that the invariant Hilbert space is given
in terms of three set of bi-local operators, a’s, a’s and ~’s. The collective normal modes
found in (3.22) and (3.23) are seen to be linear combinations of W'l ~ ¢igi, W12 ~ ¢igi
and U?? ~ 5@1

The bi-local fields serve as generating fields for the spin-s primary operators, and the
reconstructed HS bulk fields can be then expressed in terms of these operators. This was
explicitly given in our previous work at zero temperature. In the present TFD case, we
are able to give an analogous reconstruction, however the operators will be seen to involve
creation operators of the mixed Hilbert space described above. It is the additional set of
mixed operators that is responsible for evanescent modes.

Let us consider the spin-s conserved primary operators in the TFD of the free O(N)
vector model, given as:

[s/2] s—2n k
a _1) n % s—n—=k .1 .
0 (w; () = Z; kZO 7 Qn ,k, o €O lay (@) (€0 (2)  (3.32)

where ¢él)(:c) = ¢'(x) and <Z>’('2) (x) = &(w) Note that, for odd spin s, O} and O?! are
non-zero while O} and 0?? vanish automatically.

To find the representation of these operators on the invariant Hilbert space, we trans-
form the currents into the momentum space. Any definition of CFT operators must involve
a normal ordering procedure, and we emphasize that in our thermal case we define the spin-
s current operators through normal-ordering with respect to the thermal vacuum [0(5)).
This has significant consequences. At zero temperature, the spin-s current is consist of
timelike bi-local operators due to a normal-ordering with respect to |0) = |0(c0)). On the
other hand, the normal-ordering with respect to the thermal vacuum |0(3)) will imply that
our spin-s currents also have nonzero spacelike bi-local components. We have seen that
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ol (py,p2) and atf(py, ps) create a state with the timelike momentum (|py| + |pal, p1 + o)
and (—|p1| — |p2|, —p1 — P2). On the other hand, vT(py, 72) create a state with the spacelike
momentum (|p%| — |p<|, P~ — P<) where we define

. p1 when [pi| > |po . P2 when |pi| > |pa]
> = { <= (3.33)

— — — ? — — —
p2  when |pi| < |po p1 when |pi] < [pa]

Hence, we have to separately Fourier transform 0% (xz; () for the timelike and the spacelike

timeline gy pspacelike pogpectively. After the Fourier transforma-

momentum denoted by p
tion, as in [29], we impose the conservation and traceless condition of the spin-s primary
operators with the timelike momentum to find physical operators. One can also repeat the
same derivation for the case of the spacelike momentum. A solution of the two conditions
is given by

O%(p; ¢) = 0L (p; ) (—€uCM)® + OL (pye) (—€r¢M)° (3.34)
where a null polarization vector €(p) for timelike momentum (and ey (p) for spacelike mo-
mentum) is given by

1 2 ppt o, P 1) L
e(p) = , + ip”?, —p p : timelike 3.35
®) V2Pl (\/p”Pu N PP ( ) (335

1 ip? ip®p't o i 1) :
ex(p) = , +ip?, ———— Fip p : spacelike 3.36
(®) V2l (x/—p“pu N D"y ( ) (839

Using them, we can then relate the physical spin-s operators to the the bi-local oscillator
fields. We find that, for p° > 0,
Oll(ptirnelike, 6)
S b
3
—1)22572 dp1 dp: e NS isO(F.F
- 2) 54l PLEP2_5G) (p) + py — p) (2171 [l — 27 - ) €001
(27)2s! v 2[p1|p2]
X (a(p1, o) cosh @) cosh By + &' (py, ) sinh 6; sinh ) (3.37)

0;1 (pspacelike; 6+>

3
(—i)*2252 dpidpa (3 o e et
- — = (pu - pu - p'u) (2 ’p1| |p2| — 2p1 . p2)2 63 p1,p2
@t ] amR - T T
x (71 (p<,p>) sinh @ cosh O + v(p, f<) cosh O sinh 6 (3.38)

where O(p1, p2) and ®(pi, pa) are functions defining the map between internal space coor-
dinate 6 of the higher spin field and the bi-local momentum space.

L 2 (pa x p1)
O(p1,p2) = arctan | — - —— — (3.39)
(19| = [P1]) V2 [P1] [P2] — 251 - P2
R, _ 2 (p> x p<)
®(p,pa) = tanh 1 - - ——~ — (3.40)
(17>] + [P<]) V2P| [P2] — 291 - P2

The physical operator with the €* polarization or complex conjugate of them have similar
forms. For other spin-s currents, we also have a similar result. At zero temperature
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(612 = 0), the spin-s current O} with spacelike momentum in (3.38) vanishes while the
one with timelike momentum is expressed in term of only the bi-local operator «(pi, p2).
This relation between spin-s current operators and bi-local fields is a generalization to the
thermal case of the AdS formulas of [29, 50].

For the completeness of the reconstruction, it will be important to work out the commu-
tation relations of the above specified momentum space modes. We do that in appendix D
where we show that after re-diagonalization (spin space) a canonical commuting set can be
defined. Specifically from the relations (D.10), (D.11), (D.15 and D.16), we establish the
canonical operators Ag(k) (for s € Z) as:

o0 —0o0

_1 , _1 ’
As(k) =Y (K2 O (kie) + > (K32)* Ol (kse®)  (for k: timelike) (3.41)
s'= s'=—1
> -1 ’ = 1 ,
Ag(k) = Z(Qﬁ’i)s’s O (k;eq) + Z (Qg2)7° (’)ﬂsl,‘(k;e_) (for k: spacelike) (3.42)
s'=0 s'=—1

where we Kg 1, is understood to be a matrix with indices s and s’ so that K;% is the square-
root of the inverse of the matrix Kg . One similarly constructs the canonical conjugates
Al(k) from O'1 in as well as a dual set A4 (k) and AL (k) from 0?2 and 02 Consequently,
A and .ZS satisfy the canonical commutation relation.

As(k), AL ()] = ,,06@ (k=) [Auk), AL ()] = 85,00D (k= q)
Ash), A (@)] = [Ask), A ()] = 0 (3.43)

and others vanish. It is central that all the commutators between the dual pairs vanish.
The vacuum expectation value of Al.AS/ is

<AL(kL44k)>::gaﬁ%ji5&y5wkk-—q) (3.44)

and similar for <.A5(/<:).Ai,(k)>. Therefore, the vacuum expectation value of the number

density operator of the spin-s operator is
1

(ARAK)) = ——

We are now in a position to define the bulk higher spin fields H, (s € Z) in terms of

6O (k —q) (3.45)

above constructed canonical operators A’s and A’s. In the eternal black hole, one has four
regions, I~IV where region I and region III are right and left outside of the black hole and
region II (or, region IV) is inside of the black hole containing future (or, past) horizon,
respectively (see the earlier work of [35, 51]).

The presence of evanescent modes indicates that the effective potential V'(z) (in the
language of [42]) is different from AdS case. To deduce the potential one would need the
full bi-local map. This would define the wave functions fs i (t,z, z) everywhere. The bulk
field is given as follows

dKdp
It 7,2) = /k Tt ek E AR + L4l F ) ALR) (3.46)
>
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where f(t, %, z) is a canonically normalized wave function in the black hole background. In
the region III, one has

07= - ~
Mz = [ G R E AL + L E ) AW)]) (a7

Here, we construct H!! in such a way that jl(k) creates a mode fi(t, %, z) because the
time direction in the region III is opposite to that of the region I. Moreover, the higher
spin field inside of the black hole is

dkOdp _
11 N _ (1) N (2) N i
HI(t, T, 2) = /ko>0 ny? [fsjk(t,:c,z)As(k) + fon (8% 2) AL () + hec. (3.48)

where fsflk) (t, @, z) and fs(Zk) (t,Z, z) are two linearly independent solutions in the region II.

To summarize we have studied the fluctuations of the bi-local (‘single trace’) operators
in O(N) vector model CFT at finite temperature in the Hamiltonian Thermo field dynamics
formalism. The invariant spectrum corresponding to the bulk modes was evaluated and
was seen to produce new modes (in comparison with the zero temperature AdS case). An
exact 1/N expansion for the composite higher spin operators was performed, and evaluated
in terms of the bi-local modes. This allows a complete reconstruction of the bulk for all
high spin fields.

The main features of the reconstructed bulk fields at finite temperature are the fol-
lowing: at zero temperature (and at leading Large ) the spin s fields were directly given
in terms of the spin-s composite operator of the CFT. At nonzero temperature which
we have presented, this is not the case, we have mixing. In order to obtain spin-s bulk
creation-annihilation modes with canonical properties we had a linear combination of all
spin CFT operators. In this already we see a difference from the construction of [12, 49]
where the basic premise was that the vacuum (AdS) correspondence persist with only the
doubling of decoupled CF'T operators.

Our construction is based on the ‘larger’ Hilbert space of three classes of Bogoliubov
transformed bi-locals. T.e. ag . a,;;, 5(3 . Eg and ag -52. These bi-locals follow from the fact
(discussed in the section 1) that only the diagonal O(N) subgroup of the full O(N) x O(N)
is gauged. The second central feature of our the construction is that CFT operators are
defined through normal ordering with respect to the mixed thermal vacuum state: |0(5)).
As a consequence, the spin-s current operators O} ~ af - o and O?2 ~ @t - @' of the Left
and Right CFT are represented in terms of the above ‘enlarged’ Hilbert space. Specifically,
the first two classes of the bi-locals are packaged into timelike modes of O}! and O?? while
the third one is packaged into spacelike modes of both O!! and ©O?2. Especially, the third
class of bi-locals are seen to have the features identical to ‘evanescent’ modes present in
black hole and other nontrivial backgrounds. These modes are crucial features of the bulk
Higher spin fields that we construct.

We have established that the spin-s current O!! on the right CFT commutes with the
spin-s’ current 0?2 on the left CFT as expected. Moreover, it has been shown that the
spacelike mode of the current, which encodes the evanescent mode, also commute with
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the timelike mode. However, since current operators with different spins do not commute,
we have constructed the bulk fields from A, and A, which diagonalize the commutation
relation (in spin space).

4 Conclusion

We have studied in this paper the bi-local theory of the Large N Thermo field CF'T the
O(N) vector model and worked out the corresponding bulk Higher Spin realization. The
bi-local composite operators in this case provide a simple set of ‘single-trace’ operators, and
their 1/N dynamics is faithfully given by the collective Hamiltonian. This was solved after
the linearization around the (thermal) background with the modes and states explicitly
constructed. They are seen to be related to the primary higher spin operators whose Large
N limit is evaluated and given in terms of collective modes. These represent the bulk
fluctuating modes of the dual Higher spin theory. Several key features associated with the
present construction are worth summarizing.

The bi-local field representation is seen to necessarily involve mixed operators in terms
of Left and Right O(N) theories. The larger class of operators is associated with the fact
that we have found it appropriate to impose diagonal gauging of the O(IN) x O(N) symmetry
group. Furthermore, when defining primary currents and operators of the CFTs, a specifi-
cation of the vacuum (and the process of normal ordering) is required. The vacuum chosen
in the present construction is the nontrivial thermal state of (1.4). The corresponding Bo-
goliubov transformation specifies physical creation-annihilation operators which again lead
to mixed bi-locals. We have then shown the emergence of extra ‘evanescent’” modes which
were seen to be directly associated with the modes such as the mixed bi-locals between the
Left and the Right CFT.

The extra modes are seen to play a significant role regarding the bulk Higher spin
fields that we reconstruct. One could add that we can formally interpret the occurrence
of spacelike modes of O!' and O?? as an analytic continuation? of timelike modes char-
acteristic of zero-temperature AdS/CFT. At finite temperature, the analytic continuation
enlarges the momentum space of operators to include the evanescent modes. In this paper,
we gave explicit Hilbert space representation for such modes.

We have explicitly established the canonical commutation relations of the bulk modes
that we have constructed. Finally the reconstructed bulk-fields involve mixing of all spins,
and as such are more complex than the constructions given in earlier works. This con-
struction, which we have demonstrated in the Large N limit, suggests that the ideas of
reconstructing the bulk as suggested in various proposals involving ‘subregion duality’ likely
do not hold. Among various possibilities, our construction might be most closely relate
to the ‘wormhole’ possibility of [9]. Some other implications on the reconstruction of bulk
from bi-locals (precursors) were recently given in [52]. It is seen in the collective construc-
tion that decoupled CFT’s do not necessarily lead to decoupled collective fields. This issue
is seen to be closely related to the issue of gauging the O(N) symmetry as to produce an
enlarged singlet Hilbert space.

2We thank Soo-Jong Rey for this interpretation.
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A Algebra of bi-local operators

A.1 Bi-local operators

In TED of the O(N) vector model, one can construct O(NN) invariant composite operators

o N iy~
al (1) - aly(pa) ~ . 1 ag(p1) - ag(p2)
A (plapQ 6 ) Ae(p17p2): —— (A 1)
V2 ; vaianiz] V2NZ P11 P2|

N 7,1'
1 o (1) - ae(m) = oL 1
a I e BG(PlaPZ) =c
2; V|1 |P2] 24

B@(ﬁlaﬁZ)

N z i = N i/ = ~it /o
Loy ay(P1) - ap(p2) L L ap(pr) -y (p2)
C’e(pl,m = 2 , De(plam) =35 B e (A-3)
V2 Z; NOA 2 ; |P1|Pa|

and their hermitian conjugates, Ae(ﬁl,ﬁg), gg(ﬁl,ﬁg), C’; (1, p2) and D;(ﬁl,ﬁg). Moreover,
total Hamiltonian and momentum are defined by

Hypp=H—H, Prpp=P—P (A.4)
where
H=Y wBo(5,7), P=Y 7Bo(p.7) (A.5)
7 7
H=" wBy(p,p), P=>Y pBo(ip) (A.6)
P 7

To study algebra of these bi-local composite operators, it is convenient to define a matrix

of bi-local composite operators.

ch e = (AED CoE DY s (7. @) C)(7,)
Ag((P)9),(q,7)) = (Ce(que(p@) Ay((P19),(q,5)) = ( a5 A g(p@> (A7)

L By(p,q) Dy(p,q)
Bo((7,1), (7. 7)) = (De(q ) Be(p,(f)) (A.8)

Then, the commutation relation of Ay and A}; is given by
Ao((1,), (J,3)), 5K, F), (L)
= %(51,L5i,l5J,K5j,k + 07,50 10.7.1.0;1)
+ v O k8iaBo(( ), (L, 1) + 61,848 (1, ), (K, )

b (B0 Bo((, ), (L) + 000, B((10), (K. K) (A9)
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In Large N limit, Ay and AZ are annihilation and creation operators, respectively. One

can evaluate other commutation relations.

Bo((1,1), (1,)), AY((K k), (L, D))]

= §<6J,K6j,m1.é<<f, D), (L,1) + 05,00, A0((K, k), (1, 1)) (A.10)
[Bo((1,1), (.5)), Aa((K, k), (L,1))]

= —3@1,;«%, FA((J, ), (L,1) + 81,00 A5 (K, k), (J, 5))) (A.11)
[Bo((1, ><Jy>> o((K, k), (L, 1))]

=5 (5J,K5j,kB9((Iai)a (L,1)) — 01,005 Bo (K, k), (J,7))) (A.12)

Note that there are bi-local composite operators which commute with the total TFD Hamil-
tonian and the total TFD momentum:

[Hren, Co(1, )] =0, [Hren, CJ(ID)| =0 for |51] = |5)] (A.13)

[Prep, Co(1,1)] =0, [PTFD, cl, I)}

0 (no summation) (A.14)

We construct coherent states associated with Cy(I,I)’s.

[{=0}) = Ikm[m&pm—z@@@@ym (A.15)

Especially, the thermal vacuum is a specific coherent state with z(p) = 6(p).

Going back to the bi-local composite operators, we want to study the Large N ex-
pansion of the bi-local operators and express them in terms of canonical conjugate pair
of operators. At zero temperature, the Large N expansion of the bi-local operators was
already found for the case of the O(NN) vector model [50] and the U(NV) vector model [29]
using Holstein-Primakoff transformation. One can repeat the exactly same procedure for
the finite temperature O(N) vector model because the only difference is that the bi-local
momentum space of TFD is doubled. First, we consider the O(N) invariant Fock space
consisting of

AY((Iin)s (T, 50) -+ A ((Tns in)s (s i) [0(6)) (A.16)

In this singlet sector, a Casimir constraint is given by
AY((L,), (1,5)) * Ao ((].), (I k) = Bo((1.4), (K. k)

- % (Be((fv’i), (,9)) x Bo((J, ), (K, k)) — %(5(0) + DBy ((1,4), (K, k))) =0 (A17)

To solve the constraint (A.17), we introduce of((I,4), (J,4)) given by

of t
o1 (1,0),(/,)) = (,Y i j)) = AJ((1,0), () (A18)
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and its conjugate a((I,1), (J, 7)) satisfying

[a(([, i), (J,9), o (K, k), (L,1)| = %(51,[(&5‘7]{;5‘]’[]5‘7”[ +61,06:,105,Kk05 k) (A.19)
Then, we present ansatz for By((7,7), (K, k)).
Bo((1,4), (K, k)) = o' ((1,7), (J.4)a((J, 1), (K, k)) (A.20)

One can easily confirm that these ansatz satisfy (A.10) and (A.12). Finally, one can solve
the Casimir constraints for Ag((Z,7), (J,7)).

Ag((1,1), (J, 7)) = e((1,2), (J, 7)) + %aT((K, k), (L, D)e((L, 1), (1, 3))e( (], 5), (K )
(A.21)
For our purpose, this realization in terms of a’s is enough to see (3.19) and (3.21). Also, we
found other solutions for (A.17) to get other realizations [29, 50] (And, one of them agrees
with [30]). Those realizations give the same result because they satisfy (3.19) and (3.21) in
Large N expansion. Note that the bi-local composite operators A and B can be expressed

in terms of the canonical pair of the bi-local field W and II, which can be expanded in
1/N [50].

B Constraints

In section 3, we found the first class constraints. We analyze these constraints using mode
expansion of the bi-local fluctuation. For |pi| = |p2|, the mode expansion of the primary
constraint is given by

L L 1 L
't 51, P2) — Pt B ) = e [(O‘(pla —p2) — @l (i, —pz))e (PIHIR D!
2[py||p2]
+(af (=p1, ) — a(—py, pa))e’ P HIPD? (B.1)

The commutation relation of Hrpp and the primary constraint gives the secondary con-
straints. Then, we have two simple constraints

a(pr,pe) — &' (Pr,p2) =0, o (F1,p2) — &P, o) =0 for |pi| =|pa]  (B.2)

where they form the first class constraints. Thus, we impose two gauge conditions on their
canonical conjugates.

75 (o) —aGm) =0, - (alGm) +aGim) =0 (B3)
= (o) a1 ) =0, = (i) +al ) =0 (B

Therefore, a solution for these constraints is

a(pr, o) = ol (1, o) = a(Pr, o) = &l (P1,2) =0 for |pi] =|p2|  (B.5)
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C Green’s function

Using the mode expansion of the bi-local fluctuation, we will calculate Green’s functions
and confirm that they are solutions of the equation of motions (3.4). For simplicity, we
assume t > 0 and denote the following Green’s function by A; (i =1,2,3,4).

Al = <7711(t,fl, _»2)7711(07 _‘17 _»2)> (Cl)

Ay = (" (t, %1, Z2)n" (0,171, G2)) (C.2)

Ay = (! (t 31, Zo)n' (0,51, 52)) (C.3)

A4 = <7722<t7f17 _'2>7711(07 _’17 _'2>> (C4)
Then, we obtain, for example,

<7711 (t’ fl? 52)7711(07 gla 372)>
_ / _ AP iy @) it (@)
AA= 1=
(2m)44[p1||p2|
% (cosh2 01e~UP1It 4 ginh? gleilﬁlt) (cosh2 Oge P21t 4 ginh? 92€i|ﬁ2|t>
+(h «— %) (C.5)

One can confirm that they satisfy the equation of motions (3.4). Because the equation
of motion is matrix equation, one have four differential equations related to A;’s. One of
them is given by

0103

(02 -3 -

+ 21/ 5282 cosh(261) cosh(262) Ay — 21/ 9203 cosh(20;) sinh(202) Ao

—24/ 5308 sinh(201) cosh(202) Ag + 21/ 9205 sinh(261) sinh(2602) A

= 5 cosh(01 + 62) cosh(8) — B2)3(1)0) (@ — )3 (B2 — o) + (i — ) (C.6)

We also calculate the two-point function of O’s in the momentum space.

<o;1(k; )0 M (g, e*)> - WK;’S,;(S(?’)(M — " (C.7)
* 1 s,s’
(O (g )0t (i €)) = o K0 (B = ) (C.8)

and similar for others.
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D Commutators

It is useful to consider changes of variables from the bi-local momentum space (pi,pa2)
to the three dimensional timelike or spacelike momentum space p* and coordinate of the
internal space 0 or ¢, respectively. These two changes of variables are induced from (3.37)
and (3.38). First of all, a transformation to the timelike momentum and the internal
coordinate space is given by

P’ =P + |72 (D.1)
D= p1+ D2 D.2)
6 = O(p1, p2) (D.3)

where the Jacobian of this transformation is given by

V20p1|P2| — 201 - pa
jﬁl?ﬁ? = E— D4
( ) P11 P2| (D-4)

Hence, an integration over the bi-local momentum space can be transformed as follows.
(g
o2l Sposia /(0)? — 2

Note that this change of variables is closely related to (3.26)~(3.28) for the case of

AdS/CFT. In addition, a transformation to space like momentum and internal coordi-

(D.5)

nate space is given by

P’ =155 — <] (D.6)
P=p>—DP< (D.7)
Y = q)(ﬁ>aﬁ<) (D'S)

where the Jacobian of this transformation is also J(p,p2). Therefore, an integration over
the bi-local momentum space can also be changed into an integration over the spacelike
momentum and the internal coordinate space.

Janimamm = [ v [ap (0.9)
<Ip

p

First of all, the commutation relations of O!! with the timelike momentum are

S/

[O;l(k‘; e), O (g; e)} = K%’;slé(?’)(k“ —q") for (k,q: timelike) (D.10)

{O;l(k; €), (’);,H(q; 6*)} = KZ”‘Z6(3)(I<:“ —q") for (k,q: timelike) (D.11)

where a function Kg‘z is defined to be

/ sts’ 1 /
Kzsk — ((pO)Q —p2) 573 IZ’S (k) (D.12)
3 / . . /
ss iy 23 (Isl+s"N=6 g0 do eils—s)0
IB (k) = W Slnh 7 - (ﬁ 0 - - 5 0 - (D13)
sinh( 7 (k% — |k| cos 9)) s1nh<z(k + | k| cos 9))
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Note that, at zero temperature, the function K;‘Z becomes

1
. 5,8 02 2\ 2
Jim K3 ((k 2k ) Oy (D.14)
Hence, O!'(p;e) commutes with (’);IT(p; €) at zero temperature, and is conjugate to
(’);IT(p; €*) as expected. In the similar way, one can calculate the commutation relations of

OM’s with spacelike momentum given by
{O;l(k; €r), O;,H(q; e+)} = @;’;5/5(3)(16'“ —q") for (k,q : spacelike) (D.15)

[O;l(k; €4), C’);}T(q; e_)} = QZ:SI;(S(S)(I@“ —q") for (k,q : spacelike) (D.16)

where a function Q;i are defined to be

/ st+s’ 1 s.s!
Qs = (") =% = 25 (k) (D.17)
770 23 (slHls—6 hﬁko/ dp els=5)¢
’ = —sinh—
g (2m)4s[!]s'|! 2 J sinh (g(—ko + | k| cosh go)) sinh (%(k‘o + | k| cosh go))
(D.18)

Contrast to K;"Z, the function Q;“Z vanish at zero temperature, which is consistent with

the fact that O'! with the spacelike momentum becomes zero at zero temperature.
It is easy to see that spin-s operators with the timelike momentum commutes with
spin-s operator with the spacelike momentum. In addition, O''’s commute with 0%?’s. L.e.

O;l(ktimelike)7O;/l(qspacelike)] =[O0 0%] =0 (D.19)
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