PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: November 3, 2015
ACCEPTED: January 21, 2016
PUBLISHED: February 8, 2016

Heterotic string on the CHL orbifold of K3

Shouvik Datta,*’ Justin R. David® and Dieter Liist®?
@ Institut fir Theoretische Physik, ETH Zurich,
Wolfgang Pauli Strasse, CH-8093 Ziirich, Switzerland

bCentre for High Energy Physics, Indian Institute of Science,
C.V. Raman Avenue, Bangalore 560012, India

¢ Arnold Sommerfeld Center for Theoretical Physics,
Theresienstrasse 37, 80333 Miinchen, Germany

4 Maz-Planck-Institut fiir Physik,
Féhringer Ring 6, 80805 Miinchen, Germany
E-mail: shouvik@itp.phys.ethz.ch, justin@cts.iisc.ernet.in,
dieter.luest@lmu.de

ABSTRACT: We study N/ = 2 compactifications of heterotic string theory on the CHL
orbifold (K3 x T?)/Zy with N = 2,3,5,7. Zy acts as an automorphism on K3 together
with a shift of 1/N along one of the circles of T2. These compactifications generalize the
example of the heterotic string on K3 x T? studied in the context of dualities in N = 2
string theories. We evaluate the new supersymmetric index for these theories and show
that their expansion can be written in terms of the McKay-Thompson series associated
with the Zy automorphism embedded in the Mathieu group Mos. We then evaluate the
difference in one-loop threshold corrections to the non-Abelian gauge couplings with Wilson
lines and show that their moduli dependence is captured by Siegel modular forms related
to dyon partition functions of ' = 4 string theories.

KEYWORDS: Superstrings and Heterotic Strings, Conformal Field Models in String Theory,
Superstring Vacua

ARX1v EPRINT: 1510.05425

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP02(2016)056


mailto:shouvik@itp.phys.ethz.ch
mailto:justin@cts.iisc.ernet.in
mailto:dieter.luest@lmu.de
http://arxiv.org/abs/1510.05425
http://dx.doi.org/10.1007/JHEP02(2016)056

Contents

1 Introduction 1
2 Spectrum of heterotic on CHL orbifolds of K3 4
3 New supersymmetric index for CHL orbifolds of K3 10
3.1 The Zy orbifold 10
3.2 The Zy orbifold 17
4 Mathieu moonshine 18
5 Gauge threshold corrections 21
5.1 Thresholds in K3 x T? 21
5.2 Thresholds in the Zy orbifold 26
5.3 Thresholds in the Zy orbifold 28
6 Conclusions 30
A Theta functions and Eisenstein series 31
B Lattice sums 34
C Detalils for the Zo orbifold 36

1 Introduction

N = 2 compactifications of heterotic string theory have proved to be good testing ground to
explore duality symmetries of string theory. One of the main motivations to explore these
compactifications is that these vacua have dual realization in terms of type II compacti-
fications on Calabi-Yau. Identifying dual pairs on the heterotic and type II side enables
highly non-trivial tests of dualities with ' = 2 symmetry [1]. The simplest example of
such theories is the heterotic string theory compactified on K3 x T2. This theory was first
constructed in d = 6 in [2, 3]. An important observable for the test of duality in this theory
is the dependence of the one-loop corrections of gauge and gravitational coupling constants
on the vector multiplet moduli of the theory. The moduli dependence of these threshold
corrections are encoded in automorphic forms of the heterotic duality group [4-9].

Our goal in this paper is to first consider more general compactifications of the heterotic
string on (K3 x T?)/Zy, with N = 2,3,5,7. Zyx acts by a 1/N shift on one of the circles of
T? together with an action on the internal CFT describing the heterotic string theory on
K 3. This freely acting orbifold of K3 x T? was first studied on the type II side first as duals



of CHL compactifications [10, 11] of the heterotic string [12-14]. We will call this orbifold,
the CHL orbifold of K3. These compactifications of the heterotic string on the CHL orbifold
of K3 preserve N’ = 2 supersymmetry and the number of vector multiplets, but reduce the
the number of charged and un-charged hypermultiplets in the theory. They also affect the
vector multiplet moduli dependence of the one-loop corrections. The two main aspects of
these compactifications we study in this paper are the new supersymmetric index and the
gauge threshold corrections. We summarize the results obtained in the next few paragraphs.

The basic quantity from which one-loop thresholds of heterotic string on K3 x T2 are
obtained is the new supersymmetric index [7, 9, 15-18] which is defined as

1 ; _e fo_E
Znew(Qa Q) = WTI“R (FequLO 24 qLO 24) . (11)

The trace in the above expression is taken over the Ramond sector in the internal CFT
with central charges (c,¢) = (22,9). Here F' is the world sheet fermion number of the right
moving N = 2 supersymmetric internal CFT. For the standard embedding of the spin
connection into a SU(2) of one of the Eg’s of the heterotic string, it was shown [7, 9] that
this index decomposes as
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Here Ej, Eg refer to Eisenstein series of weight 4,6 respectively, Zx3(q, z) is the elliptic
genus of the N/ = 4 conformal field theory of K3 and
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is the partition function for the second Ejg lattice along with the lattice from T2. In [19],
it was shown that due to the factorization of the new supersymmetric index as given in
second equation of (1.3), the BPS states of the heterotic compactifications on K3 x T? have
a decomposition in terms of representation of the Mathieu group May. We will evaluate the
new supersymmetric index for heterotic compactifications of the CHL orbifolds of K3 and
show that new supersymmetric index is given by the same form as in (1.3) but now with
Zrs(q, z) replaced by the twisted elliptic genus of the CHL orbifolds of K'3. We will evaluate
the new supersymmetric index explicitly for the N = 2 CHL orbifold (K3 x T?)/Zs and
then generalize this for the other values of N using results of [20]. We then generalize the
observation of [19] and show that the BPS states for heterotic compactifications of the CHL
orbifolds of K3 have a decomposition in terms of representations of the Mathieu group May.

Threshold corrections are important observables in string compactifications and there
has been a recent revival in studying properties of these observables mainly due to the work
of [21-24]. Let us examine the threshold corrections evaluated in K3 xT? compactifications



which we will generalize in this work to CHL orbifolds of K3. For concreteness consider
the standard embedding in which the spin connection connection of K3 is equated to the
gauge connection. Starting from the Eg x Fg theory compactifying on K3 x T2 at generic
points of the moduli space of T? results in E7 x Eg x U(1)*. Let the Fg which is broken to
E7 be referred to G’ and the second Fg be called as G. Let Ag/(T,U, V) and Ag(T,U, V)
be the corresponding one-loop corrections to gauge coupling corrections. T, U refer to the
Kihler and complex structure moduli of the torus 72 and V is the Wilson line modulus in
T?. Then it was shown [25] that the difference in the thresholds is given by

Ag/(T,U, V) — Ag(T,U,V) = —481og [(det ImQ) 0 |®1o(T, U, V) ?| , (1.5)

Uuv
Q:<VT>, (16)

and ®10(7,U,V) is the unique cusp form of weight 10 transforming under the duality
group Sp(2,Z) ~ SO(3,2,Z). In [25], it was also shown that this difference in thresholds
was independent of the way K3 was realized and is also holds for non-standard embeddings.

where

In this paper, we evaluate the difference for heterotic compactifications on CHL orbifolds
of K3 and show that the difference in the threshold corrections for the two gauge groups
G, G’ is given by

AG,T,U,V) — A(G',T,U,V) = —48log [(detImQ)k@k(T, vV, @

where QF is a weight k& modular form transforming under subgroups of Sp(2,Z) with k
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where N = 2.3,5,7 labels the various CHL orbifolds. This generalizes the observation
in [25]. Thus the gauge threshold corrections are automorphic forms under sub-groups of

(1.8)

the duality group of the parent un-orbifolded theory.

The cusp form ®( also makes its appearance in partition function of dyons in heterotic
on T, a theory which has A/ = 4 supersymmetry [26-29].! This theory is related to type II
on K3 xT? by string-string duality. In [20, 31, 32], it was shown that the partition function
of dyons for the CHL orbifolds of the heterotic preserving N’ = 4 supersymmetry are cap-
tured by Siegel modular forms of weight & transforming under subgroups of Sp(2, Z) with k
given by (1.8) for the various CHL orbifolds of the heterotic theory. These theories are re-
lated to type IT on the CHL orbifold of K3 which has A = 4 supersymmetry. We show that
the modular forms ®; obtained for the difference of the thresholds in (1.7) are related by a
Sp(2,Z) transformation to the dyon partition function in CHL orbifolds. The relationship
between the difference in the thresholds of the non-abelian gauge groups of the N' = 2 het-
erotic compactification to the dyon partition functions in the N = 4 heterotic is certainly
interesting and worth exploring further. We will comment on this relation in section 6.

Tt was recently shown that certain BPS saturated amplitude in type II on K3 x 7?2 also depends on
Dy [30].



This paper is organized as follows. In section 2, we discuss the spectrum of heterotic
compactifications on the CHL orbifold (K3 x T?)/Zx and show that the orbifold preserves
the number of vectors but reduces the number of hypers. In section 3, we evaluate the new
supersymmetric index for compactifications on the CHL orbifold of K3. We will discuss
the case of N = 2 in detail for which we realize K3 as a Zy orbifold. We then generalize the
results for the other values of N. In section 4, we show that the the new supersymmetric
index for these orbifolds contains representations of the Mathieu group May. In section 5,
we evaluate the difference in the gauge corrections between the groups G and G’ and
show that it is captured by a modular form ®; transforming under subgroups of Sp(2,7Z).
Section 6 contains our conclusions and discussions. Appendix A contains various identities
involving modular forms used to obtain our results. Appendix B contains details regarding
lattice sums and finally appendix C has the details of the calculations for the Zo CHL
orbifold of K3.

2 Spectrum of heterotic on CHL orbifolds of K3

In this section we derive the spectrum on (K3 x T?)/Zy compactifications. Before we go
ahead, let us recall how these manifolds are constructed. The non-zero hodge numbers of
K3 are given by

ho,0) = h22) = ho2) = heo =1, ha,1y = 20. (2.1)
The Hodge numbers of 72 are given by
60 = hl(l,O) = h?o,l) = hl(l,l) =1 (2.2)

To ensure N' = 2 supersymmetry we need to preserve SU(2) holonomy. This implies that
the Zy acts freely [12]. The orbifold action must also preserve the holomorphic 2-forms on
K3 and the holomorphic 1-form on 72. It is known that the Zy symmetry action on K3 al-
ways involves fixed points on K3 [33], therefore it should freely act on T2. This action is just
a shift by a unit 1/N on one of the circles of T2. Since the orbifold action involves both K3
and T? the compactifications on the CHL orbifold of K3 can not be thought of as obtained
from a N = 1 vacuum in d = 6. Thus (0,0) and (2, 2) form are just the scalar form and the
volume form on K3 which are preserved under the action of Zy. Also the 1/N shift on the
circle does not project out any of the forms on T2. Thus the orbifold acts only on the (1, 1)-
forms of K3. The number of such forms on K3 which are invariant are given by 2k with [20]
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Among the (1,1) forms which are not projected out is the Kéhler form g;;. The Kéhler
form, the (0,2) and (2,0) forms are self dual while the 2k — 1 forms are anti-self dual. Thus
the Euler number of the orbifold along the K3 directions reduces to 2k+4. This information
of the CHL orbifold (K3 x T?)/Zy is sufficient to obtain the spectrum of massless modes in
d = 4. We generalize the method developed in [3] for K3 compactification of the heterotic

hii.) = 2k, 2, for N=2,35,7. (2.3)

string. We will first discuss the states arising from compactifying the d = 10 graviton
multiplet and then we will examine the spectrum from the d = 10 Yang-Mills multiplet.



Universal sector

We call the spectrum from the d = 10 graviton multiplet the universal sector. This multi-
plet consists of the following fields

R(10) = {Gun, U\, By, B9, o}, (2.4)

Here Gy is the graviton, U(-1) is a negative-chirality Majorana-Weyl gravitino, Basn
the anti-symmetric tensor and W) is a positive-chirality Majorana-Weyl spinor. On di-
mensional reduction these fields should organize themselves to a N' = 2 graviton multiplet,
vector multiplets and hypermultiplets in d = 4. The field content of these multiplets are

given by
R(4) = {guV7¢Z>au}> 1=1,2, (2'5)
V(4) = {A,, 4", ¢},
H(4):{Xi,<pa}, a=1,---4.

The N = 2 graviton multiplet in d = 4 consists of a graviton g,,,, two Majorana gravitinos

L, ¢ = 1,2, and the graviphoton a,. The vector multiplet consists of the gauge field
A, two Majorana spinors " and two real scalars ¢°. The hypermultiplet consists of two
Majorana spinors x* and 4 real scalars ¢® with a = 1---4. We will label the 4 non-compact
direction by u,v € {0,1,2,3}. The directions of the T2 by r, s € {4,5} and the directions
of the K3 by m,n € {6,7,8,9}.

Let us first examine the bosonic fields under dimensional reduction. The d = 10
graviton reduces as G, = gu () ® 1 ® 1 where 1 refers to the constant scalar form on
(K3 x T?)/Zy. There are 2 vectors from G, = A,(z) ® f, @ 1 where f, refers to the 2
holomorphic 1-forms on 7?2 which are unprojected by the orbifold. Similarly there are 2
vectors By, = Au(x) ® fr ® 1. These 4 vectors arrange themselves into the single graviton
multiplet and 3 vector multiplets. Let us now count the total number of scalars, this will
determine the number of hypers. There are totally 4 scalars from the following components
of the metric in 10 dimensions Gu4, G55, G45, B4s. Now consider the scalars arising from
the metric and the anti-symmetric tensor with indices along the K3 directions. The anti-
symmetric tensor reduces as By, = ¢(x) ® 1 ® fy,, where fp,;,, are the harmonic 2-forms on
the CHL orbifold of K'3. This results in 2k + 2 scalars. To obtain massless scalars from the
metric we require solutions of the Lichnerowicz equation on the CHL orbifold of K3. These
are constructed as follows, let us use a, b € {1, 2} to refer to the two complex directions along
the CHL orbifold of K3. Then the zero modes from the metric are constructed as follows [3]

h‘aE - f(;jﬂ (26)
hap = (Eacfl;g + ebcfég)gdcy
hap = hap-

Here fl;E refer to the 2k harmonic (1, 1)-forms on the CHL orbifold of K3. Note that hgy,
and hgj vanish when fL’1 ; 1s the Kahler form. Therefore there are 3 x 2k — 2 solutions of



the Lichnerowicz equation on the CHL orbifold of K3. This leads to 6k — 2 scalars from
the dimensional reduction of the metric with indices along the CHL orbifold of K3. The
10 dimensional dilaton reduces as ¢ = p(z) ® 1 ® 1 to give rise to a single scalar. Finally
the anti-symmetric tensor reduces as By, = by, (x) x 1 x 1, but a anti-symmetric tensor
in d = 4 is equivalent to a scalar by hodge-duality. Adding all the scalars we get 8k + 6
scalars. Among these 6 scalars are needed to complete the 3 vector muliplets. The rest
of the scalars arrange themselves in to 2k hyper multiplets. To summarize we have the
following dimensional reduction of the graviton multiplet in d = 10.

R(10) — R(4) + 3V(4) + 2kH(4) . (2.7)

To complete the analysis let us verify that the fermions also arrange themselves into
these multiplets. Before we go ahead we need to recall some facts about index theory. There
is a one to one correspondence of solution of the massless Dirac equation on a 4 dimensional
complex manifold and the number of harmonic (0, p) forms [34, 35]. The (0,0) form and
a (0,2) form on the CHL orbifold of K3 results in two real Dirac zero modes which have
negative internal chirality [3]. Let us call these spinors {2 and w. Consider the gravitino in
d = 10 it reduces to a Rarita-Schwinger field in d = 4 as the following 4 real gravitinos

) = +)1(a:) §(+ ® Q) (2.8)
\1,57) — )1(95) ® Q)
\Ifl(;) 2(3:) P ew),
\Ill(j) = 1/1& 2 (1) ®§ ) @ w™)

where £ are the constant spinors on T2. The superscripts refer to the chirality. These 4
real spinors organize themselves as 2 Majorana Rarita-Schwinger fields 1/),3 in d = 4. These
form the superpartners in the graviton multiplet R(4). Now consider again the gravitino
in 10 dimensions and reduce it with the vector index along the T2 directions, these result
in spinors in d = 4. Using the similar reduction as in (2.8) we can conclude that there are
2% 2 = 4 Majorana spinors in d = 4. Finally reduce the d = 10 spinor ¥(*) again on similar
lines as in (2.8) and we obtain 2 Majorana spinors in d = 4. Thus totally we have 6 Ma-
jorana spinors which form the superpartners of the 3 vectors multiplets. Now let us move
to the situation when the gravitino has indices along the CHL orbifold of K3. Now given
a harmonic (1,1) form we can construct the following solutions to the Rarita-Schwinger
equations on the CHL orbifold of K3 [3].

Ca= 000, G = fpw). (2.9)

Here I'’s are the internal y-matrices and f’ refer to the 2k (1,1) forms. Again by reducing
the d = 10 gravitinos with a similar construction as in (2.8) but with the vector indices
of the gravitino along the CHL orbifold of K3 we obtain 2 x 2k = 4k Majorana spinors
in d = 4 which form the fermionic content in the 2k hyper multiplets. This completes
the analysis of the dimensional reduction of the graviton multiplet in 10 dimensions which
results in the fields given in (2.7). Thus we see that it is only the number of hypers in the
universal sector which is sensitive to the orbifolding.



Gauge sector

Now let us examine the spectrum that arise from dimensional reduction of the Yang-Mills
multiplet in d = 10. The field content of this multiplet is given by

Y (10) = {Ap, A} (2.10)

The negative chirality Majorana fermions as well as the gauge bosons are in the adjoint
representation of Fg ® Fg transforming as (248,1) @ (1,248). This multiplet must decom-
pose to N = 2 vectors and hypers in d = 4. To obtain the number of vectors and hypers
we will use index theory to find the number of zero modes of fermions in the CHL orbifold
of K3. To preserve supersymmetry in d = 4 the spin connection must be set to equal to
the gauge connection. Let us consider the standard embedding in which the we take an
SU(2) out of the first Eg and set it equal to the spin connection on the CHL orbifold of
K3. As mentioned earlier the SU(2) holonomy of the spin connection is preserved by the
orbifolding procedure. This procedure breaks the Eg to a subgroup, let us consider the
maximal subgroup E; ® SU(2), in which the SU(2) of the gauge connection is set equal to
the SU(2) spin connection. Under the maximal subgroup E7 ® SU(2) ® Eg, the Yang-Mills
multiplet decomposes as follows.

(248,1) @ (1,248) = (133,1,1) ® (1,3,1) @ (56,2,1) © (1,1, 248). (2.11)

On the left hand side of the above equation we have kept track of the quantum numbers
of F7,SU(2) and the second Eg. Dimensional reduction of the d = 10 gauge bosons in
the (133,1,1) & (1,1,248) representation to d = 4 gives rise to gauge bosons in the
(133,1) @ (1,248) representation of F7 ® Eg. The corresponding scalars in these vector
multiplets also arise in the dimensional reduction from the d = 10 gauge bosons with vector
indices along the T2 directions. Now the fermionic super partners of these fields in the
vector multiplets arise as follows. Consider the fermions of Yang-Mills multiplet in d = 10
in the representation (133,1,1) & (1,1,248) , they are uncharged respect to the SU(2)
and therefore behave conventionally. That is for these fermions, we can use the two spin
1/2 zero modes on the CHL orbifold of K3 of negative chirality denoted by Q,w earlier to
to construct two Majorana fermions in d = 4 in the same representations. These are the
fermionic partners in the vector multiplets. Let us state the existence of the two spin 1/2
zeros modes as an index theorem. Essentially we have

O N e 1 _

Note that, we have normalized the integral by the Euler number of the CHL orbifold and
the integral is performed over the orbifold. ngj/zl ) counts the number of massless spin 1/2
zero modes of the appropriate chirality.

Let us examine the fermions which are charged under the SU(2) in the decomposi-
tion (2.11). Since the corresponding gauge connection is identified to be the spin con-
nection, these fermions must arrange themselves into N/ = 2 hypers. First consider the

fermions which transform non-trivially under the SU(2). To obtain the number of fermions



in d = 4 we need to use the index theorem of the Dirac operator on the of the CHL orbifold
of K3. Since these fermions are charged under the SU(2) we need the expression for the
twisted index, which is given by [36]

T =y () = ni)) (), (2.13)

_ 8;/ <<2kT+4)MRAR) —Trr(FAF)> :

We label the representation of the fermions by its dimension, this is denoted by r and
the dimension of this representation is denoted by r. Note that just as in (2.12), we have
normalized the integral of the curvature term by the Euler number of the CHL orbifold
of K3. For k = 10, the expression reduces to that for K3. Setting the gauge connection
equal to the spin connection we obtain

Trg(F A F) = %Tr(R AR). (2.14)

The 1/2 is because the trace in the Tr(R A R) is taken in the 4 of SU(4) which are two
doublets of SU(2). Now one can relate the trace in representation r to the trace in the
doublet by

1
Tr.(FAF) = 67‘(7"2 —DTro(FAF). (2.15)
Substituting this relation in (2.13) and using the last equality in (2.12) we obtain
1 1 1
n§/2)(r) — ngJ/rQ)(r) =2r— g(k: +2)r(r? —1). (2.16)

Note that for the singlet » = 1, the expression shows that there exist two negative chirality
modes which was known by explicit construction as the spinors QD wED | Now each pair
of spin 1/2 zero modes given by the index (2.16) gives rise to a pair of Majorana fermions
in d = 4 which form the fermions in a single hypermultiplet. Thus the number of hypers
in the representation r of SU(2) in d = 4 from the gauge sector is given by

NI = é(k: R — 1) — 7. (2.17)

Note that this is always an integer. Let us apply this formula to the fermions which
transform non-trivially under SU(2). Consider the doublets transforming as (56,2,1).
Using (2.17) we can conclude that there are k charged hypers in the (56, 1) representation
of E7 x Eg. Similarly consider the triplets (1,3,1) which lead to 4(k + 2) — 3 hypers
uncharged under the gauge group. From the above discussion we see that the Yang-Mills
multiplet in d = 10 results in the following multiplets in d = 4

Y (10) — V(4)[(133,1) + (1, 248)] (2.18)
FH(4)[k(56,1) + (4(k + 2) — 3)(1,1)].

Here we have also indicated the representations of F7 ® Eg. As a simple check note that for
K3 we have k£ = 10 which results in the well known 10 charged hypers and 65 uncharged



hypers [1]. The complete spectrum in d = 4 is given by

R(10) + Y (10) — R(4) + V(4)[3(1,1) + (133,1) + (1,128)] (2.19)
+H(4)[k(56,1) + (6k + 5)(1,1)] .

Thus, compactifications on the CHL orbifold of K3 change the number of the hypers.
It is important to note that these orbifolds involve the shift on S' together with the
automorphism in K3 which reduces the number of (1,1) forms. Therefore, they cannot
be thought of as a four manifold which implies this compactification cannot be lifted to 6
dimensions. Thus, the difference in the number of hypers and vectors is not constrained
by anomaly cancellation in d = 6.

Let us now discuss the generic spectrum of these models. The generic spectrum is
labeled by the number of uncharged hypers M and number of commuting U(1) denoted by
N. For the embedding of SU(2) we have considered the model is given by

(M, N) = (6k +5,19). (2.20)

We have listed this for the various (M, N) values of k corresponding to the CHL orbifold.

0, 65, 19), (2.21)
: 41,19),

1 (65,19)
6 (41,19)
4, (29,19),
2 (17,19)
1 (11,19)

17,19),
11,19).

> o o = o
I

For all of these models the unbroken gauge group is F7r ® Eg. In the dual type II theory
these models arise from Calabi-Yau compactifications with Hodge numbers (A 1), h2,1)) =
(N —1,M —1) = (18,6k + 4). CHL orbifolding of K3 just reduces the number of hypers.

Let us now consider compactifications in which a SU(n) with n = 3,4,5 of one of
the Fg is embedded in the spin connection. Doing so, breaks the Eg to Eg, SO(10) and
SU(5) respectively. The number of uncharged hypers from the gravition multiplet remains
invariant and is given by 2k. A similar analysis shows that the number of uncharged hypers
from the Yang-Mills multiplet is given by the index

Ny (singlets) = (2k +4)n — (n® — 1). (2.22)

Note that this expression reduces to 4(k+2)—3 for n = 2 as seen earlier in detail. Therefore
adding the 2k uncharged hypers from the universal sector, the total number of uncharged
hypers for these compactifications is given by 2k(n + 1) — (n? — 4n — 1). Thus the (M, N)
values for these models are

(M,N) = (2k[n +1] — [n* — 4n — 1],21 — n). (2.23)

Again we see that it is only the number of hypers that are affected by k. These models
are the generalization of the ones considered in [1] for & = 10. Though the number of



vectors are not affected by these compactifications, it will be clear from our analysis of the
threshold corrections that the duality group under which these models are invariant are
subgroups of the parent theory. For the rest of the paper we will restrict our study to the
case of the standard embedding when one of the Ejg is broken to E7. However we expect
our results for the new supersymmetric index as well as the threshold corrections for the
CHL orbifolds will generalise with slight modifications to other gauge groups.

3 New supersymmetric index for CHL orbifolds of K3

In this section we evaluate the new supersymmetric index for the CHL orbifold of K3.
This index forms the basic ingredient for both gauge and gravitational threshold correc-
tions for the heterotic compactifications we considered in the previous section. The new
supersymmetric index is defined as?

Znew(q,q) = %Tm (Fe”FqLO*iqui) . (3.1)
Here, the trace is taken over the internal CFT with central charge (¢, ¢) = (22,9). Note that
the left movers are bosonic while the right movers are supersymmetric. The right moving
internal CFT has a A/ = 2 superconformal symmetry. It admits a U(1) current which can
serve as the world sheet fermion number, we denote this as F'. The subscript R refers to
the fact that we take the trace in the Ramond sector for the right movers. For the K3 x T2
compactifications, this index was evaluated in [7] using the Zg orbifold realization of K3.
We will first generalise this computation for the CHL orbifold (K3 x T?)/Zs. Then using
observations from the explicit calculations done for the Zs orbifold, we will generalise and
obtain the expression of the new supersymmetric index for the CHL orbifolds (K3xT?)/Zx
with N =3,5,7.

3.1 The Zs orbifold

The N = 2 CHL orbifold of K3 admits the following simple orbifold realization. First, K3
is realized as a Zy orbifold by the action ¢ on a torus 7%, and then, the CHL orbifold of
K3 is obtained by the action of ¢’ given below.

g WLy y YY) = (e 0t =y =yt =), (3.2)
g WLy ) = oy Tyt ).

Here, the directions 4, 5 label the T2 and the 6, 7, 8, 9 directions are the K3 directions. Note
that, the ¢’ action involves as shift of 7 along one of the circle of 72. This is embedded in
the heterotic string by performing a shift of 7 along 2 of the directions of the E{§ lattice?
i.e. there is a shift given by

X' = X'+ (7,7,0,0,0,0,0,0), (3.3)

2miT

2We will use ¢, 7 to refer to the modular parameter of the worldsheet, they are related by ¢ = e and

similarly § = e 2™".

3The lattice in which the spin connection is embedded will be denoted by Ej or G'.
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where X/ refer to the bosonic co-ordinates of the E{ lattice. If the action ¢’ is not imple-
mented the action of g together with the shift in (3.3) breaks E§ to Er. The presence of ¢’
ensures the CHL orbifolding. This shift in (3.3) is coupled to the g, ¢’ action as follows.

1
Zew(q,q) = T > ZawlBéa] X Zp)[CHL; q,q] | x Z[Es;q). (3.4)
a,b=0,1

Here, Z[FEjg;q] is the partition function of the second Ejg lattice which is given by

Ey

Z[Es;q] = 778- (3.5)

The Eisenstein series, F4, admits the following decomposition in terms of theta functions.

Ey = - (054063 +63) . (3.6)

DN | =

The partition function of the E{ which involves the following shifted lattice sum.

1 —92 - ab 2 by, 142
Z(a,b)[EéQQ] _ 2?7786 mityy Z o2 A ’Yq2A _ (3'7)
AETE+ Gy

The sum runs over all the lattice vectors A of Eg. The lattice shift v for the Zs case is
given by
~=(1,1,0,0,0,0,0,0), n=2. (3.8)

In appendix B we have evaluated the shifted lattice sum for various values of (a,b). This
result is given by

R 0502 + 0562

3(0,0) [Eé§Q] = s ) 3(0,1)[Eé;Q] = T, (3.9)
0562 + 0502 0502 — 6562
2(1,0) [Eé;Q] = %a Z(o,l)[Eé§Q] = %'

What is now left, is to define the partition function over (K3 x T?)/Zs referred as
Z[CHL; q,q] in (3.4). For this we first define the lattice momenta on the 7?2 which is
given by

1, 1 2

—pp = — U T TU 3.10
5Pk ZTQUQ‘ miU +ma + T + noTU|?, (3.10)
1, 1,

ipL = §pR—|—m1n1 + monsg .

The variables T, U refer to the complex structure and the Kihler moduli of the torus 772
Then the partition function can be written as

B 1 1,2 1.2
Z(a,b) [CHL; q,q] = 7772 Z QQPLQQPRle,mz,m,nQ (a,b;9), (3.11)

mi,m2,ny,n2
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where the 1/n? factor arises due to the left moving bosonic oscillators where
Fmimami s (@, b;q) is independent of T, U and is given by

Fmyma,ni e (@ 0 q) Z Finimanine (a,7,0,85.q), (3.12)

rsO

4 2 _
DN b 1s_in(FT" +FT T4 T2\ Ll -L!
Fm1,m2,m7n2(a7rv b,s;q) = Trimy mgna nasge,g' RR <g ge ( )(F + F")goqo ).

Here ) )

- 0_%, L) = 0_%3. (3.13)
The trace is taken over the subspace of Hilbert space carrying momentum (mq,mso) and
winding (n1,ng). The subscripts g, ¢’ in the trace indicates that the trace should be taken in
the twisted section. The definition of L{,, L} ensures that the partition function Fu, mg.n ns
is independent of the 72 moduli. Since the left moving bosonic oscillators on 72 has been
taken into account in (3.11), the trace does not involve these oscillators. Note that if
one does not have the presence the insertions of the action of the Zg element ¢’ which is
responsible for orbifolding K3 x T? | the coupling of the shifts in the E} reduces to the
coupling of K3 realized as a involution of T* by the action of g. F T g right moving world
sheet fermion number of the (0,4) superconformal algebra of T*. This U(1) is twice the
U(1) of the SU(2) present in the (0,4) superconformal algebra. Finally FZ° is the right
moving world sheet fermion number of the (0,2) superconformal algebra of T2. It can be
seen that among that unless the fermionic zero modes on T2 are saturated the trace given
in the last line of (3.12) vanishes. Therefore we obtain

T2 2 T
Frnymamnins (@, 750,856) = Trmy mg ny nasge g™ RR (gbglsem(F HEOpT qLoqLO) . (3.14)

The detailed evaluation of the trace is provided in the appendix C. The result for the
various sectors are given by

Frmyma,nine(0,059) = 0, (3.15)
202

—2( 1)% for {m1, ma,n1,n2} € Z,

le,mg,nl,nz 0717(] = K 1
0 for {my1,mo,no} € Z, {n1} €Z+ 3,

2

09 for {my, ma,n1,n2} € Z,
fm17m2,n17n2 (1,0;9)

for {ml,TTLQ,TLQ} €7, {nl} € Z+ 35
0202
24 for {m1,ma,n1,n2} € Z,

Fmamanina (1 15¢) = !
mi,ma,ni,ng —2(—1)7”19%722 for {ml,TTLQ,TLQ} €7, {nl} eZ+ %

The contributions in which the winding n; takes half integer values arise due to the twisted
sectors in the element ¢’. The contributions proportional to (—1)™! arise due to the inser-
tions of the element ¢’ in the trace. Note that if one ignores the contributions where n; takes
half integer values and the ones proportional to (—1)™!, the result for the various sectors is
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proportional to that for K3 realized as a Zs orbifold of T2. The expressions in (3.15) can be
then be substituted in (3.11) to obtain the partition function on the CHL orbifold of K3.
Let us now use the results in (3.9) and (3.15) to obtain the new supersymmetric index
given in (3.4). Note that the dependence of the traces in (3.15) over the winding and
momenta is mild. One just needs to consider the case when ny € Z and ny € Z + %
separately. Multiplying the various sectors and summing over the sectors we obtain

) rL PR E, e 010304 + 04
2@(¢.0) = =55 * D ER e (—2162 —(-1) 143(‘1‘23)> (3.16)
" mi,mz,ni1n2EL n N
i—é 6% 44 4 mi pnd(pl 4
+ Z q72q>2 W{93(92+93)+(—1) 01(02 — 01)}

mi,m2,n2€%,n1 EZ+%

The superscript (?) refers to the fact that this is the index for the orbifold (K3 x T2)/Zs.
Here we have used the decomposition of Fg in terms of #-functions which is given by

2F = —605(05 4 01)03 + 05(0; — 03)03 + 65(05 + 03)63. (3.17)

Note that this is the generalization of the new supersymmetric index obtained for the
standard embedding in K3 x T? compactifications given in (1.3) for which we obtain the
just the term involving Eg in the first line (3.16). The result we have in (3.16) is the
expression for the new supersymmetric index for the compactifications on (K3 x T2)/Zs.

We will now discuss two equivalent ways of rewriting the expression in (3.16) which
are useful for the questions addressed in this paper.

Decomposition in terms of characters of Dg. From the general arguments in [7], we
expect that the new supersymmetric index for K3 xT? decomposes in terms of characters of
the sub-lattice Dg of E. The coefficients in this decomposition can be written in terms of
the elliptic genus of the N' = 4 superconformal field theory of the d = 4 compact manifold.
For K3 x T? compactifications, this decomposition of the new supersymmetric index is
given in (1.3). We will show that the new supersymmetric index for the (K3 x T?)/Zs also
can be decomposed in terms of characters of Dg with coefficients as the twisted elliptic
genus of K3. Let us first define the twisted elliptic genus for the CHL orbifolds of K3. Let
g’ be the generator of the Zy action on K3 which results in the CHL orbifold. We define
the twisted elliptic genus of K3 as
F(r:s) (r,2) = %Trg]?%;gw <(_1)FK3+FK3g/s€27rizFK3qLOfc/24qZch/24> :
0<rs,<(N-1). (3.18)

where the trace is taken in the A/ = 4 super conformal field theory associated with K3 in
the ¢'" twisted Ramond sector. FX2 and FX? denote the left and right world sheet fermion
number which can be written as the U(1) charges corresponding to the SU(2) R-symmetry
in this theory. The twisted elliptic genus for the various CHL orbifolds were provided
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in [20]. The results for the N = 2 CHL orbifold are given by
02(7-7 2)2 93(77 2)2 64(77 Z)2

£(0,0) =4 1
(7:2) = 4 |G 0 T Ba(r, 02 T Ba(r, 02 (3.19)
Oa(T 2)2 O4(T z)2 Os(1 2)2
(0,1) — 422\ (1,0) _ ) (1,0) — ’
F%Y (T, 2) 492(7_’ 0)F F5Y (T, 2) 404(7_7 0)F" FY5Y (7, 2) 493(7_,0)2.

Using these expressions for the twisted elliptic genus we can see that the new supersym-
metric index in (3.16) can be written as

2F v vh (65 1 1
N\ (2) 4 =L R 2 0,0 m 0,1
ZneW(QaQ)()_WX Z qg24q°-2 { <F( )(772>+(—) A )(7',2))
6
VL (F(o,O) (77 H27> +(=)ym o (T, HT>>

7’ 2
_q1/4i2 FOO (- T 4 (=)ymFOD (7 T
7" 12 '2
v _»h [ 63 1 - 1
+ > ara? {ng <F(1’0)<T,2)+(—) 1F<1vl><7,2>>

ml,mz,nQGZ,n1€Z+l/2
63 1+7 1+7
1/4Y3 1,0 1,1
w18 (F00 (1 25T 4yt (n 1

W (ron(eg) e o

Though the above expression is lengthy, the structure of the index is quite easy to decipher.
To see this, let us list the characters of the the Dg lattice. Consider the lattice in the
fermionic representation. Then we have the following partition functions for the various

sectors.
oot ] 05 0
Z(D6;NS™;q) = el Z(D6; NS™, R;q) = g Z(D6; R; q) = g (3.21)

Here NS~ refers to the Neveu-Schwarz sector with (—1) inserted in the trace. F is
the worldsheet fermion number of these left moving fermions of the Dg lattice. R refers
to the Ramond sector. From (3.20) we note that the coefficients of these Dg partitions
functions are the twisted elliptic genus of Zs CHL orbifold of K3. The contribution of
Z(D6; NS™, R; q) is weighted with —1. It is important to note that the new supersymmet-
ric index given in (3.16) was obtained by an explict calculation and it admitted a decomposi-
tion in the form given in (3.20). It is interesting that the structure seen for K3 xT? by [7, 9]
in which the elliptic genus of the internal CFT plays the role in determining the new super-
symmetric index is generalized to the twisted elliptic genus for the CHL compactification.

Decomposition in terms of Eisenstein series. It is also useful to rewrite the new
supersymmetric index in (3.16) in another form to obtain the gauge threshold corrections.
For this, note that we have the following identities between modular forms.

2
—(656] + 6363) = —3 (Ee + 2&2(T)Ey), (3.22)
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2 T
0303 + 0304 = — <E6 &, (5) E4> ,
030 — 030t = 2 (E ¢, (” 1) E) ,
3 9
where?
12 n(7)
En(T) = TN = 1)8T log DN (3.23)

The identities in (3.22) have been verified by performing a g-expansion which is detailed
in the appendix A. Substituting these identities in (3.16) we obtain the form

2F vy rp 1 2
2 N\ 4 PL _PR m
22 (q, q)——m>< Yoo oqrqr {2E6+(—1) '3 (E6+282(T)E4)} (3.24)

+ Y JE R 2 {(EG—&:Q(;) E4>+(—1)m1 <E6—82<T2+1>E4>}

m1,mz,n2€ Z,
ni1e ZJr%

It is also instructive to derive the the expression in (3.24) for the new supersymmetric index
directly from from (3.20). For this we use the more general form for the twisted elliptic

genus of the N = 2 CHL orbifold of K3 from [20].

FOO(7.2) = 4A(7, 2), FOD(r ) = % AT, 2) — %B(T, 2)&(7), (3.25)

FOO(7 2) = %A(r, z)+lB(T, z)82<;>, FOD (7 ) = %A(T, z)+%B(T, 2)&s (T; 1>,

3
where
02(7,2)? | Os(1,2)* 047, 2)? 01(7,2)?
A = B = ———, 2

Substituting these forms for the twisted Elliptic genus in (3.20) it is easy to see that it
organizes into the form (3.24). To show this it is convenient to use the identities

1 (0163 + 6563) 1 03
Al 7 =) = a2 T %) B(r-)=2 3.27
<T7 2) 4,’76 ) T7 2 7767 ( )
Al T = 0305 + 0367) B(rT) =g
2 4nb 2 nd
A(rT +1Y) _ q V4 (—0402 + 0362) ’ B(r7 +1Y _ q*1/49§'
2 4n 2 nd

Using these identities in (3.20) we obtain (3.24).

“The modular function &y was introduced in [20] where it was called Ex-.
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Modular invariance. The new supersymmetric index has the property that 7o Zew (7, 7)
has to be an SL(2,7Z) non-holomorphic modular form of weight —2. This is essentially
because it occurs in threshold integrals along with modular forms of weight 2° and the
integrand in any threshold integral has to be modular invariant. Let us now verify that
To Znew indeed transforms as a weight —2 modular form. For this, we need the following
transformation property of &x

1
En(r+1)=¢En(1), En(-1/7)= —T2NEN(T/N). (3.28)
Using this property, it is easy to see that for the special case of N = 2 we have

1 52 _i 1 9 T+1
82(—%)— 27°E5(T), 32( 2T+2>—T 52( 5 ) (3.29)

Let us define the following lattice sums over 72

2 2
0,0),_ - v vk
Lys (T,7) = Z q2qz2, (3.30)
mi,ma,n1,n2€%
0.0, - TR
Tos (1, 7) = > qzqz (=)™,
mi,mz,ni,n2€ZL
2 2
(1,0) PL _Pr
F2’2(77—): Z quQa
mi,m2,n2€ Z,
n1€Z+%

N
e
K
m‘;w
—
L
SN—
&

(1,1) _
by (1,7) =
mi,me,n2€ZL,
ni €Z+%
From the expression for pr,, pr given in (3.10) it is easy to see that under the shift 7 — 7+1,
we obtain the following relations between the lattice sums

IS (7 + 1,7 +1) = mlyy) (7,7), (3.31)
I (7 + 1,7 +1) = sy (7,7),
Iy (7 + 1,7 +1) = mly (7, 7),
TQF(l 1) (r+1,74+1) = TQFgéO) (1,7)

Using Poisson resummation one can show that under the transformation 7 — —1/7 the
following relations hold

(=1/7), TS5 (~1/7, —1/7) = T35 (1, 7), (3.32)
(=1/7), 053" (=1/7,=1/7) = Ly (1, 7),
(=1/7), 053" (=1/7,=1/7) = I35 (1, 7),
(=1/7), TS5V (—1/7,-1/7) = nD8y) (7, 7).

5This will be seen in section 5.
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Using the equations (3.28), (3.29), (3.31) and (3.32) it is easy to see that 72$2), where the
new supersymmetric index given in the form (3.24) is a modular form of weight —2. To
demonstrate this we have to also use the fact that 7, F4, Fg are modular forms of weight
1/2,4, 6 respectively. This result ensures that the result for the integrand in the threshold
corrections is modular invariant.

3.2 The Zj orbifold

From the explicit calculation and the discussions in the earlier section for the N = 2 CHL
orbifold of K3 it is easy to arrive at the expression for the new supersymmetric index for
the other values of N. To write down the expression for the index it is useful to define the
following

r,s 2 2 1
I( )(q7 q) - Z qTLqTR 7r1/m18/NF(r78) <7—7 2> Y (3'33)

mi1,m2,n2€%Z,
n1=2Z+

2 2
It (@) =/t > g7 emims/N plrs) (T, s 1>,
mi,ma,n2€%Z, 2
n1=Z+ 3

P2 p2
Iho- (@) = —¢/t >0 g e N g (T, ;)
m1,ma,n2€EZ,
ny= Z+N

for0 <r,s,< N —1.

Here F("%)(7,2) is the twisted elliptic genus of the CHL orbifold of K3 which is given
by [20]

FO0 (7, 2) = %A(T, 2), (3.34)
8 2
(0,5) - B — <s<N -
F%8(7, 2) N(N—I—l)A(T’Z) N+18N(T)B(T,Z), for1<s< N -1,
FUrk) (r 2) = & A(r, z) + 2 EN Tk B(t,2)
’ N(N+1) 7 N(N+1) N Y

for 1<r<N-1,0<kE<N -1,

where A(T, z), B(T, z) are defined in (3.26). Using these definitions, the new supersymmetric
index for the Z CHL orbifold of K3 is given by

new 12
r,5=0 N

N-1
2F 05 _(re) 05 (rs) | 05 (s
zMN(q,q) = S [gzj(% )+ 32( o)+ n‘gIJ(V’S)} . (3.35)

Substituting the expressions for the twisted elliptic genus from (3.34) and using the relations
in (3.27) we obtain the following expression for the new supersymmetric index in terms of

Eisenstein functions
2E4

2{N(g,q) = — (3.36)
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P% P% ]_ 4 N1 2mismy 4 4
272 —5<¢—F E & E
2. arar {N 6+< © (N(N+1) o v 4)

mi,ma,nons €L s=1

N—1 2mirkmq

¢4 72 \NN+) ST NNy MUY )™

r=1 mj,ma,na€Z, k=0
n =7+

A simple check of the above formula is that it reduces to (3.24) for the NV = 2 case. One
can re-write this expression by performing the sum over the phases wherever possible, but
it is convenient to keep the expression as it is. It can be shown that TQZI({QQ (q,q) is a
modular form of weight —2 by generalizing the method discussed for the N = 2 case in
detail. Therefore the structure of the new elliptic index for CHL orbifolds of K3 is such
that the Eisenstein function Fg which occurs for the K3 is modified to the form given in
the curly brackets of the expression in (3.36).

Our analysis of the new supersymmetric index for heterotic compactification on the
CHL orbifolds of K3 was restricted to the case of the standard embedding when one of
the gauge groups of the heterotic is broken to F;. However we expect our observation that
the new supersymmetric index decomposes to sum over twisted elliptic genera of K3 will
be true for other embeddings and gauge groups. For the unorbifolded case, that fact the
elliptic genus of K3 determines the new supersymmetric index was explicitly shown by the
study of various cases in [9, 25]. We expect similar results to hold for the compactifications
considered in this paper and it will interesting to perform explicit checks for the various
gauge groups.

4 Mathieu moonshine

From the analysis of the new supersymmetric index for CHL orbifolds of K3 we have seen
that it is essentially determined by the twisted elliptic index of K3. This property is seen
in the expressions (3.24) for the N = 2 orbifold and (3.36) for other values of N. It is
known [37-40] that the twisted elliptic genus of K3 admits May symmetry. Therefore, it
must be possible to discover the Moy representations in the new supersymmetric index for
the CHL orbifolds of K3, just as it was done for the new supersymmetric index for K3
compactifications in [19].

Let us first recall how Mathieu moonshine — i.e. M, representations — is seen in the
elliptic genus of K 3. It is given by

Zis(r,2) = 8A(r, 2). (4.1)

Let us decompose the elliptic genus into the elliptic genera of the short and the long
representations of the A/ = 4 super conformal algebra. These are given by [41]

Dipimo(m2) = =S G D T g ETE, (42)
n=-—oo
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o 27rz'7-(n—l
Chh=n+i,l=%(7—’ z) =e

n(r)?
Then we have
o0
Zgs(T,z) = 24Chh:i,l:0(7—7 z) + E:()Ag’bl)(:hh—n-l—i,l—é(’r? z). (4.3)
n=
where the first few values of Ag) are given by
AS) = —2, 90, 462, 1540, 4554, 11592, ... (4.4)

These coefficients are either the dimensions or the sums of dimensions of the irreducible
representations of the group May [42]. The generalization of this observation to the twisted
elliptic genus of K3 was done in [37, 38, 40]. Let us first discuss the N = 2 CHL orbifold
of K3. Consider the twisted elliptic index

2FOD(7, ) = §A(T, 2 — %B(T, 2)Ea(7). (4.5)

This admits the following decomposition in terms of N' = 4 Virasoro characters

2F O (7, 2) = 8chy,_11_(7,2) + > APch,_, 111 (7,2). (4.6)

n=0
Where the coefficient 8 is the twisted Euler number of K which is given by

24
= — N =2,3,5,7. 4.7
XN N—i—l’ 39y Yy ( )

In (4.6) the first few values of AP are given by
A2 = 9 6, 14, —28, 42, —56, 86, —138, ... (4.8)

These coefficients can be identified with McKay-Thompson series constructed out of trace
of the element g corresponding to the Zy involution of K3 embedded in Msyy. From the
structure of the new supersymmetric index in (3.20) and (3.24) the new supersymmetric
index in the (0,1) sector given by

4

GO (g = 2 [ (4.9)

FEg + 282(7')E4:|
sz |

7]12

We have multiplied by a factor of 2 to agree with the normalizations of the twisted elliptic
genus of K3 used in [37]. Then the new supersymmetric index in the (0,1) sector admits
the following decomposition

G(Q)(Q) = 89;1:%,1:0(7') + Z Ag)ghzm_%,z:% (1), (4.10)
n=0
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where

96 1 06 1+7 6% T
gh:i,l:o( ) nﬁchh_ll 0(7‘ 2) —|—q1/477—chh_ll 0( 2> 1/4n4chh_ll O< 2>,

05 1 ] 406 147 /! 494

The ¢’s are products of characters of Dg and A” = 4 Virasoro characters. G?) given in (4.9)

is the generalization of

Eg
n2
which is the new supersymmetric index for K3 compactifications. Substituting the expres-
sions for ¢g’s from (4.11) into (4.10) and using (4.9) we can solve for the coefficients AP We
have checked using Mathematica that the first 8 coefficients fall into the McKay-Thompson

series for the Zg involution embedded in May given in (4.8).

aW(g) = - (4.12)

Let us now proceed with the analysis for other values of N. From (3.36) we see that
the new supersymmetric index in the (0, 1) sector is given by

G(N)(q) _ N[ 4 4

el A R S RS (4.13)

Here we have multiplied a factor of N to agree with the normalizations of the twisted
elliptic genus of K3 in [37]. Let us write G(V) as

™ (q) = vt o) + D AN g1 i1 (7). (4.14)
n=0

By equating (4.14) and (4.13) we can solve for the coefficients AX) 6 The first few coeffi-
cients are given by

AB) = —2. 0, —6, 10, 0, —18, 20, 0, ...,

AP = 90,20, -6,2,0,6,...,
AT =9 -1,0,0,4,0, -2,2,.... (4.15)

These are the coefficients of the McKay-Thompson series for the Zy automorphism of K3
embedded in Mss.” The appearance of this series is expected once we have demonstrated
that the new supersymmetric index can be decomposed into the twisted elliptic genus of
K3. The explicit evaluation of the coefficients serves as a simple consistency check of our
calculations. It is also presented to establish the identity in (4.14) independently which
can be of use for future reference. Thus the BPS states in these compactifications have a
decomposition in terms of the coefficients of the McKay-Thompson series.

As we have seen explicitly, for the N = 2 case, the new supersymmetric index in the
(1,0) twisted sector is related to that of the (0, 1) sector by the modular transformation 7 —

6A Mathematica routine was used for this.
"Compare table 1 of [37].
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—1/7. This is also true for other values of N. This implies that the new supersymmetric
index in these sectors must also contain the modular transformed version of the McKay-
Thompson series. It will be interesting to show this explicitly. There are 26 McKay-
Thompson series corresponding to the 26 conjugacy classes of May. It will be interesting to
to construct and study the properties of the the new supersymmetric index corresponding
to remaining classes. The twisted elliptic genera of K3 for each of these classes have been
constructed in [37-40]® which will be a good starting point for this study.

5 Gauge threshold corrections

In this section, we will evaluate the one-loop threshold corrections for each of the two
unbroken gauge groups F; and FEg as a function of the Kahler and complex structure
moduli and the Wilson line modulus on T2 for the heterotic compactifications on CHL
orbifolds of K3. To begin we will recall the evaluation of the threshold integrals for the
gauge couplings of heterotic on K3 x T?. We then proceed to generalize to the case of the
Zo CHL orbifold and then present the results for the Zy orbifold with N = 3,5,7. We
will show that the difference in the threshold integrals of the two unbroken gauge groups
reduces to Siegel modular forms associated with dyon partition functions in N' = 4 string
compactifications studied in [20].

5.1 Thresholds in K3 x T?

Let us first discuss the situation without the Wilson line turned on. The moduli dependence
of the one-loop running of the gauge group is given by

d’r
AG(T7 U) = — (BG - b(G)) ’ (51)
F T2
where B is a trace over the internal Hilbert space which is defined as
]_ - c~ T c 1
Ba(r,7) = ?TrR {Fe”TFqLOﬁqLOm <Q2(G) — 87r72> } , (5.2)

where @ is the charge of the lattice vectors. The coefficient b(G) is the one-loop beta
function which is present to ensure that the integral is well-defined in the limit 7 — oo.
Since we will be interested only in the moduli dependence, this coefficient will not play a
crucial role in our analysis. Note that B is closely related to the new supersymmetric index.
In fact the term proportional to 1/877s is the new supersymmetric index. The easiest way
to determine the term with the charge insertion Q?(G) is to consider the action of g0, on
the partition function of the appropriate lattice sum so that m B is modular invariant. The
integral in (5.1) is carried out over the fundamental domain.

Let us recall how to evaluate the one-loop threshold integrands for the groups E7 and
Ejy for the K3 x T? compactifications. For group Eg, the integrand is given by

1 1
ng)(Tf) = —2I'29(q, Q)ﬁ (agqﬁqE4 — 87r7'2> 4F. (5.3)

8See [43] for an earlier explicit construction of the twisted elliptic genus for the N = 4 orbifold.
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Here we have supressed the moduli dependence of B which arises due to the lattice sum on
T? given by I';2. Note that, this is essentially an operation on the new supersymmetric
index for these compactifications which is given in (1.2). The charge insertion of the Eg
lattice is obtained by the action of ¢d, on the lattice sum Ejy(gq). The coefficient aq is
determined by demanding 73 is modular invariant. To determine this coefficient consider
the following identity due to Ramanujan

1
q8qE4 = g(E2E4 - E6) (54)

Substituting this identity in (5.3) we obtain

(), - 1 ag 1 aG o
B (17) = —8I'2,2(q, Q)ﬁ { <3E2 - 87r72> EsEg — SEG} . (5.5)
It is now clear that choosing ag = % ensures the the quasi-modular form FEs occurs in the
combination 5
Ey=Fy— —. (5.6)
TTY

which transforms as a good modular form of weight 2. Therefore the threshold integrand
for the gauge group Eg is given by

1 1 3
131(518) (7,7) = —5T22(q, Q)W { (Ez - > EyEg — Eg} - (5.7)

3 TTY

Similarly the threshold integrand for the group FE7 is obtained by evaluating

1 1
ng (1,7) = —SFQ’Q(Q,Q)ﬁ (O&G/qaqEG — 87r7'2> Ey. (5.8)

Now we have the Ramanujan identity
1
q0,Es = 5(EQEG — E3). (5.9)

This identity together with modular invariance determines ar = 1/12 . Thus the threshold
integrand for the gauge group E7 is given by

B 1 1 3
ng (77 T) = —§F2,2(q7 Q)@ { <E2 - 7T7'2> EyEq — Eﬁ’} . (5'10)

Finally consider the difference in the threshold integrands for the gauge groups in (5.7)
and (5.10). We obtain

1 1 1
By — By = gy 22 (Bi — E6) (5.11)
= 57635,

To obtain the second line we have used the identity

E3 — E2 = 17287**. (5.12)
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Therefore the threshold integral reduces to the trivial integral over the fundamental domain
of just the lattice sum which is given by
(1) (1) dr

Ap (T\U) — AR (T, U) =576 i 7_—2(1“272 —1). (5.13)
The constant (—1) can be obtained by carefully keeping track of the constants bG) in the
threshold integrand (5.1). Essentially the (—1) serves to regulate the integral as m — oc.
This integral was done by [4] and the result reduces to the product of the Dedekind 7
functions.

AT, U) = AT, U) = —4810g(T32UIn(T)n(U)| ). (5.14)

Here we are ignoring moduli independent constants. Ts, Us are the imaginary parts of the
the T, U moduli of the torus 72. Note that the normalization of the thresholds used in
this paper involves a division by the beta function compared to standard normalizations
in the literature. This is keep uniformity in the discussion when we evaluate the difference
in thresholds as well as when we turn to the CHL orbifolds.

Wilson line V' # 0. Let us now repeat this exercise with the Wilson line V' on the
torus T2 turned on. The Wilson line can be embedded either in the gauge group Eg or
E;. We will take the Wilson line to be embedded in Fg.? The procedure to evaluate gauge
thresholds with the Wilson line was given in [9]. Here we out line the steps. Due to the
presence of the Wilson line, the lattice sum over T? is enhanced to I's » which is given by

2 2
Tia= > q7qr. (5.15)
mi,ma,ni,n2,b

where

Zj?« = #‘—m1U+m2+n1T+n2(TU—V2)+bV2 (5.16)

2 4 detImf ’

2 2
1

% = p7R + miny + maong + zbz.

and

uv
- (21). -

Thus the lattice sum over T? is characterized by the five charges (m1,ma,n1,n2,b). The
new supersymmetric index with the Wilson line is then determined by first re-writing the
lattice sum over Ejg in terms of a Jacobi form of index 1 given by

1
Eyi(r,2) = 5 [02(7, z)2<9§ + 03(T, 2)203 + 04(T, 2)292] . (5.18)

Note that E41(7,0) = Ei(q), essentially we have decomposed the Eg lattice into Dg and
D5 and introduced a chemical potential for the charges in the Do sub-lattice. This breaks

°The discussion can be generalized when the Wilson line is embedded in E7, with the same results.
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the gauge group Eg down to SO(12) x U(1) we will refer to this group as G. We then
decompose this Jacobi form of index one into SU(2) characters as follows

Ey1(7,2) = E$™(q)0cven (T, 2) + E$9%(q)00aa (7, 2).- (5.19)

where
9even(7_7 Z) = 93(277 2'2)’ eodd(Ta Z) = 02(2Ta 22) (520)

This decomposition can be performed using the relations

03(1,2) = 09(27,0)03(27, 22) — 03(27,0)02(27, 22), (5.21)
9%(7’, z) = 62(27,0)05(27,22) + 05(27,0)02(27, 22),
02(1,2) = 05(27,0)03(27, 22) 4 02(27,0)02(27, 22),
92(7’, z) = 65(271,0)05(27,22) — 02(27,0)02(27, 22).
Using these relations we get
ET™(q) = 5 (62(27,0)05 + 03(27,0)65 + 05(27,0)6%) , (5.22)

N =N

E$9%(q) = = (03(27,0)05 + 02(27,0)05 — 02(27,0)65) .

Note that the even and odd parts depend only on the modular parameter 7. Finally the
modified new supersymmetric index in the presence of the Wilson line is written as

rL
2

wohso

A
2 2

_ Es _ _
2 (q,9) = —8—; > q2q2Efy"(g) + > ¢z q2 ESS%(q)
N mi,ma,n1,n2E€7L, mi,ma,n1,n2EL,
be2Z be2Z+1
(5.23)

Here pr, pr contain the Kéahler, complex structure and the Wilson line moduli dependence
of the T2. A similar procedure can be carried out when the Wilson line is embedded in the
unbroken group E7. In this situation the Jacobi form Fgs 1 given by

1
Eg1(7,2) = 5 (=05(05 + 01)05(7, 2) + 05(03 — 03)03(7, 2) + 0402 + 03)03(, 2)) . (5:24)

must be decomposed into its even and odd parts. The coupling of the lattice sum I's 5 to
the even and odd parts of Ey; in (5.23) is compactly denoted as

_ Eg _
2z (q,9) = —SﬁEm ®T'32(q,q). (5.25)

Now we move to evaluating the integrand Bg in the gauge thresholds with the Wilson
line. Let us evaluate the threshold integrand for the group Ejg first. To determine the
coefficient of the a¢ in the action g0, we need the following identity analogous to (5.4)
which is given in [44, 45]

7
qaqEZ’vlen,odd _ ﬂ (EzEzjrlen,odd o Egvfn,odd) ) (5.26)
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For completeness we also provide the identity which is required if the Wilson line is em-

bedded in Fr

11
qaqujflen,odd _ ﬂ (EQEﬁejllen,odd B EZ?llen,oddE4) ) (527)
From (5.26) it is easy to see that to preserve modular invariance we need ag = 1/7.
Therefore we obtain
B(l)(T 77') :—li Eg—i E41E6—E61E6 ®F32(q Q) (528)
@D 3 T ’ ' o

The threshold integrand Bgs for group E7 is given by

@, - L1 3 9 _
B (1,7) = Ry { (E2 T Es1Es — EfEs) ¢ @ '32(q, ). (5.29)

Let us now take the difference between threshold corrections corresponding to the two
gauge groups. We obtain

0 () ?r 1 .
A (T,U,V) = A (T,U, V) = o (EfEs1 — EsEs1) ® Ta(q,q).  (5.30)
F

Here we have ignored the constant term in the integrand which can be determined by
examining the behaviour of the integrand as 79 — co. The combination of the Eisenstein
series which occurs in the (5.30) can be identified with the elliptic genus of K3 due to the
following identities

1

@ [EA%E4,1(T, z) — EgEg 1 (T, z)] = T72Zk3(T,2) = B76A(T, 2), (5.31)
1

@ [EiEzzlen,odd o EGEgjllen,odd:| _ 722(;;1§n,odd _ 576Aeven,odd‘

where Zg3(1,2) = 8A(7,2) is the elliptic genus of K3. The integral in (5.30) can be
performed [46] and it results in

AT, U, V) = A8(T,U, V) = —48log [(detTm$) | ®1o (T, U, V)] . (5.32)

where ®10(7,U, V) is the unique cusp modular form of weight 10 under Sp(2,Z) which is
also known as the Igusa cusp form. The observation that the difference in thresholds of
the two gauge groups results in the Igusa cusp form was made in [25]. It is also important
to note that the duality symmetry SO(3,2) present classically in heterotic on K3 x T? is
broken to Sp(2,7Z) due to this quantum correction.

The modular form ®10(7, U, V) also determines the degeneracies of 1/4 BPS dyons in
heterotic string theories compactified on 7 or equivalently type II theories on K3 x T2
Note that these theories are N' = 4 string vacua while we have evaluated the threshold
correction (5.32), in heterotic compactified on K3 x T? which has ' = 2 supersymmetry. It
is also interesting that the difference in thresholds is in fact sensitive only the elliptic genus
of K3. In the next subsections we will generalize this property of the gauge thresholds to
heterotic compactified on the CHL orbifolds of K 3.
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5.2 Thresholds in the Zs orbifold

Let us first evaluate the threshold integrands without the Wilson line turned on for the
Zo orbifold of K3. As we have seen in the previous subsection, the most suitable form
of the new supersymmetric index for this task is the expression in (3.24) in terms of the
Eisenstein series. Let us write in a compact form using the lattice sums defined in (3.30).

E 2
22, (0.0) =~ (T2 + T2 (B + 267 ) (5.33)

2 2 1
i) (EG e, (;)m) +{s02 (E6 e, (T'g )m)] .

As discussed in the earlier subsection, the insertion of @? in the construction of the in-

tegrand B in (5.2) is done by the action of agqd, with ag = 1/8 and o = 1/12 when

the derivative acts on the lattice partition function E4 and Fg respectively. This ensures

modular invariance of the resulting integrand. Let us first evaluate the threshold integral

for the gauge group Eg. For this, agqd, acts only on the first E4 in (5.33). This results in
012

_ 2 = , ,
ng (¢,9) = _W(EQELL — Eg) [Fg?20)2E6 +155 3(E6 +2&2(7))Ey) (5.34)

9 2 1
(-5 2 712

where E» is given by (5.6). Similarly the gauge threshold integrand for the E7 gauge group

is given by

2F - 2 - .
B (6:0) = ~5p [ré?fb(EgE@ — B}) + T8 S (BaBo — B} + 264(r) (2 By — Ey)

2/( ~ T 7
+F§éo)§ <E2E6 — B3 - & <2> (ErEy — E6)>

2/( ~ T+1 A
+F§§1>§ (E2E6 — B} - 82< 5 )(E2E4 - E@ﬂ : (5.35)
Now upon taking the difference in the threshold integrands we obtain
2 2 0,0 201 2,010 @ 2.1,
By — B =144 [2r§72 ) 4 grgg )L grgz ) 4 gré,z )] ' (5.36)

The modular integral with these difference can be performed using the methods in [20].
The difference in the gauge thresholds is given by
2 2
AR — AR = —481og {TSUS [n(T)n(2T)| " [n(U)n(20)| '} . (5.37)
Wilson line V' # 0. Let us turn on the Wilson line with values in the gauge group
FEs. To write down the modification in the new supersymmetric index it is convenient to
introduce the Lattice sums with the Wilson lines. Let us define

2 2 2 2
(0,0)even PL PR (0,0)odd PL _PRr
Ls) = E q2qz2, L's) = g q2qz, (5.38)
mi,ma,ni,n2€ZL, mi,ma,n1,n2€L,
be2Z be2Z+1
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2 2 2 2
(0,1)even PL _PR m (0,1)odd PL _PR m
I35 = E gzqz(-1)™, I35 = E gzqz(-1)™,
ml,mi,niz,nzez, ml,mi,ngingez,
S S
2 2 2 2
PL _PR PL _PR
F:())1éO)even _ Z ¢TqE, Fgé())odd _ Z R
m1,m2,n2€7Z, mi,m2,n2€Z,
ni1€Z+3, be2Z n1€Z+3%, be2Z+1
(1,1)even L ,é mi (1,1)odd v ,é m
I35 = E gzqz(-1)™, Ty = E gzqz(-1)™,
m1,mz,n2€Z, mi,ma,n2€ZL,
n1€Z+1, be2Z n1€Z+%, bE2Z+1

where pgr,pr are the lattice momenta with the Wilson line given in (5.16). The new
supersymmetric index with Wilson line in the Fg gauge group is given by

E P
z@ = —2% ® [Fg?éo)zEG + rg‘f;)g(Eﬁ +285(7))Ey) (5.39)

1,02 T 1,1 2 T+1
+F§’2)3<E6—82<2>E4>+F§72)3<E6—82< ; )E4>]

Note here the product @ refers to the fact that the even/odd part of the E4; multiplies
the even/odd part of the various lattice sums as explained in the earlier subsection. The

threshold integrand for the gauge group Eg broken down to G is given by

2 ~ 2
B(G?)(LL q) = _W(EQEA‘J —FE61) ® [Fé?’O)QEG + Fg?él)g(Eﬁ +28&5(7)) Ey)

2 2 1
—l—I‘géo)g <E6 - & <;>E4) + Fgél)g (Eﬁ =& (T ; >E4>] - (5.40)

To obtain this note that the insertion of Q? to obtain the threshold integrand is realized
by agqd, acting on Ey; with ag = % The threshold integrand for the gauge group E7 is

given by
@, - _ 2B (0,0)0, £ 2 on2 p 2 ;
BG’ (q7 q) = —247724 (9 F372 2(E2E6 — E4) + F372 §(E2E6 - B+ 282(T>)(E2E4 - EG)

2/ ~ T .
T3 (EQEG ~Ei - & <2> (E2Ey — E6>)

2( - T+1\ -~
1553 (E2E6 - 82< . )(E2E4 - E@ﬂ . (5.41)

Taking the difference in the threshold integrands given in (5.40) and (5.41) we obtain

1
B — B¢ = 12712 {QF:(s?éO) ® (Ba1 Bf — E,1E6) (5.42)
2
+ grg,)él) ® [(E11E} — Eo1E6) + 2€2(7)(Es1 Es — Eg1E4))
2.(10) 2 T
+ §F3,2 ® |(E41E; — Ee1E6) — €2 B) (Es1E¢ — Eg1Ey)

T+ 1

2
+§F:(’jél) ® [(E4,1E2 — Es1E6) — 52( )(E4,1E6 — E6,1E4):| } -

— 27 —



We now use the identity in (5.31) as well as the following identity verified in appendix A

1 01(r, 2)°
Y <E4’1(7', Z)Eﬁ - E671(7', Z)E4) = —14476 = —1443(7', Z), (543)
n n
1 even,odd even,odd (gf)even,odd dd
— (E41 odd g peven E4) = 14— qgqpevenedd
n ’ ’ n
Substituting the identities (5.31) and (5.43) we obtain
@ _ p2) (0,0) 01 o (4, 2
Bo/ =By’ =245 @44+ T35 ® §A — gBeg(r) (5.44)

1,0 4 1 T 1,1 4 1 Tl
e [ gpen(G) [+ ri e [fa+gon (7))

On comparing the twisted elliptic genus for the N = 2 CHL orbifold of K3 given in (3.25)
we can rewrite the above equation as

BE) - BY = 24 {1{y) @ FOO 4 1 @ FOD £ T{Y @ FOO 1+ T{3) @ FO L
(5.45)
This is precisely the integrand in the modular integral to obtain the Siegel modular form
D6 () of weight 6. Using the result of the integration in [20], we obtain

AL (U, T, V) = AD (U, T, V) = —481og [(det TmQ)°|®6(U, T, V)] . (5.46)

The Siegel modular form, ®g(7", U, V'), transforms as a weight 6 form under a subgroup
of Sp(2,7Z). This subgroup is explicitly discussed in [20].1° The appearance of the ®g in
the threshold calculation here shows that the duality group of this compactification is a
subgroup of Sp(2,7). Just as in the case of heterotic string on K3 x T2, the modular form
g is also related to the partition function of 1/4 BPS dyons in on type II theory on the
CHL orbifold of K3. This theory has N” = 4 supersymmetry, it is dual to the original CHL
compactifications of heterotic studied in [10]. Let dg be the generating function of dyons
in this theory, then the modular form ®g is related to ®g in (5.46) by the following Sp(2, Z)
transformation.

(5.47)

B 2
<I>6(U,T,V)—T6<I>6<U—V ! V).

T T
5.3 Thresholds in the Zj orbifold

In this subsection we generalize the calculation of the gauge one loop thresholds to the Zy
orbifold for N = 3,5, 7. Since we have discussed the case for N = 2 in detail we will directly

present the results for the threshold with Wilson line embedded in the unbroken gauge
group Eg. Again to present the results it is convenient to define the following lattice sums.

2 2 . 2 2 .
0 PL _Pr 2mismy 0,s)odd PL PR 2mismy
Fé és)even — E g2qg2e N Fé és)o = E qg2q2e ~ , (5.48)
mi,m2,n1,n2€%Z, m1,m2,n1,n2€Z,
be2Z bE2Z+1

9See below equation (3.20) of [20].
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02 p2 . 2 2
F(r,rk)even - PL ,7R 2mirkmy P(Tﬂ”k)Odd _ L, 77R 2mirkm
3.9 = E q2q> N, 3.2 = E q2q> N
mi,ma,n2€Z, mi1,ma,n2, €L,
n1€L+L, be2L n1€L+L, bE2Z+1

From the expression for the new supersymmetric index in (3.36), it is easy to generalize
for the situation with the Wilson line embedded in the Fg gauge group. This is given by

E 4
(N) — _ ﬁ (00 E s
N-1
(rrk) 4 2 T+k
T FEg — & E . 4
T MH) i (v )E] e

Again, using the same manipulations to evaluate the difference in the threshold integrands
for the two gauge groups, we obtain

(N)_ (N) _ Os) 8 B 2
By, —By, _24{ ) ® A+ZF [ CE N(N_i_l)EN(T)B}

' ]jzl nite [N(;+1)A+N(;+1)8N<T;k>3} - (5:50)

Now using the expressions for the twisted elliptic genus for the CHL orbifold of K3 given
in (3.34) we can recast the above expression as

N-1
B —BE) =24y 10 @ F9), (5.51)
r,5=0

The integral of this function over the fundamental domain has been performed in [20].
The result of this integral is

AN @, T,v) = A8 (W, T, V) = —481og|(det TmQ)* |0 (U, T, V) 2. (5.52)

Here @4 is the Siegel modular form of weight k transforming according to a subgroup of
Sp(2,7Z). This modular form is related to ®; the generating function for 1/4 BPS dyons
in type II theory compactified on the CHL orbifold of K3 by the Sp(2,Z) transformation

- V2 1V
_ 7k _ _
(U, T, V) =T "dy (U T T T)' (5.53)

We have thus demonstrated that the moduli dependence in the difference in the gauge

thresholds for heterotic string compactified on the CHL orbifold of K3 are captured by

24
(N+1)
forms which are generating functions for 1/4 BPS states in N/ = 4 string theories obtained

Siegel modular forms ®j of weight k = — 2. These are related to the modular
by compactifying type II theories on the CHL orbifold of K3. We would like to again
emphasise that our analysis was done only for the standard embedding in which one of the
FE of the heterotic was broken to E7. However we expect the difference in gauge thresholds
will still be determined by the Siegel modular form ®;. For the unorbifolded case this was
explicitly demonstrated in [25] by considering various embeddings and gauge groups.
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6 Conclusions

We have introduced N' = 2 string theories constructed by compactifying heterotic string
theories on CHL orbifolds of K3 . These generalize the well studied example of the heterotic
string compactified on K3 x T2. The CHL orbifolding reduces the number of hypers in the
resulting N' = 2 theory and preserves the vectors in the theory. These models do not have
a lift to 6 dimensions since the orbifolding involves a shift on one of the circles of 72. We
evaluated the new supersymmetric index for these compactifications and showed that it
admits an expansion in terms of the McKay-Thompson series of the group Msy associated
with the Zxy automorphism used to construct the CHL orbifold.

We then studied the moduli dependence of one-loop corrections to the gauge couplings
in the CHL orbifolds of K3. We showed that the moduli dependence of the difference
in the gauge thresholds is captured by Siegel modular forms closely related to partition
function of 1/4 BPS dyons in N’ = 4 string theories. These Siegel modular forms transform
under sub-groups of Sp(2,Z) which shows that the CHL orfbifolding reduces the duality
symmetry of the original K3 compactification to a subgroup of Sp(2,Z).

It will be interesting to evaluate gravitational thresholds in these theories to see if these
also admit a nice structure seen for the gauge thresholds. Another direction to explore is
generalize the observations of this paper to examples involving different embeddings with
other gauge groups. A simple example to study is the compactification in the heterotic
string which will lead to the Siegel modular which captured degeneracies of dyons in type
IT N = 4 constructed in [47]. Another generalization is to consider compactifications in
heterotic based on the new classes of twisted elliptic genera of K3 constructed in [37, 38, 40].

We observed that the difference in integrands of the gauge thresholds reduces to the
twisted elliptic genus of K3 for the CHL orbifold. This points to the fact that the difference
in the thresholds is essentially sensitive only to a supersymmetric index of the internal
CFT. It will be interesting to prove this in general. A similar phenomenon was observed
by [48, 49], in which the authors evaluated the difference in thresholds in compactifications
of heterotic which completely break supersymmetry. They noticed that the difference
in thresholds is purely a holomorphic function in the modular parameter indicative of a
supersymmetric index.

Another direction worth exploring is the ' = 2 string duality between heterotic string
theory compactified on these CHL orbifolds of K3 and the appropriate Calabi-Yau on the
type Il side. Since the CHL orbifolds reduce the number of hypers, the appropriate Calabi-
Yau should have the reduced Hodge number hs 1 = 6k 4 4. It is interesting to study what
symmetry action on the Calabi-Yau reproduces this Hodge number. In this context it will
be also important to study the one-loop threshold corrections to gravitational couplings in
these models. Note that the modular forms ®; obtained in the difference of thresholds of
the CHL compactifications in this paper factorize in the V' — 0 limit as [20]

Jm (U, T, V) ~ V2((T)n(NT))* 2 (n(U)n(NU))* 2. (6.1)

It is also interesting to investigate if the difference in thresholds have other degeneration
limits for discrete values of V as seen in [48, 49].1! This degeneration should correspond

"We thank Ioannis Florakis for raising this point.
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to charged states becoming massless since it corresponds to a logarithmic singularity in
the one-loop threshold. It will be interesting to explore this phenomenon on the dual
Calabi-Yau compactification in type II.
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A Theta functions and Eisenstein series

Our notations for the the Jacobi theta functions are summarized in the following expansion

. 1\? , 1 1
01(7,2) = Zexp [m(n—i—z) T+27T2<7’L+2> <z+2> , (A.1)
nez
1\? 1
Os(T,2) = Zexp [’iﬂ'(ﬂ—l— 2> T+ 27m'<n + 2)2' ,
nez
O3(1,2) = Z exp [iTFTLZT + 27Ti7”LZ] ,
nez
1
O4(1,2) = Z exp [zﬁrn%’ + 2min (z + 2)] .
nez
When there is no ambiguity we will use the following notation for theta functions at the
origin
02(7,0) = Oa(q) = 02, 05(7,0) = 03(q) =03, 04(7,0) = 04(q) = 0s. (A.2)
The Dedekind 7 function is defined by the product
o0
L n
n(r)=q= [J(—q"), (A.3)
n=1

where ¢ = e?™7. It is also useful to present the infinite product representation of the theta
functions at the origin

Oo(1) _
n(7)

gz [T +q)+ "), (A.4)
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=g [Ja+a )+ 2),

n(r) ot

() R _1 1
= 21 (1 —q" 2)(1 —q" 2).

) =4 };[1 q q

One identity of theta functions which we repeatedly use is triple product identity
929394 = 2’/73. (A5)

Finally we will also use the following shift properties of the theta functions.

04 <7—a z+ ;) = 93(7—7 Z)v 01 <7_7 z+ g) = 02(7—7 Z)? (AG)

1 1

o754 ) = (7. 2), a7+ 3 ) = a2
T . T g T . o_mit

04 (T,Z—I— 2) =ie 1 "0(T, 2), 01 <T,z+ 2> =ie 1 04(T, 2),
T _omiTt T _miT

62 <T,z—i— 2) =e 1 "05(T, 2), 03 <7’,z—|— 2) =e 1 (T, 2).

The Eisenstein series Fs is a quasi-modular form whose series expansion is given by
oo
Es(g)=1-24 Z o1(n)q". (A7)
n=1

where o1(n) is the sum of positive integral divisors of n. The combination

~ 3
Ey=Fy — —, (A.8)
T
transforms as a good modular form of weight 2. The Eisenstein series £y and Ejg are related
to the theta functions by the well known identities

Ey = (05 +065+63), (A.9)

Eg = - [—05(05 + 07)05 + 05(01 — 03)63 + 05(65 + 03)03] .

N =N =

We will also require the modular form €y by

124 n(T)
& =—0,1 . A.10
MO = - 8 10
Under modular transformations it behaves as
1
En(T+1) =En, En(—1/7) :—T2N8N<T/N). (A.11)

The relations given in (3.22) involving # functions Eisenstein series and the € function is
used to write the new supersymmetric in terms of the Eisenstein series. We have established
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these identities by performing ¢ expansions in Mathematica, we have listed out the first

few terms
— (0301 + 0363) = —; (Eg + 2€5(7)Ey) (A.12)
= 24 16q — 496¢° + 3904¢> — 16880¢* 4 50016¢° — 121024¢° + - - - |,
0303 + 0505 = —% (Ea — & (%) E4) (A.13)
= 1642 4 512¢ + 3904¢/2 4 163844> + 50016¢°/2 + 124928¢° + - - -
0301 — 0501 = —g (EG — & (T; 1) E4> (A.14)

= 16¢'/% — 512¢ + 3904¢%/? — 163844¢> + 50016¢°/% — 1249284¢° + - - -

Finally we establish the identities in (5.31) and (5.43). First recall that the Jacobi
forms of index 1 admit a even odd decomposition given by

F(7,2) = [ (T)8even + F4(T)b0da, (A.15)
where
feven _ Z c(N)qN/4 fodd _ Z C(N)QN/4, (A16)
N=0(4) N=-1(4)
and
Ocven (T, 2) = 03(27,22), Ooad(T,2) = 02(27,22). (A.17)

It is clear that E41(7, 2) and Eg 1 (7, 2) defined in (5.18) and (5.24) admit this decomposition
using the identities given in (5.21). From these we find that

ET™ = 05(27) + 703(27)03(27),
Odd = 03(27) + 703(27)05(27). (A.18)

while for Fg 1 it is

EgY™ = 031 (27) — 1165(27)03(27) — 2205(27)65(27),
gC}d = 05'(27) — 1165(27)63(27) — 2263(27)05(27). (A.19)

From (A.16) we see that ¢ expansions of the ‘even’ and ‘odd’ parts of the Jacobi forms are
different therefore we can introduce the notation [9] in which we combine these expansions

~

F(r) = [V () + fo(r). (A.20)

Then we establish (5.31) and (5.43 by performing the ¢ expansions in Mathematica which
are given by

(%, 0 Gt _ 1 FiBy) — FoFo, (A.21)
02T e T ez ‘

v + 20 — 128¢°%/* + 216¢ — 1026¢"/* + 1616¢> — 5504¢"/* + 8032¢° + - - - |
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and

(A.22)

_2921 - iEﬁE/L:l_E4E/6\,1
776 72 7724
2
=g 4t 1643/ — 24q + 78¢7/* — 112¢% + 304¢'/* — 416¢4% + - - - .
q

B Lattice sums

In this appendix we provide the details of evaluating the lattice sum over the shifted lattice
E{ defined by
Py = i o Z 2T AT 3N (B.1)
AED8+ Sy
The sum runs over all the lattice vectors A of Eg. The lattice shift v of the Zs orbifold is
given by
v =(1,1,0°). (B.2)

Before we proceed let us recall that the roots of Eg are given by

112 root vectors of Dg : (..., £1,...,£1,...),

1 1 1
128 8-dimensional vectors : <:|:2,j:2,iz, . ) .

Here the ‘...7 in the 112 root vectors of Dg represent zeros. The lattice vectors are then
of two types.

>\A — (nl,TLQ, o an8)7
1 1
Ap={mtg,nst g, (B.3)
with the constraint .
Z n; = even integer. (B.4)
i=1

Let us now perform the lattice sum without any shifts. This is the (0,0) sector.

1 1
AA AB
We can impose the constraint via an extra factor

1(1 LTy = 1 if }°,n; = even integer
2 0 otherwise.

This results in

8 8

Poo) = %H Z e 4 %H Z i Gin T

=1 TLZ'EZ 1=1 niEZ
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8 8
+ % H Z eiWT(ni+%)2 + %H Z eiWT(”i‘i‘%FeiW(”i"‘%), (BG)

i=1n;EZ i=1n;EZ

which can be written in terms of the Jacobi #-functions as
Pog) = % (05 + 65 + 65 + 67] . (B.7)
The last term is zero. Hence the final expression for the lattice sum is
Pog) = % 05+ 05 + 65 . (B.8)

For the case (a,b) = (0,1). The weight vectors are the same as (B.3). To evaluate the
phase we use the shift in (B.2) and the weight vectors to get

1 1
AA -y =ny +ng, )\B'W=<n1+2>+<n2+2>. (B.9)

The lattice sum is

2
P(O 0 H Z 67”7—”1 H Z em’rn Tin; + = H Z e7rz7'n H Z ean 2Tin;

1= 1nZEZ 1=1n;EZ 1=1n;EZ 1=1n;EZ
4= H Z eﬂ"LT n;+ H Z eTiT (nits 1y2 m(nZ )
i=1n;EZ i=1n;cZ
2
)2 2 1
+= H Z wiT(ni+ H Z e7rz7' ni+3) 27rz(m+2)’
i=1n,EZ i=1n;EZ
1
=3 0507 + 0503 + 0567 — 03607] = 3 [9?,92 +6563] . (B.10)
For (a,b) = (1,0), the weight vectors are
, 1 1
A — (’I’Ll + 5,”2 + 57”37”4' o ,’I’Lg),
, 1 1
B = n1+1,n2+1,n3+§,---,n8+§ . (B.11)

The lattice sum is then

6 6
H§ : inT(ni+ 2H ean 4= H§ : it (ni+ z7rnl H ez7r7n i,

i=1n;EZ i=1n;EZ i=1n;EZ i=1n;EZ
2
1 z7r7'n H Z T (ng —i—l
- H Z e i 2 4= H Z eern TN, H Z 67,71'7 n;+ m‘nl
2 =1 i=1n,EZ 1=1n;EZ i=1n;EZ
=5 [egeg + 0503 — 0507 — 05607] = 3 [0393 +65603] . (B.12)

Finally for (a,b) = (1,1) the weight vectors are same as the ones in equation (B.11).
In addition we also have the extra phase since b £ 0. Here

1 1
)\'A"Y=<n1+2>+<n2+2> Np -y =mn1+ny (B.13)
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So the lattice sum in this case is given by

6
_P(l 0 H Z it (4% )2 4mi(ng+ H Z eﬂin?

z_l n;,€Z 1=1n,€Z

2 6
1 : 1\2, : 1 24
- miT(ni+ 5 )2 +ming+mi(ni+3) ming+mwing
T 92 H Z ¢ : : H Z ¢

=1 niGZ i=1 ’I’LiEZ

2 6
4 %H Z eﬂ'iﬂ'n?em'ni H Z eTriT(ni+§)2

i=1n;EZ =1 TLZ'EZ

4= H § : TN +7rml+7man § : it (ng+ +7rz(m+ )

i=1n;EZ i=1n;EZ
1 1
— L 507 — 0503+ 0502 — 0803] = L [0z — 3] (B.14)

Note that is the case where there are corrections due to the shift and factors present due
to the even integer constraint and the extra phase. The overall negative sign is due to the
overall phase in the definition (B.1).

C Detalils for the Zs orbifold

This appendix provides the details of the evaluation of the following trace
72 2 /o
le,m27”17n2 (a7 T, b> 53 Q) = Trml,mg,nl,HQ;g“g”;RR <gbg/sez7r(F o )FT Lo L ) . (Cl)

The orbifold action g and ¢’ is defined in (3.2). We label the various sectors in terms of only
the action of g. The action of ¢’ is summed over in each of these sectors. Also in the above
trace the bosonic oscillators in the holomorphic direction of the 7 is not included since
it is has already been included in (3.11). Due to the presence of the fermionic zero modes
associated with T which is along the 6,7,8,9 direction the trace vanishes for a = 0,b =0
irrespective of the values of » and s. Therefore we have

Fm1,m2,n1,n2(0aT70’8;Q) =0. (C.2)
Therefore from the definition of F in (3.12) we see that this implies

Fmi,mani,ne (0,0;9) = 0. (C.3)
Now let us move to the (0,1) sector. We have the following

1
Fm17m27n1,”2 (07 0,1,05 Q) = —4 (04)

1 00
[q23 [Tz, (T +gm)]*
0301
n4

In the above equation the factor 4 arises from the anti-holomorphic fermion zero modes
associated with the 7%. The bosonic and the fermionic oscillators in the anti-holomorphic
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sector cancel. What is left behind are the 4 bosonic oscillators in the holomorphic sector.
The action of g on these oscillators reverses the sign. We have used the product represen-
tation of the 2 and then triple product identity in (A.5) to arrive at (C.4). The over all
negative sign is associated with the action ofg on the vacuum. This choice of the action of
g on the vacuum ensures the final result is modular invariant. Next we have

0303

le,mz,nl,nz (07 0,1,1; Q) = _(_1)m14 774

(C.5)

The only difference in this trace from that of (C.4) is the insertion of ¢’ in the trace. This
picks up the factor (—1)™! on the state carrying m; units of momentum along the circle
y*. Now the following traces vanish

Finy ma i s (0,1,1,0;q) = Finy ima i na (0,1,1,1;q9) = 0. (C.6)

This is because in this sector the winding numbers along 3% is half integer moded and
the action of g as well as gg’ reverses the sign of these modes and therefore they do not
contribute in the trace. Thus we have

0262
-9 (1 + (—1)m1) 3Y4 for {ml,mg,nlan} c Z7
fm17m27n177’b2(07 19(]) = { :

n
for {m1,mo,no} € Z, {m1} € Z+ 1.

(C.7)
For the twisted (1,0) sector we have
1
Fm17m2,n1,n2(1v07070;Q) =16 T . s (CS)
g3 T2, (1 = gt/
_ %%
i

Here the factor of 16 in the first line is due to the 16 twisted sectors localized at the 16
fixed points of T at y™ = 0,7 for m = 6,7,8,9. To arrive at the second line we have used
the product representation of 4 and the identity (A.5). Again the bosonic and fermionic
oscillators in the anti-holomorphic sector cancel leaving behind the bosonic oscillators in
the holomorphic sector. These oscillators are half integer modded since they belong to the
twisted sector. Now

le,mz,nl,nz(laoa()’l;CI) =0. (C.9)

This is because the action of ¢’ exchanges the fixed points pairwise, the twisted sector
states are off diagonal and therefore the trace vanishes.
6302

Finymanine (1,1,0,05q) = 4?. (C.10)

Here the states twisted by gg’ are now labelled by the fixed points 3% = T 37”, y"™ = 0,7 for
m = 7,8,9. The rest of the analysis to obtain the above equation is same as that in (C.8),

but note that here the winding ny € Z + % due to the twisting by ¢’. Finally

Finymamine (1,1,0,15.9) = 0. (C.11)
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This is because the action of the ¢’ insertion exchanges the fixed points and the elements

are off diagonal in the trace. In summary the contributions in this sector are

0305 for {m
i 1,M2,M1,N2 GZ,
Fmimamng(1,05q) = 9322 { ; 1 (C.12)
22 for {m1,ma,no} € Z,{m} € Z + 3.
Lets now look at the (1,1) sector. We have
1
le,mz,m,nz(laoalaoﬂﬁ = —16 1 R (0.13)
[ T, (1 — g /2)
_ _4%%
T
1

Again due to the arguments mentioned earlier, it is only the bosonic oscillators in the 7% di-
rections which contribute. The 16 in the first line is due to the presence of the 16 fixed point
and the negative sign is because the action of g on the vacuum gives a negative sign. Now

Fm17m27n1,n2(1707171§Q) =0. (C.14)

This is because the insertion of gg’ in the trace exchanges the fixed points pair wise and
therefore the elements are off diagonal in the trace. Again due to the same reason of the
elements being off diagonal we have

le:m27n1,n2(17171’0; q) =0. (015)
Note here the due to twisted by ¢’ the states are at y® = R 37”, y™ =0,7 form =17,8,9.
Finally
0303
Fnymamime (L, 1,1,15q) = —4(—1)’”17- (C.16)

Here the analysis is same as in the case of (C.13). The (—1)™ occurs due to the presence
g’ in the trace. Also ny € Z + % since the states are twisted by ¢’. To summarize this
sector results in

0302
—2= for {my,ma,n1,n92} € Z,

0303

. (can)
—2(—1)’”1T for {m1,ma2,n2} € Z, {n1} € Z+ 3.

le,mg,m,nz(l? 13(1) = {
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