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1 Introduction

The light-cone-gauge worldsheet theory of a free closed type-IIB superstring on AdSs x S°
is integrable [1]. Since this string theory is dual [2—4] to planar N' = 4 super Yang-
Mills theory in 3 + 1 dimensions, we refer to this worldsheet theory as the AdSs/CFTy
integrable model. The integrability of this model with periodic boundary conditions can
be exploited to compute the energies of multiparticle states of the closed string, which
coincide with conformal dimensions of corresponding single-trace operators in the dual
gauge theory. For large volumes L, the energies are determined by the asymptotic Bethe
ansatz equations [5], which incorporate all polynomial corrections in the inverse power
of the volume. The subsequent exponentially-small finite-size corrections are related [6]
to wrapping contributions in the gauge theory. These wrapping corrections are due to
the vacuum polarization effects of bound states on multiparticle states in the AdSs/CFTy
integrable model, which can be explicitly evaluated [7] and exactly match with perturbative
gauge theory results [8]. All higher-order wrapping corrections can be summed up by the
excited-states thermodynamic Bethe ansatz (TBA) equations [9-12], which have a nice
reformulation in terms of the quantum spectral curve [13].

It is also possible to consider the AdSs;/CFTy integrable model on a strip with in-
tegrable boundary conditions. This scenario can be realized by an open string stretched
between two maximal giant gravitons (D-branes). Multiparticle states of the open string



correspond to so-called determinant-like operators in the dual gauge theory. The ¥ — Y
system, consisting of Y = 0 branes [14] at both ends of the string, was studied in [15-17].
The integrability of this model was exploited in [16, 17] to compute wrapping corrections
of one-particle states. The Y — Y system, consisting of a Y = 0 brane at one end of the
string and a Y = 0 brane at the other end, was subsequently investigated in [18]; and
wrapping corrections of one-particle states were again computed.

We consider here the Y — Yy system, consisting of a Y = 0 brane at one end of the
string and a Yy = 0 brane at the other end, where the latter brane is rotated with respect
to the former by an angle . This system interpolates smoothly between the Y —Y system
(6 = 0) and the Y — Y system (§ = 7/2). We exploit the integrability of this model to
compute the leading wrapping corrections for one-particle states with L = 2, as functions
of the angle §. We verify that these results reduce for § = 0 and § = /2 to those obtained
previously in [16, 17] and [18], respectively. In principle, it should be possible to confirm
these results from 4-loop and 6-loop computations in the dual gauge theory.

In order to carry out this analysis, it is necessary to know the Bethe-ansatz expression
for the eigenvalues of transfer matrices constructed with the bulk and boundary world-
sheet S-matrices of the AdSs;/CFT, integrable model. Since the boundary S-matrix cor-
responding to the Yy = 0 brane is generally not diagonal, the problem of determining the
transfer-matrix eigenvalues is nontrivial. Indeed, even for the much simpler problem of
the XXX open spin chain with non-diagonal boundary terms, a Bethe ansatz solution was
obtained only quite recently using the so-called off-diagonal Bethe ansatz approach [19].
With the help of this approach, the Bethe ansatz solution of the AdS/CFT problem was
found in [20]. We use that solution here to formulate the asymptotic Bethe ansatz for
the AdS5/CFTy integrable model with non-diagonal boundary conditions, and to compute
leading wrapping corrections.

The outline of this paper is as follows. In section 2, we first collect all the ingredients
needed for the computation (S-matrices, transfer matrices, Bethe-ansatz solution, etc.),
and then calculate the energies of one-particle states with L = 2 at weak coupling up to
wrapping order using the asymptotic Bethe ansatz. In section 3 we compute the leading
wrapping corrections for these states, and compare with previous results for the diagonal
cases. In section 4, we give the corresponding results for L = 1. We conclude in section 5
with a brief discussion of our results, and list some related open problems.

2 Asymptotic Bethe ansatz

There are two types of finite-size corrections to the energies of multiparticle states in finite
volume. The leading corrections are polynomial in the inverse power of the volume and can
be accounted for by the momentum quantization of the particles. These corrections can
be obtained from the Bethe-Yang equation/asymptotic Bethe ansatz, which implements
the periodicity of the wave functions in a very nontrivial way. The other corrections are
exponentially small in the volume and have quantum field theoretical origin. Indeed, these
corrections come from vacuum polarization effects due to the presence of virtual particles.



In this section, we obtain the finite-size corrections from the asymptotic Bethe ansatz.
We first briefly review the scattering theory of the AdSs;/CFT, integrable model and
formulate the boundary Bethe-Yang equation. We then introduce the relevant transfer
matrices, and review the Bethe-ansatz solution for their eigenvalues. Finally, we use the
asymptotic Bethe ansatz to compute the energies of one-particle states.

2.1 Fundamental S-matrices

The AdSs;/CFTy integrable model is a (1+1)-dimensional non-relativistic quantum field
theory with a centrally-extended SU(2|2) ® SU(2|2) symmetry. The spectrum of this model
includes a set of 16 fundamental particles, which we denote by

l(a, &) = |a) ® |d&) , a=1,234, a=1,2,3,4, (2.1)

where the SU(2|2) ® SU(2|2) labels 1,2, 1,2 are bosonic, and 3,4, 3, 4 are fermionic. These
particles all have the same energy-momentum dispersion relation

/ A
e(p) = /1 + 16g2sin® ]29 g= \4/; , (2.2)

where A is the 't Hooft coupling.

Let us now consider a system of N such particles with momenta p; (i =1,...,N) on
a strip of finite length L. (Eventually, we shall restrict to the case N = 1.) For large L,
this system can be analyzed using the bulk and boundary S-matrices of these fundamental
particles. The bulk two-particle S-matrix is given by [21-23]

S(p1,p2) = So(p1,p2) S(p1,p2) @ S(p1,p2) (2.3)

whose index structure is given by

(8,8)(5,6) _ 868 &i3d
S(a @)(7,%) =S S(”SCW

Both S = ng and S = SBS are given by the graded 16 x 16 matrix in [23], which is

normalized such that Sii = S 11 = 1, and the scalar factor Sy is given by

+

L+ +_ Ty T asayw
So(p1,p2) = +i e xf x&fd (p1,p2)- (2.4)
P s R
Here we define =& (p) by
1
+
t= £ 1 2.5
o0) =4 (corh )1+ ), (25

and xzi = 2% (p;). We shall also make use of the rapidity variable u defined by



The dressing factor is given by [24, 25]

o(pr,p2) = eOPrr2) O(p1,p2) = x(a7,23) + x(x7,25) — x(a7, #3) — x(27,23)
(2.7)
where
cm [ 1 1
1'1,1,'2 1 1 1 ] (28)
with

¢rs(g) = (r—1)(s —1)2cos <2 (s—r—1) ) / dt Jr- l(f(ge?is;)l(zgt) . (2.9)

We assume that the right boundary S-matrix (reflection factor) is given by

R™(p) = Ry (p)R™(p) @ R~ (p) (2.10)
with [14, 26]
Ry (p) = —e Po(p,—p), R (p) =R (p) = diag(e /%, —e?/?1,1). (2.11)

This diagonal boundary S-matrix corresponds to a ¥ = 0 brane [14]. Let R, (p) denote
the boundary S-matrix obtained by an angle 6 rotation

Ry (p) = Ry (p)R, (p) ® Ry (p) (2.12)

where
cos@ sinf 00

—sinf cosf 0 0
0 0 10|’
0 0 01

Ry (p) = O(=0)R"(p)O(0),  O(0) = (2.13)

and same for the dotted indices (i.e., with the same angle 6 for both undotted and dotted
factors). In principle we could have a different angle 0 in R, but for simplicity we assume
6 = 6, such that we can easily interpolate between the Y — Y (6 =0)and the Y — Y
(0 = 7/2) cases.

We assume that the left boundary S-matrix is given by [18§]

R*(p) =Ry (—p). (2.14)

This boundary S-matrix, which corresponds to a Yy = 0 brane, is evidently not diagonal
for generic angles.

2.2 Boundary Bethe-Yang equation

Our goal is to compute the energies of multiparticle states. For large L, a first approxima-
tion to the energy is given by the sum of single-particle energies

N
FE = Z 5(pi) , (215)



where €(p) is defined in (2.2). Hence, it is necessary to determine the particle momenta
pi, which are quantized for finite L. Since the particles have nontrivial scattering, the
quantization condition is given by the boundary Bethe-Yang equation (see e.g. [17])

1 N J+1
e 2Pl TT Sin(pinoe) Ry (05) [ Ski(prs —pi) RS (=pj) T Sinpsipn) =1,
k=j-1 k=1:k A k=N

j=1,...,N. (2.16)

This condition can be conveniently reformulated in terms of a double-row [27] transfer
matrix

D(p, {pi}) = traSan(p,pn) - - - Sar(p, p1)RL (P)S14(p1, —p) - - - Sna(pn, —p)RE(—p)
(2.17)
where the trace is over the auxiliary space denoted here by A, which is in the fundamental
(16-dimensional) representation of SU(2|2) @ SU(2|2). Note that this transfer matrix does
not directly depend on the left boundary S-matrix R*(—p) = R, (p), but instead depends
on R*(—p), which is defined such that

— . \BB) _ (8,8)(8,6) o+ (o)

o,

The boundary Bethe-Yang equation (2.16) now takes the simpler form
e PPED(p; {pi}) = -1, j=1,...,N. (2.19)

Using the expressions for the bulk (2.3) and boundary (2.10) S-matrices, we can factorize
D(p, {p;}) into a tensor product of two “chiral” SU(2|2) transfer matrices

D(p, {p:}) = d(p, {p:}) D(p,{pi}) ® D(p, {p:}), (2.20)

where

D(p, {pi}) = tra San(p.pn) - Sa1(p,p1) Ry (p)S1a(p1, —p) - - . Snalpn, —p) R (—p) -
(2.21)

The auxiliary space A is now in the fundamental (4-dimensional) representation of SU(2|2),
and similarly for the dotted factor; moreover, the scalar factor is given by

N
d(p,{pi}) = Ry (p)R§ (—p) [ [ So(p, pi)So(pi, —p) - (2.22)
i=1
We recall [17] that R*(—p) oc (—1)"R, (—p), where F is the fermion number, which

changes the trace in (2.21) to a supertrace. The transfer matrix (2.17) therefore takes the
final form

D(p, {pi}) = d(p, {p:}) Db, {p:}) © D, {ni}) (2.23)



where the chiral SU(2|2) transfer matrix D(p, {p;}) is defined by

D(p,{pi}) = stra San(®,pn) - .. Sa1(p,p1) Ry (p)S14(p1, —p) - .. Snalpn, —p) Ry 4(—p) .

(2.24)
and similarly for the dotted factor. The normalization factor is given by [17]!
~ e~ 4y~
d(p.{pi}) = 5= HSo (p, i) So(pi, —p) , (2.25)
pi(p) ut
e (1+ @) +ah)
1+ (@7 ))(z” 4+
p1(p) = (2.26)

20t (1 + a2 at)
For later reference, we recall here that there exists an infinite hierarchy of commuting
transfer matrices D, s(p, {p:})

[ a,s(Py {Pi}) , Dar (' {pl})} =0, (2.27)

defined as in (2.17) except with the auxiliary space in a rectangular representation (a, s)
of SU(2|2) ® SU(2|2), such that D(p, {p;}) = D1,1(p, {pi}). These transfer matrices satisfy
the Hirota equation

D:’S D;S = Da—l—l,s Da—l,s + ]D)a,s—l-l Da,s—l 5 (228)

where f%(u) = f(u+3). Asin (2.23), we can express D, in terms of corresponding chiral
SU(2|2) transfer matrices

Do (9, {pi}) = dass (0, {0i}) D (p, {pi}) @ Das(p, {pi}) (2.29)
2.3 Bethe ansatz

In order to determine the momenta p; using the boundary Bethe-Yang equation (2.19), it is
necessary to first determine the eigenvalues of D(p, {p;}). In view of (2.23), the problem in
turn reduces to determining the eigenvalues of the chiral transfer matrix D(p, {p;}) (2.24).
The latter problem is nontrivial due to the fact that the boundary S-matrix R, (p) (2.13)
is not diagonal. Nevertheless, with the help of the so-called off-diagonal Bethe ansatz
approach [19], this problem was recently solved in [20]. The result for the eigenvalues of
D(p, {p:}) (which, by abuse of notation, we denote in the same way) is given by [20]?

D(p,{pi}) = e o R(+)— Rl u— B+ B+ (2.30)

1 ut\ |u" Ry Qy | ut B Q) 9 Q7
<1+ >[u7€1@2+u81*@2 QR [

Yd(p, {p:}) must be equal to d(p, {p:}) up to some scalar function of p. For N = 1, we see from (2.22) that
ci(p,pl) = g(p)Ry (p) So(p, p1) So(p1, —p) for some function g(p). Evaluating this expression at p = p;, and
using (2.4), (2.11) and the result d(p1,p1) = —e *P16%(p1, —p1)/p? (p1) which follows from the boundary
Bethe-Yang equation for one (3, 3) particle (see (2.42) below), we arrive at (2.25).

*We compensate for the fact that the definition of ¢ in [20] differs by a factor 2 from the one used here.
Indeed, there g = \/X/(Zﬂ'), cf. (2.2). Moreover, we change notation B1Rs — R1, R1Bs — Bi.

'(N—M+1)pR(+)_ { RCOR{ _ut BT By




where

M
RE) (p p)— ¥ (p)) (z(p) + 25 (i) . Ralp) = [[ (@(p) — 3) (2(p) + ) .

1:1 j=1

,’:12

(2.31)
and their B analogues are obtained by changing x(p) to 1/z(p):

B (p) = f[l <x(1p) - ﬁ(pi)) <x(1p) + wi(m)) ,
Bi(p) = ﬁ (gc(lp) - yj) <$1) +yj> ' (2.32)

e (p

We shall often use the abbreviation :th = 2% (p;). The Q-functions are

M M
Q1(w) = [J(w—v)(u+v)), Qau)=[](u—w))(u+uw,), (2.33)
=1 =1

where v; = g(y; + ) Finally, p; is given by (2.26).
The correspondlng Bethe equations for the Bethe roots {yi,...,ynm} and

{wi,...,wyr} are

- N+
(HQ% —1, =1, M, (2.34)
@y z(p)=y;

AN T 20 -
7@1@2 +?Q1 5 —4sin” 0 Q7

=0, k=1,---,M, (2.35)

U=wg

For a given value of N, the possible values of M are 0,1,...N. Notice the presence of
the “inhomogeneous” term in (2.30) that is proportional to sin? 6, which is absent for the
diagonal (0 = 0) case [17].

In order to compute the Liischer corrections, we shall also need the corresponding
result for all the antisymmetric representations D, 1(p, {p;}). A generating functional for
these transfer-matrix eigenvalues was proposed in [20], which we now briefly recall. We
begin by rewriting the eigenvalue result (2.30) for D = 15171 as

Diy=hDsy, Diy=-A-B+G+H+C, (2.36)

where h is a normalization factor

x+ N—-M+1 R(+)_
h = p1< > e (2.37)
Furthermore,
(=)— p+ + B+ - + ) +
LRRL po BT g RiG p wBG (o
R~ R; u~ B+ B Ry Q2 u B+ Q2 '



and the #-dependent term is

(2.39)

\ O-R+
C:—Zsin29<1—|—u> %

(' QQRI_ '
The proposed generating functional for antisymmetric representations is given by [20]

W™= (1-DAD)" ' [1-D(G+ H +C)D + DGD*HD| (1 - DBD) ™!
= > (~1)*D* Doy D*, (2.40)
a=0

where D = ¢~ 3% implying Df = f~D, with
D1 = pla=pla=3] . p[3—dlp[i—d] D1, (2.41)
where fIE = f(u £ ).

2.4 One-particle states

For simplicity, we henceforth focus on the case N = 1. (The case N = 0, corresponding
to the vacuum state, was considered in [18].) For this case, the boundary Bethe-Yang
equation (2.16) reduces to

1= e 2PEA(p) = e 2P LRy (p1)* Mi(p1) Aj (p1) (2.42)

where A(p1) denotes an eigenvalue of R™(p1) RT(—p1) = R~ (p1) R, (p1) . Recalling (2.10)
and (2.12), we see that there are 16 such eigenvalues, which are given (up to the factor
Ro(p1)?) by the products of the 4 eigenvalues of R~ (p1) R, (p1), denoted by A;(p1), and the
4 eigenvalues of R (p1) Re_ (p1), denoted by A;(p1). We restrict our attention throughout
this paper to the 4 symmetric }\j = \; cases. The two eigenvalues corresponding to the
bosonic subspace are

A12 = cospy cos® f —sin® 6 + i\/l — (sin?@ — cosp; cos?6)?, (2.43)

while those in the fermionic subspace are A3 4 = 1.

Since the Bethe-Yang equation (2.42) can also be written in terms of the transfer
matrix as in (2.19), we must have A(p1) = —D(p1,p1). Indeed, the eigenvalues (2.43)
can be recovered from the Bethe-ansatz result for the transfer-matrix eigenvalue (2.30) as
follows: the fermionic eigenvalues are described by N =1 and M =0 as

D(p1,p1)] ;g = €7 p1(p1) (2.44)
(note that R{T)~(p1) = 0), while the bosonic eigenvalues are described by N = M =1 as

Ri (p1)

R on) (2.45)

D(p1,p1)],,_, = p1(p1)



Their ratio (which must coincide with Aj2/A34 = A1 2) is therefore given by

Do)l yey _ g RE@1) _ iy (21 =)@ +11)
D(p1,p1)| -0 Ry (p1) (z1 —y)(zy + 1)

(2.46)

where the “magnonic” Bethe roots y; (or v; = g(y1 + i)) and wy are still to be determined
from the Bethe equations (2.34), (2.35) in terms of p;. The Q-functions (2.33) simplify for
N=M-=1to

Qi(u) = (u—vi)(utv1),  Qa(u) = (u—wi)(u+wi). (2.47)
The Bethe equation (2.35) expresses w? in terms of v; as

1 1
w%zv%—vlcotﬁ—z, w%zv%—{—vlcotﬁ—z. (2.48)

As the second equation can be obtained from the first by changing 8 — —6 or v — —v,
we focus on the first equation. It implies that

Q;(Ul) — 20

Q@ (v1)
which simplifies the other Bethe equation (2.34) to
(yl — ZL‘I:)(yl + xi)eQiG — (250)
(y1 —2) (v +27)
This quadratic equation has two solutions for 31
ip1/2
Y1 = x| esin& (cosﬁsin % F \/1 — cos? % cos? 9> . (2.51)

Plugging these two solutions back into (2.46) we recover the two eigenvalues (2.43). Let us
note that taking the second solution in eq. (2.48), i.e. changing § — —#@, alters the sign of
y1 but does not change the expression (2.46).

2.5 Energies from the asymptotic Bethe ansatz at weak coupling

The dressing phase appears in the boundary Bethe-Yang equations (2.42) (recall that R (p)
is given by (2.11)), which prevents us from solving these equations explicitly. However, in
order to compare with gauge-theory calculations, only the weak-coupling (small g) expan-
sion is needed. We now develop this expansion for L = 2, since several results that can be
used as checks are already available for this case. Restricting to symmetric states ()\J =\)
and taking the square root of the boundary Bethe-Yang equations (2.42), we obtain

1 =~e %P5 (py, —p1) Mi(p1) - (2.52)
We keep track of the square root sign ambiguity by introducing v = +1. For the com-
putations that follow, it turns out to be advantageous to work with the rapidity variable
u (2.6) instead of the momentum. They are related as

u(p) = % cot ]23 e(p) . (2.53)



Our tactic is to first expand u; at weak coupling as
up =uro+ 92 ur1 + 94 ui2+..., (2.54)

and to substitute these results into the Bethe-Yang equation (2.52), expanding also the
dressing factor o(p1, —p1) using (2.7)—(2.9) and

U m U
= — — +1,/— —1. 2.
x(u) % + \/29 + % (2.55)

We then solve the resulting equation order by order in g. Once u; is known up to the
required order, we substitute the result into the energy formula

e(u) = 1 + 2ig <$1+ - ;) , (2.56)

which we also expand. Since we are interested in the leading wrapping correction, we
expand the energy up to that order. We now summarize our results for all the possible
choices of \; and v in (2.52):

1. A3 = Ay =1 and v = +1: the leading weak-coupling result for u; is given by

ulo = 2\1/§, (2.57)
which corresponds to pi g = 27/3, and which gets modified up to g% as
uy = uyo (14 69 — 18¢" +108¢° + 24¢°Cs +...) . (2.58)
This leads to the energy
By =1+ 6¢% — 18¢" +108g°% — 18(45 + 4¢3)¢°. (2.59)
2. A3=X=1and yvy= —1: we find
Ul = \237 (2.60)
which corresponds to pi g = /3, and which gets modified up to g% as
w = uro (1+2¢> — 29" +4¢° + 865G +...) . (2.61)
This leads to the energy
Ey=1+42¢% —29* +4¢% — 2(5 + 4G3)4°. (2.62)
3. A1,2 and v = +1: the leading order gives the relation
cos(26) = 17— 56u%0 + 16u‘117O (2.63)

(1+ 4“%,0)2

~10 -



Solving this relation for uio, we obtain

) 1 1

=4+ — 2.64
Y10 4+1:|:cos«9’ ( )

where \; and Ao are compatible with the upper and lower signs, respectively. The
corrections to the rapidity up to g'° can be expressed as

up =u1 (14 85% — 32¢* + 2563° — 25605° + 286725'°) (2.65)

+up (1 — 123 ) (—43°(1+4uf )G+ §° (16(1+20u3 )¢5 + 40(1 + 4uf 1)*Cs)
—g" (64(1 + 84@0)@, + 224(1 + lﬁuio—i— 48u‘1{0)<5+ 420(1 + 4u§70)3<7)) ,

where g2 = ¢?/(1 + 4u%70). The corresponding energy is

F5 =1+ 8% — 325" + 2563° — 25605° + 286725'° — 34406452
+ (1 —12uf ) [2565°Cs — 256070 (2¢s + (1 + 4uf ¢)¢s)
+768G"(112¢5 + 8(9 + 28u7 )¢5 + 35(1 + 4uf )*Cr] . (2.66)

. A12 and v = —1: the leading-order equation gives

1 17— 56ulq + 16ui,

cos(20) = -
Qu%O (1+ 4“%,0)2

(2.67)

Since the correction to uy g is quite complicated, we refrain from displaying the result.
The corresponding energy correction takes the form

Eq=1+85% — 325" + 2563° — 25605° + 28672¢'° — 3440645'2

32768uf (3 — 4uf )

~8 ~10 2
- —105"(2¢s + (1 +4
1+ 24u? ) — 48uf (5°Cs = 10°(2Cs + (1 + dui )Cs)

512 (336¢3 + 24(9 + 28u3 )¢5 + 105(1 +4ud 0)2¢r)) . (2.68)

For case 3, we see from (2.64) that there are two solutions for uio in terms of cos 6. Since

1
u1,0 = = cot <p170> , (269)

2 2

where p1 o is the weak-coupling limit of the momentum py, it follows that p; o and 6 are

related in a simple manner

0 0
cosp1o = sin? 3 cosp1o = cos? 5 (2.70)

These two solutions are plotted in figure 1(a).

For case 4, it follows from (2.67) that there are three solutions for U%,o' The corre-

sponding momenta p1 o as functions of angle are plotted in figure 1(b).
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Figure 1. p; o versus 6 for (a) case 3 (b) case 4.

2.6 Weak-coupling expansion of the magnonic Bethe roots

We will calculate in section 3 the leading wrapping corrections to the energies F; computed
above. For cases 3 and 4, we will need the leading weak-coupling expressions for the Bethe
roots v1 and wy in terms of uy . We set

v =v10 + 0(92) ) w; = Wi+ 0(92) ) (2.71)

and we note that y; ~ %”170‘ Let us now see how the Bethe equations simplify for small g.
We begin by introducing the @-function corresponding to wuy

Qu) = (u—up)(u+uy). (2.72)

In the weak-coupling limit, z& ~ é(u + %), and therefore g?R(*¥) = Q*. The first Bethe
equation (2.34) therefore simplifies to

-0+
@ QZ_ =1, (2.73)
Q+Q2 uU=v1,0
which implies that at leading order the w; root is the same as uq:
w10 = U1,0, QQ(U) = Q(U) + 0(92) . (274)

The result (2.46) from the transfer-matrix eigenvalue also simplifies

+
— P2 Qil

1

A2 , (2.75)

u=u1,0

and leads to the following expression for the (square root of the) Bethe-Yang equation (2.52)
with Aq 2 at weak coupling3

-\ 4
Qf uo+ 3
- =v|\—— - (2.76)
Ql u=u1,0 U0 = 3
i\ L+2
3For L # 2, the right-hand-side of (2.76) changes to (:2%) .
) 2

- 12 —



This equation can be used to express v in terms of ujp, which — when plugged back
into (2.48) — determines u; ¢ in terms of #, or the other way around. We find two solutions
for ”%,0 in terms of uioz

) (1+ Zluio)2

_ =+1 2.77
UI,O 32@6%’0 —8 (’7 + ) ) ( )

1+ 4u? ))%(1 — 4u?
moz_( Lf( jd (y=-1). (2.78)
! 4 —96uf , + 64uf

The former solution corresponds to v = +1 and is related to case 3 analyzed above; while
the latter solution corresponds to v = —1 and case 4.

The first relation (2.77), when combined with (2.48), recovers the result (2.64) for uf
in terms of cos#; and correspondingly, v1 9 = £ cscf. The second relation (2.78), when
combined with (2.48), recovers the result (2.67). We prefer to use the variable u; o instead
of 6 as both the Bethe-Yang energy and the wrapping correction can be expressed in terms
of u1 0 in a unified way. That is, we have a single expression for the two cases at v = 1,
and another expression for the three cases at v = —1.

We are finally ready to calculate the wrapping corrections to the one-particle states.

3 Leading wrapping corrections

The leading finite-size correction of multiparticle states on the strip has been proposed
in [16]. It expresses the energy corrections in terms of the double-row transfer-matrix

eigenvalue as:

00 0o dq e
AE = — D, €ala)l 3.1
;;A 5 Da1(a,P1)e (3.1)
From (2.29) and (2.36) we have
Da1(q:p1) = fa1(q, 1) Daplq, p1)?, (3.2)
which must be evaluated for the mirror momenta g. The scalar part can be obtained from
fusion
faq = flmtiplo=dl gl flizd, (3.3)
where f is given by
_ _\ 2 2(N—M)
s 2 u™ (R at
f=d(g,p1)h" = So(q,pl)so(ph—Q)uj (72(+)+ — ) (3.4)

as follows from (2.25) and (2.37). In calculating the fusion of a particles to get the mirror
antisymmetric boundstate, we must take the first a — 1 particles in the “string” kinematics,
i.e. use (2.55) with u = ¢/2; and take only the last a** particle in the mirror kinematics [7,

28], where we have

~ [—a] : 1642
—eale) _ 7 "(9) 4]\ _ 4t 0 g
e F(g) x=4(q) 17 1+ R +1]. (3.5)
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We calculate the boundstate transfer-matrix eigenvalues from the generating func-
tional (2.40) as

a a—1
j:O j=0
a—2
+ Z A(j)G[a_1_2j]H[a—S—Qj]B(a_j_g) (3'6)
7=0

where J =G+ H + C, and

ROa-2 ROa—1]  R(la-2] R

(1) = pla—1] gla—3] [a+1-25] _
AV =4 A A - RBe—2 R(H)la—4] " R(+)la—27] R[la*%} ’

(3.7)

together with

ul2h=a] gH2k—a]  B(H)d-a] g(H)2-a] gl
ul=d BORR=dl " Bl )R] gl (

B — gl2k—1-al  pB-a gli—a] _ 3.8)

In the following we specialize the above expressions for the four cases that we analyzed in
section 2.6, and calculate their weak-coupling limits.

3.1 Wrapping corrections to Ag
For the (3, 3) particle there are no magnons (M = 0), thus

Qi=Q2=R1=B1=1. (3.9)

In the weak-coupling limit ¢?R(¥) = QF, hence

[a—2k—1] [1—a] [2k—a]
x) _ @ @ _ @ (k) _ U
AV = QT for k<a, AV = Q1 BY = a (3.10)
and
[k+1] [k—1] AulM
L k] — W prle—2) % k] — _ gin2 Y

H =R G 1, G™H =R C sin eu[k—l] . (3.11)

Performing the sums in (3.6), we obtain the following result for the transfer-matrix part

c 200 2 2 2
. agsin®f(a” — 1 — ¢° + 4uf )
_ (_1\a+1 2
Da,l(Qa ’LLLO) - ( 1) (q _ ia)Q[afl] ’

where we have used the leading-order rapidity u;o instead of the momentum p;. The

(3.12)

weak-coupling limit of the scalar part (3.3) gives

QU N(uto +1)* q—ia
Ja(4,u0) = BT G-a gl g + a (3.13)

The weak-coupling limit of Dg 1 (3.2) is therefore given by

a’q?sin* 0 (a2 —1-¢*+ 4“%,0)2 (uio + %)2
Ql-a-1Ql-dQla-1]Qli+d (@2 +a?)

Dg1(q,u1,0) = (3.14)
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The exponential part is simply

i 402 \*
e—2€aL=< g > , (3.15)

q2+a2

where we have taken L = 2. As the integrand in (3.1) is symmetric in ¢ we extend the
integral to the whole line and evaluate it by residues. On the upper half-plane there
is a kinematical pole at ¢ = ia and four dynamical poles at ¢ = i(a £ 1 + 2u; ) and
at ¢ = i(a £1 — 2u19). We find that the contributions from the dynamical poles at
g = i(a + 14 2ujp) (and similarly for the dynamical poles at ¢ = i(a + 1 — 2uy))
coming from two consecutive values of a cancel provided that u o satisfies the Bethe-Yang
equations, i.e. it is either 1/(2v/3) (2.57) or v/3/2 (2.60). The contributions coming from
the kinematical pole can be summed up, and we obtain the following results:

1. For ujg = ﬁ we obtain

AE; = 2¢%sin® (3¢ — 5C5) - (3.16)
2. For u1 9 = @ we obtain

AEy = —2¢%sin® 0(C3 + 5¢5) - (3.17)

The corresponding energies from the asymptotic Bethe ansatz are given by (2.59)
and (2.62), respectively.

3.2 Wrapping correction to Ay 2

We now consider the more complicated cases. One must be careful in calculating the weak-
coupling expansion of the eigenvalues lA?aJ in the mirror kinematics. As already explained,
the first a — 1 particles are in the “string” kinematics, while only the last a* particle is in
the mirror kinematics. This implies the following weak-coupling behavior:

‘ . 9
;U[J]:m—l—... for j=a,...,1—a, w[_a]zig,—l—... (3.18)
2¢g q—1a

and will introduce a difference in the expansion of the R and B functions depending on
their shifts:

1
QQR(i)[k] _ Q[kil] +... for k> —a, gzn(i)[fa} —_— (U%o + 4) , (3.19)
and
1
PBEIE — _ (Uio + 4) T... for k> —a, g?BH)a = gl-atl] (3.20)

Similarly for R; and By we obtain

gQR[lk] = [1]6} +... for k>—a, gQR[fa} = —vio, (3.21)
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and
g*BH = —vig+... for k> -—a, g*B = Qi (3.22)

Substituting these results into the expression for A*) (3.7), we arrive at

Q[ankfl} Q[la] Q[lfa] Q[la]

Q[afl} [1(172]6] B Q[afl] (_U%,o) :

AF) = for k<a, Ale) (3.23)

For B%) (3.8) we do not have this problem, as it is always evaluated in the last mirror

kinematics (—a]
2k—a —a
B® — el Q) . (3.24)
ul=dl (—”io)
For the other terms in the transfer-matrix eigenvalues we obtain
" [1k+1] [2k72]
G = Q[lk_” [2’“] for k>1-—a, (3.25)
2—a —a—1
Gli-a _ Q[1 ]Q[z ]
1—a] ’
(—U%,o) [2 }
[k+1] Hlk+2]
R _
H BT [2k] for k>1-—a, (3.26)
H[l—a] _ U[Q—a] Qg—a] Q[Q?)—a]
ul=a (—v? ) Q[21—a] ’
K] [k+1]
clkl = —2sin%0 2u” @ for k>1-a, (3.27)
ulk—1] Q[k]
2
[1—a] Hi2—al Hl—d]
CHel = — 250 2Z[—a] Q[ll—a] (6;211)2 )
Qs 1,0
Finally,
[e+1] ) [k—1 [4—a] AHl-al | [2-a
chpgt-a QW ~3-a, GBdgh-d @ @ ultel
Q[lk—l] wlk—3] Q[12—a] (—v1,0)? ul~d

(3.28)
We recall (2.74) that Q2 = @ at leading order, which simplifies the sums in (3.6), leading
to a remarkably compact expression

Dai(q,ur0) = (71)a+laq(Sin2 0 (¢" + ¢*(2a* — 807 ) + (a® + 407 5)?) — 160 )
a,1\g,U1,0 4’[)%0(6] — ia)Q[afl] .

Here vy is not independent of u; o as they can be related either by (2.48) or by (2.76).

(3.29)

Using (2.48), the explicit # dependence can be factored out as

Dor(gouro) = (71)a+1aq sin? @ ((a® + ¢*)2 + 8vig(a® — ¢* +4uiy —1) — (1 +4ui()?)
a,1\4, 41,0 41)%0((] _ Z'G)Q[afl] .

(3.30)
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The weak-coupling limit of the scalar part (3.3) is

[a—1] w2 + 12 A2 2
fa1(q,u10) = O luiot 4) g =" (3.31)
' ' Qlra-lQl-dQlatl] \ 2 + a2 ) q+ia
The full contribution of D, ; (3.2) is therefore
D a’q®sin* 6 ((a2 +q¢%)? + 8v%70(a2 —¢*+ 4u%70 -1)—(1+ 4u%70)2)2
al = Ql-a-1lQl-d Qla-1]Qli+dl
2 2 2 132
« (-2 (wio+ o) (3.32)
q? + a? 161}‘1170 (¢> + a?)

The exponential part is again given by (3.15).

Since the integrand (3.1) is again symmetric in ¢, we extend the integral to the whole
line and evaluate it by residues. On the upper half-plane we find the same poles that we
found in section 3.1 for the A3 case. We also find that the contributions from the dynamical
poles at ¢ = i(a + 1+ 2u1 o) (and similarly for the dynamical poles at ¢ = i(a + 1 —2u1))
coming from two consecutive values of a cancel provided u1 and vy are related by the
Bethe-Yang equation i.e. (2.77) or (2.78). Summing up only the contributions from the
kinematical residues we find the following results:

3. For A2 with v = +1 and (2.77),

AEs = —491525"(1 — 4uf 4)%¢s . (3-33)

4. For Ao with v = —1 and (2.78),

AEy = 35" (1 — 2403 o + 16u] o) uy (256u7 oG5 — (1 + 4ui 0)*Co) - (3.34)

The corresponding energies from the asymptotic Bethe ansatz are given by (2.66)
and (2.68), respectively.

Let us now compare these results with those obtained previously for the two diagonal
cases:

6 = 0: For the Y —Y case with v = +1, (2.64) implies that there are two solutions u; o =
00,1/2, corresponding to p1 o = 0,7/2, as can be seen from Fig 1(a). From (3.33)
it follows that, up to g'2, there are no wrapping corrections, AE3 = 0. For the
Y — Y case with v = —1, we find from (2.67) that there are three solutions uj g =
(V2 4+ 1)/2,1/2, corresponding to p1g = 7/4,37/4,m/2, as can be seen from Fig
1(b). From (3.34) it follows that, up to g'2, there are no wrapping corrections for
p1o =m/4,3m/4, and

AEy| = 768¢'2(s — 134492 ¢y, (3.35)

p1,0=7/2

which agrees with (4.26) in [17].
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§ = 7/2: For the Y — Y case with v = +1, (2.64) implies that there is just one solution
u1,0 = v/3/2, corresponding to p; o = 7/3, as can be seen from Fig 1(a). From (3.33)
we obtain the wrapping correction

AE;| = —48¢'%¢5, (3.36)

pro=7/3

which agrees with (D.15) in [18]. For the Y —Y case with v = —1, we find from (2.67)
that there are two solutions uj g = 00, 1/(2v/3), corresponding to p1 o = 0,27/3, as
can be seen from Fig 1(b). From (3.34) we obtain the wrapping correction

AE4}pl = 1296925 — 1344¢'%¢y , (3.37)

0=2m/3
which agrees with (D.16) in [18].

In short, the results (3.33) and (3.34) for the wrapping corrections are in complete agree-
ment with those obtained previously for # = 0 and 6 = 7 /2. While the boundary S-matrix
R, (p) (2.13) is diagonal for both of these angles, the “extra” term in the Bethe-ansatz
solution (2.30) does not vanish for § = 7/2.* Hence, the agreement at § = 7/2 provides
strong support for the Bethe-ansatz solution (2.30) and for the corresponding generating
functional (2.40).

4 Results for L =1

In this section we analyze the energies of the states related to the A; 2 eigenvalues for L =1
up to the leading wrapping correction. Although the wrapping correction for the vacuum
state at L = 1 seems to be divergent [18], our calculation formally makes sense also for
this case.

The boundary Bethe-Yang equation for L = 1 symmetric states (\; = /\Z) takes the
form (cf. (2.52))

1=~ve *Plo(py,—p1)Ni(p1), v ==L. (4.1)

Depending on the sign of v, we find the following results.

v =1 : the Bethe-Yang equation (4.1) at leading order gives the following relation between
the angle ¢ and the rapidity wui o:

1 8
20)=1 — . 4.2
cos(26) + QU%O 1+ 4“%,0 (4.2)
The higher-order corrections are
3 2
uy o(1+4ui )
= 1+ 8% — 325* + 2563°) + 102455 -2 197 4.3
ur = u1 (1483 §' +2563°) + 7 i, G, (4.3)
such that the energy up to order ¢® is
2 4 6 8 8 ui g
E =1+48g" —32g™ + 256g° — 2560G° — 655367 (3 (4.4)

1+ 12u170

4For a discussion of this point, see [20].
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We recall that g2 = ¢?/(1 + 4u%’0). At this order, wrapping starts to contribute as

.8 5.4 _
AE = 323%uig(1 — 12uf §)*(s — 5gguLg(l — 8ufy — 48uf)%Cs - (4.5)

For this case, we have v? = (1 + 4u%70)2/(48u30 —4).

v = —1 : the leading-order rapidity u; o can be expressed in terms of 6 as
cos(20) = -1+ 8 (4.6)
B 1+4ufy’ '

which can be easily inverted to give U%,o = tan? 6 + %. Its corrections are given by

up =0 (1+ 85 — 325" +2563°) — 16§°u (1 — 16uf )3, (4.7)
which lead to the energy

E =1+8§* — 323" + 2563° — 25605° + 10247°(1 — 4u? )C3. (4.8)
The leading wrapping correction to this state is

AFE = —1287%(3 — 4ui 4)*(3 — 405° (3 + 8ui o — 16uf 1)*Cs - (4.9)
For this case, we have v{ = 2 + ui o +4/(4uig - 3).

5 Discussion

We have analyzed the leading wrapping corrections for one-particle states in the
AdS5/CFTj integrable model on the strip with non-diagonal boundary conditions at one
end. This boundary system describes the excitations of an open string stretched between a
Y =0 brane and a rotated Yy = 0 brane, which interpolates smoothly between the Y — Y
(0 =0) and the Y —Y (0 = 7/2) systems. Our analysis has two novel features: the use of a
Bethe ansatz solution with an “inhomogeneous” boundary-dependent term (2.30), (2.35);
and the presence of a pair of momentum-dependent magnonic rapidities® (v; and w1, which
depend on the momentum through a continuous parameter 6) to determine the boundstate
transfer-matrix eigenvalues D, 1, which are needed to obtain the leading exponential finite-
size corrections. Due to the unusual generating functional (2.40) and the presence of the
magnonic Bethe roots, the intermediate expressions are quite complicated. Nevertheless,
the final expression (3.32) for D, ; is remarkably compact. Our results provide the evolu-
tion of the energies of all excitations for sizes L = 1 and L = 2 up to the leading wrapping
order from 6 = 0 to § = 7/2, and reproduce the available limiting cases. Interestingly,
the energies exhibit a smooth behavior, even though the ground state develops a tachyonic
instability [18].

5In the work [29] the authors also considered the wrapping correction of magnonic states, but only with
y-type roots.
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The AdS5/CFTy integrable model admits other interesting non-diagonal boundary
conditions, for which vacuum wrapping corrections were calculated in [30-33]. It would be
interesting to extend those analyses for one-particle states and compare the structure of
the results with our findings.

In calculating the leading wrapping correction, it was enough to take into account the
effect of vacuum polarization on the energy. This is due to the fact that the dispersion
relation (2.2), (2.56) contains the coupling constant. At the next-to leading order wrapping
correction, the effect of vacuum polarization on the boundary Bethe-Yang equation should
also be taken into account [16]. It would be very interesting to derive these corrections for
non-diagonal boundaries.

In order to sum up all (leading as well as sub-leading) wrapping corrections, one should
derive the corresponding TBA equations. These equations could also shed some light on
the tachyonic instability, as by changing the angle smoothly one could switch from the
stable Y —Y system to the unstable Y —Y system. The TBA equations would be the first
step towards deriving a more compact formulation of exact finite-size energies, and could
lead to a non-diagonal boundary generalization of the quantum spectral curve [13].
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