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1 Introduction

The AdS backgrounds in eleven dimensions, following the original work of Freund and
Rubin [1], have found widespread applications either as supergravity compactifications,
see [2, 3] for reviews, or more recently in the AdS/CFT correspondence as it applies to
M-theory [4]. Because of this, there is an extensive literature in the construction of AdS
backgrounds with emphasis on those preserving some of the supersymmetry of the underly-
ing supergravity theory, for some selected references that include applications see [5]-[14].
Most of the computations made so far apply to special cases. These involve either restric-
tions on the number of active fields or a priori assumptions on the form of Killing spinors.

The purpose of this paper is to give a comprehensive description of all warped AdS and
flat backgrounds of 11-dimensional supergravity, AdS, x.,, M'"~" and R*~bl x,, M=



respectively, making use of at most two assumptions.! One assumption is that the back-
grounds admit at least one supersymmetry. This applies to all cases that will be described
in this paper. The second assumption, which applies to only parts of the analysis, is that
the fields and M!'~" satisfy the requirements necessary for the maximum principle to ap-
ply. Such requirements include the assumptions that the fields are smooth and that M1—"
is compact without boundary.

The focus of this paper is to count the number supersymmetries preserved by AdS,
and R"~1! backgrounds. In another paper [15], we shall describe the restrictions on the
geometry of M1~ imposed by the KSEs and field equations of 11-dimensional super-
gravity. We have also included a brief description of the geometry of some of the AdS,
backgrounds.

Our results include the identification of all a priori fractions of supersymmetry pre-
served by the AdS,, X, M~ and R~ b1 x,, M7 backgrounds. In particular assuming
that such backgrounds exist, we count the number of Killing spinors IV that they preserve.
We find that for AdS,, backgrounds

N=2Blg, n<4; N=2B"tf d4<n<7 (1.1)

where k € Nsg. To prove this result for AdSs backgrounds we have assumed that the fields
and M? satisfy the requirements of the maximum principle. However for the rest of the
AdS,, backgrounds, this assumption is not necessary and the counting of supersymmetries
stated is valid more generally. The number of supersymmetries N is further restricted. For
example, restrictions arise from the classification results of [16-18] on backgrounds with
maximal and near maximal supersymmetries. In addition all backgrounds preserving more
than 16 supersymmetries are homogeneous [19]. The results have been tabulated in table 1.

The number of supersymmetries preserved by AdS,, backgrounds can also be deter-
mined by counting the zero modes of appropriate Dirac-like operators 2 coupled to
fluxes on the transverse spaces M''~". This is achieved by proving new types of Lich-
nerowicz theorems which give a 1-1 correspondence between the Killing spinors and the
zero modes of 2(F). To prove these theorems, we assume that the fields and M1~ satisfy
all the conditions required for the maximum principle to hold. As a result, we show that
the number of supersymmetries of AdS,, backgrounds can be rewritten as

N =/{(n)N_, (1.2)

where 4(n) = 2l3], 2 < n <4 and l(n)=4,4<n<7and N_ = dimKer 2.

The explicit expression we obtain for the Killing spinors of AdS,, backgrounds allows
us to investigate whether they can be factorized into the form ¢ = £ ® ¢, where £ is a
Killing spinor on AdS,, and 1 is a Killing spinor on M*'=". Such a factorization has been
widely used in the literature to solve the KSEs for such backgrounds. We find that for
this factorization to hold an additional condition must be imposed on the Killing spinors
which does not arise from the solution of the KSEs on the spacetime. Because of this we
conclude that such a factorization does not hold for generic backgrounds. We demonstrate

't is also assumed that the fields are sufficiently differentiable.



with an explicit example that for the correct counting of supersymmetries, one should not
assume the above factorization.

Our AdS,, results can be adapted to R"~b! or equivalently flat backgrounds. The
latter arise in the limit where the AdS radius goes to infinity. This limit can be taken
smoothly in all our local computations. But some of the regularity properties enjoyed by
the AdS,, backgrounds do not extend in the limit. One of the main consequences of this
is that the new Lichnerowicz theorems we have established for AdS,, do not hold for flat
backgrounds. As a result, one cannot prove that RY! backgrounds always preserve an even
number of supersymmetries. However for the rest of the R~ backgrounds, we shall
show that

N=23lk, 2<n<4; N=2"lk, 4<n<s. (1.3)

N is further restricted. Observe that the number of supersymmetries preserved by the
AdS,, and R" ! backgrounds differs. This is because the counting of linearly independent
Killing spinors is different in the two cases.

The method we use to solve the KSEs for each of the AdS,, x.,, M'~" backgrounds is
based on the observation of [20] that all such backgrounds can be described as near hori-
zon geometries, and that the KSEs can be integrated for M-horizons [21-23]. In particular,
we use this to integrate the gravitino KSE of D=11 supergravity along all AdS,, direc-
tions and then identify the independent KSEs on M''=". The integration of KSEs along
AdS,, first involves the integration along two lightcone directions which arise naturally in
the description of AdS,, backgrounds as near horizon geometries. This is achieved after
decomposing the Killing spinor as € = e; + e_ according to some lightcone projections
I'ter = 0. This integration allows the Killing spinors to be written as e+ = ey (r, u, ¢+),
where ¢+ depend only on the coordinates of the co-dimension two subspace S defined by
r =u = 0. A key computation described in [22, 23|, after using Bianchi identities and
field equations, reveals that there are two remaining independent KSEs one for each ¢,
which are derived from the naive restriction of the KSE equation of D=11 supergravity on
S. This is sufficient to establish the formulae (1.1) and (1.2) for AdSs backgrounds. This
is because such backgrounds are special cases of horizons and so these formulae already
follow from the results of [21-23]. For AdS,, n > 2, to derive (1.1), it is necessary to
integrate along the rest of the AdS, directions. It turns out that this is always possible
at the cost of introducing additional algebraic KSEs on M!''~". The Killing spinors can
be expressed as ¢4 = ¢4 (v, 74,04) and ¢ = ¢_(x,7—,0_), where = denote collectively
the remaining AdS,, directions and 7+ and o+ depend only on the coordinates of M11—",
Moreover, the remaining independent KSEs on 7 and o consist of those that one can find
by the naive restriction of the KSEs of ¢4+ on M~ together with the introduction of the
above mentioned new algebraic KSEs one for each 71 and 0. Therefore, the independent
KSEs can be arranged in four different sets, and each set contains two equations.

The derivation of the formula (1.1) for the AdS, backgrounds, n > 2, is based on
the observation that there are interwining Clifford algebra operators which allow for a
given solution to one of the four sets of KSEs to produce solutions to the other three sets.



After taking into account all such Clifford algebra operations, the formula (1.1) can be
established.

The proof of (1.2) for AdS,,, n > 2, requires the choice of appropriate Dirac-like oper-
ators 2(F) on M7 These are linear combinations of the Dirac operators derived from
the gravitino KSEs, and the new algebraic KSEs which arise on M~ after integrating
along the AdS,, directions. Then assuming that 2(t)y. = 0, where Y. is either o or 7,
one schematically establishes

9n — 18
11 —n

D? || x4 |? +nAT 0" A0; || x4 |IP= 2D x, DPx ) 42 e xy |17, (1.4)
where D) is the gravitino KSE appropriately modified by the new algebraic KSE and C(*+)
is the new algebraic KSE. A similar formula holds for the o_ and 7_ spinors. Provided that
the requirements for the maximum principle to hold are satisfied by the fields and M1~
i.e. for smooth fields and M''~" compact without boundary, one concludes that the only
solutions to the above equation is that || x4 || is constant and x4 satisfies the KSEs. This
demonstrates a new type of Lichnerowicz theorems for 2(+). These theorems establish an
1-1 correspondence between the zero modes of 2(+) and Killing spinors. Using these, (1.2)
follows from (1.1) and a counting of the multiplicity of zero modes of 2(*). This is done
by identifying the Clifford algebra operators which commute with 2(+).

For the proof of the number of supersymmetries preserved by flat backgrounds R?~1:1
in (1.3), it suffices to investigate the KSEs that arise for the AdS,, backgrounds in the
limit of infinite AdS radius. All our local computations are smooth in this limit and so
these computations carry through to all flat n > 2 cases. Using this, one can establish
the independent KSEs on M~ for flat backgrounds from those of the AdS,, solutions.
However there is a difference in that the KSEs for o4 and 7+ spinors become identical at
the limit of infinite AdS radius. As a result the o4 and 74+ are not linearly independent and
so the counting of supersymmetries differs from that of AdS,, backgrounds. After taking
into account the Clifford algebra operators which intertwine between and those that com-
mute with the KSEs, one can establish (1.3). Furthermore for flat backgrounds, some of
the regularity assumptions used to establish the Lichnerowicz type theorems for the AdS,
backgrounds do not hold. As a result, there is no analogue of the formula (1.2) for flat
backgrounds. For the same reason, one cannot establish that the number of supersymme-
tries preserved by RY! backgrounds is even as this, for AdS, backgrounds, requires the use
of global arguments.

This paper has been organized as follows. In section 2, we describe all AdS,, and
R™~ 1! backgrounds as near horizon geometries and summarize some of the results of [22]
on 11-dimensional horizons which are essential for the investigation that follows. In sec-
tion 3, we solve the KSEs for the AdSy backgrounds along the AdSy directions. In section 4
we demonstrate two new Lichnerowicz type theorems for AdSs backgrounds utilizing the
maximum principle and verify that such backgrounds preserve an even number of super-
symmetries. In sections 5, 7 and 9, we solve the KSEs for AdSs, AdSs and AdSs back-
grounds verifying (1.1), respectively. In sections 6, 8 and 10, we prove new Lichnerowicz
type theorems for AdSs, AdS; and AdSs; backgrounds verifying (1.2), respectively. In



section 11, we investigate the factorization of the Killing spinors of AdS backgrounds.
In section 12, we prove (1.2) for R*~1! backgrounds. We state our conclusions and
describe some preliminary results on the geometry of AdS, and R"~!! backgrounds in
section 13.

2 AdS backgrounds and near horizon geometries

2.1 Warped AdS and flat backgrounds

To systematize the investigation of warped AdS and Minkowski backgrounds in 11-dimen-
sional supergravity, AdS,, X, M~ and R~ 11 x,, M7 respectively, it is convenient to
express them as near horizon geometries. This has already been suggested in [20], where
a preliminary analysis has been carried out. In particular, the most general form of the
metric and 4-form flux which includes all these backgrounds can be written in Gaussian
null coordinates [24, 25] as

o 1
ds? = 2ete” + ;e'e’ = 2du (dr +rh— 27'2Adu) + ds*(S),

F=e"Ne AY +ret AdpY + X, (2.1)
where we have introduced the frame
+ - L, i i gJ i j
e =du, e :dr+rh—§r Adu, e =c¢€'jdy” ; gry=0de're’y, (2.2)
and
d82(8> = 5ijeiej, (23)

is the metric on the space S transverse to the lightcone directions given by » = v = 0. The
dependence on the coordinates 7, u is given explicitly and dyY = dY —h AY. In addition,
A, h, Y and X are a 0-form, 1-form, 2-form and a 4-form on § and depend only on the
coordinates y of §. We choose the frame indices i = 1,2,3,4,6,7,8,9,1 and we follow the
conventions of [23]. The form of the fields in (2.1) is the same as that of near horizon
geometries investigated in [21-23].

There are many advantages to describe the AdS backgrounds in terms of near horizon
geometries as in (2.1). One of them is that some of the results obtained for near horizon
geometries in [21-23] can be directly applied here, eg one can use the integrability of
the light-cone directions for horizons to reduce the problem to the identification of the
geometry of near horizon sections §. This is a problem in Riemannian geometry which
is easier to solve. To describe each AdS,, x,, M case separately, for n = 2,...,11, some
additional restrictions have to be imposed on the near horizon fields (2.1). This is because
the AdS,, x,, M~ backgrounds are invariant under the SO(n — 1,2) isometry group of
AdS,,. Imposing this symmetry, we have the following.



2.1.1 AdSs X M?®

The metric and fluxes are
ds* = 2du <dr +rh — ;TQAdu) + ds*(M?),
F=ethe ANY +X, (2.4)
with
h=—-24"YdA=A"YA, d)Y =0, (2.5)

where A, Y and X are a 0-form, 2-form and a 4-form on MY = S, respectively. Observe
that dh = 0.

2.1.2 AdS3 X, M3
The fields are

ds? = 2du(dr + rh) + A%dz* + ds*(M®),
F=etNe ANdzAQ+ X, (2.6)

with
2
h:—zdz—ZA‘ldA, A=0, Y=dzAQ, dyY =0 (2.7)

where A, Q, X are a 0-form, 1-form and a 4-form of M8, respectively, and depend only on
the coordinates of M?®. / is the radius of AdS.

2.1.3 AdS4 X M7
The fields are

ds? = 2du(dr + rh) + A%(d2? + €**/*dx?) + ds*(M7)
F=¢"A’Set Nem ANdzAdo+ X, (2.8)

with
2
h=—7dz— 247144, A=0, Y =eA%SdzNdx, d)Y =0 (2.9)

where A, S, X are a O-form, O-form and a 4-form of M7, respectively, and depend only on
the coordinates of M. ¢ is the radius of AdS.

2.1.4 AdS, X, M1, n >4
The fields of the rest of the backgrounds are

n—3
ds® = 2du(dr + rh) + A? <d22 + %2/t Z(dz“)2> + ds* (M)
a=1
F=X, (2.10)



with
2
h:—zdz—2A‘1dA, A=0, Y =0, (2.11)

where A, X are a O-form and a 4-form of M=, respectively, and depend only on the
coordinates of M1~ ¢ is the radius of AdS.

Observe that in all the above backgrounds AdS,, X, M1~ we have that S = H" 2 X,
M™M= ie. S is the warped product of hyperbolic (n-2)-dimensional space H"~2 with the
transverse space M1~" of AdS,,.

2.1.5 Rn—bLL x pNflI-—7m

Another advantage of the universal ansatz (2.1) is that it includes the warped R" 1! x,,
M= backgrounds. These arise in the limit of large AdS radius, £ — oo. This limit is
smooth in all our calculations and so our AdS results can be adapted to R*~11 x,, M7
backgrounds. However, many properties of the AdS,, x,, M~ backgrounds do not hold
in the limit of R?~ 1! x,, M1~ backgrounds and some care must be taken when taking
this limit.

2.2 Bianchi identities and field equations

The fields of AdS,, X, M~ backgrounds are restricted by the field equations and Bianchi
identities of 11-dimensional supergravity [26]. Before we proceed to apply these to each
AdS,, X M background separately, it is convenient to decompose them for the universal
ansatz (2.1) along the light-cone directions and the rest. In preparation for the applications
to AdS,, x4, MM ™ we shall also impose that dY = 0 and dh = 0 which are satisfied
for all these backgrounds. The end result of the decomposition of the field equations and
later the KSEs along the light-cone and S directions is to reduce the problem on S as the
light-cone directions are integrable. In particular, we find the following.

The decomposition of the Bianchi identity of F', dF' = 0, for the universal ansatz (2.1)

yields
dX =0, (2.12)
i.e. X is a closed form on S.
Similarly, the field equation
d*nF—%F/\F:O, (2.13)
of the 3-form gauge potential yields
V' Xitta03+ = W' Xity030, — %ﬁelzﬂgqmqsqw‘r’%nmzXq3q4q5qe (2.14)
and
@Jyj _ 11152Eiq1q2q3q4q5q6q7qsquQ2q3q4X%q6q7q8 =0, (2.15)

where V is the Levi-Civita connection of the metric ds?(S) on S.



The Einstein equation

1 1
Ryny = —F2 v — — F2. 2.16
MN = 75 MN = 7 IMN (2.16)

of 11-dimensional supergravity decomposes into a number of components. In particular
along S, one finds

L 1 1o, 1 _, 1o, 1

where Rij is the Ricci tensor of §. The +— component of the Einstein equation gives

- 1 1
Vih; = 2A + h? — gY2 — EXQ : (2.18)

Similarly, the ++ and +¢ components of the Einstein equation can be expressed as
leic 3 ic L\ i 2
§V ViA — ih VA — §AV hi + Ah* =0, (2.19)
and
~ViA+ Ah; =0, (2.20)

respectively. The last equation implies that if A # 0, which is the case for only the
AdSy x4 M? backgrounds, then h = A™1dA.

As has been explained in [22], the ++ and the +i components of the Einstein equa-
tions, (2.19) and (2.20), respectively, are not independent but they hold as a consequence
of (2.12), the 3-form field equations (2.14) and (2.15) and the components of the Ein-
stein equation in (2.17) and (2.18). This does not make use of supersymmetry, or any
other assumptions on S. Hence, the conditions on ds?(S), A, h, Y and X simplify
to (2.12), (2.14), (2.15), (2.17) and (2.18).

2.3 Killing spinor equations

Another advantage of using the universal ansatz (2.1) is that one can apply the results
obtained for near horizon geometries in [22, 23] to integrate the KSEs

b

Vme+ < 988

FFM+?)1(3FM)€—O>
(2.21)

of 11-dimensional supergravity [26], where V is the spacetime Levi-Civita connection. In
particular, it is known that the KSEs evaluated on the universal ansatz (2.1) are integrable
along the light-cone directions. The analysis that follows is carried out in generality. In
particular, we do not put any restrictions on the form of either the Killing spinor, or of
the fields. Moreover, we do not impose any other additional restrictions, like for example

the bi-linear matching condition. Furthermore, the calculation is local and applies to all
AdS,, X M backgrounds.



2.3.1 Light-cone integrability and independent KSEs
After integrating along the light-cone directions following [21, 22], one can write the Killing

spinor € as
e=¢€r+e_, I'iex =0, (2.22)
with
€ =¢y +ul'1O_¢_, e =¢_+rI'_Oey, (2.23)
where
O = <i% + %X + 112Y) : (2.24)

I’y are light-cone projections, and ¢+ = ¢+ (y) do not depend on r or u and depend only
on the coordinates of S. For future reference, we write

(- ¢+) =4 +ul'yO_¢_ + - +1I_04 (¢4 +ul'1O_¢_) . (2.25)
Furthermore, one can show that the only remaining independent KSEs are
vgi)d& = Vs + \I’Z(-i)ﬁbi =0, (2.26)
where
(£) 1 1 1 1 1
W = Fohi — WX+ =X £ WY T 2Y 2.2
i Fohi = oggtXi+ gg XK £ Vi 7 5Y (2.27)

and that if ¢_ is a solution of the KSEs, VZ(*)¢_ =0, then

¢y =T, 0_¢_ (2.28)

is also a solution, VZ(H(;SJF = 0. These results follow after substituting the spinor (2.22) into
the KSEs (2.21) and after an extensive use of the Bianchi identities and field equations.

The substitution of (2.22) into the KSEs (2.21) yields a large number of integrability
conditions that are satisfied after an extensive use of the Bianchi identities, field equations
and the independent KSEs (2.26). However in what follows, it is instructive to include two
of these integrability conditions. Although these are not independent, nevertheless they
are useful in the solution of the KSEs along the remaining AdS directions. After imposing
dh = d,Y = 0, which are satisfied for all AdS,, x,, M~ backgrounds, we have

GA 12 <ih — %X + 112)”) @+> ¢4+ =0, (2.29)

and
<—;A +2 (—i% + %X + 112}”) @_> ¢-=0. (2.30)

To summarize, the independent KSEs that have to be solved to find the supersymmetric
AdS,, X, M~ backgrounds are (2.26). In what follows, we shall demonstrate that these
can be integrated along the remaining AdS directions in AdS,, x,, M1,



3 AdSs: local analysis
3.1 Field equations
In this case M? = S, the fields on S are
ds?(S) =ds*(M?), F?’=Y, F'=X, h=-24"YA. (3.1)
Next, it follows from (2.20) that h = A71dA and so
A=(2A72, (3.2)

where ¢ is the radius of AdSy. Furthermore, the Bianchi identity for F' and dn,Y = 0 imply
that

dX =0, d(A%Y)=0. (3.3)
The remaining independent field equations are
~ . A?
vz(A2Xi514253) = _Eehfzé?,q1q2q3q4q5q6Ythquq:quL%% ) (3.4)
5 = 2 1 2 2 Lo, 150 Lo 1 oo
Rij=Vidjlog A" 0;log A"0;log A" = — Vi + o Xij+0i | 5V 72 X° |, (3:9)

= A2 i Lo, 1 o
V@ilogA——g—Q—Qa logAailogA—FéY —i—mX , (3.6)

and (2.15) which remains unmodified.

3.1.1 The warp factor A is nowhere vanishing

Suppose that M? is path connected, the fields are smooth and A is not identical to zero
but it may vanish at some points in M?. First let p € M? such that A(p) = 0 and a
point ¢ € M? such that A(q) # 0. Without loss of generality we take A(q) > 0, otherwise
one can consider —A for the argument that follows. Moreover consider a smooth path
with v(0) = ¢ and (1) = p, and the function f = Ao~. As A is continuous, there is a
neighborhood U of ¢ such that A|y # 0. Next consider, the set

V={ac0,00) : f(t)#0, Vtel[0,a]}. (3.7)

Visnot empty as0 € V,and W C V where W = {t € [0,1] : ~(t) € U}. As V is bounded
by 1, it has a supremum b. Continuity requires that f(b) = 0 and there is a sequence {t,}
in V' which converges at b.
Next restricting (3.6) at v and multiplying it with f2(¢,) # 0 for some finite n, we find
L St fte)
th) VA + 0, AD'A + — Y
f(tn)VSA+ + 7 + 6 + 144

Now as n — oo, f(t,) approaches zero and becomes very small while the derivatives of A

2
X%=0. (3.8)

and the fluxes are smooth and so their values are bounded when restricted on [0, 1] which
is compact. As a result, (3.6) cannot be satisfied very close to v(b) as the term e% which
depends on the radius of AdS cannot be arbitrary close to zero for any 2 < co. Thus A
cannot vanish. Later, we shall see that A? is related to the length of a parallel spinor in
all AdS}, cases which again confirms that A is nowhere vanishing.

,10,



3.2 Killing spinor equations

The KSEs on S = M? are

Vo = Vips + ‘I’Z(»i)d& =0, (3.9)
where
@ _lg o2 Y oy L Y 1y
v —i43110gz4 288FXZ+36X1i24]7Y1¢6YZ- (3.10)

Furthermore from the general results on horizons, if ¢_ is a solution of the KSEs, VS_)¢_ =
0, then

TS IR (3.11)

is also a solution, V§+)¢+ = 0, where

1 1 1
= - ZdlogA®’+ —X +—-Y|. 12
o, ( Log A% 4 X 12Y> (3.12)

It is not apparent that ¢, =T1';.0_¢_ # 0. In particular, ¢_ can be in the kernel of
©_. In the AdS; case, it has been shown in [23] that if M? is compact without boundary,
then Ker ©_ = {0} and so ¢+ # 0 which leads to the enhancement of supersymmetry.

4 AdS,: global analysis

To prove that the number of supersymmetries preserved by AdSs backgrounds is even,
it is required to establish Lichnerowicz type theorems relating the Killing spinors ¢4,
VHE ¢, =0, to the zero modes of the Dirac-like operators

P =1y, + v (4.1)
where

v — g s lge 2 Lxaly (4.2)

4 96 8
Such theorems have been demonstrated in the context of near horizon geometries in [23].
Since the AdSs backgrounds are a special case of near horizon geometries, the result follows.
However, there is a difference. For AdSs backgrounds both Lichnerowicz type theorems
can be shown using the maximum principle which has an advantage relative to a partial
integration formula used in [23]. This is because one also finds a restriction on the length
of the spinors.

4.1 A Lichnerowicz type of theorem for D(*)

The proof of this theorem is identical to that in [23] and so we shall not give details. It
is clear that if V(H) ¢, = 0, then ¢, is a zero mode of the DM operator. To prove the
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converse, let us assume that D(*)¢, = 0. Then after using the field equations and Bianchi
identities, one obtains

ViV || 64 |2 +0'log A2V, || ¢4 |2= 2(VPig, Vg, ). (4.3)

Assuming that the requirements for applying of the maximum principle hold? on the func-
tion || ¢4 ||?, eg M? is compact and the fields are smooth, one finds that the only solutions
to the above equation are

DM, =0 Vg, =0, (4.4)
and

|| o+ ||= const . (4.5)

This establishes the theorem.

4.2 A Lichnerowicz theorem for D(~)

The proof of the Lichnerowicz type theorem for the D(-) operator is done in a similar
fashion as that for D). It is clear that if @(*%_ = 0, then ¢_ is a zero mode of the
D) operator. To prove the converse, let us assume that D(-)¢_ = 0. Then after using
the field equations and Bianchi identities, one obtains

ViV | 6o |12 +0°V0 || o |12 +(Vih) || 6 [P=2(Vvig_, V). (4.6)

For the AdS, solutions, h = A~'dA, and this expression can be rewritten as
TV (Al P ) - w (Ao P ) =280 T 000, @)

Since A is nowhere zero applying the maximum principle on the function A || ¢_ ||, one
concludes that

Do =0 =V p_ =0 (4.8)

and
Al ¢ ||*= const . (4.9)

This establishes the 1-1 correspondence between Killing spinors and the zero modes of the
Dirac-like operator D).

2From now on whenever we apply the maximum principle we shall assume that all the requirements on
the fields and the associated manifold hold.
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4.3 Counting supersymmetries

One of the applications of the global analysis above is to prove that AdSs x,, M backgrounds
preserve 2k, 0 < k < 15, supersymmetries. The proof that AdSy x,, M backgrounds
preserve an even number of supersymmetries is similar to that for near horizon geometries
established in [23]. The main point of the proof is that the D) operator has the same
principal symbol as the standard Dirac operator on the 9-dimensional manifold M?. As
a result they have the same index which in this case vanishes, as the index of the Dirac
operator on compact without boundary odd dimensional manifolds is zero. Moreover, one
can show that the dimension of the Kernel of D) operator is the same as that of (D())T,
the adjoint of D). Now the number of supersymmetries N preserved by the AdSy X, M
backgrounds is

N = dim KerD™) + dim KerD") = dim KerD™) + dim Ker(D()f
= 2dim KerD™) = 2k, (4.10)
where we have used that dim KerD(™) = dim Ker(D())! because the index of D) is
zero [27].
The restriction 0 < k& < 15 in the range of k arises because of the results of [18]

and [16] which rule out the existence of AdSs x,, M backgrounds preserving 30 and 32
supersymmetries, respectively.

5 AdSs: local Analysis

5.1 Bianchi identities and field equations

The metric on S = R x,, M® and the form field strengths are

ds*(S) = A*dz* + ds*(M®), ds*(M?) = §;;e'e’

Y =A"'e AQ, F=X. (5.1)
Next the Bianchi identity for /' implies that
d(A’Q) =0, dX=0. (5.2)

Let D be the Levi-Civita connection® on M® and dvol(S) = e* A dvol(M?®). Then, we
find that the field equations (2.14) and (2.15) of the 4-form F reduce on M?® as

B 1
D* Xpiyigis = =347 DP AX i i + 714 Yeirinis PP Qj Xy jsjus (5.3)
and
- 1
Dk(A 1Qk) + T5262”2“2415%2”8Xi1i2i3i4Xi5i6i7ig =0. (5'4)

3From here on D will denote the Levi-Civita connection on M'~™ and the latin indices i, 7, k, £ are
frame indices for M ™,
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We also reduce the Einstein equation (2.17). From the zz component one obtains

A"'D*DLA+ 242D ADLA + 7 24 A—2Q2 + ﬁXQ , (5.5)
and from the 7, 7 component, one has
®) _ 341D, DA — SA20i0; + —X2 15, (2 472Q — — x?
R;; 3 iDj 2 QiQ; + 15°Vis + 045 Q° — 144 (5.6)

where R®) denotes the Ricci tensor of M3,

5.1.1 The warp factor A is nowhere vanishing

Before proceeding with the analysis of the supersymmetry, we shall first examine whether
or not A can vanish somewhere on M8. For this, we use a similar set up as for the proof of
A # 0 for the AdSs case. In particular after assuming that there are points p and ¢ with
A(p) = 0 and A(q) # 0, constructing a path v between p = v(1) and ¢ = 7(0), and arguing
the existence of a sequence t,, such that lim,,_,o f(t,) = 0 where f(¢,) = A(y(tn)) # 0, we
have from (5.6) and (5.5) that

6

8) — _gpk _ 9 2,
f*(t,)R® = —6D*AD, A + Q +144f( n)?X (5.7)

and

f(tn) DDy A+ 2DFADLA + = 2 1Q

2= 0 fX (53)

144

Eliminating the Q2 term from the second equation using the first, we find
1
11f(t,)D'D;A + 16D AD; A + = = 2(tn)R® + %fZ(tn)XQ. (5.9)

Assuming regularity for all the data and that M8 is path connected, an argument similar
to that of the AdS, case implies that the above equation cannot be satisfied if A vanishes.
Therefore A # 0 everywhere on M.

5.2 Killing spinor equations
To reduce the KSEs from S to M8, we first decompose (2.26) along the z-direction to find
O:p = EP oy, (5.10)

where

=@ - 1 F@A:F2€+ r.X+ @ (5.11)

0, = % and I', denotes the frame gamma matrix from here on. The KSEs (2.26) along
the remaining directions can be written as

DHg, =0, (5.12)

7
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where
D(i) =D;+ lA—lDiA _ LFX + iX = LA_II‘ZYC) + 1A_IFZQi . (5.13)
i 2 28877 367" T 12 ‘6

Before proceeding further, it is useful to evaluate the following two integrability con-
ditions

, 1 .
I <DjDi - DiDj)(]Si = §R<8>ijrﬂ¢i (5.14)
and
<8ZDZ~ —~ Diaz> ¢r =0 (5.15)

where for both (5.14) and (5.15), the KSE (5.10) and (5.12) are used to expand out the
L.h.s. in terms of the fluxes. After some involved computation, making use of the field
equations, one finds that (5.14) and (5.15) are in fact equivalent. This implies that there
are no mixed integrability conditions between the z-direction and the rest. Therefore the
independent KSEs to solve are (5.10) and (5.12).

Next, we consider the algebraic conditions (2.29) and (2.30). Note that these arise from
the integrability conditions along the light-cone directions and they are not independent,
i.e. they are implied by the remaining KSEs. Nevertheless, (2.29), (2.30), and together
with (5.10) imply that

(0:)%p+ + %fwi =0. (5.16)
This can be solved to yield
¢ =o0p +eTiry, (5.17)
where
0,040 = 0,74+ =0, (5.18)
and
=EHg, =0, =H = :F%Ti . (5.19)

To summarize, in order to find a solution to the KSEs for AdSs x,, M8 backgrounds,
it is sufficient to find spinors, 7+ and o4 which depend only on the coordinates of M?®
satisfying

AF g, =0, BH&r =0, (5.20)

AB) ==F g == L - (5.21)

Having given a solution to (5.20), one can substitute it in (5.17) to construct the spinors
¢+. In turn, ¢4 will solve the KSEs (2.26). Therefore to find the Killing spinors of the
AdS3 x,, M® backgrounds, it suffices to find the solutions of (5.20).
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5.3 Counting supersymmetries

Unlike for AdSy backgrounds, the counting of supersymmetries for AdSs; backgrounds can
be done using local geometry, and so additional requirements, like the conditions for the
maximum principle to apply, are not necessary. For this we note that there is a 1-1
correspondence between the o_ and o solutions to the KSEs. Indeed given a o_ solution
of (5.20), then

oy =A'T T,0_, (5.22)
automatically satisfies the KSEs, and conversely, if o is a solution then so is
o =AT_T,o4. (5.23)

There is also an identical 1-1 correspondence between 7 and 7_ Killing spinors. Further-
more note that unlike for AdSs backgrounds, ©_ has a non-trivial kernel, i.e. © _7_ = 0.

Using the relation between the (o_,7_) and (o4, 74+) spinors described above, we con-
clude that the number of supersymmetries of the AdSs backgrounds is

N =2 (dimKer(DH,AH) —i—dimKer(D(’),B(*))) ,
=2 (dim Ker(D™), A + dim Ker(D™), B(+))> . (5.24)

Therefore all such backgrounds preserve an even number of supersymmetries establish-
ing (1.1).

6 AdS;s: global Analysis

The number of supersymmetries preserved by AdS3 backgrounds can also be counted from
the zero modes of Dirac-like operators on M® as stated in (1.2). For this a 1-1 correspon-
dence must be established between Killing spinors and the zero modes of these Dirac-like
operators. The proof of this correspondence leads to new Lichnerowicz type theorems
associated with the KSEs (5.20).

6.1 A new Lichnerowicz theorem for 7 and o

One of the main difficulties in establishing (1.2) is to choose appropriate Dirac-like operators
on M8. The analysis is similar for o, and 7, spinors. Because of this, it is straightforward
to describe both cases at once. Let y denote either the o, or the 7, spinors and consider
the operator

D = DM 4 krict) (6.1)
where
1 1 1
(+): I ! - — 21 —1
C < 2A PA + 288X+ 6A I.Q+cA Fz> : (6.2)
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c is a constant, with ¢ = —i for y =04 and ¢ = % for x = 74, and k is another constant
which will later be set to k = —%. Therefore CH) = AM) if the operator acts on o, and
CH) = B if the operator acts on 7,. Next observe that if x is a Killing spinor, then

The associated Dirac equation to (6.1) is

) = ppty = 1ip, Lo atgas (Lo F

- (152 - §k> ATIT,Q + 8ckA1FZ> : (6.3)

In what follows, we shall demonstrate that the o, 7 Killing spinors are in 1-1 correspon-
dence with the zero modes of 2(1).

It is clear that if y is a Killing spinor, then it is a zero mode of 2(*). It remains to
prove the converse. For this assume that y is a zero mode of 2(1) i.e. 2ty = 0, and
that the fields of the theory satisfy the field equations and the Bianchi identities. Then we

shall demonstrate that for k = —%

i - 7 7 9
DD || x * +347'DIAD; || x |P= 20 D{ ) + S 1 COx P (6.4)

An application of the maximum principle on the function || x ||? reveals that the zero
modes of 2(t) are Killing spinors. Note that as we have demonstrated A is nowhere zero,
it follows that A~! is smooth if A is smooth.

To show (6.4), we compute

. . 1
D'D;x = T'*D, (FJDjX> + ZR<8>X

— Fka<< <4k: - ;) A~ tgA — <712 + ;’é) X

4 1
- (152 + 3/<:> ATLQ — 80kA1FZ>X> + ZR<8>><. (6.5)

One then obtains

Re (x, D'Dix) = (x, ( (—; + 4k> DF(A™'DA) + %R + (152 + §k> Dk<A_le)Fz) X)
+Re <X,ri< <—; + 4I<:> A~'gA — (712 + ;76> X
— (152 + §k> ATIT,Q — 8ck:A‘1FZ> Dix) . (6.6)
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We also write
(D'x, Dix) = (DD, DI x) + A

A7IDIA + — X"
+Re<x,( +144F +7 X

1 i )
—ZATIDLQ" - fA_ll“Z : —1gA - —
G Q' - Q' + k( PA— 4X
1 )
—l-gA_lFZQ{? — QCA_IFZ> 1") D;x), (6.7)
where
5 .
- W epiapas Loa-ip, At - 2 a-2r.0,pia
=10 ( 32 T w AV 32 @
1 »
+24576Xk1k2k3k4Xk5k6k7k8Fklk2k3k4k5k6k7k8 + 1024 kleiJ'stkz;”FklekBM
17 1
_ A y2 i A—202
3072 128 ¢ X Q
— cATT, A2 — —— A2 .
+384C X+ @ 3%2 X) (6.8)
is a term which is purely algebraic in @), X,dA and A. We then evaluate
*D’D | x >= Re (x. D'D;x) + (D'x, D;x) - (6.9)

We first consider the sum of the last two lines of (6.6) and the last three lines of (6.7). We
require that this should be written in the form (y, FQF Dkx>, where F5 is purely algebraic

in @, X,dA and A. This imposes the condition k = —% as was mentioned previously, with
3
L x  Taga-larg - 3ear. 1
Fo 384X + 575 z@ 4C z (6 O)
If £ = 8, one can then eliminate almost all of the conditions involving D;x by

making use of the Dirac equation. However, there is one term of the type (x, D¥ADyx),
which cannot be entirely removed by such an elimination. This remaining term is equal to
—3A7'D'AD; || x ||?, and this will be retained.

We therefore set k = —3, and expand out the terms algebraic in the fluxes, making use
of the bosonic field equatlons to eliminate the terms of the form D'X;, ,ks, D'(A71Q)),
R®) and D'D;A in terms of terms algebraic in the fluxes and dA. Then after some com-
putation, we obtain (6.4).

To summarize, we have shown that for k = —%

9(+)X:0<:>DE+)X:0, C(Hx:O,
(6.11)

and furthermore

| X ||= const, (6.12)
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as a consequence of (6.4). In particular, if oy, 74 satisfy the Dirac equation (6.3) with
k= —%, and ¢ = —%, c = i, respectively, then o4, 74 satisfy the KSE (5.20), and
furthermore

|| o+ ||= const., | 7+ ||= const. (6.13)
This concludes the proof of a new Lichnerowicz type theorem for the connection (6.1).

6.2 A new Lichnerowicz theorem for 7_— and o_

There is also an 1-1 correspondence between the 7_, o_ Killing spinors and the zero modes

of a Dirac-like operator on M®. The proof follows from the relationship between 7_, o_

and 74,04 spinors given in (5.22) and (5.23) and the corresponding relations for 74. Al-

teratively, one can repeat the analysis we have done for o, and 74 now for o_ and 7_.
For this, we again treat both cases simultaneously by defining the operator

where
c-) = —lA_l(ﬁA—i— LX - 1A—1I‘2@+6A_1FZ. (6.15)
2 288 6

The operator D() acts on the spinors 1 such that for ¢) = o_ one has ¢ =

1) = 7_ one has ¢ = —i. Equivalently, C(-) = A for é = i and C-) = B for ¢ = —ﬁ.

k will be set to k = —%. It is clear from this that if ¢ is a Killing spinor, then Dgf)w = 0.
Next consider the Dirac-like operator

Y . 1 1
%>zrmghﬂwz+<%X—4A13@—A1&J. (6.16)
Observe that if ¢ is a Killing spinor, then 1 is a zero mode of 2(~). To prove the converse,
assume that 2(7)¢ = 0 and after performing a calculation similar to the one presented for
2 one can establish the formula

DDA 6 1) #3471 DD, (472 0 [7) =240, D)4 A2 €O P,
(6.17)
for k = —%. In fact, for the purely algebraic terms not obtained from the bosonic field equa-

tions and not involving d A, the resulting expressions are identical, modulo the replacements
Q——Q,c—c.
It is clear that on applying the maximum principle to (6.17), it follows that

9y =0=Dp=0, CcIyp=0,
(6.18)

and furthermore that

| A=%) ||= const. (6.19)
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Therefore, if o_, 7_ satisfy the Dirac equation (6.16) for ¢ = i and ¢ = —%, respectively,
then o_, 7_ satisfy the KSEs (5.20), and furthermore

| A o_ ||= const., | A='7_ ||= const. (6.20)

This together with the similar result in the previous section establish the 1-1 correspondence
between Killing spinors and zero modes of the Dirac-like operators.
6.3 Counting supersymmetries again

It is now straightforward to establish (1.2). Provided that the requirements for the validity
of the new Lichnerowicz type theorems hold, the number of supersymmetries preserved by
the AdSs backgrounds (5.24) can be rewritten as

N =2 (dim Ker(2\,),) + dim Ker(2")) ))

1 —1/2¢
~ 9 (dim Ker(7),,) + dim Ker(@l(;;)e)) , (6.21)

where the subscripts denote the values of ¢ and c.

7 AdS;: local analysis
7.1 Field equations
The metric and fluxes induced on S = H? x,, M" from AdSy x, M" are
d3? = (e*)? + (e")? +ds*(M7),  ds*(M") = §;je'e
Y=85e Nne", F=X, (7.1)
where
e* = Adz, e = Ae*/'dx. (7.2)
Substituting these into the Bianchi identities and field equations for F', we find that
dX =0, d(A'S)=0, (7.3)
and

1
DF X inis + 4D AX i iis = _ﬂseiligigk1k2k3k4Xk1k2k3k4 ; (7.4)

where we have set dvol(S) = e* A e” A dvol(M").
Furthermore, the Einstein equations reduce on M7 as

D¥Dylog A = —3?2 " 40y log A9 log A + %52 + ﬁxﬂ , (7.5)
and
R — 4D,0,10g A — 49;1og Ad; log A = Ly o5, (152 — 1X2> (7.6)
& 1279 7Y \6 114 '

where R(7 is the Ricei tensor on M7. This completes the reduction of the Bianchi identities
and field equations on M7.
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7.1.1 The warp factor A is nowhere vanishing

Using a similar argument based of the field equations as that in the AdS3 case, one can
again demonstrate that A is nowhere vanishing on M7. Again A? is related via the KSEs
to the length of a parallel spinor confirming that it cannot vanish anywhere.

7.2 Integrability of KSEs along AdS

To integrate the independent KSEs (2.26) along the remaining AdS directions, we shall
first integrate along e® and then the remaining e” direction. The integration along the
e® direction proceeds as in the previous AdSs x,, M® backgrounds and after using (2.29)
and (2.30), we find that

dr =nx +eT Iy, (7.7)
where
. _ 1
E®n =0, =g = Foxx (7.8)
and
1 1 1 1
2@ = _CPAF — + —T,AX + ZAST, . .

The spinors 74+ and y+ depend on the z coordinate of AdS; and the coordinates of M.
Next we integrate along the = coordinate to find that

1 1
by =04 — Zwaanr +e M, ¢_=o_ +e" (—Eacfzfza_ + 7'_> . (7.10)
where o4 and 71 depend only on the coordinates of M7. There are no further conditions

to consider.
To summarize after integration over all AdS directions, the independent KSEs are

DHor =0, DHr—o0, (7.11)
and
AF o =0, B =0, (7.12)
where
p® =D, + %(‘3@- log A — 2%8]2‘& + %Xi + %SFm :
AF) =53 pE) = &) 4 % (7.13)

Therefore, the KSEs reduce to a set of parallel transport and algebraic equations on the
transverse spaces M.
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7.3 Counting supersymmetries

To find the supersymmetries preserved by the AdSy x,, M" backgrounds, notice that if o
is a solution of the KSEs, then

T+ =104 (714)

is also a solution, and vice versa as I',, is invertible. Furthermore, observe that if o_, 7
is a solution, so is

o, =AT,T.0_, 7.=A"TI.7_. (7.15)
and similarly, if o, 74 is a solution, so is
o-=Al'T,op, 7_-=Al'_T,7}. (7.16)
From the above relations, one concludes that the AdSy x.,, M” backgrounds preserve
N = 4 dimKer(D™), A)) (7.17)
supersymmetries for 0 < dimKer(D(), A(-)) < 8. This proves (1.1). For dim Ker(D(),

A()) =8, there is a unique solution which is locally isometric to AdSy x S7.

8 AdS,: global analysis

8.1 A new Lichnerowicz theorem for 7, and o4

To prove (1.2), one has to establish a 1-1 correspondence between Killing spinors and zero
modes of a Dirac-like operator. To identify the appropriate Dirac-like operator, as for the
AdSs3 case, we take a linear combination of the (7.11) and (7.12) KSEs and consider the
modified gravitino KSE operator

Dz('+) — DZ(+) + kFiC(+), (8.1)
where
cH) — _lA—lkakA + ix L lsr, peatr (8.2)
2 288" 67 " ° '
D) is acting on the spinors y such that for y = o, one has ¢ = —2%, and for ¢ = 2%7 one

has x = 7. In what follows, one determines k to formulate a maximum principle for the
length square || x |2 of the spinor x.
The associated Dirac equation to (8.1) is

1-"7k 5+ Tk

288

9 =1rpY =TiD, + AYGA + X+ Zsrm +7ckATITL|. (8.3)

Assuming now that 2(t)x = 0 and using the Bianchi identities and field equations,
one can prove following steps similar to those described for the AdSs case that

) A 36
D || [P +44719°40; | x 2= 2D{P . DD + 2 €F |2, (3.4)

provided that k = —2/7.
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Applying the maximum principle on || x ||?, one finds that
9Py =0<=Dy=0, cHyx=0 (8.5)
and in addition
| x ||= const. (8.6)

This establishes a 1-1 correspondence between the o, and 74 Killing spinors and zero
modes of 2(1).
8.2 A new Lichnerowicz theorem for 7_ and o_

A Lichnerowicz type theorem can be proven for the 7— and o_ Killing spinors following
similar steps to those described in the previous section. Alternatively, one can use the
relation between 7_,0_ and 74,04 spinors described in (7.15) and (7.16). In either case,
assuming that 1 is a zero mode of a modified Dirac-like operator 2(~), one can establish
the equality

D2 || A7y [P +447100 40, || A~ [P= 247279, DO +22 472 | ¢y |, (8.7)

where D7) = D) 4+ kI,¢(5) is the modified gravitino KSE operator,

1 1 1
) = —JAT A+ EATT. 4 X — ST (8.8)

k=-2/7and ¢ = i for v = o_ and ¢ = —i for ¢» = 7_. Moreover 2(~) = I‘iID)E_). An
application of the maximum principle implies that

9 p=0=D =0, cyp=0, (8.9)
and that

| A=% ||= const . (8.10)

The warp factor is therefore related to the length of the Killing spinors. Combining the
results of this with the previous section, we have established a 1-1 correspondence between
the Killing spinors and the zero modes of Dirac-like operators on M.

8.3 Counting supersymmetries

Now we can establish (1.2). It is simply a consequence of the Lichnerowicz type theo-
rems proved in the previous two sections. In particular, the number of supersymmetries
preserved by AdSy x,, M” backgrounds (7.17) can now be written as

N =4 dimKer 7{,), (8.11)

This formula can also be expressed in terms of any other three choices of Dirac-like opera-
tors.
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9 AdS,, n > 4: local analysis

9.1 Bianchi identities and field equations

The metric and fluxes induced on S = H" 2 X, M= from AdS,, X MM n > 4, are

ds® = (ez)2 + dape’e” + dsQ(MH_”) , dsQ(MH_”) = (5ijeiej ,
F=X, (9.1)

where
e’ = Adz, e* = Ae*/'da”. (9.2)
The Bianchi identities and field equations of the fluxes can be written as
D*Xyivinis = —nATDFAX i iy, dX = 0. (9.3)

Similarly after a decomposition, the independent Einstein field equations are

n—1 _ 1
DFoylog A = — Iz A Q—naklogA(?klogA+mX2, (9.4)
and
R _D,0: log A — ndslog A9, log A — — X2 — L 5. x? 9.5
ij — nl;0;log A — no; log A0j 10g T 19 T ag 0 . (9.5)

This completes the decomposition of Bianchi and the field equations on M7,

9.1.1 The warp factor A is nowhere vanishing

For AdS,, X, M'"~" backgrounds, the warp factor does not vanish at any point of M=,
This follows from the field equations as in all the previous cases.

9.2 Integrability of KSEs along AdS

To integrate the independent KSEs (2.26) along the remaining AdS directions, we shall
first integrate along e* and then the remaining e* directions. The integration along the
e direction proceeds as in the previous examples and after using (2.29) and (2.30, we
find that

G =ns+eT s, (9.6)
where
— _ 1
‘—‘(i)n:l: - 07 ‘:‘(i)X:I: - :FZX:‘: ) (97)
and
1 1 1
=) = _CdAF — + —T,AX. .
2z(3 ¢2€+288zX (9.8)
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The spinors 1+ and x+ depend on the 2% and the coordinates of M. Next we integrate
along the x® coordinates to find that

1 1
(b_,r =04 — Z-’I}ararz’r—&- + €_Z/£T+ s ¢_ =0_ + €Z/£ <—£xal—‘afza_ + T_> y (99)

where o+ and 74 depend only on the coordinates of M11—7,
Furthermore after integration over all AdS directions, the independent KSEs are

DHor =0, DHri=0, (9.10)
and
Aoy =0, By =0, (9.11)
where
P& =D, + %ai log A — Z;SFXi + %X
AF) = =® - ) — =) 4 % (9.12)

Therefore, the investigation of solutions to the KSEs reduces to a set of parallel transport
and algebraic equations on the transverse spaces M 11—,

9.3 Counting supersymmetries

To find the supersymmetries preserved by the AdS,, x,, M~ backgrounds, notice that if
o+ is a solution of the KSEs, then

T:l:(v) = Uarzraa:l: (913)

is also a solution for any constant vector v, and vice versa. In addition if two vectors
v are orthogonal, then the associated spinors 74 (v) are also orthogonal and so linearly
independent. Furthermore, observe that if o_,7_ is a solution, so is

o, =AI',T.0., 7,=A"'T.I.7_. (9.14)
Similarly, if o, 74 is a solution, so is
o =Al'_T,op, 717 =Al_T,7}. (9.15)
As a result if o_ is Killing spinor, then
Fapo—, a<b, (9.16)

are also Killing spinors of the same KSEs, i.e. DEIT,o- = ECD,,0- = 0. However
not all (0_,T,p0-), a < b, are linearly independent. Clearly if {o_,Ta,0_}, a < b are
mutually orthogonal, they are linearly independent. o_ is orthogonal to all I';p0_, and
I'.po_ is orthogonal to I'y/pro—, iff the bilinear

(o, Taplapro_) =0. (9.17)
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Using these, one can count the number of supersymmetries preserved by AdS, X, M=
backgrounds. A straightforward analysis reveals that if the solutions exist, AdSs x,, M
backgrounds preserve 8k supersymmetries and AdSg x,, M° backgrounds preserve 16k
supersymmetries. Note that

dim Ker(D™), 27)) = 2k, dim Ker(D™),2)) = 4k, (9.18)

respectively. In these two cases, the orthogonality condition (9.17) is always automatically
satisfied.

For AdS7 x.,, M*, (9.17) gives a non-trivial restriction for a,b,a’ and b’ distinct. To
see this observe that I',p.,y commutes with the KSEs (D(_)7 E(_)) and so o_ can be taken
to be in one of the two eigenspaces of ',y with eigenvalues +1. For o_ in one of the two
eigenspaces, only 4 from the 7 spinors {o_,',50_}, a < b, are linearly independent. As a
result AdS7 X, M* can preserve 16k supersymmetries with & given by the second equation
in (9.18).

To summarize, we have the following:

(i) AdSs x4, M® backgrounds can preserve 8, 16 and 24 supersymmetries. This follows
from the results of [16] which rule out the existence of such backgrounds preserving
32 supersymmetries. It also turns out that there are no AdSs x,, M® preserving 24
supersymmetries. The proof of this will be demonstrated in [15].

(ii) AdSe x4 M? backgrounds can preserve 16 supersymmetries. The existence of such
backgrounds preserving 32 supersymmetries is ruled out from the results of [16].
It turns out that under some assumptions there are no backgrounds preserving 16
supersymmetries either, and a proof will be presented in [15], see also [14].

(iii) AdS7 x, M* can preserve 16 and 32 supersymmetries with the latter being locally
isometric to the maximally supersymmetric AdS7 x S* background of 11-dimensional
supergravity. In fact all AdS7 x,, M* solutions are locally isometric to AdS7 x S%.
This follows from the results of [28] mentioned in [8].

Collecting all these results together, we establish (1.1) for the rest of the AdS,, back-
grounds.

10 AdS, n > 4: global analysis

In this section, we prove (1.2). For this, we shall demonstrate new Lichnerowicz type
theorems associated with the KSEs (9.10) and (9.11).
10.1 A new Lichnerowicz Theorem for 7 and o4

To show that there is a 1-1 correspondence between Killing spinors and zero modes of Dirac-
like operators, we take a linear combination of the (9.10) and (9.11) KSEs and consider
the modified gravitino KSE operator

DY = D) 4 ke (10.1)

7 7
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where

1 1
CH) = ——A'TFD A+ — A7ID, . 10.2
2 pA+ geg X +edT T (10.2)
This operator acts on spinors y such that for x = o4, ¢ = —%, and for x = 74, ¢ = i.

The associated Dirac equation to (10.1) is

1—k:(11—n)A_1$A+n+1+k(1l—n)

) =1 D;
7 i 2 288

X +ck(11—n)A7IT,|. (10.3)

Assuming now that 2(t)y = 0 and using the Bianchi identities and field equations, one
can prove following steps similar to those described for the AdS3 backgrounds that

. . 1
D2 x | 404719040, | x [P= 20y, D0y 422021 ey 2 o)

provided that k =2 —n/11 — n.
For completeness, one has that

15— 3n

11 — 3n + n?
- _l’_ -
288(11 — n)

4(11 —n)
63 — 18n
1152(11 — n)
—261+ 36n _, 3n—6 . (2-n)2
AL N L T | i QR L Ny
T3a56(1L—n) " 11 —n)¢ X momd Y

F1={x, (dlog A)? ) log ATX"

ij  phikaoksk
DOTIP. G R

(10.5)

and

—n2_ _ — _
]__2:1071 n 7A_1(29A+ 15+ 3n X+(2 n)(9—n)

2(11 — n) 288(11 — n) 11-n

cATIT, . (10.6)

Applying the maximum principle one concludes that
9Py =0=DMy=0, cHy=0, (10.7)
and that
| x ||= const. (10.8)

This proves the correspondence between the Killing spinors o and 7 and the zero modes

of 9+,

10.2 A new Lichnerowicz Theorem for 7— and o_

The new Lichnerowicz theorem on the 7— and o_ can be formulated either by following
a calculation similar to that of the previous section or more simply by utilizing the rela-
tionship between the positive and negative lightcone chirality spinors and their associated
KSEs given in (9.14) and (9.15). The maximum principle formula can be written as

(10.9)

D* || A7 |2 +n A7 0 A0, || A7y 2= 242D g, D)) + 2
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AdSy, Xy M N
n =2 2k, k < 15
n=3 2k, k <15
n=4 4k, k <8
n=>5 8,16, 24
n==06 16
n="7T 16, 32

Table 1. The number of supersymmetries N of AdS,, x, M backgrounds are given. For
AdSs %, M?, one can show that these backgrounds preserve an even number of supersymmetries
provided that they are smooth and M? is compact without boundary. For the rest, the counting
of supersymmetries does not rely on the compactness of M ~". The bounds in k arise from the
non-existence of supersymmetric solutions with near maximal supersymmetry. For the remaining
fractions, it is not known whether there always exist backgrounds preserving the prescribed number
of supersymmetries.

where
D = ) 4 ke (10.10)
1 1
(=) — 241 =41 =
C 2A JA+ AT, + 288X’ (10.11)

is the modified gravitino KSE, k =2 —n/11 —n and ¢ = 2% for ¢ = o_ and ¢ = —2% for
1 = 7_. The application of the maximum principle implies that

9 p=0«=D My =0, cy=0, (10.12)
and that
| A1 ||= const . (10.13)

Thus, the warp factor is proportional to the length of the Killing spinor.

10.3 Counting supersymmetries

It is now straightforward to prove (1.2) for AdS, x., M'~" n > 4 backgrounds. In
particular this follows from (1.1) and after setting

N_ = dimKer 7, ), . (10.14)

This completes the proof of (1.2) for all AdS,, backgrounds.
11 Do the Killing spinors factorize?

In many of the investigations of AdS,, solutions of supergravity theories, it is assumed that
the Killing spinors of the spacetime factorize as

e=£EQ1Y (11.1)
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where ¢ is a Killing spinor on AdS,, satisfying the Killing spinor equation
V& + A€ =0, (11.2)

and 1 is a spinor on the transverse space, and where p are AdS, indices and -y, are
AdS,, gamma matrices. Then the ansatz (11.1) is substituted into the KSEs to derive the
equations that must be satisfied by . This factorization has been instrumental in many
of the AdS computations. Here we shall examine whether the Killing spinors can always
be written in this way.

It is not straightforward to adapt our results to the ansatz (11.1) for the spinors stated
above. This is because of the ambiguities that one encounters when decomposing the
spacetime gamma matrices in terms of those of AdS and transverse space as well as the
differences in the choice of coordinates on AdS,, and spacetime frame. However we can
restrict our Killing spinors on AdS,, and examine whether they satisfy (11.2). Indeed, if the
Killing spinors factorize as in (11.1) and % is taken to be a constant, then € solves (11.2).

Consider first the AdSs case. Observe that after using the integrability condition (2.30)
the Killing spinors can be written as

A
€ = ¢+ + ¢_ =+ UF+@_¢_ =+ T’F_@+¢+ =+ §TU¢_ y (113)

where ¢4 lie in the 16 Majorana representation of Spin(9), the spin group of M?, and
they are localized on M?. ¢4 are the candidates to be identified with . On imposing the
condition (11.2) we find

A

<@i + )\)Qﬁi =0, \N= T (11.4)

However, these conditions are incompatible with the KSEs. To see this, observe that the
horizon Dirac equations on S can be written as

I'Viy + 30191 =0 (11.5)

where ¢, = A~ g, = Aféqﬁ_. Then (11.5) implies that

/ (e, ©194) =0. (11.6)
M9

However, substituting (11.4) into (11.6) then leads to a contradiction. Hence the AdSs
background spinors cannot factorize as in (11.1).

Next let us turn to the AdSs case. After applying the integrability condition (2.30)
and using the algebraic KSEs (5.19), the Killing spinor can be written as

e=0,+o_+e it +eiT — %A‘lfﬂa, — %A‘le_%l“,znr : (11.7)

Observe that o1 and 74 are in the 16 Majorana (but not Weyl) representation of Spin(8),
the spin group of M8, and they are localized on M®. Next let us restrict € on AdS3 by
treating o4 and 74 as integration constants, i.e. suppress all the dependence of € on the
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coordinates of M8, and investigate whether the resulting spinor solves the KSE (11.2) on
AdS,, for some choice of \. Substituting e into (11.2), one finds that it solves the KSE if
and only if

iA—lrzai + \or =0, iA—erTi FATL =0. (11.8)
20 20
Let us focus on the condition (11.8) for o4. This condition can be solved by imposing
the projection anf = iaf with o = 0 +0, and A = F,A~!. Therefore € solves (11.2)
if and only if one of the components of o, oi or o, is set to zero. However, this is
an additional condition on ¢, which does not arise from the KSEs as applied to AdSs
backgrounds. In fact since I', does not commute with the KSEs, one cannot consistently
set (Ti_ or o to zero without imposing an additional restriction on the fields. A similar
analysis can be done for the remaining three cases. Therefore for generic AdS3 backgrounds,
the Killing spinors cannot be written as in (11.1) satisfying (11.2).
Next let us consider the same question for AdS,, backgrounds for n > 3. The Killing
spinors for these backgrounds, after using the integrability condition (2.30) and the alge-
braic KSEs A& oy = B&E) 7L =0, can be written as

€e=o0r+to_+te Ity +elfT_
1

~7 ( A7 o +rAT e IT Ly + ZwaFaFZ(T+ + GZO'_)> . (11.9)

Again € depends on four linearly independent spinors o4 and 74. As in the AdS3 case
substituting? € into (11.2), one finds that o+ and 74 must satisfy (11.8). Repeating the
argument we developed for the AdS3 case, one concludes that e does not factorize® as
in (11.1).

To illustrate the importance of keeping both components of o, afr and o7, under
the projection with I', for the correct counting of supersymmetries, let us consider the
AdS7 x S* background. One solves the algebraic KSEs, Ao, = 0, after imposing the

projection®
.o, =0, (11.10)

where T4 is the Clifford element associated with the volume form of S*. This projection
reduces the number of components of o4 from 16 to 8. Then the gravitino KSE can be
solved without additional conditions. Using the intertwining Clifford algebra operators
to find solitions to the KSEs for o_ and 74, one concludes that AdS; x S* preserves 32
superymmetries as expected. However if one in addition imposes I‘zaf = iaf in order for

“In the KSE (11.2) we use the spacetime gamma matrices. The same result holds if one uses the AdS
gamma matrices after one decomposes o+ and 7+ in terms of AdS and transverse spinors.

5This questions the generality of several results that have been obtained in the literature using the
factorization ansatz (11.1). How this additional assumption affects each computation is not apparent and
the claims about the generality of several results have to be re-examined.

5The other projection r.r o4 = —o4 can be treated in a similar way.
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the Killing spinor € to satisfy (11.2), then one would incorrectly conclude that AdS; x S*
preserves 16 supersymmetries.

We have demonstrated that the non-factorization of the Killing spinor as in (11.1) is
crucial for the correct counting of supersymmetries of these backgrounds. On the other
hand, the effect of the non-factorization of € on the geometry of the transverse spaces
M= is more subtle. A preliminary investigation [15] suggests that in some cases it has
an effect but in some other cases it does not. Therefore it is required to investigate each
case separately.

12 R"» L M-theory backgrounds

As has been mentioned in the introduction the warped flat backgrounds R* =11 x,, M11—n
can be investigated in the context of AdS,, backgrounds after taking the AdS radius ¢ to
infinity. All our local computations are smooth in this limit. As a result, one can solve the
KSEs, decompose the field equations and Bianchi identities as in the AdS,, case and then
take the limit £ — oo to derive the corresponding formulae for flat backgrounds. However in
the limit, not all properties of AdS,, backgrounds carry through. In particular the solutions
to the KSEs will be re-examined as the process of integration yields powers of £ which alters
the conclusions somewhat. To emphasize another difference, it is known for sometime
that there are no smooth warped compactifications of 11-dimensional supergravity [29].
This is unless one appeals to M-theory and includes higher curvature corrections, due for
example to anomaly cancellation, and/or additional brane charges. All these backgrounds
are constructed starting from those of 11-dimensional supergravity and then appropriately
correcting them. Since the 11-dimensional backgrounds are the starting point for such
computations, we shall focus on these here.

12.1 The warp factor is not nowhere vanishing

One of the key properties of AdS,, backgrounds is that the warp factor A is nowhere vanish-
ing. This is not the case for flat backgrounds. For flat backgrounds with non-trivial fluxes
and under certain conditions, A must always vanish somewhere.” This follows from [29)].
To see this focus on the R'! backgrounds and in particular in the field equation (3.6).
After taking the limit £ — oo and assuming that the conditions on the fields and M?® for
the maximum principle to apply hold, one finds that the only solution to this equation is
A constant and Y = X = 0, i.e. all the fluxes vanish, F = 0. Therefore for compact M?
and smooth fields, A must vanish somewhere on M?. A similar analysis can be done for
the other flat backgrounds.

12.2 Counting supersymmetries

Because our global techniques do not straightforwardly apply to flat backgrounds, we shall
focus on the counting of their supersymmetries based only on the local solution of the KSEs.

"From now on, we shall assume that A is non-vanishing on an open subset of M~ and restrict our
analysis to that subset.
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12.2.1 RY! backgrounds

It is instructive to re-examine the integration of the KSEs in this case, in the limit that
¢ — 0o, A = 0. Using the expression for the Killing spinor in (2.23) and the integrability
conditions (2.29) and (2.30), we find that

& =¢4 +ul'yO_¢_, e =9¢_+rI'_O10,. (12.1)

Therefore € can depend on the lightcone coordinates r,u. Of course this dependence re-
lies on ¢+ ¢ Ker©.. However, it should be stressed that ¢ satisfy automatically the
integrability conditions (2.29) and (2.30) as a consequence of the remaining KSEs (3.9) on
M?, the field equations and Bianchi identities. Therefore, the dependence on the lightcone
coordinates depends crucially on been able to find solutions of (3.9) which satisfy (2.29)
and (2.30) but do not lie in the kernel of ©4.

The proof that we gave for AdSs backgrounds to preserve an even number of super-
symmetries is not automatically valid for flat backgrounds. This is because it has been
based on global considerations which are no longer valid for R solutions. Nevertheless,
it is expected that some RY! backgrounds exhibit supersymmetry enhancement. Indeed
suppose that ¢_ is a Killing spinor. Then we have shown by a local computation that
¢+ =T410_¢_ is also a Killing spinor. Thus if ¢_ ¢ Ker ©_, then such backgrounds will
admit at least two supersymmetries.

12.2.2 R?*! backgrounds

To determine the Killing spinors for this backgrounds, let us reexamine the solutions of
the KSEs (2.23) along the additional z direction of R*!. The relevant equation is given
in (5.10). To continue observe that the Z*) given in (5.11) satisfy

(E(i>)2 br =0, (12.2)

in the limit £ — oo as a consequence of the integrability conditions (2.29) and (2.30). Thus
the most general solution can be written as

Oy =04+ 2, AO L1y, E(i)(gi - Tj:) =0, (12.3)

where we have used that Z*) = AT',0.. Using again (12.2), the Killing spinors can be
expressed as

e =o0r+ul'yO©_o_+2I'yAO 04, e =0_+1rI'_O104 +2,AO_o_. (124)

Therefore the Killing spinors can depend on the coordinates® of R*!. But this depends
crucially on o1 ¢ Ker =) even though they are in the kernel of (E(i))z because of (12.2).

8As we shall see this is the case for the rest of the R" 1! backgrounds. It would be of interest to
find solutions that exhibit this property, which is allowed from consideration of the KSEs, in order to test
whether field equations and Bianchi identities impose additional conditions which remove this dependence.
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Furthermore a direct observation of the KSEs on M?® (5.20) reveals that if o_ is a
solution, then

or=AT,T.0o_ (12.5)
is also a solution, and vice versa if o, is a solution, then so is
o =AT_T,o4. (12.6)

Therefore all R?>! backgrounds preserve an even number of supersymmetries confirm-
ing (1.3).

12.2.3 R33! backgrounds

As in the previous case, it is straightforward to observe that the solution to the KSEs along
all R3! directions can be written as

€L = 04 -+ UF+@_0'_ -+ (ZFZ + I’Fm)A@_t,_O'_;_ s
e =o0_+rT_ 0404 + (2, +2I';)AO_0o_. (12.7)

This is derived using (E(i))2 ¢+ = 0 which in turn is implied from the integrability condi-
tions (2.29) and (2.30) in the limit £ — co, and 2+) = A", 0.

To verify (1.3), it remains to count the multiplicity of solutions to (7.11) in the limit
¢ — oo. For this, if o_ is a Killing spinor so is o0y = A", T',o_ and vice versa if o is a
Killing spinor so is 0 = AI'_T',o4. In addition, it follows from direct observation that if
o4 is a Killing spinor so is

o, =T,.04, (12.8)

and similarly for the o_. Therefore, R*! backgrounds preserve 4k supersymmetries con-
firming (1.3).

12.2.4 R" Y1/ n > 4 backgrounds

As in the previous cases, integrating the KSEs along the R"~!! directions yields

€ = 04 + UF+@_0'_ + Z$aFaA@+O'+ y
a

e~ =o0_+rI_O o4 + Z T, AO_o_. (12.9)

where I', are in the frame basis in R”~!! and are transverse to the two lightcone directions
+ and —, and z® are the corresponding coordinates. The dependence of the Killing spinors
on the coordinates of R 1! depends on o ¢ Ker =) even though (E(i))2 o+ =0as a
consequence of (2.29) and (2.30). Observe that in the limit £ — co, 2*) = AI',©. and
that ©, = 6_.

To verify (1.3), it remains to count the multiplicity of solutions oy of the remaining
KSEs on M= As in the previous cases, if o_ is a Killing spinor sois o4 = A~ T',o_
and vice versa if o is a Killing spinor so is 0 = AI'_TI',04.
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Furthermore for R*! backgrounds it is easy to see that if o is a Killing spinor, then
Loy, a < b, is also a Killing spinor, and similarly for the o_ spinors. Therefore R*!
backgrounds preserve 8k supersymmetries confirming (1.3).

Next consider the R*>!. In this case, if o is a Killing spinor, then I'yo,, a < b and
Laiasaza 0+, a1 < -+ - < aq, are also Killing spinors. There are six I'g;, @ < b and a unique
L'y = Tayasagas, a1 < --+ < ag, Clifford algebra operators. Moreover I'yy) commutes with
all the KSEs (9.10) and (9.11). Since I‘[24] =1, o4 can lie in one of the two eigenspaces of
I’y If this is the case, then only three of the ;04 are linearly independent. Thus R>!
backgrounds preserve 8k supersymmetries confirming (1.3).

To count the supersymmetries of RS! backgrounds observe that if o, is a Killing
spinor so is I'gpo4, a < b and 'y 49a30,0+, a1 < -+ < aq. There are ten I'pp, a < b and
five I'q a5a30,0+, a1 < -+ < a4, Clifford algebra operators. Furthermore all 'y, 4,050,0+,
a; < -+ < ag commute with the KSEs (9.10) and (9.11). Suppose we choose one such oper-
ator I'yj. Since F[24] = 1, I'y) has two eigenspaces with eigenvalue +1. If o is in one of the
two eigenspaces, then there are only eight linearly independent spinors I'yp04, a < b and
Laiasazas0+, a1 < -+ < as. Thus RS! backgrounds preserve 16k supersymmetries confirm-
ing (1.3). Since there are no non-trivial R%! backgrounds with 32 supersymmetries [16],

such solutions necessarily preserve 16 supersymmetries.

13 Concluding remarks

We have systematically described all warped AdS, AdS,, x, M~ and flat backgrounds,
R?=L1 s, M1~ of D=11 supergravity which preserve at least one supersymmetry. The
novelty of our approach is that we have solved the KSEs of D=11 supergravity without
making any assumptions on the form of the fields and Killing spinors. Integrating over
all AdS,, and flat directions, we have identified all the a priori fractions of supersymmetry
preserved by these backgrounds. These results for AdS and flat backgrounds have been
summarized in equations (1.1) and (1.3) in the introduction, respectively. Furthermore for
AdS backgrounds that satisfy the requirements of maximum principle, we show that the
Killing spinors can be identified with the zero modes of Dirac like operators on M7,
This identification is demonstrated via the proof of new Lichnerowicz type theorems for
these Dirac like operators based on the identity (1.4). As a consequence we show that the
number of Killing spinors of AdS backgrounds are given in terms of the dimension of the
kernel of these Dirac like operators as in (1.2).

The general solution of the KSE of 11-dimensional supergravity for AdS, x M7
backgrounds has allowed us to investigate whether the Killing spinors can be factorized as
a product of a Killing spinor on AdS,, and a Killing spinor on the transverse M~ We
have found that such a factorization does not occur. In particular we have demonstrated
with an explicit example that assuming such a factorization gives an incorrect counting for
the supersymmetries of AdS backgrounds.

The identification of the a priori fractions of supersymmetry preserved by AdS and flat
backgrounds can be used to find all such solutions of 11-dimensional supergravity and M-
theory. This provides a systematic approach towards understanding all such backgrounds
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with applications in AdS/CFT and flux compactifications. There are already some pre-
liminary results in this direction. In particular we find that under certain assumptions
that are no AdSg backgrounds in D=11 supergravity, however compare with [14] where the
same results was proven assuming that the Killing spinors factorize. We also find that the
geometry of AdSs backgrounds is less restricted than those investigated in [11, 12]. The
proof of these results will be presented elsewhere [15].

Another aspect of our approach is the generalization of the classical Lichnerowicz
theorem to non-metric connections. It is curious that the maximum principle which has
been instrumental in the proof applies so widely in the context of supergravity. It is not
known why this is so and it should be investigated further, as ultimately it may be related
to supersymmetry.
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A Notation and conventions

Our form conventions are as follows. Let w be a k-form, then

w = %wilmikdxil A Adat® (A1)
and
dw — %Qlwz‘g...ikﬂdl’il Ao Adxtr (A.2)
leading to
(dw)iy..ipyy = (k+1)0, Wiy iy - (A.3)
Furthermore, we write
w? = Wi W Wl = Wi e Wi TR (A.4)

Given a volume form dvol = %eil_“indacil A -+ Adz', the Hodge dual of w is defined as

X A xw = (x,w)dvol (A.5)

where

1 i1...0
(X?w) = HX’UZ;CW Ltk (AG)

It is well-known that for every form w, one can define a Clifford algebra element ¢
given by

L/I = wil,“ikl“il'“ik (A7)
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where I'", i = 1,...n, are the Dirac gamma matrices. In addition we introduce the notation
@ = Wiliz...ikFiQ'"ik , Ty, = Filb'"ik“wig..ikﬂ . (A.8)
The rest of our spinor conventions can be found in [30, 31].
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