PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: December 19, 201}
ACCEPTED: January 22, 2015
PUBLISHED: February 16, 2015

Partial supergravity breaking and the effective action
of consistent truncations

Thomas W. Grimm, Andreas Kapfer and Severin Liist

Maz-Planck-Institut fir Physik,
Féhringer Ring 6, 80805 Munich, Germany

E-mail: grimm@mpp .mpg.de, kapfer@mpp.mpg.de, sluest@mpp.mpg.de
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quently appear in consistent truncations of string theory and supergravity. Evaluating
one-loop corrections to the Chern-Simons terms we find necessary conditions to ensure
that a consistent truncation also gives rise to a proper effective action of an underlying
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Yau threefolds with vanishing Euler number are examples of SU(2)-structure manifolds that
yield N' = 2 Minkowski vacua. We find that that one-loop corrections to the Chern-Simons
terms vanish trivially and thus do not impose constraints on identifying effective theories.
This result is traced back to the absence of isometries on these geometries. Examples with
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the one-loop gravitational Chern-Simons terms are non-zero.
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1 Introduction

Since the early days of supersymmetric field theory people have been studying spontaneous
supersymmetry breaking. It is often not only a necessity of phenomenological application
but also offers insights into properties of these theories in general. While generically all
supersymmetries may be broken, vacua that preserve exactly half of them are of particular
interest [1-13]. In [13] it was found that the N' =4 — N = 2 breaking of five-dimensional
gauged supergravity can be triggered by a Stiickelberg-like mechanism, where tensors be-
come massive by eating a vector. In this paper we generalize this analysis and use partial
supersymmetry breaking as a tool to investigate consistent truncations of supergravity and
string theory.



In principle for a general compactification of some higher dimensional theory on a
compact manifold one has to include all massive and massless modes in the derivation of
the effective action. In contrast, consistent truncations describe the dynamics only for a
subset of all these modes. By definition these modes are chosen such that solutions of the
lower-dimensional equations of motion lift to solutions of the higher-dimensional equations
of motion. It is this property that allows to use the truncated theories as tools for con-
structing higher-dimensional solutions. However, recently consistent truncations were also
used for phenomenology in non-Calabi-Yau compactifications. Consequently, the effective
action derived from a consistent truncation should better match the genuine effective action
with the whole tower of massive modes integrated out. Setups with partial supergravity
breaking now allow us to derive necessary conditions for this agreement in theories where
we already know parts of the effective action, like e.g. Calabi-Yau compactifications. Here
we investigate this issue in the context of one-loop corrections to the Chern-Simons terms.
These are induced by massive charged modes at one-loop, but are nevertheless independent
of the mass scale. Due to their topological nature and their relation to anomalies they are
very robust quantities that can contain non-trivial information about the massive spectrum.

In this paper we first study A = 2 vacua of N’ = 4 gauged supergravity in five dimen-
sions using the embedding tensor formalism of [14], which encodes the gauging of global
symmetries in a very convenient way. After assigning vacuum expectation values (VEVs)
to the scalars we calculate the gravitino masses, i.e. the number of broken supersymmetries,
the cosmological constant, the bosonic spectrum including mass terms and charges, as well
as Chern-Simons terms. These quantities depend on the form of the embedding tensors
contracted with the VEVs of the coset representatives of the scalar manifold. Given these
objects one can fully analyze the theory around the vacuum. While such an analysis is
possible for each considered vacuum, a classification of allowed vacua is beyond the scope
of this paper.

As an application we then make contact with M-theory compactifications on SU(2)-
structure manifolds. First we study general consistent truncations of M-theory on SU(2)-
structure manifolds to N' = 4 gauged supergravity, before we restrict to the special case of
Calabi-Yau manifolds with vanishing Euler number, which have SU(2)-structure as well, as
can be seen by the Poincaré-Hopf theorem. These spaces constitute an N/ = 2 Minkowski
vacuum of the general N' = 4 gauged supergravity, including massive modes. The same
analysis has been carried out for the type IIA case in [15, 16]. Since the Chern-Simons
terms in the genuine effective action of M-theory on a smooth Calabi-Yau threefold are
not corrected by integrating out massive modes [17-19], we demand that one-loop Chern-
Simons terms should also be absent in the effective action of a consistent truncation. For
the analyzed example of the Enriques Calabi-Yau it turns out that the massive modes
are not charged under any massless vector, and one-loop corrections therefore trivially
cancel. This is one possible way to ensure that a consistent truncations on SU(2) structure
threefolds that are also Calabi-Yau can be compatible with the genuine effective action.
However, already in the considered consistent truncation for the Enriques Calabi-Yau we
miss at the massless level a vector multiplet and a hypermultiplet that are not captured
by our particular SU(2)-structure ansatz. Nevertheless, we argue that one can consistently
complete the Chern-Simons terms including an additional massless vector.



As a second example we consider a particular consistent truncation of type IIB super-
gravity on a squashed Sasaki-Einstein manifold with RR-flux. This is again described by
five-dimensional A/ = 4 gauged supergravity, and indeed there are N' = 2 vacua that are
now AdS [20-22].] The most prominent example is certainly the five-sphere, although our
results hold for any squashed Sasaki-Einstein manifold. In the theory around the vacuum
there are massive states that are charged under the gauged U(1) R-symmetry. Remarkably
their one-loop corrections to the gauge Chern-Simons term cancel non-trivially, while the
gravitational Chern-Simons term does receive corrections. While we are not able to give
a precise interpretation of this fact, it is an intriguing observation that such cancellations
take place. Let us also stress that in this AdS case the existence of an effective theory
can be generally questioned, since the AdS radius might be linked to the size of the com-
pactification space. It is not hard to see that the squashed Sasaki-Einstein reductions of
type IIB are reminiscent of the general SU(2) structure reductions of M-theory considered
in the first part of the paper. It was indeed argued that there is a relation between these
two settings when using T-duality [37-41], if one includes warping in the SU(2)-structure
ansatz, which is in general quite difficult and beyond the scope of this paper.

The paper is organized as follows: in section 2 we review N = 4 gauged supergravity
in five dimensions using the embedding tensor formalism and calculate the spectrum as
well as the relevant parts of the Lagrangian around the vacuum. We proceed in section 3
with the general description of M-theory compactifications on SU(2)-structure manifolds.
In section 4, after stating some general remarks about the quantum effective action of
consistent truncations, we analyze M-theory on the Enriques Calabi-Yau and type IIB
supergravity consistent truncation on a squashed Sasaki-Einstein manifold.

2 Gauged N = 4 supergravity in five dimensions and its vacua

In this section we begin with some important facts about A/ = 4 gauged supergravity
theories in subsection 2.1. In subsection 2.2 we provide a tool to extract the propagating
degrees of freedom out of the theory, since the standard formulation in [14] uses vectors and
dual tensors on equal footing. Finally we study the vacua of this setup in subsection 2.3.
We derive the mass terms and charges of the scalar and tensor fields and give expression
for the vector masses, field strengths and Chern-Simons terms. The results depend on the
precise form of the embedding tensors contracted with the scalar field VEVs. Since we are
in particular interested in preserving half of the supersymmetry in the vacuum, we also
derive the mass terms of the gravitinos in terms of the contracted embedding tensors.

2.1 Generalities

We start with a review of the general properties of N' = 4 gauged supergravity in five
dimensions along the lines of [14, 42].2 First consider ungauged Maxwell-Einstein super-
gravity, which couples n vector multiplets to a gravity multiplet. Note that as long as the

!See also [23-36] for related works on this subject.
%We stress that in our conventions five-dimensional N = 4 supergravity theories have 16 supercharges
and thus are half-maximal supergravities.



theory is not gauged, one can replace the vector multiplets by dual tensor multiplets. The
gravity multiplet has the field content

(g}, A A X o) (2.1)

with the metric g,,,, four spin-3/2 gravitini 1%, six vectors (Ai{, AB), four spin-1/2 fermions
X" and one real scalar o. The indices of the fundamental representation of the R-symmetry
group USp(4) are written as 4,5 = 1,...,4. The symplectic form of USp(4), denoted 2,
has the following properties

Qij=—Qi, Q=909 Q0% =_¢F (2.2)
Raising and lowering of USp(4) indices is done according to
Vi=Quv;, Vi =VIQ. (2.3)
The double index ij labels the 5 representation of USp(4) with the following properties
A=A ATQ; =0, (A)* = Ay - (2.4)
Since USp(4) is the spin group of SO(5), we will often use the local isomorphism SO(5) =
USp(4) to switch between representations of both groups. The indices of the fundamental
representation of SO(5) are denoted by m,n = 1,...,5 and the Kronecker delta 0, is
used to raise and lower them. Moreover all massless fermions in this papers are supposed

to be symplectic Majorana spinors. For further conventions and useful identities consult
appendix A. Finally we will often use the definition

2= e/V3 (2.5)

where o is the real scalar of the gravity multiplet (2.1).

To the gravity multiplet we can now couple n vector multiplets, labeled by a,b =
6,...,5+ n. They are again raised and lowered with the Kronecker delta d,,. The multi-
plets read

(A%, A", 9M7), (2.6)

where Ajj denote the vectors, A spin-1/2 fermions and the ¢¢ scalars in the 5 of USp(4).
The set of all scalars in the theory span the manifold

M = Ms,, x SO(1,1), M., SO(5,7)

™7 80(5) x SO(n) ’ 27)

where we parametrize the coset Ms, by the scalar fields "% in the vector multiplets,
whereas the SO(1, 1) part is captured by the scalar o in the gravity multiplet. Hence the
global symmetry group of the theory is found to be SO(5,n) x SO(1,1). We now define
SO(5,n) indices M, N = 1,...,5+n, which we can raise and lower with the SO(5,n) metric
(nun) = diag(—1,—1,—1,—1,—1,41,...,41). The coupling of the vector multiplets to



the gravity multiplet is realized by noting that all vectors in the theory transform as a
singlet AY and the fundamental representation A of SO(5,n):

(A0, A7, A7) = (A7, AM) (2.8)
and have SO(1,1) charges —1 and 1/2 for A? and AM | respectively. In the representation
of the vector fields the generators ty;n of SO(5,n) and to of SO(1, 1) read?

1
tMNpQ = 25[6}2\4 NNP 5 toar = 5 Y tyno’ =0, too) =1. (2.9)

The most convenient way to describe the coset space M5, is via the coset represen-
tatives V = (V,,", V%), here m = 1,...,5 and a = 6,...n + 5 are the indices of the
fundamental representations of SO(5) and SO(n), respectively. The definition is such that
local SO(5) x SO(n) transformations act from the right, while global SO(5,n) transforma-
tions on V act from the left. It is important to notice that

Vu®=nun V¥, V™ = —nqun VY™ (2.10)
and also that, since (V,,™,V,,%) € SO(5,n), we have
NN = =V Vm + Vi “Vna - (2.11)
Furthermore we define a non-constant positive definite metric on the coset
Myn = V" Vm + VYV “Via (2.12)
with inverse given by MM~ Lastly we introduce
MynNpPor = amnpquMmVN”VPpVQqVRT , (2.13)

where €pnpqr is the (flat) five-dimensional Levi-Civita tensor.

We proceed with the gauging of global symmetries. The different gaugings are most
conveniently described using the embedding tensors fisnp, Earn and €py, which are totally
antisymmetric. They determine the covariant derivative?

Dy =V, =AY fy N tnp — A NPty p — ANty — At (2.14)

Note that in the ungauged theory the embedding tensors are supposed to transform under
the global symmetry group. Fixing a value for the tensor components, the global symmetry
group is then broken down to a subgroup. In this paper we will mostly set 3y = 0, since
the calculations simplify considerably and several interesting cases are already covered.
However a non-vanishing £y might then be included straightforwardly. Accordingly the
covariant derivative (2.14) simplifies to

Dy =V, — AV fiNtnp — AD MVt (2.15)

3 All antisymmetrizations in this paper include a factor of 1/n!.
4Note that a gauge coupling constant g can explicitly be included whenever an embedding tensor appears.
However for simplicity we take g = 1 in the following.



The embedding tensors satisfy funp = fiunp), Eun = Epn) and are, in the case of
&y = 0, subject to the quadratic constraints

fR[MNfPQ]RZOa fMQfQNP =0. (2.16)

For vanishing &5, the linear constraints are trivially satisfied. There is an important issue
with such nontrivial gaugings, which forces us to dualize some of the vector fields Ai‘[f into
two-forms B,,, ps. Therefore we consider an action where both Aﬁ/[ and B, ) are present
in order to write down a general gauged supergravity with £, = 0.° Using this approach,
the tensor fields By, »s carry no on-shell degrees of freedom. However, they can eat a
dynamical vector with three degrees of freedom and become massive. This will be treated
in subsection 2.2.

The bosonic Lagrangian of this N' = 4 gauged supergravity theory is given by [14, 42]

1

1.1
€ Loos = —5 R — X My H HM Y — 37 P (2.17)
3. 1
= 5T VD) + 16 (Dp M) (DH M)

1
+ PN B v (D Bag v + AnnpAYONAL + dnnp AL 95 AD)

16v/2
1 1
_ ﬁeww A0 <8VA]p” Ay + ZgMNAy ANONA) — funpAY AT 8,\Af>

1 _ 1 1 1
_ ZfMNP fors S 2 <12MMQMNRMPS _ Z]\41\462171\/}27]135 + 6nMQnNRnPS)
1

1
L s (MMPMNQ _ _MP NQ) _ 5 MMNPQR.
16€MN §pPQ neen 6\/§fMNP §or

where R denotes the Ricci scalar, and we define

1
My =20, A0 — M AVAY — fon M AL AN + §§MNBWN, (2.18)

as well as
F), = 0,A) — 0,A) . (2.19)

The vectors and dual tensors are subject to vector gauge transformations with scalar pa-
rameters (A%, AM) as well as standard two-form gauge transformations with one-form pa-
rameters =, 7. These transformations will be of importance later, since they allow us
to remove some of the vectors by gauge transformations. For our choice of gaugings the
variation of the vectors reads

1 -
6AL=VuA, SAN = DAY — eMNE, (2.20)

We continue with the fermionic Lagrangian. To simplify our notation we introduce
contractions of the embedding tensor with the coset representatives

gmn — VMmVNn fMN, fab — VMaVNb é-MN’ gam — VMavafMN7

5As long as &y vanishes, we do not have to introduce a tensorial counterpart BSV for Aﬂ.



fmnp — VMmVNn VpprNP ’ fmna — VMmVNn VPanNP ’ L (221)

Note that these objects are field-dependent and acquire a VEV in the vacuum. It is
important to realize that the positions of the SO(5, n)-indices M, N in (2.21) are essential
because of (2.10). Using this notation we define

M =M} T, (2.22)
with
1 1
M:prm = 7m22 &y ﬂemnqu qur7 T = F[mfn] , (2.23)

where I';,, are the SO(5) gamma matrices. We are now in the position to write down the rele-
vant fermionic terms in the Lagrangian. For the purpose of this work we will find it sufficient
to only recall the kinetic terms and the mass terms of the gravitini. The remaining quadratic
terms of the fermions can be found in [14, 42]. The relevant part of the Lagrangian reads

_ 1, 1 _ ,
e Lrom = U™ Dy i+ 5i My T1,7 43 (224)

The precise form of the covariant derivative is of no importance in this paper, since we
will derive only the charges of the bosons in the vacuum and infer the remaining ones by
supersymmetry. This concludes our discussion of the general properties N' = 4 gauged
supergravity in five dimensions.

2.2 Isolation of the propagating degrees of freedom

The formulation of N' = 4 gauged supergravity in terms of embedding tensors, presented
in [14], is a very powerful way to implement general gaugings of global symmetries. How-
ever, in order to study supersymmetry breaking vacua and the resulting effective field
theories we need to eliminate non-propagating degrees of freedom used in the democratic
formulation of [14]. In particular, the A' = 4 gauged supergravities are formulated in terms
of vectors and dual tensors. We eliminate redundant degrees of freedom in vectors by ten-
sor gauge transformations, rendering the corresponding tensors the (massive) propagating
degrees of freedom. All remaining tensors that are not involved in this gauging procedure
turn out to decouple in the action and can be consistently set to zero. In these cases the
corresponding vectors constitute the appropriate formulation. In the following we carry
out the necessary redefinition of vectors and tensors explicitly.

The isolation of the appropriate propagating degrees of freedom in N = 4 gauged
supergravity depends on the form of the embedding tensor ¢MY .6 This can easily be seen
as follows. Consider the gauge transformations of the vectors AM (2.20) as well as the
variation of the action with respect to the tensors By, ns

08
0B m

1 -
5A¥:DMAM—§§MN:MN, ~EMNC Oy (2.25)

SWe again stress that we set £y = 0 unless stated differently.



Note that one can always find orthogonal transformations such that

£V | Qi

)y =, (2.26)
OMN()MN

M,Nzl,...,rank({MN), M,N =rank(é"N) +1,....5+n,

with (§M N ) a full-rank matrix. It is now easy to see that after appropriate partial gauge
fixing one can invert (¢MV) to obtain

SAM = AN (2.27)

The Aﬁ}[ are therefore pure gauge and can be removed from the action. The corresponding
tensors BW 1y constitute the appropriate formulation. In contrast, we find for the remaining

vectors and tensors
oS
=0. (2.28)

0B, ir B

5A," = D, AM

The Lagrangian is therefore independent of the B BT which is why we can remove them.

We are left with propagating vectors AM sub ject to standard vector gauge transformations.
So we see that the propagating degrees of freedom are captured by Ay , BW 11+ Moreover,
21,, Ag it turns out that the tensor BSV does not appear in the action and

Ag constitutes the field carrying the propagating degrees of freedom.

for the pair B

Note that this procedure easily generalizes, if one allows for a non-vanishing &ys. In
this case one just has to replace ¢MN by 2. ZMN in the previous calculations, where
M = (0, M) and

ZMN _

L oun
o

9

1
Z0M — _ zM0 — §§M. (2.29)

One can then rotate ZMV into a full-rank part and zero-matrices as in (2.26). The fields
Az and Bp,, must then also be included in the procedure. As already mentioned, we
nevertheless set €37 = 0 in the following.

In this paper we are interested in deriving the half-supersymmetric Lagrangian around
a vacuum of the N' = 4 theory. In order to extract the propagating fields we therefore
slightly modify the approach we just described. This proves convenient for our purposes.
We start with the democratic formulation of A/ = 4 gauged supergravity reviewed in
subsection 2.1 including redundancies. We than assume that we have found a vacuum in
which all scalars, i.e. (V,,"), (V%) (£), acquire a VEV. In analogy to (2.21) we define

By, = (V) "B, B, = (V) B, (2.30)
A= (V)" AN A% = (V)" AN

Similarly we can introduce the gauge parameters (A™, A%) and (', Z}}) by setting
A= (V)" AM A% = (V) AM (2.31)



== (W EN, 2= (V) =N
In this rotated basis the gauge transformations (2.20) read
(V] +§§ Hun_§ —ua (3)
1 _ 1 =
0A = DA + € By — 5 b= (2.33)

The elimination of redundant vectors and tensors is now carried out for the fluctuations
around the vacuum, rather than at a general point in the unbroken theory.

Recall that there exist orthogonal matrices S, such that the contracted embedding
tensors (2.21) transform as

fmn &mb
é-bn éab

ST (2.34)

d,le,...,rank(ﬁMN), &,B:rank(ﬁMN)—i—l,...,B—i—n,

where (55‘3 )isa full-rank matrix. In particular one can even choose an orthogonal matrix
S, such that (¢%7) is block diagonal

YiE - - 0
€@hH=1: - |, (2.35)
O PEEY ’YnTg

where np = %rank(ﬁ MN), which turns out to be the number of complex tensors, and ¢ is
the two-dimensional epsilon tensor. The indices «, &, & are raised and lowered with the
Kronecker delta. Along the same lines as before by inverting (€4#) and partial gauge fixing
we find that the propagating degrees of freedom in the vacuum are captured by Afj and
B, 4, where

o AT B va B vm
D=1 L |= ST( ’fl) . (Buwa)=| =8 " . (2.36)
Au A,u B,uud B,uya

The gauge transformations are defined similarly and one easily checks that the fields Aﬁ‘ and
B,,, & can be eliminated from the action. For convenience we also define the dual elements

* Qv & *

B Bud
Ay=|"" |=8Ts| |, BL)=| " =50s| " (2.37)
A8 AS B s 0s

where n = diag(—1,—1,—-1,—1,—1,+1,...,+1). Already at this stage it becomes obvious
that the number of complex massive tensors is always given by %rank({M N). Moreover a
closer look at the Lagrangian (2.17) shows that the charge of the tensors is independent of
the vacuum. This will become important in subsection 4.1. Unfortunately for the vectors

such simple statements are not possible, since all properties depend crucially on the vacuum.



2.3 The N = 4 gauged supergravity action around the vacuum

Applying the redefinition of vectors and tensors of the last section in order to isolate the
propagating degrees of freedom we are now in a position to derive crucial parts of the action
around the vacuum. In particular, we display the mass terms and charges of the scalars and
tensors, as well as the field strengths, Chern-Simons terms and mass terms of the vectors
in a general form. Inserting the expressions of the contracted embedding tensors (2.21)
for a certain example then yields easily the precise spectrum and action. Furthermore, we
derive the formulas for the cosmological constant as well as the gravitino masses.

Before writing down the Lagrangian, let us define the fluctuations of the scalars o and

YV around their VEVs

(o) +7,

V=) exp (¢™[tmad] ) , (2.38)

where [tq] ]\JJV = 2(5[mN Najnr- The ¢™® capture the unconstrained fluctuations around the
VEVs of the coset representatives. We also define indices «, 3, ... in expressions like foma
using the same transformation as in (2.34). Furthermore, we set

Nap = (STUS)a,Ba (2'39)

where S is the matrix of (2.34) and n = diag(—1,—-1,—1,—1,—1,4+1,...,+1).
The relevant part of the Lagrangian of N' = 4 gauged supergravity around the vacuum

then reads
e L = 161\@6“”“ €7 Bl 4DB, , — %22 %) BY B
— izngngu -~ %E—4FSVF0 %
- %EWPMA?L <8,,A;’;5“8AA00; ~ o AASPONATY — 16 A;BA;@E)AA;O>
(D — ) — 1,7 45 (D e — a1, A
- % .5 05 — %Mfmb Pt — %MZ 52— M2, o™, (2.40)
with
D™ := 0,0™" — Ay " (6,707 — &.767) — ALY 6™ (fo"00" — fon05) . (2:41)
DB, ;= 0,B} ;- 7 n3s A0 Biy s (2.42)
Fp, o= 20),A% — f3, " ArP ALY (2.43)
Fp, =208,A), (2.44)
and

Mgnanb = 272 (fabpfmnp + fabcfmnC + fanpfmbp + fancfmbc + 5mnfa0pfbcp + 5abfm0pfncp>

,10,



1
* > (3€m”pqrf ol €1+ 6 mnpqr fP1E" + Emnpar ST Eap
3v2
3
+ iéabgmqurfn spfqr - 5ab5mqurf8pq£nr)

1
+ 524 <2£mn£ab + 2£mbfan + 5mn§ac§bc + 5mn£ap£bp + 5ab£mp£np + 6ab£mc£nc> )

(2.45)
1 1 4 1
M2 — 2—2 — — fon mnp = frma mna 724 ma ma ) S mnp ¢qr
< 9f pf ‘|‘3f f )"’3 5 5 +18\/§€ qu g )
(2.46)
M2, = =0, g+ 5 (€ + Eann”)
V3 V3
1
+ ——Emn Tz(g Tpgar _ 9 f1d J) . 2.47
66 fa "€ JE (2.47)

We stress that (2.40) is not the full bosonic Lagrangian around the vacuum, since there
are additional couplings between the fields which are not displayed. However, around an
N = 2 vacuum the included terms together with the residual supersymmetry turn out to be
sufficient to determine the full effective action, apart from the metric on the quaternionic
manifold. In fact, as we discuss in more detail for our analysis of the examples in section 4,
the effective theory is inferred by knowing the gauge symmetry, Chern-Simons terms as
well as the masses and charges of the fields. This data is indeed captured by (2.40). It
is also important to keep in mind that all contracted embedding tensors are meant to be
evaluated in the vacuum.

Let us comment on some of the properties of the action (2.40). Closer inspection
of (2.40) shows that the scalars ¢™* are coupled to the vectors with standard minimal
couplings as well as with Stiickelberg couplings. This implies that some of the scalars ¢
constitute the longitudinal degrees of freedom of massive vectors. We also see that it is
in general possible to preserve a non-Abelian gauge group in the vacuum corresponding
to a subset of the Aﬁ. For this non-Abelian subgroup the corresponding Chern-Simons
terms can in general appear. The tensors are generically charged only under a U(1) gauge
symmetry. As already mentioned, the number of massive tensors is given by % rank(¢MN),

which is obvious in (2.40), since their mass matrix determined by 55“5 is full-rank. In
contrast, note that the mass matrices of vectors and scalars are in general not full-rank.

To proceed further one has to specify the precise form of the contracted embedding
tensors to study the spectrum and action case by case. In particular, one has to diago-
nalize the mass matrices or gauge-interaction matrices of all fields, normalize the kinetic
terms, and possibly complexify the fields. We carry out this procedure for the examples
in section 4, although not presenting all the details of the computations. The standard
Lagrangians of the massive fields are displayed in appendix A. We refer the interested
reader to [13], where similar calculations are carried out in detail.

To close this general discussion, let us comment on the cosmological constant in the
vacuum. The latter can be extracted from the scalar potential in the vacuum, which reads

— 11 —



in terms of contracted embedding tensors

1 1__ 1 1
V= _EZ Qfmnpfmnp 4 ZZ 2fmnafmna + 124 gamgam + 67\/52 smnpqrfmnpgqr ) (248)

Furthermore, since we are mainly interested in vacua preserving N/ = 2 supersymmetry,
it is desirable to have a general expression for the amount of preserved supersymmetry
for a certain set of contracted embedding tensors. Since massless gravitinos are in one-
to-one correspondence with preserved supersymmetries, the remaining supersymmetry in
the vacuum can be determined from the mass terms of the gravitinos (2.24). The four
eigenvalues of the mass matrix (M, ij ) are denoted by fmy+ given by [43]

2
Myt = \/ 2 M"™ My mn F \/ 8 (M My ) * — 16 M My MY My, g . (2.49)

Additionally the mass of the gravitinos receives contributions from a possibly non-trivial
cosmological constant A = (V)

Smy, = ‘f\/—<v> . (2.50)

The conditions for preserved N’ = 2 supersymmetry can then be formulated as
My — Omy = 0. (2.51)

As explained in [13], for Minkowski vacua, i.e. dm, = 0, this condition is equivalent to
demanding that the eigenvalues of MZ}” coincide in their absolute values.

We have now provided all formulas to check, given a set of contracted embedding ten-
sors, if the associated vacuum preserves supersymmetry and has a non-trivial cosmological
constant. The spectrum and the most relevant terms of the Lagrangian are calculated easily
using (2.40). In the next section we prepare the application of these results to a class of im-
portant examples, namely consistent truncations of M-theory on SU(2)-structure manifolds.

3 M-theory on SU(2)-structure manifolds

In this section we introduce our main examples for a gauged N’ = 4 supergravity theory in
five dimensions by reducing eleven-dimensional supergravity on six-dimensional manifolds
M with SU(2)-structure. In subsection 3.1 we first recall some basic properties of SU(2)-
structure manifolds. The introduced definition will then be used in subsection 3.2 to formu-
late the reduction ansatz specifying a consistent truncation of the full compactification on
M to five dimensions. The five-dimensional action is derived in subsection 3.3 and brought
into standard N' = 4 supergravity form in subsection 3.4. This allows us to determine the
embedding tensors induced by the SU(2)-structure and a non-trivial flux background.

3.1 Some basics on SU(2)-structure manifolds

Let us begin by recalling some basics on six-dimensional SU(2)-structure manifolds M.
See e.g. [44-48] for properties of general G-structure manifolds and [15, 16, 49-55] for SU(2)-
structure manifolds. If the structure group of a manifold Mg can be reduced to SU(2), it
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admits two globally defined, nowhere vanishing spinors n', n?. This can be seen from the
decomposition of the spinor representation 4 of Spin(6) = SU(4) into SU(2) representa-
tions, 4 — 2 -1 @ 2. The existence of these two spinors gives rise to four supersymmetry
generators 51-1 2 (¢ = 1,2) in five dimensions, since we can write the eleven-dimensional

supersymmetry generator e as
e=&an +&en", (3.1)

where n°? is the charge conjugate spinor to 7' and the five-dimensional spinors fz-l 2 are
symplectic Majorana, see appendix A. This implies that an appropriately chosen reduc-
tion admits A = 4 supersymmetry.

The globally defined spinors 7' allow to define three real two-forms J?, a = 1,2, 3,
forming a SU(2) triplet, and a complex one-form K. These fulfill the conditions

JON JP = §%voly,

- (3.2)
K,K™=0, Kp,K™ =2, K™Jy., =0,
where m,n = 1,...,6 and voly is a no-where vanishing four-form on Mg. All contractions
are performed with the SU(2)-structure metric on Mg.
These forms define an almost product structure

P," = K, K" + K, K" — §,,"", (3.3)

which allows to split the manifold’s tangent space into the eigenspaces of P,
TMg=ToMgDTyMg, (3.4)

where the part To Mg is spanned by K! = Re K and K? =Im K.

3.2 The reduction ansatz

An appropriate ansatz for the dimensional reduction on manifolds with structure group
SU(2) has been worked out in [15, 16]. The full spectrum of the compactified theory
consists of infinitely many modes from which the choice of a particular ansatz keeps only a
finite subset. Such a truncation is called consistent, if any of the modes that we keep cannot
excite one of modes we exclude. This means that there are no source terms for the discarded
fields in the reduced action. In this case any solution of the truncated theory can be uplifted
to a solution of the full eleven-dimensional equations of motion. As explained in [16] this
can be achieved by choosing the reduction ansatz to be a set of forms on Mg that it is closed
under the action of the wedge product A, exterior differentiation d and the Hodge star x.

In [54] it has been demonstrated how to decompose the field content of type ITA super-
gravity into representations with respect to the SU(2) structure group of Mg and arrange
it into four-dimensional A/ = 4 multiplets. The same analysis can be performed for the case
of eleven-dimensional supergravity reduced to N' = 4 supergravity in five dimensions. The
modes transforming as singlets under SU(2) constitute the five-dimensional gravity mul-
tiplet and a pair of vector multiplets, and every SU(2)-triplet corresponds to one triplet
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of vector multiplets. On the other hand the components of the fields that are doublets
under SU(2) form gravitino multiplets in the N' = 4 theory. Since it is not known how
to consistently couple gravitino multiplets to gauged N = 4 supergravity, these multiplets
will be neglected. This is equivalent to excluding all SU(2) doublets from the reduction
ansatz. We will further comment on this point in subsection 4.2.

Following up these considerations the reduction ansatz consists now of a basis of real
one-forms v* (i = 1,2) on Ty Mg, and real two-forms w! (I = 1,...,7) on TyMs. Forms
of odd rank on T4 Mg correspond to doublets of SU(2) and are thus not included in the
ansatz. These forms are normalized via

/ VAV AW AW = -t (3.5)
M

where 7!/ is an SO(3,7 — 3) metric that will be used to raise and lower indices. For
convenience we can also introduce VOlgO) =o' Av? and —nf/ Volflo) = w! Aw’, which take
the role of normalized volume forms on T Mg and Ty Mg respectively.

The ansatz has to be chosen such that it is consistent with exterior differentiation.
Therefore, we demand that the differentials of v* and w! obey

dvt =t Av? F bWl

. 3.6
do! = TL v Aw? | (3.6)

where the coefficients t?, tf, and Tl{, are related to the torsion classes of Mg and have to
fulfill the consistency conditions [16]

tither; + 5T =0, Thn'5t. =0,

| | (3.7)
Tt — Theei Ty =0, t'" — e Tfen™ — e, Tn™ " = 0.

Using this basis of forms, one now has to expand all fields of eleven-dimensional supergrav-
ity. In order to discuss the reduction of the eleven-dimensional action, we first expand the
J* and K introduced in (3.2) as

JO = eP/2¢80T K =e”?(Im 1)~ V2 (0! 4+ 10?), (3.8)

where now the real ps4, p2, ¢}, and complex 7 are promoted to five-dimensional space-
time scalars. Together with (3.2) we find C}ZnI J Cf} = —6% as well as voly = ep4v01510) and
K'ANK? = epQVOIéO).
The action of the Hodge star on the ansatz is given by
x v = Pt eijvj A VO]ELO) ,

(0) (0)

xvoly’ = eftvoly
2 4 . (3.9)
swl = —eP2H jw! A VOlé ) )
* (?}i A w[) = —Ein[JUj Aw? .

From the requirement that *J¢ = J* A K' A K? the matrix H'; can be determined to be
Hpy = 2¢7¢5 + n1y. See appendix B for a further discussion of its properties.
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After this preliminary discussion we are now in a position to give the ansatz for the
eleven-dimensional metric. More precisely, reflecting the split of the tangent space (3.4),
the metric takes the form

dsty = gudatda” + e gij(v' + G*) (v + G7) + ePt ggpda®dat (3.10)

with s, = 1,...,4. The G’ are space-time gauge fields parameterizing the variation of
T5Mg. The metric g;; can be expressed in terms of T,

1 1 Rer
g=— ) | (3.11)
Im7 \Rer |7|

such that ef? gijvivj = KK. Notice that we excluded possible off-diagonal terms of the
form g, and g;s from the ansatz for the metric that would precisely correspond to SU(2)
doublets. These terms would give rise to two doublets of additional space-time vectors and
four doublets of space-time scalars.

In the following it will be useful to introduce the gauge invariant combination

=0+ G (3.12)
whose derivative can be calculated using (3.6),
dv' = d(v' + G') = DG + 6" N 9% — t'ej ) A GF + thw! (3.13)

The definition of the covariant derivative DG* can be found in (3.23).
Let us next turn to the ansatz for the three form field C3. Using the basis 7%, w!

introduced above, we expand
03ZC—I—CZ‘/\@i—i-C[/\wI—I-ClQ/\@l/\?72+Ci]1~)i/\w[. (3.14)

If we had included SU(2) doublets in the reduction ansatz, we would have also had to
expand C3 in terms of odd forms on TyMsg,” which would give additional fields in five
dimensions. For each doublet these would be one doublet of two-forms and two doublets of
vectors and scalars. Together with the contributions from the metric, we see that for every
excluded SU(2) doublet this resembles precisely a doublet of N' = 4 gravitino multiplets.

Furthermore, we consider also a possible internal four-form flux for which the most
general ansatz is given by

Fiux — nvolflo) +nrvt Av? AW (3.15)

Notice that this is written only in terms of v’ and not in terms of the gauge invariant
quantities ©°, because this would introduce an unwanted space-time dependency. Moreover
n and nj; are not completely independent, since it follows from dF’ fux = 0 that

ntt —nlth =0. (3.16)

"To make the ansatz closed under wedge product it might be necessary in this case to include also
additional two-forms on T3 M and hence additional SU(2) triplets.
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We finally have to expand the field strength Fy = Ff“x + dCs,

Fy=F+F A0+ FrAw' + Fia No' A 6%+ Fip ' Aw!

(3.17)
+ frot A2 AWl —i—fvolflo),
and obtain after calculating the derivative of C5 the expansion coefficients
F=dC + C; ADG',
F;, =DC; + 6@‘012 ADGY ,
F; = DCy + ¢;;DG",
e (3.18)

Fi2 =DC12, Fir = Deyy,
fr=ns+teir+e;Tic,

f=n-— CUtfm”.

The four-form flux and the fact that w! and #* are in general non-closed forms induce various
non-trivial gaugings. These are encoded by the various appearing covariant derivatives that
are listed in the next subsection.

3.3 Dimensional reduction of the action

Starting from the bosonic action of eleven-dimensional supergravity,

1 1 1
S = 7(*1)R— ~FyANxFy — —C3 NEFy N Fy, (3.19)
11 2 4 12

we will compute a five dimensional action by compactifying it on Mg. We can compare
the result with the general description of N' = 4 gauged supergravity given above and
determine the embedding tensors in terms of geometrical properties of Mg.

To compute the reduced five-dimensional action we insert the expansions (3.14)
and (3.17) into the eleven-dimensional action (3.19) and integrate over the internal mani-
fold using (3.5). The reduction of the Einstein-Hilbert term has been done in [16] and can
be adopted without further modifications. After performing an appropriate Weyl rescaling
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G — e~ 5(p2tpa) Juv, to bring the action into the Einstein frame, the final result reads

1 . 1
Ssu(z) = /5{2(*1)35 - €gp2+%p4gijDGz A *DG7 — 5(77“ + CPDCE A +DCY

1 5 1 7
— Z(Im 7')72 D7 A #DT — ED[)Q A *Dpy — §Dp2 A *Dpy — ﬂDpLL A *Dpy

_Ye2et00 (a0 1 €; ADGY) A % (dC + C; ADCY)

®
W=

p2t3pa (g_l)ij (DCZ + €;C12 A DGk) N * (DCj + EﬂClQ A DGl>

e%m—%mHU (DC[ + CUDGi) N (DCJ + chDGj)

1 ..
e‘%f’ﬁ%p‘lDC’lg A *DCqg — 16_92_’)4H” (g_l)zj Dcir A #Dcjy

1
4

_|_
R T Uy RGN Sy

dC + éck A DG’“) Acir (9T]5Ck + Craty + Dej ) '’
—ZCine ((DCj + exCr2 ADGF) eyrthy + (DCr + uDGF) A Dy )™
+ écl A ((DCi + €ixCra A DGF) ADejgel + (DCy + yDG') ADCra )"
+ %2012 A (DCy + ¢;/DG") A (DCy + ¢;yDG7) '’

— éCZ’] (DCj +€1C12 A DGk> A (DCJ + CUDGZ) eintd

1 .. 1 1 .
= el Cin (DCi + €1.Ch2 A DG’“) - <2dC +7Ci A DG1> A (nCia —nlCy)

+ (*1) V} .
(3.20)
The potential term V is given by
V= —267%’027%’0491']'%15]' + 26ép27%p4gijt§t§nl‘]
1 o
= e T+ MG T T (3.21)
1 s

+ ,€—§P2—%p4H1JfIfJ + ie—%pz—%mﬂ )

=~

As mentioned above we have defined several covariant derivatives. For the scalars they are
given by

Dps = dps — €;;G't/
Dpy = dps + €;;G't
Dr=dr —((1,7)-G)((1,7) - 1), (3.22)
D¢ = d¢f — G'T3¢Y
Deir = deig + €ty Cha — TijCy + €;GItF epy — GIThciy + npey G7
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whereas those of the vectors read
DG’ = dG" — t'G' AN G2,
DCr = dCy + t4C; + TCy NG — nfGP N G2, (3.23)
DCg = dCyz +t'Cj — €;jC1a N 'GY .

There is also a pair of two-forms C; with
DC; =dC; + quj A t’“Ck . (3.24)

In the next subsection we compare (3.20) with the general form of gauged N = 4
supergravity. For this purpose it is necessary to dualize the three-form field C into a scalar
~. Let us therefore collect all terms from the action containing it,

1 1
o = /_462(p2+p4)F A+F+ SFAL, (3.25)

with
1 .. . .
L= 56” (EZ]T]{{]CK + Clgtf] + DCjJ€Z‘7) 77[J —-—n 012 + TLIC[ . (3.26)

The field strength F = dC + C; A DG? fulfills the Bianchi identity
dF =DC; ADG", (3.27)

which we will impose by introducing a Lagrange multiplier 7. Accordingly we add the
following term to the action

68 = —% /7 (dF — DC; ADGY) . (3.28)

We can now use the equation of motion for F,
—2eAr) y P4 L4 dy =0 (3.29)

to eliminate it from (3.25) and obtain

1 1 y 1 g
Sy = 1 /62(”2“’4) (D’y + 2Ci[DCjJ62J77[J> A * <ny + 2ci1chJe”77”>
) (3.30)
+2/7DC’Z-/\DGi,
where the covariant derivative of ~ is defined as
1 ‘
Dy =dvy+ ici](eijTjch + tf]Clg)T]IJ —nCig + nIC'[ . (3.31)

Moreover in the general AN/ = 4 theory there are no tensors with second order kinetic
term, so it is necessary to trade the two-form C; for its dual vector C". But since C;
appears additionally in the covariant derivatives of the vectors C; and Cio, it will be
necessary to introduce their duals C’I and C’lg as well. These dualizations are described
for the case of type ITA supergravity reduction in [15] and [16], so we will not perform the
explicit calculations again.
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3.4 Comparison with N' = 4 supergravity

As we have described above, the reduced action possesses N/ = 4 supersymmetry, so we
will work out how to identify it with the general description of gauged N’ = 4 supergravity
from subsection 2.1.

The arrangement of the vectors into SO(5,n) representations AM and A° and the
form of the scalar metric My;ny can be worked out easiest by switching off all gaugings,
i.e. setting ¢ =t} = TzIJ = 0 and n = n; = 0. Since in this way all covariant derivatives
become trivial and some of the terms in (3.20) vanish, it is now very easy to carry out
the dualization of C? explicitly. Afterwards the theory will contain 5 + 7 vectors in total,
which means that there are n — 1 vector multiplets and the global symmetry group is given
by SO(1,1) x SO(5,n — 1). It is natural to identify C}2, which does not carry any indices,
with the SO(5,7 — 1) scalar A and the other vectors with AM so in summary we have

AM — (G@',Cﬁ, CJ) :

(3.32)
AY = (.
The corresponding SO(5,7 — 1) metric is defined as®
0 ;57 0
nuN = |[di; 0 0 |- (3.33)
0 0 n1s

By comparing the kinetic terms of the vectors (in the ungauged theory) with (2.17) one
obtains the scalar
S = e3P 6P (3.34)

and the coset metric

Mij = e Pigii + Hyyelel 4+ e r2right <6m + QCMC{) <flﬂ + 2CHC§) ;

oy q 1
Mif =e P2 ‘D4gjk5jj<€]m"}/ + 26]{;[02'[) s

o ; 1
Mi[ = —H](]C%I +e P2 P4g]kcj1 <6kz’y —|— 20k16{> 5 (335)
My = e 727 P1g" 55657,
My = e 7" g" 65ciy
My =Hpy+e P Pgcrcjr.
From this metric one can also determine the coset representative V = (Vy;™, Vn®), where m

and a are SO(5) or SO(n— 1) indices respectively. V is related to the scalar metric via M =
YVT and carries the same amount of information. The result can be found in appendix B.

8Note that in the standard form of gauged supergravity 7 is taken to be diagonal. Therefore, in order
to compare fields and embedding tensors in this reduction to their standard form, one has to diagonalize
7, which is easily done.
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From (3.34) and (3.35) we can calculate the general covariant derivatives of the scalars
using (2.14) and compare them with the results from (3.22) and (3.31) to derive the em-
bedding tensors

& = —eit?
&ir = €t
fiji = Ouepit™ (3:36)
firs = —T{{nks - %Gijtjﬁu,
and
Sij = G (3.37)
fijr = —€inr .

All other components are either determined by antisymmetry or vanish. One can now use
these expressions to calculate the covariant derivatives of the vectors from (2.14) and check
that they agree with (3.23).

To show that the quadratic constraints on the embedding tensors from (3.36) hold, it
is necessary to use the consistency relations (3.7) on the matrices ¢*, ¢} and TZIJ, while the
quadratic constraints involving (3.37) are fulfilled due to (3.16).

If we neglect the contributions coming from the four-form flux, it is possible to check
that (3.36) is consistent with the results from the type IIA reduction in [16]. This is
described in appendix C.

4 Partial supergravity breaking applied to consistent truncations

In this section we elaborate on the general discussion of supersymmetry breaking in
section 2 by investigating concrete examples given by consistent truncations of higher
dimensional theories. In particular we analyze their quantum effective action. In
subsection 4.1 we start with general considerations on the effective action of consistent
truncations. The analysis of one-loop Chern-Simons terms allows us to formulate neces-
sary conditions such that a consistent truncation gives rise to a physical sensible effective
theory. One class of examples, worked out in subsection 4.2, will be provided by the SU(2)-
structure reductions of section 3 with Calabi-Yau vacuum. Closely related to these kind
of reductions is a second class of examples, consistent truncations of type IIB supergravity
on squashed Sasaki-Einstein manifolds, which we investigate in subsection 4.3.

4.1 Quantum effective action of consistent truncations

We start by studying the quantum effective action obtained after N' =4 — N = 2 sponta-
neous supersymmetry breaking. An effective action is obtained by fixing a certain energy
scale and integrating out all modes that are heavier than this scale. In five dimensions
this is particularly interesting, since massive charged modes induce Chern-Simons terms at
one-loop. Importantly, these corrections do not dependent on the masses of the modes in
the loop and are therefore never suppressed. We are interested in evaluating these terms
for the supersymmetry breaking mechanism in section 2. A prominent class of examples for
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spin-1/2 fermion self-dual tensor spin-3/2 fermion
carr 1/2 —2 5/2
cArRrR —1 -8 19

Table 1. One-loop Chern-Simons coefficients.

this pattern is given by consistent truncations of supergravity. For instance, if a Calabi-Yau
manifold has SU(2)-structure, the N' = 4 gauged supergravity from the M-theory reduction
in the previous section is broken to A/ = 2 in the vacuum. It is an interesting question when
a consistent truncation also gives rise to a proper effective theory. For example, in order to
phenomenologically analyze non-Calabi-Yau reductions of string theory or M-theory one
needs to deal with effective theories. The fact that Chern-Simons terms are independent
of the mass scale allows us thus to investigate the question:

e What are the necessary conditions for a consistent truncation to yield the physi-
cal effective theory of the setup below a cut-off scale where all massive modes are
integrated out?

Indeed the one-loop Chern-Simons terms of the consistent truncation should match the

ones of the genuine effective action. Clearly a first step is to analyze compactifications of

which we know the relevant parts of the effective theory, like Calabi-Yau compactifications.
It was found in [56, 57] that in five dimensions Chern-Simons terms can receive correc-

tions from massive charged fermions and self-dual tensors at one-loop. The classical gauge

and gravitational Chern-Simons terms

Rb

(4.1)

bvptt aot

- 1 oT 1 oT
e 'Los = Z8€”Vp krix AL F;,FY + Ee’“”) ki Al R

(Rabp,y are the components of the curvature two-form) get corrected by a shift for each

massive charged fermion and tensor mode

kase — kase + carr qagsqe sign(R) (4.2)
kpn — ka + carr qa sign(R),
where the constants carpp, carr are given in table 1 and the sign of the representation is

defined as
+1, for R=(%,0),(1,0),(1,1)

~1, for R=(0,4),(0,1),(1,1),

and the representations R are labeled by their spin with respect to SU(2) x SU(2) = SO(4),
the massive little group. As one can see, the contributions are independent of the mass

(4.4)

sign(R) = {

scale and indeed they are related to anomalies. Because of this property they capture
crucial information about the massive modes. For example in F-theory compactifications
they often suffice to calculate the whole spectrum [58, 59]. In this spirit we think that
one-loop corrections to Chern-Simons terms can teach us lessons about the question when
consistent truncations also yield proper effective field theories.
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long gravitino multiplet long vector multiplet
field type (s1,82) field type (s1,52)
1 gravitino (1,2) 1 vector 3.
2 tensors 2 x (1,0) . 2% (1,0
4 fermions

2 vectors 2% (3,1) 2% (0,3)

. 4% (3,0 4 scalars 4 x (0,0)
5 fermions .

(07 §)

2 scalars 2 x (0,0)

Table 2. Long multiplets of A/ = 2 supersymmetry in five-dimensional Minkowski space. The
fields are labeled by their spins under SU(2) x SU(2).

In particular a necessary condition for such a reduction to make sense as an effective
field theory after integrating out massive modes is that the one-loop Chern-Simons terms
should coincide with the ones in the genuine effective action. Stated differently, the correc-
tions to the Chern-Simons terms induced by the truncated modes must coincide with the
ones which are obtained by taking the full infinite tower of massive modes into account.
For the special case that the relevant parts of the effective theory are already exact at the
classical level, as it is the case for the N' = 2 prepotential in Calabi-Yau compactifications
of M-theory, the following four possibilities can in principle occur, such that the fields in
the consistent truncation do not contribute at one-loop: the massive modes

e are uncharged.

e arrange in long multiplets, if the R-symmetry is not gauged.
e come in real (non-chiral) representations.

e cancel non-trivially between different multiplets.

The contributions of long multiplets indeed cancel as one can explicitly check by using
table 1 and table 2 for the Minkowski case. This is related to the fact that they have the
structure of special N' = 4 multiplets, that induce no corrections to the Chern-Simons
terms. For Minkowski space we display the two existing long multiplets in table 2. Also
non-chiral multiplets do not contribute since they are parity-invariant in contrast to the
Chern-Simons terms.

After these general considerations let us now turn to some examples. Consider the M-
theory reduction on SU(2)-structure manifolds of section 3. If the compactification space
is also Calabi-Yau, the five-dimensional N’ = 4 gauged supergravity develops an N' = 2
vacuum. This nicely fits into the general pattern of section 2. Indeed a Calabi-Yau threefold
has SU(2)-structure iff its Euler number vanishes. This can be seen as follows: a Calabi-Yau
threefold has SU(3) holonomy and thus allows for the existence of one covariantly constant
spinor n'. If the manifold has in addition vanishing Euler number, it follows from the
Poincaré-Hopf theorem that there exists a nowhere-vanishing vector field K. With this
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ingredients it is possible to construct a second nowhere vanishing spinor n? = (K1)™y,,n!,
such that the structure group is reduced to SU(2). This can also be seen without reference
to spinors [16]. By acting with the complex structure J on K! one obtains a second vector
field K? = JK! and after writing .J and the holomorphic three-form € as

J:J?’—i—%K/\I_{, Q=KA ' +iJ?), (4.5)

it is easy to check that K = K! + iK? and J° fulfill the relations (3.2). We could now
revert the argument and conclude that a SU(2) structure manifold with

dJ =dQ =0 (4.6)

is Calabi-Yau and therefore develops vacua with A" = 2 supersymmetry. Using the expan-
sions (3.8) of K and J* we can translate (4.6) into conditions on the five-dimensional fields,

(t1 + 7)) (¢ +iCHn" =0,
(T4} +7T31) (¢ + i =0, (4.7)
M PTC = eijtye.

These relations have to be used in the analysis of the spontaneous supersymmetry
breaking to A/ = 2 vacua. In subsection B.2 we use these conditions in order to derive
the contracted embedding tensors (2.21) for Calabi-Yau manifolds with vanishing Euler
number. Note that the expressions in subsection B.2 still suffer from scalar redundancies,
and it is hard to eliminate the latter in general using the Calabi-Yau conditions. However,
for the special example of the Enriques Calabi-Yau we were able to do so. Thus we can
derive the full spectrum by inserting the contracted embedding tensors into the results
of subsection 2.3, and we will actually do so in the next subsection. What we will find
is that the one-loop Chern-Simons terms do indeed cancel (as in the genuine effective
theory), although very trivially, since there are simply no modes in the theory that are
charged under a massless vector. In fact we think that this might be the generic case for
Calabi-Yau manifolds because of the following two heuristic arguments:

e Since a Calabi-Yau manifold has no isometries if the holonomy is strictly SU(3), one
would think that the ‘KK-vectors’ become massive and the massive modes are not
charged under massless gauge symmetries. In particular, the vectors G* in the ansatz
for the metric (3.10)

ds?, = gudxtdz” + gi; (' + G + G7) + gmpda™dz" (4.8)
should acquire masses.

e For Calabi-Yau manifolds with y = 0 and vanishing gaugings £y there are no charged
tensors. In fact, using the Calabi-Yau relations from (4.7) it is easy to show that
for such manifolds we have ¢MN¢ NP = 0. Applying also the quadratic constraints
to (2.17) the vanishing of tensor charges is immediate. Note that the contributions of
tensors was a crucial ingredient in [13], where non-vanishing one-loop Chern-Simons
terms appeared in N’ = 4 — N = 2 supergravity breaking to Minkowski vacua.
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If massive modes carry no charges under massless vectors in general, our approach via
one-loop Chern-Simons terms imposes no restrictions on the consistent truncation to yield
also a proper effective theory.

Let us now turn to the second example of partial supergravity breaking in the context
of consistent truncations, type IIB supergravity on a squashed Sasaki-Einstein manifold,
which is discussed in subsection 4.3 in greater detail. The geometrical reduction to N' = 4
gauged supergravity in five dimensions was carried out in [20-22] and proceeds similarly to
the M-theory SU(2)-structure reduction of section 3. Again the theory admits N = 2 vacua,
which however now constitute AdS backgrounds with gauged R-symmetry. Although it is
not really clear if the concept of effective field theory makes sense on such backgrounds,
we nevertheless integrate out massive modes. Surprisingly the contributions to the gauge
one-loop Chern-Simons term cancel in a non-trivial way between different multiplets. We
nevertheless find a non-vanishing correction to the gravitational Chern-Simons term. It
would be nice to find an interpretation for this result.

4.2 First example: M-theory on the Enriques Calabi-Yau

In this subsection we analyze in detail the spectrum of M-theory on the Enriques Calabi-
Yau around the N/ = 2 vacuum of the N/ = 4 gauged supergravity using the results of
subsection 2.3. The precise expressions for the embedding tensors in the standard form of
N = 4 gauged supergravity and their contractions with the coset representatives for Calabi-
Yau manifolds with SU(2)-structure are given in subsection B.2. However, as already
mentioned, these quantities still contain redundancies from scalar fields, which should be
eliminated by using of the Calabi-Yau conditions (4.7) in order to analyze the setup with
the tools of subsection 2.3. Consequently we focus on the special case of the Enriques
Calabi-Yau, where we were able to remove the redundancies. In the following we derive
the spectrum and gauge symmetry in the vacuum of the SU(2)-structure reduction and
compare the results to the known Calabi-Yau effective theory. Besides the fact that the
former yields massive states, which are absent in the latter, the consistent truncation turns
out to lack one vector multiplet and one hypermultiplet at the massless level compared to
the effective theory of the Enriques, analogous to the results in [16]. Taking the missing
massless vector into account the classical Chern-Simons terms of both theories may coincide
in principle. Corrections at one-loop to the Chern-Simons terms vanish trivially, since there
are no modes charged under the massless vectors.

The gauged supergravity embedding tensors fasnp, Eyrnv of M-theory on the Enriques
Calabi-Yau are evaluated by inserting the expressions (B.23) into (3.36). In the standard
basis, where 7 takes the form n = (—-1,—1,—1,—-1,—1,+1,...,+1), they read

1

f135 = faas = fsi15 = foas = —f1310 = —f2a10 = —fe110 = —fo210 = 7z

1
f635 = f745 = f865 = f975 = _f6310 = _f7410 = _f8610 = _f9710 = _ﬁ

§13=8u =81 =8 = 3= &= &6 = —Eo7 = . (4.9)

Sl
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As can be inferred form the covariant derivative (2.14), the gauged SO(5,n) symmetry
generators tysn are given by (modulo normalization of the generators)

t1 =15 +t110 +tes + 610, ta = tos 210 + 75 + 710,
g =135 + t310 + t35 + {310, by :=ta5 + tar0 + tos + 910,
U5 :=t13 + toq + t18 + 29 + 3 + t74 + tes + Lrg . (4.10)

Since all commutators vanish, as one can check easily, the gauge group in the N' = 4 theory

is (U(1))”.
Let us now move to the vacuum. The structure of the embedding tensors contracted
with the coset representatives is derived in subsection B.2. They read

1
f1,6 3,8 5,10 = f2,7 4,9 5,10 = 523)\5
1,6 38 =827 49 = A¢, (4.11)

where for each index position of the tensors there are two options. For convenience we

define
1

V2

The rotation to £u3, fapy (2.34), which is the appropriate basis to split off the propagating

Ae i= o~ 3(02401) Ty (4.12)

degrees of freedom, gives the non-vanishing components

§12 =831 =2 )¢, f125 = faa5 = f1210 = faa10 = V253 X¢. (4.13)

The spectrum is calculated by inserting the contracted embedding tensors into (2.40)
and bringing the terms in the Lagrangian into standard form. The fields together with
their masses and charges are listed in table 3. The modes are classified according to their
mass, charges under the massless vectors and their representations under SO(3) = SU(2) or
SO(4) = SU(2) x SU(2), the massless and massive little groups, respectively. Fermions in
complex multiplets are Dirac, while fermions in real multiplets are taken to be symplectic
Majorana. We set m = ﬂEQ)\g and ¢ = % .

The massless multiplets are uncharged and consistent with the proper Calabi-Yau
effective theory apart from one missing vector multiplet and one hypermultiplet. More
precisely, the Enriques Calabi-Yau has Hodge numbers At = h%! = 11. In the effective
action of M-theory on Calabi-Yau threefolds one finds h'! —1 vector multiplets and h%! +1
hypermultiplets, while for our consistent truncation on the Enriques Calabi-Yau we find
only 9 vector multiplets and 11 hypermultiplets. This resembles the results in [16] where
the same field content was missing for the analog type IIA setup. Geometrically the
corresponding missing harmonic forms are captured by SU(2)-doublets, which we discarded
in the reduction of section 3. As explained, the doublets correspond to N = 4 gravitino
multiplets, for which no coupling to standard N = 4 gauged supergravity is known. Having
discussed the massless modes in the vacuum, we turn to the massive spectrum. We find
one long gravitino multiplet, one vector multiplet and one hypermultiplet. Interestingly no
massive field is charged under a massless U(1) gauge symmetry. For the massive tensors this
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multiplet mass charge
1 real graviton multiplet 0 0
(2,2 % 3,1)
9 real vector multiplets 0 0
(1,2 x 5,0)
11 real hypermultiplets 0 0
(2 x %, 4 x0)
1 complex gravitino multiplet 0
m
((1,3),2x (1,0),2x (4,2),4 x (3,0),(0,2),2 x (0,0))
1 real vector multiplet
L L 2mec 0
((57 7),2 % (570))
1 complex hypermultiplet
X 2m 0
((5,0),2 x (0,0))

Table 3. Spectrum of the SU(2)-structure reduction of M-theory on the Enriques Calabi-Yau.

has already been established on general grounds in the last subsection. Thus we conclude
that for the Enriques Calabi-Yau the Chern-Simons terms (4.1) are trivially not corrected
by loops of fermions or tensors, since there are no charged modes in the truncation.

Finally let us also comment on the classical Chern-Simons terms in the reduction. We
denote the ten massless vectors in the vacuum of the consistent truncation by fli, fli,
A}, with a =1,...,8. The A, originate from the Eg nature of the Enriques surface. The
classical Chern-Simons coefficients are found to be

k5P = 2v/2, kfpare =2, (4.14)

laa

all others vanish. In the familiar Calabi-Yau effective action the Chern-Simons coefficients
reproduce the intersection numbers of the manifold. For the Enriques Calabi-Yau they
read in a suitable basis

eff __ eff _ AE8
k123 - 17 klab - Aab )

(4.15)

where APs denotes the Cartan matrix of Fg. If we assume that the missing vector A3
appears together with A" and A2 in a Chern-Simons term with coefficient

s #£0, (4.16)
we can define

A= AL, A= Al A3 = V2 A, + kN AD, (4.17)
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such that in this basis we obtain Chern-Simons coeflicients
kiaz3 =1, kiga = 2. (4.18)

The first one matches with (4.15). Concerning the second term we note that the Cholesky
decomposition of A8 ensures that there exists a field redefinition for the flﬁ represented
by a matrix 7', which fulfills

1
T = 5AE@ . (4.19)

It is easy to check that under this redefinition k14, goes to k‘flffb. These considerations can
also be interpreted as a proposition for the Chern-Simons coefficient, which involve the miss-
ing massless vector A%, namely kiss =£ 0. Tt should be reproduced by the SU(2)-doublets.

We conclude that for the Enriques Calabi-Yau, apart from the missing vector multiplet
and hypermultiplet, the effective theory of the consistent truncation is consistent with the
genuine Calabi-Yau effective action, since it is in principle possible to match the classical
Chern-Simons terms of both sides, and more importantly corrections at one-loop are absent
in the consistent truncation, since massive modes do not carry any charges. As we think
that this is the case for generic Calabi-Yau manifolds with vanishing Euler number, the
analysis of the Chern-Simons terms reveals no restrictions for the consistent truncation to
also yield a proper effective action. We believe that this conclusion changes significantly,
if the internal space has isometries and there are massive modes charged under massless
vectors. We will turn to an example that has these features next.

4.3 Second example: type IIB supergravity on a squashed Sasaki-Einstein
manifold

In the following we study a second example of partial supergravity breaking in the context
of consistent truncations that features a massive spectrum charged under a massless vector.
More precisely, we consider type IIB supergravity on a squashed Sasaki-Einstein manifold
with 5-form flux. This setup admits a consistent truncation to AN/ = 4 gauged supergravity
in five dimensions, which has two vacua, one which breaks supersymmetry completely and
one which is N' = 2 AdS. We focus on the latter. Since the theory in the broken phase
can be described with the results of subsection 2.3, we proceed along the lines of the last
subsection and derive the spectrum and Chern-Simons terms. The field content turns out
to be consistent with [20-22]. Although there are massive modes charged under the gauged
R-symmetry in the vacuum, their corrections to the gauge Chern-Simons term at one-loop
cancel exactly. However, the gravitational one-loop Chern-Simons term does not vanish.

In [20] it was shown that in a consistent truncation of type IIB supergravity on a
squashed Sasaki-Einstein manifold to 5D N' = 4 gauged supergravity the non-vanishing
embedding tensors fyvp, Eunv take the form

fi2s = fose = fse7 = —fi57 = =2,

12 = &17 = —Lo = &7 = —V2k, €31 = —3V2, (4.20)

where k denotes 5-form flux on the internal manifold. They encode the gauging of the
group Heisg x U(1)g, where a U(1)g is a subgroup of the R-symmetry group. The theory
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admits a vacuum that preserves N’ = 2 supersymmetry. If we for simplicity fix the RR-flux
to k = 2, we can use the expressions for the scalar VEVs in [20] to derive the contracted
embedding tensors (2.21)

fi2s = fers = —fi175 = —fe25 = 2,

12 = o7 = —&17 = —&e2 = —2V2, €30 = —3V2. (4.21)

We can now rotate into the basis of (2.34), in fact we transform & 5 already into block-
diagonal form. The non-vanishing gaugings {.g, fagy read

€12 = 4V2, 31 = 3V2, fios = —4 (4.22)
and therefore
a=1,2,34, a=567. (4.23)

Carrying out the calculations we find the cosmological constant A = —6 corresponding
to an AdSs background. Furthermore half of the supersymmetries are broken and the
gauge group is reduced

Heiss x U(1)r — U(1)g, (4.24)

where now the full U(1) R-symmetry of AdSs is gauged with gauge coupling g = \/g .

The full spectrum of the consistent truncation in the vacuum is depicted in table 4, where
we consulted the categorization of [25]. The fields are classified according to their mass,
charge under U(1)z with coupling ¢g and their representation under the SU(2) x SU(2) part
of the maximal compact subgroup of SU(2,2|1).

For our example we find at the classical level?

ks _ 4 § (4.25)
In order to calculate the quantum corrections, we again use table 1 with the understanding
that representations of SU(2) x SU(2) C SU(2,2|1) in AdS contribute in the same way as
representations of SU(2) x SU(2) = SO(4) in the Minkowski case. Although the results
of table 1, derived in [56], were originally calculated in a Minkowski background, we
believe that they are applicable to AdS as well, since they can be derived solely from
anomalies. Remarkably, the one-loop corrections of the massive charged modes to the
gauge Chern-Simons term cancel in a highly non-trivial way, while the gravitational
Chern-Simons term does receive corrections

3
kébl(c))op =0, k,(l]-loop — 79 \/g (4.26)

Note that the index zero is now meant to refer to the remaining massless U(1)g in the
vacuum rather than to A° in the A" = 4 theory.

9We do not account for the classical gravitational Chern-Simons term.
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multiplet representation mass charge
(1,1) 0 0
1 real graviton multiplet N
(3.1) 0 +1
11
(57 §) 0 0
(3,0) 3/2 +1
1 complex hypermultiplet (0,0) -3 +2
(0,0) 0 0
(3, 1) -5 +1
(3:3) 8 0
iy . (0,1) 3 +2
1 complex gravitino multiplet
(0,1) 4 0
(0,3) -5/2 +1
(0,3) -7/2 +3
11
(3:3) 24 0
(1,0) o2
(0,3) 9/2 +1
0.3) 2
1 real vector multiplet (3,0) 11/2 +1
(0,0) 12 0
(0,0) 21 -2
(0,0) 21 +2
(0,0) 32 0

Table 4. Spectrum of type IIB supergravity on a squashed Sasaki-Einstein manifold in the N' = 2

vacuum corresponding to an AdS; background.

The interpretation of these results is not as clear as in the last subsection concerning
the Enriques Calabi-Yau. Indeed, the naive notion of an effective field theory on AdS back-
grounds will not be well-defined, if the AdS radius is linked to the size of the internal space.
We nevertheless think that the non-trivial vanishing of the gauge one-loop Chern-Simons
term is not accidental and should have a clear interpretation. Related to that, it would also
be interesting to find connections to other consistent truncations. The simplest example is
certainly the A/ = 8 consistent truncation to massless modes of type IIB supergravity on

the five-sphere [26], which is a special Sasaki-Einstein manifold.
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5 Conclusions

In this paper we studied spontaneous breaking of five-dimensional N' = 4 gauged super-
gravity. We analyzed the theory in the broken phase around the vacuum by deriving the
spectrum including charges and masses, as well as Chern-Simons terms and the cosmolog-
ical constant. Special focus was put on setups with N’ = 2 vacua, since examples of this
type arise in consistent truncations of string theory and supergravity.

As consistent truncations of non-Calabi-Yau reductions are exploited for phenomeno-
logical investigations, it is a crucial task to provide necessary conditions for them to yield
valid effective actions upon integrating out massive modes. Consequently, we required
the one-loop Chern-Simons terms in consistent truncations, induced by massive charged
modes, to match their counterparts of the genuine effective action.

As a first example, we considered consistent truncations of M-theory on SU(2)-
structure manifolds to N/ = 4 gauged supergravity in five dimensions. The geometrical
ansatz includes SU(2)-singlets and triplets, while doublets are excluded, since they lead to
gravitino multiplets, for which no consistent coupling to supergravity is known. We first
derived the general five-dimensional N' = 4 action for this ansatz including a non-trivial
flux background. The vacua of a specific class of SU(2)-structure manifolds, namely
Calabi-Yau manifolds with vanishing Euler number, were then analyzed in in greater
detail. They constitute A/ = 2 vacua and can therefore be analyzed with the supergravity
breaking mechanism described in the first part of the paper. It turned out that one
can generally miss at the massless level vector multiplets and hypermultiplets, which are
captured by the SU(2)-doublets that we omitted in our ansatz. At the quantum level the
requirement for having a proper effective theory necessitates the vanishing of one-loop
corrections to the Chern-Simons terms, since the relevant parts of the genuine effective
action are classically exact. Indeed, by analyzing Enriques Calabi-Yau manifold as an
example, we found that no massive charged modes appear and the one-loop Chern-Simons
terms cancel trivially. We argued that this might be the case for general consistent
truncations on Calabi-Yau spaces. Accordingly, we claim that, apart from the missing
massless degrees of freedom, the Chern-Simons terms provide no immediate contradiction
to deriving proper effective theories from consistent truncations in the Calabi-Yau case.
This might be traced back to the fact that a Calabi-Yau manifold with SU(3) holonomy
has no continuous isometries and therefore no massless Kaluza-Klein vector.

It is interesting to speculate on SU(2)-structure reductions with isometries. In such
situations one finds massless Kaluza-Klein vectors gauging massive modes. Integrating out
the massive fields one expects to find one-loop Chern-Simons terms as known from circle
reductions [56, 57, 60]. Here it appears to be crucial to distinguish the case of integrating
out infinitely many modes from the case of considering only a finite truncation. In other
words, we suspect that in this case the consistent truncation might not yield an effective
theory that matches the genuine effective action of the complete reduction. It would be
interesting to find non-trivial examples for this situation.

We also investigated a second example of partial supergravity breaking accompanying
consistent truncations where the internal manifold has isometries. More precisely, we
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considered type IIB supergravity on a squashed Sasaki-Finstein manifold with RR-flux.
This example can be interpreted also as a special case of a warped SU(2)-structure
reduction of M-theory [37-41]. The squashed Sasaki-Einstein reductions give also an
N = 4 gauged supergravity in five dimensions, which now admits an N' = 2 AdS
vacuum. This time there indeed appear massive states charged under the gauged U(1)
R-symmetry. For the gravitational Chern-Simons term we found non-vanishing one-loop
contributions, however, remarkably the corrections to the gauge Chern-Simons term cancel
in a non-trivial way. While one might question the existence of a proper effective theory
for these AdS backgrounds, the cancelations in the Chern-Simons terms are intriguing It
would be nice to gain a deeper understanding of this fact.

Let us close our conclusions by pointing out that an analysis similar to the one of
this paper can be carried out for M-theory reductions on real eight-dimensional manifolds.
In this case the effective theory will be three-dimensional, but can also contain one-loop
Chern-Simons terms that see the massive spectrum. It would be interesting, for example, to
consider M-theory on Spin(7) manifolds or Calabi-Yau fourfolds with vanishing Euler num-
ber. In these cases one finds additionally an enlarged structure group and therefore a three-
dimensional gauged supergravity theory with partially supersymmetry breaking vacua.
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A Conventions and identities

We shortly state the conventions of differential geometry used in this paper. Curved five-
dimensional spacetime indices are denoted by Greek letters u, v, . ... Antisymmetrizations
of any kind are always done with weight one, i.e. include a factor of 1/n!. We use the
(—,+,+,+,+) convention for the five-dimensional metric g,,, and we adopt the negative
sign in front of the Einstein-Hilbert term. Moreover we set

K2 =1. (A1)
The Levi-Civita tensor with curved indices €,,,\, reads

01234 1
€01234 = te€, , € =—c (A.2)

where e = /—det g, .

The five-dimensional spacetime gamma matrices are denoted by ~y,, and satisfy

{’Y/u ’YV} = 29#1/ . (A3)

Antisymmetrized products of gamma matrices are defined as

Veetseospire = Vpa Tz - Yug] - (A4)
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The convention for the charge conjugation matrix C' is such that

cT=-—c=c! (A.5)
and it fulfills

Oy, Ot = ()T (A.6)

All massless spinors in this paper are meant to be symplectic Majorana, that is in the
N = 4 theory they are subject to the condition

X = () =09 C, (A7)

where i,j = 1,...,4 and QY is the symplectic form of USp(4) defined in (2.2). In the
N = 2 theory the symplectic Majorana condition reads

o

X* = (xa) 90 = x50, (A.8)

where «, 8 = 1,2, €*? is the two-dimensional epsilon tensor.

The standard Lagrangians of massive fields in five dimensions are useful for explicit
manipulations of the results in subsection 2.3. For a massive tensor charged under a U(1)
gauge symmetry we have

1 _ 1
e 'Lp = —icB """ By DyBor — smp By B, (A.9)

with D,B,; = 0,Bsr —iq A, Bsr. The quantity mp > 0 is the physical mass of the
complex tensor and ¢p encodes its charge under A,,. Furthermore the representation under
the little group is encoded in

cg =+1 < (1,0) of SU(2) x SU(2) (A.10)
cg =—1<(0,1) of SU(2) x SU(2).

A massive, charged Dirac spin-3/2 fermion is described by
e 'Ly = _{pﬂ“”pD,ﬂpp + Cop My {b“’y‘“’tby , (A.11)

where Dy1p, = 0,1, — iqypAvtp, and
1
ey =+1& (2, 1) of SU(2) x SU(2), (A.12)
1
cp = —1& (1, 2) of SU(2) x SU(2).

Finally the Lagrangian of a massive, charged Dirac spin-1/2 fermion reads

6_1£)\ = —ADX+ C)\m)\j\)\, (A.13)
with D, = 9, A — igp Ay and
1
ca=+1l& <2,0> of SU(2) x SU(2) (A.14)
1
an=-1le <0, 2) of SU(2) x SU(2).
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B The coset representative and contracted embedding tensors for SU(2)-
structure manifolds
B.1 The coset representative V

From (3.35) we can extract representatives V = (Va/™, Var®) of the coset space

SO(5,n —1)
SO(5) x SO(n —1)’

(B.1)

where m = 1,...,5 and a = 6,...,5 + n denote SO(5) and SO(n) indices. These coset
representatives are related to the scalar metric via

(Myy) = VY1 = ymym 4 yapa (B.2)

and have to fulfill
(nun) = =YY" LYY, (B.3)

Before we can determine V), it is necessary to diagonalize g;; and H;. First we observe
that g;; can be expressed as

gij = € kIR0 (B.4)

where k = ef2/2(Im7)~1/2(1, 7).
In (3.9) we have introduced Hjy via sw! = —H jw’/ A VOlgO) and as described in [55]
it depends only on (7,
Hyy=2¢7¢5 + s - (B.5)

From (3.2) and (3.8) one sees that

o'l =~ (B.6)
Therefore (fH Iy = —(9, that means that the three (7 are eigenvectors of H I} with eigen-
value —1. If we now introduce an orthonormal basis £ (o =1,...,n — 3) of the subspace

orthogonal to all ¢} (i.e. 5}”77”55 = §oB, C?n”&? =0), we can write

Hyy = (7¢q+ €767, (B.7)

since we deduce from (B.5) that the {} are eigenvectors of H '} with eigenvalue +1. More-
over it follows that £$¢5 = (7¢5 + 17 and so

nry = —CiC +£7€7 (B.8)
We can shorten the notation by defining
Ef = (¢1,¢9), I=(a,q), (B.9)
which allows us to write
Hiy=E{E{6z; and 1y =EfEnzs, (B.10)

with nz7 = diag(—1,—1,—1;+1,...,+1).
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After this preparation we are able to write down V,
V= ep4/2kg,
B ,, 1
Vi = e PP (k)] <€m”Y + 201@10@']) ;
Vit =-E’, (B.11)
Vi = e P/2§005, (k)
V' = e 250 (Y ey

Vit =E"*,
such that
Myy = VDV yun = V'V + V' VUn" + Vit Ont (B.12)
and
N = 26V Vn' + nzg Vi Vv (B.13)

In the end it is necessary to split (B.11) into V™ and V*, which corresponds to bring-
ing (B.13) in diagonal form. The result reads

\}5 V't + VMI % Vart + VMi
V"= | 5 (VW) | Yt = | ds () | (B.14)
Yy =23 Yy A28

With (B.12) and (B.13) one can easily check that these combinations fulfill (B.2) and (B.3).

B.2 The contracted embedding tensors for Calabi-Yau manifolds with x = 0

Using the results from (B.11) we can compute the contractions of the embedding ten-
sors (3.36) with the coset representatives, as introduced in (2.21). Hereby we restrict to
the special case of Calabi-Yau manifolds with vanishing Euler number and use the relevant
relations from (4.7) that follow to simplify the resulting expressions. We also restrict to
the case without four-form flux and set n = ny = 0.

For £™" we find that it takes the general form

_ gln _

_ €2n _

&mn = | | , (B.15)
fml §m2 03><3

where its non-vanishing components are given by

1 1 _
1,m=3,4,5 _ 1 _ —5(p2+ 2I ~a=1,2,3
f m _gm \/ée 3 (p2 P4)‘/Im7-t C}l ,

LG*%(MMJU 1

V2 Im

02x2

(B.16)

E2m=345 _ _em2 _ _ (tY + Rert2) o=128

\]
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Similarly we have

b= , (B.17)
€70 €910 —9) x (n—2)

with!0
56,a:8,‘..,5+n _ 7£a6 _ \}56—;(;72—1-@1) /71m7_t21£?=1,...,ﬁ73’
B.18
577(1:8""’54_” _ _€a7 — _Le—%(pﬁ'p‘l) 1 (tH + Re7‘t21) gazl,...,ﬁfg ( )
V2 Imr ! '
and finally for the mixed-index part
_ gla _
02x2 ¢2
=11 | , (B.19)

M0 €MT1055 (n—2)

where its entries are again given by (B.16) and (B.18).

Following the notation introduced in (B.9) we obtain for the non-vanishing components
of the contracted fynp

_ _ 1 1
fretts = femtd = ——26_%(P2+P4),/1m7 (T{Knm + 2t277”> ETEY,
_ _ 1 1 1
JrEE = T = e st e ((TQJI —Rer T7)) n'* (B.20)
1
+3 (t' + Rett?) 77”>E%(E:,7.

For completeness we also give the contracted versions of £y, although they vanish for the
special case of the Enriques Calabi-Yau,

Le—%(mﬂ-m) 1

V2 VImT

It is important to notice that these expression are still subject to a set of constraints,
since there are redundancies in the scalar sector. One has to use the relations in [16] in

(B.21)

gm? = = = (t' + Rer?) .

ONote that the indices n, defined around (2.6), and 7, defined around (3.5), are related by n = 7 — 1.
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order to extract the proper unconstrained contracted embedding tensors. For the Enriques
Calabi-Yau we find!!

1 1
3 2
f1,6 3,8 5,10 = fo,7 4,9 5,10 = 52 e~z (P2HP) Iy 7

1
§1,6 38 = &2,7 49 = 7 e~ 2 (P2HPs) Iy | (B.22)

where there are two options for each index position. We explicitly inserted the quantities
tt, TL, for the Enriques Calabi-Yau [16]

Z. 0 100—100s
(tl):( X)’

—1001 0 0 01xs

0 0 1 0 0 —1 Opyg
O 0 0 0 0 O1xs
10 0 1 0 0 Oxs
(Tiy) = 0 1 0 0 -1 0s|,
0 0 0 0 0 Oixs
-1 0 0 1 0 0 Ojpxs
Osx1 Osx1 Osx1 Osx1 Osx1 Osx1 Osxs
0 0 0 0 0 0 Opxs
0 0 1 0 0 —1 Opys
0 -1 0 0 1 0 Opg
=1 o 0 0 0 0 O] (B.23)
0 0 1 0 0 —1 Opyg
0 -1 0 0 1 0 Opys

0Ogx1 O8x1 Osx1 Ogx1 Osx1 Osx1 Osxs

Note that the general elimination of redundancies is far from being straightforward.

C Comparison with type ITA supergravity on SU(2)-structure manifolds

Another way of reproducing the results from section 3 is to take the four dimensional
theory obtained in [16] by reducing type ITA string theory on SU(2)-structure manifolds,
and relate it to the five dimensional case. Since type IIA string theory can be obtained
from M-theory by compactifying it on a circle, our results should be connected to the four
dimensional theory in the same way. Thus it is possible to take the dictionary from [14],
where exactly the relevant compactification of N' = 4, d = 5 supergravity is described, and
uplift the existing results to five dimensions.

"' The geometrical analysis of the Enriques Calabi-Yau was also carried out in [16].
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It has been worked out in [15] how to group the vectors in four dimensions into SO(6,7)
representations

AN (Gi,éf, A, élz,cJ),

_ o . (C.1)
AM- (B’,G’,CIQ,A, CJ) .
where AM~ is the magnetic dual of AM+ .12 The SO(6,n) metric is given by
0 6;00 0
55 000 0
ngg=10 001 0 (C.2)
0 010 0
0 000 nry

It is now necessary to determine how to break AM+ and AM= into SO(5,n — 1) repre-
sentations. Therefore we will write M = {M,®,5}. Obviously A does not appear in the
five dimensional case. When tracing back its origin from the reduction of M-theory to ITA
supergravity, it is clear that it is the Kaluza-Klein vector, coming from reducing the five
dimensional metric to four dimensions. Thus according to [14] we have to identify it with
AST and its magnetic dual withA®~. This makes it furthermore possible to fix A®T = C5
and A9~ = C},. Lastly B and B do not appear in the five dimensional theory as well,
but since they originate from C? and C7, they can simply be replaced by these. Using this
information, the correct identification of the five dimensional vectors with AM and A° is

AM = AV = (60T 07

(C.3)
A= A% =,

which reproduces the former results. Furthermore we can obtain (3.33) by crossing out the

fifth and sixth row and line from (C.2).

Note that we can also get ¥ and the scalar metric M,y from the four dimensional
results in [15]. Namely (3.35) can be obtained from the four dimensional M by
replacing [ with ~ and removing all scalars that do not exist in the five dimensional
theory. ¥ is related to the Mgg component in four dimensions, whereby here the additional
factor of Im 7 and the different Weyl rescalings of the metric in four and five dimensions
have to be taken into account.

12We use indices M,N,--- = 1,...,6 + @ for the SO(6,7n) to distinguish them from the SO(5,7 — 1)
indices M, N,.... Notice also that the d = 4 theory contains one additional vector multiplet compared to
d =5, 0 SO(5,n — 1) in five dimensions corresponds indeed to SO(6,7) in four dimensions.
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Furthermore in [14] formulae are provided for the reduction of the embedding tensors,

which together with the expressions from [16] yield

§i = 2friso = —2frise = —€it?
&ir = [—eir = f-s15 = €t -
figi = Frije = Sieput” (C4)
K L
Jirg = frirg = =T nxy — §€ijt nrJ -
For &; one can equally well use the relation
& =&y = —eigt! . (C.5)
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