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1 Introduction

In its most precise formulation, the AdS/CFT correspondence conjectures an equivalence
between string theory in AdSs x S° with N units of Ramond-Ramond five-form flux and
N = 4 supersymmetric Yang Mills with SU(V) gauge group [1-4]. There are many versions
of the correspondence which extend to string theory on other manifolds and, respectively,
other field theories. One particularly intuitive entry in the AdS/CFT dictionary is how
conformal invariance in the corresponding field theory is translated into an isometry of the
metric in AdS5 x X5: a rescaling of the radial direction in the AdS5 component of the metric
corresponds to change in the energy scale of the field theory. This gravitational isometry
gives a geometrical perspective to the idea that in conformal field theories, re-scaling of
the coordinates and the energy scale together leave the theory invariant.

The central role that the AdSs; component of space-time plays is that its SO(4, 2) isom-
etry will dictate that a (super)conformal field theory will be its dual. This has prompted
the search for solutions in IIB superstrings and M-theory that contain AdSs as a space-time
factor. Some fairly systematic attacks have been launched in such search. For example,
in [5], a search in the context of M-theory yielded many interesting new backgrounds. Sim-
ilar methods, based on a combination of supersymmetry and other endemic symmetries,
were extended to type IIB [6], an interesting subcase relevant to this manuscript was pre-
sented in [7]. As in the references above, the search for gravity solutions in general has
historically been based on symmetries [8]. There is although a relatively new conceptual
strategy, distinct from merely exploiting symmetries to identify solutions. It is based on
the use of symmetry transformations to generate solutions. Indeed, solution-generating
techniques have already been successfully applied for black hole and intersecting brane so-
lutions in string theory; for a review see [9]. This particular strategy has also been used in



the context of the AdS/CFT correspondence, where a U(1) x U(1) isometry was exploited
to generate the Lunin-Maldacena backgrounds [10].

A generalization of T-duality, called non-Abelian T-Duality (NATD), was suggested
some time ago [11-13]. Many investigations of this possibly new symmetry followed that
focused on transformations of chiral o models [14-20]; for a review see [21, 22]. However
the question of how this symmetry would manifest itself in the Ramond-Ramond sector
remained unanswered. Recently, there has been a revival of NATD and in particular, the
crucial extension to the Ramond-Ramond sector has been proposed [23, 24]. This resur-
rected symmetry has already been used to generate solutions from various seed backgrounds
in the context of the AdS/CFT correspondence [25-36]. Several investigations about the
interplay of NATD and physical properties of holographically interesting backgrounds were
discussed in [25, 26, 28, 31, 32, 36, 37].

The main goal of this paper is to further use T-duality and NATD to construct super-
gravity backgrounds that contain an AdSy factor in the metric. Furthermore, we will also
investigate some of the salient properties of the dual super-conformal field theories. Our
strategy for the construction of such backgrounds relies on starting with seed backgrounds
of the form AdSs x X5 with X5 = S°, 75!, YP4 and applying a set of Abelian and non-
Abelian T-dualities on the X5 factor. The dual SCFT to AdSs x X5 is well understood
and we use this information to deduce some of the properties of the dual SCFT for the
cases of T-dualized backgrounds.

The paper is organized as follows. In section 2 we start with revisiting NATD for
AdSs x X5 where X5 = S° T1!, YP4. This analysis has already been presented in the lit-
erature [25, 28, 38]. We pay, however, special attention to normalization factors, including
powers of ' as this will be important in subsequently interpreting the gravity results from
the field theory point of view. Furthermore we lift these solutions to eleven dimensions
in section 3 in order to probe their structure in M-theory. Whilst the present work can
be understood strictly in the context of constructing supergravity backgrounds; our ulti-
mate motivation is to investigate the dual field theories that arise through the AdS/CFT
correspondence. In section 4, we examine the structure of Page charges in supergravity
and its implications on the field theory, we also compute the central charge of the dual
field theories.

In section 5, we present one of the main results of this work. There, we apply another
T-duality to the backgrounds discussed in section 2 which leads to interesting backgrounds
for IIB. In the work of Lunin and Maldacena [10], they generated a plethora of interesting
solutions by performing a T-duality, followed by a shift in one of the coordinates, and then
followed by yet another T-duality (TsT) on gravity theories with U(1) x U(1) isometry.
Motivated by this procedure, we consider an NATD-s-T transformation as our backgrounds
have SU(2) x U(1) isometry. Thus, in section 5, we also present a sample of the one-
parameter family of solutions that contain an AdSj factor. It should be mentioned that
some of these backgrounds have singularities in the Ricci scalar.

In section 6, we show that the solutions we constructed using NATD followed by a
T-duality (but without the introduction of a free parameter) are supersymmetric and also
explicitly show their G-structure. We discuss the interpretation of the dual field theories
in section 7 and conclude in section 8.



For the sake of coherence as well as a sense of completeness, we relegate a number of
notational and technical issues to the appendices. Appendix A, for example, describes our
prescriptions for Abelian and Non-Abelian T-dualities. In the appendices, we also present
various new one-parameter family of solutions obtained by considering different actions
of Abelian and Non-Abelian T-dualities on the AdSs x S° background with various shifts
of U(1) isometries. In applying NATD to backgrounds with SU(2) isometry, there is a
three-dimensional space of parameters that can be introduced via gauge fixing. Although
formally NATD allows for the introduction of three parameters, we explicitly classify a
sample of twenty of the most obvious possibilities and determine whether their volume
form can lead to consistent non-degenerate backgrounds. We further discuss the gauge
ambiguity that might arise in NATD and show how the previously mentioned solutions are
parameterized in appendix B.2.

2 Non-Abelian T-duality for IIB Freund-Rubin backgrounds

In this section we review the results of applying non-Abelian T-dualities to the AdSs x S°,
AdSs x T and AdSs x YP? backgrounds. It is common throughout the literature to work
in units where o/ = 1. But in order to make clear some aspects of the field theory dual
to the backgrounds we will obtain, we find it useful to focus on the normalization and the
factors of /. Therefore, in this section we present the results with the appropriate factors
of L and o restored for the benefit of the reader. However, we do not pay attention to
factors of g, thus we set g = 1 throughout the paper. In appendix A, we review the
Biischer rules for Abelian T-duality and their extension to Non-Abelian T-duality, with
the proper factors of /. Below, we summarize the results for the NATD applied to the
backgrounds of the form AdSs x X° mentioned above.

2.1 AdS5 X 55

We start with our conventions for the metric on AdSs x S°,
ds® = 4ds*(AdSs) + ds*(S°), (2.1)

where

R (deiy) | L2dR?

ds*(AdSs) = < ) , ds*(S°) = L*(4(da® + sin® adf?) + cos® ads®(S?)).

L2 RZ
(2.2)
The metric on S? is defined as
ds?(S%) = df? + d¢? + dy? + 2 cos Bdipdp. (2.3)

Here, and throughout this paper, we take 0 < g < 7, 0 < ¢ < 27, 0 < Y < 4.
The attentive reader will notice that we have introduced non-standard factors of 4. This
was driven by demanding that the the S® needed for NATD has a simple form (this just



means that its radius is Rgs = 2). The above geometry is supported by the self-dual RR
5-form flux,

Fs = %(dVol(AdSs,) — dVol(S%)). (2.4)

We will pay particular attention to normalizations, as they will be relevant for our discus-
sion of properties of the dual field theory. In particular, for the RR 5-form flux we take

(47r1a,)2 /55 F =N, (2.5)

which leads to the result L* = iTFN a'?. Note that, using the normalization above, this is
consistent with the usual result, R* = 47 Na/2.

2.1.1 NATD of AdS5 x S°

We present now the results of a NATD transformation on the S displayed eq. (2.2). These
were originally presented in [23]. The gauge fixing we use is (v, v2,v3) — (p, X, §). That is,
the Lagrange multipliers introduced in NATD (see appendix A for details) are written in
spherical polar coordinates, where v = pcos&siny, wvs = psinysing, v3 = pcosy. The
range of the angles are 0 < y < m and 0 < £ < 27w. We will discuss general gauge fixing
procedures and present the results of alternate gauge fixings in appendix B.2. We have
included the correct factors of o/, appearing from the duality transformation, to emphasize
that the dual coordinates (p, x, ) remain dimensionless,

a2dp? a?12p? cos? a (d£2 sin? x + dXQ)
L? cos? « a2p?+L* cost o
a’lp?;sin XdE N dx’ 222, <L4 cos* o + 0/2,02) .

a2p? + L4 cos* « a3

ds” = 4ds*(AdSs) + AL (da® + sin? adf?) +

)

B

(2.6)

Notice that the dilaton has a singularity at a = /2. Indeed, this is a curvature singularity
as can be seen from the 10D string frame Ricci Scalar,

3sec o 4 4(77p20/2+3L4 cos 204+3L4) 28pta’t 6
7@ B p2a’?24+ LA cost a (p2a’2+ L4 cost a)2 2.7

The singularity appears because we are dualising on a manifold that shrinks to zero-size
at o = m/2 — see eq. (2.2). The non-trivial dual RR fluxes are given by,

j 8 L4 sin o cos® avdar A df
2 o/3/2 )
8L*pPa/3/? sinav cos® avsin xda A dO A dE A dx
p2a’? + L4 cos* o
- 2/ pdp /\Ic/lVol(Ang,)’
= 2L3p%a’®/? cos* ausin xd€ A dp A dx A dVol(AdSs)
p2a/?2 + LA cos*

4 =

I

, (2.8)

satisfying x[y = Fy, «Ey = —Fy. Unless stated otherwise the RR p-forms quoted in the
text are those that appear in the equations of motions: Fy =dCs — Cy A Hs.
Let us now move to present the results for the minimally SUSY background AdSsxT'!.



2.2 AdSs; x TH!

In this section we discuss the background originally presented by Klebanov and Witten [39].
The field theory dual to this supergravity background has played an important role in the
understanding of the AdS/CFT correspondence beyond the maximally supersymmetric
context, see [40] for a review.
The metric is given by,
ds* = ds®(AdSs) + L*ds%.q,
dsgi, = )\%(O’% + O'g) + A3 (0% + 03) + \*(03 + cosbidgr)?, (2.9)

where \2 = %, M=)\ = % and

o] = sin01d¢1, 05 = d@l,

o1 = cost sinfadgps — sin dfy, oo = siny sinfly dps + cosyy dbo,

o3 = dip + cosby doo. (2.10)
The metric of AdSs; was written in eq. (2.2). The full background includes a self-dual RR

five-form,

4
F = —(dVol(AdS;) - dvVol(T1)). (2.11)
We use the normalization .
— F5 = Nps. 2.12
(47['0/)2 /Tl,l > b3 ( )
The Einstein equations of motion then lead to
27
L = Zm’Q Nps. (2.13)

Let us study the action of NATD on one of the SU(2) isometries displayed by the back-
ground in eq. (2.9).

2.2.1 NATD of AdSs x T"!

We now consider the NATD of the Klebanov-Witten background. The result was originally
presented in [25, 28]. Unlike in those works, we will choose a gauge where (v1,v2,v3) —
(p,x,&). As above, the Lagrange multipliers will be written in spherical polar coordinates
with the angles varying as, 0 < x < m, 0 < ¢ < 27m. We start by presenting the expressions
for the NS fields,

2 L2
ds? = %d;cig + —3dr® + L’M}(d67 + sin’ 61d7)

0/2
+ @

+sin® x (dp” + p° (d€ + d¢p1 cos 1) ?)) + p20/2dp2],

[(A%L4(dp cos x — pdysinx)? + \2\3L* (p2dx2 cos? x + pdpdy sin 2y

A 1
QL’B, = 5p%/3 sinx (A% — A3) sin2xd& A dp + 2pN dé A d)
—M%d cos Oy (cosx (p*a + N3L*) dp A dpy — N\yL'psin xdx A d¢y ),

2b _ QL (2.14)

a3’



with,
Q= (/\QXQLL4 + pQO/QN) . N = (Xcos?y + A3sin? x). (2.15)

Although the range of the coordinate p has not been established yet, we notice that if it
were compact — we will later argue that 0 < p < m — the quantity Q would then be
bounded, leading to a completely smooth background. The RR fields are given by

A 4)\A%)\%L4 sin61d0y A doq

Fy =
2 a/3/2 ’

QEy = 22N N3L%p%/%/? sin x sin 01d6, A do A [ (A2 — A3) sin2yd€ A dp
F2pNdE A d;a} :

. /
B = 4pVal dVol(LAdS5) A dp’ (2.16)

QLEy = AX2X\3p2a/3/% sin xdVol(AdSs) A dp A dx A (cos 0y doy + de).

The coordinate &, plays the role of the R-symmetry after NATD. Note, again, that we
write the shifted Fj,, in particular, }3’4 = dC5 — C1 N H3. Let us now move into our last
case study.

2.3 AdSs x YP1

We will study here the action of NATD on the geometry AdSs x Y4, We will follow the
conventions of [5, 41, 42]. We start by presenting the background,

ds® = ds*(AdSs) + L*ds*(YPY),

1- 1
ds*(YP?) = Ty(af +02) + w—ydy2 + gag +w(da + fos)?, (2.17)

where the o’s were defined above, and

2(b — y? b—3y%+ 23 -2 2
w2l y) by v 2yt (2.18)
l—y b—y? 6(b —y?)
with the quantity b given by,
1 (p* -3¢
b=-— 2 Jap? — 342, 2.19
5 g p% — 3q (2.19)

The ranges of o and y are 0 < a < 27l y1 < y < yo, where the numbers [, y1, yo are,

1

m= (Qp — 3¢ — \/4p? — 3q2) , (2.20)
1

= (2p+3q — \/4p? — 3q2) 7

(2.21)

q
3¢% — 2p + p\/4p® — 34>



The self-dual RR flux is,

Fs = %(dVol(Ang,) — dVol(YP1)). (2.22)

Again, we normalize the Fj
(47r1a’)2 /Ss Fs =N, (2.23)
which leads to the relation between L and N, L* = 9mgs No? . We now proceed to

2(y3—yi+2(y1—y2))
apply a NATD on the SU(2) isometry parametrised by o;’s.

2.3.1 NATD of AdS; x YP4

If we choose a gauge fixing such that we keep all Lagrange multipliers (vi, ve, v3) and,
as we did above, we change coordinates to spherical polar coordinates (p, x, £); where
vy = psinycosé, vo = psinysiné, vy = pcosy. We obtain,

L2 12
ds? = d32(AdS5) + @dyQ + L?K%da® + OéT [6L2p2m sin? x(hda + \/§d§)2

36 2
+ ( L(Z p* + L?m? cos® X) dp? + L?pm? sin x(psin xdx?® — 2 cos xdpdy)
+6L%gm(sin xdp + p cos de)ﬂ ,

TB = o [\/gh cos x(36a2p* + L*m?*)da A dp — L*\/ghm?psin xda A dx

+a'?p? sinx(6(6g —m)cos x sin xyd§ A dp + 6p(m sin? x + 6¢ cos? X)dE N dx)} ,
- L2
e 2 = AR (2.24)

Where T = g(36a’%p? cos? x + L*m?) + 6a/2p?*msin? yx, and

v 9 wf VW
g=—-+wf’, h=—, k=,/— m=1-—uy. 2.25
: N i (2.25)
The RR fields will read,
“ 2L4m

FQ = Wdoz/\ dy,

3YFy = ALY p*msin xdy A do A dE A [cosxsin x(m —6g)dp
—p(6g cos® x + m sin? X)dx] . (2.26)

Had we chosen a gauge such that the Lagrange multipliers (v, v, v3) are changed
to cylindrical polar coordinates (p, &, ) with, v1 = psing, vy = pcos§, we would have
obtained the recent result of [38]. This completes the presentation of the three backgrounds
and their NATD’s. Below we will work with these new ITA backgrounds. Let us close the
section with some general comments. First of all (as it is obvious), we have checked that all



equations of motion (Einstein, Dilaton, Maxwell and Bianchi) are satisfied! The generated
solutions are non-singular in the cases of the NATD of AdSs x TV and AdS5 x YP4.

Finally, as shown in [23], the lift to M-theory of the solution described around eq. (2.6)
gives an eleven-dimensional background quite similar to the Gaiotto-Maldacena geome-
tries [44]. The M-theory lift of the geometries presented in section 2.2.1 is in the same way,
resemblant of the A/ = 1 version of the Gaiotto Ty theories (as shown in [25, 28]). Both
dual field theories can be thought to be connected by an RG flow induced by a relevant
operator. It would be interesting to understand if there is a way to connect these with the
solution presented in section 2.3.1. It would also be of interest to connect the Type ITA
geometries with the solutions discussed by [45] and [46].

3 M-theory lifts of NATD of Freund-Rubin solutions

In this section we consider the M-theory lift of the solutions generated in the previous
section. Given a ITA background composed of a metric in string frame ds}, and with
potentials C(1), B(z) and C(3) one constructs the corresponding M-theory solution composed
of ds?; and C(]‘gf) as follows [47]:
ds?, = e_%cbds%o + e%q)(dy + C(l))Q,
M ITA M ITA
C(3) = C(3) + B(g) A dy, or F(4) = F(4) + H(g) A dy,

Note that F(QI)A differs from the value quoted in previous sections precisely because it is

the closed part of F) (14[)‘4 = dCj5. In the previous section we wrote Fy = F(IZLI)A — C1 N Hg
which is different from the one needed in this section.

One important aspect of any M-theory lifting is the fate of the M-theory circle as it
geometrizes the coupling in the ITA frame. As can be seen above, the radius is proportional
to €4%/3. Since we are dealing with dimensionful quantities, we must introduce the 11D y
coordinate with a length scale. In this section we recall that the natural scale is the 11-d
Planck length, [p, which is related to the string theory scale as [p = g;/ 3Vl

The history of solutions in M-theory containing an AdS5 factor dates back to more
than a decade ago starting with the work [48]. Interpretations in the context of wrapped
M5 branes were subsequently systematically studied in [49]. More recently, attention to
this type of solutions has surged as potential gravity dual to Giaotto’s theories as discussed
in [44]. Other aspects of these solutions including their origins as holographic RG flows has
recently been presented in [50]. A more systematic approach to the construction of wrapped
Mb5-branes with an AdSs factor in M-theory has been presented recently in [51]. We
should also mention the works [52] and [53]-though the comparison with our backgrounds
is difficult.

We hope that some of the solutions we present in this section might ultimately find a
place in this bigger picture.

!This check is actually superfluous for the NATD of AdSs x S°, as it is proved that all equations of
motion and Bianchi identities are implied when one dualises any solution with an SO(4) isometry on one
of its SU(2) subgroups in [43].



3.1 Me-theory lift of NATD of AdSs x S°

Let us first consider the M-theory lift of the solution obtained by applying NATD to
AdSs x S°. The resulting M-theory background is [23],

. _2a 15 L cost o
ds%l = e 3¢d82(AdS5) +€3q)(dy—2wd9)2
272 2722 .2 2 12 2
_2§ 9,1 9 .9 9 o’“dp o'*L*p* cos oz(d§ sin X+dx)
3% [ 407 (d de
e ( (da” + sin” add”) + L2 cos? o a2p? + L4 cos* «
By — a/i;p?)zsinxff /\4d)(7 672&) C2eos? o L* cos? a3—|- o2 p? |
a’“p= + L= cos* « o

F&J) = FélI)A—i—H(?))/\dy, H(3):dBQ
A _ 2La/%/2 p? sin x
(4) (a'2p? + LA cost )

+ (a/3/2 — L3 cos4 a) (0/2,02 + 3L4 COS4 Oé) ao N dﬁ A dp A dX) (3'1)

5 <4L3o/3/2p (L + 0/1/2,02) cos® asinada A dO A dE N dy

The M-theory radius in this case, 1®/3 above, behaves like a trumpet starting out at
non-vanishing size and blowing up when cosa = 0. This singularity was already present

in the ITA picture where it manifested itself as a curvature singularity.

3.2 Me-theory lift of NATD of AdSs x T!

In this subsection we present the M-theory lift of the background obtained from applying
NATD to AdSs x T11: the result is

> 2 7,2&7”22 L22 272/ 192 .2 2
dS = e 3 ﬁdl’l’g_”ﬁd’r +L )\1(d61 + sin Qldgf)l)
04/2
_|_
QL?

+sin® x(dp? + p*(dé + de1 cos61)?)) + pzo/deQ)}

(A§L4(d,0 cos x — pdysinx)? + X\2\3L* (deXQ cos? x + pdpdy sin 2

2
15 AMNINZLA
(dy R cosbrdoy |
A 1
QL*B,y = 5,020/3 sin y (()\2 — )\%) sin2xdé A dp + 2pNdé A dx)
—22a/ cos 6, (COSX (p20/2 + )\%L4) dp A\ do1 — A§L4psin xdx A dgbl) ,

—2& _ QL?

The fluxes are:
F(% = F(I4[)A + H(g) A dy, H(g) = dBQ
QF@I)A = 4L40/3/2)\p2 cos  sin 6 sin® X)\%)\% ()\2 — )\%) doy N dENdp A doy
—4L4o/3/2)\,03 sin 61 sin x)\%)\g ()\2 cos? x + sin? X)\%) Aoy N dEN dpr N dy



—2L4a'3/2)\3p2 cos 01 sin X)\%)\gdf ANdp A doy N dx[ — 202X\ p? cos?

+0/?p%(3 + cos 2x) A3 + 2LINJ (N2 + 2)\5)} (3.3)
Let us pay particular attention to the M-theory radius
Ry = e3® ~ ()\2/\‘21 + p2a/?(A? cos® x + A3sin? X)_1/3 . (3.4)

One really remarkable aspect of this solution is the fact that the M-theory radius is bounded
above and below. The means that the solutions is a completely smooth 11d supergravity
background. It would be interesting to study this background in more detail and its field
theory dual.

3.3 M-theory lift of NATD of AdSs; x YP4

In this subsection we denote g the M-theory circle to avoid confusion with the y-coordinate
originally defined in Y74, The M-theory lifts reads [38],

_2§ ag (. 2L* ?
dS%l =e 3(1)(13%0 + €3q> (dy — 90/3/2de> s

2
%(361’2&/2 + L*m?)dz? + L*(6a?p*h? + Lk?)da?

ds?, = ds*(AdS )+L—2d 2,1
10 > ) y by

—12L2/22 hdd+6i/26/22d2+L4 2d2+d2+120/2 drd
a“p\/ghmdadg 72\ o dp gm(p”d¢ p?) o apdrdp) ),

/
By = %(60/2;)2md§ A dz 4 /gh((362%a/? + L*m?)da A dx + 3620 pda A dp)

+ 36za%pgdp A dE),
2% L?

¢ T 3608

where ¥ = 6a/2p?>m + g(36a22? + L*m?). The 4-form field strength is given by

Fiy = Fli + Hgyndy, Hy =dBy
3F([4])A _ ALA/32 p2gm? sin yda A dEA dp A c.ix i (90/2p2(3 + cos2x)m
3 (9 (36a’2p? cos? x + L*m?) + 6a/2p*>msin® x)
+ L'm® + 3gg (—36a/%p* cos® x + L'm?))
2L4a/32 p3msin xdy A da A dE A dx
(3 (9 (36a/2p? cos? xy + LAm?) + 6a/2p>m sin? X)z)

+ (4320/2/)2 cos* Xg2
+ 120/2p2m2 sinty 4+ ¢ (L4m3 sin? y + 360/2;)2m sin? 2x) + L*m*q¢’ sin? X)
2L /32 p? cos xymsin? xdy A da A dE A dp 14320/2 2 cos? v o2
— : 5 (— o “p”cos” xg
3 (g (36a’2p? cos? x + Lm?) + 6a/2p?msin® x)
+gm (360/2p2(1—|—2 cos 2y) + L4m2) +m? (120/2p2 sin? x+¢/ (360/2[)2—1—L4m2)))
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One important aspect of this background is its M-theory radius, given roughly by $~1/3;
this quantity is well-behaved leading to a potential interpretation in the context of M-
theory. The M-theory backgrounds presented in this section have been previously presented

in [23, 25, 38).

4 Page charges in gravity and field theory central charge

In this section, we will study a proposal to determine the range of the p-coordinate after
NATD. Also, we will discuss two quantities of physical importance, Page charges and
central charge. We will apply our results to the three backgrounds in section 2

4.1 Global properties and Page charges

Non-Abelian T-duality, as well as regular Abelian T-duality, is an intrinsically local trans-
formation. As mentioned, we have checked explicitly in all the backgrounds presented in
this paper that the equations of motion are satisfied but we have no rule or intuition for
determining the range of coordinates in the backgrounds.

In this subsection we discuss a global issue that has haunted non-Abelian T-duality
for some time (see [54] for early studies and [31, 36] for recent discussions). One of the
difficulties with the interpretation of the backgrounds is the lack of knowledge of the range
of the coordinates after NATD. The prescription we adopt is the same as the one presented
in [36], but we are applying it in a background without singularities, making the procedure
more trustable.? Hence this is another example of the prescription provided in [36].

We impose bounds on the integral via, 472a/by = f22 By € [0, 1], where ¥ is a suitably
chosen two-manifold. As we will discuss in our examples, this condition will imply a bound
on the range of the ‘radial’ coordinate p. The internal space after the NATD will be
compact. When restricting the Bs-field to the manifold ¥ and computing the quantity b,
it will be periodically identified as by ~ bg+n when we perform a large gauge transformation

By — By + ’I’LT[‘O/QQ. (41)

Here €25 is a closed two-form non-vanishing asymptotically. This condition will imply that
p varies in [nm, w(n + 1)]. The range of the radial coordinate is ‘quantised’. Let us present
various motivations for this condition.

e String theory has the power to quantize certain symmetries, while supergravity gener-
ically lacks such power. The prototypical example is SL(2,7Z) versus SL(2,R). We
are using this when imposing that by ~ by + 1.

e The condition ﬁ fEQ By € (0,1) comes also from the quantization of the string

action, exp <m f22 Bg), as part of the string path integral. This is similar to what
happens in quantum mechanics when coupling particles to a gauge field A,,.

2We thank Yolanda Lozano for various discussions on this point.
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e For the case of AdSs x TV!, in the dual field theory, this condition is typically
related to a linear combination of gauge couplings. Therefore, we are imposing that
they remain well defined under certain transformations of the rank of various gauge
groups.

We could, ultimately, disregard the string-theoretic motivations and accept the prescription
as a way of completing the supergravity background. Note, and this is crucial, that we
do not require a stringy object to form part of our background which remains strictly
a supergravity one; we merely use string intuition to propose a way to impose global
information on the local solution provided by NATD.

To gain further intuition into the implications of this condition and to relate it to the
Page charges of the background, we can compare it with a somewhat similar situation taking
place in the cascade of the Klebanov-Tseytlin-Strassler system [55-57].3 Let us recall some
aspects of the Klebanov-Tseytlin-Strassler [55, 56] pair, a quiver field theory with gauge
group SU(kM) x SU(kM + M) and its dual Type IIB solution. In that background, one
computes the Page charges for D3 and D5 branes and obtains,

Qpp3 =0, Qpps=M. (4.2)

Restricting the By field to a two-cycle and performing a large gauge transformation of the
By field, one obtains [58] the effect equivalent to a Seiberg duality when flowing to the IR.
The change in the Page charges is:

AQpps =0, AQpp3=—M. (4.3)

One of the roles of the Page charges in the context of the AdS/CFT is to encode the
information about Seiberg dualities.

In summary, we will impose that under large gauge transformations of the Bs-field,
bg ~ bg + 1. This will imply the quantisation of changes in the p-coordinate. The Page
charges will change accordingly, hence suggesting a form of Seiberg duality in our conformal
field theories. We will study this in each of the backgrounds presented in section 2. It is
worth pointing out that a sigma model approach to this problem was pursued recently
in [59], where it was shown for a particular example that coordinates after NATD are
indeed compact.

It is worthwhile to mention another viewpoint one can adopt. We may think that
translations in the p-coordinate that increase by — bg +n can be 'undone’ by a large gauge
transformation of the Bs-field. This mixing between metric and B-field points to a possible
understanding in terms of non-geometric backgrounds [60].

4.1.1 Page charges for NATD of AdS5 x S°

In the following we will use,
1

25%0 = (27'(')704/4, TDp = Tt
(2m)Pa/ 2

3In the cases analyzed in this paper, we do not have a flow in energies, we are moving in the p direction.
We are proposing that motions in the p-coordinate correspond to Seiberg dualities between CFT’s, all
equivalent to each other. We will return to some aspects of the field theory dual in section 7.
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For the NATD dual of AdS5 x S° described in section 2.1.1, we compute the Page charges
using the definitions,

1
Qpr.ps = / (Fy — BoFy) = Npg,
QK%OTDG PN
1
Qpps = 2/ (Fy — Ba AN Fy) = Npy = 0. (4.4)
2/'110TD4 Su

Since Fy = 0, the Page charge involving quantization of the number of D6-branes, Npg,
amounts to quantizing the F5, leading to a constraint from the SUGRA equations that
determines the radius of the space after NATD. Flux quantisation imposes, after NATD,
the relation 1

Lt = §1\7D6a’2 = Qps = Nps. (4.5)

We then consider the S? spanned by Yy, ¢ as this is where By has legs. If we further restrict
to a = § the NS two form reduces to

By = a/pVol(S?). (4.6)

If we examine the space spanned by («, x, §) close to o = /2 we find that is conformally
a singular cone with boundary S2?. This is reminiscent of what was found for the NATD
of AdSy x CP? in [36] and shows that S? is indeed a cycle. Now consider a large gauge
transformation in By of the form:

By — Bo + nma/ sin ydé A dy, (4.7)
and we calculate the change in the Page charges to be,
AQps =0, AQps= —nNpe,

where we have used the relation L* = %N pec’? found above. Hence, a large gauge trans-

formation leaves untouched the number of D6’s charge, but changes the charge associated

with D4-branes. Note the striking similarity with the case of the KS-cascade, summarized

around eqgs. (4.2)—(4.3), in the case n =1 for the gauge transformation in eq. (4.7).
Integrating By with o = 7 gives,

1 P
07 4r2o/ /52 S (4.8)

The periodic identification of by would imply that the dual QFT should be identified as we
change p ~ p+m. Coming back to the ideas exposed above, we could associate translations
in the p-coordinate with an operation similar to Seiberg duality — in the conformal case
for the example at hand. It may seem strange the presence of dualities between CFTs that
change the CFT and some of its observables. As a toy example we may think of N’ =1
SQCD for Ny = 2N, + €. the theory is not self dual, both electric and magnetic theories
are conformal in the IR.
We will study below similar structures in the case of AdSs x TH! and AdSs x YP4.
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4.1.2 Page charges for NATD of AdSs x T!!

Let us apply the previous analysis of Page charges and their changes to our background.
The Page charge for D6 and D4 branes and their respective changes under a large gauge
transformation in the Bs-field, as indicated in eq. (4.1). For the NATD applied to the
Klebanov-Witten background, we have,

444

LAATA
Fy — FyBy = 7,312 sin@1dfy ANd¢y, Fy= By N\ Fy. (49)
gs&x /

This result leads to the following values for the Page charges,

®@prps = Nps, Qpp1=0. (4.10)

Just like in the case of S°, imposing the quantization of the Page charge of D6-branes
implies for the radius of the space

Lt = %NDGO/Q. (4.11)
We will choose a two-submanifold,* ¥5 = [¢; = 27 — &, x|, for constant values of p and

#1 = 0. We evaluate the By field on the sub-manifold, i.e
Bsls, = o’psinxdx A d€. (4.12)
Like above, we perform a large gauge transformation,
ABy = —nmasin ydx A dE. (4.13)

Using this, we find that under large gauge transformations of the Bo-field, the Page charges
change according to,

AQP,DG == 0, AQP,D4 == —TLND6. (414)

Here again, large gauge transformations are linked with an operation similar to Seiberg
duality in the conformal field theory dual to our background.

Finally, imposing the identification of the quantity by, under the same gauge transfor-
mations, we find that

1 P
bp = —— By = — 4.15
0~ An2o/ /22 2T ( )

which again suggest that the field theory description should change — with a Seiberg dual-
ity; for example — every time we change the coordinate p — p+ 7 in the dual background.
Here again, a motion in p could be undone by a suitable large gauge transformation, sug-
gesting a non-geometric interpretation of the background. Let us briefly summarize the
same calculations for the case of the NATD of AdS5 x YP4.

4Tt would be interesting to have a criterium to select this particular manifold, like the one discussed
above eq. (4.7)- see [36].
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4.1.3 Page charges for NATD of AdS; x YP4

We will be quite brief here, as the results are very similar to those discussed above. In this
case, the two cycle of interest is Yo = [y, a] with a = 27 — . As noted in [38], we must also
take y = yo, where yq is a solution of h = /g, with h and g functions defined in eq. (2.25).
The quantization of the Page charge of D6 branes implies a relation,
9

L4 = NDGO/Q = QDG = NDG-; QD4 = 0. (416)
20(y3 — y7 +2(1 — 12))

Just like above, applying a large gauge transformation, like the one of eq. (4.7), implies that
AQps =0, AQps= —nNps. (4.17)

Similarly, periodic identification on by implies that the p-coordinate is divided in ’"domains’
and should be identified p ~ p + .

The structure we have identified in these three examples is quite similar. The Page
charge of D6-branes is quantized. The Page charge of D4-branes is zero. It is possible
to identify a two dimensional submanifold, where the B field takes a simple form. Large
gauge transformations change the Page charge of D4 branes in a multiple of the original D6
charge. This suggests a form of duality between CFT's when moving in p. Besides, imposing
the identification by ~ bg + 1, the characteristic of large gauge transformations also implies
that the p-coordinate is also identified® p ~ p + m. This also suggest that under changes
in the p direction, the field theory undergoes a form of Seiberg-like transformation. The
bounds on the p coordinate are quite welcomed. Indeed, a KK reduction to five dimensions
would lead to a continuous spectrum of operators if p had infinite range.

We will now move to the study of another observable, quite important in the un-
derstanding of the dual conformal field theory; the central charge. Relations with the

Entanglement Entropy will also be discussed.

4.2 On central charge and entanglement entropy

The fate of some physical observables under solution generating techniques is an important
question. Quantities such as temperature and entropy have been shown to be frame-
invariant under solution generating techniques applied to black holes and black branes [9].
In the context of the AdS/CFT, where geometric backgrounds encode defining properties
of the field theory dual, the question of invariance of observables under frame changing
transformations becomes an important one. In this section we will focus on the behavior
of the central charge and we will also comment on the expressions defining the holographic
entanglement entropy under Abelian and Non-Abelian T-dualities.

The general prescription for the calculation of the field theory central charge was
introduced by Henningson and Skenderis in [61]. More directly related to our context
are [6, 62] and the pedagogically lucid account of [63]. Although completely consistent with
the various presentations mentioned above, in this manuscript we will follow, in particular,

SWe are not saying that the background is periodic in the coordinate p, but that every time that we
pass the position p = nm in the String Theory we should change the CFT description.
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a slightly more general analysis due to [64]. Our goal is to compute simultaneously the
central charge of the dual field theory and the entanglement entropy of a slab region.

Let us first summarize briefly the treatment of [64]. These authors considered a generic
metric in type II string theory dual to a putative QFT in (d + 1)-dimensions. In string
frame, this reads

ds® = adz} 4+ abdr® + g;;df'd6’ . (4.18)

In general, there is a dilaton ® as part of the background. The functions a, b are typically
functions of the radial coordinate 7, but this is not necessarily the case and it will not
always be the case for us. The paper [64] defines,

H=e"V2a%? Vi = / do'\/det g;;. (4.19)

With these definitions the integral defining the EE (this is the area of an eight-manifold)
that includes the internal space, the d z-coordinates and where r is a function of one of
the z-coordinates (that denotes the separation between the entangled regions).

We introduce a sensible modification to the prescription of [64]. Namely, it may be the
case that the function a does depend on the internal coordinates 07; this possibility was
not considered in [64]. In that case, we define

Vint = /dé\/e‘“’ det[gint]a?, (4.20)
so that the function H is in general given by,

]fl = ‘7int‘

(4.21)

Then, the central charge for a QFT in (d + 1) spacetime dimensions is defined to be [64]:

dbd/zﬁ(2d+1)/2

c=d -
GN(H’)d

(4.22)

where Gy = (1,)P~1 = o “ for D space-time dimensions. The Gy factor is needed to

cancel the length dimensions in H. We now apply these definitions to the calculation of
the functions a, b, H for the different backgrounds discussed in section 2. Importantly, we
will require that integrals over the internal p-coordinate after NATD is bounded between
[0,7]. We will present details of the calculations for the S° case, and simply report the
results in the 7' and YP4 cases.

The point we want to make with these results is that in all cases, the central charge
before and after the NATD, behaves as N2, where N, is the number of relevant branes
before and after the duality (that is N, = Np3 before and N, = Npg after the NATD).
The numerical coefficients are changed by the duality. This we interpret as a change in the
field theory dual to each background.
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4.2.1 Central charge for AdSs x S° and its NATD

In this case, the functions referred to in eq. (4.18) characterizing the system are,

4r? L!

A straightforward calculation leads to
. 32m3 L8
H = (16L)* 755, = 21O N3, (4.24)

After the duality, we have the same a,b,d as in eq. (4.23). The quantity Viy; can then be

. 64
Ving = / \Je1® det(g)a? = 5L, (4.25)

where we remind the reader that the domain of p is [0, 7].
Using this and the relation between L and Npg, we find that after the NATD,

computed to be

1
9

L8 2
e ST 2 e (4.26)

H = _(8L)*x"r", sl =3

We observe the usual gauge-theoretic dependence with the number of degrees of freedom,
but we also point out that the coefficient is different, suggesting that the dual field theory
has changed by the effect of the NATD.

4.2.2 Central charge for AdS; x T"! and its NATD

In this case, before and after the duality the functions and parameter a, b, d are the same
as those written in eq. (4.23). Before the duality, we find,

e=4® det(g)ad = L*r°AX?A3 sin 6, sin 6y, (4.27)

after straightforward operations we obtain

wLE 27 o
After the NATD, we find
e=4® det(g)ad = L*®p*AN2A\3 sin 6, sin x. (4.29)

and performing integrals and straightforward algebra, we find

2L3T°ANAS 9

5a72
B o™ N (4.30)

CNATDKW =

Again, emphasizing on the point that the coefficient differences between eqs. (4.28)
and (4.30) can be understood as NATD changing the dual QFT.
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4.2.3 Central charge for M-theory lift of AdSs x S°

For the case of the M-theory lift of AdS5 x S°, we compute the Page charge of Fj found
in eq. (3.1),
1

QrPM5 = w57
2&11TM5

/ Fy = Nus, (4.31)
3y

where here, k11 = (2m)*/? and Thy5 = % We consider the submanifold, ¥4, with 6 a

27T)5Oc’3 .

constant and « is suitably chosen after integration. (Note that a cannot be set to 5 or the
volume will vanish.) We also exploit an ambiguity in the uplifting procedure in which we
introduce the y coordinate with a scaling factor of (g—?)"/\/ o/ (instead of just v/, or Ip).

Then, after imposing the charge quantization above, we find that

4 s )
L* =27 (Np5)va'”. (4.32)
In order to compute the central charge one needs the functions a = e‘géLQ%j and b = }L%—i.
The determinant factor of the internal metric is,
det(gint)a® = 32LQ(1+7)O/%_“VRgp2 cos® asin v sin y (4.33)

Then one has

Vint = ?W(SRSL%HW)Q%*T

9
2

where we have assumed the range of y to be 0 < y < 27. Using G1; = o2, we compute

the central charge to therefore be,

1 6 L2 A4
o 10T () . (4.34)

3 o

Now using the condition on L from above we find that

28(1+%) 6 144
c=—g— (Nars) . (4.35)
For v = 4, ¢ ~ (Nys5)?, while for 4 = 2, ¢ ~ (Nys5)3. It is interesting that the v = 4 scaling
leaves the central charge invariant after the lift while v = 2 takes the system into a field
theory that is similar to what is expected of the Gaiotto type theories.

4.2.4 Brief comments on Entanglement Entropy

The Holographic Entanglement Entropy is a very interesting observable. It can be cal-
culated by solving a minimization problem for an eight-manifold that hangs from radial
infinity. There are many analogies and important differences with the calculation for Wil-
son loops [65]. After the usual manipulations with a Hamiltonian system we obtain two
formulas for the Entanglement Entropy and the separation between the two entangled re-
gions. They can be written in terms of r,, the minimal radial position of the hanging
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eight-manifold. They read,

/A > VB(r)
LEE<T*> =2 H(T’*) - - dT’, (436)
/7”* \/H(r) — H(rs)
2G10 SEE(T*) _ v V ﬁ(?“)H(?") (437)

o A - A

There is, as in the case of Wilson loops, a substraction procedure. This motivated the
upper limit gy in the integral defining the Entanglement Entropy.

As observed above, in all of our examples, before and after the NATD the functions
a(r), B(r) are the same. The changes occur in the internal volume Vi and consequently
in H.

It is clear that the dependence of Sgpr on the separation Lgg will be the same and
driven by conformal invariance. The differences will be in coefficients appearing in the
function H (r), due to differences in the volume of the internal manifold. Compare for
example the function H(r) for the case of AdSs x S°, before and after the NATD, as
calculated in eqs. (4.24)—(4.26).

4.3 Quasi frame independence of the central charge volume form

After having considered the examples most relevant to this manuscript, we pose the ques-
tion pertaining to the invariance of the functional form of quantities such as the central
charge and Entanglement Entropy under Abelian and Non-Abelian T-dualities.

The question naturally arises in the context of solution-generating techniques applied
to backgrounds describing black holes and intersecting branes. In fact, in this section we
borrow heavily from an analysis of Horowitz and Welch [66]. We consider the effects of
performing Abelian and Non-Abelian T-duality on the field theory central charge. Let us
start with the definition of central charge presented in eq. (4.22). The key functions to
focus on are,

A

H=Vg,, Vit = /dé'e_Q(I> det \/ginta?’/Q. (4.38)

It is easy to show that this combination is invariant under Abelian T-duality. Namely,
recall that under Abelian T-duality, the Biischer rule imply,

- ~ 1
Yoz = 1/9:1::1:7 ¢=0¢— 5 In gos. (439)

Therefore,
~ — -~ 1 B
020 /gm — o 20+Ings /gi — ¢ 2¢\/g$7. (4.4())
xrxr

The above argument helps us establish that the central charge volume form is invariant
under Abelian T-duality. It still leaves us with the daunting question of what is the range
of integration. We need to access global information in the form of range of coordinates
to be able to conclusively establish that the central charge of the field theory is frame
independent.
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In the NATD case a similar argument can be constructed albeit with more complicated
expressions. Note, for example that the dilaton transforms as,

b—d—tm <detM> . (4.41)

The complete form of the NATD transformation is given in appendix A. One can verify
that the central charge volume form, that is, the un-integrated expression for dVint is not
invariant under NATD. But there is in all cases a very interesting cancellation between the
terms e~ 4® and det [gint]. Indeed, this was also observed in the case in which we flow away
from the fixed point in [25]. A general proof of this fact requires certain identities of the
seed B-field which was zero in our cases. Let us move now to a different, more geometrical
aspect of our study.

5 New solutions in IIB via NATD and T-duality

In the next two sections we will switch our focus a bit. Indeed, we will move into a more
geometrical part of our paper. We will present new solutions of Type IIB Supergravity.
These solutions as we anticipated in the Introduction, will be singular. In some of the cases
discussed below, they will be SUSY preserving, in some other cases families of solutions
will be presented, but in all cases our new solutions will present an AdSs5 factor and will
avoid presently known classifications [6].

The guiding logic will be the following: we will start with the NATD of the AdS5 x X°
backgrounds discussed in detail in section 2. It was shown that they are SUSY preserving
and in most cases non-singular. We will then apply a T duality (or first shift one of the
coordinates with a parameter v and then apply a T-duality). Our procedure is guided by
the Lunin-Maldacena T-s-T transformations [10]. We have checked in sections 5.1-5.3 and
section 5.6 below, that the Einstein, Maxwell, dilaton and Bianchi equations are satisfied.

One point of interest for the solutions presented in the following section will be to
understand the field theory meaning of this class of backgrounds, where the five-form flux
vanishes but that still contain and AdSs factor. The natural tendency would be to interpret
these backgrounds as in the class of wrapped D5 branes but we will argue that the answer
is more subtle. We present other Type ITA solutions in appendix B.2 where we extend
these type of backgrounds by keeping some of the parameters involved in the procedure
of NATD.

The figure 1 summarizes the idea of the procedure advocated above. Let us present
below our new backgrounds.

5.1 T-dual on the ¢(-direction of the NATD of AdSs x S°

In this section we present the results of performing an Abelian T-duality on the & angle of
the background in section 2.1.1, carrying through explicitly the appropriate powers of o’
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AdSsx X5 NALD, AdS5%Ys I duality, AdSs X W
F5 NATD (F27F4) T—duality 3,147 O, 5 0
Fy, F5;F5 =0
NATD T—duality [ @p7 =0, Qps =N, Qp3 =0
Qps=N —— Qps=N,Qps =0 —
’ (@ps +=0) Qpr=N,Qps=0,Qp3z =0

NATD T—duality AQps =0, AQp3 =0
A =0 —= (A =0,A =nN
Qp3=0 (AQps = 0,AQpy =nN) —— (AQDs N, AQps =0

Figure 1. A schematic description of the supergravity solutions discussed in this manuscript
and the properties of RR fluxes that are relevant for a field theory interpretation. The expres-
sion between parenthesis corresponds to the Page charges and their changes under a large gauge
transformation of the B-field.

in the Biischer rules:

~ ) o/2d 2
ds? = ds®(AdSs) + 4L*(da? + sin? adf?) + Wosp‘za
N pta?dy? — 2pa/?d€dx csc x + d&% esc? x (p*a’? + L* cos* @)
L2p? cos? o '
~ z L4 2 4 102
B =0, 20— 2P coz/;zsm X (5.1)

As the dilaton indicates, there is a singularity at cosa = 0. This is, indeed, a curvature
singularity as can be seen from the 10d string frame Ricci scalar curvature:

AL2cos®asin®y  4sin®y (1 + sin? y cos? a)

7% = — 5.2
p2a/? L2 cos? a (52)
The RR Fluxes are
= 8L*sin o cos® ada A df A dé
F3 = - o )
B  2pd/(d§ A dp+ psinxdp A dx) A dVol(AdS;)
7T — I )
(5.3)
where I§’7 = — % }?’3. It is interesting to point out that only an F3 flux survives, no Fj is

present. This situation is rather unexpected in the general framework of IIB solutions with
an AdSs factor in light of the results of [6]. Since this background breaks SUSY, we are
not subject to those restrictions.

We proceed to compute the Page charge supergravity and central charge for the field

theory. Since By = 0,
1

—~ | F3=Nps. 5.4
2H%OTD5 P ( )

Qpr.ps =
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With the normalization we have used, the equations of motion imply L* = %N psa’?, and
therefore, the field theory central charge is:
8mOL8 270 9

=S = 5 Vb )

(S P3

Here we can compare to the central charge after NATD and see that an Abelian T-duality
on ¢ does not change the central charge. We can then follow our previous comments and
conclude that after the final T-duality, the dual QFT has not changed.

Let us present another possible T-duality, generating a different background.

5.2 T-dual on @ for the NATD of AdSs x S°

In this section, we perform a T-duality on the 6 angle for the background of section 2.1.1

instead.
x 2 de? dp? L?p?a’? cos? a(d€? sin? x + dx?)
ds? = ds*(AdSs) + 4L%do® +
s s (AdS5) + “ 4sina  cos?a * p2a’? + L4 cos* «
= o3pdsinxydé A dy 26 4L*cos? asin? a(a?p? + L* cos a)
B = O/2p2 +L4 Cos4a s (& = 0/4 . (56)

The RR fluxes are given by

P 8 L% cos® asin avd v

Fl - a'? ’
B 8L/ p? cos® sin acsin xda A d€ A dx
P a2p? + L* cos* '
X 20/
= Czp dp A dVol AdSs,
x 20/2p? cos? asin xYdVolAdSs A df A dé A dp A dx
Fy = (5.7)

a?p? + L4 cos* «

We again compute the Page charges, this time we see only the Page charge associated with
D7-branes survives,

1
Qpr,p7 :/ Fy = Npr
QK%OTD7 b
1
Qp.Ds5 =/ F3 — By NFy = Nps =0
QK%OTDE) PO
1
QpPD3 :/ F5 — By AN F3 = Np3 = 0. (5.8)
QH%OTD:J, po

2

The Qp p7 imposes a relation L* = %pr/ . Comparing these results to eq. (2.6), we

see that By is unchanged after the Abelian T-duality. We can, thus perform a large gauge
transformation in a similar way as in section 4. Here we see that,

AQpp3 =nNp7, AQpps =10 (5.9)
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Finally, we apply the L* ~ N relation above and find that the central charge is

8mOL8 27
= 5o = TNDT (5.10)

O

Again, we see that the central charge is invariant under the Abelian T-duality. Let us
apply a similar logic for the case of AdSs x T1.

5.3 T-dual on ¢ for the NATD of AdSs x TH!

In this section we perform an Abelian T-duality along the & direction of the background
presented in section 2.2.1.

The resulting NS sector is given by

= 1
ds® = ds*(AdSs) + L*\3(d67 + sin® 01d¢7) + F/\nga'Q(de siny — dpcos x)*
a” . 2 12 2,274 21274 2
—|—m (dpsmx (p a® + N A\SL ) + A*A5L pdxcosx)

1 2 12 - 2 2 . o 2
+4/\2)\%L2p2Q S’y (p*aZsiny ((A° — A3) dpsin2x + 2pdxN) — 2Qd¢) ?,

X x L4)\2A2 2 (32
B = o/ cosOydey A (d€ + cos xdp — psinxdy), e 2% = 2P S X

2 , (5.11)

where, as in eq. (2.15), we have N = A\2cos? xy + Asin? y, Q = (a2p?N + L*)\?)\3) and
P = (p?a?sin? x + A\2A2L%).
The non-trivial RR fields resulting are,

z AL*AN2A\3sind;
Py = )

o Aoy N\ dEN doy,
~ !
= %(dVolAdS% A(dE A dp + psinxdp A dy)). (5.12)

The only non vanishing Page charge is given by

1

_— Fs = Nps. 5.13
QH%OTD5 P ( )

Qprps =

This implies a condition, L* = %N psa’2. We can then compute the central charge,

L8 97
= To2at = § N0 (5:14)

(9%

Similar to section 5.1 above, we see that a T-duality on & does not change the central
charge of the dual QFT.

Despite its relative simplicity, the results of section 6.1 show that this solution breaks
SUSY. This is not surprising as it has been previously argued that the £ isometry plays
the role of the R-symmetry in the NATD of AdSs x T [25, 32].
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5.4 T-dual on ¢; of NATD of AdSs x T1!

The background corresponding to applying T-duality on the ¢ direction for the NATD of
AdSs x TH! takes the form:

ds® = ds?(AdSs) + L2\2d6?

0/2 )\2L4
_i_i

72 2P (dpcosx — pdxsinx)?

1
+Q7W ( N dp cos 0y cos x (p20/2 + )\%LA‘) + )\2/\§L4pdx cos 01 sin y + quﬁl) 2

(dp sin (p2 2 4 )\2/\%L4) + XN2\3L*pdy cos X)2

PQ
+W)\2)\2/\2L4p2d§2 sin® 0 sin® x (A\*A3p%a’? cot? 0 sin? x + A\1Q) ] ,
Wé = a®\2p?% sin yd€ A [)\ sin ydoq
+sin? 0, ((/\2 — )\%) cos x sin ydp + dix) + A2 cos? 0; sin X(p sin xdy — cos Xdp)] ,
z L4
—2&
= EVV’ (5.15)
where
W = aX2\2p? cos? 0y sin? x 4+ A sin? 01 (a?p? N + LA2\)), (5.16)

where P = (p?a’?sin? y + A202L*). The RR sector has the following non-vanishing field
strengths;

Z 4L*M\fsin6,

F = T(Mh
W]“;g = 4L*/  A\$p? sin x sin 01dO; A dE A {)\2 cos 07 sin xdo, (5.17)

+sin% 0, ((/\2 — M) cos y sin xdp + dix) + A2 cos? 6 sin X(p sin xdy — cos Xdp)] .

For the sake of brevity, we only present the Fj (if nontrivial) and Fj, and omit their
corresponding Hodge duals for the rest of the results in this section. The corresponding
Page charges and central charge are

Qp,D7 :2"5{01TD7 /21 F) = Npr
Qp.ps :%/23F3—BQAF1:ND5:0
Qpp3 = 2/<;101TD3 / F5s — By AF5 = Nps =0, (5.18)
and
¢ = f;;ii = Q;TE)N%& (5.19)

where, again we used L* = %N psal?.
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Section 6.1 shows that this solution preserves all supercharges of AdSs x T1! in the
form of an SU(2)-structure defined on the new 6d internal space.

5.5 Shift ¢; — ¢1 + €, T-dual on & of NATD of AdSs x TH!

In this section we consider mixing the two U(1)’s symmetries via a shift. The resulting
one-parameter solutions have a much smaller singularity loci, however as we once more
dualise on the R-symmetry we break SUSY.% Nonetheless AdS5 solutions with parameters
are uncommon so we believe this solution deserves some further study.

The NS sector is given by

ds? = ds*(AdSs) + L*)2d6?

1
Y
(pdx sin y (p2a’2N — ANZNJLY cos 91)

1
+ﬁ (/\gLo/dp cos X — AaLpa/ dx sin X) 24 AZA%)\%LQ,OQO/Qd@Q sin? 6; sin? y

12

L2QY
12

T30y

~A2p%a sin? x + YAMAL cos 6y) — ng) 2

o (dpsinx (p2a/? + N2A3L*) + N2\ L*pdx cos x) 2
L°QP ’

+

(d,o coS X()\2p20/2 (7 cos 01 + sin? X)

_l’_

E
T3
I

YA? sin? 6, (p sin ydoyp A dx (—2p20/2N +YX2AIL cos 91)
+dp A dgy (\?p*a’ (7 cos b cos x + sin y sin 2y)
—2 M\2p?a’?sin? x cos x + 7)\2/\§L4 cos By cos x — 2QdE N dqﬁl) )

1
——M2\2p%a? cos 0y sin” x (ycos By + 1)

X {psin xdor A dx (2p2o/2N + A2A3L% (1 — 7 cos 61))
+dp N doy ()\2,020/2 cos x (cos 2y — vy cos B1) + Aip®a/? sin y sin 2y
+AZA3 LY cos x (1 — vy cos 0;) >2Qd§ A dqﬁl} ,

z L4
—2&
where Y = o/2A2\3p%sin? x(ycos 1 + 1)? + 42A2sin? 6;Q. The above expression makes
clear that a shift v has substantially reduced the singular locus. For example, taking into
consideration that () is non-vanishing, now to get a singular dilaton we need siny = 0
simultaneously with sin#; = 0; also p = 0 and sin#; = 0.

5The same is also true if we perform & — £ ++¢; and T-dualise on dg, . This time because we introduce a
¢1 dependence on the Killing spinor, which means the Kosmann derivative cannot vanish (see section 6.1).
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The RR sector contains:

Z o 4yANIN2L4sing,

F) = doq

a2
A sin2x (p?a’? + N2AZLY)
P

X 1
5 = 2)\)\%)\3L4p20/ sin 4 sin y [ — @dp A dOy N doq (

1
- ?)\%)\2 sin x (ycosf1+1) ()\2p20/2 (27 cos B cos x+ sin y sin 2x) +27AZ A3 L% cos 0; cos ¥
2
-2 )\%pQO/Q sin? X COS x) -5 sin y cos X)

2
f?w)dx A dby A dgy (A*A3 cos b sin® x (ycos 0y + 1) + AN sin® 6;)

—2X\%\3sin y (ycos @y 4 1) dE A dby A dgzﬁl] . (5.21)

5.6 T-Dual on £ of NATD of AdS; x YP4

In this section we perform an Abelian T-duality along the & direction on the background
specified in section 2.3.1.

X L2
ds® = ds*(AdSs) + L*k*da® + wd;ﬂ

1 . .
—i—m(g (720/2,02 dé cot x(dpsin x+pdyx cos x)+36a’%p?(dpsin x+ pdy cos x)*
+dg? (360/2,02 cot? x + Lim? csc? x)) + 602 p*m(dé + pdysiny — dpcos x)?)
x a'h
B=——daA (d§ — cosxdp + psinxdy)
V9
26 L*gmp?sin® x (5.22)
- 60’2 :

Just as in the cases of dualizing along ¢ in the NATD of AdSs x S® and AdSs x T, we
recover only an F3 (and its Hodge dual),

= 2L4m
F5 = o da N dy N d€. (5.23)
We compute the Page charge associated with the Nps,
1
Qprp5 = / F3 = Nps. 5.24
QK%OTDE] PO ( )

This implies a condition, L*

— 9 /2
= l(yg—y%+2(y1—y2))ND5a . We can then compute the central

charge,
370 9

R I (5:29)
Notice that this is the same result we found after the NATD of YP? with Npg being replaced
by Nps.

Like the equivalent NATD-T solution of AdSs x T1!, this solution breaks SUSY. We
propose that this is for the same reason as above. Namely, the £ isometry once more plays
the role of the R-symmetry in the SU(2) transformed AdS5 x YP¢ solution.

o
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5.7 T-dual on o of NATD of AdSs; x YP4

As a final solution, we consider performing a further Abelian T-duality along 0, of the
NATD of AdS5 x YP4. As shown in section 6.2, such a solution preserves N' =1 SUSY in
4d via an SU(2)-structure defined on the 6-d internal space.

Performing the T-duality gives a NS sector of the form

04/2

36a/2p? cos? x + LAm?

- L?
ds® = ds®(AdSs) + —dy* + (6L2m(p cos xdx + sin xdp)2
VW

1 2.2 2
+ 27 ((36a/2p2 + L4m2) cos xdp — L4pm2 sin XdX)2> + %kggm sin2 Xd§2

12 2
+ T (Tdoz + L4py/ghm? sin xdx — r/gh(360/2p% + L*m?) cos Xdp) ,
= o2
B = sin <6gk2 cos x(sin xd¢ A dp + p cos xd€ A dx)
+mw sin x(— cos xd§ A dp + psin xdé A dx) — y/gmhsin xda A dﬁ) ,
z L4
e 2 = o (5.26)

6a’4t
where © = égk2(36a’2p2 cos? x + LAm?) + o2 p?wmsin? y, and
T = g(360a"%p? cos? x + L*m?) + 6a'%p*msin? .
While the RR Sector has no trivial fluxes

2L4

F= 2y (5.27)
2 2L4 /

Fy = % sin x(69k2 cos X (sin xd¢ A dp + pcos xd§ A dy)

+mw sin x(— cos xd§ A dp + psin xd§ A dx) — y/gmhsin xda A df) A dy.

We compute the Page charge associated with the Npy,

1

s Fy = Npr. 5.28
QH%OTD7 PR ( )

Qpp7 =

9

12
l(y%—y%+2(y1—y2))ND5O‘ . We can then compute the central

This implies a condition, L* =
charge,
370
= N3.. (5.29)
A -3 +20n — ) 7
Notice that this is the same result we found after the NATD-T on £ of YP? with Nps being
replaced by Np7.

(9PN

In summary, we have presented a set of new solutions. Some of them preserve minimal
SUSY as will be proven in the next section. These backgrounds escape the classification
of [6], in the sense that they present an AdSs factor in IIB, but without F5 RR-field. More
details will follow below.
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6 G-structures of the NATD-T solutions

In this section we perform a SUSY analysis of some of the new solutions generated in
this paper. We focus our attention on the NATD-T transformations of AdSs x Th! and
AdS5 x YP1 as these have relatively simple descriptions in terms of G-structures. As shown
in appendix C further U(1) T-dualities performed on the NATD of AdSs x S° break all
the remaining SUSY.

In [67] necessary and sufficient conditions for the preservation of N'=1 SUSY where
established in terms of geometric quantities. For a solution with metric of the form R'3 x
MO and non trivial RR sector these are,

1. The existence of either an SU(3) or SU(2) structure defined on the internal mani-
fold M6.

2. A NS 3-form Hjs that is closed.

3. A RR polyform F which obey certain differential relations in terms of the previously

mentioned quantities.

Let us briefly review what is required, we use the notation of [68] — see also the introduction
of [69] for a nice review. We assume a metric of the form,

ds>

str

= €2Ad$%73 + ds*(M°®), (6.1)

where A is an arbitrary function on the internal space. The starting point is to introduce
two Majorana-Weyl Killing spinors such that

€= <6l> (6.2)
€2

These are then further split into 4-d (¢) and 6-d () components

A 040 6,0 4

aa=eze 2 ((on+®nl), a=e T e2(G i+ ®nl), (6.3)

where =+ labels chirality and so the upper/lower signs are taken in the above in type ITA /TIB
respectively. The internal spinors also obey the relation (77_1#2)* = 171_72. It is possible to
define two bi-spinors on the internal space

Uy = el @l (6.4)

where .+ are arbitrary phases with support on M5. These bi-spinors may then be mapped
to polyforms under the Clifford map at which point the conditions for N' = 1 SUSY may
be expressed as

(d—HAN) (40, =0, (6.5)

(d—HA) (eQA_(I))\I’ = AT PIAN DL + @ﬁ'
+ = + 8
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where upper/lower signs are taken in type IIA/IIB, F = L(emlxzxs)(F) and F' is a sum over
all the RR fields in the democratic formalism. The specific form of W is determined by the
type of structure. The two cases we will deal with in this section are either SU(3)-structures
which are characterised by parallel internal spinors or orthogonal SU(2) structures, for
which nljni =0.

In the case of SU(3)-structures, the pure spinors are,

. eA . . eA
U, = —ew+§eﬂ‘], U_ = —ge'f- ?Qhol (6.6)

where J is a (1,1)-form and Q. is a holomorphic 3-form and they must satisfy,
) _
JNQor =0, JAJANJT = thol A Qpol- (6.7)

The components of these forms may be calculated in terms of the 6-d gamma matrices 7,
and the internal spinors via

1 .1
Jab = _7/77+T’Yab77}r7 (Qhol)abc = _Zn-s-T"Yabcn}f- (6.8)

For orthogonal SU(2)-structures, the pure spinors read,

i} __~i€+i —vAw _-i0_§ : —iJ
+ =it = Nw, Y_ =ie 8(v+zw)/\e , (6.9)

where j is real 2-form and w is a holomorphic 2-form and z = v + iw is a holomorphic
1-form. These must satisfy the SU(2) structure conditions

1
JAw=wAw=1z(w) =12(j) =0, j/\jziw/\&). (6.10)

The components of these forms may be calculated via,

11

Za = 1_ 7a77-21-7 Jab = _’”71 H

vt + in2 yasn?,  wap = 0 yasn? - (6.11)

Let us now just state some previously derived results we shall be using. As reviewed
at length in [25], a Non-Abelian T-duality on an SU(2)-isometry, has a preferred basis of
vielbeins with respect to which the transformation of the RR sector is given by a simple
bispinor transformation,

eq)”BF[[BQ_l = eq:'”AF[]A, (6.12)

where 1
10
Qsy (2) = I )7/W

and Frr4/p is the sum of all the democratic formalism RR fields.” The (’s are defined

(—Ti2s + G+ G2 + GTs) (6.13)

in terms of the original vielbeins describing the SU(2) isometry of the background e® =
ePa(o, + Ay) as
(" = vge” Lvta B (6.14)

"Strictly speaking one needs to map the RR-sector to bispinors under the Clifford map.
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The U(1) Omega matrix in the preferred frame of Abelian T-duality, ¢/ = eB(df + O)
is simply
Quay =101, (6.15)

The action of T-duality on the MW Killing spinors is given by
él = €1, éQ = QEQ, (6.16)

which was proven for U(1) isometries in [70] and SU(2) isometries in [71]. The condition
that SUSY is preserved is that the Kosmann derivative vanishes along the given isometry.
The Kosmann derivative of the Killing spinor € along a Killing vector K is given by

1
Lge=K"Voe+ 2 (dK),, T . (6.17)

The vanishing of this object is equivalent to the independence of €12 on the isometry
directions in the appropriate preferred frame [71].

Finally, it was established in [26, 32, 37, 72] that the bi-spinors defined on a d-
dimensional internal space transform as

Uy =00, (6.18)

at least up to conventionally dependent phases.®

6.1 G-structure for NATD-T of AdSs x TH!

We start our analysis with the Klebanov-Witten solution [39] which possesses a metric that
may be succinctly expressed in terms of the following vielbein basis (notice that in this
section we rename 61 — 6 and ¢; — ¢ and set o/ = 1),

L

e = %x“, e" = —dr, e = L\ db, e? = L\ sinfdp, (6.19)
r

el = LMoy 2, e3 = LA(o 4 cosfdy).

With respect to eq. (6.19) the projection conditions on the 10-d Majorana Killing spinor are
Fr123€ = €, F9¢€ == F12€. (620)

These define a canonical SU(3)-structure with

J=e? 4 e p e Quo= (e +ie?) A (e +ie?) A (e + iel). (6.21)
From these and the warp factor on the Minkowski directions, e?4 = 2—22, it is possible to
construct two bi-spinors of the form in eq. (6.7), where 6y = 7 and 6_ = 0.

We now turn our focus to the SU(2) T-dualised Klebanov-Witten solution. As
eq. (6.19) is in the preferred frame and the associated killing spinor depends only on r [73],

8Though it is yet to be formally proven, it is likely that this will hold when the Kosmann derivative
along the SU(2) directions vanishes.
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the result of [71] implies that all SUSY is preserved under the SU(2) transformation. The
transformed vielbeins are given by,

SR 71 (L2\; cosE+aasin €)(dwa+ L2N63) + (—L2x9\? cos £+ (23 4+ LAN2A?) sin €)dry

— A1 LA )
2 w1 (L2A1 sin € — x9 cos &) (dwy + L2AG3) — (L22oA\?sin € + (22 + L*A2)?) cos €)dx;
1 LA ;
2 44 72,2122
5 _)\a:lmgda:l + (x5 + L*\])dzg — L .%'1A10'3’ (6.22)
LA
where
A = LAXIN2 + \a? + \%23, 63 = dE + cosOdp. (6.23)
and we have introduced coordinates
r1 = psiny, To = pcosx. (6.24)
The matrix gy () is defined in terms of
1 x1 x2
= — = — - —— 6.25
Cl LQ)\)\l Slné-a CQ L2)\A1 COos 57 C?) LQ)\l ) ( )

which implies that that the dual killing spinor depends on &. There are two isometries
on which on can perform a further U(1) T-duality, 0y and 0¢. A quick computation (for
mathematica) gives

£3§€ = Océ, ﬁam@ = 0y€ (6.26)

which shows that SUSY will only be preserved when one performs a further T-duality on
0. Let us now calculate the G-structure.

We first use the projections to simplify 2 and then rotate the preferred vielbein basis
as € = Rq€ where

1 0 0 G G G
0 V1I+(.(e 0 0 0 0

R 1 0 0 VI+GG 0 0 0 (6.27)
CVIFGE | -G 0 0 1 G G '
—C2 0 0 -G 1 G
—G3 0 0 G -G 1
and the ordering is [r8¢123]. Then, the Q acting on e is drastically simplified to
QSU(2)€2 == f‘réz. (628)

More remarkable is the fact the the projectors in this basis are also unchanged so that

FT123€ = €, f9¢e = f12€. (6.29)
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Specifically the vielbeins € are given by

B L4)\)\%dr — r(z1dzy 4+ z2dxs)
LrvA 7
¢ = L adby, &° = L) sin6do,

'é’l“

el — _ L ( sin&(x1dr + Ardxy) + cos §mc1)\63)
r\/Z ’

2 L (cos&(z1dr 4+ Ardzy) — sin{raAds)
r\/Z ’

(Azadr + Ajrdas). (6.30)

é3_

L
/A
As shown at length in [37] it is now a rather simple matter to derive the G-structure of
the dual of Klebanov-Witten, which turns out to be an orthogonal SU(2)-structure. The
relevant forms and phases are,

z=v4iw=¢é" +ié,
j=e &%, (6.31)

w = (&2 +ieh) A (&7 +iéY),

The next step is to perform an Abelian T-duality on the ¢ direction. In order to do
this it is convenient to rotate to a frame in which dyp appears in only one of the vielbein.
This can be achieved by rotating the basis € by

_ AA\izj cosf _)\)\1 sin@l(A%LQ cos&+xa sinf) A1 sinel(AfLQ sin E—x2 Cosf) )\%961 sin(61)
= = = VE
0 T cos 57)\%142 sin & . )\%L2 cos&+xasiné 0
ATLA 422 VATLA 22
0 A1 (/\%L2 cos E+xo sinf) A1 ()\%Lz sin é—xo cos{) by /\‘11L4+x% )
\/Z\/)\%L‘l—&-:c% VA )\%L4+CC% VA
VA sin 0; A2\ 121 cos 0y (A%LQ cos E+xo sinﬁ) A2\ 21 cos 0y )\%LQ sin{—x9 cosf) )\)\%mf cos 0y
NG VAVE VAVE VAVE
(6.32)
where this matrix acts on the flat directions [p123]. This gives a new vielbein basis
~al ~a a
=% =e°, a=z" 1,0,
- LAN\2z; sin 6 5 L)\
e =T g el =

) 761‘%. )
= VE+ DAL
22 _ r129dz + (23 + LN} )d2o (6.33)
LVAN/x3 + LA

5 LA (Ede + A Ajaf cos 0dE)
e’ = ,
VAVE
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where

= = AN sin 62 + A?A322 cos 02 (6.34)
In this basis it is possible to follow the standard Abelian T-duality rules in the presence of
RR fields [70]. In the frame eq. (6.30), the U(1)  matrix is given by,

_ p(0) M VA sin 0T + Az cos 0(— cos €Tt + sin §f2)

Quay = . (6.35)

—

As one expects the MW Killing spinors transform as,
=6, é=Qunuepe (6.36)

following the logic of [37] it would be advantageous to find a frame in which both Q)
and Qgy() are both simple. Such a frame is provided by the Lorentz transformation
é = Roe where

1 0 0 0 0 0
0 \/Zi\ginﬁ 0 Az co;@sin{ A1z cozsecosf 0

. VAAsing  AM@icosfcosé AAjz cosfsing
0 0 = = = 0

Ry = : = vE = (6.37)
0 _ A\izicosfsing ANz cosfcosé VA sin 0 0 0
E VE VB

0 _ A\izicosfcos§  AAixg cosBsiné 0 VAN sin 6 0

VE = VE
0 0 0 0 0 -1

One can check that this does indeed satisfy RoRZ = I and det R = —1. With respect to
this basis we have

Qsue) = T, Q) = T0OF?, (6.38)

and so ~
& =T"%e. (6.39)
The projections are only slightly modified to

Iy 103€ = —e, f‘gwe = T'1q¢. (6.40)
In this frame the Vielbein are,

B M2 LAdr — r(z1dzy + wodx)

VALr ’
0 _ N L(Ardfsin @ — Axq cos O(A\rdxy + z1dr))
VBvEr |
e _ A2 cosd (da;Q ()\‘fL4 + x%) + :L’lscgdxl) — Adyp
VALVE ’
5 ML ‘ . .
e = N cos EArxy cos OdE + sin 5()\7"(:61 cos 0df + sin Odz1) + z1 sin 9dr) ,
=r
< N2L
2 _ \/1: ( — sinEArzy sin 0dé + cos & (Ar(zy cos 0d0 + sin Oday ) + 71 sin 9dr)),
=Er
3 _ L ()\%Td.’ll‘g + /\:Ugdr) (6.41)

VAr '
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It is possible to show that these solutions support an orthogonal SU(2) structure where
z=v+iw=—¢' +ié?
j=¢&"+é, (6.42)
w = (¥ +ie%) A (&3 +ie).

A
0, = 5 O = 0.
Let us move to a similar study for the case of the NATD of AdS5 x YP1.

6.2 G-structures of Y77 NATD-T
The vielbeins of Y9 in the frame favoured by NATD are,

L L
e = %dw“, e’ = ?dr, eV = ﬁdy, e = Lkda, (6.43)

me
1,2 3
= 01,2, e’ =1L g +hd0é

With respect to this basis the projection conditions that the Majorana-Killing spinor e

obeys [74], can be succinctly expressed in terms the functions

o
N (6.44)

39’

cosk(y) = sin k(y) =
as
o€ =Tyze, T'rio3e = (cosk + sinkl'zq )e. (6.45)

From these it is possible to define an SU(3)-structure, however unlike in the case of the
Klebanov-Witten background, this will not be canonical in the NATD frame eq. (6.43).
Instead it takes the form

J =¢€" A (cos ke + sin ke®) + (—sin we® 4 cos ke®) A eV + 2L, (6.46)

Qhot = (€7 +i(cos ke® + sin ke®)) A ((—sin ke® + cos ke®) 4 ie¥) A (2 + iel).

Of course, this can be put into canonical form by performing a rotation in e®,e® which
is rather more reminiscent of the wrapped D5 solution (see for example [75]) rather than
the Klebanov-Witten case. The difference between NATD and canonical structure frames
makes the G-structure analysis of Y74 more complicated than the previous example. Indeed
it was shown in [32] that a similar rotation in the wrapped D5 solution leads to a dynamical
SU(2)-structure in the NATD. However we will learn shortly that this is not the case for
the NATD of YP4. Indeed, as observed in [38] the structure is orthogonal.

The next step is to perform the NATD on the o;’s. To keep things compact we once
more express the dual coordinates as

xr1 = psiny, XTo = pCos X. (6.47)
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The dual vielbeins are given by

e :ea7 a:x#7r7y7a7
N T (dx2+L2 (gd{—i-\/ghdoa)) (L2m cos £+4gxa sin {)) + (g:c% siné+L2g(—6x2 cos E+L%m sinf))d:cl
et =—ym NG
0 _\/fxl (dx2+L2 (gd&—i—ﬁhda)) (L2m sin £ —gxa cos §)) — (ga:% cos é+L2g(6x2 sin E4+L2m cos {))dz1
© = m 6v/611
é3 o _36x2(Jrlda:1+z2d$2)\/§—6L2z%(\/§d§+hda)m+L4\/§m2d:c2
- 36LI1 .
(6.48)
The action on the spinor MW killing spinors is once more
€1 = €1, ég = QSU(Q)EQ, (649)
where in the frame of eq. (6.48) Qgy(2) is given by eq. (6.13) with ¢*
V6 6 6
= ————x siné, = ————x1 cosé, = ——x9. 6.50
G L2W1§CQ 2 gm ! & B =g T2 (6.50)

One can once more calculate the Kosmann derivative at this stage and find that the only
isometry preserving SUSY under a further Abelian T-duality is d,. Using the projections
in eq. (6.45) one arrives at,

éy = (cos kI + sin kTY + (,I'%)ey, (6.51)
which suggests performing a rotation such that,

A1/ ~ . A
é" = cos ké" + sin kéY,
Ayl N . N
e¥' = cos keY — sinkeé’,

Y =e" a#ry (6.52)

so that €9 takes the same form as it did for the Klebanov-Witten NATD. Indeed if we then
rotate € with the matrix Ry in eq. (6.27) but with ¢, now defined by eq. (6.50) we find
the orthogonal SU(2) structure,

z=v+4iw=¢é" +ié°,
j=ewW 4 &%, (6.53)
w = (6% +ie¥) A (6% +ieh)

0,=0, 0,= (6.54)

T
5
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The new vielbeins are given by

o L4\/§m (cos kdlogr + sinm%) — 6(x1dr1 + z2dx2)
6 LV/TI
éy:Lcosmdlogr—Lsin/ﬁ\/jiw, e = Lkda,
_ Ly/m : ) dy )
1
=— dl hd d d
NN [m(smﬁ(cosm 0gr+sm/£m)+cosf a)—}—\/g(smg r1+x1 cosé 5)
_ Ly/m . dy > . >
2
ec=— ——|x1| —cos(coskdlogr+ sink + sin hda
i (- cone(commtiog s T ) i
+ /g ( — cosédzy + a1 sin{df)}
. L . dy
3
e’=— 6x cos kdlogr + sin k + mdzxs |, 6.55
s (0228 cotogr +snis 20 ) + i ) (0:59)
where .
1= %(Gx% + g(3623 + L*'m?)). (6.56)

Finally we turn consider the structure of the Y74 NATD-T on « solution, we omit the
details of the the derivation and just present the result. The geometry also presents an
orthogonal SU(2) structure with forms given by

z=v+iw=e*—ie",
j=&"+é&t, (6.57)
w=(&¥+ie®) A (&% +ieh),

9:p =T 4 arctan Sz 6:m =¢. (6.58)

2 L2m’

where here the vielbein basis is

= L
e = vm [xl\/m<sin Bdlogr + cos Bdg) + \/§k‘d:n1] ,

/6 Vow
- - Ldx1k./
eY —L(—cosﬂdlogr—i—sinﬁdy) et = Mda,
VoW VO
- . dy )
1 2 42
e = k(36x5 4+ L™m sin Bdlog r + cos f——
V6v0O 36x3 + Lim? [\/§ ( 2 )< pdlog 5\/1)10

— 6myv h? + k:Qq:ldazl] ,

2 _ (h? + k?) (3621 22dz1 + (3623 + L*m?)dxs) — \/gh(3623 + L*m?)da
VOLVOVR? + k2.\/3622 + Lim? )

23 do

Rk (6:59)
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where we have defined the following functions for concision

kcosk — hsink . hcosk + ksink
COSB(y) = m bl Slnﬁ(y) = \/m I (660)

and
O = 6k°TI + h*mas. (6.61)

In summary, we have shown in this section that two of the new backgrounds we obtained
by a successive application of a NATD and a T-duality on «c are SUSY preserving; both of
them support an orthogonal SU(2)-structure.

6.3 Comments on supersymmetry and relation to other works

It has been established that NATD-T of the %! and Y4 backgrounds are supersymmetric
solutions when the final U(1) transformation is performed on ¢ or « respectively. Similar
arguments run into trouble when the final T-duality is applied along the £ direction. Indeed,
this plays the role of the U(1) R-symmetry in the dual solutions which is inherited from
the original backgrounds. SUSY preservation is fairly intuitive in the frame preferred by
T-duality on either U(1) or SU(2) isometries. It merely requires the Killing spinor to be
independent of the isometry directions [70, 71]. The frame dependence of this statement
is akin to saying that a metric is stationary because it does not depend explicitly on time.
The general statement in the case of a stationary metric is the existence of a time-like
Killing vector. Here too, a general frame independent statement can be made in terms of
the Kosmann derivative [71]. When the Kosmann derivative vanishes along the isometry
then SUSY is preserved under a T-duality transformation.

It is worth commenting on related work which sought supersymmetric backgrounds
with AdSs factors. The most relevant work in this context is the classification of [6] where
a large class of supersymmetric solutions of IIB supergravity with AdSs were classified.
A natural question we need to address is the place of the solutions generated in this
manuscript in the above classification. There are two properties of the solutions classified
in [6] that our solutions do not satisfy. Namely, in order to make further progress, [6]
considered solutions with non-vanishing F5 form and with trivial axion. As can be seen
clearly in the explicit expressions for our backgrounds we have (i) F5 = 0, (i) Nontrivial
axion, that is, Fy # 0. This class of solutions was not considered in [6].°

There is also work along the lines of a systematic classification of solutions with AdSs
which is relevant but somehow more restrictive since they demand the existence of an S2
factor inside the Mj submanifold [7]. In particular, [7] demands that the S? not be fibered
over the M3 manifold that complements it inside M5. This direct product requirement is
motivated by the goal of having A/ = 2 SCFT on the field theory side whereby this SU(2)
would be dual to SU(2)g; without this direct product it is not possible to get doublets
under SU(2) which are required by SUSY. Clearly, our solutions evade this classifications
as the S? part is always fibered over the remaining M3 base.

9We thank D. Martelli for insightful comments and clarifications on this point.
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Let us finally comment on a general property of the classification approach at large.
In the papers under comparison, [6] and [7], but in the generic situation in IIB, it is
assumed that supersymmetry imposes a holomorphic condition on the axion-dilaton [76].
Then, using the statement that in a compact manifold the only regular harmonic functions
are constant functions one arrives at a constant axion-dilaton. By looking at the form
of the dilaton in some of the various solutions presented, it does not look anything like
a holomorphic function. In fact, in some cases it seems to depend on three coordinates,
for example, (x, p,01). Therefore, the supersymmetry mechanism underlying our solutions
seems to be of a quite different nature and deserves to be scrutinized further.

7 Comments on the dual field theory: a generalization of toric duality?

In this section, we will try to put together different comments on the field theories dual to
our different backgrounds.

An important source of information comes from the role of Page charges. These are
particularly useful in backgrounds with regular as well as fractional D-branes. The pro-
totypical example was worked out in this language explicitly in [58]. It was shown there,
that the transformation of the Page charges matches precisely the transformation of the
rank of gauge groups under Seiberg duality. Namely, under large gauge transformation
in the Klebanov-Strassler background, the Page charges transform exactly as the ranks of
the gauge groups of the dual field theory. Given the transformation of the Page charges
in the background we discussed in section 4, we believe it is plausible that there is a ver-
sion of Seiberg duality at work. This duality does not involved the energy scale as is the
case in the Klebanov-Strassler background [57]. Hence, we propose that this Seiberg-like
duality, represented by large gauge transformations of the By NS field, is a transformation
between conformal theories. This interpretation was first made in [36] where the NATD of
AdS, x CP? was studied, the solutions we consider here also exhibit such behaviour.

As mentioned above, we can always ‘counter’ a motion in the p-coordinate with a large
gauge transformation of the B-field. this mixing of geometry and NS-fields points to some
relation with non-geometric backgrounds.

The transformations in the p-coordinate and the large gauge transformations of the
B-field that we discussed in section 4, implied a change in the Page charges of D6 and D4
branes given by

AQpps =0, AQpps= —nNpg; (7.1)
that reads exactly like the changes in Page charges for D5 and D3 branes in the cascade
of dualities for the Klebanov-Strassler system.

Moreover, in the KS-case, it was shown that motions in the radial direction (an ‘Energy’
direction labelled 7 in the KS background) implied changes in the quantity by [58]. In order
to keep the quantity by bounded, a Seiberg duality was applied when flowing down or up in
the radial coordinate 7. In the cases considered in this paper, and as first observed in [36],
motion in the p-direction (that is not a motion in energies in the dual field theory) also
implies the need for a change in description to keep by bounded; identifying p ~ p + 7 and
changing description of the QFT every time we cross p = nm with (n =1,2,3,4...). This
change in description can be seen, by analogy, as a Seiberg duality.
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Notice that the coordinate p is not periodic — in the same way that the radial 7-
coordinate is certainly not periodic in the KS-system. However, as suggested in [36], there
is a ‘minimal cell’ of length 7 in the p-coordinate. This is somewhat analogous to what
happens for an Hs manifold (or any other negatively curved Riemann manifold), that can
be locally written in terms of coordinates (w,y) with metric ds?> ~ y=2(dz? + dy?). In
principle (x,y) are unbounded, but the Hy is described in terms of a minimal cell, with
finite volume.

Notice also that while the Klebanov-Witten field theory is self-dual under Seiberg
duality, the quiver dual to the NATD or our new backgrounds need not be. Indeed,
examples of this sort have been studied in the context of toric duality. A toric duality on
the gravity (geometry) side and a Seiberg duality on the field theory side have been shown
to be equivalent [77-79]. The origin of the toric duality is the inherent ambiguity in the
definition of a toric diagram that arises from unimodular transformations on the lattice
defining the diagram. For example, in the case of Calabi-Yau toric three folds defined on
Zs, the set of SL(3, C) transformation leaving the endpoints of the vector defining the toric
diagram invariant gives the same toric variety. In those cases, toric duality has nothing
to do with the energy scale of the dual field theory, as the CFT is conformal and all the
gauge groups of the quiver have the same rank.

When we apply these ideas to our context, we argued by analogy that there is certain
ambiguity in the range of the coordinate p € [nm,m(n + 1)]; which whenever a ‘boundary’
is crossed, changes the field theory description, which leads to Seiberg dual versions
(different toric manifolds) of the same theory. Either that or that we 'undo’ the crossing
with a large gauge transformation of the B-field, that would also change the vacuum
where the QFT is defined.

An obvious comment we need to make regarding this analogy: the cone over the
resulting compact 5-manifold, C(W5), is not necessarily toric; it is certainly not Calabi-
Yau. Therefore, the situation we are describing must be related to a non-toric and not
Calabi-Yau extension of the standard argument for D3 branes place at a toric singularity.

Another quantity that provided important information is the central charge. We have
found, along our different dualities that it is always possible to write the central charge in
terms of the Page charge N, characterizing the background in the form ¢ ~ N2. In the
examples before the NATD N, = Npg is the Page charge of D3 branes. After the NATD we
found N, = Npg is the number of D6 branes. In all cases, this is a characteristically ‘gauge
theoretic’ behavior. It is also of interest the comparison with the backgrounds of [45, 46].

In the same line of central charges, we observe in all of our examples given in section 4,
that the quotient of the central charges, before and after the NATD — is given by

Chefore _ N 12)3

3—==. 7.2
Cafter N 12)6 (7:2)

This gives an interesting hint about the complete description of these new field theories,
for which we are finding a dual description.

Let us move to comment something about gauge couplings. Let us focus on the
Klebanov-Witten system and its NATD. In the KW case, it was shown that the gauge
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couplings of the two groups are given by (we take, like above, g5 = 1),

472 4x? 472 4rn? 1
A AT e, 22:%—@(22// 321>. (7.3)
91 95 91 93 T Sy,

Using these definitions, we obtain the expressions for two individual couplings Szﬁ
1,2

2 2

8;% = 2me” %y, 8;% = 2me”®(1 — by), (7.4)
where as above 472a/by = f22 Bs. Tt is from expressions like these in eq. (7.4), that the
condition that by is bounded in the interval (0,1) is imposed. The coupling ¢g? can be
calculated using a D5 brane that wraps a two cycle inside the conifold with an electric field
in its worldvolume. Conversely, one can equate the inverse coupling with the BI part of
the Action of an Euclidean D1 wrapping the same cycle.

In our NATD geometries written in section 2.2.1, we can define a configuration repre-
senting an instanton in two ways. First, by wrapping an Euclidean D2 brane on the cycle

parameterized by Y3 = [01, ¢1,&], with x = § and at constant p. We can also consider an

Euclidean DO brane, that extends along the direction ¢, with x = 5 and constant p.10

Let us discuss in detail the calculation with an Euclidean DO brane. The induced metric
and gauge field on the cycle ¥ = [¢1] ( restricted such that 2y = 7 and 6; = 0) are,

0/2L2
dspg = 0 NASpPdet,
ANINZLA
) = 4%@1. (7.5)

We calculate the Born-Infeld and the Wess-Zumino parts of the Action for this DO,

L2
SBI = _TDO/dd)l@_(D\/m = ?A)\227T,0 = \/N7D67Tp ~ by.
SWZ = TDO/Cl = ND67T. (76)

We have used the explicit values of A\, A1, A2 and the relation 2L* = 27a/>Npg, discussed
above. We then equate this to the Action of an instanton Sing = %2 + 10, obtaining

expressions

82
gT ~ bQ, 0= 7TND6. (77)

In the case of the calculation with the Euclidean D2 brane, things are quite analogous.
There, we see that the induced metric and B-field on the three manifold are,

2
dsq = L*\}(d67 + sin” 01d¢7) + %LQAZ)\%pQ(dg +cosbdp1)?; Ba=0.  (7.8)

9Calculating the gauge coupling and theta angle, with a D6 brane extended in R** x ¥3 and switching
on an electric field on the Minkowski directions would give a similar result.
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We then calculate the BI-Action and get

2 LAN2 Ao\
TDQ/d91d¢1d§e_¢)\/det[gind] = 71-7123 (7.9)

a'? T

Equating the BI action with the Action for an instanton Spr ~ g%, we obtain that the

coupling defined in this way is

1
— ~ bp. (7.10)

2
These results make contact with the one summarised in eq. (7.4) for the Klebanov-Witten
background and reinforces the point that the quantity by should be bounded, as we imposed
above. It would be interesting to attempt a similar calculation for the cases of Y74 and S°.
Let us finally comment on interesting future problems and close this section with a
general comment about our procedure. It would be interesting to use the variables we
introduced and apply our methodology to the full duality cascade represented by the Bary-
onic Branch of the Klebanov-Strassler theory (choosing a mesonic branch is also possible,
but more complicated technically). Working out this problem will produce as anticipated
in [32] a configuration in Massive ITA. It would be interesting to study the interplay (if
any) between the usual Seiberg duality in the 'Energy’ direction r and the one described
in this section. Finally, we should point out that our smooth backgrounds and procedure
can be thought of, as a way of defining a field theory. Indeed, any of our non-singular
backgrounds defines the large N, strong coupled regime of a (presumably new!) QFT.
Obtaining properties of these field theories using the supergravity backgrounds is a way
of learning about new QFTs. The set of variables and techniques developed in this work
make this task clearer.

8 Conclusions

In this paper we have presented several genuinely new supergravity backgrounds. Whilst
these new solutions are singular, it is worth pointing out that in some cases the singularity
structure is very mild and one can hope for a smoothing mechanism.

Our solutions “evade” previous classification efforts [6] due to the fact that they, gener-
ically do not contain an F5 and have non-trivial and non-holomorphic axion-dilaton. More
recent classification efforts have focused on solutions with a round S? which is not fibered
over the rest of the manifold [7]; our solutions certainly do not contain such S? factor.

We tried to clarify the extent to which field theory data (central charge, entanglement
entropy) were invariant under NATD. Our analysis was limited to the concrete cases we
tackled. We found an intriguing relation for the quotient between the central charges before
and after the NATD, that seems to be universal. It would be interesting to prove this
universality (if correct), in full generality, that is, including situations with generic B-field.
We host the hope that such approach could shed some light on the extension to which the
Ryu-Takayanagi formula goes beyond simple supergravity backgrounds, embodying deeper
string-theoretic principles. We also presented a proposal for a Seiberg-like duality acting
on the field theories dual to our backgrounds. This proposal was based on the study of
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supergravity quantities. By the same study, a relation with non-geometric backgrounds
is suggested by the interplay between the motions in the p-coordinate and large gauge
transformations of the Bs-field.

There are a few interesting venues that we believe are worth exploring. One interesting
generalization, would be to attempt to generate more general solutions exploiting ‘spinor
rotations’ like in [80-82]. Indeed, given that we know the SU(2)-structure of some of our
new solutions, one could speculate with ‘rotating’ the structure to obtain new solutions.
This approach should lead to interesting solutions with exciting gravity duals. It would
also be interesting to have a better understanding of the central charge, when calculated
using the M-theory backgrounds. Using our supergravity backgrounds, we can calculate
different observables in the initial and final CFTs to compare them. This is probably a
fruitful line of work, that will give information on the structure of the new CFTs. The
relation with non-geometric backgrounds is of obvious interest. It would also be interesting
to place the backgrounds studied here within the formalism recently developed in [83, 84].

Another interesting direction would be to pursue some of the guidelines of the analysis
of Lunin and Maldacena in [10] where it was clarified that the gravity transformation
corresponding to T-s-T applies to any field theory with a global U(1) x U(1) symmetry.
We can similarly argue that our transformation applies to any field theory with a gravity
dual and a SU(2) x U(1) global symmetry; it is important to remark that this global
symmetry should be different from the R-symmetry so as to preserve supersymmetry.
Ultimately, similar to how [10] presented the transformation as a symmetry of string theory
compactified on a torus where there is a natural action on the torus complex parameter by
SL(2,R), it should be possible to compactify on the appropriate manifold and formulate our
NATD-T as a symmetry of the lower dimensional theory. This approach might shed some
light on the structure of NATD as well. Finally, perhaps the most interesting question
is related to the elusive h-deformation of ' = 4 SYM. Given the reduced number of
symmetries of the supergravity background dual to the h-deformed AV = 4 SYM, the best
chances for finding the background should rely on solution generating techniques. Naively,
however, NATD in its present form is not an invertible transformation and thus prevents
an approach mimicking that of Lunin and Maldacena in [10]. But probably an approach
along the lines discussed in this paper and [71] may help to ‘invert’ the NATD. We hope
to return to some of these questions in the future.
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A Review of non-Abelian and Abelian T-duality rules

A.1 Non-Abelian T-duality

We follow [25] in the generalized 3-step Biischer procedure and consider only backgrounds
with an SU(2) isometry such that the metric can be written in the form

ds® = G (z)datda” + 2G i (v)da L' + g;j(z) L' L7 (A.1)
where p,v = 1,...7 and 4,5 = 1,2,3. The L"s are the SU(2) Maurer-Cartan forms.
(Ly, = —iTr(t'g'0+g)). We also consider a similar decomposition of the antisymmetric
2-form,

1 1 . .
B = iBu,,(x)dm“ Ndz” + Byi(x)da" N L'+ ibile ALY (A.2)

The Lagrangian density for the NS sector fields is given below, where we omit the dilaton
contribution. (The transformation of the dilaton is given below in A.10.)

Lo=Qapd  X0_XPB (A.3)
where A, B=1,...,10 and

, and 9. X4 = (0.X", LY) (A.4)

with
Q;w = G,uzx + B;w» Q,ui = Gm’ + B,uiy Qi,u = Giu + Bi,m Eij = Gij + bij (A5)

We then gauge the SU(2) isometry by changing derivatives to covariant derivatives accord-
ing to, d+g — Dig = 0+g — A+g. The next step is to add a Lagrange multiplier term
to A.3 to ensure the gauge fields, A4+ are non-dynamical.

— iTr(a/vFi), Fi = 3+A_ — 8_A+ - [A+, A_] (AG)

We must now eliminate three of the variables by making a gauge fixing choice, described
in detail in B.2 below. A natural choice is g = I, so that all 3 of the Lagrange multipliers,
v;, become dual coordinates. The last step is to integrate out the gauge fields to obtain
the dual Lagrangian density,

L=Qupd, X49_XP (A7)

where we can read off the dual components of Q45 from,

N v iM'_-l jv M % J
Oup = Qu Qu ij Qijv | Quj ji . and 8iXA — (aiX/‘, 611;7’) (A.8)
_MingjM ‘ Mi?
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where we have defined,
M;j = Eij + fij,  with  fi; = o/e;Foy, (A.9)

(Note that If we wish to carry through the correct factors of o, we must include one factor
of o in front of the v;’s.) The v;’s originating in the Lagrange multiplier term may now
take on the role of dual coordinates, depending on the gauge fixing choice. We can identify
the dual metric and B, field as the symmetric and antisymmetric components of Qas,
respectively. The transformation of the dilation is given by

b= %m (detM) (A.10)

A.1.1 RR flux transformation

In order to transform the RR Fluxes, one must construct a bispinor out of the RR forms
and their Hodge duals, (in Type IIB)

d O
(&

where Fp = %!FM“_MPFPM"'MP. Then, the dual fluxes arise from inverting €
P=pP.Q7! (A.12)
where Q = (AT T3 + 4,11 /V a3 and

! LI S (A.13)

Ay = ——.
Vi Vit@

where (¢ = k%2" with ﬁ“i/i“j = g;; and 2' = dé’—m, yi = b; + v;.

A.2 Abelian T-duality

Our conventions for the Biischer rules of Abelian T-duality [70] for the NS sector, including
the appropriate factors of o/, are

~ o/ ~ o’ By; ~ o
G99 = Ggg’ Ggi = — ngz, Gij = Gij - ?%(Gging - BQiB9j)
~ Ggl ~ 1
By; = ———,  Bjj = Bijj — ——(Go;Byj — By;Gy;) (A.14)
Gog Gog

where xg is the direction with the U(1) isometry we wish to dualize along. One can
construct the form Bs using,

BQ = Bij dz; A dl‘j + O/Bgidzcg A dx;. (A.15)
The dilaton transformation is
P SC (A.16)
=0 — —In——. .
2 1e%
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A.2.1 RR flux transformation

Similar to the NATD RR Flux transformation, one must construct a bispinor out of the
RR forms and their Hodge duals, (in Type ITA)

d 4
e
P = -5 ZOF%H (A.17)
The dual fluxes arise from inverting €2

P=pP.Q! (A.18)

where ,

@

Q= 11T (A.19)

VGog

B Multiparametric families of solutions in Type ITA and Type 11B

B.1 NATD-s-T on ¢ of AdSs x S°

Motivated by the work of Lunin-Maldacena [10] we also consider constructing a one-
parameter family of solutions. Namely, inspired by the TsT transformation that lead [10]
to the construction of a large class of gravity solutions with interesting field theory duals,
we perform a shift with parameter v such that

0 — 0+ A€, (B.1)

where ¢ is a U(1) angle in the S? leftover from NATD and @ is the U(1) angle originating
in the S? (see the first line in eq. (5.1) for our non-standard notation of the angles) that
was unaffected by the NATD. If we then T-dualize along &, we obtain,
72 2 5, o, a?dp? Lo ma. o 2 102
ds® =4ds (AdS5) +4L*da” + m + W(L O/ p sin“ 2q sin Xde
o : : :
+ﬁ(p2(L472 sin? 2a+a’?p? sin?y) dx? —a'?2p3 sin ydydé+ (a?p? + L* Cos4a)d£2)> ,

4o’y sin? adf A ((a?p? + L cos* a)dé — o'?p? sin xdx)

é =
w
b LY
e = g cos oW (B.2)
where

2 asin? . (B.3)

W = 4v%(a?p? + L* cos® o) sin” a 4 o/?p? cos
As in the previous cases a = 7/2 is a singularity of the dilaton. We verified that this
singularity is indeed a curvature singularity by direct computation of the Ricci scalar. The
dual RR fluxes are,
x 8L*

Fy = 3 ) €08 asin ada, (B.4)

WE; = —8L*/p? cos® avsin avsin yda A d A (4p72 sin? ady + cos? asin Xdﬁ’) .

All of the Type IIB equations have been satisfied for this case.

— 45 —



B.2 Generic gauge fixing in NATD

In this section we discuss gauge ambiguities and consider new solutions that can be gen-
erated by exploiting these intrinsic ambiguities in the NATD procedure. As explained in
detail in [25] and [23], the NATD procedure requires gauge fixing leading to potentially
dim(G) degrees of freedom. For our case of SU(2), we have up to three parameters that
can be exploited. Given a specific SU(2) matrix D, we can perform an orthogonal trans-
formation on the Lagrange multipliers via

f}i = Dijvj (B5)

where DY = Tr(t'gt’g~'), and which explicitly can be written as'!
05001#00% - S¢OS¢0 Cﬁocqﬁoswo + Cl/}o‘s’qﬁo _C%Sﬁo
Dij = | =C8,CyoSps — CooSuyo CuoCoy — CoSuoSee S80S0 | - (B.6)
Cwo Sﬁo Sﬁo Siﬁo Cﬁo

We will define v = o/ (1, x2, 23) and henceforth, set o/ = 1 and L = 1. Note that numerical
coefficients in front of the z’s may be used for convenience.

From eq. (B.5) one can see that ¢ is covariant with respect to an SO(3) transforma-
tion. We would like to investigate how ambiguities might arise through the process of
identifying the dual metric coordinates. In order to see how the parameters (5,0, ¢o)
and (z1,x2,z3) responds to a generic SO(3) transformation, say O(S,,¢), we write
v' = Ov and D' = ODOT. Here (8,1, ¢) are generic angles for the SO(3)(SU(2)) trans-
formation matrix. One may collect the coordinates and the parameters of D% in the
six-tuple ® = (x1,x9,x3, Bo, %0, ¢0). Then, under an infinitesimal transformation, where

(B~ €1, =~ €2,0 =~ €3), we find 0P = (dx1,0x2,dx3, B0, 010, ddp), where

oxr1 = w91 — 239

oxy = —x1M\1

dxg = 212 (B.7)

0B0 = (—A1 + Az csc(fo) sin(po) + Az cot(Bo) sin(vo), 1o, ¢o)

otpo = Aa(cos(¢o) — cos(t))

0o = A1 — Ag cot(fo) sin(¢o) — Az esc(Bo) sin(to).
where A1 = €] + €9, and Ay = €3. Ay displays an isotropy which reduces the access of gauge
fixing conditions to only SU(2)/U(1). This suggests that in this case there will always be
gauge redundancy in the choice of dual coordinates [14].

We define the dual coordinates by pulling back these six coordinates onto the three
manifold that will serve as the dual volume. Let £ = (£, &2, £3) denote the dual coordinates

MShorthand notation has been used such that C, = cosz and S, = sin z.
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and denote X as the pullback function that maps ® into £&. Then the pullback functions

becomes,

X2 @ = (21(8), 22(8), 23(£), Bo(§), ¢o(£), do(§)) = (§).

The dual metric is then constructed from frame fields given by,

L 06 90 9B(E)T
ER TR AT

where L = 1---6. We can then determine the differential volume density of the internal
dual metric via, g;; = e?egéab. If the volume, det(e), is zero, the pullback is tantamount
to a “poor gauge fixing” choice as the coordinates have dependence on each other. Three
degrees of freedom have been used to specify the dual frame and three remaining degrees
of freedom serve as parameters that can span a family of dual volumes. One may ask how
the dual space metric transforms under eq. (B.8) to see if there is residual symmetry. One
strategy would be to compute the matrix,

9% det(e))

= ——— | A= =1,2
Cab 8Aa8Ab ‘A—Oy a,b ) 4y

where here €’ ? is the response of the dual frame fields to the infinitesimal transformations
in eq. (B.8). When det(c,p) vanishes, this suggests that the two remaining parameters are

not independent and residual symmetry exists.

As an example, consider the pullback X" such that X' : &— > (&1, &2, &3, %W,O,O). This
gives the frame fields

00 -1
=101 0 |, (B.8)
10 0

and the det(e) = 1. Had we chosen our pullback to be X' : &— > (&1, &9, &3, w1, w2, w2),
where wq,wo, and wy are constants. The frame fields become

Cwl sz ng - Sw2 Sw3 Cw1 Cw3 Swg + sz Swg _ng Sw1

ef (W) = | =CuyCuySus — Cu3Suy CuyCuy — Cioy Suoy Sz Suoy Surs , (B.9)
w2 Mwi Sw1 Sw2 Cwl

which is precisely an SO(3) matrix and therefore det(e) = 1.

Below are the most obvious pullback choices for the dual volume. Extra parameters
are labeled with a ¢ subscript.
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Dual Coordinates, & det (e)

(21,22, 23) 1

(21,2, B) (w2 sin g + 1 cos 1)

(21, 22,7) 0

(21,22, 0) sin B (22 cos Yo — 1 sin¢g)

(21,3, ) x3siny

(w1, 23,1) 71

(71,23, 0) (w1 cos By — w3 sin By cos o)

(w1, 8,9) x1 (2208079 + 1 cos V)

(z1,8,9) 1 (230 8in B — cos 3 (w20 sin g + 21 cos 1))
(21,7, 9) x1 sin By (z90 cos Y — xy sin) (B.10)
(w2, 23, 3) x3 08 Y

(w2, 3,1)) T

(w2, 23, 0) (3 cos Bo — w3 sin By sin 1)

(z2, B, %) 2 (z28iny) + x10 cos )

(w2, 8,9) w2 (230 8in B — cos B (w2 sin ¢ + w10 cos )
(22,7, ¢) 9 sin By (w2 cos P — 210 8in 1))

(w3, 8,7) 3 (w0 8in Y + 210 cOSY)

(23,05, 9) x3 (z3sin f — cos [ (x90 sin ¢y + 10 cos o))
(3,7, @) x38in By (w9 cos ) — x108in 1Y)

(B,1h, ) 0

Note that in some of the cases the parameters support the internal manifold’s volume. For

example, when (21, 22, ) are coordinates, the parameter 1)y cannot be set to zero, or else
the metric will have zero volume. Therefore, certain “poor gauge fixing” choices can be
remedied by introducing these parameters.

B.3 Multiparametric solutions of NATD of AdSs x T1!

In the remaining sections we present a few examples of new Type IIA solutions with
extra parameters, generated by exploiting the gauge fixing ambiguities of NATD discussed
above. In all of the following examples, we have checked explicitly that all of the Type ITA
equations are satisfied. Here we present an example using AdSs x TH!,

1. 1, x3, 1 are coordinates and g is an extra parameter (fy = 0, ¢9 = 0)
ds’ = ds2(AdSs) + A2 (d¢ 2 sin20; + db;2)
+A10 ((x3 + A2A3)dat + (25 + A3)dad + (2f + 239) A2 A3 (cos 01 dpy + dyp)?
+2dx1 (z123d23 — 20N N3(COS By depy + di)))

1
B = — (Mswoodz1 A das + (N azgday + N3 (2] + 230)dws) A dy

Ag
—M? cos 01 (23 + \3)dws + z173d21) A dbr)
e 2% = Ag, Ag=\? (A% + x%) SEDY: (a:% + x%o) (B.11)
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Fy = 40X\ \2sin0,d60; A dey (B.12)

. 1
Fy = A—(4)\)\%)\§ sin 01 (A\azogdzy A dxs A dOy A doy
0

+(A3(2F + a3g)dwg — N2ziwzdzr) A dOy A dgy A dip))
B.4 Multiparametric solutions of NATD of AdS5 x S°
Here we present additional examples using AdSs x S°.
1. x1, xe, x3 are coordinates, By, ¢o Yo are parameters
ds’ = 4ds?(AdSs) + dda? + 4sin® ad6?

((2? + cos* a)da? + (23 + cos® a)dz3 + (22 + cos o)da?

cos? aA|
+2x1dx (xodry + w3drs) + 2woxsdradrs)
- 1
B = A (w3dxy N drg — x2dxy A drs + x1d2s A drs)
1
e 2% = cos® al (B.13)

where Ay = (2% 4 23 + 23) 4 cos’ @)

Fy = 8L* cos® asin adar A df,
A 8 cos® asin v

I, = _T(-T?)di’fl A dxy — xodxy N\ dxs + x1dre A dxs) A da A d
1

This is precisely the answer we would have obtained if we had chosen a general gauge
fixing (i.e. (x1, z2, x3, B =0, ¢ = 0 and ¥ = 0) with no extra parameters.

2. x1, w3, 1 are coordinates, xog, By, ¢o are parameters (though only xoy appears)

ds’ = 4ds? (AdSs) + 4da? + 4sin? adb?
sec? o

Ay
+2dx1 (v123dw3 4 20 cOst aude))

(2% + cos* a)da? + (23 + cos? a)da? + (2% + x3) cos® adnp?

. 1
B = =~ (wa0dz1 A drg + zrz3dey A dy — (z3 4 23,)dx3 A di))
2

e = cos’aly, Ay = (23 + 23 + 22 + cos a) (B.14)

Fy = —4cos® asinada A db,

A 4 cos® o . .

Fy,=— A (xo0 sin adxy A dxg A da A df + zq1x3 sinadzy A da A dO A dip
2

— (23 + 2%,) sin adxz A do A dB A dip) (B.15)
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3. x3, 1, [ are coordinates, 19, T20, ¢o are parameters (though only x19 and x99 appear)

ds” = 4ds> (AdSs) + 4da? + 4sin? adb?

COS2 Qv

A
—2x3(x20 COS 1 — x10 sinY)dyd S+

1 .
(<x%0 Ty + 203 + (a3 — adp) cos 20) + 2rrgan sin w) cw?)

—+

<(1 + a3 sect a)dri + (w7 + 139)db? + 2(z10 cOs P + w90 sin ) da3d

2
N 1
B = A—?)((:U%O + 230 )dxs A dip + x3(—90 COSY + w10 5in1p)dT3 A dB
—{—(x%o + m%o + CL’%)(CL’lO cos ) + xo0sin)df A di)
e 2% = 4cos? a3, Az = (23, + 23 + 22 + cost ) (B.16)

Fy = —4cos® asinada A df,

R 4 cos3 asi

By = —W(—(aﬁo + 22)das A di A da A dO
3

+x3(w20 COSY — x1psiny)drs A dS A da A d
+ (22 + 23 + 22) (210 cos Y + w9 sin)dy A dB A da A db)) (B.17)

C Killing spinor on AdSs; x S°

In this appendix we derive a Killing spinor for AdS5 x S° that is independent of the SU(2)
directions on which the NATD is performed.
To start we choose the vielbein basis

2 2L -
P —de“, e’ = —dr, e' = L cos ao;, (C.1)
L r
e* = 2Lda, e’ = 2L sin adb, (C.2)

where ¢ = 1,2, 3. With respect to this basis the non zero components of the spin connection
are
o L 45 1 5 i5 1 j ij 1 k
wh"=—e", W= Y cotae”, w" = ~5T tanae’, w" = o Secacijre”. (C.3)
which clearly indicates a 5+5 split, so the gravitino variation along the AdS; and S°
directions can be treated independently.!? As Fj is given by

F5 _ %(et$lx2x3r o 612345) (04)

and we choose

1,.2.3
[te'a®e®r12845, _ [ oo Pose = —¢, (C.5)

12Since the dilaton is constant and only the 5-form flux is non trivial the dilatino variation is automatically
satisfied.
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the AdSs part leads to'?

i
(vu + QLFAdSsFu> =0 (C.6)

where = t, 2!, 22, 23,7, which is a standard Killing spinor equation on AdSs and so for
our purposes it is sufficient to solve the gravitino variation on the S° directions. This is
given by

i
(va - 2LF55FG> e=0 (C.7)

where a = 1,2,3,4,5. If we make the assumption that € is independent of the SU(2)
directions this gives the following set of coupled differential and algebraic equations

(204 + il'1235)e = 0,
(289 — cosal'ys — isin aF1234)6 =0,
(P23 —sinal'14 — i cos aF2345)e =0,
(T'13 + sinal'aq — i cos al'i345)€ = 0,
(I‘lg —sinal'sy — % cos aF1245)6 = 0. (C.8)
These reduce to a projection
Iy5¢ = (cos o + isin al'1235)€e (C.9)
and two differential equations
(23(1 +il'935)e = 0,
(209 +i)e = 0. (C.10)
The whole Killing spinor then takes the form
€ = M(AdSs)e 2% 5 1255, (C.11)
where 7 is a constant spinor obeying
Lysn =, (C.12)

and M(AdS5) is a matrix which commutes with the projection and depends on the AdSs
directions. There for a total of 16 real supercharges are preserved.

As we have found a Killing spinor preserving N' = 2 SUSY in 4-d which is independent
of the SU(2) direction [71] tells us that this is the SUSY preserve by the NATD solution,
confirming the result of [23].

The NATD solution of AdS5 x S° contains two U(1) isometries, Jp and J¢. We have
checked that in the preferred frame of NATD the the Kosmann derivative in each case
reduces to

Lo, € = Ogé, [,3£€ = Og€. (C.13)

3Here € = €1 + iea, where ¢; are the MW Killing spinors in 10-d.
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The dual MW Killing spinors are given in this frame by
€1 = €1, € = Qeo. (C.14)

where 9
— LT +p sin cos{F + sin x sin &I'y + cos xI'
0 123 ( mx 1 11} 81 5 2 X 3) ) (C15)

Vp? + L4 cos* «
Thus it is easy to see that a further Abelian T-duality along 6 or ¢ will break SUSY
completely because the angular dependence in eq. (C.11) ensures that neither Kosmann

derivative can vanish [71].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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