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ABSTRACT: In a recent article, we have shown how quantum fluctuations of the background
geometry modify Hawking’s density matrix for black hole (BH) radiation. Hawking’s di-
agonal matrix picks up small off-diagonal elements whose influence becomes larger with
the number of emitted particles. We have calculated the “time-of-first-bit”, when the first
bit of information comes out of the BH, and the “transparency time”, when the rate of
information release becomes order unity. We have found that the transparency time is
equal to the “Page time”, when the BH has lost half of its initial entropy to the radiation,
in agreement with Page’s results. Here, we improve our previous calculation by keeping
track of the time of emission of the Hawking particles and their back-reaction on the BH.
Our analysis reveals a new time scale, the radiation “coherence time”, which is equal to
the geometric mean of the evaporation time and the light crossing time. We find, as for our
previous treatment, that the time-of-first-bit is equal to the coherence time, which is much
shorter than the Page time. But the transparency time is now much later than the Page
time, just one coherence time before the end of evaporation. Close to the end, when the
BH is parametrically of Planckian dimensions but still large, the coherence time becomes
parametrically equal to the evaporation time, thus allowing the radiation to purify. We also
determine the time dependence of the entanglement entropy of the early and late-emitted
radiation. This entropy is small during most of the lifetime of the BH, but our qualitative

analysis suggests that it becomes parametrically maximal near the end of evaporation.
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1 Introduction

That black holes (BHs) radiate thermally was a remarkable finding [1-5] but has also lead to
some infamous puzzles. For instance, an initially pure state of matter can collapse to form
a BH and eventually evaporate into a mixed state of thermal radiation. This is in direct
conflict with quantum mechanics, which postulates a unitary time evolution and so forbids
a pure state from evolving into a mixed one. This is, in essence, the BH information-loss
paradox [6]. (For reviews, see [7-11].)

Over the years, a myriad of explanations has been suggested on how this tenuous situ-
ation gets resolved. Initially, Hawking thought that the laws of quantum mechanics have to
be changed. Others have sometimes claimed that a theory more fundamental than general



relativity, such as string theory, or some exotic new physics, such as highly entropic rem-
nants, is needed to resolve the matter. However, strong circumstantial evidence has been
gathered, indicating that general relativity and ordinary quantum mechanics are sufficient
for consistently describing the process of BH evaporation. In particular, the quantum-
information treatments of Page [12, 13] and then of Hayden and Preskill [14] demonstrate
that a slowly burning matter system — be it the complete works of Shakespeare or a
Schwarzschild BH — must emit all of its information by the end of evaporation. Conse-
quently, a thermal mixed state cannot be the final product. Once this logic is accepted,
the challenge then becomes to identify what is still missing from the standard treatments;
namely, the information-release mechanism that is responsible for restoring unitarity by
the end of the BH evaporation. The review articles [7—11] contain further discussion of the
issues concerning the BH information paradox.

In [15], it was proposed that the origin of the BH information paradox is the use of
a strictly classical geometry for the BH. (See [16-21] for overlapping ideas.) It was also
argued that the leading semiclassical corrections that account for the quantum fluctuations
of the background geometry should be taken into account by assigning a wavefunction
to the BH. The contention was that the parameter which controls the strength of the
semiclassical corrections is the ratio of the Compton wavelength of the BH Apy = h/Mpn
to its radial size Rg. In [22], we have proposed a concrete scheme for evaluating the
semiclassical corrections using the wavefunction of [15, 23]. The parameter that controls
the strength of the semiclassical corrections was denoted by Cpp and determined more
precisely, Cpy = 1/Spn = )?%H/Rs .

We have, in a recent article [24], gone on to apply this idea to the calculation of the
Hawking radiation. There, Hawking’s calculation was repeated but with one additional
input: the assignment of a Gaussian wavefunction to the collapsing shell of matter. The
main distinction between our treatment and Hawking’s is the introduction of a new scale,
the width of the wavefunction. On the basis of the Bohr correspondence principle [15, 23],
this width should be Planckian.

After computing the appropriate expectation values, we obtained a picture that is
different than that found by Hawking and consistent with Page’s. Most pertinently, Hawk-
ing’s density matrix for the BH radiation is strictly diagonal whereas our matrix contains
small off-diagonal elements of order v/ in the same basis. The effect of these elements on
the eigenvalues of the matrix is initially small but, as the number N of emitted particles
grows, so does the changes to the eigenvalues. The parameter that controls these changes
to the matrix was found to be NCgy.

We have calculated the time when the rate of information release becomes of order
unity. This “transparency time” ti.ans was found to coincide with the time when NCpgp =
1 , which is, in turn, the same as the “Page time” when the BH has lost half of its
initial entropy to the radiation. Hence, this result is in agreement with the analysis of
Page [12, 13].

We have also calculated the “time-of-first-bit” 11, when the first bit of information
comes out of the BH. This occurs when N2?Cgy = 1, which is much earlier than the Page
time and apparently in disagreement with Page’s calculation. However, we have tracked the
information in the correlations between the shell and radiation as well as in the radiation



subsystem. Page, on the other hand, tracked only the latter, which is an exponentially
suppressed quantity until after the transparency time.

To keep the calculations in [24] as simple as possible, we have ignored the fact that
the Hawking particles are emitted over a time scale spanning the lifetime of the BH. In
effect, we were assuming that all the Hawking particles are being emitted coherently. Here,
we will improve upon our previous calculation by keeping track of the time of emission
of the Hawking particles and their back-reaction on the BH. Our analysis reveals a new
time scale — the radiation coherence time t., = R?g/lp — which is the geometric
mean of the evaporation time R%/l; and the light crossing time Rg. The number of
coherent Hawking particles N, that is emitted during this time is typically given by
Neon = 1/v/Cgr = /Sgu - This estimate for N, is valid during most of the lifetime of
the BH but gets modified at the last stages of evaporation (see below).

What we find is that the Page time splits into two: the time-of-first-bit is the same as
found before: much earlier than the Page time. It can now be identified with the coherence
time, t1pit = teon - On the other hand, the transparency time turns out to be much later
than the Page time. This phase now transpires at one coherence time before the time of
final evaporation, tfina — ttrans = teoh , Which happens when N¢o,Cgy = 1, so that
NeonCpu now replaces NCpy as the parameter controlling the corrections to Hawking’s
diagonal density matrix.

Let us explain the origin of the main difference between our picture of BH evaporation
and Hawking’s. The advanced time of particle emission and the frequency of the emitted
particle are conjugate variables. In our description, this translates (as in eq. (A.7) of the
appendix) into the following conjugate pair: the dimensionless frequency w and CpgAN,
where AN is the number of particle emissions that have occurred since the time of emission
of some specific particle. The width in CggAN is therefore determined by the inverse of
the width in w. In Hawking’s calculation, the canonical relation between w and AN does
not exist because Cgy vanishes. Consequently, the widths in both w and AN vanish (i.e.,
they are controlled by delta functions). However, for our Gaussian wavefunction, the width
in w is proportional to C];Ii/Q (cf, eq. (2.10)). For AN, the width is determined by the
inverse of the width in w, and so it is proportional to Cég /Cpu = C];é/ % The width in
AN then determines the coherence scale, Ncg, ~ C’gé/ 2

The situation changes at the late stages of evaporation, although this era can only be
discussed in a qualitative way because our methods become less accurate for this region of
parameters. Here, the BH is parametrically nearing Planckian dimensions, but still large
and semiclassical, so that Cpy is becoming larger and approaching order unity. It is clear
that the width of w is decreasing and approaching unity but, somewhat surprisingly, the
width of AN is growing. To understand this unexpected result, note that the factor Cgy in
the product CppAN is determined by the time of emission of the Hawking particle and is
small for most emitted particles. Therefore, N o, goes at the end as 1/Cpy ~ Spy ; where
the Spg means the BH entropy at an earlier epoch, so that N., > 1. Based on this
qualitative analysis, it will be argued that, by this point in the evaporation, the entirety
of the emitted Hawking particles become coherent, Ny, ~ total number of particles.
Consequently, the radiation purifies at a high rate.



The sequence by which the correlations between the emitted particles evolves now
becomes clear: always a delta function for Hawking since Neo, = 1. While in our case,
first, a smoothed delta function when N, ~ 1/4/Cgr , followed by a theta function when
Neoh ~ 1/Cpa -

Taking into account the time-dependent emissions, we are able to determine the evo-
lution of the entanglement between the early and late radiation. We find that this entan-
glement is initially very small but becomes significant at t;.ns and then grows quickly to
be (parametrically) maximal when the radiation purifies.

The rest of the paper proceeds as follows: first, in section 2, we summarize our preced-
ing work [24]. This is essential for understanding the remainder, as we adopt this initial
framework and build up the analysis from there. Next, in section 3, we determine what is
the effect of time-dependent emissions and use this to better understand how the evapo-
ration process evolves. In section 4, a calculation of the trace of the square of the density
matrix enables us to analyze the rate of information transfer, to quantify the various time
scales and to qualitatively demonstrate that the radiation does indeed become purified by
the end. Then, in section 5, we calculate the entanglement entropy for the early- and
late-emitted radiation and qualitatively show that it becomes parametrically maximal at
late times. The paper concludes with a summary (section 6) and an appendix.

Recently, a modern interpretation of the information-loss paradox, known as the “fire-
wall” problem [25] (also see [9-11, 26, 27] for earlier versions and [28-45] for a sample of the
related literature). We find the current analysis to be an essential step toward a resolution
of this puzzle, but defer this discussion to future publications [46, 47].

2 Review of previous results on semiclassical corrections to Hawking
radiation

2.1 Conventions

We will now review our preceding paper [24], which the reader can refer to for an in-depth
discussion. This review will also serve to introduce notations and conventions that we will
use in the following sections.

We choose units such that Planck’s constant 7 and Newton’s constant G are explicit,
and all other fundamental constants are set to unity. In some instances, the Planck length
l, = VhG is used instead.

We assume a four-dimensional Schwarzschild BH (generalizations to higher dimensions
are straightforward) of large but finite mass Mpyg > \/h/iG , with the metric ds? =
—(1— %)dt2 +(1— %)fldr2 +dQ3 . Here, Rs =2MpuG denotes the horizon radius.

We use a dimensionless advanced-time coordinate v = %s (t+r*) , where r* =
f " dr\/—g'g, =7+ Rg In(r — Rg) . Thus, our frequencies are also dimensionless in units
of inverse Schwarzschild radius.

For a Schwarzschild BH, the values of its Hawking temperature and Bekenstein-

. 7R2
Hawking entropy are Ty = 473%5 and Spyg = Tths :




A BH is often meant as shorthand for “a collapsing shell of matter that goes on to
form a BH”. Technically, in our calculations, all particles are emitted before the horizon
actually forms, as in Hawking’s original calculation.

2.2 Semiclassical density matrix

The objective of [24] was to calculate the modifications due to a fluctuating geometry to
Hawking’s thermal density matrix for the radiation emitted by a collapsing shell of matter.
As the geometry is sourced by the collapsing shell, we have assigned it a wavefunction,

_ (Rshell_RS)2
Uahen(Renel)) oy sg = NP 20onfs (2.1)
where Rg is the Schwarzschild radius of the incipient BH, Rq,ep is the radius of the shell,
N ~ 47TR V7hG is a normalization constant and Cpgy = SBH is the aforementioned
“classicality” parameter. This form of BH wavefunction was first justified in [23] and then
further motivated in [15, 22, 24].

The classicality parameter Cgy can be viewed as a dimensionless (scaled) / that evolves
in time, Cppg = A(t) . It is initially very small for a large BH but steadily grows as the
BH evaporates. In this sense, semiclassical corrections to observables can be expressed as
powers of this dimensionless h.

For a discussion of BH radiation, it is more convenient to use the advanced time of the
shell vghen. The conversion to Wepen(vshenn) is made by observing that, in the near-horizon
limit, %;RS ~ (Vo — Vshell) , Where v is the advanced time at which the shell crosses its
horizon. One can then compute the expectation value of a generic operator O as follows:

~ U 9 _(Bapen-Rg)®
(O(Rgpen)) = s dRghell Ripen € 202 O(Rgpen) (2.2)

47rRS o0
= N / dvshell [Rg* + 2R%(UO - Ushell)
00 (v0—Vspen)®

+R%(vo — vshen)] € OBH  O(Ughen)

where ¢? = R%Cpn/2 = lf) /27 . Equation (2.2) is a particular case of our more general
prescription [15, 22], which amounts to applying the standard rules of quantum mechanics.

Hawking’s calculation [4, 5] relates the in-going modes with the out-going modes (the
Hawking particles) by a Bogolubov transformation,

F, = /0 " (o f + Bl ) (2.3)

Here, F,, is an out-mode that has been traced back to past null infinity, f. = \/%76“/” is
a basis function for an in-mode and the o’s (§’s) are the positive-energy (negative-energy)
Bogolubov coefficients. Recall that, unlike Hawking (and unlike in [24]), we are using
dimensionless frequencies.

The Hawking single-particle density matrix for the out-modes can then be expressed as

pi(w, @) = (O] FF5|0im)

w(w —w'")
/ dv/ dw/ dw” ﬁwwﬁwnw , (2.4)

with |0i,) denoting the vacuum annihilated by p081t1ve—frequency in-modes.



Hawking used a procedure of ray tracing that exploited the geometric optics of the
modes to determine that

1 0 w'v —i2wIn(vo—v)
Bt X 5 dv e e
™ —0o0

—14i2w 1 Givow

=T (1 —i2w) (iw") o

(2.5)
The logarithm in the top line takes into account the discontinuity in the phase of the modes
as they pass across the shell at an advanced time v close to vg. This phase discontinuity
turns out to be central to our findings.

As discussed in [24], only the Bogolubov coefficients are sensitive to the effects of the
fluctuating background geometry. Hence, applying our prescription (2.2), we obtain the

“semiclassical” density matrix,

. 7
ew(w w'")

Vo o) 00
pso(w,3) = / dv / de / A (W] B s Bura, s¢|Wapetl) e . (2.6)
—00 0 0 ’ 2

The “semiclassical” coefficients (5 gc are derived in the same way as Hawking does but
now take into account that the discontinuity in the phase depends on vgnen rather than
on v,

1 VUshell ., o]
&J’w, SC X 271_/ dv 'V e—12wn(vshen—v)
—00

— ) 1 . /
=I(1-142 o) TR 2 pivsnene” 2.7
( 12w) (u,u) 27Te (2.7)
The v integral in eq. (2.6) can be expressed as a sum of a classical term and the leading
semiclassical correction. Denoting this integral as Igc = i fgo dv e vshen) (W' =) apq
changing the variable to v = v — vgpep , We have
1 0 (] " 1 Y0~ Ushell (o ”
Isc = — dv' ™ (W' —w )+ / dv' e (W' =w')
2 J_ 2m Jo
=Ic+ AISC(CBH) . (2.8)

The integral on the left I is a delta function §(w — ') and yields Hawking’s classical
result of a diagonal density matrix. The expectation value of the integral on the right
(AIsc(Cph)) leads to the off-diagonal elements.
The expectation value of interest then goes as
47TR%

- o0 _i 1 v ! / "
(Also(Can)) = —; / dv [1+ 20+ 3% e b /O dv' V'@ (2.9)

which was evaluated in [24] to leading order in Cgy,

(AIsc(Cgh)) = 5 Coie 1 Con (2.10)



Substituting the full expressions for the Bogolubov coefficients [4, 5] into eq. (2.4), we
can write the semiclassical correction to Hawking’s matrix as

titz;  Cea

w

)7 (wi)1/2
y /oo ! /oo o 6_(w/_f//)? Ceu (w/)—1/2—i2w(w//)—1/2+i2@ ’ (211)
0 0

Apsc(w,w) = T (1+i2w) (1 — i2@)e "@t®)

where t,, is the transmission coefficient through the gravitational barrier. These remaining
integrals can be computed analytically with some amount of effort. One caveat is a loga-
rithmic divergence on the line w = w’ . We have handled this by isolating the divergent
piece and then recognizing that this is just a small (order 01134{2 ) correction to the diagonal
matrix of Hawking.

The final result is an off-diagonal correction of magnitude Céﬁ to Hawking’s classi-
cal matrix,

Apsc(w,w ;CpH) = =k < BH)

(2m)3 “BE (w)1/2 \ 4

XTI (14 i2w) (1 — i2w) e~ ™@+&) (; —i(w — a)> (2.12)

T (L +i20) r(;—¢2w)]+ i }

X{F(ﬂ(w_w)) T (3 +i2w) +p(%—i2¢~u) W

which we will subsequently denote as Céﬁ Apop (for off-diagonal).

Recall that Hawking’s classical matrix with dimensionless frequencies is given by

- tEts

pr(w,w) = O(w—w) . (2.13)

e47rw —1

We will assume that the semiclassical matrix has been renormalized to give Tr pyg =
[ dw pp(w,w) =1.

The next step in [24] was constructing a multi-particle density matrix for NV identical,
independent particles. This, in effect, amounts to the assumption that all the particles are
coherent, so that the timing of their emissions does not affect the correlations among them.
This will be corrected later.

To keep the formulas as simple as possible, we chose one specific permutation for the
order of the N emitted particles. Hence, our multi-particle matrix consists of N x N
blocks: ,03]}7) (w,@) with I,J =1,..., N and any of the N2 blocks is a matrix of the same
dimensionality as the single-particle density matrix. Each diagonal entry is the single-

particle Hawking matrix pgjlv) = pp(w,®) (plus subdominant semiclassical corrections)

and each off-diagonal element contains the semiclassical part pg?j = C’éﬁ Apop(w,w) .
Each block is multiplied by a phase ®17 (O77 = =01 ), but these are of no consequence
to our discussion.

Had we considered all the permutations of the N emitted particles, the matrix would

indeed contain (N!)? ~ €NV hlocks in agreement with the size of the Hilbert space



which scales exponentially with N. The key point is that, although we retain only one
of the permutations, the ratio of the number of off-diagonal to diagonal elements is the
same as it is for the case when all the permutations are considered. We then correct for
the overall factor of N! by multiplying the entropy and other quantities by In N! ~ N.
Here and above, we use the Stirling approximation of N! for large N. So, eventually, our
treatment is consistent with the standard treatments of the density matrix.

The normalized N-particle density matrix can then be expressed as

N _ 1 . 1 ~
Py @.8) = Lo, ®nxy + -Cpf Apon (@, D)y (2.14)
where the symbol Jyx denotes an N x N matrix of ones off the diagonal (up to the
implied phases) and zeros on it. This matrix can be used to track the information flowing
out of the BH.

2.3 Entropy and information

The von Neumann entropy per particle % = —Tr [p(N) In ,o(N)] of the radiation® can be

calculated perturbatively in the small parameter Cpy. This calculation yields, to lead-
ing order,

S = Su (1 - %K NC’BH) . (2.15)

Here Sy7 is the thermal entropy or, equivalently, the von Neumann entropy for the Hawking
Tr[(Apop)?pg']

is a positive numerical factor of
—Tr[pp Inpp |

diagonal matrix. The coefficient K =
order one.

From eq. (2.15), it is possible to deduce that the parameter controlling the semiclassical
corrections is NCpyp rather than Cpgp. This outcome is a consequence of having roughly
N times more off-diagonal elements than diagonal ones. So that, when NCpy = 1, the
semiclassical corrections becomes large and one expects a significant change.

In [24], the back-reaction of the Hawking particles on the geometry was incorporated in
the following (incomplete) way: it was assumed that the BH radiates thermally as a black
body, which is clearly a good approximation during most of the lifetime of the BH. We
further assumed that the radiated particles carry an energy equal to 1Ty, with the Hawking
temperature Ty also taken to be time dependent. Then dN = dM % = 7% , which
can be integrated to give

N(t) = Spu(0) — Spu(t) (2.16)
and therefore, because Cpy(t) = (Spu(t))™!,
Cou(t) = [Spu(0) = N(1)] " . (2.17)

Also, since
Su(t) ~ N(t), (2.18)

it follows that SH(t) ~ SBH(O) — SBH(t) .

! Alternatively, one can symmetrize the particles and use the normalization 1/N! . In which case,
S=-Tr [p(N) In p(N)] . The difference for large N is insignificant.



As N(t) and Cpg(t) are both monotonically increasing functions of time, their product
is growing and will eventually reach and then surpass unity. Indeed, the transition out of
the perturbative regime takes place at the Page time [12, 13|, when the BH has lost half
of its initial entropy to radiation. This finding appears to substantiate Page’s claim that
this moment represents a tipping point in the evaporation process.

We have also looked in [24] at the rate of information flow. The information contained
in the radiation is defined in the standard way,

1) = Sult)~S(t) = 5 SultN(H)Coul)
K N(t)?

~ 2 : 2.19
2 Spu(0) — Su(t) (2.19)
where eq. (2.18) has been applied (both here and below).
It follows that I K
— ~ — |2 N N 2.2
S 5 2+ CeuN|Cpul , (2.20)

and so % is small (order Cpy) before the Page time and of order unity at it. But, at

later times, the previous calculation formally breaks down.

We can use eqgs. (2.19) and (2.20) to calculate t1p;y and tyrans. Recall that typy is
defined to be the time when the first bit of information comes out of the BH. And so,
using eq. (2.19), we see that this happens when N ~ /Spp(0) , which is the same as the
coherence time. On the other hand, the transparency time tyyans occurs when dI/dSpy =1.
From eq. (2.20), this transpires when NCpg ~ 1, which is indeed the Page time.

Another clue is found by looking at the purity of the density matrix,

Tr[(p(N))z} . T (A prer T2
vy L P L Tr[Apop]”
P(pt) (Tx p(N))Q = NTY Pa <1+NCBH . > : (2.21)

The smallness of this ratio implies that the density matrix is still close to thermal, even at

the Page time. However, the Page time appears to be the moment when deviations from
thermality are starting to become significant, just as Page had asserted.

Inspecting the purity, one can see that the radiation is already close to pure when
Cpn < 1. Unlike the previous calculation of the information rate, which entailed expanding
out a logarithm, eq. (2.21) is reliable also for values of NCpp > 1 provided that Cpg < 1.
Hence, we can conclude that the radiation does parametrically purify.

3 Time-dependent radiation density matrix

3.1 A model of time-dependent emission

We will now provide a more accurate account of the back-reaction of the emitted particles.
Let us begin by assigning a time-dependent wavefunction to the shell. Then both the mean
position of the shell and its width could, in principle, become time dependent. Specifically,
Rg and Cgpg are now both functions of time,

_ (Rshen—Rs(1)*

\I’She“(RShEH)|Rshen—>RS(t) = N(t)_l/Qe 20y (1) (Rg(1)” ‘ (3'1)



However, in this particular case, the width Cpg(t) (Rs(t))* = lf) /7 is actually a constant.
What is required is the wavefunction in terms of v. For this, we use

V0 — VUshell (t) ! (Rshen — Rs(t)) - (3.2)

~ Rs(t)
Here, the time dependence of vgpen(t) is classical and due only to the classical time depen-
dence of Rg(t).

The resulting wavefunction is

(v0—vghen ()2

\I/shell(vshdl(t))|ushell(t)ﬁv0 = N(t)_1/267 “BH () : (33)

For this parametrization, the width is time dependent.

It is more convenient to use the number of emitted particles N as our time coordinate
rather than ¢ or v. The Stefan-Boltzmann law for black-body emission leads to N(t) =
SBH(O)% , where 7 = 6405Bu(0)Rs(0) is the BH lifetime. We will use Nz to denote
the total number of particles emitted by a certain time, so that the multi-particle matrix
is now an Np X Np block matrix. The time of emission of specific particles will be denoted

by N, N’ etc. . Of course, N < N .

3.2 The time-dependent density matrix

We can further improve on the previous results by taking into consideration that the time of
emission differs for the different Hawking particles. In particular, the phase discontinuities
associated with the logarithm in eq. (2.5) depend on these emission times. This effect is
not relevant to the classical Hawking calculation but could be relevant to the phases of the
semiclassical 5 coefficients; cf, eq. (2.7). This is because the shell-crossing time vghen () is
different for different modes due to the shell continually depleting its mass; cf, eq. (3.2).

Now suppose that a given particle is emitted at “time” N’ and another at N”. Then
the density matrix of eq. (2.6) should be replaced with

vo > > ]. ;. ’ "
psc(w,@; Np; N', N") = / dv / du / dw (=)
—00 0 0 27

X (Wshell (Vshell (NT)) | B5rs. 50(N') Bz, s¢(N") [ Wehett (Vshent (NT))) - (3.4)

The density matrix depends on the three times N’, N” and Np. The width of the wave-
function at Np controls the fluctuations in wvgney and is a property of the BH, while N’
and N” are the emission times of the specific particles and are intrinsic to the quantum
matter fields.

The N’, N dependence enters only through the 3’s,

Bow, SC(N/) ~ i@ Vshen(N') (3.5)

The wavefunction, on the other hand, depends on N7, and so the density matrix depends
on additional phases that are missed when it is evaluated at a common time as in [24].

,10,



In particular,

Vo o0 o0 1 ) , .
psc(w,@; Np; N, N") :/ dv/ dw,/ dwuzfezf“(“ —w')
0 0

o s

> eiw’ (Vshell (NT) —Ushell (N’))e—iw” (Vshell (NT ) =Vshen(N"))

X (Wshell (Vshell(NT)) | B, s0(NT)Burzs, so(NT)[Wshell (Vshen (NT))) - (3.6)

The expectation value in the last line of eq. (3.6) is the same as that of time-independent
situation, so that the difference between the treatments is in the additional phase factors
in the second line. These phases can be re-expressed as

e_iw/ CBHZ(NI> (NT—N/) e_iw// OBHQ(NN) (NT—N") . (37)
The details of the calculation leading to the phase factor (3.7) and the rest of the
evaluation of pgc are relegated to the appendix. The final time-dependent result is rather

simple: an additional “suppression” factor multiplying the time-independent matrix of
eq. (2.12),

Apsc(w, LTJ; NT; N/, N”) = D(NT; N/, N”)Apsc(w, (:); CBH(NT)) . (38)
The suppression factor is given by

1 ( 1 [Caa)(Np N _1[CBH<N”)<NT—N”>]2>
e 4

D(NT;N’,N”) == Ceu(N1) 4e 1 Con (N7)

5 (3.9)

The suppression factor tells us that the off-diagonal parts of the multi-particle matrix
are filled with many zeroes (actually, exponentially suppressed elements). This is different
from the Hawking matrix, for which all the off-diagonal elements are identically vanishing,
and it is also different from Page’s radiation matrix [12, 13|, for which the elements are dis-
tributed randomly according to Levy’s principle. The physical reason for these differences
will be made clear in an upcoming article [47].

The expression in eq. (3.8) for the semiclassical correction to the Hawking density
matrix is limited in its validity to the region of parameter space when Cgy(N')(Np — N'),
Cau(N")(Np — N”) are small. These factors are indeed small for most emitted particles.
They become order unity only when Np becomes of order Spy(0) and, additionally, the
differences Ny — N, Np — N” become of order Spy(0).

3.3 The coherence time

The semiclassical correction to the density matrix in eq. (3.8) now contains an extra sup-
pression factor. The contribution from a particle emitted at time N is

[CBu (V) (Np—N)]?

1
D(Np;N)=e *  CealN7) (3.10)
and so a new time scale appears,
Cpu (N N
Neoh(N7; N) = Bu(Nr) _ Seu(N) _ (3.11)
Ceu(N) Spn(Nr)

— 11 —



We have identified Neon(Np; N) as the coherence scale for particle emissions. For
emissions that occurred near the time Np when the density matrix is being evaluated,
Np — N < Ngon , the particles posses some degree of entanglement. On the contrary, for
earlier emissions, Ny — N > N , the emitted particles are disentangled.

In Schwarzschild time, this new scale is parametrically equal to the coherence time

2
teoh = &

L (3.12)

For instance, at the Page time, teon(tpage; tPage) = 640\/>RS (1 + O [CI/Q(O)D .
The coherence scale is also the time that it takes the BH to emit order of /Sy
particles. Consider that

o Seu(0) =N N-3Nr
Ncoh(NTyN) = SBH(O) iy = SBH(O) [1 SBH(O) + s (313)

where the dots stand for terms that are higher order in % The point being that, as long

as N is close to N7, the corrections are subleading and Neon (N7; N) ~ /Spu(0) follows.
This new timescale Ncon (Or teon) is the central result of our paper. We use it in an
extensive way in the following analysis and the rest of our results depend crucially on its
existence. The appearance of t.y, in our formalism is quite natural for the following reason.
Let us consider the time over which the wavefunction Wg,. changes significantly. An
inspection of eq. (2.1) indicates that this happens when the Schwarzschild radius shrinks

2
by an amount ARg ~ —/CpuRs ~ —l, . Then, since ARg = %At ~ —%At , it
S

follows that At ~ %25 = teon - Hence, the coherence time means the interval over which the
overlap of the wavefunction at different times becomes small. The fact that N.., < Ssu
(tcoh < TBH) can be attributed to the width of the wavefunction being much smaller than
the Schwarzschild radius or, equivalently, to the BH being semiclassical, Cppy < 1.

3.4 A simplified qualitative description of BH evaporation

Let us start at time NT =0 and follovv the evaporation for one interval of the coherence
time, N = Neon(0;0) = +/Spu(0) . This will define a block of size \/SBH ) X \/SBH(O)
in the multi-particle matrix. We then start the clock over at time Ny = N(© and pretend

that this is a newly born BH of smaller size (the original BH minus the first block). We again
follow the evaporation for a time set by the coherence scale, but with the scale now deter-
mined by this smaller-sized BH. That is, N = N, (N©: N©)) = /Spg(N©) . Then,
by continually repeating this process, we can parse the matrix into about N7 /+/Spm(0)
blocks (strips) that are roughly of size 1/ Spu(0) (although each additional block is slightly
smaller than the previous one).

The difference between Hawking’s original description of BH evaporation and ours
is that, for Hawking’s picture, there are Np blocks of size 1, as each emitted particle
is independent of all the other particles. Conversely, for our previous time-independent
treatment, there is a single block of size Np x Nr.

— 12 —



To a good approximation, each block can be viewed as the evolution of a newly born
BH for its coherent time scale, as the regions of the density matrix external to any block
are highly suppressed. Then, as long as we proceed one block at a time, the suppression
factor can be ignored. All particles in the same block are approximately coherent and
indistinguishable. Hence, the results of our time-independent treatment can be applied.

Let us now consider the effective expansion parameter for a block that is “born” at
a time Np which is not too late in the evaporation process. By construction, the total
particle number of the block is about the same as the number of correlated particles at
this time, Neon(N7; N) ~ +/Spa(Nr) (here, N means a time close to Nr). The classi-
cality parameter is approximately Cpp(Nr) = 515}11 (N7) because Cpp evolves very slowly
— OnyCea(N7) = C%H(NT) — except near the end of the evaporation. The effective
expansion parameter is then the product Neon(Np; N)Cu(Nr) ~ /Cpu(Nr) , which is
obviously less than one until the BH reaches the Planck scale. To compare, the effective
expansion parameter for the time-independent treatment is NpCpyp(N7), which is much
larger than that of the block picture.

Let us next determine the “time of last block emission” N*. This is the time when the
number of particles remaining to be emitted Sgr(0) — N* is equal to the coherence time,

Spu(0) = N* = Nen(N*;N) , (3.14)

where N is again a time close to N*. For future reference, since Cpp(N*) = (Spu(0) —
N*)~1 | eq. (3.14) is equivalent to the condition

Ncoh(N*;N) CBH(N*) =1. (3'15)

Now, approximating Neoh(N*; N) by Neon(N*; N*) = /Spu(N*) = /Spn(0) — N* |
we find that the condition in eq. (3.14) becomes Spp(0) — N* = /Spu(0) — N* . This
implies that the last block consists of a single particle, which does not make sense. As shown
below, this is an indication that the block picture has broken down and the approximation
Neon(N*; N) ~ /Spu(0) — N* has become invalid by this time.

To see this, let us use eq. (3.11) to rewrite eq. (3.14) as

Spu(N)

Spu(0) — N* = o (3.16)

from which it follows that
Spu(0) — N* = SY3(N) = (Spu(0) — N)¥? . (3.17)

We now use another approximation which will turn out to be the correct way to estimate
the emission time of the last block. Expanding the right-hand side of eq. (3.17), we have

2 N
S O—N*:S2/3O l— 4. 3.18
Then, since #(0) <1,
Spu(0) — N* =~ SH(0) (3.19)
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which is satisfied at the transparency tians (as will be made explicit in subsection 4.2). An
equivalent form of eq. (3.19) is Cpp(IN*) ~ Sgé/g(O) .

The interpretation of the contradiction between the two approximations is clear; the
block picture breaks down at time ti;ans, which happens to be one interval of the coherence
time before the end of evaporation (as also made explicit in subsection 4.2). At this
point in time, the BH is still large and semiclassical, although its Schwarzschild radius is
parametrically smaller than the initial radius Rg(0) and the size of the remaining block is
parametrically larger than /Spm(0).

Since the formalism of section 2 can be applied to the block picture before it breaks
down, we can estimate some associated quantities. For instance, the von Neumann entropy

of a block that is born at Ny is (cf, eq. (2.15))

Shlock(N7) == +/Spu(Nr) (1 - 1K1) ) (3.20)

2 Spu(Nr)

where we have also used that the thermal entropy of a block is approximately the same as
its particle number.

More interesting is the information output per block. According to eq. (2.20) and the
above observations, the rate is

dlblock K , (3.21)
aN V/Seu(Nr)
meaning that, over the “lifetime” of the block,
AIblock ~ K. (322)

That is, each block emits about one bit of information. This can also be seen directly from
eq. (3.20).

As there are roughly /S (0) blocks in total, the implication of the above simplified
picture is that only Alpg ~ /Spu(0) ever gets released. However, this is incorrect be-
cause, even besides the break down at tans, the independent block picture is not perfectly
accurate. The blocks overlap, correlations get built and accumulate. To pick up the infor-
mation that comes out, one has to monitor the BH continuously, otherwise the information
gets lost after each coherence time.

4 Time dependence of information release

This section will focus on how the suppression factor and coherence scale impact upon the
purification of the density matrix and the transfer of information.

4.1 Time-dependence of the purity
The purity of the density matrix pN7) = pgc(w,@; Np; N’, N”) is determined by the ratio

ppom) = T

towards distinguishing the different phases of information release.

which will be calculated next. This result will be the initial step
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We first re-express the multi-particle density matrix of eq. (2.14) but with the sup-
pression factor now included. In terms of the variables N’, N”, each ranging from 0 to Np
and with frequency labels suppressed, this is

Cli (Nr)

N Apop D(Np, N',N") (1 = énr nv) . (4.1)
T

1
psc(Np; N',N") = N PHON N+
T
As the matrix has already been normalized to yield unit trace, we need only calculate
Tr [(p(NT))2]. Moreover, we do not have to consider the diagonal contributions because
these will contribute at order N, Land do not “mix” with off-diagonal terms as far as this
trace is concerned (see [24]). Hence, for current purposes, we can consider a simplified
matrix for the off-diagonal correction,
1 _(Np-N')? 1_(Np-N")

1/2 2

RN VAN CB%(NT) TANZ (NpNT) TANZ (NN

pOD(NT,N,N ) = 72]\7 A,OOD e coh\'T + e coh T , (4.2)
T

where the exponents in eq. (3.9) for D are now expressed in terms of Nop.

Since Nr is large, we can treat the discrete arguments of the density matrix as con-
tinuous. Now consider that

rﬁ“[ (pop(Nr; N, N”))Z}

Nr Nr Nr .
= / dN// dN/// dN"" pop(Nr; N', N )pop(Np; N N")6(N' — N")
0 0 0

_ Cgu(Nr)

Np Np
= / dN’ / dN" [pOD(NT;N’,N”)]2 s—Tr(Apon)* T , (4.3)
0 0 4N

where 7 is given by

1 (Np-N')? 1 (Np-N")?

Np N 1 (Np=N) _1 (Np=N7)"
7= / dN’ / AN" e *NeanWriN) g ? Nogp(NTiN')
0 0

2 2

1 (Np—N') 1 (Np-N")

+2e "NanONTND o INGR(NTNT) | (4 4)

Recalling that the suppression factors restrict N/, N” to take on values close to Np
and that Cgp(N) is a slowly varying function except at late times, we can make the
approximation Cpp(N'), Ca(N") = Cu(N7) and then evaluate the Gaussian integrals.

For instance,

2

Nr _1_(vp=n)? Nt N
/ AN’ e > NeonNTiN) — / dz e 2 Neon@WTiNT)
0

0
s
= /5 Ve (N2 V) (45)

where Np > 1 has also been used to treat the upper boundary of the = integral as infinite.
In this way, one ends up with

I = V2rNrNeow(N1; Nr) + O (Cii(Nr)) (4.6)
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Then, reinserting the other factors from (pg\g))z and dropping the subleading term, we

arrive at

Tr [(p(ojlvf))] = TNCOh(NT;]J\\Z)CBH(NT)Tr [(Apop)?] - (4.7)

As the purity of the Hawking matrix is 1/Np, the purity of pE) 7) is smaller by a factor

of NeonCpo =~ CB%Q < 1. It appears that the purity of the off-diagonal correction only
catches up to the small purity of the Hawking matrix when Cpp(N7) ~ 1 ; implying
that there is no chance for purification. However, it will be shown later on that such a
conclusion is premature.

4.2 The rate of information transfer

It is interesting to compare the preceding calculation for Tr [(pgg))ﬂ with that of our

earlier study [24]. We previously obtained Tr [(pg\g)) ] ~ Cpu(Nr) , so that the modified

result in eq. (4.7) is smaller by a factor of [NTC%{2 (NT)} o o~ C’éﬁ . This estimate can
be substantiated as follows: Ny and Sppg = C’gll{ are parametrically equal for a “typical
BH”, meaning for times t1piy < t < ftrans - In which case, the time-dependent model
effectively replaces Ny with Neop(N7; N) = Spa(N) Céﬁ(NT) ~ NTC%Q(NT) . Much in
the same way, our previous time-independent estimates for the rate of information transfer
can be corrected for time dependency by replacing Np with Neop(Np; N) =~ NTCl/ 2
Cp, L/ 2(NT) where appropriate. Here and below, N means a time close enough to Np for
1n81gn1ﬁcant suppression.

For instance, consider the estimate for the information I in eq. (2.19). It should now
be modified,

I(Nt) = 5~H(NT) — S(Nr)

1

gsH(NT)Ncoh(NT; N) Cgu(Nr) | (4.8)

with a numerical factor modifying K to K.
We can use eq. (4.8) to determine when the first bit of information comes out of the
BH. For such early times,

K K
ESH(NT)Ncoh(NT§N) Cu(Nt) ~ ESH(NT) Cé/HQ(NT) 7 (4.9)

so the first bit of information comes out when Sy *(Nr) ~ CBQ (N7) or Np =~ SB/I_? (N7) .
This happens at the coherence time. Of course, we already knew this, since each coherence-
sized block contains one bit of information; cf, eq. (3.22). Hence, t1pit = teoh , the same
as for the previous time-independent treatment.

It will be shown below (also see eq. (3.15)) that the transparanecy time occurs when
Neon(N7; N) Car(Nr) ~ 1. This and eq. (4.8) tells us that the amount of information
released by this time is

I(tirans) ~ %SH(NT) . (4.10)
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The value of Sy by that time is parametrically equal to the total entropy of the BH,
St (terans) =~ S (0). So, parametrically, all the BH information is released by tirans-

Another useful approximation for the information I that is valid up to the transparency
time is the following:

I(N7) ~ KSH(NT)Ncoh(NT;N) Cu(Nr)

2
K Cpu(Nr)
~ %SH(NT) " Cnn(N) Ceu(Nt)
~ %SH(NT) Spu(0) C’g/HQ(NT) , (4.11)

with the last relation resulting from the approximation Cpu(N) ~ Cpn(0) = Sg3;(0) -
Equation (4.11) correctly estimates the value of the released information up to tiyans.
Comparing with eq. (4.10), we see that the transparency time coincides with Cpp(Nr) =~
S];I?I/ 3(O) , as already claimed in subsection 3.4 (see below eq. (3.19)). Notice, however,
that the derivative % cannot be estimated correctly from this expression because Sg(0)
is a constant.

Let us next consider the modified version of eq. (2.20), which is obtained by differ-

dl

entiating eq. (4.8). To evaluate the derivative d5pr |y e recall that Os,Np ~ 1 ,
T

On;CrH ~ C]%H . The latter can be ignored to leading order, and so

dI K
- ~ — Np:N) C N 4.12
0S| . 5 coh(NT; N) Cu(NT) | (4.12)

from which it is evident that the information transfer rate is initially small but becomes
order unity at the late stages of evaporation.

We have defined the transparency time as the moment at which the rate of information
transfer is unity

dl

—_— ~ 1. 4.1
pIom (4.13)

ttrans

And s0 tirans is the time at which Neop (Np; N) Ceu(Nr) ~ 1 as already stated. Let us
recall that t,.ns has replaced the Page time in this respect. We again see that there is
nothing particularly special about the original Page time in our updated framework.

We now want to verify that the transparency time occurs at one coherence time before
the end of evaporation. By this time, the BH still has an entropy of Spu(ttrans) =
C’gé(ttrans) ~ 3123/1_‘;’(0) . And so we start by setting [ANJians = S%Q(O) , where
[AN]trans = SBH(0) — Nirans is the time from transparency to evaporation. In integral
form, this is

0 or [0 2/3
/ dN = —— dRs Rs = Spy 0), (4.14)
[AN]trans hG [ARS]trans
. . . ON __  27R
with the first equality following from Rs — — .
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VN 7 N-N"

Figure 1. Information released as a function of the number N7 of emitted Hawking particles shown
for the Page model (blue) and our model (solid and dashed purple). Here, N denotes the maximal
value of Np which is approximately Spp(0). The lower dashed line depicts the block picture of
83.4. The upper dashed line is for N.,,Cpg = 1, so it estimates the derivative at the transparency
time correctly and corresponds to the approximation in eq. (4.12). The solid purple line depicts
the approximation in eq. (4.11).

. 1/3 1, \Y3 .
Integrating, we then have [ARg]uans ~ [pSg)(0) ~ (%) Rs(0) . But, since

2 . 3 2 .
—dﬁs ~ —R—%S , it follows that [At]irans ™ [AR“Z%“&“S ~ RZEO) . That is, [At]trans = tcoh
as claimed.

The results of this section are summarized in figure 1, showing the rate of informa-
tion release.

4.3 Qualitative discussion of the final purification

Let us now address the question of what happens at times later than t¢;ans, when the BH
becomes parametrically Planckian in size, Spu(N7) 2 1 . Our results are not formally
valid in this region of parameter space, as indicated by the derivation of the suppression
factor in the appendix. Although a more rigorous analysis will eventually be required, we
argue that the scaling of Ncon(N7; N) does capture its correct behavior even in the region
where our analysis cannot be formally validated. Based on the scaling of Ngon(Np; N),
which indicates that Neon(N7; N) — Spu(N) in the late-time limit, we will argue that
the radiation does indeed purify at the late stages of the evaporation.

Let us substantiate our arguments by looking at the relevant integral, which is that of
eq. (4.4) with Ceu(Nr) <1 meant as a number of order unity but still smaller than 1,

7T = /NT dN’ /NT dN" [6_% CBHQ(NT> [Con(N') (Nr—N")J? + 6_% CBHQ(NT) [Cru (N")(Np—N"))*
0 0

19 e—im[CBH(N/)(NT_N/)]Q e‘im[CBH(NH)(NT_NH)F} . (4.15)
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The magnitude of any of the exponents is at most of order unity. For instance, setting
N’ =1 (i.e., the initial emission of radiation), one finds that the first exponent goes
8 opniny [Cer(1)(Nr — 1] ~ 1 ot [Cpr(0)SEH(0))? = ioentyy = 1. Cleatly,
for N', N” > 1, similar estimates are also valid. Hence, the Gaussians are turning into
Heaviside functions and, parametrically, Z ~ 4(Np)? .
Then, using the estimate Z ~ 4(N7)? in eq. (4.3), we have

Te [(p05)2] ~ Con(Nr)Tr [(Apo)?] ~ 1, (4.16)
from which P(p™)) ~ 1 follows. The interpretation is that the density matrix does
appear to have purified towards the end of the evaporation. We expect to provide a more
rigorous analysis of the late-time purification at a later time [48].

The purification of the density matrix can be attributed to the late-time scaling
Neon(Np; N) ~ Spp(N) , which implies that even the earliest emitted particles are part of
the coherent radiation. At a first glance, this seems strange inasmuch as the dimensionless
time scale AN = Np — N and the dimensionless particle frequencies are conjugally re-
lated (cf, eq. (A.7)) in such a way that both have widths going as C’gfll/ ’ (see the relevant
discussion in the Introduction). But this observation overlooks the fact that the coherence
time depends on three different time scales; the emission times of a given pair of particles
and the evolution time of the collapsing shell. At late enough times when the width of the
wavefunction for the shell grows to order unity, this distinction between time scales be-
comes important. Nevertheless, addressing this question in a quantitative way will provide
an interesting subject matter for our future work.

Another surprise is the apparent suddenness of the purification. After all, the “action”
only seems to begin at t;ang, which is but one coherence time before the end. This is, to
some extent, an artifact of the choice of time parameter; the evolution of the BH is more
gradual when described in terms of the monotonically increasing classicality parameter
Cpu(Nr). As this parameter measures the degree of classicality of the geometry, one could
argue that it is also the most natural choice of clock for the current framework.

5 Early-late entanglement

Let us now address the entanglement between early and late-time radiation, both for a
“typical” BH and for an “old” one. The results should be relevant for an eventual resolution
of the firewall paradox [25], as this puzzle is often posed as a conflict as to which subsystem
the late radiation is entangled with and how strongly. Here, we will calculate the time
dependence of the early-late entanglement but defer addressing the implications to the
firewall paradox until later articles [46, 47].

We will now use the multi-particle density matrix in explicit Dirac notation,

1
psc(Np; N',N") = FTPHéN/,N”‘N/><N,/| (5.1)

1/2
+CB§{ (Nr)
2Nt
where the suppression factor D(Np; N', N”) is defined in eq. (3.9).

Apop D(Np; N', N") [1 = 6 v ] INY(N"|

,19,



5.1 Entanglement for t < tiyans

Let us first discuss the case that the BH is typical, namely, for times t1i; < ¢ < firans-
First, we have to choose a reference time N, and factor the Hilbert-space |N) into the
states of “early emissions” |Ng), for which Np < Ngy , and “late emissions” |Np), for
which Ny > Neyt - In our framework, the natural choice of “cutoff” is one coherence time
prior to Nr,

Neuwt = Np — Ncoh(Ncut; Ncut) = Np — SBH(Ncut) . (52)

At the end of evaporation, Ny is the transparency time.
The density matrix is then expressed on the product space |Ng) ® |N1), prer =
pEeL(N1; N, N, N, NY') . 1t is given by

1
peor(NT; N, Ny, Ni, NI ) = + P ® pu|Ng) INL) (NE|(NLIOn Oy N
pro
Cau(Nr)
+——""Apop @ Apop
4Npr0d g P

X {D(NT; Np, Ng)D(Nr; N, N)|Ng) INLY(Ng (N (v 28y v 287

+D(N7; Nig, N[ )D(N7; N, Np)INg) [N (Ng| (N7, (N;E;éNg,NggéNfL)}
, (5.3)

where  Nprod = New (N7 — New) - The products pg ® pu, Apop ® Apop should be
regarded as shorthand notation for py(wg,wpr) @ pg(wr, o) , Apop(wg,wer) @
Apop(wrs,wrr) for the first term inside the curly brackets and Apop(wgr,wrr) @
Apop(wgr,wr) for the second.

It is the second term within the curly brackets that stores the entanglement between
early and late radiation,

_1_(Np-Np)® 1 (Np-nNp)?
e "NeonNTINE) e T NG (NTINDD |
2 2
1 (QNT—Ng) 1 (2NT—N/L)
N N
X le 4Ncoh<NT'NE) —|— (&4 4]V(:OI’A(JVT’]VL) |N2;>|N£><Nj/5/‘ <Ng . (54)

One can already see the source of entanglement; the density matrix does not factor into
pE ® pr, rather there are correlations.

Let us now trace over the late radiation to obtain the reduced density matrix for the
early radiation pg. The trace over the late radiation of the Hawking term is calculated
in a straightforward way and that of the first term within the curly brackets of eq. (5.3)
trivially vanishes. The only relevant term in eq. (5.3) is therefore the second term in the
curly brackets. To evaluate it, we need to perform the following integral:

N _1 (QNT*NL)
% = /]V dNLe 4 Ncoh(NT;NL) , (55)
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where b is either 0, 1 or 2 depending on which of the four different products of exponents
in expression (5.4) is being considered.

It can be seen that, for a BH of typical age, the width of the Gaussian in eq. (5.5)
Neon(N7; Np) is approximately the same as Neoh (Neut; Newt) for admissible values of Ny
But Neonh(Neut; Neut) = N7 — Newy (see eq. (5.2)), meaning that the width spans over the
range of integration. Hence, J, ~ Np — N¢y for 6=0,1,2.

Applying this estimate of 7;, we then obtain a reduced density matrix of the form

pH
pE(N7; N, N) = N7|N/E’><Ng‘5N§5ng

cut

AY
Con(N A
L OBHONT) § o o) (14 ¢ VTN
4]\'fcut

2
1 (Np-Ng)

X <1 + e4Nfoh<NT‘N%)>]Ng><Ng|. (5.6)

Here, ApQOD(wE/,wEu) = [ dwApop(wer, w)Apop(w,wpr) . Unlike Apop, which is purely
off-diagonal, Ap%D does have a diagonal component.
Let us now consider times t1py < t < tirans. In this case, the Gaussian-suppressed
terms are subdominant, leaving
PH

Cpu(N
pi(Npi Njp, Npp) = ’NJ/E><NE|5N£E,N;§+M

Apdp(wgr, wen ) [INEYNE . (5.7
Nowt AN oot POD( E E)\ E>< E ( )

The Gaussian suppression has disappeared and has been replaced by a factor of Cgy
on the correction term. The von Neumann entropy per particle is given by (see Footnote 1),

Sent
Ncut

= —Trg[pplnpgl. (5.8)

In fact, to leading order, we need only consider contributions from the diagonal elements
of pp(Nr; N, Ni). This is because the large number of off-diagonal elements, a factor of
~ Ncyt more of these than diagonal ones, enters only at quadratic order, leading to the
additional suppression NcutC%H < CRy -

Now, if one uses the standard definition of entanglement for pure states and applies
it to the Hawking density matrix, it comes out as entangled. We know that the Hawking
part of the matrix is thermal because of the tracing over the negative energy in-modes,
and so it does not represent any entanglement between late and early radiation. Formally,
one has to use an appropriate definition for mixed-state entanglement such as the “positive
partial transpose” criterion [49, 50]. Rather than use this sophisticated criteria, we will
calculate the entanglement entropy and subtract from it the contribution from the Hawking
density matrix.

We proceed by expanding the logarithm of the density matrix of eq. (5.7) in the von
Neumann formula in eq. (5.8) to linear order in Cpy(Nr). Only the diagonal elements of
p contribute to this order, as just explained. We then subtract from the answer the zeroth
order result coming from the Hawking matrix. We also drop a factor of In Ny /2 that is
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due to the resolution of Gibbs’ paradox for indistinguishable particles. The final result of
this procedure is then

1

Sent = iNcutCBH(NT)Tr [(—lan)(ApOD)Q] . (5.9)

For a typical BH, Ney ~ Np ~ Cgé(NT) . We can conclude that the entanglement
entropy is of order unity, Sep: ~ 1.

Let us next consider the entanglement entropy at the transparency time, for which (cf,
subsection 4.2) Cpy =~ NT_2/3 and Neyt ~ NT—S’;/I?(O) ~ N ,sothat Se, =~ N%/g. This
is significant compared to earlier times but well short of that expected at the purification
scale, Se¢pt >~ Np . Hence, the time scale for maximal entanglement must still be later

than the transparency time.

5.2 Qualitative discussion of the entanglement entropy for t > ti.ans

Our expectation is that purification is indeed attained at the last phase of evaporation
t > tians. Previously, we presented a qualitative argument based on the purity of the
radiation density matrix. Here, we will discuss in a qualitative way the entanglement
entropy at late times when Cpy(N7) approaches unity. We hope to be able to present a
more precise analysis in the future [48].

Let us begin by revising the form of the reduced density matrix. We once again set
Cpu(Nr) <1 and, because the Gaussian suppression factors become like theta functions
at late enough times (cf, subsection 4.3), replace the exponentials in eq. (5.6) with 1’s. Then

H CBH N
pi(Np; Njp, Ny = &2 \N;;><Ng|6N;ﬂ,Ng+—( T) AR (@i ) N) (N . (5.10)
Ncut Ncut

In this case, the “correction” term in pg is the dominant one. The Hawking contribution
is “only” diagonal whereas the correction uniformly fills up the entire matrix.

Let us now recall that a uniform M x M matrix filled with (say) ¢’s can be diago-
nalized to yield a single non-vanishing eigenvalue, A = ¢M . In this way, the correction
part of the matrix can be reduced to a diagonal matrix with a single non-zero entry,
A = Cpu(Np)Tr [Ap%D] . Once the Hawking contribution is discarded, the entanglement
entropy can be calculated in terms of the eigenvalue A given above,

Sent = —ANegt In A . (5.11)

That is, a late-time entanglement of order N¢u, ~ N ~ Spg(0) as expected.

An order N7 entanglement indicates a pure state while a small entanglement is an
indication of a product state. Hence, the radiation does (parametrically) purify, but only
in the final stages of the BH evaporation.

It is worth re-emphasizing that this conclusion should only be viewed as a qualitative
one. We have greatly simplified matters by treating the Gaussian suppression factors as
theta functions in the late-time limit. In reality, these late-time Gaussian factors are not
exactly uniform. Nevertheless, the matrix is close enough to uniform to suggest that our
qualitative results will survive a more accurate treatment.
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Let us further emphasize that the changing coherence scale is the physical mechanism
which enables the entanglement between late and early modes to (parametrically) maxi-
mize. This entangled region fills up a block of size Nyon(N7) that is typically of order /Ny
but grows to N near the end of evaporation. Meaning that, at the end, the entangled
region extends over the entirety of the Hilbert space for the emitted particles.

6 Conclusion

Let us summarize our findings: we started by reviewing our previous calculation that
improves Hawking’s calculation of the density matrix for BH radiation by incorporating
the background quantum fluctuations. The novel feature of this semiclassical treatment is
the presence of off-diagonal elements in the density matrix. We have then further improved
our previous calculation of the density matrix by taking time dependence into consideration.
The radiation is emitted continuously and the geometry is continually evolving due to the
back-reaction of these emitted particles.

Our main result is the discovery of the coherence time t.,,. This scale affects the
density matrix by introducing an extra suppression factor in the off-diagonal elements
that limits the extent in time over which emitted particles are coherent. For most of the
BH evaporation process, this number of coherent particles is about /Spm(0), which is
much smaller than the total number of emitted particles during the lifetime of the BH,
v/SBu(0) < Spp(0) . We have also identified a clear physical reason for the appearance
of the coherence time: the wavefunction of the BH at one time is nearly orthogonal to the
wavefunction at another when the time separation is t.op, causing the emissions of particles
that are separated by more than .., to become incoherent.

That some of the particle emissions are coherent is what allows for a unitary process of
evaporation. In this way, the wavefunction is serving as the conduit for total information
flow from the burning matter system to the final state of external radiation. This conclusion
was substantiated by three calculations: first, the trace of the square of the radiation density
matrix becomes larger at late times and parametrically approaches unity, Tr(p?) ~ 1 .
Second, the total information released by the BH is of the same order as its total information
content, I ~ Spp(0) . Third, the late-time entanglement entropy between the early and
late-emitted radiation is also of this order, Sen: ~ Spu(0) .

Qualitative arguments show that the number of coherent particles begins to grow
rapidly one coherence time before the end of evaporation and spans the entirety of the
emitted particles by the very end. This growth is surprising and deserves a more precise
treatment. Evidently, the key to this mechanism is the wavefunction of the collapsing shell
and the existence of several different time scales. This wavefunction provides a Gaussian
width for the time lapse between particle emissions that depends on these particular emis-
sion times as well as the time scale in the evolution of the BH. The former scales are fixed by
the geometry at the times of emission, whereas the latter is changing as the back-reaction
from the particles effectively shrinks the shell.

We have identified the time-of-first-bit #1p;, as occurring at a time .oy, after the emission
of the first Hawking particle. On the other hand, the transparency time tiyans, which is the
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moment when the rate of information flow reaches order unity, occurs at a time t.., before
the end of evaporation. Finally, the purification time only occurs after ti;ans when the BH
is still large but parametrically approaching Planckian dimensions. The Page time [12, 13],
which is attributed to the time of transparency in the Page model, no longer has any specific
meaning in our framework. It has been split into two different time scales t1p;; and ttrans-
We expect that this distinction could be essential to resolving the recently posed firewall
paradox [25]. For instance, let us suppose that a firewall is symptomatic of a transparent
BH, as is often implied to be the case. Then our revised picture would delay the need
for a firewall from the Page time to a parametrically smaller interval before the end of
evaporation. This is a matter that we will be reporting on in the near future [46, 47].

The emerging picture of the phases of information release during BH evaporation is
then the following: the first bit of information comes out from the BH after one coherence
time. Then the information continues to come out of the BH at a nearly constant rate of 1
bit per coherence time until the transparency time is approached. By this time, the rate of
information release becomes unity. The amount of information released by the transparency
time is already of the order of the total entropy of the BH. After ti.ans, our description of
the BH radiation is only qualitative. But, based on the scaling of the quantities that could
be calculated, we have argued that the radiation purifies quickly when the BH evaporation
nears its final stages.

Acknowledgments

We thank Sunny Itzhaki for discussions. The research of RB was supported by the Israel
Science Foundation grant no. 239/10. The research of AJMM received support from an
NRF Incentive Funding Grant 85353 and an NRF KIC Grant 83407. AJMM thanks Ben
Gurion University for their hospitality during his visit.

A Determining the suppression factor

Our starting point here is eq. (3.6) and we focus on the impact of the additional phase
factors that appear there,

eiw'(vshen(NT)—’Usheu(N')) e—iw”(vshen(NT)—Ushen(N")) . (A‘ 1)

We will sometimes use a different choice of variables and change from N’, N” to

—_— / " " !
N:N;N ,5N:N§N , so that

N' = N-4N. (A.2)

We wish to express the phase factors in eq. (A.1) in terms of the particle number. For
this, we define

AN’ = Ny — N’
AN" = Ny — N" . (A.3)
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We will assume that the differences AN’ and AN” are small (in a sense made explicit
below) and expand the phase factors accordingly. Our premise being that the expectation
value on the left-hand side of eq. (3.6) rapidly approaches zero for large enough AN’ and
AN". This assumption will be justified by its self-consistency.

We will expand the phases by using a suitably modified version of eq. (3.2), vy —
Ushell (1) = #(0) (Rgshet — Rs(t)) . The point here is that the product of the dimensionless
frequency and dimensionless advanced time does not depend on the time-dependent scale
Rg(t) that is used to make both dimensionless. Then, as our purpose is to expand out the
entire phases and not just the v’s, the canceled-out factors of Rg(t) should not be included
in the expansions.

The partial derivative % is also required and can be evaluated using the fact that

N(t) = Sgu(0) — Spu(t) = const. — Tr(RhSiG(t))2 , which gives us

ORg hG
= — . A4
ON 21 Rg (A4)
Hence,
Cgu(N”
Ushett(NT) = Vghen(N") — BHQ()AN” +-e
Cgu(N’

VUshell (NT) = Vshent(N') — BHQ()AN/ +ee (A.5)
where the --- denote higher orders in Cgg. The second expansion is well defined provided
that Cpua(N')AN’ <1 (and similarly for the other one), which is equivalent to

2 N/
AN’ < RSH(G) ~ Spu(N') . (A.6)

This is on the order of the total number of Hawking particles that will be emitted during
the whole period from N’ to the end of the lifetime of the BH, and so this restriction
is a weak one. We can conclude that the first-order term in the expansions is a good
approximation to the exact value until N becomes of order of Sgy(0) and, then, is valid
if the differences AN’, AN" are smaller than Sy (0).

Evaluating the expectation value of eq. (3.6) in this way, we obtain a modified form
for the quantity A\ISC(C’BH(NT)) that appears in eq. (2.10),

Alsc(Np; N', N") = Alsc(Cpu(Nr))
—iw’ <7CBH2(N/) (NT—N/))

1
i (CBHQ(N ) (NT—N”)>

X e (&

(A.7)
To leading order in Cpyy, it is sufficient to consider only the explicitly shown exponential
phases. This is because the corrections to other appearances of Rg in eq. (3.4) will pick

up an overall factor of P%s%% ~ Cpp and the off-diagonal elements are already ~ C’éﬁ .
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We now understand how to modify Apgc in eq. (2.11) to obtain its time-
dependent form,

tits Ceu(Nr)
2m)? (wid)!/?

[ee) [e¢) (o —w!")2 ) .
% / d’ do" e 1 Cau(Nr) (w/)—l/Q—sz(w/l)—1/2+2uu
0 0

Apsc(w,w; Np; N', N") =

I (1+i2w) T(1 - i2w) e @)

. cpp (™) — . Cpu(N)
5 6—z(w’—w”)73% (N7—N) e—z(w/—i-w”) BIL zSN, (AS)

where Cpp(N’) ~ Cgu(N") ~ Cgu(N) has been employed.
We then need to evaluate the integral,

L o0 o0 (wliw//)Q 3 i~
I(N, 5N) _ /0 dw//0 dw" e~ 1 CBH(NT)(wl)—1/2—21w(w//)—1/2+2zw
» efi(w’fw”)cB%(ﬁ)'(NTfﬁ) efi(w/er”)iCB%(N) SN ] (Ag)
Following [24], we change variables to ¥ =w' —w” and Z = (v’ +w")/Y
Z(¥,60) = [ dy ¢ F o) y-te-s) oo s
0
> : o0 Cpp (V)
% [/ dZ (Z + 1)71/27120.) (Z - 1)71/2+12w e—iyz%zw
1
o0 . o~ . Cpa(N)
+/ 7 (7 —1)"V22 (7 4 1)~ V/2+25 =iy 298E0N |y )
1
Let us first consider one of the Z integrals (the top one),
>~ —1/2—42 —1/24+i2% 7 CBH(N)
/ dZ(Z+1) / Zw(Z_l) /2+i we—zyzfﬁN
1

_ %e—iYCBH#@aN /(><> A7 (Z 4+ 1) V22 (7 1)~1/2+i28 oY (2-1) BN 5y
1

+%€iYCB+(ﬁ)5N /°° 077+ 1)71/242“} (Z - 1)—1/2+z'2<,7 efiY(Z+1)CIB+@5N
1
1/ . CBad) - Cpu (V) B o
g 5 (eZYB%(SN + elYBI%(SN> f (w7w75NCBH(N)) 5 (All)

where f is a function that can be expressed in terms of gamma functions and hypergeo-
metric functions.

However, the leading behavior of the Z integrals can be expressed in a simple way
using the following considerations: the Z integrands are singular at Z = +1 and well
defined elsewhere, so we can expect that the main contribution to the integral comes from
the vicinity of Z = 4+1. These two contributions are equal in strength and are related by
an exchange symmetry (w — —W , W — —w) that leaves the Y integral intact. The two
Z integrals are also equivalent up to the same exchange symmetry (w — —w , @ = —w),
which again leaves the Y integral intact. Therefore, we can expect after integrating to pick

. CBH(W) i CBH(N)
up an extra overall factor of % (ely 7 ON eV ‘W)

plus subdominant corrections.
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To understand the parameter that controls the strength of the corrections, let us
consider only contributions close to Z = 1 (Similar arguments apply to Z = —1.) Then
the phase can be written as

ez _ gy )G sy

: . (A12)

(7Y

So that anything besides the leading-order result is suppressed by powers of CBHT(N)(FN , as
well as by powers of Z — 1 which make the integral less singular.

And so the conclusion is that, to leading order in small parameters, the Z integral
picks up a Y-dependent phase factor relative to the time-independent calculation,

= i 120 Cpa)
/ dz (Z + 1)—1/2—12w (Z . 1)—1/2+12w eqyz%(n\/
1
- —1/2—i2w —1/24i25 iy 2SN s
+/ dz (Z —1) (Z+1) e ;
1

_ % (einBg(NHSN +€_iy%g<mm> y (A.13)

1 1

The remaining integration over Y in eq. (A.10) picks up an additional phase,

IY(N; 6N) - /OO dY e_YTQCBH(N) Y_ZQ(UJ_LTJ) e_iYCBH#(ﬁ)(NT_N)
0

x% (aYCB%(N) 6N | eiYCB%(N>6N> . (A.14)

This integral can be expressed as a product of a gamma functions and a confluent hyperge-
~ N 2 2 . . .
ometric function U % —i(w — w), %, —%). However, its leading-order behavior

can be determined by the following argument.
By shifting the integration variables to account for the phase factor

_ v CBHW) o~ - Cpp () -~ OBuV)
e 1Y =B (Np—N) <61Y 5 6N+e iy =B 6N> ’ (A15)

one finds a Gaussian times an exponentially decaying factor,

Iy = = Cu(NT) +e 4 CBHNT)

1 1 [CpH ) (Np—N—6N)]2 1 [CpH ™) (Np—N+6N))2
e 4 X
2

X / T dY e Con(Nr) y—i2(w-5) (A.16)
0

plus subleading terms.
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Hence, at leading order, the time-dependent density matrix is equal to the time-
independent matrix of eq. (2.12) multiplied by the suppression factor

1 1 [Ca(M)(Np—N—sN)]? 1 [CBEM)(Np—N+sN)]?
D(Np,N',N") = 3 le 4 Ceu(NT) +e 4 Cea(N7)
1 _1 [Cpu (V') (Np—N"))? 1 [Cpu(N)(Np—N))?
= 5 e 4 Cpu(NT) +e 1 Cpu(N7) (A.17)
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