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ABSTRACT: We study “minimal degree” complete bases of duality- and “horizontal”- in-
variant homogeneous polynomials in the flux representation of two-centered black hole
solutions in two classes of D = 4 Einstein supergravity models with symmetric vector mul-
tiplets’ scalar manifolds. Both classes exhibit an SL (2,R) “horizontal” symmetry which
mixes the two centers.

The first class encompasses N' = 2 and N/ = 4 matter-coupled theories, with semi-
simple U-duality given by SL(2,R) x SO (m,n); the analysis is carried out in the so-
called Calabi-Vesentini symplectic frame (exhibiting maximal manifest covariance) and
until order six in the fluxes included.

The second class, exhibiting a non-trivial “horizontal” stabilizer SO(2), includes N' = 2
minimally coupled and N’ = 3 matter coupled theories, with U-duality given by the pseudo-
unitary group U (r,s) (related to complex flux representations).

Finally, we comment on the formulation of special Kéhler geometry in terms of “gen-
eralized” groups of type Er.
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1 Introduction

We consider reducible symmetric supergravity models in D = 4 space-time dimensions,!

which we will here dub Calabi- Vesentini (CV) models, for reasons which will be evident
from treatment below. As also given by table 1, these models are characterized by the
following U-duality? and “horizontal” [9] symmetries:

U-duality : G4 = SL, (2,R) x SO (m,n — 2); 2 (N=2,n2=3);
m = (1.1)
“horizontal” : G, = SLj, (p,R), 6 (N=4,n>2),

where p denotes the number of centers of the multi-centered solution under consideration.
Considering an array of p charge vectors QM (a = 1,...,p) pertaining to a p-centered
solution, the U-duality group acts on the index M in a symplectic representation:

oM _, sMoP  sTcs=c, (1.2)

'"Marginal stability for these models was studied e.g. in [1, 5].
*Here U-duality is referred to as the “continuous” symmetries of [6]. Their discrete versions are the
U-duality non-perturbative string theory symmetries introduced by Hull and Townsend [8].



where Cj is the symplectic-invariant metric (defined in (2.87) below). On the other hand,
the “horizontal” symmetry acts on the index a as a linear transformation on the p vectors:

Q) - L), LeSL,(p.R). (1.3)

The “horizontal” symmetry, which is not a symmetry of the Lagrangian formulation of the
theory, proves to be useful in the classification of multi-charge orbits, which are relevant
for the dynamics of multi-centered (black hole) solutions in supergravity [9-11]. For the
two-centered case (p = 2) considered in the present investigation, the lowest-order duality-
and “horizontal”- invariant polynomial is of order 2 in the charges, and it is nothing but
the usual Schwinger symplectic product W of two dyonic charge vectors (see (2.16) below).

As evident from (1.1), we anticipate that the case of N' = 4 theory coupled to
nyN=4 =n — 2 > 0 matter (vector) multiplets can be recovered by shifting n — n +4 in
all formulae of the treatment below. The semi-simple nature of G4 justifies the name “re-
ducible”, whereas “symmetric” is due to the fact that the corresponding scalar manifolds
belong to the sequence ST [m,n|, of particular relevance for superstring compactifications
(see e.g. the analysis in section 3.1 and appendix C of [12], and refs. therein).

Let us now reconsider the “T’-tensor formalism” for CV models, introduced in sections
3 and 4 of [9], which will be further extended, until order 6 included, in section 2. A key
feature of CV models is the fact that the electro-magnetic splitting

oM = (pA,qA) (1.4)
of the symplectic vector of the 2-form field strengths’ fluxes (also named magnetic and elec-
tric charges) can be implemented with full manifest covariance with respect to G4 (1.1).
Namely, Q sits in the (2, m + n — 2) bi-fundamental irrep. of G4, and it is thus an electro-
magnetic doublet 2 of the “vertical” SL, (2,R); the symplectic index M thus splits as
follows (cfr. eq. (3.7) of [9])

M = aA, M A
= = 1.5
a:l,2,A:1,...,m+n—2.} < o (15)

and it should be pointed out that in the N' = 2 case usually A = 0,1,...,n — 1, with
“0” pertaining to the D = 4 graviphoton vector. The manifestly G4-covariant symplectic
frame (1.5) is usually dubbed Calabi- Vesentini frame [15], and it was firstly introduced in
supergravity in [16].
By defining
P’ =" s, ¢ = angn™, peg=ptaa, (1.6)
where nyy = 7™ is the pseudo-Euclidean metric of SO (m, n — 2), the unique algebraically-

independent single-centered G4-invariant polynomial I; (homogeneous of order 4 in the
fluxes) reads [17-20]

11(Q) =p** — (p-q)°, (1.7)

and, by virtue of the CV covariant split (1.5), it can be rewritten as:

1 = 1 o -
1,(Q) = §€a6€76ﬁAEUZQQ£Q§Q;Q? = iKA’géégQQQEQ;Q?, (1.8)



N mcf(‘@) rank J3

reducible

SL’U(27R) SO(27 72) 3

2 ORRS SO(2)xS%(n—2)’ n=3 | 1+min(2,n—2) | R&T,-3
SLy(2,R) SO(6,n—2) .

4 ORRS SO(G)xST(l)(nﬁ)v n>2 | 14+ min(6,n—2) R&Ts,-3

Table 1. Calabi-Vesentini d = 4 supergravity models. “mcs” stands for mazimal compact subgroup
(with symmetric embedding). The rank of the scalar manifold, as well as the related reducible
Euclidean rank-3 Jordan algebra Js3 are also given (for further elucidation and a recent treatment, see
e.g. [13, 14] and refs. therein). The subscript “v” stands for “vertical”, and it has been introduced in
order to distinguish the S-duality SL, (2, R) group from the “horizontal” symmetry group SLj, (2, R).

where KX@E‘SQ is the Gy-invariant rank-4 completely symmetric K-tensor Kynpg (see
e.g. [21] and refs. therein) of the CV models, which enjoys the reducible expression

Koty = é [(e2P€7 + P ) maznsa + (€7 + €7eP) nransz + (€276 + €*°?7) nasnza]
(1.9)
in term of the invariant structures ¢*# and na= of SL, (2,R) and of SO (m,n — 2), respec-
tively.
We recall that the rank-2 antisymmetric T-tensor

T = pg™ — ¢hp* (1.10)

plays a key role in the classification of single-centered black hole (BH) charge orbits in CV
models (see e.g. [22-25]); furthermore, we anticipate that T (1.10) is the “I-centered
limit” 1 = 2 of the tensor T, ([ss] defined by the third of (2.6) further below, relevant
for the treatment of 2-centered BH solutions. As it is well known, the order-4 invariant

7, (Q) (1.7)-(1.8) also enjoys a simple expression in terms of the tensor T4% (1.10):
1 = 1
I,(Q) = 5TAETJ’nAEnm = 5Ty (T?), (1.11)

where “Tr,” denotes throughout the 7-trace, namely the trace in which the SO (m,n — 2)
vector indices are consistently raised and lowered by the n-structure.

From (1.1), the (“horizontal” x U-duality) group of a 2-centered solution in D = 4
CV models reads

Gp—s x Gy = SLy (2,R) x SLy, (2, R) x SO (m,n — 2) ~ SO (2,2)% x SO (m,n —2), (1.12)

where we recall that “A” and “v” respectively stand for “horizontal” and “vertical”. In the
N = 2 case, the number of (Abelian) vector multiplets coupled to the gravity multiplet is



nyn=2 =n — 1. We will throughout consider 2-centered 0-brane (BH) solutions, and thus
the relevant representation of G,—2 x G4 in which the corresponding 2-form field strengths
fluxes Q2 sit is

(2,2,n) of SLy, (2,R) x SL, (2,R) x SO (2,n — 2), (1.13)

which is thus amenable to a Gramian treatment, as considered in section 8 of [9]. In the
following treatment, the 2 of SLj (2,R) is spanned by the Latin lowercase indices a = 1, 2,
the 2 of SL, (2,R) is spanned by the Greek lowercase indices « = 1,2, and the vector n of
SO (2,n — 2) is spanned by the uppercase Greek indices A = 0,1,...,n—1 (“0” pertaining
to the graviphotonic fluxes, as mentioned above). If no further decomposition with respect
to proper subgroups is considered, maximal G4-covariance is manifest, and, as stated, the
symplectic frame under consideration is usually dubbed CV [15] frame [16].

Aim of the present note is to give a complete treatment of 2-centered G4- (“duality”)
and (Gp—2 x G4)- (dubbed “horizontal”) invariant homogeneous polynomial structures in
the CV symplectic frame at order 2, 4 and 6 in the fluxes, thus clarifying, generalizing and
completing the treatment given in [9], whose notation and formulae we will often refer to
(reporting some of them, for ease of consultation). We will also briefly comment on the
2-centered “horizontal” symmetry of supergravity models with pseudo-unitary U-duality
groups, refining the analysis of [26].

The plan of the note is as follows.

In section 2 we analyze the duality- and “horizontal”- invariant two-centered homoge-
neous polynomials in Calabi-Vesentini D = 4 supergravity models, at order 2 (section 2.1),
4 (2.2) and 6 (2.3) in the fluxes Q’s, which is enough to determine the corresponding
complete “minimal degree” bases (see discussion in section 4.1).

Then, in section 3 we study duality- and “horizontal”- invariant two-centered poly-
nomials in D = 4 symmetric supergravity models with U-duality group G4 given by the
pseudo-unitary group U (7, s).

The final section 4 contains various remarks and observations, concerning the CV mod-
els (section 4.1) and models with G4 = U (r,s) (section 4.2). Moreover, in section 4.3, by
suitably generalizing the notion of groups *‘of type E;” [24, 28, 29], we comment on their
relation to special Kahler geometry.

2 Calabi-Vesentini flux tensors and invariants

2.1 Order 2

We start and consider the rank-2 tensor product

A B B n(n+1) n(n-1)
QaaQbB: (%7 g’ R) Xs (%7 %: IZI> - <3s+1a7 3s+1a> |:2] 5+ |:2:| a>s )
(2.1)

where “s” and “a” denote the symmetric and antisymmetric parts throughout. Ca va sans
dire, the obvious symmetry of Qé\a szﬁ under the exchange aaA <> b3Y restricts the anal-
ysis to the symmetric part of such a tensor product. Since in (pseudo-)orthogonal groups



the symmetric rank-2 repr. can be further irreducibly split in traceless Sy and trace 1
irreps. (with the naught denoting n-tracelessness in SO (2, n — 2) throughout; see Footnote
4 of [9]):

n(n+1)

=S 1 2.2
D) o+ ’ ( )

(2.1) can be further elaborated as:

Q2,0 =(3, 3, So) + (3, 3, 1)+ (3, 1, Adj) + (1, 3, Adj) + (1, 1, So) + (1, 1, 1),

(2.3)
where the following notation for SO (2,n — 2) irreps. has been introduced:
1
Sy = n(nz—i—) — 1 (n-traceless rank-2 symmetric); (2.4)
-1
Adj = nn-1) (rank-2 antisymmetric, i.e. adjoint). (2.5)

The total real dimension of Q% QEB is 2n (4n + 1). Thence, one can assign to each irreps.
a tensor structure (with “#” denoting the corresponding dimension):

0 (AY)

(3’ 3, SO) : T(ab) (aB) — T((ab) )(ocﬁ) o %UAETI‘" (T(ab) (045)) , = % (n + 1) L
A
(3, 3, 1) T (0s) = 205y (Tia) (8)) » #=1;
. AS AS aBmAS
(3, 1, Adj): T = T = P10 #=3n(n+1);
. AS abrr[AS
(1,3, Adj): T s = Ty = T s #=3n(n+1);
(AD) _ _abp(AR)
Tag = €"Tlat) [ag)
AS AD) _ a
(1 So+1): Tl = 3 Ty = €T gy #=gn(n+1);
(each of them)
(AE) — eabeaﬁT(AZ)

\ [ab] [aB]®

(2.6)
Below, we will also use the further irreducibly split (1, 1, Sg+ 1) (as (2.2)), reading:

0 (AX AY
(1, 1, So): T[abg [a)g] T[(ab] [)ag] *UAETYW (T[ab] [a,B]) , H= %n (n+1)—1;

(2.7)

AX
(1,1, 1): Tfab} )[ 8] = = 50" Ty (Thap) [ag)) # = 1.



Explicit expressions in terms of the flux vector Q% read:3

AY 1
T((ab) )(aﬁ) =1 (8,005 + Qb Qb + QR0 + Q2500 (2.8)
Ay 1 N
T([ab)] D) (Qéz\aQbEﬁ - QfaQé\ﬁ) e, (2.9)
AZ 1 A A La
T([aﬁ)] = 5 (Qaan?ﬁ - Qgﬁgba) € b; (210)
T = Qua Qe (2.11)

We will also make use of the following SO (2, n — 2)-matrix notations:

_AD)
Tiav) (@8) = T(ap) (o)’ (2.12)
_ A,
T(/ab) = Tiap) ; (2.13)
1" _ (AX)
Tiay) 1081 = Tiat] 1oy’ (2.14)

and analogous ones for the e-traces.
By further taking (half of) the 7-trace of T(A*)| one obtains the symplectic product W
of the two charge vectors Q and QY (cfr. e.g. (4.12) of [9], as well as (3.9) of [10]):

1 1
W = Sas T = iﬁabeaﬁ ﬁAzT[(;ZE)

1
5 o8] = 510 ("), (2.15)

which is evidently “horizontal” (i.e. (Gy,—2 X G4)-) invariant (actually, as yielded by the
analysis of [9] and [10], the unique “horizontal”-invariant polynomial at order 2 in the
fluxes). Clearly, (2.15) is a specification for CV models of the general formula (cfr. e.g.
eq. (3.9) of [10], and section 3 therein for notation)

1
= §<CMN6abQ£4Q1])Va (2.16)

where Cjsn is the symplectic-invariant metric defined in (2.87) below.

The e-traced tensors in (2.6) have been introduced in order to develop the subsequent
treatment. Indeed, due to the very structure of (2.2), the irreducible splitting (2.2) is not
relevant in order to classify and relate duality- and “horizontal”- invariant homogeneous
polynomials in the BH fluxes (see the treatment of sections 2.2 and 2.3).

2.2 Order 4

Since there is no duality- nor “horizontal”’- invariant polynomial structure at order 3,
next we proceed to analyze the order 4 in the fluxes of the 2-centered BH solution in the
framework under consideration. By exploiting the associativity of the (ir)reps.” tensor
product, in each of the SLj (2,R)- and SL, (2, R)- sectors one gets

2x2x2x2=3x3+2-(3x1)4+1x1=54+3-3+2-1, (2.17)

In order to make contact with the notation of [9], we observe that T([;\bz)] (2.9; also see (2.13)) and
TU3) (2.11: also see (2.14)) respectively correspond to T = Ti1 =Ty, T2, Tos = T2) and 2T2® in turn
) p y p ) ) a )

given by egs. (3.3)—(3.6) resp. (4.2) of [9].



whereas in the SO (2,n — 2) sector, recalling that

So xSp =15+ Adj, +Sos+..-; (2.18)
Adj x Adj = 1, + Adj, +So s +...; (2.19)
AdjxSp=Adj+Spg+..., (2.20)

it holds
nxnxnxn=(Sg+1+Adj)x(So+1+Adj)=3-14+6-Adj+6-So+... . (2.21)

Thus, the duality- or “horizontal”- invariant homogeneous polynomials at order 4 in
the fluxes arise from the following tensor products:

1.
(3,3,S0) x (3,3,S0) = (3x3,1,1) +... (2.22)

Gy4-inv.

Since 1 ¢ Sox Adj, there are no other sources of duality-invariant polynomials involv-
ing tensor products of (3,3,Sp). By using the SO(2,n — 2)-matrix notation (2.12),
the order-4 Gy-invariant polynomial from (2.22) can reducibly be rewritten as the
SLy, (2, R)-bi-triplet

0 _ 0 (AD) 40 (ZA) oy 55
Ty ea) = ~Tan) (s Tedy (o) n=nmac™’e”

_ (AZ) L as (ED) L =a oy B6
=1 Tiar) (ap) — ! Try (Tian) (aﬂ))} |:T(cd) CR— Try (Ticay (+9)) naznsact’e’

_ _p(AD) (EA) ay ps 1 ary B85
= T (0 Loty 45y 105" €P + — Ty (Tat) (0p)) Trn (Tieay (1)) €7 (2.23)

It is convenient to introduce the following tensors (see also point 2 below):

Tiavet) = =Ty o) e (=A™ (2.24)
_ m(AS za o 1 a
J(av)(ea) = TEab))(aﬁ)Tgcd) )(75)77AE772A6 T = ETrn (Tiab) (@8)) Trn (Tica) (29)) € e,
(2.25)
such that eq. (2.23) can be rewritten as
0
T (ab)(ed) = T(ab)(ed) + I (ab)(ca)- (2.26)
Then, J(ap)(cay (2.24) can be SLj, (2, R)-irreducibly decomposed as
Tiab)(ea) = =Ty (Tar Ticay) =T (Ticaty Teay)) - (2:27)

3x3 5041, 34

By making use of the cyclic property of Tr, and of the distributivity of the sum with
respect to it, one obtains

34 = ~Try (Tian Teay)) = 0 (2.28)



and therefore J(qp)(cqy can be rewritten as

Tavyea) = —Trn (Tian)Tieay) = —Try (T((ar) Lcay))

1
= =3y (Ttan) Tiea) + Tiae) Tioa) + Tiaa) Tiee)) » (2.29)
with
0 _ . 1 5. 9 _
55 = \7(abcd) = \7(ab)(cd) - g X — §W €a(c|€b|d); (230)
1 = /3!
]-s = t7(ab)(cd) — t7(abcd) = gea ¢ €b d TI'n (T(a’b’)T(c’d’) + T(a’d’)T(b’c’)) 6a(c|€b\d)
1 5.,

= 3 (X - §W >€a(c€b|d)' (231)

X is the order-4 “horizontal” invariant homogeneous polynomial defined by (4.13)
of [9], which we report here, in the current notation (recall (2.12)—(2.14), as well as
Footnote 3):

1
X = =Ty (T, T3p) + Ty (T73) = Ty (T7) - (2.32)
In order to get an “horizontal” invariant polynomial homogeneous of order 4 in the

fluxes, one has e.g. to e-trace both sides of (2.31), obtaining (as a consequence of the
e-tracelessness of J(gpea) (2-30)):

ac 1 5 ac 5
€ ebdj(ab)(cd) =3 <X - 2W2> € ebdea(c|eb|d) =X - §W2. (2.33)
(3,3,1) % (3,3,1) = (3x 3,1,1) +... (2.34)

G 4-inv.
There are no other sources of duality-invariant polynomials involving tensor prod-
ucts of (3,3,1). The order-4 G4-invariant polynomial from (2.34) can reducibly be
rewritten as the SLj (2, R)-bi-triplet J(44)(cq) defined by (2.25), which enjoys a de-
composition analogous to the one of J4p)(cq)-

(3,1,Adj) x (3,1,Adj) = (3x3,1,1) +... (2.35)
G4-inv.

Since 1 ¢ Sox Adj, there are no other sources of duality-invariant polynomials involv-
ing tensor products of (3,1, Adj). The order-4 G4-invariant polynomial from (2.35)

can reducibly be rewritten as the SLj, (2, R)-bi-triplet

[AY] [EA]

Ttab) 100 Tled) (o)M= (2.36)
However, without any loss of generality, one can instead consider (half of) the tensor
product of the corresponding SL, (2,R) e-traces (which is also the unique indepen-
dent manifestly SL, (2, R)-invariant combination); by using the SO(2,n — 2)-matrix



notation (2.13), one obtains the following SLj, (2, R)-bi-triplet

_ 1Az [Ea] _1 splAS] (=]
I(ab)(cd) = T( b) T(cd) NAZTSA = 5 P T(ab) [aﬁ]T(cd) [yo] TAZTISA
AS 1
= §T[AE](ab)T([cd)] = 5Ty (T(/ab)T(/cd)) : (2.37)

Then, I(4p)(cay can be SLy, (2, R)-irreducibly decomposed as

_ 1 / / 1 ! /
L(ab)(ea) = =5 Ty (T((ab)T(cd))) —5 Tty (T[(ab)T(cd)]) : (2.38)
3x3 5(5)4_1g 3a
Since
i 1 / /
3(1 = —§Tr77 (T[(ab)T(Cd)]> = 07 (239)
I(ap)(cay can be rewritten as
I _ 1y (T’ T/ ) ~ly (T’ ! )
(ab)(ed) = "ot \L(ab) " (ed) ) T Tt (£ ((ab) ! (ca))
_ 1 / / / / / /
with
59 = Liapea) = L(ab)(ca) — (X + W > €a(c|€b|d) (2.41)
1, =1 s =~ dmy (7 T T, T
s = d(ab)(cd) — L(abed) = gE € ) ( (@'t (e¢d') + (a’d’) (b’c’)) €a(c|€b|d)
1 1
= § <X + 2W2> €a(c|€b|d)- (2.42)

I(4peqy is the so-called Dizmier tensor [27] (or better its “two-centered analogue”), in-
troduced in supergravity in [9-11, 28], and generally related to the K-tensor K/npg)
of G4 ([29]; see also [21] and refs. therein) as follows:?*

1
Tiabeay = iKMNPQ oMol ol Y. (2.43)

In order to get an “horizontal” invariant polynomial homogeneous of order 4 in the
fluxes, one has then to e-trace the unique e-traceful quantity out of (2.41)—(2.42),
namely 1g; by also recalling eq. (4.13) of [9], the following result (consequence of the
e-tracelessness of (4pcq) (2.41)) is achieved:

ac _bd __ [AX] H[EA] ac bd _ 1 e § ac bdmn[AX] [ Al
I(ab)(cd)e € = iT(ab) T( d) AETISACE € 2 Perdence T( b) [af] (cd) [yo]TAETIEA

1
_ 26ac€der (T(ab)T(,cd)> 3 <X+ W2>€ e’ 6a(c|6b|d)

— 1 2 _ .
=X oWi=2(I'-T"), (2.44)

“For a discussion of the differences between CV (i.e. reducible symmetric) and irreducible symmetric
D = 4 supergravity models, see [10] and [11].



where I’ and I” are duality-invariant order-4 polynomials respectively defined by
(3.12) and (3.13) of [9], which we report here in current notation (recall Footnote 3):

I'= _%Trn (T1,T3,) ; 1
=T -1"= 3 [T, (T73) — Tr, (T1,T5,)] - (2.45)
"= —4Ty, (T3)

By virtue of (2.15) and (2.32), it also holds that (cfr. eq. (4.13) of [9]):
1 1
g (g 3 (X + 2W2> . (2.46)

Furthermore, one can derive a simple identity relating I(.p)(cq) (2.37) and
\Y(ab)(cd) (224)

Tiaby(ed) = Lav)(ed) — W ea(c|€bld)- (2.47)

in turn implying
\7(abcd) = I(abcd)' (248)
(1,3,Adj) x (1,3, Adj) = (1,1,1) + ... (2.49)

[SLy(2,R) X G4]-inv.
There are no other sources of duality- (nor “horizontal”-)invariant polynomials in-
volving tensor products of (1,3, Adj). The order-4 “horizontal” invariant polynomial
from (2.49) can irreducibly be written as

AS] =4 oy 85
Tat) (o) Liea (5 MA=m ™7™, (2.50)

However, without any loss of generality, one can instead consider (half of) the
tensor product of the corresponding SLj (2,R) e-traces (which is also the unique
independent manifestly SLj, (2, R)-invariant combination), obtaining

AY][EA
Tiai) Tion) Mztzac™ e =

1y rivs iz et 5 _ x4 Lyt

[ab] (aB)T[cd} (By)TAENAETETE
(2.51)

consistently matching the result (2.44), because egs. (2.44) and (2.51) actually share
the same left-hand side.

1
2

(1,1,80) x (1,1,80) = (1,1,1)  +... (2.52)
[SLh(2,R)XG4}—inV.

Since 1 ¢ So x Adj, there are no other sources of duality- (nor “horizontal”-)invariant
polynomials involving tensor products of (1,1,Sp). The order-4 “horizontal” invari-
ant polynomial from (2.52) can irreducibly be written as

0 (AD) 0 (24) _ | (A L ax "
Tat) of)Tat] [ MAENEA = [T[ab} wg) ~ 1 Ty (T[ab] [am>] '

=A 1
. [T[E:d] [)75] - EUAETTH (T[/c{d] [wﬂ)] maznza, (2:53)
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where the SO(2,n — 2)-matrix notation (2.14) has been recalled. However, without
any loss of generality, one can instead consider the tensor product of the corre-
sponding SLj (2,R) and SL, (2,R) e-traces (which is also the unique independent
manifestly SO} (2, 2)-invariant combination), obtaining

= a « Ci AX EA
70 ADT0 EXppansa = eefe dGA’éT[?zb% [aZ]T[idﬁ W)]manm

_ _ab_aB cd 5 |p(AX) 1 AS " )
= 6( 6) < [T[abl ag) ~ w1 (T[ab1 [amﬂ
=A

) [T[cd] [vo] — o Ty T[/c'd] [vo] ) | TAETIEA
(2.54)

_ ab.af cd ~5(AX) (BA)
= eIt e Tied) (o) TAZTA

eIy (T 1) Ton (T o)
= TS TEN p znga — LT, (T7) T, (T7).
Observing that the definition (2.15) can be rewritten as
Try, (T") = 2W, (2.55)

definitions (2.6) imply that

70 (A%) = p(A%) _ gnmw. (2.56)

n

On the other hand, an explicit computation yields
TUDTEN  cnsa = =2 (28 —W?). (2.57)

Therefore, by inserting (2.55)—(2.57) into (2.54), the following expression of the
corresponding order-4 “horizontal” invariant polynomial is achieved:

70 AN T0 ERpanpa = —4X + (2 - 4) w2, (2.58)
n

Note that, from (1.1) and observations below, the coefficient of W? in (2.58) is
strictly positive in all CV models.

(1,1,1)x (1,1,1) = (1,1,1) (2.59)
[SLy, (2,R) X G4]-inv.

By recalling (2.6), the order-4 “horizontal” invariant polynomial from (2.59) can
irreducibly be written as

(AZ)

EA
jab] o) T [ed]

) 1
3 bamanza = 2y (Tl ) Ty (T 1) - (260)
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However, without any loss of generality, one can instead consider the tensor product
of the corresponding SLj (2,R) and SL, (2,R) e-traces (once again, the unique
independent manifestly SO} (2, 2)-invariant combination), obtaining

p(AD)p(E4) abaf ged A5 (AT) (EA)

NAZETIESA = € [ab] [aB]T[cd] [yo]TAETIZA

_ L af cd ~o 4 !
= e €’°Tr, (T[ab] [aﬁ]) Try <T[cd} [75])

1 4
= —Tr, (T") Tr, (T") = - W?, (2.61)
n n
where eq. (2.55) was used.

2.2.1 Summary

The above analysis completes, at order 4 in the fluxes, the treatment given in [9] and [11].

Besides W? and X, no other “horizontal” invariant homogeneous polynomials of order
4 in the BH fluxes Q‘lxa and Q/Q\a can be introduced.

Concerning duality-invariant homogeneous polynomials of order 4, the Dixmier tensor
Tiapeqy [27], sitting in the spin s = 2 irrep. 5 of the “horizontal” symmetry SLj, (2, R), gen-
erally defined by (2.43) and present in the analysis of [9, 10], is (due to (2.48)) the unique
algebraically independent duality-invariant tensor sitting in an irrep. of SLj (2,R) itself.
Other duality-invariant tensors of mixed “horizontal” symmetry, such as I(4p)(q) (2-37) and
J(ab)(cd) (2-24) (related by (2.47)) can be introduced, but they do not sit in “horizontal”
irreps..

2.3 Order 6

Since there is no duality- nor “horizontal”- invariant polynomial structure at order 5, we
proceed to analyze the order 6 in the fluxes of the 2-centered BH solution in the framework
under consideration. By exploiting the associativity of the (ir)reps.” tensor product, in
each of the SLy, (2,R)- and SL, (2,R)- sectors one gets

2Xx2x2x2x2x2=(14+3+54+2-3+1)x(34+1)=5-1+9-34+5-5+7. (2.62)

On the other hand, in the SO (2,n — 2) sector the sources of singlets list as follows:

Adj x Adj x Adj=1+...;

Adj x AdjxSg=1+...;

Adjx Adjx1=1+...;

SoxSogxAdj=1+...; (2.63)
SQXSQXS():l—I-...;

SoxSogx1=1+...;

1x1x1=1.

Thus, the “horizontal” invariant homogeneous polynomials at order 6 in the fluxes
arise as singlets (1,1,1) among other representations from the following tensor products
(in determining the corresponding tensor structure, we will disregard the irreducible split-
ting (2.2), irrelevant for our purposes):

— 12 —



(3, 3, So) X (3, 3, So) X (3, 3, S[)) )
(3,3,S0) x (3,3,50) x (3,3,1); (2.64)
(3,3,1) x (3,3,1) x (3,3,1),

whose singlets correspond to the following® “horizontal” invariant homogeneous poly-
nomial of order 6:

(D)

(=4)
(ab) (28) L

(rm
(cd) (v0) L

(1D yed ebeeteem M ey psnar = 241 — 24WX + 120,

(2.65)
where Ig is the order-6 “horizontal” invariant polynomial defined by (3.16) of [9],
which we report here in current notation (recall Footnote 3 and notation (2.13)):

Is = —Try (17, T5:T715) - (2.66)

(3,3,80) X (3,3, So) X (17 1, SO) )
(3, 3, 1) X (3, 3, 1) X (1, 1, 1) ;

(3,3,80) x (3,3,1) x (1,1, S0) : (2.67)
(

3,3,S0) x (3,3,S0) x (1,1,1),

whose singlets correspond to the following “horizontal” invariant:

AY ZA ac @ 5
Tiany (e Tiaty o) T €€ P mnznsrnan = 8T — TWA + WP, (2.68)

(3,3,Sp) x (3,1,Adj) x (1,3, Adj);

2.69
(3,3,1) x (3,1, Adj) x (1,3, Adj), ( )
whose singlets correspond to the following “horizontal” invariant:
(AY) [EA] AT _ac_bd _an A _ _ 1 3
T(ab) (a,B)T(cd) T(n/\) e e e’ ‘nanmyenar = 3lg + WA + 2W ) (2.70)
(3,1,Adj) x (3,1,Adj) x (3,1, Adj), (2.71)

whose singlet corresponds to the following “horizontal” invariant (recall defini-
tion (2.66)):

T([;Xbi):]T([cEd?]T([g Jg] el e npmmzznar = 6lg. (2.72)

(3,1,Adj) x (3,1,Adj) x (1,1,Sp);

2.73
(3,1, Adj) x (3,1, Adj) x (1,1,1), (2.73)

whose singlets correspond to the following “horizontal” invariant:
T([é\b?]T([cEd?]T(FH)GaCdeﬁanﬁﬂ Anammsznar = 61 — 2WX — W2, (2.74)

5As in all cases, the reported index-contraction structure is the unique independent one (possibly taking

into account the splitting (2.2), as well).
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(1,3, Adj) x (1,3, Adj) x (1,3, Adj) (2.75)
whose singlet corresponds to the “horizontal” invariant (2.72):

AS]H[EA o
T(aﬁ)}T([vé)]T([gg]e AT nannsEnar = 61, (2.76)

which makes the “horizontal” invariance of definition (2.66) manifest.

7.
(1,3,Adj) x (1,3,Adj) x (1,1,Sp); (2.77)
(1, 3,Adj) X (1,3,Adj) X (1, 1, 1) , '
whose singlets correspond to the “horizontal” invariant (2.74):
nggg T([séA)]T(FH)EOWGB(S’I?AHUEET]AF = 61 — 2WX — W3, (2.78)

(1,1,80) X (1,1,80) X (1,1,80);
(1,1,S0) x (1,1,S0) x (1,1,1); (2.79)
(1,1,1) x (1,1,1) x (1,1,1),

whose singlets correspond to the following “horizontal” invariant:

TR TEA Ty  nsenar = 121 — 12WX 4+ 2W3. (2.80)

(37 31 SO) X (31 37 SO) X (37 17 AdJ) ) (281)

whose singlet corresponds to the following “horizontal” invariant:

AS =A T of be de o
T((ab) )(aﬁ)T((cd) )(yﬁ)T([e f)]f T ebeede e PO imsznar = 316 — 2WX — W2 (2.82)

10.
(3,3,50) x (3,3,S0) x (1,3, Adj), (2.83)

whose singlet corresponds to the “horizontal” invariant (2.82):

(AX) (E4A) ] ac bd aX & _ 3
Tty (o Tie) (o) Ly €€ € e M manmsznar = 31 — 20X — W (2.84)

2.3.1 Summary

The above analysis completes, at order 6 in the fluxes, the treatment given in [9] and [11].

Besides W3 and WX, also the “horizontal” invariant I (2.66) can be introduced. Con-
cerning this, it is worth recalling here that two “horizontal” invariant order-6 homogeneous
polynomials can be naturally introduced in CV models:

e the I defined by (2.66) above [9];
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e the Ij given by (3.11) and (3.24) of [10], whose manifestly “horizontal”-invariant
formulation in the CV symplectic frame [16] reads

_lasgs A d b
I; = 5Co QR jabe Qg€ e e/, (2.85)
5 _ 1 5 0% 02 oA
Qi jabe = §KX§)’YEAQaﬁQbWQc57 (2.86)
where, the symplectic-invariant C-structure reads (consistent with the CV split-
ting (1.5))
OAE _51\
Ci% = = ). 2.87
af (51% OAE ( )

The general® relation between Ig and If is discussed in section 3 of [11]; in CV models,
such a relation is given by (also recall (2.44) and (2.45))

1 1 1
Ig =I5 — - AW - EW3 =T~ T2 W, (2.88)

which, besides (2.76), provides a manifestly “horizontal”-invariant expression of I in the
CV symplectic frame.

3 Invariants of pseudo-unitary U-duality

We now discuss the “horizontal” symmetry of D = 4 supergravity models with U-duality
group G4 given by the pseudo-unitary group U (r, s) for some r and s. Confining ourselves
to theories with symmetric scalar manifolds, these supergravity theories are:

e the N' = 2 minimally coupled Maxwell-Einstein theory [30, 31] (r = 1), with scalar

manifold
U(1,s) SU (1, )
U(1) x U(s)  SU(s) x U(1)

My—p = = CP* (3.1)

and vector 2-form field strengths sitting in the (complex) fundamental irrep. s+ 1
of G4 =U(1,s);

e the N' = 3 matter-coupled theory [32] (r = 3), with scalar manifold

B U (3, 5) SU (3, 5)
My= = Ty S0 @) x U(s)) ~ SU®) x SU(s) x U(1)" (3:2)

and vector 2-form field strengths sitting in the (complex) fundamental irrep. s+ 3
of G4 =U(3,s).

6 As discussed in [10] and in [11], an important difference between CV models and those D = 4 symmetric
models with simple U-duality groups (named irreducible symmetric models in such refs.) is that in these
latter X' vanishes identically (due to the holding of eq. (3.7) of [10]).
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It is here worth recalling that AV = 2 supergravity minimally coupled to 3 vector multi-
plets is “bosonic twin” to (i.e. shares the very same bosonic sector of ) N' = 3 supergravity
coupled to 1 vector multiplet [31, 33] (for a discussion of split flows and marginal stability
in extended D = 4 supergravities, see e.g. [34]).

As observed in [26] (in which the split attractor flow and marginal stability features
of theories (3.1) were investigated), the presence of an “extra” U(1) symmetry, acting only
on the complex(ified) flux vector Q@ but not on the (complex) scalar fields (see e.g. (2.35)—
(2.36) of [26]) is due to the fact that such theories are the only ones in which the “pure”
theory limit (corresponding to the case in which only the graviton multiplet present) can be
obtained by simply setting to zero the number s of matter (Abelian vector) multiplets. As
such, the “extra” U(1) global factor” (which is not a global isometry of the scalar manifold)
is nothing but the U(1) symmetry gauged by the complex scalars, which becomes global
in their absence [35] (recall that the N’ =2 and N = 3 graviton multiplets do not contain
scalar fields). Moreover, in the A/ = 2 case, such a U(1) can also be interpreted as the
symmetry of the graviphotonic electro-magnetic system.

3.1 SL(p,C) x U(r,s)

Before dealing with the actual “horizontal” symmetry of these theories, it is instructive to

consider the group
SL (p,C) x U(r, s), (3.3)

and the orbits of complex vectors VZA (A=1,...,r+s,i=1,...,p) in the complex bi-
fundamental irrep. (p,r +s) of SL(p,C) x U(r,s). This treatment can be considered the

" of the treatment given in the second part of section 4 of [10], and

“complexified version’
also the results will be analogous.
There are only p? algebraically-independent U(r, s)-invariant homogeneous polynomi-

als, all of order 2 in the fluxes, given by
B _
Ui} = VzAVj' Mg =Vi- Vj, (3.4)

where “” denotes the scalar product determined by the pseudo-Euclidean metric 1,5 of
U (r,s). By respectively denoting with I, and &, the dimension of a complete basis of
U(r, s)-invariant polynomials and the orbit of the irrep. r + s of U(r, s), the counting

I, = p? (3.5)
is consistent with the general counting rule [9, 10]:
I,=2(r+s)p—dimg (8,), (3.6)
because &, generally is a suitable non-compact form of the compact coset

U(r+s)
Q5p,c0mpact = U(

————— dimp =2 —p2 3.7
e dimy =2 5)p (37)

TAt least for p = 2, the relevance of the “extra” U (1) factor for the counting of U (r,s)-invariant
polynomials has been discussed at the end of page 5 of [26].
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On the other hand, out of the p? order-2 U (r, s)-invariant polynomials U (3.4), one
can construct a unique algebraically-independent [SL (p,C) x U(r, s)]- invariant homoge-
neous polynomial, of order 2p, defined as

detG =V, 5 V5, - Vi j ez, (3.8)
The notation “detG” indicates the fact that the “horizontal”-invariant polynomial (3.8) is
the determinant of the Hermitian-analogue of the Gramian matrix G introduced in (8.4)—
(8.5) of [9] (see also the treatment of section 8 therein). In the 2-centered case (p = 2), (3.8)

reduces to o
detG =V, = V, - 1i2¢l1i2 = 9 (\V1\2 WVal* = 1 -%lQ) , (3.9)

171 2)2

which can be recognized as (twice the) the squared norm of the (SL(2,C) ~ SO (3,1))-
vector V. By respectively denoting with J, and Q~5p the dimension of a complete ba-
sis of [SL (p,C) x U(r, s)]-invariant polynomials and the orbit of the irrep. (p,r+s) of
[SL (p, C) x U(r, s)] itself, the counting

Jp,=1 (3.10)
is consistent with the general counting rule:

3, =2(r +5)p — dimg (Esp) , (3.11)

because (’ij generally is the direct product of the Riemannian symmetric non-compact coset

(SU (p) = mes [SL (p, C)])

SL(p7C) : 2
_— =p°—1 12
S dime = (312)

and of a suitable non-compact form of the compact coset (3.7):

Q"; :SL(paC)X U(T+S) -~ SL(p7(C)XU(T+S)
peompact = UG (p) T U(r+s—p) SU(p)x U(r+s—p)

, dimp =2(r+s)p — 1.

(3.13)

It is immediate to realize that SL (p,C) cannot be the “horizontal” symmetry of a

p-centered BH solution of the models under consideration. Indeed, the total symmetry

SL (p,C) x U (r + s) exhibits no invariants of order 2 in charges, as instead the symplectic
product W (2.16) should generally be.

3.2 SLp(2,R) x U(r,s)

The number and the structure of p-centered (2 < p < r + s) algebraically independent
duality-invariant homogeneous polynomials in the N' = 2 minimally coupled theory have
been already discussed in section 4.2.1 of [26]. We now give a unified treatment (holding
for both the theories (3.1) and (3.2)) of both p-centered (2 < p <7+ s) “horizontal”- and
duality- invariant polynomials.

As mentioned above, the 2-form field strengths and their dual (and thus the corre-
sponding fluxes) sit in the complex fundamental irrep. r+s of G4 = U(r,s). When
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considering a p-centered BH solution, the complex(ified) flux vector 9 (A =1,...,7+ s,
i=1,...,p) sits in the bi-fundamental irrep. (p,r +s) of the

“horizontal” x U-duality group : SLy, (p, R) x U(r, s). (3.14)

As noticed in [26] for the N' = 2 minimally coupled case, there are only p? algebraically-
independent U(r, s)-invariant homogeneous polynomials, all of order 2 in the fluxes, given
by

_B —

Vij = Q?Q] Nag = Q; - Qj = Sij + Wij, (3.15)

where “” denotes the scalar product determined by the pseudo-Euclidean metric 7,5 of
U(r,s), and

Sij = Qi - Qjy; (3.16)

Wij = Q- Qy)- (3.17)

Note that, with respect to (3.4), the “horizontal” indices i’s here belong to the real funda-
mental irrep. p of SLj, (p, R). By respectively denoting with I, and &,, the dimension of a
complete basis of duality invariant polynomials and the orbit of the irrep. r + s of G4, one
obtains the very same counting given by egs. (3.5)—(3.7).
Let us now consider the issue of “horizontal” invariants in the 2-centered (p = 2) case.
In this case, there are p? = 4 order-2 U (r,s)-invariant polynomials v; (3.15),
namely [26]:
Siu=0Q1- Q=0 =1(Q);
S = Q2> = I (Q2);
Si2 =Re (Q;- Q) =1L;
W12 =4Im (Ql : @2) = iIa = —iW,

(3.18)

where 4,7 = 1,2, and Iy (Q) is the unique algebraically-independent 1—centered U (r, s)-
invariant polynomial (homogeneous of order-2 in the charges Q’s; see e.g. [31, 36], and
refs. therein):

L(Q) =0'0%,s=0-0=|0". (3.19)

Out of (3.18), one can easily determine that the “minimal degree” basis of homoge-

neous [SLy, (2,R) x U (r + s)]-invariant polynomials is composed by one invariant of order

2, namely W (2.16), and by the following invariant of order 4 (e!? = 1):

Il = SijSkleikejl =2 (811822 - 8122) =2 [Ig (Ql) 12 (QQ) — Ig] . (320)
In order to show this, we start and compute
vijue el = (Qi- Q) (Qk - Q1) €l = (Sij + Wij) (S + W) €€/t = Vi + 2V + V5.
(3.21)

By using the Schouten identities for SLj (2, R)

66 e = 0, (3.22)
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it is immediate to obtain

VQ = SijWkleikejl = 0; (3.23)
V3 = WijWklEikeﬂ = 2W2, (3.24)

such that

vijope el =2 (I (Q1) I (Q2) — IZ] + 2W* =2 (!Q1I2 1Qa” — | Q1 -@2\2) . (3.25)

By respectively denoting with J, and ®, the dimension of a complete basis of
[SL (2,R) x U(r, s)]-invariant polynomials and the orbit of the irrep. (2,r+s) of
[SL(2,R) x U(r, s)] itself, the counting

Q)

2 =2 (3.26)
is consistent with the general counting rule:

3y =4(r +s) — dimp (652> , (3.27)
because @52 generally is the direct product of the Riemannian symmetric “horizontal” non-
compact coset (SO (2) = mes [SL (2,R)])

SL(2,R) .
W, dlm]R = 2, (328)

and of a suitable non-compact form of the compact coset (3.7):

; _SL(Q’R)X U(r+ s) SL(2,R) x U(r+s)
Zeompact TGy 2) T U(r+s—2)  SO(2) x U(r+s—2)

, dimp =4 (r +s) — 2.

(3.29)
Thus, at least in the p = 2 case, an important feature of the models under consid-
eration is that the “horizontal” sector coset (3.12) has a non-trivial stabilizer SO (2),
differently e.g. from the CV (alias reducible symmetric) [9, 11] and from the irreducible
symmetric [10, 11, 21] models (also recall Footnote 4).
We leave the detailed investigation of the cases p > 3 for future further study.

4 Remarks

4.1 On CV models

We have given a complete analysis of the [SL, (2,R) x SO (m,n)]- (i.e. duality-) and
[SLy, (2,R) x SLy (2,R) x SO (m,n)]- (i.e. “horizontal”) invariant homogeneous polynomi-
als in Calabi-Vesentini (CV) D = 4 supergravity models (cfr. eq. (1.1)), up to order 6 in
the fluxes Q’s included. This analysis refines and completes the treatments of [9-11].

Consistent with analysis of [9] (and with the general results of [46]), a complete basis
of homogeneous “horizontal” invariant polynomials for the CV models is given by (cfr.
eq. (8.2) of [9], as well as the treatment of section 4 of [11])

W, x, 1, Tr (33) } . (4.1)
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where the order-8 “horizontal” invariant polynomial Tr(ﬁ%) is defined by eq. (4.9) of [9].
It is worth remarking that, as yielded by the general analysis of [46], besides being “of
minimal order” in the fluxes Q) and QQ% of the two BH centers, the basis (4.1) is also
freely generating the ring of “horizontal” invariant (homogeneous) polynomials: in other
words, all other “horizontal” invariant polynomials are themselves polynomials in W, X,
Is and Tr (’Jg), with no syzygial constraints.®

As for purely duality-invariant polynomials, we observe that their analysis at order-6
in the fluxes has not been performed in section 2.3. This is due to the fact that,
from the treatment given in section 5 of [9], it is known that a(n in general non-freely
generating) complete basis “of minimal order” in the Q’s for the purely duality-invariant
(homogeneous) polynomials is? (cfr. eq. (1.15) of [11])

{W7 X, I(abcd)}7 (42)

and thus one does not need to seek for order-6 (and/or higher) purely duality-invariant
homogeneous polynomials.

We would like also to point out that the non-generic example of CV model provided
by the so-called st> model is treated in section 6 of [9] and in section 4.2 and appendix
B of [11]. Moreover, we recall that the so-called t3 model (treated in section 7 of [9]
and in section 5.2 and appendix B of [11]) is, as it is well known, an isolated case in the
classification of symmetric special Kahler geometries (see e.g. [47], and [48] for a list of
refs.); as such, it does not belong to the CV models (1.1). However, as shown in appendix
B of [9], it can be reformulated in terms of a “constrained” CV symplectic frame.

4.2 On pseudo-unitary U-duality

On the other hand, the analysis carried out in section 3 (in turn refining the treatment
given in section 4.2.1 of [26]) yields that the (symmetric) D = 4 supergravity models
with U-duality group G4 given by the pseudo-unitary group U (7, s) have a much simpler

8Tt should be pointed out that, due to the order-12 syzygial constraint given by eq. (5.6) of [9] (holding
in all CV models), the “horizontal”-invariant basis (cfr. eq. (8.1) of [9], as well as the treatment of section
4 of [11])
{w, x, Tr (33), Tr (35) }

is not freely generating.
For irreducible symmetric models [10, 21], due to the vanishing of X mentioned above, the complete basis
“of minimal order” in the Q’s for “horizontal”-invariant (homogeneous) polynomials is given by

{W, 16, (35) , Tx (30) },

and it is freely generating [46]. Therefore, apart from the peculiar case of the so-called 3 model (treated in
section 7 and appendix B of [9], as well as in section 5.2 of [11]), the X = 0 limit of the order-12 constraint
given by eq. (5.6) of [9] does not hold in irreducible symmetric models.

90f course, other choices are possible; see e.g. section 4 of [11].

For irreducible symmetric models, due to the vanishing of X mentioned above, the (in general non-freely
generating) complete basis “of minimal order” in the Q’s for the purely duality-invariant (homogeneous)
polynomials is given by eq. (1.16) of [11] (also in this case, other choice are of course possible; see e.g.
section 5 of [11]).
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case study concerning the duality- and “horizontal”- invariant homogeneous polynomials
constructed out of the BH fluxes’ irrep., at least for p = 2.

It is here worth commenting also about the N’ = 2, D = 4 “magic” Maxwell-Einstein
supergravity based on the irreducible cubic Jordan algebra J5 [49, 50] (see also e.g. [13, 14]
for a recent account) and on the N' =5, D =4 “pure” theory [51]. Despite the fact that
their U-duality groups are suitable non-compact forms of the (special) pseudo-unitary
group SU (6) (namely, SU(3, 3) respectively SU (1,5)), these theories do not belong to the
class of models treated in section 3. Indeed, they do not have an “extra” global symmetry
U(1) under which their 2-form field strengths’ fluxes are charged; this is also related to
the fact that their magnetic and electric fluxes sit in a self-real irrep., namely the rank-3
completely antisymmetric 20 of SU (6) (and not in the complex fundamental irrep. 6 of
the analogue would-be model of the type treated in section 3).

It should also be noticed that (non-compact forms of) CP" spaces as moduli spaces of
string compactifications have appeared in the literature, either as particular subspaces of
complex structure deformations of certain Calabi-Yau manifold [52, 53] or as moduli spaces
of some asymmetric orbifolds of Type II superstrings [54]-[57], or of orientifolds [58].

Finally, we observe that the D = 4 supergravity models considered in section 3 are
not included in the analysis of [46]. In fact, only the “real (pseudo-orthogonal) analogues”
of such models (in which the analogue of W;; vanishes; see the treatment given in the
second part of section 4 of [10]) can be found in table II of [46].

4.3 On special geometry and “Generalized” groups of type E;
The sequence (3.1) and

SL (2, R) SO (2,n — 2)
U(1)  SO(2)xSO(n—2)

n> 3, (4.3)

related to the case m = 2 of (1.1), are the unique sequences of symmetric non-compact
spaces in the special Kdhler geometry (SKG) of N = 2, D = 4 vector multiplets (see
e.g. [12, 37-39], and refs. therein).

Here we would like to discuss the characterization of SKG in terms of a suitable
“generalization” of the groups of type E7 [29] (for some preliminary discussion, see section
4 of [28]).

As obtained in [24] (see eq. (5.36) therein), the following real function, which we dub
“entropy functional”, can be defined on the vector multiplets’ scalar manifold'® M:

I, = (\Z\Q — Zi7)2+§i (Z@WZZZFZE — ch-jk??’?’c) g Cy O 777127, (4.4)
Z is the central extension of N' = 2, D = 4 local supersymmetry algebra, and Z; = D;Z
are the so-called “matter charges” (D; stands for the Kahler-covariant differential operator;
see e.g. [40] and [12] for notation and further elucidation):

7 =MVvNCyn; Zi = QMVNCuw, (4.5)

ONote that the expression (4.4) is independent on the choice of the symplectic frame and manifestly
invariant under diffeomorphisms in M.
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with V™ denoting the vector of covariantly-holomorphic symplectic sections of SKG, and
V;M = D;VM. Furthermore, Cijk is the rank-3, completely symmetric, covariantly holo-
morphic tensor of SKG (with Ké&hler weights (2, —2)) (see e.g. [41, 42]):

-
Cijk = Cun (D;D;VM) DLVYN = —ig fo DD L* = D;D;Di.S = " Wijy;

7\ (ﬁ§) =6l S = —iL L Im (Fyy), 8:Wiji = 0; (46)

D;Cjy = 0;

D;Cijy = 0,

the last property being a consequence, through the covariant holomorphicity of Cj;, and
the SKG constraint on the Riemann tensor (see e.g. [41-43])

R = —99m — 9imdyg + 9" CijiC s (4.7)

of the Bianchi identities satisfied by the Riemann tensor Rz’jki'

Furthermore, I; is an order-4 homogeneous polynomial in the fluxes Q; this allows
for the definition of the Q-independent rank-4 completely symmetric tensor Qarnpg [28],
whose general expression we explicitly compute here:

91,
9Q0MTHQN 9P HOR)
= 2V VWV Vo) + 2V Vi Vip V) — 4V VvV

Qunpg = 2

4 F TOE o o ok

+5i (CpVuVAVEVE = CnV Vi Ve V)
i A T Tkl

—2¢"CijiC Vi VN VIV (4.8)

2 R —— — =i —j
+= (ViuVAVEDV 5 + ViV Vi DiVya)

iy /1 )

where the SKG defining relation (see e.g. [41-43])

DDV = DVM = iy M

(4.10)
has been used in order to recast (4.8) in terms of VM VM and Dﬂ/jM only.

Some further elaborations are possible; e.g., by using (4.7), I4 (4.4) and Qunpg (4.9)
can respectively be rewritten as
2.

* 012227 70— 77 7% 70, 777" . (4
> —2| | 7 +§Z( zylk — ijk )—R, ( 11)

—i

I, = \Z|4—(ZiZ
Qunra = ViV V PV o) = Vi VvV V) — ViV wVipVo)

2 = ——_— J— —g —1
T3 (V(MVI@VJgDZ jlot V(MVNVzDDiV}\Q) — Ryunpg, (4.12)
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where the sectional curvature of matter charges (cfr. eq. (5.3) of [44]; also note that (4.13)
is different from the definition given by eq. (3.1.1.2.11) of [45]))

_ F i ol
R=Rgz,72 VAVAVAR (4.13)
and the corresponding rank-4 completely symmetric tensor

'R I
500igaNgaraad — FiV ViV eV, (4.14)

Rynpg =

have been introduced. Note that Ry;nypg can be regarded as the completely symmetric
part of the “symplectic pull-back” (through the symplectic sections Vl-M ) of the Riemann
tensor Rz‘jki of M.

Thus, SKG can be associated to a generalization of the class of groups of type E7 [29],
based on I4 and the corresponding (generally field-dependent, non-constant) Q-structure:

Qunpq : Diunpq = 0iQ2mnpq # 0;
SKG : (4.15)

Iy = 1QuNpeOM QN QP QR = D;ly = 9,14 # 0.
Symmetric Kahler spaces have a covariantly constant Riemann tensor:

DiR g = 0. (4.16)

Within SKG, through the constraint (4.7), this implies the covariant constancy of the
C-tensor (4.6):
DiCy = DiCipry = 0, (4.17)

which in turn yields the relation:

_ 4 _ 2
CoriCijyng™" 9" Cripm = gg(l\mcﬂjk) < 9" RimljinCnlkl) = _gg(ﬂmcukl)' (4.18)

Equivalently, symmetric SK manifolds can be characterized by stating that their Q5 npg is
is independent on the scalar fields themselves, and it matches the K-tensor K/ pg defining
the rank-4 invariant K-structure of the corresponding U-duality group of type E; [29] (see
also e.g. [21], and refs. therein). Consequently, the corresponding “entropy functional”
Iy (4.4) is independent on the scalar fields themselves, and it is thus a constant function in
M, given by the 1-centered limit of the Dizmier tensor Ip.q (2.43), which is nothing but
the unique algebraically-independent 1-centered U-duality invariant polynomial Iy:

Qunrq =Kunprg = Dilunpg = 0iQ0unpq = 0;
symmetric SKG =
(U-duality group Gy is of type E7) I, =, = %KMNPQ QM QN QP QQ - D1H4 _ 81]14 —0.
(4.19)
In turn, within symmetric SKG, the pseudo-unitary U-duality group U (1, s) (corresponding
to N' = 2 minimally coupled Maxwell-Einstein theory [30, 31]) is “degenerate”, in the sense
that the corresponding I actually is the square of the order-2 U (1, s)-invariant polynomial
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I (3.19). Indeed, N' = 2 minimally coupled supergravity is characterized by'! Cijr = 0,
which plugged into (4.4) (by taking (4.19) into account) yields:

Qunprg = Kyunrg = DiQunpg = 0iQunpg = 0;
symmetric SKG = { Cijk = 0; L (4.20)
Ga=U(L,9) I =1, = (\2\2 - ZZZ’) =112 = Dily = 81, =0,

where the normalization of [26] (see eq. (2.15) therein) has been adopted.

We conclude by recalling that, as noticed in [24] and in [28], the “entropic functional”
I4 (4.4) is related to the geodesic potential defined in the D = 4 — 3 dimensional reduction
of the considered N' = 2 theory. Under such a reduction, the D = 4 vector multiplets’
SK manifold M (dim¢c = ny) enlarges to a special quaternionic Kéhler manifold 9t
(dimg = ny + 1) given by c-map [47, 59] of M itself : M = ¢ (M). By specifying eq. (4.4)
in the “4D/5D special coordinates’ ” symplectic frame, I matches the opposite of the
function h defined by eq. (4.42) of [60], within the analysis of special quaternionic Kéhler
geometry. This relation can be strengthened by observing that the tensor 2y/npg given
by (4.8)—(4.9) is proportional to the Q-tensor of quaternionic geometry, related to the
quaternionic Riemann tensor by eq. (15) of [61]; for further comments, see [28].
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