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ABSTRACT: The decays B — D®wr are very important for the investigation of p excitations
and the test of factorization hypothesis for B meson decays. The BT — D®*)0uzr* and B —
D®~wrt have been measured by different collaborations but without any predictions for their
observables on theoretical side. In this work, we study the contributions of p(770,1450) — wm
for the cascade decays BT — D)0t — DOyrt BY — DM~ pt — DE=wrt and BY —
Dg*)_pfr — DW=wrt. We introduce p(770,1450) — wr subprocesses into the distribution
amplitudes for wm system via the vector form factor F,(s) and then predict the branching
fractions for the first time for concerned quasi-two-body decays with p(770,1450) — wm,
as well as the corresponding longitudinal polarization fractions I'z,/T" for the cases with
the vector D*0 or D’(*S_) in their final states. The branching fractions of these quasi-two-
body decays are predicted at the order of 1073, which can be detected at the LHCb and
Belle-II experiments. The predictions for the decays B® — D*~p(770)* — D*~wr™ and
BY — D*~p(1450)" — D*~wnt agree well with the measurements from Belle Collaboration.
In order to avoid the pollution from annihilation Feynman diagrams, we recommend to take
the B? — D~ p(770,1450)" decays, which have only emission diagrams at quark level, to
test the factorization hypothesis for B decays.
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1 Introduction

Three-body hadronic B meson decay processes always provide us a rich field to investigate
various aspects of the strong and weak interactions. We may rely on them to study dynamical
models for the strong interaction, to analyse hadron spectroscopy and explore the properties
and substructures of resonant states, to determine the fundamental parameters for quark
mixing and to understand the essence of C'P asymmetries. In recent years, experimental
efforts on these decay processes by employing Dalitz plot technique [1] have revealed valuable
insights into the involved strong and weak dynamics. But on the theoretical side, it is
complicated to describe the strong dynamics in these decays because of the rescattering
processes [2-5], hadron-hadron interactions and three-body effects [6, 7] in the final states.
The resonance contributions in relevant decay channels, which are associated with the scalar,
vector and tensor intermediate states, could be isolated from the total decay amplitudes and
can be studied within the quasi-two-body framework [8-10].

Three-body decays B — D™ wr, with one open charm meson in the final state of each
channel, are relatively simple from the theoretical point of view. The heavy b-quark weak decay
in these processes receive contributions only from tree-level W exchange operators O; and Oa,
which can be described well by the effective Hamiltonian Heg [11] within the factorization
method [12]. Among these decays, Bt — D®%z* and B® - D®~wrt were measured by
CLEO Collaboration for the first time twenty years ago [13]. The decay B® — D*~wr™ was
studied later by BABAR and Belle Collaborations with the updated total branching fractions
(2.88 £ 0.21(stat.) & 0.31(syst.)) x 1073 [14] and (2.31 4 0.11(stat.) 4 0.14(syst.)) x 1073 [15],
respectively. The wr pair in the final states of B — D®wr decays is related to the resonance
p(1450), the excitation of p(770) [16]. In B meson decays, p(1450) was actually observed
for the first time in B — D®wr decays by CLEO in [13]. In ref. [15], the surprising large
contribution for wr from p(770) in BY — D*~wrt decay was measured to be

B(B® — D* p(770)" — D*~wn™) = (1.4879:37) x 1073 (1.1)
as the branching fraction (B), which is comparable to the corresponding data [15, 16]
B(B® — D*"p(1450)" — D*~wn™) = (1.077339) x 1073 (1.2)

for the intermediate state p(1450).



Figure 1. Schematic view of the cascade decays Bt — D™+ — D(0yrt B0 — DHI=pt
D™ ~wrt and B? — D7 pt = DO =wrt here pt stands for the intermediate states p(770,1450)*
decaying into wn ™ in this work.

The natural decay mode of p(770) — wm is blocked as a result of the resonance pole
mass which is below the threshold of the wm pair. But the virtual contribution [17-20] from
the Breit-Wigner (BW) [21] tail for resonance p(770) was found playing a vital role in the
production of wr for the processes of eTe™ — wn® [22-31] and 7 — wrr, [32-35]. For the
resonance p(1450), its most precise determination of the mass and width comes actually from
ete” annihilation and the related process of 7 decay [36]. The mass of p(1450) is consistent
with that for the 2.5 excitation of p(770) [37], but it has been suggested as a 2S-hybrid mixture
in ref. [38] because of its decay characters [39-41]. The study of p(1450) in B decays and the
investigation of its interference with its ground state would lead to a better understanding of
its properties [15]. Its contributions for the kaon pair have been explored in refs. [42-45] and
in refs. [46-49] in three-body B and D meson decays, respectively, in recent years.

In this paper, we shall concentrate on the cascade decays BT — D)0yt — D®)0yrt
B - DW=pt  DO=wrt and BY — Dg*)fij — D®~wrt, where pt in this work stands
for the intermediate states p(770)" and p(1450)" decaying into wr™. In the very recent study
performed by SND Collaboration for ete™ — wn® — 77~ 770 process in the energy range
1.05-2.00 GeV, four isovector vector resonances covering p(770), p(1450), p(1700) and p(2150)
have been employed to parametrize the related form factor for the p — wn transition [31].
But we noticed from the Born cross section in ref. [31] that the contributions for wn from
p(1700) and the so called p(2150) state are not large and not important when comparing
with those from p(770) and p(1450). In addition, the excited p states around 2 GeV are not
well understood [30, 50]. In this context we will leave the contributions for wm from p(1700)
and p(2150) in the concerned decays to future studies.

The schematic diagram for the cascade decays BT — D®0pt — D®O0ypt RO
D®=pt — D®—wrt and BY — Dé*)‘;ﬁ — D®=wrt is shown in figure 1. In the B
meson rest frame, the initial state will decay into the intermediate resonance p™ as well as
the bachelor state D®*)° or DE:)) ~, and then the resonance decays into its daughters w and
7T, The state w can be independently reconstructed from its two channels w — 77~ 7°
and w — 70y [24, 2629, 31]. The decay process B’ — D*~wn* has only been studied
in refs. [51, 52] with the factorization hypothesis on the theoretical side but without any
observable predictions for its branching fraction. In this work, we shall study these concerned
cascade decays in the perturbative QCD (PQCD) approach [53-57]. The subprocesses
p(770,1450) — wm in these decays can not be calculated in PQCD approach; we will
introduce them into the distribution amplitudes for wm system via the vector form factor
F,, which has been measured with related processes of eTe™ annihilation and 7 decay. In



the first approximation in isobar formalism [58-60], one can neglect the interaction between
wT system and the corresponding bachelor state in relevant decay process, and then study
the decays B — D™ p(770,1450) — D®wr within the quasi-two-body framework [8-10].
The quasi-two-body framework based on PQCD approach has been discussed in detail in [§],
which has been followed in refs. [42-44, 61-71] for the quasi-two-body B meson decays in
recent years. For relevant works on three-body B decays within the symmetries one is referred
to refs. [72-80]. Parallel analyses within QCD factorization can be found in refs. [81-95].
This paper is organized as follows. In section 2, we give a brief introduction of the
theoretical framework for the quasi-two-body decays B — D) p(770,1450) — D®wr within
PQCD approach. In section 3, we present our numerical results of the branching fractions for
Bt — DW0pt o DEOGrt BY - DO~ pt - DH=wrt and B — Dg*)_p+ — DW=t
along with some necessary discussions. Summary of this work is given in section 4. The
factorization formulae for the related decay amplitudes are collected in the appendix.

2 Framework

The relevant effective weak Hamiltonian Hg for the decays B — D®)p(770,1450) with
subprocesses p(770,1450) — wr via the b — ¢ transition is written as [11]

— CEVAVICHOF (1) + Cal) O3, (2.1)
where G = 1.1663788(6) x 107> GeV~2 [16] is the Fermi coupling constant, V,; and V4 are
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [96, 97] elements. The Wilson coefficients
C1,2(p) at scale p are always combined as a; = C1 + C2/3 and ag = C2 4+ C1/3. The detailed
discussion of the evaluation for C (1) in PQCD approach is found in ref. [55], where one
will also find the values C7 = —0.27034 and Cy = 1.11879 at m,, scale. The local four-quark
operators Of 5 are the products of two V' — A currents, and one has Of = (bd)y_ 4 (uc)y_a
and OS5 = (be)y_a (ud)y_a [11].

In light cone coordinates the momentum pp is equal to m—\/’g(l, 1,07) in the rest frame of

Heff

B meson, where the mass mp stands for initial state B+, B or BY. In the same coordinates,
the resonance p(770), its excited state p(1450) and the wr system generated from resonances
by strong interaction have the same momentum p = ng(g ,1 — 72, 0r), with the squared

invariant mass p? = s for wr system. For the bachelor state D™ in the related processes,

its momentum is defined as p3 = ™£(1 — ¢,r%,07). The longitudinal polarization vectors

V2
for the intermediate state and the D* meson, respectively, are

P B 1420 2.2
€r, \/%( Cv 7T)a ( )
D* mB 2
= 5 (1-¢ —r%07), 2.3
P = (1= on) (23

where the parameter r will be satisfied by the relation p3 = m%, with the mass mp for
the bachelor state D®). The spectator quark comes out from initial state and goes into
the intermediate states in hadronization shown in figure 2 (a) has the momenta kp =

(m—\/’g:cB, 0,kpr) and k = (0, m—\/’g:c, kr) in B and p states, respectively, and the light quark in
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Figure 2. Typical Feynman diagrams for the quasi-two-body decays B — D™ p — D™ wr at quark
level, where ¢ € {u,d} and ¢’ € {u,d, s}, the symbol ® stands for the weak interaction vertex.

the D™ got the momentum ks = (ng(l —()x3,0,ks7). The xp,  and x3, which will run
from zero to one in the calculations, are the momentum fractions for the initial state B, the
resonances p(770,1450) and the bachelor final state D™*), respectively.

In the PQCD approach, one has factorization formula of the decay amplitude [98, 99]

A= <(W7T)P-WaveD(*) ’,Heff‘B>
= ¢ @M @ G @ o) (2.4)
for the quasi-two-body decays B — D™ p — D®wr at leading order of the strong coupling
as according to the Feynman diagrams of figure 2. Here, the hard kernel H contains only
one hard gluon exchange, and the symbol ® stands for the convolutions in parton momenta.

The B meson light-cone matrix element in the decay amplitudes of B — D®)p — D®wrr
decays can be decomposed as [100-102]

{
V2N,

where the distribution amplitude ¢p is of the form

Pp =

(#p +mp)ys0B(kB), (2.5)

b5(25,bp) = Npa(1 — z5)2exp l—(‘”BmB)z _ 1(w3b3)2], (2.6)

2w, 2
with two shape parameters wp = 0.40 + 0.04 GeV for B0 and wp, = 0.50 + 0.05 for BY,
respectively, the Np is a normalization factor.

The wave functions for D** and DZ*S_) have been discussed in detail in ref. [103]. Up to
twist-3 accuracy, their two-particle light-cone distribution amplitudes are defined as

7

(Do @)laa()a010) = i [ o™= [og (p+m) op, 00)] o (2D

I
(i @)an()e5(0)10) =~ [ dac (g, (p+ m)oh, (@.b)

+ (P +m)op; (2.0)] .5 (28)

with the normalization conditions

1
| daon@ = Ny (2.9)

LY, _ Jp
/0 dxop-(x) = NI (2.10)

/b

1
/0 dadh(z) = 5B (2.11)




The distribution amplitude for the D° and D ;) mesons is [103, 104]

1 1 1+Cp (1—2 w’%“)bQ 2.12
¢D(s)_2\/TTCfD(S>6$( —:U)[ + D(s)( — :U)] exp |——>—1. (2.12)

For the P-wave wr system along with the subprocess p — wm, the distribution amplitudes
hold the same structure of the vector mesons and could be organized into [42, 105, 106]

o ¢ (,8) = \/;Tc[ﬁhcbo(wﬁ) + ¢ P9 (m,8) + V8 (2, 5)], (2.13)
gbf;‘jv%ve(a:, s) = b (Vs ¢r0"(x,s)+ ¢T}75¢T(a:, $) + Vs i€upoysy ey nPu ¢ (x)], (2.14)

V2N,

with two dimensionless lightlike vectors n = (1,0,07) and v = (0,1,07), and N, is the
number of colors for QCD. We adopt the convention €23 = 1 for the Levi-Civita tensor
"B The twist-2 distribution amplitude for a longitudinally polarized p state can be
parametrized as [105]

o 3fw7r(5)
V2N,

2(1—2)[1+ a%Cy?(1 - 22)]. (2.15)

¢ (z, )

where the Gegenbauer polynomial Cg/ 2(t) = 3/2(5t% — 1). The twist-2 transversely polarized
distribution amplitude ¢ (z,s) has a similar form as the longitudinally polarized one, we
have [105]

~ 3fT(s)

(1 =) [1+a%C32(1 - 22)]. (2.16)

The forms of the twist-3 distribution amplitudes are [42, 105, 106]

T S
o' (z,s) = ?;{;% (1 —22)2[1 + a4 CY%(1 — 22)], (2.17)
T S
P (z,5) = ?;\;% (1 —22)[1 + a%(1 — 10z + 102?)], (2.18)
&Y (x,8) = Z{;# 1+ (1 —22)?], (2.19)

¢ (z,8) = 1VIN, (1 —2x). (2.20)

We adopt the same Gegenbauer moments for the P-wave wr system in this work as they were

in refs. [8, 42, 43] for the pion pair or kaon pair in view of the fact that these parameters are
employed to describe the formation rather than the decay for the intermediate states. And
the value of Gegenbauer moment ag in twist-2 transversely polarized distribution amplitude
@7 (z,s) is set to be the same as it for a% in this work. The form factor F_ for the twist-3
distribution amplitudes of ¢L-"8v¢(z, 5) and the twist-2 of ¢pL-¥ave(x, s) are deduced from the

wm,L wm, T

relation fL (s) (fg/fp)fwﬂ(s) [8] with the result fg/fp = 0.687 at the scale u = 2 GeV [107].



The factor f,r(s) in eq. (2.15) is employed as the abbreviation of the transition form factor
for p(770,1450) — wm decays in the concerned processes. The related effective Lagrangian
is written as [108-110]

Lopor = gpw,,eumﬁa“p”a%ﬁw. (2.21)

With the help of this Lagrangian, we can define the form factor F,.(s) from the matrix
element [111-113]

(w(Pa, N7 (0)154(0)10) = ieyase” (Pa, NPE D Fum(s), (2.22)

where j, is the isovector part of the electromagnetic current, A and ¢ is the polarization and
polarization vector for w meson, p, and p, are the momenta for w and pion, respectively,
and p = pg, + pp. We need to stress that, in order to make the expression of differential
branching fraction the eq. (2.29) brief and concise, we employ fur = fg /myF,x to describe
the distribution amplitudes above for the P-wave wm system in egs. (2.15)—(2.20).

In the vector meson dominance model, the form factor F,(s) defined by eq. (2.22) is
parametrized as [23, 27, 28, 114]

(o) Bz A
Ip 07 Dm(s)

(2.23)

where the summation is over the isovector resonances p; = {p(770), p(1450), p(1700), ...}
in p family, A;, ¢; and m,, are the weights, phases and masses for these resonances, re-
spectively, and one has A = 1 and ¢ = 0 for p(770). Contributions from the excitations
of w meson can also be include in eq. (2.23), but their weights turn out to be negligibly
small [115]. The parameter f, is the v* — p(770) coupling constant calculated from the
decay width of p(770) — eTe™, the g~ is the coupling constant for p(770) — wn which
can be calculated from the decay width of w — 7% [16] or be estimated with the relation
Ypuwr R 3Gomn/ (877 Fy) [116], where Fr = fr/ v/2 and f, is the decay constant for pion. The
denominator D,, has a BW formula expression

D, (s) = mgi —s—iy/sT,,(s). (2.24)

To describe the shape of the resonance p(770), the energy-dependent width is written as [27, 31]

PRy SACERIE (225)
S) = + Qi) '
p(770) P(T70) ax (M2 770)) L2m

where the first term of right hand side corresponds to the decay of p(770) — 7w, the second
term is for p(770) — ww. And we have

4r(s) = é\/s —4m2, (2.26)

dols) = 2%\/ (5 — (mo 4 mn)?] [5 — (mw — mn)?]. (2.27)




For the excited resonance p(1450), the expression

3
quwls
L p1450)(8) = T'p(1450) |:Bp(1450)—>w7r <( ) ))

Qw(mz(mso)
(1-B )m?)(1450) qr(8) ’ (2.28)
T = Bp450) s wn ( >] .
p1450) s QTI'(mi(1450))

for the energy-dependent width is adopted in this work as it was in ref. [24] for the process
ete™ — wn® — 797% by CMD-2 Collaboration, where B, (1450)—wr is the branching ratio
of the p(1450) — wm decay, I'y¢770) and ' 51450y are the full widths for p(770) and p(1450),
respectively.

For the differential branching fraction, one has the formula [16]

dB 7r3 3
we S‘p ’ |pD’ |A|2

2.29
ds B 247r3m2, ( )

for the quasi-two-body decays B — D™ p — D®wr, where 75 is the mean lifetime for B
meson, s is the squared invariant mass for wm system. One should note that the phase space
factor in eq. (2.29) is different from that for the decays with subprocesses of p — 77 and
p — KK as a result of the definition of F.(s) in eq. (2.22); the relations

pHp”
> e (p, N (p, A) = —g + -, (2.30)
A=0,+ p
3 lepvapphe” (0o, Np2p° 2 = s[p<[?pp|*(1 — cos? ) (2.31)

A=0,+

are employed for the derivation of eq. (2.29), where 6 is the angle between the three-momenta
of w and bachelor state D). In rest frame of intermediate states, the magnitude of the
momenta are written as

x| = \/[3 — (Mg + mw)ﬂ [s — (mx — mW)Q]
s 2\/§ )
VIm% = (s +mp)?| [m3; — (s — mp)?]

lpp| = NG ,

(2.32)

(2.33)

for pion and the bachelor meson D), where m,, m,, and mp are the masses for pion, w
and the bachelor meson, respectively. The Lorentz invariant decay amplitudes according to
figure 2 for the concerned decays are given in the appendix.

3 Results and discussions

In the numerical calculation, we employ the decay constants f, = 0.216 & 0.003 GeV [117]
for p(770) and f,1450) = 0.18570:932 GeV [8] resulting from the data [36] for p(1450), the
mean lives 75+ = 1.638 x 10712 s, 750 = 1.519 x 1072 s and Tpo = 1.520 X 10712 s for
the initial states B*, B® and BY [16], respectively. The masses for particles in relevant
decay processes, the decay constants for By, D) and D?S) mesons, the full widths for



mps = 5.279 mpo = 5.280

mpo = 5.367 mp+ = 1.870
mpo = 1.865 mp+ = 1.968
mp«+ = 2.010 mp-o = 2.007
mps = 2.112 my+ = 0.140
m,, = 0.783 fpto =0.190
fBo =0.230 fa+ = 0.130
fp=o =0.2120 fpx =0.2499
fp+to0 = 0.2235 fp:+ = 0.2688

Myrr0) = 0.775  my(1450) = 1.465 £ 0.025
Lperoy = 0.1491  T'y1450) = 0.400 £ 0.060
A=0.82610013 A = 0.22500 + 0.00067

Table 1. Masses, decay constants and full widths (in units of GeV) for relevant states as well as the
Wolfenstein parameters for CKM matrix elements from Review of Particle Physics [16], the fp- and
[p+ are cited from [118].

Decay modes Units PQCD Data [16]
Bt — DO[p(770)* —]rrt % 1.2119:20 1.34 £0.18
BY — D™ [p(770)* —]rnt 1073 7.6315 58 7.6+1.2
BY — D7 [p(770)* —]rrt 1073 7.3610 %5 6.8+1.4
Bt — D¥[p(770)T —|rnt 1073 9.0371-79 9.8+ 1.7
BY — D*[p(770)T —]rnt 1073 8.151-4¢ 6.8+ 0.9
BY — D [p(770)" =]wnt 1073 7.1271:59 9.5+ 2.0

Table 2. PQCD results for the quasi-two-body decays Bt — D®)[p(770)* —]rt70 B —
D= [p(770)+ =]r+ 70 and BY — DS [p(770)+ —)at 70, along with their corresponding two-body
data from Review of Particle Physics [16].

resonances p(770) and p(1450) (in units of GeV), and the Wolfenstein parameters for CKM
matrix elements are presented in table 1.

The crucial input g, for the form factor F r(s) in eq. (2.23) has been fitted to be
15.9+ 0.4 GeV~! and 16.5 4+ 0.2 GeV ! in [28], respectively, by SND Collaboration recently
with different models for the form factor. This input can also be calculated from the decay
width of w — 70 [119, 120]; with the relation gp,» ~ ngm/(SWQFﬂ) [116], it’s easy to get its
value 14.8 GeV~!. In the numerical calculation of this work, we adopt Gpwr = 16.0£2.0 Gev—!
by taking into account the corresponding values in refs. [26-28, 33, 121-124] for it. The
weight A in eq. (2.23) for the subprocess p(1450) — wm moves a lot in the literature, it has
been measured to be 0.584 4 0.003 and 0.164 + 0.003 in [31], 0.175 £ 0.016, 0.137 £ 0.006 and
0.251 4+ 0.006 in [28], 0.26 £ 0.01 and 0.11 + 0.01 in [27] with different models for F,.(s) in



Decay modes B (in 1073)

B* = D[p(770) —Jwrt 1421018015 0607010
Bt — D°[p(1450)" —Jwnt 0.9670 11005005 0:40
B® = D~ [p(770)* —]wr* 0.807 00670057 0:05 -0 07
B = D™ [p(1450)" —Jwr+ 0.521 0 08008 005053
BY = D7 [p(770)* —]wr* 0.887 0057 0.070:01 0.0
B? — Dj [p(1450)* —Jwrt 0.597 008 0:04-0.00-0.55

Table 3. PQCD predictions of the branching fractions (in units of 1073) for the quasi-two-body
decays B(s) = Dgp" — Dywn™, where p* means the resonance p(770)* or p(1450)*.

recent years. In view of the expression for F,.(s) in eq. (2.23), we have a constraint

Ay = gp(1450)w7rfp(1450)mp(770) (3.1)

Go(770)wn I p(770) 1M p(1450)

for its value. With the relation

Jo(1450)9p(1450)wr = \/127Tfp2(1450)3(/)(1450) = wi)T y1450) /P2 (3.2)

where p. = qw(mz(1450)), and the measured result f5(1450)8(p(1450) — wm) = 0.011 +
0.003 GeV? [13], one has A; = 0.171 4 0.036, where the error comes from the uncertainties of
mass and full width for p(1450) in table 1, the coupling 16.0 + 2.0 GeV~! and the measured
result 0.011 + 0.003 GeV? in [13]. The value for A; from eq. (3.1) is close to the results
0.164 £+ 0.003 in [31] and 0.175 + 0.016 in [28].

When the subprocess p(770)" — wnt shrink into meson p(770)", the six quasi-two-
body decays of B — D™ p(770)t — D®wrt will turned into six two-body decay channels
B — DWp(770)*. These six two-body decays with p(770)" have been measured, one finds
their branching fractions in table 2. In view of B(p(770)" — 77 7%) ~ 100% [16], the PQCD
results in table 2 for the decays with subprocess p(770)" — 7+ 70 could be seen as a way
to test the framework and inputs of this work. Obviously, these PQCD results in table 2
agree with the data quite well.

Utilizing differential branching fractions the eq. (2.29) and the decay amplitudes collected
in appendix, we obtain the branching fractions in tables 3—4 for the concerned quasi-two-
body decays with p(770)" and (1450)" decaying into wn™. For these PQCD branching
fractions in tables 3—4, their first error comes from the uncertainties of the shape parameter
wp = 0.40 £ 0.04 or wp, = 0.50 + 0.05 for the B¥ or BY meson; the Gegenbauer moments
Cp =0.6%£0.15 or Cpx = 0.540.10 for Dy or DE‘S) mesons contribute the second error; the
third one is induced by the Gegenbauer moments aOR =0.25 4+ 0.10, a}, = —0.60 £ 0.20 and
af = 0.75 £ 0.25 [8] for the intermediate states; the fourth one for the decay results with
p — wm comes from the uncertainties of the coupling gy, or A; in eq. (2.23). The uncertainties
of the PQCD results in table 2 are obtained by adding the individual theoretical errors in
quadrature which induced by the uncertainties of WB,); Cpe) and a%’t’s, respectively. There
are other errors for the PQCD predictions in this work, which come from the uncertainties



Decay modes B (in 1073) ry/r

B* — D[p(770)" —Jwr* L215507 000 005 00r 0745003

— D[p(1450)* —Jwr 08753 05005 0 0-677665
B” = D [p(770)* —Jwr* 1205015 008 00 007 0687503
B® = D [p(1450)" —lwrt  0.89%515"006 005 05 0-63700n
BY — Dy [p(T70)* —]mm* 1035011 005 000 005 0657501
BY = Dy [p(1450)* ~rnt 07715057006 000 03 0595501

Table 4. Same as in table 3 but with the different bachelor mesons D** and DE:); the results in
column I';, /T are the predictions for the corresponding longitudinal polarization fraction.

Decay mode B [16]
BT — DOwr™ 4.140.9) x 1073
BT — D*0wr™ 45+1.2)x 1073
BY — D~wr™ 2.8+0.6) x 1073
BY — D*~wnt 2.840.6) x 1073

(
(
(
(

Table 5. Experimental data for the relevant three-body branching fractions from Review of Particle
Physics [16].

of the masses and the decay constants of the initial and final states, from the uncertainties
of the Wolfenstein parameters, etc., are small and have been neglected.

The four decay channels BT — D®)0%yrt and BY — D®~wrt have been observed by
CLEO Collaboration in ref. [13], the updated studies for the decay B® — D*~wr™ were
presented later by BABAR and Belle Collaborations in refs. [14, 15]. In these measurements,
the wm™ system in the final states showed a preference for the 1~ resonances. The relevant
data from Review of Particle Physics [16] are found in table 5. In addition to the total
branching fraction for B — D*~wnt decay, one finds the fitted branching fractions

B = (148 £ 02710 551024) x 1073 (3.3)
B = (LoTHyIE ) 10 54
in ref. [15] for the quasi-two-body decays B’ — D*~p(770)* — D*~wr® and B —

D*~p(1450)T — D* wr™, respectively, where the first error is statistical, the second is
systematic and the third is the model error. One can find that the predictions

B(B" — D*" [p(770)* —Jwr) = (1.201513 003001 007) > 1072, (3.5)

BB = D~ [p(1450)" —lwr®) = (089 3H0000B0K) x 100 (36)

in table 4 for the corresponding two quasi-two-body decays are in agreement with these two
branching fractions presented by Belle Collaboration in [15]. In consideration of the fitted

branching fractions for B® — D*~p(770)* — D*~wr* and B® — D*~p(1450)" — D*~wnt
in [15] and the data in table 5 for the three-body decay B° — D*~wn™, one finds that

,10,
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Figure 3. The invariant mass /s dependent I'z /T for BY — D*~p(770)" decay, with the subprocess
p(770)" — wr.

the contributions from subprocesses p(770)" — wn™ and p(1450)" — wr™ are dominant
for this three-body process.

By examining the fraction of the longitudinal polarization I';,/T" at a fixed value of
the momentum transfer, the decays B — D*~p(770,1450)" — D*~wr™ can be employed
to test the factorization hypothesis for B meson decays [125, 126]. The measurement of
the fraction of longitudinal polarization in ref. [126] for the decays B® — D*~p(770)* and
BT — D*9p(770)" confirmed the validity of the factorization assumption at relatively low
region of the momentum transfer. In ref. [127], the authors proposed that if the wn™ system in
the B — D*wn™ decays is composed of two or more particles not dominated by a single narrow
resonance, factorization can be tested in different kinematic regions. In table 4, we list PQCD
predictions for the corresponding longitudinal polarization fractions I';,/T" for the relevant
decays. The errors, which are added in quadrature, for these longitudinal polarization fractions
are quite small from the uncertainties of WB,); Cpe), Gegenbauer moments for resonances,
coupling gpwr or the weight parameter A;. The explanation is that the increase or decrease
for the relevant numerical results from the uncertainties of these parameters will result in
nearly identical change of the weight for the numerator and denominator of the corresponding
I';/T predictions. In ref. [13], the longitudinal polarization fraction for B — D*~wr™ was
measured to be I'z /T" = 0.63 £ 0.09; for the same decay channel in mass region of 1.1-1.9 GeV
for wn™, the result 'y /T = 0.654 4 0.042(stat.) £ 0.016(syst.) was provided by BABAR in
ref. [14]. These two measurements agree well with the corresponding predictions in table 4.

When employing B® — D*~p(770,1450)" — D*~wn™t to test of the factorization
hypothesis, we should keep in mind that there are contributions from the annihilation
Feynman diagrams as shown in figure 2-(c) for these two decay processes. By comparing the
data B = (3.2713) x 107° for the pure annihilation decay B® — D~ K** [16] with the results
in table 2 for B® — D*~p(770)", one can roughly take the annihilation diagram contributions
to be around a few percent at the decay amplitude level. In order to avoid the pollution from
annihilation Feynman diagrams, we recommend to take the decays B? — D~ p(770,1450)*"

— 11 —
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Figure 4. The predicted differential branching fraction (top diagram) for the quasi-two-body decay
B° — D*~pt — D*~wr™, the inset is for the phase difference ¢, = 0.67. Along with the distribution
for wr (bottom one) for B® — D*~wr™ measured by Belle Collaboration in [15].

with p(770,1450)% decay into 7+ 7° or wr™ to test of the factorization hypothesis, in view
of these decay channels have only emission diagrams the figure 2-(b) at quark level. We
plot the invariant mass /s dependent I'; /T in figure 3 for the decay B? — D}~ p(770)"
with the subprocess p(770)* — wnt. One finds that the T'y /T for BY — D~ p(770)" is
going down as the increase of the invariant mass /s for wn™ system. Since the subprocesses
p(770)" — 770 and p(770)" — wr T are described by the electromagnetic form factors Fj
and F,,,, respectively, in the quasi-two-body decay amplitudes, they are independence from
the weak interaction in the related decay processes and wouldn’t disturb the measurement
results of I'r,/I" for relevant channels.

In the top diagram of figure 4, we show the differential branching fraction for the quasi-
two-body decays B® — D*~pt — D*~wr™, pT € {p(770)F, p(1450) ", p(770)* & p(1450)*}.
The phase difference ¢; between p(770) and p(1450) for eq. (2.23) will generate different shapes

— 12 —



for the curves of differential branching fractions and branching fractions of the decay processes
with p(770&1450)" — wr™. In refs. [23, 24, 26, 33|, a phase difference of ¢; = 7 were adopted
or fitted for F,.(s) between p(770) and p(1450); the measurements in [15, 27, 28] showing
the results close to 7 for this phase ¢1. With the choice of phase ¢ = 7 we find the shapes
of these curves in the top diagram of figure 4 doesn’t agree very well with the distribution
of wr for B® — D*~wnt decay measured by Belle Collaboration in [15] and shown in the
bottom diagram of figure 4. We find the curve for BY — D*~[p(770)"&p(1450)" —wrnt is
seriously affected by the interference between p(770)* and p(1450)" from the top diagram of
figure 4. Since the phase difference of ¢; = 7, there is essentially a minus sign between p(770)
and p(1450) components of eq. (2.23) the form factor F,,,(s). Take into consideration of the
denominator D,, for BW formula, in the invariant mass region of wr™ system well below
the mass of p(1450), the form factor F.(s) will be instructive for the branching fraction of
BY — D*~[p(770)T&p(1450) T —]wr™, but when invariant mass is much larger than the mass
for p(1450), the real parts of denominator D,, for p(770)* and p(1450)" will have the same
sign, the Fi,.(s) will be destructive even if we take the influence of the full width of p(1450) into
account. We alter ¢; from zero to 27, and find the predicted curve for dBB/ds will match Belle’s
figure better when we employ ¢1 = 0.67 as shown in the inset of figure 4 (top). It also illustrates
the phase difference between p(770) and p(1450) for F,-(s) could be different in the electromag-
netic form factor and B decays. The branching fractions with the subprocess p(770&1450)* —
wn™ could also verify our analysis above. For example, we have the prediction

B = (1035515 5.05 001 0.15) x 107 (3.7)

for B® — D*~[p(770&1450)" —]wr™ decay when ¢ = 7, it is much smaller than the sum
of two branching fractions from the subprocesses p(770)" — wr™ and p(1450)" — wr™
given in table 4.

Because the threshold for wn™ is larger than the mass of p(770)", we don’t see a typical
BW shape for the curve with subprocess p(770)* — wr™ in figure 4, the bump of the curve
is attributed to the kinematic characteristics in corresponding decay process rather than the
properties of the involved resonant state p(770)". The resonance p(770)" as a virtual bound
state [17, 18] in the process p(770)" — wn™ can not completely present its properties in
the concerned processes because of the phase space of the relevant decay processes. But the
quantum number of the involved resonance could be fixed from its decay daughters the wr™
system. The exact resonant source for wn* makes the cascade decay like B — D*~p(770)* —
D*~wn™ to be a quasi-two-body process, although the invariant mass region for the wn™
system is excluded from the region around pole mass of p(770). The resonance p(1450)" with
the mass larger than the threshold of wr™ contribute a normal BW shape for the curve of
the differential branching fraction in figure 4 for the decay BY — D*~p(1450)" — D*~wr™.
But in the decay DF — wrtn which has been measured by BESIII recently [128], since the
initial decaying state D} does not have enough energy to make p(1450) demonstrate its intact
properties, it will provide only the virtual contribution for wn™ system in this three-body

DY decay process, we shall leave the detailed discussion of it to future study.
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4 Summary

In this work we studied the subprocesses p(770,1450)" — wr™ contributions in the cascade
decays Bt — D®0pt — DOyrt BO — DM=p+ 5 D=t and B? — Dg*)_,o+ —
D®~wrt within the PQCD approach. These decays are important for the investigation of the
properties for p excitations and are very valuable for the test of the factorization hypothesis for
B meson decays. The decays Bt — D®0%urt and B — D®~wrt have been measured by
different collaborations but without any predictions for their observables on theoretical side.

With one open charm meson in the final state of each decay channel, the decay amplitudes
of these processes were described well by effective Hamiltonian Heg with the tree-level
W exchange operators O; and Oz in the quasi-two-body framework. The subprocesses
p(770,1450)" — wrt, which are related to the processes ete™ — wn® and 7 — wry, and
can not be calculated in PQCD, were introduced into the distribution amplitudes for wm
system in this work via the vector form factor F.(s) which has measured by different

collaborations recently.

With the parameters g, = 16.0 & 2.0 GeV~! and A; = 0.171 £ 0.036 for form fac-
tor Fr(s), we predicted the branching fractions for the first time on theoretical side
for 12 quasi-two-body decays with p(770,1450)" — wnt, as well as the corresponding
longitudinal polarization fractions I'y/I" for the cases with the vector D0 o DE:)) ~in
their final states. The branching fractions of these quasi-two-body decays are at the or-
der of 1073, which can be detected at the LHCb and Belle-II experiments. Our results
B = (1.2050150.08 7001 007) * 107 and B = (0.89%5: 1570067003 7058) x 1072 for the decays
BY — D*~p(770)" — D*~wr ™ and BY — D*p(1450)" — D*~wn™ agree with the measure-
ments B = (1.48 £ 0.2775:5570-21) % 1073 and B = (1.075:2570-06+040y % 1073, respectively,
from Belle Collaboration.

The decay B® — D*~wnt has been employed in literature to test the factorization
hypothesis for B meson decays by examining the fraction of the longitudinal polarization I'z, /T’
at a fixed value of the momentum transfer. But we should take care about contributions from
the annihilation Feynman diagrams for this decay process. In order to avoid the pollution from
annihilation Feynman diagrams, we recommend to take the decays B? — D~ p(770,1450)"
with p(770,1450)" decay into 7T7¥ or wr™ to test the factorization hypothesis for B decays.
These decay channels have only emission diagrams with B — D}~ transition at quark level,
and the subprocesses which can be described with the corresponding electromagnetic form
factors would not disturb the measurement results for I'z,/T.

The resonance p(770)" in the concerned quasi-two-decays of this work decaying to wn™
system in the final states can not completely present its properties and contribute only the
virtual contribution for the total branching fraction for corresponding three-body decay
channels, because of the threshold for wr™ and phase space limitation. But the quantum
number of the involved resonance could be fixed from its decay daughters the wn™ system.
We want to stress here that the virtual contributions from specific known intermediate states
are different from the nonresonant contributions demarcated in the experimental studies.
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A  Decay amplitudes for B — D®p — D®wr decays

With the effective weak Hamiltonian Heg in eq. (2.1), the total decay amplitudes for the
concerned quasi-two-body decays are then written as

AB*T = D°[pt —lwrt) = == ViVialan FEY + CoMfL + aoFEf + C1Mpp], (Al

\f

ABY = D7 [pT =wr™) = f ViVaalaoFfh + CLMfp + arFLP + CoMEF], (A.2)

ABY = D [pT =wr™t) = \[

Vud [GQFTD + C{ M. } (A3)

by combining various of contributions from the related Feynman diagrams in figure 2. Where
pT stands for the p(770)™ or p(1450)7" in the relevant decays. The other three decay amplitudes
for the corresponding B+, B® and B? decays with D*0, D*~ and D}, respectively, can be
obtained from eq. (A.1)-(A.3) with the replacements of D(,) meson wave function by the
DE"S) wave function. As has been done in two-body decays of B to two vector mesons as the
final state, the decay amplitudes for B — D*p"™ — D*wn™ in this work can be decomposed
as AN = MW . (wr|p;)/D,,(s) with [105]

MO = e (Neh, (V) |agh +

5 PhPY, 4 i———e"P P, P3g|

b
mpy/s P D\/§
My
= My + My (A =T) - (A = T) iy e (\eg(VP, Py (Ad)
B

According to the polarized decay amplitudes, one has |A|* = [AL|*+|A)[*+|AL]?, and T /T =
|ALI?/(JALI* +|A)|* + |AL[]?), the amplitudes Ar, A and A, are related to the My, My and
My, respectively. For the detailed discussion, one is referred to refs. [105, 129-132].

With the subprocesses p™ — wrn™, where p is p(770) or p(1450), the specific expressions
in PQCD approach for the Lorentz invariant decay amplitudes of these general amplitudes
F’s and M’s for B — D®p — D®™wr decays are given as follows: the amplitudes from
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figure 2-(a) for the decays with a pseudoscalar D or D(_s) meson in the final state are written as

Fff = SWCFm%fD/dedx/debBbdbqﬁg{ [r? — C(x(r* = 1)2 +1)]¢° — VC[(r* + ¢

+2¢z(r? —1))¢° — (r* — 1)¢(2x(r* — 1) + ) r*)¢"] Ee(ta)ha(xp, =,b,bp)Si()
+[(r* = 1D)[¢C — r*(¢ — zp)]8” — 2v/C[¢ — rP(zp — 2¢ + 1)]¢°]

X Ee(ty)ho(zp,x,bp,b)Si(lzs —(|)}, (A.5)

Mgl = 16\/§wcFm‘}9 /dedxdxg/debBbgdb3¢B¢D{ [— [+ ) ((r* — 1)(z3¢ + xB)

+12(Cx = 1) = ((x + 1) + 1) +rre(r® = Ol¢* = V[P (s + 2 — 2) +ap) — 2
+4rr )¢t 4 (r* — 1) (12 ({(x — x3) — 2) — 2()@")] En(te)he(vp, x, 3,bp, b3)
+[a(r? - 1)[( 2= )¢+ VCC(¢° — (r? = 1)¢")] — (w3¢ — 2B)[(r* — ()¢°

V2 ((r* = 1) + ¢ En(ta)ha(zp, z, 23,bp, b3) }, (A.6)

with the symbol ¢ = 1 — ¢, the mass ratios r = My /mp and . = me/mp. The amplitudes

from figure 2-(b) are written as

FEL — 87rcij§fp/dedz3/debBbgdb3¢B¢D{[ (r+1)[r* = ¢ — z3¢(r — 1)(2r — ¢)]]

XEe(tm)hm(xB’ x3, b3, bB)St(‘r3) + [(T - g)[QT(T’C + 1) - TQC - TC] CxB(2T - E)]
XEe(tn)hn(l'B,.Tg,bB,b3)St(-%'B)}, (A7)

MEE = 16\/§7rCij§ / drpdrdrs / bpdbpbdbdpdpd’{[rp[C* — Cr? + Cr] + Cxar(Cr

+(r+ 1) -1 =Cr -2+ D[(r+2)z—2(r+ )] + Pz —r(x - 2) — 1]
+(x —1)(r* = 1)*] By (
+Cas[(r — 1)%(r + 1) — ()] En(tp)hp(zp, x, 23,bp, b) }. (A.8)

to)ho(zp, 2, 3,bp,b) + [(r — 1)({ +r)[zp + (r* — 1)z]

The amplitudes from figure 2-(c) the annihilation diagrams are written as

Fil = 8nCrmpyfp / drsdz / bdbbsdbsdp{ [((2rre—1)(r? =) — (12 = 1)22)¢° + /¢

LL
My,

x[(r? =1)(re(r® = ¢) = 2r(1® = 1)2)¢" + (re(r? = {+ 1) + 2r(z — 2r? — 2)) ]
X Eq(te)he(z,23,b,b3) Se(x) + [(r? = 1)[x3¢® — ¢ (r* = )]¢° +2/Cr (a3 +¢
—r?+1)¢°]| Ea(tf)hy(z,x3,b3,0)S:(|Cx3+¢])}, (A.9)

2
= —16\/;7rcpmj§/dedxdxg/debBbdegst{[(r2—1)[7~2(x3+x3—1)+x3

23] + (e — (r* =Dz + (2 = Das—ar? +z+1) — (rt +r% = 2)z3
—2—1]¢°+ (1= a3)[(r* = 1)¢" + ¢°] +VCr[¢* (wp+r2(x — 1)+ 23— 2+ 3)
+(T2—1)(563—$T2+T2+ﬂ§3—|—$—1)¢)t]]En(tg)hg(xB,SU,ﬂjg,b,bB)+[(T2—E)
x[r?(zp -z -2+ 1)+ (P (w3 +o—2) —x+1)+2 - 1]6° + V{r{(ep -3
(=1 (1=2))¢° + (1 —r?)(wp —23¢ —(+ (1P = 1) (2 —1))¢']]

X Ey(th)hn(zp,x,23,b,bp)}. (A.10)
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Where the Tp, T D and Ap in the subscript of above expressions stand for B — p, B — D
transitions and the annihilation Feynman diagrams, respectively. The F’s stand for those
factorizable diagrams and M’s for the nonfactorizable diagrams in figure 2.

The longitudinal polarization amplitudes from figure 2-(a) for the decays with a vector
D*0 or D(S) meson in the final state are written as

Ffly, = 8nCpmp fp- /dedx/debBbdb¢B{[ [+ Cx(r? —1)% + (2¢ — 1)r?]¢°

VA = 1) (20 (r? = 1) + ¢+ 77)¢" + (202 (r® = 1) + ¢ = 1%)¢"]]

X Ee(ta)ha(p, 2,b,08)Si(x) + [(r* = 1)[rPep + ¢ = ((r* + 1)]¢°

—2v/Clr2(1 — ) — (16°] Be(ty) ho (2, 2,05, 0)Se(|zp — C])}, (A.11)
Mgl = 16\/;7rCFmB/da:Bda:dwg/debBbgdbggbeﬁD*{[[rrc(l —Crt =) - (r* =)

x(Ces(r® —=1) +ap(r? = 1) + (Cz — )r® = ((z + 1) + 1)]¢° — V/([(r* (3¢ — Cx
+rp) = Cr +2)¢° + (r? = 1)(Cx(1 —r?) - 7"2((:63 —2)¢+ l‘B)WH

XEn(tC)hC(va Z,T3, b37 b3) [xB[(E + (QC ¢0 + fT ¢t + ¢3)]
—Cas[((+ (2¢ = 1)r)e” + V/(r* ((r* = 1)¢" + ¢8)] +a(r? - 1)[(5+ (2¢ — 1)r*)¢°
—VCC(¢® = (r* — )¢t)]] n(td)hd(a:B,x, 3,bp,03)}. (A.12)

The longitudinal polarization amplitudes from figure 2-(b) are

Fhb . = $nCpmf, [ dvpdas [ bpdbabadbsspop{[C+(2r—1)0 = sl +r
X [C(r24+2r—C) —r? —r+1]] Ee(tm)hm (v 5,23,b3,08) St (x3) + [r?[re(2¢ —1)
—P+1)=((Cxp—re+1")] Ee(tn) hn(xp,73,b5,b3) 5 (zB) }, (A.13)
MEL, ;= —16\/§wcpm‘}g / dzpdrdzs / bidbbdbésdp: 6 [Cop(1—r)(C+r)—Casr
x (3 =C(ri+r—1)) =2 —z(r+1)(r—1)2 =2r+ 1) +(z—1)(r*—1)2
—¢(r+1)(r—1)2(ra+22—2)] En(to)ho(zp,2,23,b5,b) + [(xs[r? (r{+2¢—1)
+(—r(]—(zp+(r* —1)x)[(—(Cr+(2¢—1)r]) En(ty) hy(xp,7,33,bp,0) }. (A.14)

The longitudinal polarization amplitudes from figure 2-(c) are

Fil, = —8nCpmpf / drsdx / bdbbsdbspp{ [/ Crel r4—cr2—§)¢t (r2 = )¢°]
+[C(1—2(r® = 1)*) +7%(2¢ = 1)]¢°] Ea(te) he (2, m3,b,b3) Sy (x) + [2r\/(C
(w3 —1)C+71)6° + (r* = D)[¢(r* +{ (1 —z3) — x3)+x3]¢°]
X Eq(t)hy(x,3,b3,0)8:(|Cx3+C)) }, (A.15)
ML, = 16\/§woij§ / dzpdrdzs / bpdbsbdbdpdp:{[— (3¢ +ap)[(r2—1)(r% — )"
—V/((r(r? =1)¢" =/ (Cré®] = (C(x+1)¢° + V/((r° (z— 1)¢" +/CCrP (¢ —22) ¢
—(x=1)¢°) +V(Cr((x = Q) ¢* + (x+ )" —r* (Ca —1)¢° —r?(Cx(¢ —2) +1)¢”]
XEy(tg)hg(zp,x,23,b,bp) — [(7“2—C_)(TQ(xB—mgf)—i—rQ(C_x—1)—C_(x—1))¢0
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—VCCr[((ms— 1)+ (1 —a)r* +z—2p)¢® — (1" = 1) (w3 +{ — (1—2)r’ —x
—rp+1)¢' ]]En(fh)hh(ﬂfB,ﬂ?,:Es,b, bp)}. (A.16)

The normal and transverse polarization amplitudes from figure 2 for the decays with
a vector D*0 or DE‘S_) are written as

FTLpéT = 8nCprmp fp-r / drpdx / bpdbpbdbpp{ R - e[/ C(2(r? —1)(¢* — ¢) +2¢°)

D*

+2u(r? = 1)+ 1)o7 + (1 —1)gT | —ie™T T [\/(((w(r? —1)—2)¢"

—m(r2—1)¢”)+C(2x(r2—1)+1)¢T+(r2—1)¢T]] Ee(to)ho(zp,2,b,b5)Si(z)

VR (¢~ ap—r? +1)¢" +(CHap —r2)¢] +ie™F T((¢—ap—r?

+1)¢* = ((—zp+7° —1)¢"]] Ee(ts) hy (x5, 2,b5,b)Si(lzp —C|)}, (A.17)
Mghy = 16\/§7TCFm‘}B / dxpdzdrs / bpdbpbsdbsppdp-{[eX - [¢3 2 r (¢ — ¢?)

HV/Cre((r? =167 + (1 +1)¢") +r(r* = 1) (wp +a3 —1)¢" —(r((r? ~ 1)

x (z3+2) — 2r2 +1)¢7 | — ie™r 6T[<3/2rc(¢a ¢") — \/Cre((r2 +1)¢°

+(r? =1)¢") —r(r* =) (zp+x3—1)¢" +(r((z3—2)(r* —1)+1)¢" ]

X B (te)he(zp, 2, 23,0p,b3) + [ - éh[2v/C(zp +2(r* —1) — 23()¢°

+(r? = 1)(zp —a¢ —230)¢" | +ie™F T2/C(wp+a(r® —1) —230) ¢

+(r? =1)(zp+2¢ —230)¢" || Bn(ta)ha(wp, =, 23,b5,03) }, (A.18)
Ffh.p = SWCijgfp\//dedxg/debBbgdb3¢B¢D*{[elT’* e fx(rt—1)(2¢ —7)

C 2 2r] —ie™F D2 —1)(r—20) — 5+r2]] o(tm)hom (23, 23, b3, b)

xSy(3) +r[eR B —wp+2re— 12 +1] —ie™F F[(+ap—r?)

X Eo(tn)hn(2p,23,bp,b3)S:(zp)}, (A.19)

2 ) _
Mff. p = 16\/;wcij§\/Z / dzpdrdzs / bpdbpbdbgpp:{[eX - [r?(C((2—x)¢"

—2¢%) + (Cas +25) (6% — 6°)) + Ca (6 +¢7)] — ie™F % [r2(({( — 3)
—p)¢" +(C(3+2-2) +ap)o") — (a(¢" +")]| Enlto) ho(z 5

,x,23,bp,b)

R - (P (wp — 230) — 2 (1> — 1))¢" + (a(r® — 1) (2r — ) — (r—2)

xr(zp —230))9"] +ic™F F[(a(r? —1)(2r &) —r(r—2)(ap —230))¢"

+(r*(zp —23¢) — Ca(r® —1))¢"]| En(tp) hy(z B, 2,23, b5,b) }, (A.20)
Fibf = snCrmly for [ drgde [[babbadbype [ - [VEw(r? ~1)(6" ~ ") ~26")

—re(r? == 1)¢T | +ie™F T/ (@~ )¢ — (2(r 1) +2)¢7) + (12 ()

xre¢T)] Ba(te)he(x,23,b,b3)Si(x) + V/C[R - [(Cars + ¢ — 17+ 1)¢" + (Cas

FCAT2 1) i D [(Cog+C+12—1)¢" + (Ca+C — 12 +1)¢7]]

XEq(tg)hy(z,23,b3,0)S:(|Cxs+C)}, (A.21)
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Mty = 16\/§wcpmj§ / dxpdzdas / bpdbpbdbppp:{[e2 - [(r*ap(r® —1)
HCr2((r2 = 1) (3~ 1) +¢) — (Ca(r? = 1))¢T —2y/Crg? +ie™F T [(r2(Cr?
—® = (Cas+ap)(r* —1)) = CCa(r? = 1)¢" —21/Cr¢|| En(tg)hg(xp, 2, 23,b,bp)
(2= 1) [0 -l (xp —a3) + C(r2 (x5 — 1) + 2 — 1)+ C2(1 — )] — i€
x[r?(xp —x3) +¢(r* (23— 1) = (x —1)]]¢T En(tn)hn (x5, 2,23,b,05) ). (A.22)

The involved evolution factors F¢(t), Eq(t) and E,(t) are given by

Ee(t) = as(t) exp[-Sp(t) = S,(1)],
Ea(t) = as(t) exp[=Spe (8) = S, ()],
En(t) = as(t) exp[=Sp(t) = Sp(t) = Spe ()], (A.23)

in which the Sudakov exponents are defined as

mp 5 [t dﬂ

Sp =385 —.,bp )+ = — s A.24
b= (as 0 bn) + 5 [ Fotanim), (A.24)

mp mp tdpn _
S :S( 1—r? b>—|—5< 1—r? )—1—2 —q(as , (A.25
o= 8 (s TB ) 45 (0 -n0 - T2b) v2 [ Tryfan(a), (A25)

mp t dﬂ

Spew =S (231 =)L by ) +2 L A.26
b = 8 (22102 1) +2 [ Wy(a@), (A.20)
with the quark anomalous dimension v, = —ag/m. The explicit form for the function

s(Q,b) is [105]

s(Q,b) = ;‘;fql (‘?)—A(U(Q—z})

A(2) A2 4@ e2vE—1 g
( 1) - 5 = In In <A)
451 41 4/ 2 b
AW, TIn(2g) +1  In(2b) +1]  AWp, .
+ - £ + In%(24) — In?(2b)|, (A.27
T Sl : S (20— @b (A27)
with the variables
i = WQ/(v2A)], b = InfL/(bA)], (A.28)
and the coefficients A® and f; are
33— 2n; 153 — 19n;
/Bl - 12 y ﬁ? — 24 )
4 67 7w 10 8 1
AL = = AP = — = — 2Bl ( w> A2
3’ g ~ 3 T3 ) (4.29)

where n; is the number of the quark flavors and «g is the Euler constant.
The hard scale, denoted as t;, are determined by selecting the maximum value of the
virtuality associated with the internal momentum transition in the hard amplitudes, the
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specific expressions for the hard scales are given by:

{msﬁ melasl, 1/, 1/b3}
{mulrl.m o], 1/0m, 10}
{ Jal chy,1/bB,1/b3},
{may/dlmay/dal 155,17
{may/lerl.may/leal. 10,1730
ty = max {mp/| il ma /122,100, 1/0}
{malo.maloal. 1/01/50 |
{may/linl.myinal 10,1 /05
{m/lmi].mflmal, 1/, 1701},
{malml,m/Inal 178,155 |
{
{

~

3
I
=
Q
»

1l,mpy/loa|,1/bg, 1/5} ,

(A.30)

to = max<smpy/|o
tp = max{mp |p1\,m3\/]p2|,1/b3,1/b}.
with the factors
ap = (1— 7‘2)33, ag = (1— r2)$Bx,
b1 = (1—7r%)(zp — ), by = az,
c1 = ag, co =712 —[(1—2)r? +a][(1 - ¢)(1 — x3) — wp],
dy = as, dy = (1 —1*)zfzp — (1 — )as),

el = 7“3 —1—z(1- 7“2)],

fr= 1=~ a5~ (),

g1 = €2,

hi = eq,

m1 = (1 —Q)as,

n =1z —(r* —ap)(1-),
01 = My,

p1 = ma2,

e2 = (1—=r*)(1=2)[(¢ ~ s — ],

f2 = €2,

g2 =1—[(1 —a)r? +a][(1 - O)(1 — a3) — w5],

ha = (1—r*)(1 = 2)[(¢ — Vx5 — ¢ + ),

mg = (1 — {)xszp;

ng = ma,

0 =[(¢ =Dz —(J[(1 —2)(1 —r?) — zp],
2

= (1= Quslep — (1 —r7)z].

The threshold resummation factor S;(z) is of the form [133]:

21+2cr<3/2 4 C) .

with the parameter ¢ adopted to be 0.3.

St(iﬁ) =

— 20 —

(A.31)

(A.32)



The expressions of the hard functions h; with i € {a,b,c,d,e, f,g,h,m,n,0,p} are

obtained through the Fourier transform of the hard kernel:

hi(x1, 22, 3,b1,b2) = hi(B,b2) X ha(a,by,bs),

,3 b2 Ko(\/,gbg), ﬁ >0
’ Ko(iv=Pb2), B <0
hg(a, bl,bg) _ 9(1)2 — bl)IQ(\/abl)KQ(\/abz) + (bl — bg), a>0 (A.33)

Q(bz - bl)[o(\/jabl)Ko(i\/debQ) + (b1 <~ bg), a <0

where Ko, Iy are modified Bessel function with Ko(iz) = 5(—No(z) + iJo(x)) and Jy is the
Bessel function, @ and g are the factors i1, 5.
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