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1 Introduction

The goal of the Swampland Program (see [1–7] for reviews) is to identify which effective
field theories (EFTs) may be completed in the ultraviolet (UV) in a way which is consistent
with Quantum Gravity (QG). One of the best supported outputs of the program is the
Swampland Distance Conjecture (SDC) [8–11]. It states that in a theory consistent with
QG, when traversing the moduli space, moving from a point P to a point Q located at
a geodesic distance ∆ϕ = d(P, Q) away, an infinite tower of states becomes exponentially
light (in Planck units) at a rate

mtower(Q) ∼ mtower(P ) e−λ ∆ϕ , (1.1)
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as ∆ϕ → ∞, with λ some order one constant. A further refinement of the SDC, known as
the Emergent String Conjecture [12], claims that along any such infinite distance limit the
only possible physics that one can encounter corresponds (in some duality frame) either to a
decompactification process, where some internal manifold grows large, or rather emergent
string limits, in which some critical weakly coupled and asymptotically tensionless string
emerges. Somewhat related to the SDC is the AdS Distance Conjecture (ADC) [13], which
asserts that for any family of scalar potentials with AdS minima, the limit V → 0 is always
accompanied by an infinite tower of states with characteristic mass scale (in Planck units)
given by

mtower ≲ |V |α , (1.2)

with α again some O(1) coefficient. A stronger version of the ADC posits that α ≥ 1/2 with
α = 1/2 in the supersymmetric case. It has also been argued that a similar condition could
also be valid in dS space [13]. Currently, there is compelling evidence for the SDC coming from
a large variety of string theory vacua (see e.g. [8, 10–12, 14–32]) and in AdS/CFT [33–35], and
in some cases it may be directly connected with the (sub-)Lattice Weak Gravity Conjecture
(sLWGC) [5, 36, 37]. Additionally, a good amount of evidence has been gathered in favor
of the (weaker version of the) ADC, whilst the stronger one (with α = 1/2) has been
challenged in specific examples, which are still under discussion (see the recent review [7]
and references therein).

In spite of this vast evidence in favour of both conjectures, many important questions
have not been fully answered yet. In particular, one could raise the following points: (i) what
is the fundamental QG principle underlying these conjectures, (ii) what is the reason for
the exponential and power-law functional behaviors and (iii) what are the allowed values
for the constants λ and α, and why. Upon closely examining large classes of models, certain
ranges of values for λ have been proposed, see e.g. [10, 26, 32, 38]. However they are mostly
empirical guesses, not based on general QG principles whatsoever.

A fundamental explanation for the origin of the ADC based on the Covariant Entropy
Bound (CEB) [39, 40] was proposed in [41]. By exploiting the holographic principle, which
implies the existence of a maximum information content in a given spacetime region [42–44],
one is able to provide a bottom-up derivation for the ADC in equation (1.2). This is done by
imposing the CEB condition for an EFT in AdS spacetime with an associated UV cut-off,
ΛUV, which is naturally identified with the species scale. The entropy considered here is
the one associated to the EFT of the massless fields with cut-off ΛUV, and in a region
with typical volume-to-area ratio given by L (which could be understood as a kind of IR
cut-off), which in this case is identified with the AdS length ℓAdS. In this way one is able
to derive a lower bound for the constant α depending on the number of dimensions d and
the density parameter p of the relevant tower of states.1 This lower bound is consistent with
all string examples analyzed so far. The explanation so obtained for the ADC is intuitively
simple and is based on perhaps the most characteristic property of Quantum Gravity, namely

1The density parameter p is defined by mn = n1/pmtower, with mtower the lightest mass in the tower. Thus
a standard KK tower has p = 1 and a string tower is better described by p → ∞, see [41]. In the main text we
present explicit examples with p = 2, 3 as well, which play an important role in M-theory vacua (see section 4).

– 2 –



J
H
E
P
0
1
(
2
0
2
4
)
0
3
9

Holography. Note that supersymmetry is not needed for the derivation, contrary to other
schemes proposed in the literature (see e.g. [45, 46]).

One could expect somewhat similar entropic arguments to apply for the SDC. However,
in flat space there is no characteristic length scale like in the AdS case for the IR cut-off. To
apply such an entropic argument based on the degrees of freedom of the EFT, a link between
the field-space distance, ∆ϕ, and the characteristic spacetime distance associated to the
region under consideration, L, is needed. We argue in this work that the idea of Dynamical
Cobordism [47–54] nicely completes this scheme providing such a link between field-space and
spacetime lengths. The Cobordism Conjecture [55] states that any QG vacuum admits, at the
topological level, a boundary ending spacetime. The dynamical cobordism idea tries to explore
the dynamics as one approaches these boundaries. In the presence of scalar fields, these are
described as codimension-one running solutions in which the scalars explore infinite field
distance as one approaches the end-of-the-world (ETW) singularity. In string theory examples,
a remarkable exponential dependence between the spatial distance to the ETW-singularity
and the field space distance was found [48, 49]. We analyze this kind of codimension-one
running solutions for theories with exactly massless scalars, paying special attention to the
region very far away from the ETW-singularity, as it is the region in which our CEB argument
is applied. Remarkably, such a background exists for any geodesic in moduli space, and there

is a universal relation between spacetime and (geodesic) field space distance: L ∼ e

√
d−1
d−2 ∆ϕ .

In this paper, we show how combining the CEB with the dynamical cobordism input
one can provide a bottom-up argument for the SDC and its known properties. In particular,
we are able to recover the asymptotic exponential behavior of the UV cut-off (and hence
the mass scale of the tower) with the geodesic distance in moduli space, and to give specific
lower and upper limits for the exponential decay rates depending on the dimension (and the
density of states in the tower, p). Moreover, we also extend the dynamical cobordism analysis
to a situation in which (both positive or negative) exponential potentials are present. The
results obtained reproduce the previous analysis for the AdS conjecture and give rise to new
bounds on the decay rate of the exponential potentials both in AdS and dS. In particular
we can reproduce the TCC lower bound for the scalar potential rate.

In the presence of multiple moduli and towers, the SDC becomes more involved and it is
useful to define a Convex Hull of scalar charges [56], in analogy with the case of multiple U(1)’s
in the WGC [57]. The points that define this hull are the analogues of the charge-to-mass
ratios in the WGC, namely the log derivatives of the masses of the towers of states. Based
on the scalar WGC (sWGC) [58], it was argued that this convex hull should contain the ball
in which the sWGC would be violated. Recently, a universal lower bound 1/

√
d − 2 for these

decay rates (i.e. the radius of this ball) has been proposed in [32].
We revisit the issue of the convex hull related to the SDC from the point of view of

the CEB. The first point to remark is that, unlike other analysis in the literature, the very
existence of this convex hull constraint appears automatically and does not rely on the sWGC.
Furthermore, we put the main focus on the species scale [59, 60], instead of the mass of
the lightest tower. In this regard, we point out that it is particularly useful to define the
convex hull for the species scale itself, rather than for the masses of the towers, because it is
well-suited for situations where multiple towers lie below the UV cut-off of the theory and
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effectively give rise to combined towers [41]. Furthermore, it efficiently encodes the relevant
UV physics of the different infinite distance limits. Thus, we define a Species Scale Distance
Conjecture (SSDC) in terms of the convex hull obtained from the species scale for any given
theory. We find that the decay rate for the species scale has an absolute lower bound

λsp ≥ 1√
(d − 1)(d − 2)

, (1.3)

which is based on the CEB and the dynamical cobordism idea, with no reference to the
sWGC. We also test that the existence of this lower bound is stable under dimensional
reduction, although to obtain consistency with the convex hull conditions requires in general
the existence of additional towers, including e.g. ‘effective towers’ with higher density (p > 1).
When working out specific string vacua, the required towers to complete the convex hulls
do indeed appear in a non-trivial way.

We test and illustrate the validity of our convex hull bounds in a number of M-
theory/string theory vacua. The case of M-theory on T 2 is illustrative in that it contains
Kaluza-Klein (KK), string and winding types of towers, and combined effective towers already
play a crucial role in the fulfillment of the convex hull condition. The lower bound is saturated
by KK-like towers associated to a single dimension decompactifying (i.e. p = 1) whereas
the vertices of the convex hull correspond to string towers and an effective KK-like tower
associated to full decompactification of the internal space (i.e. p = 2). We also work out
more elaborated cases, such as M-theory on T 3, in which similar patterns arise. Namely,
the string oscillator modes and the effective highest density towers corresponding to full
decompactification (p = 3) stay at the vertices, the single KK-like towers (p = 1) lie at the
faces (saturating the bound) and the edges joining vertices in the convex hull contain the
intermediate density KK-like towers (p = 2).

It is remarkable that all this rich structure, including specific numerical bounds and
exponential behavior at large moduli may be described in simple terms on the basis of two
fundamental principles of Quantum Gravity: holography as formulated by the CEB and the
Cobordism Conjecture, in its dynamical implementation. Interestingly, this analysis does not
require supersymmetry. We believe that the present work gives support to the idea that all
distance conjectures in QG are based, one way or another, on general holographic principles.
In particular, the Cobordism Conjecture is intrinsically motivated by the absence of global
symmetries and the latter may be justified in the context of AdS/CFT Holography [61]. So
all in all, it may be argued that the Distance Conjectures are deeply rooted in Holography.

The structure of the rest of this paper is as follows. In the next section we first revisit
the results from [41], including some new insights, and then show how an analogous reasoning
based on the CEB combined with the dynamical cobordism setup allows us to motivate
the SDC from the bottom-up, providing also for non-trivial constraints on the decay rates
λsp. The analysis is extended to the case in which an exponentially damped potential is
present in section 3, obtaining the known bounds on α for the ADC but also additional ones
which apply to dS runaway potentials, making contact with the asymptotic dS conjecture.
In section 4 we define the Species Scale Distance Conjecture as a convex hull condition on
the asymptotic decay rates of the species-scale. We illustrate the validity of this constraint
in certain toroidal M-theory compactification, in which all the new crucial ingredients are
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exemplified. In sections 5 we study the behavior of the SSDC under dimensional reduction
from different perspectives. Finally, in section 6 we verify the SSDC in further toroidal
M-theory compactifications. We leave section 7 for general comments and conclusions. In
the appendix we provide a proof of principle for the UV uplift of the running solutions
described in section 2. We do so by means of a specific string theory background interpreted
as a non-compact orbifold. This may suggest certain degree of generality as captured by
the dynamical cobordism approach, which seems to provide a universal way of approaching
the boundaries of our QG EFTs.

2 The covariant entropy bound and distance conjectures

In this section we present our entropic argument for the Distance Conjecture. For this, we
first review the Covariant Entropy Bound (CEB) as applied to effective field theories, and
how it recovers the AdS Distance Conjecture (ADC) when considered for a family of AdS
vacua. With this motivation in mind, we study dynamical cobordism solutions in theories
with massless scalars, which give the link between the spacetime and moduli space distances
required to recover the SDC. Finally, applying the CEB to these backgrounds, we show how
to recover all these features of the SDC from the bottom-up.

2.1 Holography and UV/IR mixing

Let us start by reviewing how the holographic principle, formulated in the form of a maximal
information content associated to a given spacetime region, can in principle lead to interesting
constraints for the effective field theories (EFTs) that we use to describe the low energy
physics taking place within the said region. These ideas were in fact exploited in [41] so as
to provide a bottom-up rationale for the Anti-de Sitter Distance Conjecture (ADC) [13]. In
the following, we will briefly summarize the line of reasoning followed there, and our aim
in this section is to extend such considerations so as to motivate the Swampland Distance
Conjecture from this perspective.

Suppose that we restrict ourselves to some codimension-one spacelike region Σ of a
d-dimensional spacetime satisfying the constraint that its future-directed light-sheets are
complete. This means, in turn, that the causal past associated to these light rays contains the
full spatial region we are interested in. For concreteness, one could think of (d−1)-dimensional
spheres of proper radius L. Then, upon applying the Covariant Entropy Bound (CEB) [39],
one thus finds that the information content in that region presents a maximal upper bound
determined by the area of its boundary, A(∂Σ), as follows

Smax = A(∂Σ)
4Gd

, (2.1)

where Gd is the d-dimensional gravitational constant. For the canonical example of spatial
balls of proper radius L in flat space, the holographic entropy becomes essentially proportional
to (L/ℓd)d−2, with ℓd the d-dimensional Planck length.

The idea is then to use this Quantum Gravity (QG) restriction to constrain the range of
validity of any EFT that we use to describe the low energy physics taking place in Σ. Therefore,
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if we assume to have such a local effective description of the massless/light modes of our
theory, the maximum field theory entropy associated to Σ would scale extensively as follows

SEFT ∼ N0 Λd−1
UV vol(Σ) , (2.2)

where we have introduced some UV cut-off, ΛUV, beyond which our effective description
breaks down, whilst N0 denotes the number of massless/light fields described by the EFT,
which we will henceforth consider to be of order one for simplicity. Hence, upon imposing the
holographic upper bound on the entropy for the region Σ, (2.1), one finds the following QG
upper bound for the UV cut-off in terms of the area-to-volume ratio of the region

(ΛUV ℓd)d−1 ≲
A(∂Σ)
vol(Σ) ℓd . (2.3)

Note that particularizing to the case of a (d − 1) spatial ball of proper radius L in flat
space, and identifying the IR cut-off simply as the inverse of the maximum length scale
set by the system under consideration (namely ΛIR = L−1), we get the UV/IR relation
(ΛUV )d−1 ≲ ΛIR (in Planck units). The moral is that as the area-to-volume ratio decreases
(in Planck units), the UV cut-off, ΛUV, has to decrease in order not to surpass the maximal
holographic entropy (2.1). Let us stress that, even though having an UV cutoff that depends
on the size of the experiment might seem a bit shocking from the Wilsonian perspective, it is
to be interpreted as a form of UV/IR mixing, something pervasive in Quantum Gravity.

An alternative strategy followed in [62–64] was to consider the collapse of thermodynamic
configurations into black holes (BHs) and requiring them not to be part of the EFT. This
yields similar (although asymptotically stronger) bounds for the ADC [41]. We will not
contemplate this possibility any further in this work, since our strategy is to confront the
extensive entropy characteristic of a local field theory, which would be obtained in the absence
of gravity, with the CEB. Moreover, the results obtained using this approach give strong
support (a posteriori) that it is a sensible thing to do.

Let us also mention an important point regarding the entropy that we are considering
throughout this work. One of our main goals is to use entropy bounds in order to obtain
constraints on EFTs, by confronting the (extensive) EFT entropy with the Quantum Gravity
bounds. In particular, the state counting that accounts for this entropy is due to the phase
space available upon considering potential finite temperature configurations in the presence
of a UV cut-off, as opposed to the zero-temperature entropy associated to e.g. the counting of
the number of species or the microstate counting of extremal black holes studied in [65–68].
Of course, both contributions come into play whenever one wants to account for all the
entropy of a given configuration, but in our case the former is the one that becomes crucial
to obtain the constraints.2

Given that equation (2.3) is a quantum-gravitational constraint, it is natural to think that
ΛUV must be some intrinsically quantum-gravitational cut-off. Indeed, from our experience
in string theory, we know that the appearance of an infinite tower of states becoming light

2In fact, one can recover some zero-temperature entropy results from our analysis if the UV cut-off is set
to L−1, with L the typical size of the region under consideration, since in such configurations the different
species present are frozen and all their entropy comes just from the counting of states.
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seems to be the natural way in which the UV cut-off of our description may be lowered.
This is indeed the usual mechanism by which QG censors pathological limits in familiar
EFTs coupled to gravity in a consistent manner. Therefore, it is natural to identify ΛUV
with the highest cut-off scale for a Quantum Gravity theory, namely the species scale, which
is defined as follows [59, 60]

Λsp ≃ Mpl,d

N
1

d−2
sp

, (2.4)

with Nsp the number of light species and Mpl,d ∝ ℓ−1
d the d-dimensional Planck mass. Thus,

let us consider a system with a tower of states parametrized by mp
n = n mp

tower, such that
the species scale reads

Λp
sp ≃ Nsp mp

tower , (2.5)

where mtower denotes the mass scale of the tower. Notice that one indeed recovers the case of
a single Kaluza-Klein tower for p = 1, whereas p → ∞ would instead correspond to a string
tower (modulo log corrections, see [69]).3 In the case of multiple towers, several of them can
contribute to the species scale, and the computation becomes more involved. However, it
turns out that if several different towers contribute to the species scale one can construct an
equivalent effective tower, with an effective mass scale and an effective density parameter
that captures the right asymptotic behavior of both the number of total species and the
species scale itself [41]. In particular, for a set of towers with mass scales mi, and density
parameters pi, the effective mass mtower is in fact a geometric average of the masses of the
towers involved (see section 4.1) and the effective peff =

∑
i pi > 1.

These expressions, when combined together, allow one to write Λsp solely in terms of
the mass scale of the tower

Λsp ∼ m
p

d−2+p

tower M
d−2

d−2+p

pl, d . (2.6)

Inserting the above relation into the holographic bound (2.3) one finds [41]

mtower ≲
(

A(∂Σ)
vol(Σ)

)2αd

, αd = (d − 2 + p)
2p(d − 1) . (2.7)

Upon identifying the IR cut-off as ΛIR = A(∂Σ)/vol(Σ) , this bound can be rewritten (in
Planck units) as

Λd−1
UV ≲ ΛIR , (2.8)

which shows how the tower scale decreases as the IR cut-off goes down in a very precise
way. With this we can now turn to two interesting applications of these ideas in the context
of the Swampland Program.

3As explained in [41], even though naively a critical string tower would seem to have p = 2, namely
mn =

√
nms, taking into account the exponential degeneracy of states amounts, for our pruposes here, to

regard it as an effective tower of density parameter p → ∞. For example, its associated species scale becomes
then identical to the string mass scale (cf. eq. (2.6)), which is in fact the correct result.
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2.1.1 A bottom-up argument for the ADC

Let us first review how the application of the holographic ideas from the previous section
may provide a bottom-up rationale for the AdS Distance Conjecture, as explained in [41].
We take d-dimensional Anti-de Sitter as our background spacetime, and parametrize it in
terms of so-called Susskind-Witten [70] coordinates, by which the spacetime can be viewed
locally as a product of a (d − 1)-dimensional spatial ball and an infinite time axis4

ds2
d = ℓ2

AdS

−(1 + r2

1− r2

)2

dt2 + 4
(1− r2)2

(
dr2 + r2dΩ2

d−2

) , (2.9)

where ℓAdS denotes the AdS length, dΩ2
d−2 is the distance element of the unit (d − 2) sphere

and 0 ≤ r < 1. The conformal boundary lives at r = 1.
We now assume that the low energy physics taking place in AdSd admits a description in

terms of a d-dimensional EFT weakly coupled to Einstein gravity up to some UV cut-off,
ΛUV, signalling the energy scale at which the effective local description starts to fail due to
inherently quantum-gravitational effects. We consider a (d − 1) spatial ball (described by
constant r in Susskind-Witten coordinates, cf. equation (2.9)), with proper length L. Upon
imposing the CEB — in its spacelike projected version [71] — on the extensive EFT entropy
given in (2.2) one arrives at the following QG requirement

Λd−1
UV ℓd−2

d ≲
A(L)
vol(L) . (2.10)

One can show that indeed such condition gives rise to constraints of the form

(ΛUV ℓd)d−1 ≲
(

ℓd

ℓAdS

)
, (2.11)

for any L ≥ ℓAdS , since the quotient on the r.h.s. of equation (2.10) reduces to 1/ℓAdS , up to
O(1) factors (see figure 1). Notice that this relation morally captures the content of the AdS
Distance Conjecture, since the limit of large AdS radius (in Planck units) implies a vanishing
UV cut-off. Indeed, upon taking the flat space limit ℓAdS → ∞, equation (2.11) tells us that
the UV cut-off of the theory must go to zero, effectively invalidating our original description
if we nevertheless insist on keeping the UV cut-off of our EFT fixed.

Notice that this does not require from extra ingredients such as supersymmetry to work
(as opposed to other arguments in the literature, see e.g. [45, 46]), and directly spells what
goes wrong if the EFT does not break upon taking the flat space limit: the absolute upper
bound for the QG entropy is violated. It is important to remark, though, that the argument
above only applies when one can somehow approach the flat space limit within the family of
AdS vacua under consideration (perhaps in a discrete fashion via tuning some flux quanta),
as oppossed to starting with a Minkowski vacuum directly. This is precisely the content of
the ADC, since it does not prevent Minkowski vacua to exist in the first place, but rather
censors a ‘smooth’ interpolation between AdS and Minkowski within the same EFT. The

4These coordinates can be seen to be related to the usual AdSd global coordinates, in which the metric
reads as ds2

d = ℓ2
AdS
(
− cosh ρ2dt2 + dρ2 + sinh ρ2dΩ2

d−2
)
, via the change of radial coordinate r = tanh ρ/2.
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Figure 1. Area-to-Volume ratio (with ℓAdS = 1) as a function of the distance from the boundary of
AdS, located at r = 1. For concreteness, we show here the dependence in five-dimensional Anti-de
Sitter space. Notice that the minimum happens precisely when we take our ball to occupy all space.

reason is quantum-gravitational at its core, namely holographic entropies in flat space and
AdS — even though presumably infinite — are very much distinct from each other due to
the different asymptotics exhibited by these spacetimes.

Hence, upon identifying the QG cut-off with the species scale associated to a tower of
light states,5 eqs. (2.6) and (2.11) yield the following result for the mass scale of such tower

mtower ∼ |Λc.c.|α , (2.12)

with α ≥ αd = (d−2+p)
2p(d−1) . In general, this lower bound for the exponent varies in the range

1/2(d − 1) ≤ αd ≤ 1/2, which is consistent with all known examples in string theory. The
case p = 1, of an ordinary KK-like tower, yields αd = 1/2 and does not allow scale separation.
However, the constraint leaves room for scale separation for p > 1, and the allowed range
for α is maximized when the tower is of stringy type (p → ∞).

Finally, the upper bound α ≤ (d+p−2)/2p ≤ (d−1)/2 obtained in [41] can be understood
as the requirement that the EFT as such makes sense, namely ΛUV ≥ ΛIR. Notice that
identifying this UV cut-off with the species scale, this requirement simply means that we
start with an EFT weakly coupled to Einstein Gravity, which is precisely the kind of EFT
we are interested in constraining.6 In particular, note that this includes AdS vacua without
scale separation (with α = 1/2), such as AdS5 × S5, since the UV cut-off given by the species
scale is always above that of the KK-scale.

5One can indeed check that equation (2.11) with ΛUV taken to be the species scale is satisfied in AdSp ×Sq

compactifications of type IIB string theory and M-theory [41].
6In certain contexts, one can use AdS/CFT techniques to constrain even more general QG EFTs, such as

Vasiliev-type (see e.g. [33–35]), but this is beyond the scope of this work.
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2.2 A bottom-up argument for the SDC

In the case of an AdS background, there is a natural length scale, given by the AdS radius,
which can be related to the UV cut-off upon imposing the CEB within a box larger than the
AdS scale. A reasonable question is whether a similar logic may be applied in the absence of
such non-vanishing cosmological constant, since this is the relevant scenario to investigate
the Swampland Distance Conjecture [8]. To do so, the key point is then to find some generic
field configuration that links the spacetime distance with the moduli space distance, so that
we can consequently relate the latter with the CEB.

2.2.1 Running solutions in moduli space

In this section we introduce the EFT running solutions that precisely realize this dependence
of the spacetime distance on the moduli space distance. In particular, the main result we
find is the following exponential dependence of the spacetime distance

L ∼ e
δ
2 ∆ϕ , with δ = 2

√
d − 1
d − 2 . (2.13)

These running solutions are asymptotically flat and explore geodesics in moduli space, as
required by the Distance Conjecture, with the exponential coefficient depending just on the
number of spacetime dimensions, d. In fact, there is one such running solution for each
locally geodesic trajectory in moduli space. They are completely generic at the level of
the EFT, and the only assumption is that the associated spacetime singularity is resolved
in QG, as suggested by the Cobordism Distance Conjecture [47–49]. In the remainder of
this section we explain how to obtain such solutions and discuss the physics behind them.
Even though several important insights can be extracted from this discussion, the reader
interested solely in the relation between the Distance Conjecture and the CEB can safely
take equation (2.13) and jump directly to section 2.2.2.

Let us consider d-dimensional Einstein gravity with a moduli space M parametrized
by scalars ϕi. The action is given by

S = 1
κ2

d

∫
ddx

√
−g

[1
2R − 1

2Gij(ϕ)∂µϕi∂µϕj
]

. (2.14)

Notice that this action is tailored to include the minimal ingredients required to formulate
the SDC, i.e., gravity coupled to exactly massless scalars with no potential (we leave the
inclusion of a non-vanishing potential for section 3). In principle, the EFT could contain
extra matter or p-form gauge fields, as typically happens in string theory constructions,
whose gauge couplings are usually determined precisely by the scalar field vevs ⟨ϕi⟩. In
any event, by restricting to uncharged solutions, namely those with field strength F 2

p = 0
everywhere in spacetime, one can effectively use the truncated action (2.14). Furthermore,
for this bottom-up approach we remain agnostic about the mechanism protecting the scalars
from getting a mass through quantum corrections, and we just assume the existence of a
moduli space. Typically, this would require the presence of some degree of supersymmetry
and, again, (2.14) would be a consistent truncation to the relevant sector of the theory.
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Our goal is to obtain running solutions, in which the moduli-space and spacetime distances
are linked dynamically. For that, it is natural to consider (d−1)-Poincaré preserving solutions,
i.e., a domain-wall ansatz of the form

ds2 = e2σ(r)ηαβdxαdxβ + dr2 , (2.15)
ϕi = ϕi(r) . (2.16)

Notice that the second equation is that of a trajectory in moduli space, parametrized by
the spacetime distance in the r-direction. This will be of relevance to our analysis, since it
will allow us to determine dynamically not only the relation between the moduli space and
spacetime distances, but also the trajectory that the solution is exploring in moduli space.

Plugging this ansatz into the equations of motion of (2.14) yields:

ϕ′′ k + Γk
ijϕ′ iϕ′ j + (d − 1)σ′ϕ′ k = 0 , (2.17)

(d − 2)(d − 1)σ′ 2 = Gijϕ′ iϕ′ j , (2.18)
σ′′ + (d − 1)σ′ 2 = 0 . (2.19)

Here we have used primes to denote derivation with respect to r and Γk
ij is the connection

associated to the moduli space metric. Equations (2.18) and (2.19) come from the Einstein’s
equations, while (2.17) are the equations of motion for the scalars.

These equations have been written in a suggestive way. The last one, equation (2.19),
does not contain the scalars and completely determines the spacetime metric via the warp
factor σ(r). Recalling the definition of the line-element used to compute the moduli space
distance in terms of the spacetime one,

∆′ 2
ϕ = Gijϕ′ iϕ′ j , (2.20)

equation (2.18) then relates this to the spacetime metric. This is, having σ(r), equation (2.18)
allows us to solve for ∆ϕ(r). Finally, equation (2.17) is then a constraint on the trajectory
that is explored as we move along the r-direction.

Following this reasoning, let us first solve (2.19). The solution takes the form

σ(r) = 1
d − 1 log

(
r − r⋆

r0

)
, (2.21)

where r⋆ and r0 are the two integration constants. We can set r⋆ = 0 without loss of generality
by a shift in the r-coordinate, which does not change the ansatz (2.15). On the other hand,
fixing r0 amounts to choosing some units to measure spacetime distances. We will keep
it explicitly here, although it has no effect whatsoever in our conclusions (see footnote 7).
From now on we work in Planck units and take

σ(r) = 1
d − 1 log

(
r

r0

)
. (2.22)

As discussed before, this completely fixes the spacetime metric. However, let us postpone
the analysis of its properties and, for the moment, take this as an intermediate step needed
to get ∆ϕ(r), which is our main focus.
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Plugging (2.21) and (2.20) into (2.18) and solving the differential equation we get

∆ϕ(r) = ±

√
d − 2
d − 1 log (r) , (2.23)

where we have fixed an additive integration constant without loss of generality. In this case, it
corresponds to setting the zero of the moduli space distance, this is, with respect to which point
we measure it. In addition, the plus-minus sign indicates that we can choose to measure the
distance as we move toward smaller or larger values of r. Let us remark that this equation will
be key for our bottom-up rationale for the SDC. Just as we wanted, it relates dynamically the
spacetime to the moduli space distances in an exponential fashion. Moreover, the exponential
rate is fixed by the number of spacetime dimensions, as announced in equation (2.13).

We are then left with the constraint on the moduli space trajectory imposed by equa-
tion (2.17). One can see that it takes the form of a geodesic equation in moduli space in a
non-affine parametrization ϕi(r). Therefore, the trajectory is constrained to be a local geodesic.
To see this more clearly, let us write the trajectory in the proper-length parametrization,
ϕk(∆ϕ). Performing a reparametrization ∆ϕ(r) to equation (2.17), we then get to

∆′ 2
ϕ

(
ϕ̈k + Γk

ijϕ̇iϕ̇j
)
+
(
∆′′

ϕ + (d − 1)∆′
ϕσ′
)

ϕ̇k = 0 , (2.24)

where the dot denotes derivation with respect to ∆ϕ. One can readily check that the last
term vanishes for σ(r) and ∆ϕ(r) given in equations (2.22) and (2.23), respectively. This is
necessary for ∆ϕ(r) to be a consistent reparametrization to the proper-length, and can be
interpreted as a compatibility condition between equations (2.18), (2.19) and (2.17). After
taking this and ∆′

ϕ ̸= 0 into account we end up with

ϕ̈k + Γk
ijϕ̇iϕ̇j = 0 , (2.25)

which is the geodesic equation for ϕk(∆ϕ). We thus conclude that any local geodesic in
moduli space can be explored by one of these running solutions. This is very suggestive from
the SDC point of view, since it indeed applies to any geodesic reaching infinite distance in
moduli space. Furthermore, the relation between spacetime and moduli space distances is
universal to all such geodesic paths and given by (2.23). This will later translate into having
universal upper and lower bounds on the exponential rate of the UV cut-off.

Finally, let us study the properties of the spacetime associated to these running solutions.
For that, let us compute the Ricci scalar as

R = −(d − 1)
(
2σ′′ + d σ′ 2

)
= d − 2

d − 1
1
r2 . (2.26)

First, we see that it goes to zero as r → ∞, thus suggesting the fact that the spacetime is
asymptotically flat in this limit (which can be checked by various methods). On the contrary,
the scalar curvature blows up as r → 0, i.e., there is a singularity at that position in spacetime.
Even though this may look dangerous for the validity of the solution, we now argue that this
is an end-of-the-world (ETW) singularity as those appearing in the context of dynamical
cobordisms to nothing [47–54]. Indeed, given (2.23) and (2.26), we get

|R| ∼ e
2
√

d−1
d−2 ∆ϕ

, r ∼ e
−
√

d−1
d−2 ∆ϕ

, as ∆ϕ → ∞ , (2.27)
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where we have chosen the minus sign in (2.23) to measure the moduli space distance as the
singularity is approached. These equations match the scaling relations put forward in [48, 49],
with the critical exponent δ defined there being given by δ =

√
(d − 1)/(d − 2). These EFT

solutions in which spacetime is capped off at a singularity of this type are expected to
describe dynamical cobordisms to nothing, and the singularity should be resolved in the UV
complete Quantum Gravity theory. We will thus assume these solutions to be physically
meaningful. Furthermore, while the small r region should receive strong corrections coming
from higher-curvature terms in the EFT action that depend on its UV completion, we can
trust the solution for large r, that is, if we work very far away from the ETW-singularity.

In fact, these solutions are nothing but the EFT realization of the Cobordism Distance
Conjecture. Indeed, we found a set of solutions with ETW-branes exploring any infinite
distance limit in moduli space. This is necessary for the conjecture to hold in theories
exhibiting a moduli space. Of course, the most non-trivial part of the conjecture is the
statement that such ETW-singularities are resolved in the UV complete theory of Quantum
Gravity. This is the part that we will be assuming, and that remains to be addressed in
generality so as to verify the Cobordism Distance Conjecture.

As a proof of principle, we present in appendix A a particular example of UV uplift of
this running solution in d spacetime dimensions, and how the ETW-singularity gets resolved
in the new frame. By assuming that the running scalar field corresponds to the radius of an
extra dimension, we find that the solution gets uplifted to a (d + 1)-dimensional theory with
generic deficit angle, encoded by some of the integration constants in the running solution.
This includes (non-compact) orbifold backgrounds which are known to be consistent within
string theory [72, 73], or even regular (d + 1)-dimensional flat space. Interestingly, in this
latter case the UV resolution of the ETW-singularity turns out to be purely geometrical and
does not require from the presence of a localized object with the right properties to seal off
the singularity. This mechanism is then complementary to that studied in [52].

As a summary, we find running solutions exploring infinite distance in moduli space
at asymptotic regions of spacetime. At the level of the EFT, these solutions exist for any
geodesic and the relation between moduli space and spacetime distances, ∆ϕ(r), turns out
to be universal. In the next section, we will use the CEB bound, as applied to EFTs, to
provide a bottom-up rationale for the SDC.

2.2.2 Entropy and distance conjectures

In the following, we show how the application of the Covariant Entropy Bound to the
previously found running solutions can actually give rise to the behavior predicted by the
Distance Conjecture. In particular, we consider a region with boundary parallel to the
ETW-brane and with length, L, exploring the r-direction. Moreover, we impose that the
whole region is very far away from the singularity at r = 0, so that we can trust the EFT
solution (and thus our arguments are not sensitive to the details of the UV completion of
the singularity). This region is schematically displayed in figure 2. The ratio between the
area and the volume of such region is precisely the quantity that bounds the UV cut-off upon
imposition of the Covariant Entropy Bound (cf. equation (2.11)), and in the aforementioned
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r0

Figure 2. Schematic representation of the region to which we apply the CEB and the singularity
associated to the running solution at r = 0, represented as the ETW-brane in the left. This region
begins at a distance r′ ≫ r0, very far from the singularity and explores the direction perpendicular to
the running solution along the length, L.

region it takes the form7

A

vol ∼
1
L

. (2.28)

The connection with the Distance Conjecture is then transparent via the exponential mapping
between spatial distance, L, and the distance in moduli space, ∆ϕ, that characterizes our
running solutions (cf. eqs. (2.13) and (2.23))

L ∼ e

√
d−1
d−2 ∆ϕ

. (2.29)

Introducing these two equations into the entropy bound (2.3), yields the following relation
between the Quantum Gravity cut-off and the field space distance

ΛUV ≲ e
− 1√

(d−1)(d−2)
∆ϕ

, as ∆ϕ → ∞ . (2.30)

This sets an exponential upper bound for such a UV cut-off, which is very reminiscent of
the Distance Conjecture. In particular, upon identifying such an upper bound with the
species scale we get:8

Λsp ∼ e−λsp ∆ϕ , with λsp ≥ λsp, min = 1√
(d − 1)(d − 2)

, as ∆ϕ → ∞ . (2.31)

Moreover, this condition should be satisfied for any locally geodesic trajectory in moduli
space, with ∆ϕ being the distance along it. This comes from the fact that, from the EFT

7Notice that the integration constant r0 in eq. (2.21) disappears when computing the area-to-volume ratio
in (2.28) of the spacetime region we are interested in here (see figure 2), thus having no net impact on our
argumentation.

8Preliminary results, including this bound, were already presented by some of the authors in [74, 75]. More
recently, it has also been observed in relation with the Emergent String Conjecture in [67].
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perspective, we can build a running solution of the kind considered here exploring the infinite
distance limit of any such trajectory as r → ∞. This will motivate our proposal of a Convex
Hull condition for the species scale later on in section 4.1.

Additionally, let us mention that it is also natural to impose that the UV cut-off should

be above the area-to-volume ratio in our region, namely Λsp ≥ L−1 ∼ e
−
√

d−1
d−2 ∆ϕ . In this

way we also obtain an upper bound on λsp, namely,

λsp ≤

√
d − 1
d − 2 . (2.32)

In fact, this bound is accounting for the fact that the background can be described by the
EFT containing weakly coupled Einstein gravity, which includes all the Quantum Gravity
vacua that we are interested in constraining from this perspective. In the AdS case discussed
in 2.1.1, this is satisfied as long as the species scale is above the cosmological constant scale,
which includes any semiclassically consistent AdS background.9 For the case of the running
solutions considered here, whether this constraint is a mandatory requirement for the EFT
to be consistent is a bit more subtle, since it is not the vacuum of the theory. In any case,
it is required for the rest of the analysis to be valid and it turns out that equation (2.32)
is satisfied in all string theory examples with room to spare, so it seems like a reasonable
constraint. Actually, this can be seen as an asymptotic realization of the bound proposed
in [66], which was claimed to be valid within the interior of the moduli space. It was further
argued there that the asymptotic bound λsp ≤ 1/

√
d − 2 also holds, with the possibility of

corrections that may increase its value.
Furthermore, we can always translate an upper bound for the species scale to an upper

bound for the mass scale of the tower of states that lie below it (and hence are responsible
for its decrease). This yields

mtower ≲ e
−2αd

√
d−1
d−2 ∆ϕ

, as ∆ϕ → ∞ , (2.33)

with αd as defined in equation (2.7). This again sets an exponential upper bound for the
asymptotic behavior of mtower, such that it can grow at most as

mtower ∼ e−λ∆ϕ , with λ ≥ λmin = d − 2 + p

p
√
(d − 1)(d − 2)

, as ∆ϕ → ∞ , (2.34)

which is precisely the exponential behavior predicted by the Distance Conjecture. Since this
condition should again hold for any geodesic exploring infinite distance, it also recovers this
feature of the Distance Conjecture. Moreover, this includes a precise lower bound for the
exponential decay rate depending on the (effective) density parameter of the tower, p, as
well as on the number of dimensions. The allowed values of these lower bound exponents,
λmin, must thus be in the range

1√
(d − 2)(d − 1)

≤ λmin ≤

√
d − 1
d − 2 . (2.35)

9Notice that this does not exclude vacua without scale separation, such as AdS5 ×S5, since the fact that the
Kaluza-Klein and the cosmological constant scales coincide automatically implies that the Quantum Gravity
cut-off, namely the species scale, is above the latter.
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as we vary p. Interestingly, all known string examples have exponents compatible with this
range. In fact, the upper limit is saturated by a single KK-like tower, whereas the lower
limit is saturated by e.g. the tower of the D0-D2 branes (with fixed D2 charge) in the large
volume limit of type IIA compactified on a CY3.

For completeness, let us comment on the alternative, more conservative approach of
identifying the UV cut-off of our EFT with the mass of the first state of the tower. In this
case, equation (2.30) would directly give rise to the upper bound mtower ≲ e

− 1√
(d−1)(d−2)

∆ϕ ,
so that the exponential behavior of the SDC is again recovered and the lower bound on the
exponential decay rate, λ ≥ λmin = 1/

√
(d − 1)(d − 2), is relaxed with respect to the one

given in (2.34). Notice that this coincides with the lowest possible value for such λmin given
in (2.35), but in that case it applied only to stringy towers (i.e. with p → ∞), in which both
the species scale and the mass scale of the tower coincide, whereas here it is the lower bound
for any tower. In fact, this value coincides with previous bounds discussed in the literature,
see [10, 26, 38]. Similarly, by requiring Λsp ≥ L−1 we also obtain λ ≤

√
(d − 1)/(d − 2),

which coincides with the upper bound proposed in [32]. As expected, the bounds obtained
with this identification are enough to recover the exponential behavior predicted by the
Distance Conjecture. We will not consider this choice of cut-off any further in the paper,
since we strongly believe that the identification of the species scale with the UV cut-off
is legit and furthermore yields stricter bounds for the exponential coefficients. The main
point of this brief detour is just to emphasize that the relation between the exponential
behavior of the Distance Conjecture and the CEB goes beyond such precise identification
of the UV cut-off, and therefore seems rather robust even if one wanted to remain agnostic
about the choice of UV cut-off.

Finally, let us weigh in on the applicability of this strategy of identifying the UV cutoff
appearing in the CEB with the species scale, which in turn relate it to towers of states. For
instance, if it is to apply to flat space, it would be in a non-trivial way. A priori, there is
no direct relation between taking a larger region and the tower of states becoming lighter.
Even though a careful analysis is beyond the scope of this work, the fact that our approach
recovers the ADC and the SDC when applied to certain backgrounds may suggest some
universality in this link between CEB and towers of states.

Entropy variation rate. It is also interesting to consider the entropy variation rate in
the aymptotic large ∆ϕ limits. The extensive EFT entropy may be written as

SEFT ≃ (ΛspL)d−1 = e

(√
d−1
d−2−λsp

)
(d−1)∆ϕ

, (2.36)

and it grows in general exponentially with the moduli space distance, ∆ϕ. Defining SEFT =
eλS ∆ϕ the entropy rate is given by

λS = 1
S

∂S

∂∆ϕ
=

√d − 1
d − 2 − λsp

 (d − 1) , (2.37)

and it is positive for λsp ≤
√

d−1
d−2 , which as we said, corresponds to the consistency condition

ΛIR ≤ ΛUV. From the bound λsp ≥ 1/
√
(d − 1)(d − 2) we obtain

1
S

∂S

∂∆ϕ
≤
√
(d − 1)(d − 2) = 1

λsp, min
. (2.38)
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The variation rate of entropy is bounded above by 1/λsp, min and the entropy cannot grow
arbitrarily fast when a tower appears. Therefore, the minimum value for the species variation
rate, λsp, min, corresponds to an upper bound on the variation rate of the EFT entropy. This
bound is saturated in specific examples by KK towers. On the contrary, there is no minimum
on the variation rate of entropy. It may vanish in the aforementioned limit λsp →

√
d−1
d−2 .

3 Inclusion of a potential and relation to dS conjectures

Following the discussion in the previous section, a natural next step is to introduce a potential
in the discussion about CEB in running solutions. When applying the CEB, the relevant
part of the running solution was its asymptotics, r → ∞, and how infinite distance in moduli
space is explored in that limit. Therefore, this will be our main focus in this section: by
considering the asymptotic behavior of the potential in the infinite field distance limit, we
will determine how this is explored in the running solution as r → ∞. In particular, we
remain agnostic about the form of the potential in the interior of the field-space, as well as
the form of the running solution for small r, which in turn will depend on the former.

3.1 Running solutions with exponential potential

Adding a potential to the previously considered effective action (2.14), this is,

S = 1
κ2

d

∫
ddx

√
−g

[1
2R − 1

2Gij(ϕ)∂µϕi∂µϕj − V (ϕi)
]

. (3.1)

and introducing the ansatz in equation (2.15) for the d-dimensional line element, the equations
of motion read

ϕ′′ k + Γk
ijϕ′ iϕ′ j + (d − 1)σ′ϕ′ k = Gki∂iV , (3.2)

1
2(d − 1)(d − 2)σ′ 2 = 1

2 |ϕ
′|2 − V , (3.3)

(d − 2)σ′′ = −|ϕ′|2 . (3.4)

This set of equations is equivalent to the one obtained in cosmological scenarios with
varying scalar potential up to flipping its sign, which can be understood as the change from
space-like to time-like running coordinate. This will allow us to borrow some results from
previous studies of these kind of solutions. For instance, as discussed in [76] (see also [77]),
geodesic motion in this setup corresponds to gradient flow solutions and viceversa. In the
following, we assume that the potential allows for this type of asymptotic solutions as we
explore infinite distance in field space. This was indeed found to be the case in general flux
compactifications of F-theory on CY4 near different asymptotic regimes in complex structure
moduli space [76]. Under this assumption, we can reduce this multi-scalar setup to a single
(canonically normalized) scalar that parametrizes the distance along the geodesic trajectory,
which we denote (with a slight abuse of notation) by ϕ. This scalar will be subject to the
potential obtained by restricting V (ϕi) to the geodesic trajectory parametrized by ϕ.10 The

10This also means that now ϕ coincides with the moduli space distance ∆ϕ, as defined before (see equa-
tion (2.20)).
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equations of motion for ϕ are then given by

ϕ′′ + (d − 1)σ′ϕ′ = ∂ϕV , (3.5)
1
2(d − 1)(d − 2)σ′ 2 = 1

2ϕ′ 2 − V , (3.6)

(d − 2)σ′′ = −ϕ′ 2 . (3.7)

As we learned in the previous section, the relevant quantity for the application of the
CEB is the behavior of ϕ(r) as r → ∞, which will thus be sensitive to the asymptotic
form of the potential V (ϕ), only. With the intention of connecting with the asymptotic dS
conjecture [9], let us consider an exponentially falling potential, i.e.,

V (ϕ) = ±V0 e−c ϕ, V0 > 0 . (3.8)

For clarity we display the sign of the potential explicitly and, in what follows, we will treat
both cases separately. Let us remark that to make direct contact with the asymptotic dS
conjecture, it is crucial that geodesics correspond to gradient flow trajectories as mentioned
above. Only if ϕ parametrizes a gradient flow trajectory it is actually true that

c = −∂ϕV (ϕ)
V (ϕ) = |∇⃗V (ϕi)|

|V (ϕi)| . (3.9)

In the r.h.s. we thus recognize the quantity bounded by the asymptotic dS conjecture, i.e.
the dS coefficient. In other words, only in this case the scalar ϕ is sensitive to the whole
slope of the multi-field potential V (ϕi), and not to just part of it, therefore guaranteeing that
the quantity c appearing in (3.8) is indeed the dS coefficient. On the contrary, if the scalars
explore non-gradient-flow trajectories, the former would be strictly smaller than the latter,
and the connection to the asymptotic dS conjecture would not be as straightforward.

Our goal is then to find the asymptotic profile for ϕ(r) as r → ∞ as a function of the
dS coefficient, c. For this, we again borrow techniques from the literature on cosmological
setups. The late-time cosmology of positive exponential potentials in 4d was studied in [78]
and generalized to arbitrary spacetime dimension in [79]. Here we extend this analysis to
account for potentials of both signs. Hence, we first define the dimensionless parameters

x = ϕ′√
(d − 1)(d − 2)σ′ , y =

√
2|V |√

(d − 1)(d − 2)σ′ . (3.10)

Given equation (3.6), these parameters are subject to the constraint

x2 ∓ y2 = 1 . (3.11)

Defining also the dimensionless coordinate dN = σ′ dr, and using equations (3.5) and (3.7),
we find the following evolution equations for x and y:

dx

dN
= ∓cy2√(d − 1)(d − 2)

2 ± (d − 1)xy2 ,

dy

dN
= −cxy

√
(d − 1)(d − 2)

2 + (d − 1)y(1± y2) .

(3.12)

– 18 –



J
H
E
P
0
1
(
2
0
2
4
)
0
3
9

In this way, the equations of motion are reduced to a set of coupled differential (flow) equations
subject to the constraint (3.11), and one can analyze the asymptotic behavior of the solution
by finding the attractors and repellers associated to this flow. Since the system is symmetric
under y → −y, in what follows we focus just on the y ≥ 0 region. Physically, this amounts
to choosing r such that σ′ ≥ 0. In this case, the sign of x indicates the direction of field
space that we explore as r → ∞.

Negative exponential potentials. Let us remind that the upper and lower signs in all
these equations correspond to positive and negative potentials, respectively. Choosing the
lower sign one recovers the set of equations in [79], which does not come as a surprise since
our negative potentials precisely map to positive ones when considering cosmological solutions.
One finds one attractor point for (3.12) that satisfies the constraint (3.11), and that is given by

(x, y) =
(

c

2

√
d − 2
d − 1 ,

√
1− c2(d − 2)

4(d − 1)

)
if c < 2

√
d − 1
d − 2 ,

(x, y) = (1, 0) if c ≥ 2
√

d − 1
d − 2 .

(3.13)

An example of each of these two cases is shown in figure 3 below. The first attractor
corresponds to a solution in which the kinetic term associated to the scalar and the potential
energy compete asymptotically (i.e. y/x → const.). Imposing this, one automatically gets the
field profile ϕ(r). The second attractor provides for a running solution in which the kinetic
energy dominates asymptotically (i.e. y/x → 0). Effectively, this corresponds to setting
V (ϕ) = 0, thus recovering the same equations of motion and the profile for the scalar field
ϕ(r) as in section 2.2.1. One can then check that the kinetic energy dominates over the
potential contribution asymptotically precisely when the condition on c for this attractor to
exist is satisfied. The asymptotic scalar profile for both cases can be recasted as

ϕ(r) ≃ 2
δ
log(r) as r → ∞ , (3.14)

with

δ = c if c < 2
√

d − 1
d − 2 ,

δ = 2
√

d − 1
d − 2 if c ≥ 2

√
d − 1
d − 2 .

(3.15)

Positive exponential potentials. Let us now turn to the case of a positive potential, i.e.,
the upper sign in eqs. (3.11) and (3.12). As shown in figure 4, one finds the following attractors

(x, y) → (∞,∞) , with y

x
→ 1 ∀ c > 0 ,

(x, y) = (1, 0) if c > 2
√

d − 1
d − 2 ,

(3.16)

and the repeller

(x, y) =

 c

2

√
d − 2
d − 1 ,

√
1− c2(d − 2)

4(d − 1)

 if c > 2

√
d − 1
d − 2 , (3.17)
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(a) d = 4 and c = 1.5 <
√
6

-2 -1 0 1 2

0.0

0.5

1.0

1.5

2.0

(b) d = 4 and c = 5 >
√
6

Figure 3. Flow equations in (3.12) and constraint in (3.11) (gray line) for the lower sign, corresponding
to a negative potential of the form V (ϕ) = −V0 e−c ϕ.

all of them satisfying the constraint in (3.11). Here we have ignored other attractors leading
to x < 0, since they can be seen to explore ϕ → −∞ instead of ϕ → ∞ (see discussion after
equation (3.12)). The first attractor point corresponds to a solution in which the kinetic and
potential energy coincide asymptotically, while the second one is again dominated by the
kinetic energy alone. As for the case of negative potential, we can again recast the spacetime
profile for the scalar field of both solutions as

ϕ(r) ≃ 2
δ
log(r) as r → ∞ , (3.18)

with
δ = c ∀ c > 0 ,

δ = 2
√

d − 1
d − 2 if c > 2

√
d − 1
d − 2 .

(3.19)

On the other hand, the solution corresponding to the repeller is expected to be unstable.
In any event, its field profile coincides asymptotically with that of the first attractor, and
therefore it gives the same results upon imposing the CEB, as we discuss in the next
subsection. Notice that, unlike for negative potentials, there are now two different solutions
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(a) d = 4 and c = 1.5 <
√
6
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(b) d = 4 and c = 5 >
√
6

Figure 4. Flow equations in (3.12) and constraint in (3.11) (gray line) for the upper sign, corresponding
to a positive potential of the form V (ϕ) = +V0 e−c ϕ.

for c > 2
√
(d − 1)/(d − 2). Therefore, the asymptotic behavior will be essentially determined

by the initial conditions. This will make a difference when imposing the CEB, since having
two different asymptotic behaviors leads to two different constraints for the same theory.

3.2 CEB bounds on exponential potentials

Now we turn to the constraints imposed by the CEB on these backgrounds. In order to do
that, we first note that the spacetime curvature goes to zero asymptotically for all the solutions
that we have described. We can then apply the CEB, similarly as we did in section 2.2.2
for the case of vanishing potential. As we know already, given the logarithmic profile that
we found in eqs. (3.14) and (3.18), this constrains the UV cut-off to fall exponentially as
we explore infinite distance in field space, thus recovering the SDC behavior. Moreover, its
exponential rate is bounded as follows

δ

2(d − 1) ≤ λsp ≤ δ

2 . (3.20)

Let us stress that these two bounds are very different in nature. The lower bound captures the
constraints arising from the CEB, whilst the upper bound corresponds to the asymptotics of
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(3)

(b) Positive potential

Figure 5. Bounds imposed by applying the CEB to running solutions in theories with negative
(a) and positive (b) exponential potential. The regions shaded in grey are excluded. The numbered
lines correspond to: (1) c = 2λsp, (2) c = 2(d − 1)λsp, (3) λsp =

√
(d − 1)/(d − 2) and (4) λsp =

1/
√
(d − 1)(d − 2).

the running solution admitting an effective description within the EFT, namely ΛUV > ΛIR.
Different running solutions as the ones explored above will give different values for δ,

sometimes related to the dS coefficient c.

Bounds for negative exponential potentials. Consider first the case of a negative
potential of the form (3.8) with c ≥ 2

√
(d − 1)/(d − 2) . Following the discussion around

equation (3.13), we thus recover the exact same bound on λ as discussed previously in
section 2.2.2. On the other hand, for c < 2

√
(d − 1)/(d − 2) we find a bound that involves

both λ and c at the same time. To sum up, in the presence of a negative exponential
potential we find:

1
2(d − 1) ≤ λsp

c
≤ 1

2 if c < 2

√
d − 1
d − 2 , (3.21)

1√
(d − 1)(d − 2)

≤λsp ≤

√
d − 1
d − 2 if c ≥ 2

√
d − 1
d − 2 . (3.22)

The excluded regions in the (λsp, c)-plane are depicted in figure 5 below.

Bounds for positive exponential potentials. For a positive potential with
c < 2

√
(d − 1)/(d − 2) the results are exactly the same as above. However, for c ≥

2
√
(d − 1)/(d − 2) we found two backgrounds with different asymptotic behaviors, so both of

them should be consistent with the CEB. Upon identifying CEB cut-off with a tower of states,
this becomes a bound on the tower itself, which may be present in other backgrounds. Thus,
various backgrounds may put several constraints on the same tower and should be mutually
compatible. This is related to the idea of background independence in Quantum Gravity, in
the sense that a well-defined theory should be consistent in any background. In particular,
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this is expected to be the case since its imposition is related to linking the cut-off in the
CEB to a tower of states, which is something inherent to the theory and thus background
independent. It turns out that the bound imposed by the δ = c solution is always stronger
than the other. Therefore, for theories exhibiting a positive exponential potential we find:

1
2(d − 1) ≤ λsp

c
≤ 1

2 , λsp ≤

√
d − 1
d − 2 . (3.23)

Again, the excluded regions in the (λsp, c)-plane are shown in figure 5.
The bounds involving the ratio between λsp and c can be brought to a more suggestive

form by writting them in terms of Λsp and V as follows

Λsp ∼ |V |αsp ,
1

2(d − 1) ≤ αsp ≤ 1
2 , (3.24)

which take the same form as the ones found in [41] for the case of AdS and dS minima of the
potential, and that we reviewed in section 2.1.1 above. The difference is that these bounds
now apply to exponentially damped potentials. In particular, the upper bound on αsp should
always hold while the lower bound does not apply if the potential is negative and in addition
c > 2

√
(d − 1)/(d − 2). In fact, the upper bound imposes the natural condition of the energy

scale of the potential remaining below the UV cut-off, which was recently used in [67] to find
bounds on slowly-varying potentials, in relation to bounds on the species scale.

It is also interesting to discuss the presence of absolute upper and lower bounds on λsp
or c. For instance, we recover the absolute upper bound on λsp found in the previous section,
which now gets generalized to the case of a non-trivial (exponential) potential. Similarly,
for positive potentials we find the absolute upper bound on c

c ≤ 2(d − 1)

√
d − 1
d − 2 . (3.25)

Its physical meaning is that, for steeper exponential potentials, it is impossible to describe
both running solutions with δ = c and δ = 2

√
(d − 1)/(d − 2) within the same EFT, since

the UV cut-off would fall bellow the IR one for at least one of them. Nevertheless, it would
be interesting to further test the plausibility of this bound against string theory examples.

Let us stress that these bounds are only valid for theories with an exponential potential
as ϕ → ∞. For other types of potentials, our analysis of the running solutions stops being
valid, and its extension to more classes of potentials falls beyond the scope of this work. In
other words, these bounds should be understood as applicable to potentials as the one in (3.8)
with c being a constant, and not a function of ϕ. For instance, potentials with an exponential
of exponential behavior can be regarded as having c(ϕ) → ∞ as ϕ → ∞, but they are not
excluded by the upper bound on c discussed above. In fact, this kind of asymptotic behaviors
for V (ϕ) can indeed occur in string theory, for example when the flux potential has some flat
directions that only receive non-perturbative contributions (see e.g. [80–82]).

In addition, note that these bounds should also be understood as applying to infinite
distance limits of gradient flow trajectories of the potential. For instance, if this gradient
flow presents some attractor, then the bound only applies to this locus as it explores infinite
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(a) Negative potential
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(4)

(b) Positive potential

Figure 6. Bounds imposed by applying the CEB to running solutions in theories with negative (a) and
positive (b) exponential potential, in addition to the universal lower bound λsp ≥ 1/

√
(d − 1)(d − 2).

The regions shaded in grey are excluded. The numbered lines correspond to: (1) c = 2λsp, (2)
c = 2(d − 1)λsp, (3) λsp =

√
(d − 1)/(d − 2) and (4) λsp = 1/

√
(d − 1)(d − 2).

distance. This makes difficult to test (3.25) against previous results in the literature, in which
moreover the focus was put on the lower instead of the upper bounds. However, the setup is
very well suited for comparison with the recent results in [76], in which an extensive study of
the values of c along gradient flows in various asymptotic limits in F-theory compactified
on CY4 with fluxes was carried out. The maximum value found there was c =

√
14, thus

satisfying (3.25) for d = 4 by almost a factor of two.11

Finally, let us note that we do not find any universal lower bounds on either λsp or c

from these arguments. However, since we are assuming geodesic motion for the scalar fields,
it seems reasonable to extend to the present analysis the lower bound on λsp found in the
previous section for the case of a vanishing potential. This is very natural when the potential
comes from deforming a theory with a moduli space, in particular when this potential is
small since one can then expect that this deformation does not destroy the UV structure of
the towers. This happens e.g. in string theory flux potentials in the diluted flux limits. Upon
imposing this lower bound on λsp, we obtain an analogous one on the dS coefficient as follows

c ≥ 2√
(d − 1)(d − 2)

, (3.26)

which precisely coincides with the TCC bound [83]. This arises quite directly from our
universal lower bound on λsp and the lower bound on c that guarantees that the mass scale of
the potential is below the cut-off. From this latter perspective, this coincidence was recently
noted in [67]. The excluded regions in the (λsp, c)-plane when adding the universal lower
bound on λsp are shown in figure 6 for the case of both negative and positive potentials.

11Even though it may seem that this value only appears in table 3 in [76], it also appears in tables 2 and 5
upon including the contribution from the Kähler sector.
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Finally, let us briefly come back to the equivalence between domain-wall and cosmological
solutions upon flipping the sign of the potential. In fact, if one were to naively apply the
CEB to these cosmological solutions, in which the role of the space distance r is played by
the cosmological time t instead, then one would get the stronger bounds in (3.23) also for
negative potentials, and thus the absolute upper bound on c.

4 The species scale distance conjecture

The purpose of this section is to take the lower bound (2.31) for the decay rate of the species
scale seriously and investigate more closely what are its consequences in any EFT weakly
coupled to Einstein gravity. Along the way, we will provide for additional evidence in its
favour based on a simple nine-dimensional example arising from M-theory compactified on T 2.

4.1 A convex hull for the species scale

Let us start by reviewing some generalities which will be useful both in this section and in
the upcoming ones. We consider a gravitational EFT describing the low energy dynamics of
a set of d-dimensional fields, including certain exactly massless scalars ϕi, parametrizing a
moduli space M. Upon exploring asymptotic directions within said moduli space, the SDC
predicts the appearance of infinite towers of states becoming exponentially light with respect
to the (traversed) moduli space distance, cf. equation (2.34). Hence, given a trajectory of this
kind characterised by some unit tangent vector n̂, one can readily evaluate the exponential
decay rate of the tower of states as [56]

λt = n̂ · z⃗t , (4.1)

where z⃗t denotes the scalar charge-to-mass vector of the tower, whose components in an
orthonormal frame are defined by

za
t = −δabei

b

∂imtower
mtower

. (4.2)

Here ∂i denotes differentiation with respect to the modulus ϕi, ei
b(ϕ) are nothing but the

vielbein for the field space metric Gij (cf. equation (2.14)), whilst mtower is the mass scale
associated to the tower of states. In the case in which there is more than one infinite tower
of states becoming light upon taking some infinite distance limit, the SDC coefficient λ is
usually taken to be largest one, namely

λ = max
t

{λt} = max
t

{n̂ · z⃗t} , (4.3)

thus corresponding to the set of states which become light the fastest. The Convex Hull
SDC [56] then comes as a natural way of imposing λ ≥ λmin for any possible asymptotic
direction within M, see [32] for a recent proposal for the precise value of λmin.

Our aim here will be to formulate an analogous condition for the QG cut-off in our
EFTs, namely the species scale Λsp(ϕ). To do so, we first need to know how to properly
compute such quantity in the presence of several towers of states, since a key point is that it
may receive important contributions from towers other than the lightest one. The details of
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the calculation strongly depend on how the different sets of states relate to each other, i.e.
whether they are additive or multiplicative. We will only review the latter case, since it is
enough for our purposes in this work, and we refer the interested reader to [41, 69].

Let us start by considering a spectrum of mixed states with quantum numbers n, k ∈ Z ,
associated to two different infinite towers. For concreteness, let us take their mass dependence
to be of the form [41]

m2
n,k = n2/p1m2

tower, 1 + k2/p2m2
tower, 2 , (4.4)

with mtower, 1 ≤ mtower, 2 without loss of generality. Notice that both mass scales typically
depend on where we sit at the moduli space M, and they can do so in a very different
manner. One useful way to think of this spectrum is as if it were coming from two distinct
multiplicative towers with mass scales mtower, 1, mtower, 2 and density parameters p1 and p2,
respectively. The canonical example being that of two Kaluza-Klein towers associated to
two compact internal directions, verifying mtower, i = 1/Ri and pi = 1 for i = 1, 2, where
Ri denotes the radius of the corresponding 1-cycle.

As an intermediate step to compute the relevant QG cut-off, one can first associate to
each separate tower a would-be species scale as follows (see section 2.1)

Λsp, 1 ∼ m
p1

d−2+p1
tower, 1 , Λsp, 2 ∼ m

p2
d−2+p2
tower, 2 , (4.5)

where each of them is computed by accounting just for the subset of states associated to the
corresponding tower and ignoring those arising from the other (as well as mixed states thereof).

Next, we consider the combined effect of the two towers by essentially counting all
states with mixed quantum numbers that fall below the species scale itself. This yields
asymptotically (up to O(1) factors) [41]

Λsp, eff ∼ m
peff

d−2+peff
tower, eff , (4.6)

where we have defined (geometric) ‘averaged’ quantities as follows

mtower, eff ∼
(
mp1

tower, 1mp2
tower, 2

)1/peff
, peff = p1 + p2 . (4.7)

The main reason why it is useful to divide such computation into two steps is because
depending on the asymptotic direction in moduli space n̂ that is being explored, the states
associated to either one of the two infinite towers can become arbitrarily lighter than those
coming from the second one. Therefore, in certain circumstances it may be enough to just
consider particle states arising from just one of the two towers so as to determine completely
the QG cut-off. However, oftentimes one may still need to consider mixed states of the
form (4.4) to fully determine Λsp, even if one of the two scales (say e.g. mtower, 1) becomes
arbitrarily lighter than the other. Indeed, this happens when

mtower, 2 ≲ Λsp, 1 , (4.8)

and may be understood as the first tower not being able to saturate the species scale because of
a (asymptotically) diverging number of states associated to the second one falling bellow Λsp, 1.
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Rewriting mtower, 2 in terms of Λsp, eff, the last condition turns out to be equivalent to

Λsp, eff ≲ Λsp, 1 . (4.9)

This means, in particular, that the true species scale for each asymptotic direction that one
may consider is simply given by the smallest one out of the set {Λsp, 1, Λsp, 2, Λsp, eff}. Hence,
as also happens when studying the SDC (see discussion around equation (4.3)), one must take
the would-be species scale to be the one that is falling at the fastest rate. The crucial difference
being that, in general, we do not only need to consider the different towers separately, but
also possible ‘combinations’ thereof. This is a direct reflection of the species scale being
sensitive not only to the lightest tower, but in general to all the light towers of states.

With this in mind, we can now propose a Convex Hull condition for the species scale
cut-off, which we call the Species Scale Distance Conjecture (SSDC). Consider a spectrum
of states formed by several towers with species scale vectors defined, in analogy with the
scalar charge-to-mass vectors of the towers (cf. equation (4.2)), by

Za
β = −δabei

b

∂iΛsp, β

Λsp, β
. (4.10)

Here β labels the species scales of all the towers, including the effective ones that combine
several of them. The exponential decay rate of the species scale along a given trajectory
with unit tangent vector n̂ is given by

λsp = max
β

{n̂ · Z⃗β} . (4.11)

Then, in analogy with the Convex Hull SDC discussed above, the SSDC can be formulated as:

Species Scale Distance Conjecture (SSDC): the convex hull of species scale
vectors {Z⃗β} should contain the ball of radius λsp, min = 1√

(d − 1)(d − 2)
.

Notice that we have not only defined a convex hull for the species scale, but there is
also a simple algorithm that translates the convex hull for the towers (with the additional
information of their density parameter) to the convex hull for the species. Given the scalar
charge-to-mass ratio associated to each (multiplicative) tower in the theory {z⃗t}, as well
as their density parameters {pt}, the species scale vector of any effective tower is readily
computable as follows:

Z⃗(t1,...,tn) =
1

d − 2 +
∑

α ptα

n∑
α=1

ptα z⃗tα . (4.12)

The subindex in the l.h.s. indicates that this effective tower combines those from the set {tα}
with α = 1, . . . , n.12 Therefore, with the extra information of the density of each tower and
whether they are multiplicative or not, the convex hull of the towers can be algorithmically
converted into the convex hull for the species scale.

12One can analogously define the scalar charge-to-mass vector associated to the effective tower defined in
equation (4.7) above, by z⃗(t1,...,tn) = 1∑

α
ptα

∑
α

ptα z⃗tα . From this one may rewrite (4.12) as Z⃗(t1,...,tn) =
peff

d−2+peff
z⃗(t1,...,tn).
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As a summary, we have shown that a Species Scale Distance Conjecture of the form
λsp ≥ λsp, min can be reformulated as a Convex Hull condition, encompassing all possible
asymptotically geodesic directions that one can explore within the moduli space of the EFT
under consideration. The main difference with the Convex Hull SDC is that the set of vectors
{Z⃗β} not only includes information about single towers, but also combinations thereof in
the form of effective towers.

In sections 4.2 and 6.1 below we will present a couple of explicit examples of species scale
convex hulls associated to certain EFTs arising from Quantum Gravity. Apart from verifying
the SSDC, one of the goals will be to remark how important it is to include the effective
towers into the analysis. Without them, the convex hull would not capture the underlying
physics correctly, and thus the SSDC will be violated. Furthermore, we will observe that the
minimal ingredients to generate the convex hull (its vertices) always correspond to either
maximal KK or stringy towers. In other words, we find that the maximum decompactification
(to 11d M-theory) and the emergent string limits seem to contain all the relevant information
required so as to build the convex hull for the species scale, effectively realizing the idea
that in String/M-theory setups the species scale always ends up capturing the fundamental
UV scale. In any event, we will point out that the remaining KK towers, appearing at the
faces and edges of the convex hull, play an important role in determining the physics at the
asymptotic regimes along partial decompactification limits.

4.2 M-theory on T 2

We consider first a 9d N = 2 example arising from compactifying M-theory on a two-
dimensional torus T 2. Thus, we start from the 11d supergravity bosonic action [84]

S11d
M = 1

2κ2
11

∫
R ⋆ 1− 1

2dC3 ∧ ⋆dC3 −
1
6C3 ∧ dC3 ∧ dC3 , (4.13)

and we impose the following ansatz for the 11d metric13

ds2
11 = e−2U/7ds2

9 + gmndzmdzn , (4.14)

where the metric on the two-torus takes the usual form

gmn = eU

τ2

(
1 τ1
τ1 |τ |2

)
, (4.15)

with τ = τ1 + iτ2 the complex structure of the T 2. This leads to a 9d supergravity action
whose scalar and gravitational sectors read

S9d
M ⊃ 1

2κ2
9

∫
d9x

√
−g

(
R − 9

14 (∂U)2 − ∂τ · ∂τ̄

2 (Im τ)2

)
. (4.16)

This theory enjoys an SL(2,Z) U-duality symmetry whose origin can be seen to be clearly
geometric from this perspective, since it is associated to the modular group of large diffeo-
morphisms of the internal torus [85, 86].

13We henceforth ignore the Kaluza-Klein photon since we want to focus just on the scalar sector of the
theory.
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The goal is to check our proposed convex hull condition for the species scale, namely
the requirement

λsp ≥ 1√
(d − 1)(d − 2)

9d= 1√
56

. (4.17)

Since this condition should hold for any locally geodesic trajectory in moduli space as it
explores infinite distance, one first needs to characterize them. For this we note that the 9d
moduli space can be identified with M9d = SL(2,Z)\SL(2,R)/U(1)× R. Notice that apart
from the modular sector, it also possesses an additional non-compact direction parametrized
by the overall volume field, U . As discussed in more detail in section 4.2.1, all geodesic
trajectories are such that τ1 → const. asymptotically. This allows us to restrict the convex
hull to the non-compact directions in the U– τ2 plane, which corresponds to the subspace
of asymptotically geodesic tangent vectors introduced in reference [56].

In a next step, one needs to account for the relevant towers of states, and then compute
all the possible quantum gravity cut-offs that could arise depending on the infinite distance
singularity that we choose to sample. Let us start by considering the 1

2 -BPS strings, which
arise by wrapping the eleven-dimensional M2-branes on any (p, q)-cycle of the internal
geometry. Their tension reads

Tp,q = 2π

ℓ2
9

|p + qτ |
√

τ2
e

3
14 U , (4.18)

where ℓ9 denotes the 9d Planck length. In the following, we will fix the axion vev τ1 = 0
since it can be seen to play no role in our present discussion, and only keep track of the
saxionic dependence of the relevant mass scales. We will come back to the axions and justify
this choice in detail in section 4.2.1 below. We moreover define canonically normalized
fields Û and τ̂ as follows

U = κ9

√
14
9 Û , τ2 = κ9 e

√
2 τ̂ , (4.19)

in terms of which the mass parameter of the (p, q)-strings, i.e. equation (4.18), reads

m(str)
p,q =

√
Tp,q ∼ Mpl, 9

(
p2e−

√
2 τ̂ + q2e

√
2 τ̂
)1/4

e
1

2
√

14
Û

. (4.20)

Equation (4.20) has two different asymptotic behaviors depending on which infinite distance
limit is probed and whether p and q are non-vanishing. As it is to be expected, any infinite
distance limit is dominated by either q = 0 or p = 0 cases, which are associated to the
fundamental and S-dual strings in the type IIB frame, respectively. These correspond to
two relevant asymptotic scales for the Quantum Gravity cut-off

Λstr, 1 ∼ e
1

2
√

14
Û− 1

2
√

2
τ̂

, Λstr, 2 ∼ e
1

2
√

14
Û+ 1

2
√

2
τ̂

, (4.21)

where we are taking into account that the species scale associated to a critical string is given
at leading order by its own mass. The corresponding species scale vectors are thus given by

Z⃗str, 1 =
(
− 1
2
√
14

,
1

2
√
2

)
, Z⃗str, 2 =

(
− 1
2
√
14

,− 1
2
√
2

)
, (4.22)

where we use the notation Z⃗ =
(
ZÛ ,Zτ̂

)
.
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On the other hand, the 9d theory also presents some particular spectrum of 1
4 -BPS

particles, whose masses depend on where we sit on moduli space and are given by [87]

m(part)
p,q,w = 2π

ℓ9

|p + qτ |
√

τ2
e−

9
14 U + |w|e

6
7 U . (4.23)

Setting again the axion to zero and re-expressing it in terms of the canonically normalized
fields (4.19), we get

m
(part)
p,q,w

Mpl, 9
∼
(
p2e−

√
2 τ̂ + q2e

√
2 τ̂
)1/2

e
− 3√

14
Û + |w|e

√
8
7 Û . (4.24)

These particles arise as bound states of Kaluza-Klein modes along the compact directions
(with charges p, q ∈ Z) and non-perturbative states obtained by wrapping an M2-brane w ∈ Z
times along the internal 2-cycle.14 For us, it turns out to be enough to focus on towers
comprised by 1

2 -BPS states, since only these become light and dense enough asymptotically
so as to saturate the species scale at some infinite distance corner of the 9d moduli space.
This may be understood heuristically by noticing that any other state not being half-BPS
necessarily contains higher-spin fields, such that whenever they become nearly massless one
expects some other critical string dominating the asymptotic physics. Therefore, we may
divide the spectrum into two sectors, corresponding to either w = 0 or p = q = 0.

Consider first the w = 0 sector. It does behave as two multiplicative towers of Kaluza-
Klein type — indeed they are the KK modes corresponding to both 1-cycles of the torus

— with mass scales behaving in Planck units as

mKK, 1 ∼ e
− 3√

14
Û− 1√

2
τ̂

, mKK, 2 ∼ e
− 3√

14
Û+ 1√

2
τ̂

, (4.25)

and densities p1 = p2 = 1. Their associated species scales can be easily computed:

ΛKK, 1 ∼ e−
3
√

14
112 Û−

√
2

16 τ̂ , ΛKK, 2 ∼ e−
3
√

14
112 Û+

√
2

16 τ̂ , ΛKK, (12) ∼ e−
√

14
21 Û , (4.26)

where the last one corresponds to the effective combination of the first two, see section 4.1.
Thus, their species scale vectors become

Z⃗KK, 1 =
(
3
√
14

112 ,

√
2

16

)
, Z⃗KK, 2 =

(
3
√
14

112 ,−
√
2

16

)
, Z⃗KK, (12) =

(√
14
21 , 0

)
. (4.27)

For the p = q = 0 sector, (4.24) tells us that the tower behaves essentially as some sort of
KK spectrum. This is easy to understand, since they are nothing but the Kaluza-Klein replica
of the 10d fields implementing the M-/F-theory duality [88]. Their mass scale is thus given by

mM2
Mpl, 9

∼ e
√

8
7 Û , (4.28)

and its associated species scale and charge-to-mass ratio are

ΛM2 ∼ e
1

2
√

14
Û

, Z⃗M2 =
(
− 1
2
√
14

, 0
)

. (4.29)

14Alternatively, the M2-particles may be viewed as winding modes of the critical type IIA strings described
in (4.20).

– 30 –



J
H
E
P
0
1
(
2
0
2
4
)
0
3
9

(a) (b)

Figure 7. a) Convex hull condition for the species scale in M-theory on T 2. b) Convex hull condition
for the species scale in M-theory on T 2, if the effective double KK tower would not exist. The blue
dots appearing in the faces of the convex hull are single KK towers, whereas the red and purple dots
appearing at the vertices represent stringy and double KK towers.

A priori one should also include the vectors Z⃗ (1)
KK, M and Z⃗ (2)

KK, M, which correspond to the
effective towers formed by combining mKK, 1 and mKK, 2 with mM2, respectively. However,
they will not change the convex hull diagram since these scales turn out to be always above
the mass scale of the strings in (4.21). Similarly, if one were to include the species scale of an
effective tower including all three KK-like towers, the result would be that it is always above
the others. This is just another way of seeing that the states that mix the three towers (i.e.
with p, q, w ̸= 0) never become massless, so that they never help in lowering the species scale.
In other words, this effective species scale is not physical in any asymptotic limit.

With this we already have all the necessary ingredients in order to draw the convex
hull for the species scale. The result is shown in figure 7, where we have also depicted the
extremal radius corresponding to λmin in this 9d setup. For comparison, we also include how
the convex hull would look in the absence of the effective tower. As advocated, the effective
tower is crucial for capturing the underlying physics, and also for the SSDC to be satisfied.

Notice also that there is a Z2-symmetry relating the upper and lower halves of the convex
hull in figure 7, which is nothing but a manifestation of the SL(2,Z) duality group of this
theory (in particular of the S-transformation). On top of this, this convex hull for the species
scale presents a lot of structure that nicely encodes the physics at the different asymptotic
limits, corresponding to different directions in figure 7.

Let us start with the vertices: upon pointing towards one of the red dots, the species
scale is dominated by a (critical) string tower. Therefore, the associated regime turns out to
be an emergent string limit [12]. Similarly, upon pointing along the direction determined the
purple dot, the species scale is dominated by the double KK tower, thus signalling towards
decompactification of two extra dimensions, i.e., to 11d M-theory. In fact, this also holds
upon exploring any intermediate asymptotic direction between the blue dots, since even

– 31 –



J
H
E
P
0
1
(
2
0
2
4
)
0
3
9

Parts of the Talk

<latexit sha1_base64="LKdZ5t8Zn8ml1NaDKZLESkbhXl4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgxbArvo5BL16ECOYBmyXMTmaTIbMzy0yvGJZ8hhcPinj1a7z5N06SPWhiQUNR1U13V5gIbsB1v53C0vLK6lpxvbSxubW9U97daxqVasoaVAml2yExTHDJGsBBsHaiGYlDwVrh8Gbitx6ZNlzJBxglLIhJX/KIUwJW8jvAniC7O4HBuFuuuFV3CrxIvJxUUI56t/zV6SmaxkwCFcQY33MTCDKigVPBxqVOalhC6JD0mW+pJDEzQTY9eYyPrNLDkdK2JOCp+nsiI7Exozi0nTGBgZn3JuJ/np9CdBVkXCYpMElni6JUYFB48j/ucc0oiJElhGpub8V0QDShYFMq2RC8+ZcXSfO06l1Uz+/PKrXrPI4iOkCH6Bh56BLV0C2qowaiSKFn9IreHHBenHfnY9ZacPKZffQHzucPc9WRYQ==</latexit>

M-th

<latexit sha1_base64="rtB4DHT6mACcWZzd/XRXOFp+7qo=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEv5hYhGyRj6OnUJE16Frpr1DDkP7x4UMSr/+LNv7GTzEETHxQ83quiqp4XS6HRtr+tpeWV1bX13EZ+c2t7Z7ewt9/QUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3gz8ZsPoLSIwhqOYnAD1g+FLzhDI913EJ4wrRmDVirjbqFol+wp6CJxMlIkGardwlenF/EkgBC5ZFq3HTtGN2UKBZcwzncSDTHjQ9aHtqEhC0C76fTqMT02So/6kTIVIp2qvydSFmg9CjzTGTAc6HlvIv7ntRP0r9xUhHGCEPLZIj+RFCM6iYD2hAKOcmQI40qYWykfMMU4mqDyJgRn/uVF0jgtORel87uzYvk6iyNHDskROSEOuSRlckuqpE44UeSZvJI369F6sd6tj1nrkpXNHJA/sD5/AHLDkn0=</latexit>

Type II

<latexit sha1_base64="rtB4DHT6mACcWZzd/XRXOFp+7qo=">AAAB9XicbVDJSgNBEO1xjXGLevTSGARPYUbcjkEv5hYhGyRj6OnUJE16Frpr1DDkP7x4UMSr/+LNv7GTzEETHxQ83quiqp4XS6HRtr+tpeWV1bX13EZ+c2t7Z7ewt9/QUaI41HkkI9XymAYpQqijQAmtWAELPAlNb3gz8ZsPoLSIwhqOYnAD1g+FLzhDI913EJ4wrRmDVirjbqFol+wp6CJxMlIkGardwlenF/EkgBC5ZFq3HTtGN2UKBZcwzncSDTHjQ9aHtqEhC0C76fTqMT02So/6kTIVIp2qvydSFmg9CjzTGTAc6HlvIv7ntRP0r9xUhHGCEPLZIj+RFCM6iYD2hAKOcmQI40qYWykfMMU4mqDyJgRn/uVF0jgtORel87uzYvk6iyNHDskROSEOuSRlckuqpE44UeSZvJI369F6sd6tj1nrkpXNHJA/sD5/AHLDkn0=</latexit>

Type II

Figure 8. Convex hulls superimposed for both the species scale and mass scales of the leading
towers in M-theory on T 2. The black lines separate the different duality frames within the 9d setup,
corresponding to type II string theory and 11d M-theory. The self-dual line, namely τ̂ = 0, is fixed
under the Z2-symmetry.

though one KK tower becomes parametrically lighter than the other, the species scale is yet
saturated by accounting for mixed states thereof (see discussion around equation (4.7)).

Finally, let us discuss the directions associated to the blue dots. It turns out that these
are always orthogonal to some face of the convex hull. In fact, if this were not the case,
the convex hull condition for the SSDC would be violated since these single KK vectors
precisely saturate the bound. Therefore, the three effective species scales contained in the
face all fall at the same rate along the aforementioned asymptotic limit. Their (finite) ratios
are not encoded in the convex hull, and depend on the non-divergent value of the moduli
that are not sent to infinity. This has a nice interpretation as a decompactification to an
extra dimension: the species scale of the single KK tower we are pointing to signals this
decompactification, whereas the others correspond to towers that are already present in
the higher-dimensional theory. In fact, we observe that the faces precisely reproduce the
(one-dimensional) convex hull of the decompactified theory. Indeed, the vertical line on the
l.h.s. of the diagram reproduces the convex hull of 10d type IIB string theory, with the F1
and D1-strings becoming light at weak and strong coupling, respectively. Similarly, the other
two faces correspond to the convex hull of 10d type IIA, with the fundamental string and the
tower of D0-branes becoming light analogously at weak and strong coupling.

In comparison to [32], we also note that the roles of saturating/protecting the convex
hull condition are exchanged between strings and KK towers for the case of the species
scale. Indeed, it is instructive to superimpose both diagrams for the species scale and for
the mass scales of the lightest towers. This is depicted in figure 8 below, where one can
already appreciate some hidden symmetry relating both convex hulls. This symmetry will
be further described and explored in [89, 90].
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4.2.1 Revisiting the axion

Let us now go back and reconsider the role of the axion τ1 on our previous analysis. This
exercise proves to be instructive and imparts a valuable lesson on the significance of including
compact scalar fields in our analysis of the Species Scale Distance Conjecture.

Notice from equation (4.16) that the two scalar sectors of the moduli space are decoupled
(at the two-derivative level) and only the modular one, which describes the complex structure
of the internal T 2, contains the axion. Such complex-valued field parametrizes the manifold
SL(2,Z)\SL(2,R)/U(1), with SL(2,Z) being the U-duality group of the 9d theory.

Restricting ourselves to the fundamental domain, F , of the moduli space (see figure 9(a)
below) it is transparent that there is just one infinite distance singularity, namely τ → i∞.
This corresponds to a weak coupling limit for the fundamental (F1) type IIA string, whose
tension reads

TF1 = 2π

ℓ2
9

1
√

τ2
e

3
14 U , (4.30)

leading to the species scale vector Z⃗str, 1 = (ZU ,Zτ2 ,Zτ1) given by the components displayed
in the first vector of equation (4.22) and the additional axionic component

ZF1
τ1 = −

√
Gτ1τ1 ∂τ1 log (mF1) = 0 . (4.31)

The fact that this extra component vanishes (since the tension of the F1 does not depend
on the axion) implies that the decay rate parameter λsp of the species scale along directions
fulfilling τ → i∞, U → ∞ is indeed controlled just by the saxionic dependence of the species
scale vector, regardless of the particular geodesic we follow to approach the weak coupling
point. Furthermore, geodesics reaching infinity within F are vertical straight lines — i.e.
they satisfy τ̇1 = dτ1

ds = 0 with s ∈ R some affine parameter — such that we can effectively
forget about the axionic direction τ1.

At this point, one could argue that this might be an artifact of restricting ourselves
to the fundamental domain, since the theory actually presents a whole plethora of 1

2 -BPS
(p, q)-strings whose tension in Planck units is given by equation (4.18) above. Furthermore,
the latter may provide for the dominant tower of light states required by the SDC upon
approaching different infinite distance boundaries of moduli space. In fact, such (p, q) strings
present the following species scale vectors

ZU = − 1
2
√
14

, Zτ2 = (p + qτ1)2 − q2τ2
2

2
√
2|p + qτ |2

, Zτ1 = −qτ2(p + qτ1)√
2|p + qτ |2

, (4.32)

which do not vanish in general. Moreover one can check that upon plotting these vectors
taking also into account the τ1-direction they densely fill a circumference of radius 1/

√
7 [32],

regardless of the particular point in moduli space we are sitting at.15 This suggests that
perhaps one might need to include the axionic component Zτ1

(p,q) into our analysis, since it

15This point becomes subtle if one approaches infinite distance by taking e.g. τ2 → ∞, since to actually fill
the circumference one needs to consider (p, q) bound states with increasingly bigger F1 string charge, namely
p ∼ kτ2 with k ∈ Z, since otherwise their charge-to-mass vectors collapse to those of the F1 or D1 strings.
Upon doing so, equation (4.32) leads to Z⃗(p,q) = 1√

8 (cos 2θ,− sin 2θ), with cos θ = k/
√

k2 + q2.

– 33 –



J
H
E
P
0
1
(
2
0
2
4
)
0
3
9

-2.0 -1.5 -1 -0.5 0 0.5 1 1.5 2

0.2

0.4

0.6

0.8

1

1.2

1.4

(a)

Parts of the Talk

<latexit sha1_base64="J+jD6T1qkZcO0yPsLOYVfqVIU7E=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xj04jGCeUCyhNnJbDJmdnaZ6RXCkn/w4kERr/6PN//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LR7dRvPXFtRKwecJxwP6IDJULBKFqp2UWa9qq9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG89jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJs1rxLisX9+fl2k0eRwGO4QTOwIMrqMEd1KEBDB7hGV7hzYmdF+fd+Zi3rjj5zBH8gfP5A03Bjvc=</latexit>⌧2

<latexit sha1_base64="iVsgiLZLHQ8qFkJUeErbjrMvrdQ=">AAAB7XicbVDLSgNBEOyNrxhfUY9eFoPgKeyKr2PQi8cI5gHJEmYns8mY2ZllplcIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrTAQ36HnfTmFldW19o7hZ2tre2d0r7x80jUo1ZQ2qhNLtkBgmuGQN5ChYO9GMxKFgrXB0O/VbT0wbruQDjhMWxGQgecQpQSs1u0jSnt8rV7yqN4O7TPycVCBHvVf+6vYVTWMmkQpiTMf3EgwyopFTwSalbmpYQuiIDFjHUkliZoJsdu3EPbFK342UtiXRnam/JzISGzOOQ9sZExyaRW8q/ud1Uoyug4zLJEUm6XxRlAoXlTt93e1zzSiKsSWEam5vdemQaELRBlSyIfiLLy+T5lnVv6xe3J9Xajd5HEU4gmM4BR+uoAZ3UIcGUHiEZ3iFN0c5L8678zFvLTj5zCH8gfP5A0w9jvY=</latexit>⌧1

(b)

Figure 9. a) The upper half-plane H and the different SL(2,Z) domains one can consider, namely the
‘triangular’ regions. The fundamental one F is shown shaded in grey. b) Geodesics in the hyperbolic
plane are given by vertical straight lines as well as half-circles intersecting the real axis orthogonally.

is non zero in general depending crucially on the value of ⟨τ1⟩. However, it turns out to
be irrelevant whenever we reach an asymptotic boundary of M9d. The reason being that
for geodesic paths reaching an infinite distance singularity other than τ2 → ∞, namely any
point with τ2 = 0 and τ1 ∈ Q in figure 9(a), one finds again both τ̇1 → 0 asymptotically
and also Zτ1 → 0 for the lightest (p, q)-string. Indeed, the geodesics reaching such infinite
distance points are given by half-circles orthogonal to the real axis and passing through
(τ1, τ2) = (−p/q, 0), see figure 9(b). Hence, upon substituting these asymptotic values for
τ2 and τ1 we obtain Z⃗(p,q) →

(
− 1

2
√

14 , 1
2
√

2 , 0
)
, matching those from (4.22) and (4.31). As

expected, this is merely a manifestation of the fact that an SL(2,Z) transformation relating
F1 to any other (p, q)-string maps the vertical lines reaching i∞ to the circles intersecting
the real axis at τ1 = −p/q, as well as the tension TF1 to T(p,q).

Therefore, the take-home message is that whenever we find some modular sector within the
moduli space of our theory and we want to check whether the SSDC is satisfied asymptotically,
it is enough to restrict ourselves to the fundamental domain and focus just on the saxionic
components of the species scale vectors. This follows since any other path reaching an infinite
distance boundary for which a different (p, q) tower dominates the asymptotic physics can be
effectively translated — via some modular transformation — to this simplified setup. Notice
that restricting to the fundamental domain means, in turn, that when plotting the convex
hull in e.g. figure 7(a) it is not necessary to consider directions exploring τ2 → 0, since these
are already accounted for once we sit in the appropriate duality frame.

5 The SSDC under dimensional reduction

In this section we discuss the behavior of our bound on the exponential decay rate for the
species scale under dimensional reduction. The goal in section 5.1 is to show that the SSDC
is stable under dimensional reduction of a field theory. In fact, we find that it is the strongest
bound on the exponential rate of the species scale λsp yet compatible with this procedure
from the bottom-up perspective. For this, we restrict ourselves to those directions in moduli
space in which this purely field-theoretical approach suffices to determine the spectrum
of towers, i.e., without the need of including the presence of additional extended objects
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such as strings. In section 5.2 we consider relations between this exponential rate of the
species scale and the density parameter of the tower p coming from imposing preservation
and saturation of the SSDC under dimensional reduction. Finally, in section 5.3 we go
beyond this field theory analysis and we also include the presence of strings (together with
their winding modes). We find that, for theories in less than ten dimensions, the SSDC
convex hull condition requires from the existence of extra non-perturbative objects for it
to be satisfied after the compactification process.

5.1 Dimensional reduction of field theory

Let us consider a field theory in D = d + 1 dimensions with a single (canonically normalized)
modulus that we denote by ϕ̂. Even though we restrict to only one modulus, this can
be seen as parametrizing any geodesic trajectory in a multi-moduli theory without loss of
generality. Our starting point is to assume that the SSDC is satisfied along this trajectory,
so we introduce a tower of states with density parameter p and exponential rate λt verifying

λsp = p

D − 2 + p
λt ≥

1√
(D − 1)(D − 2)

. (5.1)

The idea would be then to dimensionally reduce this theory on a circle and see under which
conditions the SSDC is still satisfied in d-dimensions. In order to keep the discussion as
general as possible, we will consider {λt, p}, or equivalently {λsp, p}, as independent and
free parameters. This also fits well the interpretation of ϕ̂ as parametrizing any geodesic
trajectory, since depending on the latter the same tower may have different exponential rates.
Let us mention that, even though for the purpose of being general and exhaustive here we are
taking these two parameters to be independent, it is reasonable to consider some correlation
between them, particularly in relation with saturation of the bound. We will elaborate more
on this in the next subsection, where a more UV-inspired guess for the correlation between p,
λsp, and saturation of the bound will be examined, but for now we remain completely neutral
about this correlation and see how far we can go by applying this logic.

After compactifying this field theory on a circle, we end up with a d-dimensional one
with an extra modulusas well as an extra tower. These are the (canonically normalized)
radion σ̂ and the KK tower. The relevant scalar charge-to-mass ratios (in d-dimensional
Planck units) can be found in [32]:

z⃗KK =

0 ,

√
d − 1
d − 2

 , z⃗t =
(

λt ,
1√

(d − 1)(d − 2)

)
. (5.2)

Using equation (4.12), we can easily translate this into the species scales vectors:

Z⃗KK = 1
d − 1 z⃗KK =

(
0 ,

1√
(d − 1)(d − 2)

)
,

Z⃗t =
p

d − 2 + p
z⃗t =

(
d − 1 + p

d − 2 + p
λsp ,

p

(d − 2 + p)
√
(d − 1)(d − 2)

)
,

Z⃗(KK, t) =
1

d − 1 + p
(z⃗KK + p z⃗t) =

(
λsp ,

1√
(d − 1)(d − 2)

)
,

(5.3)
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Figure 10. Example of the convex hull generated by the vectors in (5.3), restricted to the region
in which these towers of states are enough to build it. In the gray region, new towers coming from
extended objects in D-dimensions are expected to become relevant and complete the rest of the
convex hull.

where we have used that the KK tower of the circle has density parameter p = 1. Additionally,
we have expressed everything in terms of λsp instead of λt, since that is the relevant parameter
for the SSDC in D-dimensions.

With this information, we are ready to test the SSDC in the d-dimensional theory. The
first thing to be noticed is that these towers are not enough to satisfy the conjecture in all
geodesic directions in moduli space. As it is well-known, the SDC requires elements beyond
field theory for it to be satisfied after dimensionally reducing on a circle, for instance in
the limit in which the S1 becomes very small. Indeed, the SDC requires the presence of
D-dimensional extended objects that can wrap the S1, e.g., a string along with its winding
modes. In order to remain agnostic about these ingredients beyond field theory, in this section
we focus on the directions in which the vectors in (5.3) are enough to build the convex hull
(i.e. those between the vectors Z⃗KK and Z⃗t), and study the conjecture in that regime, leaving
the inclusion of extended objects in this context for section 5.3. An example of this restriction
and the part of the convex hull generated by the species vectors in (5.3) is shown in figure 10.
There we see that the boundary of the convex hull is given by the two lines joining Z⃗KK
with Z⃗(KK, t) and Z⃗(KK, t) with Z⃗t. In the following, we will discuss the implications of these
two lines for the SSDC under dimensional reduction separately.

Let us start with the first line, namely that going from Z⃗KK to Z⃗(KK, t). As one can
see from the form of these vectors in (5.3), this line is horizontal for any value of λsp and
p. Furthermore, the distance from this line to the origin is always given by the SSDC
minimum value,

λsp, min = 1√
(d − 1)(d − 2)

, (5.4)

again independently of the values of λsp and p. With these simple observations, one arrives to
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an interesting conclusion: the SSDC is the strongest bound on the species scale exponential
rate yet compatible with dimensional reduction on a circle.

The fact that the KK tower of an S1 yields this particular value was already pointed out
in [67] as an argument for this bound, in relation to the Emergent String Conjecture [12].
Their results for the 4d N = 2 setup moreover suggest that the bound could be stable beyond
the strictly asymptotic regime, due to the positivity of the logarithmic corrections found
therein.16 Here we uncover that, if the D-dimensional theory has a moduli space, it is crucial
to take into account the effective towers for the convex hull condition to be satisfied in the
d-dimensional one. In particular, the saturation found in the direction of Z⃗KK would present
a problem for the condition to be satisfied along other (neighbouring) directions, unless
other species scale vector were present to give rise to a boundary for the convex hull that
were perpendicular to this Z⃗KK direction. As we just saw, this role is played by Z⃗(KK, t).
Interestingly, this happens independently of the details of the tower in D-dimensions, i.e., of
λsp and p. As discussed above, since we interpret ϕ̂ as parametrizing any geodesic trajectory
in the moduli space of the D-dimensional theory, this conclusion is not limited to theories
with a single modulus. In summary, we find a pretty robust mechanism protecting the SSDC
convex hull condition whenever it is saturated by the KK tower of an extra dimension.

Let us now turn our attention to the line going from Z⃗(KK, t) to Z⃗t. First we notice that,
for fixed λsp, varying p only changes the length of this line but not its slope. Therefore, as
we change p, the distance from the origin to this line is always bigger than the distance to
its infinite length extension. Additionally, λsp only appears in second components of the
vectors in (5.3) in such a way that, for bigger λsp, this line will be further away from the
origin. Physically, this is certainly meaningful, since it means that the closest the SSDC is to
be violated in D-dimensions, the closest it gets to be violated after dimensional reduction,
too. The most dangerous situation is then when the SSDC is saturated in D-dimensions. As
shown in figure 11, even in this case the line under consideration does not lead to a violation
of the SSDC, regardless of the value of p. Therefore, this line is compatible with our previous
conclusion, that the SSDC is the strongest bound compatible with dimensional reduction on
a circle. In fact, this line would also formally lead to saturation of the SSDC for p ≤ 1. Let
us however notice that, even though in this general approach we let p take any value, having
p < 1 seems rather unphysical from our experience with string theory examples.

In conclusion, we see that the SSDC is preserved under dimensional reduction on a
circle (within the directions in which field theory is enough to determine the convex hull).
In fact, it turned out to be the strongest bound on the species scale exponential rate yet
compatible with this procedure. Additionally, we saw that the effective tower is crucial
to protect the convex hull condition when it is saturated by the KK tower of an extra
dimension. All these conclusions are valid for any p and any λsp satisfying the SSDC in
D-dimensions, thus are very robust.

Generalization for D = d + n dimensions. It is worth emphasizing that the previous
conclusion also holds for the more general case of compactification on a n-dimensional internal
manifold Xn (e.g. a T n). We denote Vn the overall volume modulus associated to the internal

16We thank M. Wiesner for pointing this out to us.
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(a) d = 4 and p = 0.2 (b) d = 4 and p = 1 (c) d = 4 and p = 5

Figure 11. Convex hull SSDC condition in d = 4 dimensions for three different values of p when λsp
saturates the SSDC in D = 5 dimensions.

compact manifold, Xn, measured in D-dimensional Planck units. The relevant sector of the
theory is thus described by the following action in D dimensions

SD =
∫

dDx
√
−g

(
1

2κ2
D

R − 1
2
(
∂ϕ̂
)2
)

. (5.5)

Upon compactification on Xn one arrives at the following Einstein-frame action

Sd =
∫

ddx
√
−g

[
1

2κ2
d

(
R − d + n − 2

n(d − 2) (∂ logVn)2
)
− 1

2
(
∂ϕ̂
)2
]

, (5.6)

where we have retained only the massless scalar-tensor sector of the d-dimensional theory.
The canonically normalized volume modulus is then given by

σ̂ = 1
κd

√
d + n − 2
n(d − 2) logVn . (5.7)

One finds the following relevant scalar charge-to-mass vectors for the (isotropic) KK tower
(with density parameter pKK = n) and the original D-dimensional tower, respectively [32]:

z⃗KK, n =
(
0 ,

√
d + n − 2
n(d − 2)

)
, z⃗t =

(
λt ,

√
n

(d + n − 2)(d − 2)

)
. (5.8)

From these one obtains three species scale vectors (cf. equation (4.12))

Z⃗KK, n =
(
0 ,

√
n

(d + n − 2)(d − 2)

)
,

Z⃗t =
(

d − 1 + p

d − 2 + p
λsp ,

p

d − 2 + p

√
n

(d + n − 2)(d − 2)

)
,

Z⃗(KK, t) =
(

d − 1 + p

d − 2 + n + p
λsp ,

√
n

(d + n − 2)(d − 2)

)
.

(5.9)
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Notice that we again see that the line determined by Z⃗KK, n and Z⃗(KK, t) is horizontal.
Contrary to the case of compactification on a circle, this is not actually needed to protect
the SSDC bound since Z⃗KK, n does not saturate it for n > 1. Despite this, the conclusion
that this line preserves the SSDC bound holds for n > 1. We just found that the most
constraining compactification for the exponential rate of the species scale corresponds to
n = 1, i.e., a circle/interval compactification.

Similarly to the case of a circle compactification, the slope the line connecting Z⃗t with
Z⃗(KK, t) is independent of p. It also holds that this line gets further away from the origin for
larger λsp. In the most dangerous situation, in which the SSDC is saturated in D = d + n

dimensions, this line again does not lead to violation of the SSDC in d-dimensions. In fact,
this line again leads to saturation of the SSDC for p ≤ 1. The convex hull in this case
looks very much like the ones in figure 11, but with the horizontal line being shifted above
according to the second component of Z⃗KK, n while keeping fixed that the infinite length
extension of the other line touches the ball. All in all, the conclusion that the SSDC is
preserved under dimensional reduction (within the directions in which field theory is enough
to determine the convex hull), at least along the direction given by the overall volume
modulus, gets extended to n > 1.

5.2 Preservation and saturation under dimensional reduction

In the previous section we considered a situation where any combination of the parameters
λsp and p for the tower satisfying the SSDC in D-dimensions was allowed, as long as they
were compatible with the bound λsp ≥ 1/

√
(D − 1)(D − 2). Let us remark, however, that if

an EFT observer can probe the species scale (i.e. can know the parameter λsp), it should also
have access to all the states below such energy, and therefore the corresponding p should also
be known. Hence, even though they can indeed be independent parameters, having access to
one of them implies knowing about the value of the other. One of the goals of this section is
then to explore this idea and, in particular, whether knowledge of λsp with respect to the
SSDC bound (namely whether it is saturated or not, and if not, by how much), combined
with preservation under dimensional reduction, can restrict the possible values for p.

To do so, we study how the asymptotic decay rates for the mass scale of the towers and
the species scale behave under dimensional reduction, both for Kaluza-Klein and emergent
string limits. As in the previous subsection, we start by considering the compactification of
some D-dimensional theory down to d = D − 1 spacetime dimensions. The mass scales of the
relevant towers decay exponentially as determined by the scalar charge-to-mass ratios (5.8)
(i.e. in d-dimensional Planck units they scale as m ∼ e−Φ⃗·z⃗ , with Φ⃗ = (ϕ̂ , σ̂), for each
possible value of z⃗). With this, one can then examine how λD = |z⃗| should depend on the
spacetime dimension, D, in order to be preserved under the compactification process [32].
This amounts to requiring

λ2
d+1 +

1
(d − 1)(d − 2) = λ2

d , (5.10)
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and the general solution to this equation reads [32]17

λ2
d = 1

d − 2 + β , (5.12)

where β denotes some arbitrary parameter that does not depend on d .
Notice that, upon iterating (n − 1) times equation (5.10) in order to relate λd+n with

λ2
d, we get

λ2
d+n + n

(d + n − 2)(d − 2) = λ2
d , (5.13)

which is nothing but the condition for preservation of the charge-to-mass ratio associated
to some already existing tower upon compactifying from D = d + n to d dimensions. This
is, the recursion relation obtained from the compactification of just one dimension already
contains all the necessary information about the d-dependence of λd for it to be preserved
(along the plane spanned by the original scalar modulus and the canonically normalized
volume direction) upon compactifying on an n-dimensional manifold.

Let us now consider the condition for preservation of the species scale decay rate, λsp,
upon compactification from D = d + 1 to d dimensions. Using equation (5.9) for the
D-dimensional tower with arbitrary p and identifying λsp, d = |Z⃗t|, when n = 1, yields(

d + p − 1
d + p − 2

)2
λ2

sp, d+1 +
p2

(d + p − 2)2 (d − 1) (d − 2) = λ2
sp, d . (5.14)

In fact, this is exactly the same relation that we obtain if we just rewrite equation (5.10)
in terms of its associated λsp instead of λ. Therefore, it can be checked that the solution
to this recursion relation coincides with the one we would obtain from computing the λsp, d

associated to the λd in equation (5.12) above, that is18

λ2
sp, d =

( 1
d − 2 + β

) (
p

d + p − 2

)2
. (5.15)

To sum up, the asymptotic decay rates associated to the mass and species scales from higher-
dimensional towers given by eqs. (5.12) and (5.15) are preserved upon dimensional reduction
for any d-independent (but possibly p-dependent) β. For the former, β = 0 was proposed
in [32] as the preferred value based on examples and on the fact that it yields the lowest
possible λ2

min = 1
d−2 . Moreover, this is the only non-negative β that gives rise to preservation

of the convex hull condition along the directions comprised between the higher-dimensional
17This solution can be obtained upon iteration of the recursion relation to give

λ2
d − λ2

d=3 =
d∑

i=4

λ2
i − λ2

i−1 =
d∑

i=4

− 1
(i − 2)(i − 3) = 1

d − 2 − 1 , (5.11)

from which we then obtain (5.12) upon relabeling the d-independent coefficient β = λ2
d=3 − 1 that arises as an

initial condition.
18In analogy to the previous case, the d-independent parameter β is related to an initial condition for

the recurrence relation given by β =
(

p+1
p

)2
λ2

sp, d=3 − 1, and one can check that, as expected for d = 3,
λ2

d=3 =
(

p+1
p

)2
λ2

sp, d=3 .
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tower and the Kaluza-Klein tower associated to the compactification if we assume saturation
in the higher dimensional theory. Notice that since this bound is not sensitive to the density
parameter, this argument alone did not allow for an identification of the nature of tower that
would saturate it, even though in all the examples the relevant towers were stringy.

For the species-scale charge to mass ratio (5.15), however, since it depends on p, we
can try to obtain some information about what towers would saturate our bound (2.31).
In particular, we can ask under which conditions saturation in (d + 1)-dimensions leads to
saturation in d-dimensions. Thus, we need to find the possible solutions to the equation( 1

d − 2 + β

) (
p

d + p − 2

)2
= 1

(d − 1)(d − 2) , (5.16)

in terms of a d-independent β. The general solution for such equation is

β = d − 2− p(p − 2)
p2 (d − 1) , (5.17)

which is clearly not d-independent in general. The only universal, d-independent value
for p that gives rise to a d-independent β, and hence saturation of our bound, is p = 1
(which also yields β = 1).19 Thus we expect it to be saturated in general only by single
Kaluza-Klein towers, as we observe in the different examples throughout this paper. Let us
emphasize, however, that this argument is completely independent of examples and clearly
distinguishes p = 1 towers as those saturating our entropic bound on the species scale decay
rate, λsp, min = 1/

√
(d − 1)(d − 2). Additionally, it is remarkable that a string tower could

never saturate our bound and be preserved under dimensional reduction, since p → ∞ would
inevitably yield a d-dependent β, which is inconsistent.

Equipped with these insights, let us explore the choice β = 1/p, which yields

λ2
d = d + p − 2

p(d − 2) , λ2
sp, d = p

(d + p − 2)(d − 2) , (5.18)

and can be motivated from different angles. On the one hand, this way of including the
dependence on p interpolates between the case of a string tower (p → ∞) and a single
Kaluza-Klein tower (p = 1), in such a way that the minimum value for λd is recovered for
the former (effectively recovering the results from [32] with the extra output that string
towers are the ones that saturate their bound), and the minimum value for λsp, d for the
latter. Besides, these also recover the typical values exhibited by KK and string towers (for
all the corresponding values of p) obtained in simple compactifications that are preserved
upon dimensional reduction, as seen in the different examples that we consider (see section 6.1

19The only two options to get a d-independent β in equation (5.17) are either having a vanishing numerator,
or getting it numerator to cancel the (d − 1) dependence in the denominator, possibly leaving some extra
dependence on p. The first option yields p = 1 ±

√
d − 1, which is in general not an integer and also cannot be

fulfilled for all d. The second one is in general more complicated, but if we allow for a possible monomial
dependence of β = pα, we find the surprising result that the only d-independent solution is p = 1, and thus
β = 1, apart from some particular d-dependent solutions that also depend on α and are in typically irrational.
It would be interesting to investigate further these non-generic solutions that could in principle give rise to
saturation only in certain dimensions and for particular density parameters, such as e.g. a p = 3 tower in
d = 5, but we leave this for future work.
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below). Thus, we see that whereas for the single Kaluza-Klein tower the charge-to-mass ratio
and the species scale vector are maximally separated, for the stringy case they converge to
the same value, with all the values of p in between giving rise to intermediate separations.
This explains why the lower bounds for λd are expected to be saturated by towers of strings,
whereas the lower bounds for λsp, d are expected to be saturated by single Kaluza-Klein
towers, since each of them gives respectively the smallest possible vector. Moreover, notice
that the string tower case is some kind of fixed point in the space of charge-to-mass and
species scale vectors (see e.g. figure 8), due to the fact that the species scale and the string
mass coincide in such limits. In fact, all the other pairs of vectors are somehow dual with
respect to the sphere with radius given by the string towers vectors, and one member of the
pair is always in the interior of such ball (but still far enough from the center so as to satisfy
the convex hull condition for the species scale), whereas the other has to be in the exterior in
order to satisfy the convex hull condition for the charge-to-mass ratio associated to the mass
scale of the tower (see [89, 90] for a precise treatment of this correspondence).

Finally, let us review how the actual convex hull condition for the species scale is satisfied
whenever the norms of the corresponding species scale vectors are preserved upon dimensional
reduction. So far, we have checked that if the species vector has the form (5.15), then the
Species Scale Distance Conjecture will be preserved along the direction of the dimensionally
reduced species scale vector, but what about the remaining asymptotic directions, such as the
one associated to the volume modulus considered in section 5.1? By sticking to the choice
β = 1/p that we have just argued for, we can see that upon compactification from D = d + n

down to d dimensions, the relevant species scale vectors given by (5.9) become

Z⃗KK =
(
0 ,

√
n

(d + n − 2)(d − 2)

)
,

Z⃗t =

√ p (d + n + p − 2)
(d + p − 2)2 (d + n − 2) ,

√
n p2

(d + p − 2)2 (d + n − 2) (d − 2)

 ,

Z⃗(KK, t) =
(√

p

(d + n − 2)(d + n + p − 2) ,

√
n

(d + n − 2)(d − 2)

)
.

(5.19)

Actually, the three vectors (and not only Z⃗t) satisfy the condition (5.18) in d dimensions
for the suitable identifications of the density parameter of the corresponding tower, namely
p = {n, p, n + p}, respectively. In fact, notice that this is effectively recovering the convex
hull associated to a compactification on a product space of the form Yp × Xn, where we
keep track of their corresponding volume directions.

Besides, there are two important facts associated to the triplet (5.19) regarding the
preservation of the convex hull condition in the d-dimensional theory: first, the line determined
by
(
Z⃗KK, Z⃗(KK, t)

)
is always horizontal; and second, the segment

(
Z⃗(KK, t), Z⃗t

)
can be seen

to be perpendicular to the vector Z⃗t .20 This means, in particular, that if both Z⃗KK and Z⃗t
satisfy λsp ≥ λmin, the convex hull generated by the three vectors in (5.19) automatically
contains the ball of radius λmin. Therefore, since the minimum of |Z⃗KK| (alternatively |Z⃗t|)

20To check this we just compute u⃗ = Z⃗(KK, t) − Z⃗t, which verifies Z⃗t · u⃗ = 0 regardless of the particular
values for the dimension of the compactification space, n, and the density parameter of the tower, p.
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happens precisely when n (or p) is equal to one, one finds that our bound (2.31) is indeed
exactly preserved under dimensional reduction, in the sense that saturation in D = d + n

dimensions (i.e. when p = 1) leads also to saturation in d dimensions. Moreover, in the special
case when n = 1, both segments of the convex hull become tangent to the ball. Whenever
n, p > 1, the bound is satisfied, but not saturated.

5.3 Beyond field theory: including strings and windings

In this section we go beyond compactification of a field theory by considering a toy model
with two strings in D-dimensions. This is, we will consider a setup (clearly inspired by
type IIB string theory) with two different strings becoming tensionless along two infinite
distance limits, namely as ϕ̂ → ±∞. The corresponding string excitation modes will become
asymptotically massless with an exponential rate λstr, which in this case coincides with the
exponential rate for the species scale.

The dimensional reduction procedure on a circle goes through exactly as in section 5.1,
with the difference that we have extra towers in d-dimensions coming from the winding modes
of these extended objects. The relevant scalar charge-to-mass vectors read [32]

z⃗KK =

0 ,

√
d − 1
d − 2

 , z⃗wind, 1 =
(
2λstr , − d − 3√

(d − 1)(d − 2)

)
,

z⃗wind, 2 =
(
−2λstr , − d − 3√

(d − 1)(d − 2)

)
,

(5.20)

for the p = 1 towers, whilst for the strings one finds

z⃗str, 1 =
(

λstr ,
1√

(d − 1)(d − 2)

)
, z⃗str, 2 =

(
−λstr ,

1√
(d − 1)(d − 2)

)
. (5.21)

Moreover, upon using equation (4.12) above, we can translate the set (5.20) into the following
species scale vectors

Z⃗KK =
(
0,

1√
(d − 1)(d − 2)

)
, Z⃗wind, 1 =

(
2λstr
d − 1 ,− d − 3

(d − 1)3/2
√
(d − 2)

)
,

Z⃗wind, 2 =
(
− 2λstr

d − 1 ,− d − 3
(d − 1)3/2

√
(d − 2)

)
, Z⃗wind, (12) =

(
0,− 2(d − 3)

d
√
(d − 1)(d − 2)

)
.

(5.22)
Here we have taken into account several things. First, notice that strings do not form
‘effective towers’, since they already saturate the species scale alone. This can be intuitively
understood [41] upon taking p → ∞ in equation (4.12). Additionally, we have assumed the
two towers of winding modes to be multiplicative. In type IIB string theory this comes about
from having not only the fundamental and the D1-string, but also the spectrum of (p, q)
bound states thereof [91]. We will see later how this fits nicely with the results. Finally, even
though a priori one could also consider windings and the KK modes to be multiplicative,
since they never become light simultaneously (indeed they are T-dual towers), they are to
all effects irrelevant for testing the SSDC.
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Figure 12. Convex hull of a theory with strings saturating the SSDC in D = 10 dimensions
compactified on a circle.

With this information, we are now ready to test the behavior of the SSDC under
dimensional reduction within the present toy model. First, notice that as also happened
in section 5.1, λstr only appears in the first components of (some of) the vectors in (5.21)
and (5.22), in such a way that for larger values all these vectors go further away from the
origin. This again fits the physical intuition that the smaller λstr is, the closer will be the
convex hull in d-dimensions to violate the SSDC. One can then try to fix λstr so as to saturate
the SSDC in the parent theory, i.e.,

λstr =
1√

(D − 1)(D − 2)
= 1√

d(d − 1)
. (5.23)

Plugging this into the previous set of Z-vectors and drawing the convex hull, one realizes that
there is a violation of our bound for any spacetime dimension d. For illustrative purposes,
this is depicted in the d = 9 case in figure 12 below. Let us stress, however, that this by itself
is not a violation of the SSDC in Quantum Gravity, as we are just considering a toy model in
which a stringy decay rate λstr is taken to saturate the SSDC in D-dimensions. In fact, in
Quantum Gravity critical strings do not present this value for the exponential decay rate but
instead a larger one. In this sense, consistency under dimensional reduction of the SSDC
is telling us that, indeed, this toy model in which the strings saturate the SSDC belongs to
the Swampland. Interestingly, under some circumstances the SSDC becomes stronger when
imposing its consistency under dimensional reduction.

On the other hand, as found in [32] (see also the discussion around equation (5.15)),
a better justified value for λstr would be

λstr =
1√

D − 2
= 1√

d − 1
. (5.24)

After plugging this into (5.21) and (5.22) so as to draw the convex hull, we find that the
SSDC is satisfied for D ≥ 10 and violated for D ≤ 9 (see figure 13 for the particular cases of
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(a) D = 5 → d = 4 (b) D = 9 → d = 8

Figure 13. Convex hull of a theory with strings with λs = 1/
√

D − 2 in D = 5 and D = 9 dimensions
compactified on a circle. Even though it is difficult to see by eye, the D = 9 → d = 8 case violates the
SSDC convex hull condition by a tiny amount around the two lower blue dots.

Figure 14. Convex hull of a theory with strings with λs = 1/
√

D − 2 in D = 10 dimensions
compactified on a circle. It recovers a rotated version of figure 7.

D = 5 and D = 9). Furthermore, we find saturation precisely for D = 10. Indeed, notice that,
as shown in figure 14, this latter case precisely recovers a rotated version of the convex hull
depicted in figure 7 above. Of course, this is not a coincidence, since in this case our toy model
precisely reproduces type IIB string theory on S1, which is dual to M-theory on T 2 [88].

Very remarkably, we conclude that this toy model, which presents only strings to start
with, does not satisfy the SSDC in D ≤ 9 after dimensionally reducing on a circle. This
is moreover consistent with our experience from string theory, since upon compactification
down to d ≤ 8 dimensions, not only strings and winding modes will arise. Higher-dimensional
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objects, such as Dp-branes wrapping some of the internal cycles of the compact manifold, will
give rise to new infinite towers of states. An explicit realization of this will be presented later
on in section 6.1, where we consider M-theory compactified on T 3. There, we will not only
verify the SSDC but we will also be able to construct a picture very similar to the one shown
in figure 13(b), with additional towers which indeed protect the SSDC convex hull condition.

Before closing up this subsection, let us compare our results with the ones obtained for
the Sharpened SDC discussed in [32]. For this same toy model, it was shown there that the
winding modes of the critical strings were in fact sufficient to make the Sharpened SDC hold
in d ≥ 5. Additionally, it was argued that a tower of KK monopoles prevents this condition to
be violated in d = 4. We find that the SSDC seems to ask for more than this. As argued above,
the presence of higher-dimensional objects in D-dimensions proves to be crucial for the SSDC
to be satisfied in lower dimensional vacua. Again, it turns out that under some circumstances,
the SSDC becomes more powerful after imposing its consistency under dimensional reduction.

6 Further evidence in M-theory compactifications

After having discussed the behavior of the SSDC under dimensional reduction, in this section
we move into verifying it within effective field theories which are known to be consistent with
Quantum Gravity. In particular, we focus on maximally supersymmetric theories, as arising
from M-theory toroidal compactifications. The first non-trivial example, namely M-theory
on T 2, was already discussed in 4.2. Thus we start discussing the case of M-theory on T 3

in section 6.1. Such eight-dimensional model will be particularly useful to show how the
appearance of new infinite towers of states change the naive picture in the r.h.s. of figure 13,
such that the convex hull condition is satisfied along every asymptotic direction in moduli
space. Additionally, the lessons we will learn in this setup, together with those from our
previous analysis in section 5.1, will allow us to give a simple argument in support of the
SSDC in M-theory on T n with n > 3.

6.1 M-theory on T 3

Let us consider M-theory compactified on a T 3, leading to a 8d N = 2 supergravity theory.
The gravitational and scalar sectors present the following action after switching to the
eight-dimensional Einstein frame [32]

S8d
M ⊃ 1

2κ2
8

∫
d8x

√
−g

[
R − 1

4

(
gmm′

gnn′ + 1
6gmngm′n′

)
∂gmn · ∂gm′n′ − 1

2V2
3

∂b · ∂b

]
,

(6.1)
where gmn is the internal metric, V3 its overall volume in M-theory units and b = C

(3)
123

denotes the axionic field arising from the 11d 3-form with all its legs along the three-torus.
Notice that, despite not being apparent from equation (6.1) above, the moduli space in
this eight-dimensional theory is a coset space of the form M8d = SL(2,Z)\SL(2,R)/U(1)×
SL(3,Z)\SL(3,R)/SO(3), where the discrete piece corresponds to the U-duality group of
the theory [92].

The idea here is to show how Quantum Gravity avoids the naive violation of the bound
for the species scale in D ≤ 9, as discussed in our simple toy model from section 5.3. The
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1
2 -BPS states construction tension/mass/action degeneracy

strings str, i = M2 on S1
i Tstr, i ∝ (2πRi) 3

non-perturbative particles Mij = M2 on S1
i × S1

j mij ∝ (2πRi)(2πRj) 3

perturbative particles KKi = KK from S1
i mKK,i = 1/Ri 3

Table 1. Relevant towers of 1
2 -BPS states together with their mass scales (in Planck units) in the

eight-dimensional setup.

mechanism by which this should happen is of course the appearance of new towers of light
states along certain asymptotic directions. Therefore we want to check whether

λsp ≥ 1√
(d − 1)(d − 2)

8d= 1√
42

, (6.2)

is satisfied or not in the present setup. In principle, one could adopt a more general approach
and take also into account the axionic dependence both in the mass scale and scalar charge-
to-mass ratios of the infinite towers of states. However, for simplicity and in light of our
analysis in nine dimensions from section 4.2.1, we will henceforth ‘freeze’ all the axions in the
theory, exploring geodesics in moduli space which move just along the non-compact ‘saxionic’
directions. In any event, by making use of SL(2,Z)× SL(3,Z) duality, one can relate such
paths to any other exploring some analogous infinite distance singularity in moduli space.

To make contact with the logic followed in section 5.3, let us rewrite the scalar lagrangian
in equation (6.1) as if it was obtained by circle-reduction from the 9d theory in section 4.2
instead of directly compactifying M-theory on T 3. Thus, we take the 9d metric in (4.14)
and propose the following ansatz

ds2
9 = e−

√
1/21 ρds2

8 + e
√

12/7 ρ
(
dz3

)2
, (6.3)

with the radion field ρ being related to the extra radius by R3 = e
√

3/7 ρ. Next, we dimen-
sionally reduce the 9d action (4.16) yielding

S8d
M ⊃ 1

2κ2
8

∫
d8x

√
−g

[
R −

(
∂Û
)2

− (∂τ̂)2 − (∂ρ̂)2
]
+ (axions) , (6.4)

where we have introduced the canonically normalized fields ρ̂ = ρ

κ8
√

2 as well as those
in (4.19). Note that the compactification process just described could be seen as a T 2-
fibration over the S1.

With this, we can now start computing the relevant scales of the infinite tower of states,
their ‘charge-to-mass’ ratio (cf. (4.2)) as well as their (combined) species scales, similarly as
we did for the 9d setting. The relevant towers can be found in table 1 below.

Let us first study the case of critical strings. It is easy to see that apart from the set
of (p, q)-strings which were already present in 9d, we get an additional one by wrapping the
M2-brane along the extra circle S1

3 , whose tension is given by

Tstr, 3 ∼ 2π

ℓ2
8

e−2Û/
√

14 e2
√

2/
√

21 ρ̂ =⇒
m

(str)
str, 3

Mpl, 8
∼ e

− 1√
14

Û
e
√

2
21 ρ̂ . (6.5)
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Since the species scale associated to a critical string is the string scale itself, we arrive at
the following species scale vectors

Z⃗str, 1 =
( 1
2
√
2

,
1√
42

,− 1
2
√
14

)
, Z⃗str, 2 =

(
− 1
2
√
2

,
1√
42

,− 1
2
√
14

)
,

Z⃗str, 3 =
(
0,−

√
2
21 ,

1√
14

)
,

(6.6)

where the notation is Z⃗ =
(
Zτ̂ ,Zρ̂,ZÛ

)
. To obtain the first two we made use of equation (4.21)

together with the second relation in (5.2). Notice that they satisfy |Z⃗str, i|2 = 1/(d− 2) = 1/6,
as expected from the analysis in section 5.2. They can be seen as type IIA strings and 8d
S-duals upon choosing one cycle as the reference M-theory circle.

For the Kaluza-Klein towers we proceed similarly to what we did for the strings above,
namely we borrow the results from the 9d setup and then compute the additional KK scale
associated to the extra circle. One finds:

Z⃗KK, 1 =
( 1
7
√
2

,
1

7
√
42

,
3

7
√
14

)
, Z⃗KK, 2 =

(
− 1
7
√
2

,
1

7
√
42

,
3

7
√
14

)
,

Z⃗KK, 3 =
(
0,

1√
42

, 0
)

.

(6.7)

These vectors all verify |Z⃗KK, i|2 = 1/(d − 1)(d − 2) = 1/42, thus saturating our proposed
bound. In string theory language, they become two distinct KK towers and D0-branes upon
choosing without loss of generality some cycle as the M-theory circle. Notice that the first
two, which were already present in nine dimensions, have a λsp-parameter whose functional
form is preserved upon dimensional reduction, see section 5.2.

Lastly, the other relevant set of 1
2 -BPS particles arises from M2-branes wrapping any

2-cycle of the internal manifold, as shown in table 1. These can be either seen as winding
modes associated to each one of the three critical strings in (6.6), or alternatively as the
8d analogues of the F-theory tower discussed around equation (4.28). In any event, it is
clear from the above considerations that they are nothing but KK towers associated to
decompactification limits in a dual type IIB frame. Moreover, their species scale vectors read

Z⃗M23 =
( 1
7
√
2

,− 5
7
√
42

,− 1
7
√
14

)
, Z⃗M13 =

(
− 1
7
√
2

,− 5
7
√
42

,− 1
7
√
14

)
,

Z⃗M12 =
(
0,

1
7
√
42

,−
√
8

7
√
7

)
.

(6.8)

where one can see that again |Z⃗Mij |2 = 1/(d − 1)(d − 2) = 1/42.
We are not done yet, though. As we learned from the general analysis of section 5 and

the 9d example above one has to take into account combinations of towers of states, whose
effective species scale may be lower than naively expected. For the case at hand, the ones
that will be relevant are those formed by bound states involving only Kaluza-Klein states,
those comprised by M2-particles alone and a mixture of these two sectors [87]. The KK
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bound states lead to the following set of vectors

Z⃗KK, (12) =
(
0,

1
4
√
42

,
3

4
√
14

)
, Z⃗KK, (13) =

( 1
8
√
2

,
1√
42

,
3

8
√
14

)
,

Z⃗KK, (23) =
(
− 1
8
√
2

,
1√
42

,
3

8
√
14

)
, Z⃗KK, (123) =

(
0,

1√
42

,
2

3
√
14

)
.

(6.9)

whilst for the M2-particles one finds instead21

Z⃗M̃, (21) =
(
0,− 5

4
√
42

,− 1
4
√
14

)
, Z⃗M̃, (13) =

( 1
8
√
2

,− 1
2
√
42

,− 5
8
√
14

)
,

Z⃗M̃, (23) =
(
− 1
8
√
2

,− 1
2
√
42

,− 5
8
√
14

)
, Z⃗M̃, (123) =

(
0,− 1√

42
,− 2

3
√
14

)
.

(6.10)

Finally, one can find effective towers of M2-particles with non-trivial KK momentum along
the 1-cycle they do not wrap. These will be denoted as

Z⃗ 3,12
KK, M =

(
0,

1√
42

,− 1
2
√
14

)
, Z⃗ 2,13

KK, M =
(
− 1
4
√
2

,− 1
2
√
42

,
1

4
√
14

)
,

Z⃗ 1,23
KK, M =

( 1
4
√
2

,− 1
2
√
42

,
1

4
√
14

)
.

(6.11)

The interpretation of the above set of species scales is straightforward. The first three of each
set can be seen to be effective towers with p = 2 implementing some decompactification to
10d and they moreover satisfy |Z⃗ij |2 = 1/24, whilst the last vector of both (6.9) and (6.10)
take us back to 11d M-theory (one can check that |Z⃗123|2 = 1/18). The triplet (6.11) also
implement some double decompactification to 10d.

Plotting the convex hull. Once we have all the Z-vectors associated to the individual
species scales, we can plot them in a 3d graph to check whether the SSDC is satisfied. As
shown in figure 15 from two different perspectives, the convex hull for the present 8d example
contains the ball of radius λsp, min (see equation (5.4)), thus fulfilling the conjecture.

Interestingly, and similarly to what happened with the 9d setup discussed in section 4.2,
the convex hull for the species scale vectors presents some nice structure capturing both
the symmetries of the quantum theory as well as the relevant physics associated to the
infinite distance boundaries in M8d. Indeed, from figure 15(b) one can see at least a Z3 × Z2
symmetry22 of the polyhedron, which may be thought of as a discrete remnant of the U-
duality group in the eight-dimensional theory. This means, in particular, that the convex
hull for the species scale is completely encoded within some fundamental domain, which
is replicated upon acting with the discrete symmetry group. This simplification will be
important later on in section 6.2 so as to extend the present analysis to setups with maximal
supersymmetry in d < 8.

Regarding the structure exhibited by the diagram, let us first notice that the convex hull
is generated again by the species scale vectors associated to either emergent string limits

21One can alternatively denote the Mij tower by M̃k where k is such that ϵijk = 1. Thus, the combined
tower of Mij and Mlm particles may be denoted as M̃(kp), where again k, p are such that ϵijk = ϵlmp = 1.

22In fact, the complete group can be seen to correspond to D3 × D1 [90], where Dn denotes the dihedral
group of order 2n.
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(a) (b)

Figure 15. Convex hull for the species scale in M-theory on T 3 with the axions set to a constant
value from two different angles. The blue dots in the faces of the convex hull correspond to single KK
towers (p = 1), the light purple dots in the edges indicate double KK towers (p = 2) and the purple
and red dots in the vertices correspond to triple KK towers (p = 3) and string towers, respectively.

(the red dots in the diagram) or full decompactification to 11d M-theory (the purple dots).
Moreover, the blue dots, corresponding to Z-vectors for p = 1 towers saturate the SSDC
bound and appear precisely at the faces of the convex hull, the latter being perpendicular to
the former. In fact, the faces of the polyhedron turn out to be nothing but the corresponding
convex hull diagram of the 9d theory (see figure 7(b)), which in turn include at its edges
the convex hull for the different 10d theories. Therefore, we find an inductive sequence
(resembling that of a matryoshka) which informs us about all possible infinite distance limits
that can be explored either directly from the lower dimensional perspective, or rather by
passing first through an intermediate higher dimensional frame.

Finally, and in order to appreciate the crucial role that the effective towers of states
play in order for the convex hull condition to be verified, let us study one particular 2d slice
of figure 15, namely that spanned by the (ρ̂, τ̂) directions. Therefore, upon projecting the
Z-vectors down to a plane characterized by its normal n̂ = ∂Û as

Z⃗n̂ = Z⃗ −
(
n̂ · Z⃗

)
n̂ , (6.12)

one obtains precisely what is shown in figure 16 below. The reason for choosing such slice is
because it can be easily connected to the situation discussed previously in section 5.3. There
we showed that, upon compactifying a D-dimensional theory in which we start with two
S-dual strings on a circle, the SSDC seemed to be naively put in danger whenever D ≤ 9.
The idea was that the D − 1 avatars of the pair of strings together with their winding modes
— and effective combination thereof — which are crucial to saturate λsp, min in D = 10, were
in fact not sufficient to preserve the bound when starting from the non-critical dimension
(see figure 16(b)). As we have already seen, when considering M-theory on T 3, i.e. an
eight-dimensional EFT really coming from Quantum Gravity instead of a toy model, there is
no violation of the SSDC convex hull condition. In fact, the projection in figure 16 turns out
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(a) M-theory on T 3 (b) Toy model

Figure 16. a) Two-dimensional projection of the convex hull for the species scale in M-theory on T 3.
b) Convex hull diagram for the 9d to 8d compactification of the toy model discussed in section 5.3.

to have a similar structure to that exhibited by the toy model, which is also shown in the r.h.s.
for comparison. In both cases there are two strings that correspond to the red dots appearing
on the upper half of the image. They are indeed connected by a line which is tangent to
the ‘critical ball’ of radius λsp, min, touching it at the point where the KK tower associated
to the extra S1 becomes relevant. On the opposite direction, namely along the negative ρ̂

axis, where the (effective) tower of windings do not give rise to a convex hull containing the
critical ball, a new dual string appears in the l.h.s. . This new tower, absent in the toy model,
ensures that the bound is preserved along every direction in the two-dimensional graph.

On the quest for a global species scale. From the previous discussion one can draw
a couple of nice lessons. First, as expected based on general considerations in section 5.3,
upon compactifying to lower dimensions one starts to need from genuine QG ingredients in
order to satisfy the SSDC, namely new infinite towers of states. In a sense, from a bottom-up
perspective, one could say that the naive imposition of the convex hull condition to certain
directions in this 8d setup postdicts the existence of new infinite distance limits, which turn
out to have a nice UV embedding from the 11d perspective.

Second, by inspection of the 3d plot in figure 15(b), one finds a highly symmetric
arrangement of the points. This becomes manifest upon projecting on a plane whose unit
normal vector lies along the direction associated to the p = 3 limits, see figure 17 below. What
is behind is precisely the U-duality group G = SL(2,Z)× SL(3,Z) of the eight-dimensional
theory. The species scale vectors arrange into representations of the group G, which is a
reflection of the fact that the infinite distance limits are oftentimes related to each other by
some duality transformation. In table 2 we show the different irreducible representations
that one can find within the set of Z-vectors.

Finally, let us comment about the redundancy of the convex hull diagram. Indeed,
U-duality allows us to focus just on a ‘fundamental region’ comprised by (half of) a single
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Density parameter G-representation QG Resolution
p → ∞ (strings) (1, 3) Emergent String Limit

p = 1 (KKi and Mij single towers) (2, 3) Decompactification to 9d
p = 2 (KKij and M̃ij double towers) (2, 3) Decompactification to 10d
p = 2 (bound states of KKi and Mij) (1, 3) Decompactification to 10d
p = 3 (KK123 and M̃123 triple towers) (2, 1) Decompactification to 11d

Table 2. Infinite distance limits and their representations in terms of the U-duality group of maximal
supergravity in 8d.

Figure 17. Two-dimensional projection of the convex hull for the species scale in M-theory on T 3

with the axions set to a constant. The plane is chosen to be such that its normal n̂ ∝ Z⃗KK, (123),
making manifest the discrete remnant of the SL(3,Z) symmetry (sub-)group.

face of the polyhedron, see footnote 22. This will be important for the discussion in the
next subsection, and moreover takes into account the quantum symmetries of the theory.
Incidentally, one may think of the 3d graph under discussion as some sort of (asymptotic)
‘boundary condition’ for the (logarithmic) derivative of a would-be globally defined species
scale function, Λsp(Φ⃗), where Φ⃗ denotes collectively the moduli of the 8d theory. Therefore,
if one were able to define such global function (similarly to recent 4d attempts [93, 94]), one
would then need to make sure that it respects the symmetries of the theory and matches the
asymptotic behavior here described. Moreover, such a ‘Master Species Scale Function’ would
be expected to behave as some generalized automorphic form of SL(2,Z)× SL(3,Z) [95, 96].

6.2 M-theory on T n

The aim of the present section is to extend the results from the previous examples in nine
and eight-dimensional maximal supergravity to M-theory compactifications on T n with n > 3.
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This will provide more evidence in favour of the SSDC and the idea that there exists a
minimum rate at which the species scale can fall off asymptotically.

Our argument will proceed inductively, relying heavily both in U-duality and the unique-
ness of the supergravity theory for d < 9 spacetime dimensions. Indeed, U-duality tells us
that the particle states comprising infinite towers with p = 1 arrange themselves into a single
irreducible representation of the symmetry group (see e.g. [87]).23 Such orbit includes both
perturbative (i.e. KK, winding modes, etc.) and non-perturbative states (wrapped p-branes,
KK-monopoles, etc.), as seen from the original frame. For example, consider M-theory
compactified on T 4 down to 7d. The U-duality group is identified with SL(5,Z) in this
case [92], and the particle multiplet transforms as the 10 of SL(5,Z). These states may be
understood microscopically as four Kaluza-Klein towers associated to the compact directions,
as well as six additional infinite sets of wrapped M2-particles.

Thus we start with a couple of insights provided by the examples from sections 4.2
and 6.1 above. There we saw that the states with p = 1 saturated the bound and appeared
precisely at the faces of the polyhedron. Additionally, these faces turn out to be nothing
but the convex hull of the theory in one dimension more. This is easy to understand, since
upon dimensionally reducing the supergravity theory, all Z-vectors give rise in particular
to analogous ones combined with the KK tower associated to the extra circle. The latter
generate the same polyhedron already existing in the higher dimensional theory, which is
moreover orthogonal to the species scale vector of the new compact dimension, Z⃗KK (see
section 5.1). Finally, from the analysis of section 5 we learned that if the theory we start
with verifies the SSDC then, upon compactification on a circle, we end up with a bunch of
species vectors which still satisfy the conjecture along all intermediate directions.

Let us now put everything together to argue that the SSDC is indeed satisfied in d-
dimensional maximal supergravity for d ≥ 4. We work by induction, such that we first assume
the SSDC to hold for M-theory compactified on T n, with species vectors denoted by Z⃗t. In
a next step, we dimensionally reduce the theory on a circle, leading to M-theory on T n ×
S1 ∼= T n+1.24 Based on the general considerations from the previous paragraph we conclude
that the (sub-)polyhedron spanned by the set of vectors {Z⃗KK, Z⃗(KK, t)} satisfy the SSDC,
saturating the bound precisely along the direction determined by Z⃗KK (cf. equation (5.3)).
However, from U-duality we know that this is already enough to ensure that the SSDC holds
in every asymptotic direction, since upon acting with the discrete remnant of the symmetry
group one can indeed reconstruct the rest of the convex hull diagram. The latter presents
as many ‘faces’ (which are hence identical to the one just described) as the dimension of
the representation into which the p = 1 towers fit into. The faces being identical follows
from the uniqueness of the supergravity action, at least for d < 9. Therefore, upon noticing
that the Species Scale Distance Conjecture was satisfied for M-theory compactified on T k

for k = 1, 2, 3, we thus demonstrate that the conclusion extends to maximal supergravity
in lower dimensions as well.

23Actually, this is not true for maximal supergravity in 9d, where the KK-like towers form a 2 ⊕ 1
representation of the SL(2,Z) duality group. This hinges on the fact that there exist two theories in ten
dimensions with 32 supercharges one can go to from 9d, differing only on their chirality [92].

24We freeze the axions to zero vev, since as we learned from the previous examples they play no important
role in our analysis (see section 4.2.1).
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7 Conclusions & outlook

In this work we have tackled the Distance Conjecture by combining three different perspectives:
entropy bounds in Quantum Gravity, scalar running solutions in EFTs inspired by Dynamical
Cobordisms, and the geometric properties of convex hulls. In particular, by combining these
with the key idea of the species scale as the natural UV cut-off in an EFT of Quantum Gravity,
we have provided the first general bottom-up argument (to our knowledge) reproducing all
the main features of the Distance Conjecture (see [97–99] for previous arguments recovering
some of the features).25 That is, we have shown that the Quantum Gravity cut-off must
decay at least exponentially with the geodesic distance in moduli space as we approach any
infinite distance limit. Thus, upon translating this exponential bound on the species scale
to a bound on the tower of states responsible for its descent, we obtained the behavior
predicted by the Distance Conjecture, and also reformulated this as a convex hull condition
on the species scale itself.

The bottom-up argument was obtained by confronting the Covariant Entropy Bound [39],
which restricts the entropy of a region of spacetime to scale at most as the area of its boundary
(in Planck units), with the characteristic extensive scaling of the entropy with the volume
in local field theory. This logic yields the upper bound Λd−1

UV ≤ A/vol ∼ L−1, which was
used in [41] to provide a bottom-up argument for the ADC upon identifying the relevant
length scale with the AdS one. In order to apply a similar reasoning, a way to relate the
spacetime distance, L, with the moduli space distance, ∆ϕ, was missing. Inspired by the
ideas from Dynamical Cobordism [47–54], we have found such a relation by considering the
gravitational and scalar sectors of a general EFT (without a potential), and solving their
equations of motion for a codimension-one running solution that effectively implements an
end-of-the-world (ETW) brane. The Einstein equations, together with the equations of
motion for the scalars, suffice to produce a field profile that explores geodesics in moduli space

and for which the relevant length scale goes as L ∼ e

√
d−1
d−2 ∆ϕ arbitrarily far away from the

ETW brane. By applying then the CEB to such configurations, we obtain the exponential
upper bound for the UV cut-off, which we identify as the species scale, given by

Λsp ≲ e−λsp,min ∆ϕ , λsp, min = 1√
(d − 1)(d − 2)

. (7.1)

Let us emphasize two interesting properties of our argument. First, apart from the assumption
of the existence of a moduli space, it is completely independent of supersymmetry, and we
expect it to apply equally well to any configuration with a hierarchically suppressed potential.
Second, it works for any trajectory in moduli space that locally fulfills the geodesic equations
and approaches the infinite distance limit, as opposed to the idea that only the shortest
geodesic towards the singularity should be subject to the Distance Conjecture. It is also worth
stressing at this point that the entropy to which we refer in our discussion is associated to
the local EFT description, thus being extensive by construction and incorporating potential

25One could also argue that the Emergence Proposal (see [10, 19, 100] for the original references
and [69, 97, 101–107] for subsequent follow-ups), if regarded truly as a bottom-up condition, can be em-
ployed to explain the essential features captured by the Distance conjecture. However, we believe that such a
proposal should be actually regarded as an UV microscopic explanation, rather than a bottom-up criterion.
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contributions from the phase space available for finite temperature configurations of the
system. This is in contrast to the approach usually taken in zero temperature configurations,
such as BPS black hole or species counting, where one only accounts for the total number
of microstates compatible with a given zero temperature macrostate [65–68].

Furthermore, let us remark that this exponential upper bound on the UV cut-off is
precisely the crucial property required to recover the Distance Conjecture. This is the case
since it really captures the idea that the cut-off in Quantum Gravity must be arbitrarily
low when arbitrarily large distances are probed, and upon identifying it with the species
scale it enforces the existence of an infinite tower becoming light and also bounded above by
the corresponding exponential behavior. In fact, when combined with the exponential lower
bounds coming from consistency of the EFT description, it completely fixes the exponential
behavior of the tower and the species scale (see [66] for an alternative argument in favor of
such an exponential lower bound, also based in consistency of the EFT description). From a
different point of view, our exponential upper bound, together with duality properties of the
species scale and tower convex-hulls (see [89, 90] for a detailed discussion on this duality)
could be enough to also give an exponential lower bound.

Regarding the application of the CEB to our running solutions, the strategy to obtain
these exponential bounds has been to focus on an arbitrarily large region far away from the
ETW brane. Still, let us recall that it is necessary to assume that the solution is somehow
UV complete, namely that the ETW brane has some UV resolution. The existence of such
objects is precisely the claim of the Cobordism Distance Conjecture [47–49, 51–53], but they
may still seem mysterious, particularly in the case at hand where the absence of a potential
automatically implies that they must be non-BPS. For this reason, we presented an explicit
example of how such running backgrounds could be uplifted to a complete UV solution, which
in the present case was nothing but a non-compact orbifold in one dimension more [72, 73].
This was merely a proof of principle for the existence of these objects, but a more general
analysis of their properties and realisation would be of great interest. Nevertheless, let
us remark that once the UV completion exists, our bottom-up argument is completely
independent of its details, as expected in order to obtain the kind of universal behavior
predicted by the Distance Conjecture.

Upon applying the same logic to running solutions in the presence of exponentially
suppressed scalar potentials, we have also been able to constrain the region of allowed values
for the decay rates of the potential and the species scale (see figure 5). In particular, we have
recovered the ADC bounds in the relevant regime, and assuming the previous lower bound
for the species scale held in the present case, we have also been able to recover the TCC
bound on the scalar potential decay rate, namely c ≥ 2/

√
(d − 1)(d − 2) [83].

Moreover, considering the lower bound on the species scale decay rate in multi-dimensional
moduli spaces led us to formulate it as a convex hull condition. Hence, we have presented the
Species Scale Distance Conjecture (SSDC), which states that the convex hull of the species
scale vectors must contain the ball of radius λsp, min = 1/

√
(d − 1)(d − 2) . We would like to

stress that our derivation comes from first principles and does not need the extra input of
the scalar WGC to support the existence of a lower bound λmin to begin with.
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By exploring different M-/String theory examples we observed that this bound is saturated
by single KK towers (i.e. towers with p = 1 that correspond to the decompactification of
a single dimension). Saturation can be dangerous in the context of dimensional reduction,
since it can lead to violation along directions infinitesimally close to the original one in the
lower dimensional theory. For that reason, we studied the consistency of our bounds under
dimensional reduction and observed several interesting facts:

i) Preservation of the bound in higher dimension ensures preservation in lower dimensions
within the region of field space defined by the cone generated by the species scale vectors
associated to the (dimensionally reduced) higher dimensional tower and the KK towers
of the compact dimensions. To see this, it is crucial to consider the combined species
scale tower that account for the cases when the species scale is not saturated by a single
tower (see e.g. figure 11).

ii) By studying the general functional form (with the spacetime dimension d) of the bounds
that are preserved under dimensional reduction, the single KK tower (p = 1) is selected
as the only one that can saturate the bound both before and after the compactification in
any number of dimensions. This gives a general bottom-up argument for the observation
in examples that these single KK towers saturate our bound. Special solutions that
saturate the bound only in certain dimensions also seem to be allowed and it would be
interesting to study them further.

iii) Preservation of the convex hull condition along the directions beyond the cone defined
by the field theory states previously mentioned generally requires extended objects,
which give rise to additional effective species scale vectors.

In addition to these general lessons from consistency under dimensional reduction, explicit
compactification of M-theory on T n also provide several interesting insights about our convex-
hull condition. We have studied them in detail to check our conjecture and the main lessons
are the following:

i) The species scale vectors associated to single KK towers (p = 1) saturate the species
scale bound, and in fact the full convex hull can be generated by the facets perpendicular
to them. Moreover, combined KK towers with higher p live in higher-codimension edges
defined by the different intersections of such faces.

ii) The vertices of the convex hull always correspond to either string towers or KK towers
associated to full decompactification (p = n). This seems to capture the idea that,
at the end of the day, we always expect the species scale to encode either the ten-
dimensional string scale or the eleven-dimensional Planck mass. On top of that, the
fact that the vertices required to build the convex hull only correspond to these two
cases signals a certain robustness of the convex hull under elimination of towers with
lower p (associated to partial decompactifications), as could be the case in the presence
of reduced supersymmetry.
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iii) For general T n compactifications of M-theory, the convex hull condition can be argued
to be always satisfied by making use of maximal supersymmetry and the fact that it
is fulfilled for T 2 compactifications (that we checked explicitly in section 4.2). The
argument can be summarized in the observation that the facets of the convex hull for
some T n are comprised by different copies of the convex hull obtained from the T n−1

compactification.

Several other properties related to these convex hull remain to be explored, but we expect
this to be a first step along that direction, emphasizing the importance of the species scale as
the intrinsically quantum gravitational cut-off. A natural arena to test the SSDC further
would be to consider 9d minimal supersymmetric models arising from e.g. heterotic string
theory compactified on a circle, whose particular tower structure and scalar charge-to-mass
vectors are analyzed in [108] (based on duality results from [109, 110]). There, a ‘jumping’
phenomenon associated to the convex hull diagram for the z-vectors is found, which indeed
change depending on the particular asymptotic direction that is explored. Interestingly, it
is also shown in [108] that one can essentially recover an analogous diagram — both for
the charge-to-mass and species vectors — to the one arising in 9d maximal supergravity
(see figure 8), except for those asymptotic geodesics which are parallel to the self-dual line
(pointing towards strong coupling) where the theory decompactifies to some running solution
in type I’ string theory.26 This means, in particular, that the SSDC is verified at least for
any asymptotic direction not parallel to the latter, which indeed deserves further study.

All in all, the combination of ideas and insights from holographic quantum gravitational
entropy bounds, dynamical cobordisms, and convex hulls seems to be a very fruitful approach
in order to study the general properties of infinite distance limits and towers of states, and
we hope that this work will encourage interesting findings along related directions.
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A Running solutions in Kaluza-Klein theory

In this appendix we discuss an explicit example of the general running solution studied in
section 2.2.1. We will particularize to the familiar case of KK reduction on a circle, to see
whether there may be some sensible interpretation of the solution displayed in equation (2.15)
in terms of the higher dimensional theory.

Let us start by writing down again the running solution discussed in section 2.2.1:

ds2
d =

(
r

r0

) 2
d−1

ηµνdxµdxν + dr2 ,

∆ϕ = ±

√
d − 2
d − 1 log

(
r

r0

)
.

(A.1)

Notice that we have reinserted an integration constant r0 with respect to the expressions in
section 2.2.1. This will allow us to understand better how this a priori meaningless integration
constant from the EFT perspective can actually parametrize different UV completions. We
will come back to this point at the end of the analysis. In fact, in general one would have
a different integration constant in the denominator of the logarithm in both lines of the
equation. However, they can be set to be the same without loss of generality by a rescaling
of the longitudinal coordinates xµ. Unlike for the case of r0, this will be innocuous also
for the UV completion of this solution.

As pointed out in [48, 49], the fact that this solution explores infinite field space distance
as the ETW singularity is approached suggest that its resolution should be related to the
physics in these asymptotic regimes. In particular, one would expect it to be related to the
nature of the SDC tower in such a limit, i.e., to the QG resolution of the infinite distance
limit. Let us then take the easiest example, in which the infinite distance limit is related
to the presence of an extra dimension (along with its KK tower). This is, from now on
we consider the d-dimensional effective action as coming from dimensionally reducing a
(d + 1)-dimensional theory on a circle.

Considering the effective action in (d + 1)-dimensions

Sd+1 = 1
2κ2

d+1

∫
dd+1x

√
−g Rd+1 , (A.2)

as well as the compactification ansatz

ds2
d+1 = e

− 2√
(d−1)(d−2)

ρ̂
ds2

d + e
2
√

d−2
d−1 ρ̂

dy2 , y ∼ y + 2πy0 , (A.3)

one arrives at the d-dimensional effective action

Sd = 1
κ2

d

∫
ddx

√
−g

[1
2Rd −

1
2 (∂ρ̂)2

]
. (A.4)

This indeed takes the form of the more general effective action considered in section 2.2.1,
with the moduli space being parametrized by the radion, ρ̂. In fact, the ansatz was precisely
designed to get a this lower dimensional effective action already in the Einstein frame and
with the radion being canonically normalized. Notice that we are considering the minimal
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ingredients that are relevant for the analysis. For instance, we are ignoring the KK photon.
Furthermore, we focus in the Einstein-Hilbert term in (d + 1)-dimensions. Additional fields,
such as massless scalars, p-forms, etc., can be added without changing the conclusions.
In particular, adding extra scalars would amount to including other directions in the d-
dimensional moduli space, and our analysis would be thus recovered upon focusing on the
(geodesic) direction parametrized by the radion ρ̂.

Having this setup, one can now build the running solution in equation (A.1) with the
moduli space distance being identified with the canonically normalized radion, i.e.,

ρ̂ =

√
d − 2
d − 1 log

(
r

r0

)
. (A.5)

From this lower-dimensional perspective, the solution resembles some sort of codimension-one
singularity located at r = 0 (see section 2.2.1), with a non-trivial profile for the scalar field
ρ̂(r) as displayed in (A.5). What we want to do now is to lift such a solution, which we have
chosen to interpolate between the small radius regime at r = 0 and the decompactification
limit upon approaching r → ∞. In this sense, this solution is reminiscent of Witten’s bubble
of nothing (BoN) [111].

Plugging the d-dimensional metric (A.1) and the scalar profile (A.5) into the dimensional
reduction ansatz (A.3) we get the following (d + 1)-dimensional metric:

ds2
d+1 = ηµνdxµdxν +

(
r

r0

)− 2
d−1

(
dr2 +

(
r

r0

)2
dy2

)
. (A.6)

Remarkably, this metric is of the form of a Cartesian product of (d − 1)-dimensional flat
space with a two-dimensional cone. Taking into account the periodicity of the coordinate
y, the deficit angle of the two-dimensional cone reads:

θdef = 2π

(
1− d − 2

d − 1
y0
r0

)
. (A.7)

Whenever the combination

k = d − 1
d − 2

r0
y0

(A.8)

takes non-negative integer values, this solution is just Rd−2 × R2/Zk, i.e., an orbifold of flat
space. For these values, the running solution is then uplifted to a well-behaved background
in string theory (see e.g. [72, 73]). We thus find particular values for the integration constant
r0 for which the running solution is resolved to a consistent background in Quantum Gravity.
In particular, there is a value for which the uplift corresponds to just (d + 1)-dimensional flat
space. In this case one does not even need the string theory input of orbifold singularities
being well-behaved in Quantum Gravity.

Let us remark that the different uplifts of the running solutions are solely controlled
by the ratio of y0 and r0. This is to be expected, since a change in y0 can be reabsorbed
by a shift in the canonically normalized modulus ρ̂, which in turns can be reabsorbed by a
change in r0 in the running solution. Interestingly, a naive effective field theorist could have
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disregarded r0 as a meaningless integration constant since it can be reabsorbed by a shift in
the modulus. However, this relies on the shift symmetry for this scalar, which is known to
be absent in Quantum Gravity due to the presence of the towers whose mass depend on its
vev. Somehow, the absence of global symmetries in Quantum Gravity is telling us that this
integration constant is relevant for the UV completion of this solution.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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