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1 Introduction

Statistical physics is built around the study of the thermal state. This is for good reason:

at late times, generic closed systems with generic initial conditions are, for most purposes,

indistinguishable from the thermal state. Nevertheless, there is an increasingly large range

of contexts in which one needs to study far-from-equilibrium systems, ranging from the

quark gluon plasma produced heavy ion collisions [1] to quenches in cold atom experi-

ments [2—4]. This is challenging: the thermal state is now irrelevant, and there is no clear

“universal” state to replace it; it appears one must study every far-from-equilibrium initial

condition on a case-by-case basis.

The key is to look at a subsystem, consisting of a range of modes of the underlying

field. A nonlinear system couples modes of different wavenumber, and there will be a flux



of modes passing through the subsystem; the subsystem behaves like an open system. As
an approximation, we can replace our subsystem with a simple open system: one in which
there is a perpetual flux passing through, maintained by external forcing and dissipation
acting on an otherwise closed system.! This is the system we will study.

Once a system is open, it is liberated from the requirement of late time thermalization,
allowing for rich late time behavior. Beyond the thermal state, the next simplest possible
late time state is a stationary, but non-equilibrium, state. We can control the state through
the microscopic parameters of the Hamiltonian — the dispersion relation and the nonlinear
interaction — as well as the external forcing and dissipation. Remarkably, even for a
weakly interacting nonlinear system, there are cases in which one can find a stationary,
non-equilibrium state - the Kolmogorov-Zakharov state [5]. This is wave turbulence, or
weak turbulence [6, 7].2 Tt has been shown to occur in an incredible range of contexts,
from surface gravity waves to waves on vibrating elastic plates, to waves in the quark-
gluon plasma produced after a heavy ion collision.

Much of the work on wave turbulence has focused on establishing the existence and
properties of the turbulent state. A broader question is how to repeat everything we know
in statistical mechanics, but based on the wave turbulent state instead of the thermal
state. Concretely, how to characterize fluctuations about the turbulent state. This work
is a step in that direction. Specifically, we take a classical nonlinear field theory, with an
arbitrary dispersion relation and arbitrary quartic interaction. We add dissipation, as well
as external forcing, where the forcing function is drawn from a Gaussian distribution. We
give a general prescription for computing correlation functions of the field. The basic tool
that we use is that a classical field theory with stochastic forcing is a quantum field theory,
which in turn can be solved perturbatively through Feynman diagrams.

Wave turbulence is both an old topic [6] and one under active study [7]. Questions
of current interest include: new physical contexts exhibiting classical wave turbulence,?
wave turbulence in quantum mechanics and the nonlinear Schrodinger equation [37-44],
wave turbulence in quantum field theory and related concepts of prethermalization [45—
56], mathematical properties of wave turbulence [57-64] including properties of the kinetic
equation [65-69] and models such as [70-73] and [74].

Turning to work most relevant to this paper: the importance of quantities beyond
the mode occupation number was recently stressed in [75]. The question of higher order
corrections (in the nonlinear interaction) to the expectation value of the mode occupation
number, was studied in [76], though the expressions are unwieldy. Through ingenious, if
slightly mysterious, use of conservation laws, Gurarie [77, 78] found the next-to-leading

I This approximation is valid for certain far-from-equilibrium initial conditions and for momenta within
some range, and for intermediate times that are long after initial transients have decayed but well before
equilibrium has been reached. Of course, systems with forcing and dissipation are by themselves physically
relevant, so the motivation in terms of an intermediate stage in the thermalization process is not necessary.

2Wave turbulence is distinctly different from the more familiar hydrodynamics turbulence, see ap-
pendix. A.

3This includes: elastic plate wave turbulence [8-14], turbulence in surface gravity waves [15-19], in
gravitational waves [20-23], acoustic turbulence [24], planetary Rossby waves [25], waves on bubbles [26],
emergent hydrodynamics [27], in a diatomic chain [28], in plasmas [29, 30], optical waves [31-33], and
rotating waves [34, 35], and in FPUT chains [36].



order correction to the kinetic equation governing the mode occupation number. Our
results will reproduce and generalize the results of [77, 78], using a method that is relatively
mundane and straightforward. The connection we employ, between stochastic classical field
theories and quantum field theories, is well-known and such path integral methods have
appeared before in turbulence, e.g. [79-83]. However, as far we know, path integral methods
have not been applied to classical wave turbulence for the explicit purpose of systematically
computing correlation functions perturbatively in the coupling.* We believe study along
these lines will give a rich set of applications.

Outline. In section 2 we take a nonlinear wave equation with an added random forcing
function. The most direct way of computing correlation functions is to take a definite
forcing function, solve the equations of motion for the field in terms of the forcing function,
and then compute correlation function of the field in terms of correlation functions of the
forcing function. In section 2.1 we formalize this procedure, which involves a path integral
over the field and a delta functional enforcing the equations of motion. The delta functional
can itself be represented through a path integral over an auxiliary field. After integrating
out the forcing function and the auxiliary field, one is left with simply a path integral for
the field. This procedure shows that a classical field theory with Gaussian random forcing
is equivalent to a quantum field theory, with a Lagrangian that is the square of the force-
free equations of motion. The problem of computing correlation functions in stochastic
field theory has transformed into a standard problem of computing correlation functions
in a quantum field theory.

In section 3 we use this quantum field theory as our starting point. In standard
quantum field theory, one computes vacuum correlation functions, where the vacuum is
achieved by a small amount of evolution in Euclidean time (the ie prescription). In our
case, the correlation functions will automatically be computed in the stationary state of our
choosing, maintained through forcing and dissipation. Indeed, the ie is naturally present
from the dissipation, and it does not have to be small. Due to dissipation, at late times the
initial conditions become irrelevant and we gain time translation invariance. It is therefore
beneficial to work in frequency space. In section 3.1 we use the Lagrangian to work out
the Feynman rules for the propagator and the quartic and sextic interaction terms. In
section 3.2 we compute the tree-level four-point function.

In section 4 we compute one-loop diagrams. In section 4.1 we compute the one-loop
correction to the propagator, showing that it corresponds to a frequency shift. In section 4.2
we compute the one-loop correction to the four-point function. In section 4.3 we give an
immediate application of these results: the kinetic equation to next-to-leading order, which
encodes the evolution of the mode occupation number. The kinetic equation is the wave
analog of the Boltzmann equation for particles in statistical mechanics. Obtaining next-
to-leading order corrections to the Boltzmann equation is challenging, while here for the
kinetic equation it is straightforward.

We conclude in section 5 with a summary and ideas for future work.

4There has been recent work on multimode statistics in the context of the random phase approxima-
tion [57-60, 84-87].



In appendix A we review wave turbulence, in particular the traditional derivation
of the leading order kinetic equation, and the Kolmogorov-Zakharov turbulent cascade.
The other appendices contain technical results relevant to the main body: appendix B
derives several propagator identities, appendix C derives the tree-level six-point function,
appendix D contains integrals used in the computation of the one-loop four-point function,
and appendix E is relevant to the next-to-leading order kinetic equation.

2 A nonlinear interacting field with random forcing

Our starting point is a nonlinear classical field theory with a quartic interaction. It is best
to work in Fourier space, with modes ¢;. It is common to do a canonical transformation,
replacing the real field and momentum variables, ¢, and m;, with the single complex

variable ap, whose complex conjugate we denote by a,t, o = \/217k(ak+al:) and mp =

iv\;}; (a%—ak). These variables are reminiscent of creation and annihilation operators in

quantum mechanics, but we are of course just doing classical mechanics. The equations of
motion are then first order,

G+ iwpak = =20 > Nopapapa @, Ups Oy, - (2.1)
P2,P3,P4
We may write the equations of motion in terms of a Hamiltonian, a; = —zg—ﬁ' where,
H = pra ap + Z >‘p1p2p3p4 p1 pzap3ap4 : (2.2)
P1,P2,P3,P4
. * —_ — *
The symmetries of the coupling are Ay, pypsps = Apopipsps = Apipopaps = Apapapips- Rather

than writing an explicit momentum conserving delta function, we will just keep in mind
that Ap, popsps is only nonzero if p1+p2 = p3+pa.
We want to add forcing fi(t) and dissipation v for mode k. The equations of motion

become [88],

) 8H
ap = —i— + fr(t) — way - (2.3)
3ak

At this stage the forcing term fi and the dissipation term - are arbitrary. We will want
to average over the forcing. We take the forcing to be drawn from a Gaussian distribution,

PIf] ~ exp (— / dtz“’;é”?'?), FOFE) = Btk —pst—1) . (24)
k

We will work with arbitrary Fj and <, though in many contexts, one takes the forcing
to be nonvanishing only at low k and the dissipation nonvanishing at high k, so that the
forcing and dissipation don’t directly affect the equations of motion for the modes in the
inertial region in which there is a turbulent cascade.’

SFrom the form of the probability distribution for fi, in order to turn off f for some mode k, one should
take Fj — 0, in which case P [fi] = 0(f%)-



Old-fashioned “Diagrammatic” method. The most straightforward way to solve the
theory is through the so-called “diagrammatic” approach [89]: one solves the equations
of motion with some definite forcing, and then averages over the forcing. While the path
integral method we will adopt in the next section will be computationally superior, this
straightforward method is conceptually clearer and serves as a useful check, so we briefly
review it.

Free theory: let us start with the free theory. The equations of motion (2.3) reduce to,
ax + (iwe +yi)ar — fu(t) =0, (2.5)

and have the solution,

. t .
0 (1) = e~ (@t (ak(0)+ / dt, fk(tl)e(“*’k*%)“) . (2.6)
0

We can use ay(t) with definite fx(¢) to compute correlation functions of ay(t) in terms of
correlation functions of fi(t). For example, the two-point function is,

(al(tr)ar(t2)) =

. t1 t2 . ’ ’ / (27)
ciantiz=wlt ) ((af pan(0) + [ty [ty (i) fulty)) e D) )
0 0

where we used that (f) = 0 and defined ¢, = ¢; — t2. The occupation number of mode k
is denoted by ny(t). Using (fi(t1)fi(t2)) = Fi 6(t1—t2) gives,

A F,
(al(t)an(t)) = =420 (e 0)ar(0)) + 5 (8(tr2)e M + Dt} - 1))
Yk
(2.8)
where 6(t) is one for t > 0 and zero for t < 0. If we take the late time limit: large ¢; and ¢y
with finite ¢;2, then the initial conditions ny(0) become irrelevant — as one expects should
be the case for a driven harmonic oscillator with damping — and we get,

Fy . F.o.
(af(t1)ar(t2)) — 27’66%‘}'““2 (9(7512)@‘%“2 - 9(1521)67’““2) = —Feiontmmlhel gy ¢y o0

Vi 27,
(2.9)
Taking to = t1 in (2.8) we get that (ng(t)) is,
— T —2vyit Fk? —2vyit Fk? —
(nk(t)) = (a(0)ax(0))e + —(1-e )= —=mng as t— 0. (2.10)
27 2%k

In what follows we will use nj as a shorthand for Fj/2v;. By appropriately picking Fj
and vk, one can achieve any nj that one desires. Likewise, one can take both Fj and ~; to
zero, while maintaining a finite ratio.

Interacting theory: if we restore interactions, we can solve the equations of motion per-
turbatively in the strength of the coupling. It is best to work in frequency space, ay(t) =



doe—ivta , and fi(t) = [ Le=™tf; . The equations of motion (2.3) become,

agw + 2iG Z Ot —ws—ws Akp1paps a;r)l,wlapz,wz Apsws = Ghwlbw
Di,Wwi
7
Gryw=—""—"77"—". (2.11)
W — Wk + 1Yk

Expanding ay,, perturbatively, aj ., = a,(foc)u + a,(:zJ + ..., the first two orders are given by,

a](C?ZJ = Gk,wfk:,w

1 .
alg,zj = —2iGpw Z Z 5w+w1—w2—w3)‘kp1p2p3azl(%laz(ag),wga;(g),m . (2.12)

P1,p2,p3 wWi1,w2,wW3

Now, using the correlation function for the forcing, (fkw, fpw,) = FrOr—p2md(w1—w2), one
may perturbatively compute correlation functions of ay,.

This approach is straightforward, but tedious [76]. We would like to streamline the
procedure, by integrating out the forcing at the outset. This is what we do next.

2.1 Path integral

We are interested in computing correlation functions of products of various ag(t), such as
e.g. the expectation value of the number operator, or multiple a(t) with different momenta
k and inserted at different times ¢t. The expectation value of a general operator O(a) is
found by solving the equations of motion and computing O(a) for each value of f, and
then averaging over the f; as prescribed by the probability distribution P [f] (2.4),

(©(@) = [ DIDS PIf10@). (213)

where one has to keep in mind that the ax(t) need to satisfy the equations of motion with
the corresponding fi(t). Formally, in order to ensure that we are using ay(¢) which satisfies
the equations of motion for the chosen fi, we introduce an integral over ay(t) and a delta
function which ensures that the equations of motion are satisfied, see e.g. [79] or [80-83],

(O(a)) = /DOLDGT DfDf*|J(a,a")| P[f] O(a) §(Re(Ey)) §(Im(Ey))),  (2.14)
Ep = ar+ 25—1{ — Ji(t) + wak
day,

where we introduced two delta functionals because E is complex (E¢ = 0 are the equations
of motion), and have let |J(a,a’)| denote the modulus of the determinant of the Jacobian,

oty = ARAED )

(2.15)

Let us simplify (2.14). We start by noting that the Jacobian is actually one, |J(a,al)| =
1. To see this, we discretize time, sending ax(t) — a}, and similarly for the other functions,



such as the equation of motion operator E¢(t),

0H

EXAt =al — a7 + At (z
f k k —1
5a2

—ft +fy,i—1a§;1> : (2.16)
In this discretization, J(a,a’) is a triangular matrix with unit diagonal, so the functional

determinant equals unity, as claimed. Next we write the delta functionals in integral
form as,

S(Re(Ep) 6(Im(Ey)) = [ Doy !/ # 20 (n O} #287), (2.17)

so that (O(a)) becomes,
(O(a)) :/ DaDa' DfDf*DyDy* P[f] O(a) exp (i/dthk(t)E}(t) + c.c.) . (2.18)
k

Performing the integral over f using P [f] in (2.4) yields,

(©0(@) = [ DDy DaDal O@) e, L= 3 (t) B (0)— im0 B~ ini (6) By =0,
k
(2.19)

where Ef—q is the equation of motion term in (2.14) without the forcing, Er—¢g = aj, +

igg + vpay. Finally, carrying out the Gaussian integral over 7, gives,’
k

|Ef—ol? .

" (2.20)

(O(a)) = /DaDaTO(a) T
k

The result is sensible: we started with equations of motion E;—_(, added a forcing term
fx, and then averaged over a Gaussian distribution for the fr. The result is an effective
Lagrangian which is proportional to the magnitude squared of Er—q. Notice that initially
the only averaging was over the forcing term fi, with fi having a Gaussian probability
distribution. The end result, however, is the Lagrangian (2.20) in which there is no forcing
term, but with a; as a fluctuating variable; in other words, a quantum field theory.

The propagator. The Gaussian theory is the part of the Lagrangian without the inter-
action term,

2
; Dray, = ay + (iwy, + i)ar

1
Liree = —\ 9
free zk:Fk‘ kO

gkak = ank = ai + (—iwk + vk)ak . (2.21)

5The integral over time in (2.20) can be taken to extend to minus infinity in the past, but need only
extend to the time at which O(a) sits in the future: the integral arose from enforcing the equations of
motion, however they do not need to be enforced at times later than where the observable is.



The two-point function is given by the inverse of the quadratic term,

(0l (t1)ap(t2)) = 61 Fi [(-Z T (iw + w) (jt (w4 m)] - (2.22)

which, through a Fourier transform, gives,

( T(t Yap(ta)) = Op p F) /dw eiwti2 (2.23)
a a ‘
k\t1)ap(t2 kptk 21 (— iw + (iwg, 4+ ) (1w + (—iwk, + )
O pF j i =+ =
% [9(t12)€w*t12 + 9(7521)@“”412} . wy =wptive, tie=ti—ts .
Vi

We may write this compactly as,
Dy (t12) = (al.(t1)ag(t2)) = npel@r—msenttiz)hz (2.24)

where we used the definition (2.10) of ng. Later on it will be convenient to use the shorthand

Ng = N, -

The answer matches the late time limit (2.9) of what we found (2.8) through direct so-
lution of the equations of motion. Had we wished, we could have precisely reproduced (2.8),
by accounting for initial conditions when inverting Z in L. The late time limit is im-
portant: it ensures that the propagator (2.24) only depends on the difference in times, and
that Wick’s theorem can be applied for finding higher-point correlation functions in the
limit of vanishing coupling.

Summary. We have a nonlinear system with equations of motion (2.1) for the field
ax(t). We add a forcing term to the equations of motion, and seek to average over the
forcing drawn from a Gaussian-random distribution. A straightforward way is to solve the
equations of motion with fixed forcing, and then average over the forcing. A formalization
of this leads to a more efficient way, which we discussed in section 2.1. The end result
is that this problem is equivalent to the problem without forcing, where aj is a quantum
field and the effective Lagrangian (2.20) is the square of the original equations of motion
without forcing. This is what we will work with in the next section.

3 Feynman rules and tree-level diagrams

In the previous section we found that the problem of a classical field theory with random
forcing is equivalent to a quantum field theory, with a Lagrangian (2.20). In this section
we work out the Feynman rules and tree-level correlation functions. The Lagrangian and
the Feynman rules are given in section 3.1, and the tree-level four-point function is found
in section 3.2.



3.1 The Lagrangian

For the quartic theory with Hamiltonian (2.2) the equations of motion (2.3) are Er—¢ =0
where,
Efo= Drax + 2i Z )‘kp2p3p4a;;2ap3ap4 ) (3'1)
P2.P3,P4
where we used the definition of Zgay given in (2.21). The Lagrangian (2.20) we will be
working with is therefore,

|E 0| 2
L= Z f ‘@kak +2 Z /\kp2p3p4a;riz Apz Qpy (3.2)
k P2,P3,p4
Let us expand this out, grouping terms by their power of the coupling. We have,
L = Liree + Lo(n) + Lo(az) - (3-3)
Here L. was given in (2.21). The term of order A is,
@ Tt
Loy = 2i Z Ap1..pa 7 p1 @y Ops Oy + C.C. (3.4)
P1,-.-,P4
which we may write as,
7, Dy,
LO(A Z >‘P1 -Pa F a;tla;zzapsam Z /\pl -Pa F a};l a;amam ) (3'5)
D1yerP4 P1yeesP4

where for the last term we changed variables pi <+ p3, p2 <> ps and used Ay popsps =

Apspapipe+ We may write this in a symmetric way,
Dy D 7
Api..p (”1 + 2P p4> al al apsap, (3.6)
p1;p4 ' ! Fpl FPZ Fp3 Fp4 P ° !

where one should remember that each Z,, only acts on the corresponding a,,. Finally, the
Loyzy term is,

al af T
o) — =4 Z Ap1papspr Aprpapsps @ p1 Apo Ap3 Qp, Aps Apg - (3.7)

There isn’t really a sum over p;y here: recall that, in order to not write explicit momentum
conserving delta functions, we have defined the couplings Ap, p,psp, to be nonzero only when
p1+p2 = p3+ps. So in (3.7) pr is fixed to be pr = p1+p2—p3 = Ps+ps—pa.

In total, the theory consists of a quadratic term (2.21), a quartic interaction (3.6), and
a sextic interaction (3.7).

This looks just like any other quantum field theory. One distinction is the dissipation,
Yk in Zyay. In fact, this is similar to the ie in quantum field theory, see e.g. [90]: recall that
in standard Lorentzian quantum field theory one wants to compute correlation functions in
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7
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P1P2P3P4 Z —4 Z FAP1P2P15P7 )‘P7P4P5P6
i=1 pr p7
(a) (b) (c)

Figure 1. Feynman rules corresponding to the Lagrangian (3.3). (a) The propagator (3.8). (b)
The quartic vertex (3.10). (c¢) The sextic vertex (3.12).

the vacuum. To achieve the vacuum (the vacuum of the full, interacting theory) one evolves
in a slightly imaginary time direction, so that the evolution operator e~** suppresses all
states except the ground state. In frequency space, this corresponds to adding an i€ to the
propagator. In our case we can keep the v finite, or take it to zero at the end, as is done
with the ze.

Let us work out the Feynman rules.

Feynman rules. The propagator Dy(t12) = <a£(t1)ak(t2)> was given earlier, in (2.24),
Dy (t12) = npewrtiz=wlhzl (3.8)

As is usually the case when there is time translation invariance, it will be easier to work
in frequency space. The Fourier transform of the propagator is,

1

Dy, = /dtDk(t)e_i‘”t = Fk\Gk,wlz, where Gropy=—"-—".
W—Wg + 1Yk

i

(3.9)

The Feynman rules for the Lagrangian, in frequency space, are shown in figure 1. In
particular, the quartic vertex comes with a factor,”

(Gprn)"  (Gopwy)™ (Gplu) (Ghlu,)
—i\ P1,w1 p2w2/ \Tpsws)  \Tpawal | oos o
? P1P2P3p4l Fpl + Fp2 Fp3 Fp4 m (w1+w2 w?) w4)
4
== i)‘P1P2P3P4 ZGi 27“5(“1,2;3,4) ) (3'10)
i=1

where, to simplify the notation, we defined w; j.x; = w;+w;j—wp—w; and,

~ 1 ~ -1
Gi= 55—+ =1,2 Gi= 55— = 3,4 . 3.11
' G5 Fpi ! o ' Gpi;wini ! ’ ( )

Pi,wi

"Our Feynman rules are without the symmetrization factor. If one were to include the symmetrization
factor in the Feynman rules, this would give an extra factor of 4 in (3.10) and an extra factor of 36 in (3.12).

~10 -



The sextic vertex comes with a factor,
—4 Z Ap1pepspr Aprpapsps 2T0(w1,2,4:3,5.6) (3.12)

where w; j ki mn = witwjtwp—w—wym—w, and, as we said earlier, the only term that
contributes to the sum over p7 is p7 = p1 + p2 — pP3.

We now start applying the Feynman rules to compute correlation functions.

3.2 Four-point function

The tree-level four-point function follows immediately from application of the Feynman
rules. In frequency space it is given by,

4
i i A A
(Apy 01 Aps Aps.ws ap4,w4> = —4iAp1 popsps Gi Dy, wr Dps oy Dipy s Dy s 276 (wi2;34)

i=1
(3.13)
where we simply attached external propagators D), ., to the vertex (3.10). To obtain the
four-point function in the time domain we can either take the Fourier transform, or compute
it directly using the time domain Feynman rules. We start with a direct computation.
Using the quartic interaction term (3.6) and the propagator identities (B.3) and (B.4) in
appendix B gives,

(ap (t1)ap, (t2)a, (ts)ab, (ta))
=b — 4i)\p, popspa / dto Dy, (ta1)Dpy (taz) Dps (t30) Dy (taa) (9(t1a) GG 9(%)) '

ny no ns ny
(3.14)
A special case which will be of interest later on is when all four times are equal, t; = ... =
ty =1,
. 1 1 1 1
(@ (OOt (601, () = ~AiDgupapaps (4= == ) mananans
[ bt = ta) exp (=il +ips =iy =) = ) (£ = 1)) (3.15)

where Yijk1 = Yp; + Vp; + Vo, T Vp- The lower bound for the integration time is the initial
time. As discussed previously, we are computing correlation functions at late times. Due to
the dissipation, the contribution of the integral from the initial time is therefore irrelevant.
Doing the integral we get,

(ap, (D)ap, ()af, (Hal, (1))

1 1 1 1 1
= 4\p1popspa ( +— ) n1nangng - . (3.16)

ny ng N3 n4 Wiy TWp, —Wp, —Wpy +171234

As expected, for vanishing dissipation there is a resonance at wy, +wp, = Wy, +wp,-

- 11 -



It is instructive to recover this result from a Fourier transform of the frequency-space
correlator (3.13),

(ap, (t1)ap, (t2)al, (ts)ah, (ta))

dwl dW4 . " b —wata—coat
= 7271- R ﬁe i(wit1twate—wats—wa 4)(ap1,w1apQ,WQCLLS’wSCL;%wQ . (3.17)
In particular, when all the times are equal, t; = ... = {4 = ¢, we have that the equal-time

four-point function is,

w1 Hwa—w3—wy)t i T
(p1 w1 Aps o s w3 Upy wy )

(3.18)
We now evaluate the four integrals in (3.18). First, it is clear that the answer will be time-

dw dwsy _;
<CLp1 (t)apg (t)a;;g (t)aL (t)> = 277: - 7;6 (

independent, because the energy conserving delta function in (3.13) cancels the exponent.
Let us look at the contribution of e.g. the Gy term in (3.13). The propagator factors for
p1 reduce to,

(Cpi)”

Fp1 Dp1,w1 = Gp1,w1 (319)

where we used (3.9). We use the energy conserving delta function to perform the integral
over wy. This leaves

. dLL)Q dw;), dw4
- 41)‘]?11021?3]?4 gﬁﬁ P1,w3+wa—wa Dp27w2 Dp:s,w:s Dp4,w4 . (3‘20)

We perform the wo integral, closing the contour in the lower half plane to pick up the pole
at we = wp, — 17p,, and then we do the w3 and w, integrals, closing the contours in the
upper half plane (of course, we could close the contours in either half plane, but the choice
we gave is the simplest). We get,

1

4\ nongng (3 21)
P1P2p3P4 - . .
Wpy +Wp, —Wp; —Wp, +171234

Repeating for the other three terms in parenthesis in (3.13), in total we end up with
precisely (3.16).

The computation of the tree-level six-point function is similar to that of the four-point

function, and is relegated to appendix C.

4 One-loop diagrams

In section 4.1 we compute the one-loop correction to the propagator, showing that it
corresponds to a frequency shift. In section 4.2 we compute the one-loop correction to the
four-point function.
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Figure 2. The one-loop correction to the propagator, (4.3), which corresponds to a frequency shift.

4.1 Frequency renormalization

The one-loop correction to the propagator D), ., is a simple tadpole diagram, see figure 2,

: dws (o) = Gl (GRl) =G
- 42D§1,w1 pZQ/Qﬂ_APIPQPﬂHDP%U& ( — ion PLAt 4 Pt 7, P22 )0 (4.)

This is a straightforward application of the Feynman rules in figure 1: there is a square
of the propagator (3.9) coming from the mode (p;,w;) entering and leaving, and there
is an interaction vertex (3.10), with momentum po running in the loop. We simplify the
expression, noting that,

(G;i}wi)* B G;z}wi _ Qi(wi - wpz‘)
Ey, F,,

7

(4.2)

which follows immediately from the definition of G, ., in (3.9). Performing the integral
over wy in (4.1), we find that the first term in parenthesis gives ny while the second vanishes
by antisymmetry, and we get that (4.1) is equal to,

w1 — Wpy

2D1271,w1 F, owp, , dwp, =4 Z Ap1papapi M2 - (4.3)
1 p2

We have identified this as a frequency shift, since the functional form matches what one
gets from a frequency shift in the tree level propagator Dy, .,,. Namely, replacing w,, —
wp, + 0wy, and expanding D), o, to leading order in dw,, gives,

2 W1 — Wp,y
Dy, wy = Dpy o, + 2Dp1,£d1 B
p1

dwp, + ..., (4.4)

matching the form of (4.3).

4.2 One-loop four-point function

In this section we compute the one-loop four-point function.

There are three diagrams built from the quartic vertices and one diagram coming from
the sextic vertex, see figure 3. The tree-level diagram in the previous section consisted
of modes p; and po scattering directly into modes p3 and ps. At one loop there are
two additional modes, p; and pg, and modes p; and py either scatter into these initially
(figure 3(a)), or scatter off of (figure 3(b) and (c)). We now evaluate each diagram in turn.

~13 -



1 5 2
1 2
6 5 > 5
6 AN
3 4 3 4 3 4
(a) (b) (c)
1 2
3 4
(d)

Figure 3. Feynman diagrams for the four-point function at one loop. The diagrams (a), (b), and
(c) arise from the quartic interaction term. The diagram in (a) is given by (4.5). The diagram in
(b) is given by (4.8). The diagram in (c) is the same as diagram (b), but with 3 and 4 exchanged.
The diagram (d) results from the sextic interaction term and is given by (4.11).

Quartic diagrams. We start with figure 3(a). Applying the Feynman rules in figure 1,
it is given by,

dws ~ ~ A~ Ao oA A
_27'(5((")1,2;374)82 )‘plpzpsps)‘pspe‘p:&m/T;(G3+G4+G5+G6)(G1+G2_G;_GZ)
P5,D6
6
HDpi,wi (4.5)
- we=w3+wq—ws
=1
where we defined w; j.x; = w; + wj — wp — w; and introduced the shorthand
G ! i =1,2,5,6 G -1 = 3,4 (4.6)
i = A - =1,4,9,0, = N o =95 :
Z G;ivwi Fpi ' Gpivwi Fpi

Upon opening the parenthesis in (4.5), there are 16 terms. We perform the ws integral
for each of the terms. Each integral can be turned into a contour integral, which is evaluated
by picking up simple poles. The details are recorded in appendix D. The result is,

4
Ne ns
—27m0(w1,2;3,4) 8 Z Ap1papsps Apspepspa H Dy, w; l - (F + F >
p5 Pe6

P5,P6 i=1
N W3 4:ps.pe (ns+ng) Z?:l éi+’)/56 (2(@1—1—@2)(@3—1—64)%%—1- (n5+n6)(@1+@2—@3—é4)) ‘|

2 2
W3,4;p5,p6 +756

— 14 —



where 7vi; = Yp, + Vp;-
The diagram in figure 3(b) is given by,

dw L A ~ ~ Ak
=2m6(w1,23,4)16 3 Apipopsps Apapspare / > (Gr+Gs—G54Go) (Got+GatGs—Gy)

Ps5,P6
6

HDPi,wi

i=1

(4.8)

we=w3+ws—w1

Evaluating the integral over ws, using similar techniques to those we just used for fig-
ure 3(a), gives,

4
Uz ny
—270(w1,2;3.4) 16 Z Ap1pspsps A\papspape H Dy, w; l - <F + F)

P5,P6 i=1 b5 be

2 2
W1 pg;3,p5 T V56

N W1, pg;3,p5 (16 —75) Y éi+’Y56 (2(@&@3)(67@4)n5n6+(n6—n5)(@1—@2+@3—@4))]

The contribution of figure 3(c) is the same as (4.9), but with 3 < 4.

Sextic diagram. Another contribution to the four-point function is from the tadpole
diagram coming from the sextic interaction, see figure 3(d). We will see that this diagram
simply cancels off the part of the contribution to the other three diagrams in figure 3 that
is divergent in the limit that F},, goes to zero; namely, the first line in (4.7) and the first
line in (4.9).

To compute the diagram it is convenient to rewrite the sextic interaction (3.7) with 4
and 5 interchanged,

T a7 T
o(N\2) — =4 Z p1p2p3p7 Ap?pspz;pe QAp, Qpy Ap3 Apy A Apg - - (4' 10)

For computing the diagram in figure 3(d), we Wick contract a;f)S with ap, in Loye) (giving

ns), and contract the other ap, and a};i with the corresponding external legs, giving Dy, ;>

—271'5 wl 2; 34 4 H D wi Z F7 ()\1237)\7545 + perm) ) (4‘11)

P5,p7

where we needed to also include all permutations of (1,2,5) and independently of (3,4, 6);
there are a total of 3! x 3! = 36 such permutations.” We now use momentum conservation
in the couplings so the e.g. Aoss57A7143 is in fact Ag505A2143 because py must be equal to ps

8For the rest of this subsection, for notational simplicity, Aijx = Apipjprp, @nd Fy = Fp, .
9Here we mean that one first includes all permutations of (1,2,5) and independently of (3,4,6) for
A1237A7546, and then sets 5 = 6. Also, because of the symmetric footing of 1 and 2, and separately of 4
and 6, in the Lagrangian (4.10), it is most convenient to split the 36 permutations into 9 X 4 permutations,
where the 4 are the identity, (1 <> 2), (4 <+ 6), (1 <> 2,4 <> 6).
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in order for Ags57 to be nonzero. We also use the symmetries of the coupling A\jjx = Ajix =
Aijik, and change the dummy variable from p7 to ps. We get

4 2 Assi
—271'5(0.)172;374) 4 H Dpi7wi [Z n5)\1234 Z };5'51
233 i=1 !

=1

4an
+ ). ?5 (A1256A5634 + As236 A6145 + As246A6153 + As136A6245 + >\5146>\6253)} - (412)
Ps5,P6

We can combine the terms in the second line so as to get,

4

—270(w1,2:3.4) H D wi [Z n5A1234 Z

=1

4)\1551

ns n
+2 ) (5 + i) (M1256A5634 + 2A5236 A6145 + 2)\5246)\6153)] . (4.13)

Frequency space four-point function. The four-point function is a sum of the con-
tributions we found above for the four diagrams in figure 3.

We start by combing the contribution of the sextic diagram (4.13) with the divergent
contribution (in the limit of F,,, — 0) coming from the quartic diagrams, figure 3 (a-c).
For the diagram in figure 3(a) this is the first line of (4.7), for the diagram in figure 3(b)
this is the first line of (4.9), and for the diagram in figure 3(c) this is the first line of (4.9)
with 3 <> 4. The sum of these three terms is,

n
27m6(w1,2:3.4 H Dyp,8 Y ( > 4 ) (M256A5634 + 2A1635\2546 + 21645 N2536) - (4.14)

Ps5,P6

The sum of (4.13) and (4.14) is,

4
Ap; .
~2mo(wn,2:3.4) 16 HDPM% Z 15 Ap1papspa Z w
=1 Ps =1 Di
- 1 Sw,,
= —2m0(wi23.4) 4 [T Dpi Apamsms 20 5 (4.15)

where we wrote this in terms of the frequency shift dw, in (4.3).

Eq. (4.15) has a simple interpretation. Recall that in section 4.1 we computed the one
loop renormalization of the frequency. Under a renormalization of the frequency, the term
in the Lagrangian transforms as Zyar — Pyay + idwgag. From the cross term in (3.2) we
get the term,

OWy,.
L— L+ Z Z sz >‘p1p2p3p4a;1a;2ap3ap4 . (4.16)
Di

This gives a contribution to the amplitude which precisely matches (4.15).
Thus, the one loop four-point function is the sum of the finite (in the limit of £, — 0)
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part of figure 3 (a-c). This consists of the second line of (4.7), the second line of (4.9), and
the second line of (4.9) with 3 <> 4. Combining this with the tree-level contribution found
earlier in (3.13), the four-point function up to order A\? is,

4 4
T T _ ; 2
<ap1 w1 Apawo Apg g ap4,w4> = *271-6("‘)172;374) 41)‘?1102;03;04 Dpi,wi Gi
i=1 i=1
4
—27m6(w1,2;3,4) HDpi,wi Z 8Ap1popsps Apspepapa
i=1 P5,P6

w3, 4;p5,p6 (N5 +16) Z?:l Gi+ V56 (2(61+@2)(§3+é4)n5n6 + (n5+n6)(@1+é2—@3—@4))

2 2
W3,4;p5,p6 + 756

+ (]' 6)‘P1P6P3P5 >‘p2p5p4p6

161 po:3ps (6—105) Yot Gits6 (2(@1+@3) (Ga+Ga)nsne+(ng—ns) (G —@2+@3—@4)>

2 2
1pes3.ps T V56

+ (3 4))] , (4.17)

where the first line is the tree-level contribution and the rest is the one-loop contribution.

If we take the limit of v, F — 0, then we can drop terms in the numerator that are
proportional to v. We get the four-point function in the v, F — 0 limit is,

4 4
i ] _ : A~
<ap1,w1ap27w2 a’p3,u.)3ap4,UJ4> = 2775(‘*’1,2;3,4) 441 popsps H Dy, w; Z G;
i=1 i=1
4

4 .
A W3 4;ps,ps (M6 +N5)
_2775(“)1,2;3,4) H Dpi,wi( Gz‘) [ Z 8)\1011)2105176)\1?5176173174 wg + 2
i=1 i=1 P5.P6 34506 T 156

W1 pg;3,p5 (06— N5)

where the propagator Dy, ., (3.9) in the v, F' — 0 limit is D, .,, = np, 270 (wi—wy,).

Equal time four-point function. The four-point function in time, (ap, (t1)ap, (tg)a;g?)
(ts)a},(ts)), is simply the Fourier transform of the frequency-space four-point function
found above, see (3.17). We are in particular interested in the four-point function when all
the times are equal, t; = ... =14 =t.

To compute the four-point function in time, at equal times, we take the Fourier trans-
form. Taking the integral of (4.17) with respect to all w;, ¢ = 1,2,3,4, as prescribed by

9The frequency space four-point function is a function of the four frequencies, wi, . . . ,wa, whereas the w,,
(and in particular the wy, and wy, that appear here) are not independent variables and are just functions
of p;.
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the (3.18), we get that the equal-time four-point function to order A\? is,

4 1 1 1 1 1
ap, (), (H)al, (H)al () =4y pn. nA(Jr__) '
Vo (0 1), (1), (1) ripepar i=1 ‘N1 n2 n3 na) Wpspapr pativioza

; 1 1N\/1 1 L .
-8 Z H ni{Ap1p2p5p6 Apspopspa [(m-i-) <+> r

P56 i—1 N2/ \N3 N4/ Wps,pyips,pe 173456 Wps,peipr po 1171256

11 1 1 i i i
+{—+—) [ (—+— . —— +(1,243,4)
ns MNe N1 N2/ Wpspypr,p2 T1Y1234 Wps pa;ps,ps T 173456
1 1 1 1 ) 7
o (L) (L) -
( PAPORSESTpAPSPARS [ ne ng/ \N2 N4/ Wpypeips,ps T1Y2456 Wps,psip1,ps T17V1356

1 1 1 1 7 )
Y B , , —(1+2,3<4,5+6)
ns  Ng N1 N3/ Wps pa;pr,p2 T1Y1234 Wpy pe;pa,ps T 172456

+(3<—>4)>}, (4.19)

where )
27561

Wps,pasp1,p2 1171234

P14 (4.20)

where the first line is the tree-level contribution found earlier in (3.16).

Vanishing forcing and dissipation Our result (4.19) is valid with finite forcing and finite
dissipation. Let us look at it in the limit in which both forcing and dissipation vanish
(while maintaining a constant ratio; V¢, Fr — 0, ng = Fj/(27y%) = const.).

Naively, we may drop factors of  in the numerator in (4.19), which simply sets I" = 1.
This is almost correct, except that I' isn’t one when wp, 5., p, vanishes. In that case,
L0 (Wps pazprpe) = (1 4+ 2956/71234) 6(Wps pazpr,pe)- We see that we need to specify the ratio
of the ;. We take all 7; = €/4. So

(1 + 0(Wps pasprp2)) = 1+ 20(Wps paspr p2) - (4.21)

With this technical clarification, we write the four-point function in a compact form which
makes its symmetries manifest,

(ap, (D)ap, (t)ad, (D)ab, (8)) = (ap, (D)ap, (t)ah, (D)ab, (8))iwee + (ap, (Eap, (H)ab, (t)ad, (1))onet00p
(4.22)
where the tree-level contribution is,

4
(@ () (O0ah, (O], () iee = W [T i (40— ) i (123)

i=1 ny Ny N3 N4/ Wpspaprps 1€
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and the one-loop contribution is,

(ap, (D, ()b, (Db, (Donctoop =8 3~ (Apupapspe Mpspopons V(1,2,3,4,5,6)
P5,P6

- 2>‘p1p6p3p5 /\p2p5p4pﬁv(1a _37 _27 47 57 _6) - 2)‘p1p6p4p5)‘p2p5p3p6v(17 _47 _27 37 57 _6))
(4.24)

where we defined,

V(1,2,3,4, 5,6) =
6
1 1)(1 1> 1 1 5
—|n{ —+— )| —+— . — — 70 (Wps pu; 0 (Wps.pe:

1 1 1 1 1 1
— (== (=+— : :
n5  Ng N1 N2/ Wpspaipr,ps 1€ Wps,pa;ps,pe TLE

1 1 1 1 1 1
- (+) (+) . . (4.25)
ns Mg N3 N4/ Wpy pa;pr,pe 1€ Wps peipr,p2 T1E

The extra double delta function term on the first line is a result of (4.21). Note that
in (4.24) when we write one of the numbers in V(...) to have a minus sign we mean that
both the corresponding n; and w,, come with a minus sign. If we wish, we may write (4.24)

in a more compact form,

<aP1 (t)aPQ (t)a}zg (t)a;4 (t)>0ne—loop
=8 )" Mpipopsps Apspepsps V(L -, 6) — 2(2 4> —3,6 — —6) — 2(2 +» —4,6 — —6)] ,

DP5,P6

(4.26)

where when applying the permutation on the couplings, such as (2 <+ —3,6 — —6), we
have that e.g.,

Apipapsps — Ap1—psps—pe = Ap1pepsps » (4.27)
and recall that Ay pspsps = Apipepsps- Now, we will use that
1 1
= — —imd 4.2
ztie z " (), (4.28)

where 1/2 means the principal value of 1/z. This kind of splitting is useful, because 1/x
is odd under x — —z while d(x) is even. We get that,

V(1,2,3,4,5,6) = Vpp(1,2,3,4,5,6) 4+ iV,s5(1,2,3,4,5,6) + Vs5(1,2,3,4,5,6) . (4.29)
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where

Vip(1,2,3,4,5,6) = Ayp(1,2,3,4,5,6) + App(3,4,5,6,1,2) + A,y(5,6,1,2,3,4)
V,5(1,2,3,4,5,6) = Aps(1,2,3,4,5,6) — Aps(3,4,5,6,1,2) — Ays(5,6,1,2,3,4)
Vss(1,2,3,4,5,6) = 2455(1,2,3,4,5,6) — Ags(3,4,5,6,1,2) — A55(5,6,1,2,3,4), (4.30)

where

6
1 1 1 1 1 1
App(la 2,3,4,5, 6) = - H nz(*"’*) (7—1—*)
i=1 n1 N2/ M3 N4’ Wps pyips,ps Wps,pe;p1,p2
6
1 1 1 1
2
Ass(1,2,3,4,5,6) = m an<n71+n72> (n73+n74)6(wp3,274§p57p6)6(0‘)?5,?6??1,}72) (4.31)

6 1 1 1 1,1 1 1
Aps(1,2,3,4,5,6) = *WHni<7+ ***** ) (*Jr*) ——————0(Wpy posps.pa) -

i=1 5 167 Wps,pa;ps,pe

Notice that Ap, and Ass are even under interchange 1,2 < 3,4, whereas A, is odd. Explic-
itly, App(1,2,3,4,5,6) = App(3,4,1,2,5,6), while Ap5(1,2,3,4,5,6) = —A4,5(3,4,1,2,5,6).

4.3 Kinetic equation

The kinetic equation governs the behavior of the expectation value of the mode number
operator at time t, ng(t) = <a;r€(t)ak(t)>. This is simply a two-point function, so we can
compute it using the same Feynman diagram methods as we used for the four-point func-
tion. To not do any additional work, we note that, in the limit of vanishing viscosity, one
can use the equations of motion to express the expectation value of ng(t) in terms of the
imaginary part of the four-point function, see (A.2) in appendix A,

PO 410 ( 3 Bt My (D (), () (1)) (132

Pi

*
P1P2P3p4

equation is useful because it gives us the two-loop occupation number from the one-loop

where we took the complex conjugate of (A.2), and recall that A = Apspapips- This
four-point function, and one-loop amplitudes are easier to compute. An alternative and
equivalent form of (4.32) is,

Ony(t .
gt( ) - ZZ((Sk‘m +0kps —Okps —Okpa ) Apspapipa (e (£) ap, <t)a;r?3 (t)a;fM () - (4.33)

pi

We will stick with (4.32). All we need to do is insert the four-point function into this
expression. We will use the four-point function we computed in the previous section, (4.22)
which is valid up to order \2. We get,

angt(t) B <an5t(t)>tree N (&g(t) )One_loop+,,. , (4.34)
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where

(8nk(t) 1 1 1 1

4
=16 Oeypr | A 1[ni(—+———-— 5 : 4.35
ot )tree m;m kn Apipapana| gnz (n1+n2 n3 n4)7r (Wp1 paipaps) (4.35)

is the standard and well-known result, and the first correction is,

Bnk(t)) <ank(t)>“ (Bnk(t))b
_ 4.36
< ot one-loop ot one-loop * ot one-loop ’ ( )

where

Ony(t)\* 3
< at ) 1 = _32 5k;7pl [Re(Ap3p4p1p2 )\p1p2p5p6 )\p5p6p3p4)‘/p5(17 27 37 4’ 5’ 6)
one-loop

P1,---,P6

+ Im(AP3P4P1P2 >‘p1p2P5P6 )‘P5P6p3p4)(‘/;55(1a 2a 37 47 57 6) + VI7P(1> 2> 3’ 47 57 6))} ’ (4'37)

where V,,, Vps, and Vs; where given earlier in (4.30), and

Ong(t)\"
( ot ) . =128 § : 519,171 [Re(Ap'smplm /\p1p6p3p5)‘p2195174p6)%5(17 —3,-2,4,5, _6)
one-loop

P1,---,P6
+ Im()‘P3P4P1P2)‘p1p6p3p5 )‘p2p5p4p6)(V55(17 _37 _27 47 57 _6) + Vpp(lv _37 _27 4a 5a _6))] )
(4.38)

which is (4.37) with (2 ++ —3,6 — —6) times a combinatorial factor of 4. Note that the
last two of the three contributions in (4.24) give the same contribution to (4.38), because
they are related by an exchange 3 <> 4 of the dummy variables being summed over.

This form of the answer is satisfactory, but we can actually simplify further. This is
done in appendix E and we find,

Ong(t)\*
( ot ) =43 Z Ok.p1 [Re()\psmmm Apipapspe Apspopspa ) Aps (1,2, 3,4, 5, 6)
one-loop P1,---5P6

3
+ ilm(Ap3p4p1p2 >‘p1p2p5p6 )‘P5P6p3p4)A55(17 2,3,4,5, 6)} ) (4'39)

as well as,

On(t)\°
( ot ) | =4 E: 5/wn [Re()‘p:smmpz)‘mpspsps)‘pzpspz;ps)Apé(lv_37 —2,4,5,—6)
one-loop

p1,---,P6

3
+ EIm()‘Pspwlpz)‘P1p6p3p5>‘p2P5P4P6)A55(17 —3,-2,4,5, _6)} ) (4'40)

where A,s and Ass where given in (4.32).

We note that the thermal solution, ny ~ 1/wy is manifestly a stationary solution of the
kinetic equation. For the tree-level term (4.35), one gets (w1 +wa—w3—wa)d (w1 +wr—ws—was),
which vanishes. For the same reason, the Aps term in (4.39) also vanishes. The vanishing of

- 21 —



the Ass term is because Ass(1,2,3,4,5,6) goes like (wp, +Wpy )20 (Wpy paips.p6 ) (Wps peipr pa )s
which is symmetric under interchange of (3,4) <> (5,6), whereas the imaginary part of the
coupling is antisymmetric.

Writing everything together on one line we finally have,

3nk(t) ) 4 < 1 1 1 1 >
=16 1) 1) . A B
ot p1;p4 b T P izl_[lnl nma s na
+ 64 Z 5’?4’17"5(“1)1 7172;1?3,104)

P1,---,P6

6
H n; {Re()‘mmmpz /\p1p2p5p6 )\P5P6P3P4) <1+1_1_1) (1+1)
=1

Wp3,pa;ps,pe ny ng n3 ng) \ns Ng
3 1 1 1 1
+ 3 I (Apgpyp1 ps Ap1papsps Apspepaps )T (Wps paps pe) | —+— ) | —+—
ny N2 n3 n4

+4

ny N2 N3 nyg

Re(Apspapipo Apipspsps Apapspaps ) (1 i 11 1 ) ( I 1 )
Wpa,pe;p2,ps

3 1 1 1 1
+ §Im()\p3p4p1pz)‘p1pep3p5)‘p2p5p4pe)775(wp4,p6;p2,p5) <n1_ng> <—> ]} . (4.41)

This is the kinetic equation governing the mode occupation number ng(t) for mode k,
in the limit of vanishing forcing and vanishing dissipation. The order A\? term (the first
line, coming from the tree-level four-point function) is the standard kinetic equation in
wave turbulence, see (A.10) in appendix A. Note that, the n; = ny, on the right-hand
side was defined to be Fy, /2y, (it results from its appearance in the propagator (2.24)).
At leading order in the coupling (i.e. for the free theory), n; corresponds to the mode
occupation number, because the propagator Dy, (0) = (a;r% (t)ag,(t)) = nk,, which explains
our use of this notation. Also, recall that with our notation we defined wpy, p;ppp =
Wp; +ij —Wpy, —Wp; -

The order A? term in the kinetic equation has the usual interpretation: there is some
loss of occupation number of mode k when mode k scatters off of mode ps producing modes
p3 and p4. Conversely, the reverse process can happen, leading to production of mode k.
These processes are captured by the tree-level Feynman diagram figure 1 (b).

The other terms in the kinetic equation, the order A3 contribution (coming from the
one-loop four-point function) is the first correction, found earlier in [77, 78] for the special
case of real couplings. The description of these processes are captured by the Feynman
diagrams figure 3 (a-c), and involve two additional intermediate modes ks and kg in the
process.

5 Discussion

Let us summarize, first at a technical level: we have taken a classical field theory with
an arbitrary, but small, quartic interaction (a collection of coupled harmonic oscillators)
with dissipation and Gaussian-random forcing (2.3), (2.4) and have given a prescription
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for computing correlation functions, perturbatively in the coupling. We applied this to
compute the two-point and four-point correlation functions, to next-to-leading order in the
coupling. In particular, the two-point function at leading order in the coupling was given
in (3.8) and in (3.9), and at next-to-leading order in (4.3). Taking the two times in the
two-point function to be equal gives the expectation value of the occupation number of
mode k, which is the quantity most commonly studied (at leading order in the coupling).
The frequency-space four-point function up to next-to-leading order in the coupling was
given in (4.17). The Fourier transform of the frequency space correlation function gives
the correlation function with fields at different times. In the special case that all four times
are equal, the equal-time four-point function to next-to-leading order was given in (4.19).

In the limit of vanishing forcing and vanishing dissipation, one might have thought that
the properties of the system should be the same as those of a closed system, whose late time
state is the thermal state. This is not so. As reviewed in appendix A, if the interactions and
dispersion relation take the form of homogeneous functions (in the mathematical sense),
there is a choice of ny = Fj /27y (kept finite in the limit of vanishing F},~) which, at
leading order, gives an alternate stationary state — the Kolmogorov-Zakharov state (the
turbulent state), which has a flux of energy passing through. With this choice of ng, our
equations for the correlation functions at next-to-leading order characterize fluctuations
about the Kolmogorov-Zakharov state. This includes the next-to-leading order correction
to the Kolmogorov-Zakharov state itself, as characterized by the next-to-leading order
kinetic equation (4.41).

There are two broad goals which motivate study of correlation functions in the turbu-
lent state. On the one hand, this is a stationary state which is not the thermal state (and
is relevant even in contexts of closed systems with far-from-equilibrium initial conditions)
and one would like to develop linear response theory for it. For instance, one would like
to find the turbulent-state analog of transport coefficients and the fluctuation-dissipation
theorem, concepts familiar for the thermal state. Independently, there has been enormous
interest in recent years in the study of many-body chaos. Viewing wave turbulence in light
of these new developments may be productive.

It is straightforward to apply the same methods developed here to the computation of
correlation functions to higher order in the coupling, or to the computation of higher-point
correlation functions, or to the case of cubic interactions instead of quartic interactions.
Likewise, one may compute information-theoretic measures, such as e.g. entanglement en-
tropy in mode space [75]. The statistics of the field ay is governed by some probability
distribution. From the correlation functions one can determine this distribution, pertur-
batively in the coupling. In fact, since we have correlation functions with fields sitting at
different times, we can say more than this, and discuss the dynamical properties of the
turbulent state.

The next-to-leading order corrections to the correlation functions that we computed
should, in principle, be measurable quantities. This may be a fruitful avenue to pursue,
given the extensive recent experimental work on wave turbulence [35, 91-93] and prether-
malization [54-56].

It will be useful to generalize the methods in this paper to wave turbulence in quantum
field theory. Wave turbulence in the quark-gluon plasma produced in heavy ion collisions [1,
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48, 51] and wave turbulence in reheating in the early universe [45, 49, 94] are two cases of
clear experimental relevance. More generally, while thermal field theory is by now a well-
established part of quantum field theory, far-from-equilibrium quantum field theory is one
of the new frontiers. There has been no clear unifying theoretical framework, and progress
has been a patchwork of directions and results (e.g quenches [95, 96]). We believe wave
turbulence in quantum field theory will be one such fruitful direction, and of relevance to
practitioners of both high energy and condensed matter physics.
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A  Wave turbulence

In this appendix we briefly review some aspects of wave turbulence [6, 7, 88].

Turbulence is a state of a nonlinear system in which energy is distributed over many
degrees of freedom, in a fashion which strongly deviates from equilibrium, exhibiting chaos
in both space and time [88]. The simplest and most tractable context in which to study
turbulence is for weakly interacting waves. This is referred to as wave turbulence (or weak
turbulence).!!

In fact, wave turbulence often refers to something more specific: since the interactions
are weak, one can explicitly find the kinetic equation describing the occupation numbers
of each wave mode. It was demonstrated by Zakharov [5] that for certain forms of the
dispersion relation and interaction, there is a stationary, far-from-equilibrium, solution of
the kinetic equations — the Kolmogorov-Zakharov (KZ) solution. Wave turbulence occurs
in an incredible range of physical contexts, such as: gravity and capillary surface waves,
sound waves, Alfven waves, plasma waves, internal waves, nonlinear optics, Bose-Einstein
condensates, and gravitational waves.

Forced and freely decaying turbulence: there are two kinds of turbulent cascades which are
usually discussed: forced turbulence and freely decaying turbulence.'? In forced turbulence

" Turbulence was originally, and is more commonly, discussed in the context of hydrodynamics — Navier-
Stokes equation. This is not wave turbulence — there is no weak coupling expansion, and the problem
of understanding hydrodynamic turbulence, and the associated range of nonperturbative phenomena, is
difficult. The distribution of energy per mode in the inertial regime was postulated by Kolmogorov as-
suming universality and scale invariance. Deriving the Kolmogorov spectrum, as well as other correlation
functions which are known to differ from Kolmogorov scaling, is a long-standing problem. In contrast,
in wave turbulence, weak coupling allowed Zakharov to easily find the distribution of energy per mode
(the Kolmogorov-Zakharov) spectrum. And, as this paper emphasizes, finding correlation functions more
generally is straightforward.

2Tn the context of surface gravity waves, see [16] for a discussion of forced turbulence and [15] for a
discussion of freely decaying turbulence.
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the system is driven at long wavelengths and, due to interactions, the energy cascades to
short wavelength modes. At sufficiently short wavelengths the energy is dissipated. The
setup is such that the system is stationary, while still being far from equilibrium. In the
context of freely decaying turbulence, one has a closed Hamiltonian system and starts with
far-from-equilibrium initial conditions in which, for instance, the energy is concentrated
in long wavelength modes. As time evolves, energy cascades to the shorter wavelength
modes, with equilibrium reached at very late times. If there is a separation of scales, then
at intermediate times there will be a turbulent cascade, which is approximately steady
state and the same as the one found in forced turbulence.

Averaging: turbulent cascades are present in interacting, chaotic, many-body systems; to
perform calculations, or measurements, some kind of averaging is necessary. Assuming
statistical spatial homogeneity, one can average over initial conditions, or alternatively one
can perform a time average. Alternatively, in the context of forced turbulence, one can
average over the forcing function. The expectation value (---) will denote averaging over
one of these quantities. For deriving the leading order kinetic equation for weak turbulence,
which kind of averaging is used is largely irrelevant. At leading order one can simply assume
higher-point correlation functions factorize into two-point functions; this is referred to as
the random phase approximation, and is what we use in this appendix. The approach of
introducing forcing is what is done in the main body of the text; its advantage is that it
gives a systematic way of going to higher order in the coupling.

A.1 The kinetic equation

The leading order kinetic equation. We give the standard derivation of the kinetic
equation describing the occupation number of mode k for a weakly nonlinear system with
quartic interaction. For certain forms of the dispersion relation and certain interactions,
the kinetic equation has a stationary solution, which is known as the Kolmogorov-Zakharov
(KZ) solution. The kinetic equation governs the occupation number ny(t) = (a,t(t)ak(t»
at late times.!?

The Hamiltonian in terms of complex amplitudes a; was given in (2.2) and the equa-

tions of motion were given in (2.1),

. k
Tor T WKk +2 Z )"fmpsma;zamam . (A.1)
Pp2,P3,P4

Multiplying (A.1) by aL, taking the expectation value over the ensemble of initial conditions
and subtracting the complex conjugate of the same expression, yields the kinetic equation,

8nk +
ot = 4Im( Z )‘kp2p3p4 <aka;2ap3ap4>)’ (A.2)
Pp2,P3,P4
3In this appendix we define nj, as the occupation number, ng(t) = (al(t)ax(t)), whereas previously

in (2.10) we defined it as nr = Fi/27k; at leading order, they are the same.
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where <a£a;2ap3ap4> is really <a£(t)ap2 (t)aps (t)ap,(t)). To find the right-hand side we first

compute %(a,tajm apyap,) by using the equations of motion (A.1). We get,

0
<28t + (Wi twp, —wp, Wp4)> <a,1a;2ap3 Qpy)

= -2 Z )‘Zqzng4 <aqzaj13a24a;f,2ap3ap4> + (k < p2)
42,493,494

+2 Z Apsgaq3qa (ag2aq3aq4aza;22ap4> + (p3 <> pa) - (A.3)
42,493,494

To leading order, the state of the wave system is Gaussian and couples aj to a}; only.

Hence, the standard Wick contraction can be used to calculate the six point functions in
the above expression, e.g., all possible contractions of a4, in the first correlator on the right
hand side take the form,

<aq2 a23 a24 a;r)z Qp3Qp, ) = <aq2 ai,g ) (an %Taz Aps Apy ) + <aq2 CLL ) <a;3 a;Tm Aps Uy )

+agyah,){ab,al, apsap,) + O(N) . (A.4)

Substituting into (A.3) and using the symmetries of Ayg,q,q, yields,

0
(lat + (Wi FwWp, —Wp, —wp4)> <a£a;f,2ap3ap4> = (—dwy, — dwp, + dwp, + 5wp4)<a;r€a;2ap3ap4>

-2 Z )\ZQqulM <aq2a;2><a£3a$4ap3ap4> + (k A p2)
q2,43,94

+2 Z Apsq2q3qa (aEQap4><aq3aq4aLaLQ> + (p3 <> pa) + O()‘Z) ) (A.5)
42,93,q4

where the frequency shifts arise from self-contractions (we computed them in section 4.2,
see eq. 4.3). Redefining the frequencies to absorb the shift, wy — wy + dwy, and carrying
out the Wick contractions to calculate the four-point functions and using the definition of
occupation numbers, we obtain at leading order in A,

.0
(Zat + (Wktwpy —Wps _wm)) <a;f€a;r)2 ApyUpy )
= (~Nipapapa e s + (k> 22)) + (Nipapapa ks nips + (3 < 1))

1
= —4)\} — | NN, N N, A6
kp2p3pa Nk Ty Nps T, p2Ttp3Thpy ( )

Solving the differential equation, using that the right-hand side is constant at late time,
and imposing that the four-point function is zero at t = 0, we get,

Pt eiAwt_l
(ayal apsap,)(t) = 4————N\} — = —— | NN Ny
k P34 k p2'*p3''pa
P2 Aw PIPSPA N\ mpy,  Mps Ny

Aw = wy, + wp, — Wpy — W, - (A7)
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Substituting (A.7) into (A.2) yields,

ony, et 11 1 1 1
—— =16Im O0(k+p2—p3—pa)| A 2 | | gy,
ot ngm ( ) Akpapsps | Aw N Mgy Tpy Ty p2Tlp3Tlps
(A.8)
Next, we take the late time limit,
1Awt :
-1 Awt
Tm & A :smAww —m(Aw) as t— 00 (A.9)

Thus, the equation takes the form,

O 11 1 1

CEZ16m 3 6(Aw)d(k+pa—ps—pa) Mpapaps | <+__ )mm o

ot Pz%m PRBSPAT \ e mpy Mpy My p2"p3Tpa
(A.10)

This is the wave kinetic equation [6].

The wave kinetic equation may look familiar; it is reminiscent of the Boltzmann equa-
tion. In fact, one can easily redo the above derivation for quantum mechanics, yielding a
similar equation but with some of the n, replaced with N, + 1, where N, now denotes the
occupation number,

ON,

g 167 Z 5(Aw)5(k+P2—p3—P4)|)‘kp2p3p4|2

p2,pP3,P4
(NPSNP4(N1€+NP2+1) - Nksz(Np3+Np4+1)) .

For large occupation number, N > 1, the classical kinetic equation (A.10) is recovered,
while for small occupation numbers, N, < 1, waves behave like particles and one recovers
the classical Boltzmann equation.

Returning to the classical kinetic equation (A.10), there is an equilibrium solution,

ng = £ . (A.11)
Wik
To see this, notice that with this n; the terms on the right hand side of (A.10) vanish
because they are proportional to 6(Aw) Aw = 0. The distribution (A.11) is the Rayleigh-
Jeans distribution, which is the low energy (high temperature; i.e. classical) limit of the
Plank distribution (Bose-Einstein).

Turbulent cascade. A crucial aspect of wave turbulence is that, in addition to the
thermal solution (A.11), there is another stationary solution to the kinetic equation (an
ny for which dny/dt = 0). This is the Kolmogorov-Zakharov (KZ) solution. Since the
kinetic equation (A.10) is only valid at weak nonlinearity, these solutions are called weakly
turbulent states [6]. The KZ solution deviates strongly from equilibrium. Its form depends
on the structure of the interaction term and the dispersion relation. For instance, consider
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homogeneous functions of momenta,

B
Wp X PV, Apipopspa = (P1P2P3P4) TUSp, poips pa » (A.12)

where U depends only on the ratio of the momenta and their mutual angles. One may
check that there is a stationary solution to the kinetic equation,

a

5 O ’yz%ﬁ—kd. (A.13)

2
npoxp , y= gﬁer—
The conventional way of checking this is through a change of variables, known as Zakharov’s
transformation [5, 6]. A faster method [97, as cited in 77] is the following: substitute the
ansatz n, o< p~ 7 into the kinetic equation (A.10) and rescale the momenta |p;| = x;|k| for
1 = 2,3,4, where z; are dimensionless parameters, to get,

Onk  ra—a—31+28 (A.14)
ot
The proportionality constant is independent of k and its orientation. Comparing with the
rotationally symmetric continuity equation in momentum space,
8nk = = 87‘% 1 a d—1
O=——F+4+V-J=—+—= (k") , A.15
at o+t on (K1) (A.15)
yields
kAL, oc k3ATam3rH28 (A.16)

In particular, the occupation number ny (or energy spectrum wgnyg) is time independent if
k?1J;, = const (or k% twyJj, = const). This condition is equivalent to (A.13).

B Propagator identities

In this appendix we collect a few useful propagator identities. The propagator, given in
the main body in (3.8), is Dy (t2) = npe™rt21=%lt21] Differentiating the propagator gives

d .

dTIDk(hl) = Dy (to1)(—iwy — Yrsgn(ti2)) sgn(tiz) = 0(t12) — 6(t21), (B.1)
so that,

Di(t1) Dy(tar) = Fre @R 1) 0=12)9 (151 ) = 2~, Dy (t91)0(t21) (B.2)

where we added the time argument t; to % to stress that the operator is applied at
coordinate t1. Dividing by F}, this is,

D (1)

20 D) = L Dta)0(tar) (B.3)
k ng

" The continuity equation for the occupation number follows from the U(1) symmetry of the wave sys-

tem (2.2), ar — e“ay, aL — eﬂ'd’al.
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Figure 4. Tree level diagrams representing the six-point function (C.1).

Taking the complex conjugate and using Dj(t21) = Dg(t12), gives

@k(tl)
Fy,

Dk(tm) = nlka(tlg)e(th) . (B.4)

Finally, an identity that we will need is the action on the propagator of Zy(t1) followed by
Dy (t2). This gives a delta function,

Di(t2) D1 (t1) D (t12) = Fid(ta1) - (B.5)

C Six-point function

In this appendix we give the tree-level six-point function,

T T T
<ap1 ;W1 a’p2 ;W2 ap3 ;W3 ap4 w4 aps W5 apg W6 > . (C . 1)

There are two diagrams: one from the sextic vertex, and one from two quartic vertices, see
figure 4. Each term by itself is divergent in the limit of zero forcing and zero dissipation,
but the sum is finite. To simplify notation we define,

= 1 . = -1 .
Gi G*i, 121,3,5,7, Gl:m, 122,4,6. (C2)

Ppi,ws

This is slightly different from the convention we used earlier in the one-loop four-point
function (4.6). The diagram coming from the sextic vertex gives,

6

—2m6(w1,3,5:2,4,6) 4 Z Ap1pspapr Aprpspape H Dy, w; - (C.3)
p7 i=1

The diagram coming from two quartic vertices gives,

w7 =ws5+we—w4

(C.4)

3 6 7
- 27r5(w1,375§2,476) 4 Z )‘p1p3p2p7 )‘p7p5p4p6 <Z Gi— G?) (Z Gj + G7) H Dpzwwi
=4 i=1

pr =1
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If we expand each of the two parenthesis, there are a total of 16 terms. The one that
involves G7G% is precisely the sextic diagram (C.3), with a relative minus sign. Upon
adding the two diagrams, (C.3) and (C.4), these two terms cancel. The sum is therefore,

3 6 6 3 6
- 2775(‘”173,5;274,6) 4 Z )‘p1p3p2p7 )‘p7p5p4p6 (Z Gi Z Gj - G; Z it Gr Z Gi H Dpi,wi'
] j j =1 =1

pr
(C.5)

The final result for the six-point function is thus (C.5), and permutations thereof: the 3!

permutations of (1,3,5) and, independently, the 3! permutations of (2,4, 6).

D Integrals for the one loop four-point function

In this appendix we provide some of the details of the computations of the integrals ap-
pearing in the one-loop four point function in section 4.2.

Frequency space four-point function. To evaluate (4.5) we open the parenthesis and
consider each of the 16 terms. We need the following integrals, which are fairly trivial
contour integrals,

dws 1 Fegns Fsng
9 Doy w5 Dpg ws+wi—ws = e ti — + T
T W3,4;p5,06 — VY5 TLY6 \ W3,4;p5,p6 — VY56 W3 4ips,ps TL56

_ 2n5ne756
- w? + 2
3,4;p5,p6 1 156
/ dws, a D B 1 ng
P5,wWs ' Pe,w3twa—ws — . ’
2m W3,4;ps,p6 T1756
dws G ins
P5,ws T Pe,w3+wa—ws — :
2 W3,4;p5,ps T1Y56
dws, dws
* _ —
7271_ GPS,UJS pe,w3twa—ws — 07 7271_ Dp5,w5 =nNns5, (Dl)

where Dy, ,, was given in (3.9) and recall that we defined v;; = 7p, + 7, and Yiju =
Ypi + Yp; + Vpr, + Y- We now apply this to (4.5). Since Dy, o, = Fy, |Gy, w;|?, we have e.g.
G1Dp, w, = Gp, w,, where G; was given in (4.6). We find that (4.5) becomes,

4 o~ ~
Ng ns 7 (G3+G4)(n5+n6)
- 2775(“’1,2;374) 8 § : Ap1papsps Apspepspa I I Dp, w,; { N ( " ) !

D506 i=1 Fps  Fpg W3,4;p5,ps — V56
N i (G1+Gs)(ns+ng) N 2(@1+é2)(63+@4)n5n6756} 0.2)
w3:4§p5 ,P6 +i756 w§74;p5 ,P6 +7§6

Forming a common denominator, the result (4.7) then follows.

— 30 —



For evaluating (4.8) we likewise need the following integrals,

dw'g, 1 F67’L5 F5n6
/?Dp&%Dpe,werwsfm = ( +

W3,ps;1,p6 F1V5 =176 \ W3,psi1,p6 F1V56  W3,ps;1,p6 — 1756

_ 2nsnevs
- w2 4 2
3,psi1,p6 T 156
/ dW5G D iNng
ps.ws pg,w3tws—w1 = T . >
2m W1,pe;3,p5 T1756
dws —1ins
5 Dyy o5 Gpe s tws—wy = —————————
™ W1,pe;3,p5 — LY56
dUJ5
/ o Gps w5 Gpews+ws—wy = 0. (D.3)

Using this to evaluate the integral in (4.8) gives,

4 . o~ o~
ng ns i (G14+G3)(ng—ns)
- 27r(5(w1,2;3,4) 16 § : Ap1pepsps Apapspaps I | Dy, w; [_ ( + ) +

P5.P6 i=1 Fps — Fpo W1,po:3,ps 1756
zé—l—é ng—n 2@+@ é%—é nsn
L WGt Ga)(ne—ns) | 2(Gh 22,)( 2 43 5 6756] (D.4)
W1,p6;3,p5 —LY56 W1 ;3,05 TV56

Forming a common denominator gives (4.9).

Equal time four-point function. In section 4.2, after finding the frequency space one-
loop four-point function, we found the equal-time one-loop four-point function, see (4.19).
Here we record some of the necessary contour integrals to get this answer. The equal-
time four-point function is found by Fourier transform of the frequency space four-point
function, see (3.18). We will be taking the Fourier transform, with respect to w1, ws, ws, w4,
of (D.2) and (D.4). Due to the energy conserving delta function in the frequency-space,
d(w1,2:3.4), the exponential in the Fourier transform drops out (i.e. the equal time four-point
function is independent of time) and we simply need to take the integral with respect to
w1, wa, w3, wq of (D.2) and (D.4).

Starting with (D.2), we need integrals such as,

4 4 - AN
dw; 1 G

/ 1T 5 “216(wi,2:34) [ [ Dpios :
=1 T

i=1 W3,4;p5,ps 14756
] ]

= nNn9on3ny (D.5)

Whp3,pasp1,p2 T171234 Wps pa;ps,pe 1173456
To get this, we first did the w; integral by using the delta function. We then did the
wy integral by closing the contour in the lower half plane and picking up the pole at
W2 = Wp, — 17Yp,. Likewise, we do the w3 integral to pick up the pole at w3 = wy, + iyp,,
and the wy integral to pick up the pole at wy = wp, +77,,. One could have of course closed
the contours in either the upper or lower half plane; we simply described the easiest choice.
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By interchange of 1 <+ 2, we therefore have,

/H dwzm 1aaa) ﬁD i(G1 4 Gy)
i=1 P 4ps,p6 T1Y56

=Hni(1+1> - - (D.6)

N1 N2/ Wps paspr,pe TV1234 Wps pa;ps,pe T 173456

Recall from the definition of G; in (4.6) that D,,. Gl = Gy and D,,. v G2 = Ga, while
p37w3G3 = —G3% and Dy, w.G4 = —G%. Therefore, by taking (D.6) and exchanging 1,2 <
3,4 and complex conjugating, we get,

/H dwz%(; (w1234 H pMG3—+@4)

W3,4;p5,p6 — ¥Y56

N4/ Wpy,paip3,pa — VY1234 Wpy,p2;ps,pe —17V1256

These two integrals, (D.6) and (D.7), explain the second line of the four-point function
answer (4.19).
Another integral we need is,

4 4 A& A
dw; 2G1G3 56

/H 5 - 27[-6(("‘)172?3»4)HDP7;,W1’2—72

i=1 < i=1 3,43p5,p6 T V56

1 1 2567
= —Non4g ‘ . 1 + i . ) (D'S)
Wps,pa;ps,pe T1Y3456 Wps,pe;p1,p2 171256 Wps,pa;p1,p2 1171234

from which, by symmetry, it follows that,

A S
dw; G Gy)(G3+G
/H wi 26w 25.1) HDm,ww 1+G2)(G3+G4) 56

o1 27 W3 4:ps po V56

1 1 1 —1 1
= H ng | —+— ) —+— . .
i—1 ny N2 N3 N4/ Wpspyips,pe VY3456 Wps,peipr p2 1171256
e
<1 + 1567 ) (D.9)

Wps,pasp1,p2 T171234

This explains the first line of the four-point function answer (4.19).
Now, turning to (D.4) we need a few integrals:

4 4 A
dw; 1 G
2m6(w1,2;3.4) g
‘/z:l_Il 2 z:l_Il PO 01 pei3ps T56
=N2n3ny ' ! (D.10)

. . M
Wpy,pe;p2,ps T172456 Wps paspr,p2 171234

which simply follows by using the delta function to do the w; integral, and then closing
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the contours for the ws,ws,wy integrals in such a way so as to only ever pick poles at
w; = wp, £17;. Another integral we need can be obtained from this one through interchange

1,2,5 <+ 3,4, 6 combined with complex conjugation.'®

4 A A
G+ G
/H i o rb(wr2an)[[ Dpi,wiu

i=1 W1,pe;3,p5 11756

T p— i

Wpy,pe;p2,ps T172456 Wps paspr,p2 T171234

duw; 1 —i(Ga+ G
/H ; 2m8(wi234) | Dpi,wzu

i=1 <7 =1 W1,pe;3,p5 — V756

_ ﬁm(l_l) i i

Wps psip1,p6 TVY3516 Wps paspr,pe T4Y1234

This explains the fourth line of (4.19). Finally we need,

A ~
2G1Gays6
/H 727“5 (w1,2:3,4) HDZH,MQ—“
i=1 W1,pe;3,p5 T V56
i i 27561
= n3ng : ; 1+ : ) ’ (D.H)
Wpa,pe;p2,p5 T172456 Wps,ps;p1,pe T1V1356 Wpg,paip1pz T1V1234

dw; 261G
/H 2r135:0) [[ Dy e n 8

i=1 “1,p6;3.p5 +756

1 1 27561
= —nang : : 1+ 756t , (D.12)
Wpy,pe;p2,ps T17Y2456 Wps,ps;p1,pe T1Y1356 Wps,pa;p1,p2 T171234

which, by symmetry, gives us,

d 2(G1+G3)(GotG
/H CL)Z2775 W1234)H i wi ( 1+2 3)( 2+24)%6
W1 pg;3,p5 TV56

=1

1 1\/1 1 i i 2561
10 () G o | B )
i1 n3/\n2 N4/ Wpypeips,ps T1Y2456 Wps,ps;p1,ps T1V1356 Wps,pa;p1,p2 T17Y1234

This explains the third line of (4.19).

5Since Dpl’wlél = G1 and Dy, 0, Gs = —G3, when we exchange p1, w1 with ps,ws and complex conju-
gate, we shouldn’t forget about the minus sign.
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E Higher order kinetic equation details

In this appendix we fill in some details relevant to simplifying the next-to-leading order
kinetic equation.

We start with (4.37), which we would like to simplify,

87”Lk (t) a
( 8t > = —32 Z 5’%?1 [Re()‘psmplpz )‘P1P2P5P6 )‘P5P6P3P4)VP5(17 2> 3> 47 57 6)
one-loop

p1,---,P6

+ Im()‘psmmm )‘P1P2P5P6 A175176173134)(‘/55(17 27 37 47 57 6) + ‘/;717(17 27 37 47 57 6))} . (El)

Let us start with the first term in (E.1). We write out Vs in terms of A,s, as defined
in (4.30),

Z 5k>P1 Re()\PSP4P1P2 )‘p1p2psp6 )‘pspep3p4)vpﬁ(1’ 2’ 3’ 4—7 55 6)

P1,---,P6

= Y kpRe(Apupipips Ap1papsps Apspepsps) (Aps (1,2, 3,4, 5,6)— Aps(3,4,5,6,1,2)
pli"‘?pG

—Ap5(5,6,1,2,3,4))
= Z 5k,p1Re(Ap3p4p1pz/\p1p2psp6)‘pspsp3p4)2Ap5(1a2»3a4a576)» (EQ)

P1,---,P6

where to get to the second line we used that

Z 5/%171 Re()‘mmmpz )‘p1p2p5p6 )‘p5p6p3p4 )Ap6 (3a 4,5,6,1, 2)

P1,---,P6
= Z 5k,P1Re()‘p3’p4P1p2 Ap1papspe /\p5p6p3p4)(_Ap5(57 6,3,4,6,1, 2))
P1,---,P6
- Z 5k,p1 Re(Apspﬂ’lPZ )\p1p2p5p6 AP5P6P3P4)AP5(3? 43 57 67 1) 2) =0 ) (E3)
P1,---,P6

where to get the first equality we use that Aps5(3,4,5,6,1,2) is antisymmetric under (3,4) <
(5,6), and then to get the second we do a change of dummy variables (3,4) <> (5,6) and
use that the real part of the product of couplings is symmetric under this change. We also
used that for the last term on the second line of (E.2) we have,

Z 5’%1’1 Re()‘psmmm /\p1p2p5p6 /\p5p6p3p4 ) (_Ap5 (57 6,1,2,3, 4))

p1,..-,P6

= Z Ok, p1 Re(Apspap1 ps Ap1papsps Apspepaps ) Aps (1, 2,5, 6,3, 4)
D1,e-D6

= Z 5k,p1Re()‘p3p4p1p2 Aplpzpspﬁ /\pspepgm)Apﬁ(lv 2,3,4,5, 6) ) (E4)

p1,.--,P6

where to get the first equality we used the antisymmetry of A, 5, and to get the second we
did a change of dummy variables (3,4) <> (5,6). This now explains the result in (E.2).
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Now we turn to the second term in (E.1). We have that,

Z 61437171 Im()\PSP4P1P2 )‘p1p2psp6 )‘pspﬁp3p4)v55(1v 27 3’ 4’ 5) 6)
P1,---,P6

= Z 5k,p1 Im(/\P3p4P1P2 A171172175176 )‘PSPGPSIM) (2"455(17 27 37 47 57 6)_A55(37 47 57 67 17 2)
p17“"p6
_A55(57 67 17 27 37 4))

= Z 5k,p1 Im(>‘p3p4p1pz /\p1p2p5p6 )‘p5p6p3p4)3A56(17 2,3,4,5, 6) ) (E5)

P1,---,P6

where the As5(3,4,5,6,1,2) contribution vanished because As5(3,4,5,6,1,2) is symmetric

under (3,4) <> (5,6) whereas the imaginary part of the product of couplings is antisym-

metric, and the As5(5,6,1,2,3,4) terms is equal to the Ass5(1,2,3,4,5,6) term by writing

Ass(5,6,1,2,3,4) = As5(1,2,5,6,3,4) and then doing a change of variables (3,4) <> (5,6).
Finally, for the third term in (E.1) we have that

> G I (Apspapr pa Aprpopsps Apspepspa) Vap(1, 2, 3,4, 5, 6)

P1;---5P6

= Z 5’%1’1 Im()‘P3P4P1P2 )‘p1p2p5p6 )‘p5p6p3p4) (App(l’ 27 37 47 57 6) + App(?’, 45 57 67 17 2)
P1,---sP6
+APP(5a 6a 17 27 37 4))

=0, (E.6)

because the A,,(3,4,5,6,1,2) contribution vanishes since A,,(3,4,5,6,1,2) is symmet-
ric under interchange (3,4) <> (5,6) whereas the imaginary part of the product of cou-
plings is antisymmetric, while for A,,(5,6,1,2,3,4) term we use that A,,(5,6,1,2,3,4) =
App(1,2,5,6,3,4) and then do a change of variables (3,4) + (5,6). As a result of an-
tisymmetry of the imaginary part of the product of couplings, this term the cancels the
App(1,2,3,4,5,6) term.

So, we finally have that (E.1) is

A (t)\*
( ot ) = —64 Z Ok p1 [Re()‘psmmpz)‘p1p2p5p6/\p5p6p3p4>Ap6(1a273747576)
one-loop

P1,---,P6

3
+ §Im()‘p3p4p1p2 Ap1papspe )‘P5P6p3p4)A56(17 2,3,4,5, 6)] . (E.7)
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