PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: November 9, 2022
REVISED: December 13, 2022
ACCEPTED: December 18, 2022
PUBLISHED: January 9, 2023

Precise estimate of charged Wino decay rate

Masahiro Ibe,** Masataka Mishima,” Yuhei Nakayama® and Satoshi Shirai’
“ICRR, The University of Tokyo,
Kashiwa, Chiba 277-8582, Japan
bKavli Institute for the Physics and Mathematics of the Universe (WPI),
The University of Tokyo Institutes for Advanced Study, The University of Tokyo,
Kashiwa 277-8583, Japan
E-mail: ibe@icrr.u-tokyo.ac.jp, mishima@icrr.u-tokyo.ac. jp,

ynkym@icrr.u-tokyo.ac. jp, satoshi.shirai@ipmu. jp

ABSTRACT: The Wino is an SU(2)y, triplet Majorana fermion and a well-motivated dark
matter candidate. The mass difference between the charged and the neutral Winos is small
thanks to the SU(2), symmetry. The small mass difference makes the charged Wino meta-
stable, which provides disappearing charged track signatures at collider experiments. The
constraint on the Wino dark matter at the LHC strongly depends on the Wino lifetime.
We compute the next-to-leading order (NLO) correction of the charged Wino decay and
make the most precise estimate of the decay rate. We find that the NLO decay rate is
determined by the mass difference and scarcely depend on the Wino mass itself in the
heavy Wino limit. As a result, we find the NLO correction gives a minor impact on the
lifetime of 2-4% increase.
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1 Introduction

With the establishment of dark matter, we know that the Standard Model alone cannot
describe the laws of nature. The discovery of new physics involving dark matter is one of the
most urgent goals for particle physics. Various types of dark matter have been proposed,
and a weakly interacting massive particle (WIMP) is an important dark matter candidate.
Among the various WIMP candidates, the particle called the Wino has attracted particular
attention.

The Wino is a Majorana fermion and SU(2), triplet with hypercharge zero. The Wino
has been originally introduced as a superpartner of the weak boson in a supersymmetric
(SUSY) model. In the anomaly mediation model [1, 2], the Wino is most likely the light-
est SUSY particle and dark matter. The minimal anomaly mediation realizes “mini-split
SUSY,” which has become an increasingly important model after the discovery of the Higgs
boson [3-9]. The Wino is also a well-motivated dark matter candidate from a bottom-up
perspective, i.e., “minimal dark matter” model [10-12].

The Wino dark matter x° of a mass mg has an electromagnetically charged partner
x* of a mass my. The electroweak symmetry breaking makes the charged Wino slightly
heavier than the neutral Wino. The mass difference, Am = m, — my, is estimated up to
the two-loop level [13-15], which is roughly 160 MeV. Thanks to the small mass difference,
the charged Wino is metastable and its decay length, c7,, is about 5cm. This causes the
disappearing charged track signals in collider experiments, which play a pivotal role in the
exploration of the Wino.

As the Wino has electroweak interactions, it provides either direct or indirect [16—
20] signatures at collider experiments. At the LHC, conventional direct searches based



on missing energies and indirect searches via precision measurements on the Drell-Yan
processes provide weak limits of around 100 GeV on the Wino mass, which is comparable
to the LEP constraints [21]. On the other hand, the disappearing charged track signal is
the key to the search for the Wino at the LHC [22-28]. The recent ATLAS result excludes
the pure Wino mass up to 660 GeV [29].

The lifetime of the charged Wino is of importance for the disappearing charged track
search. The current reconstruction of the disappearing charged track at ATLAS is based
on the innermost pixel detectors. It requires that the charged Wino decays at a distance
of at least 12 cm from the beam line, which is larger than the prediction of cr,. The signal
acceptance depends exponentially on cr,. Therefore, precise estimate of the charged Wino
lifetime is essential for the probe of the Wino dark matter at collider experiments.

The charged Wino mainly decays into the charged pion, x* — x° 4+ 7#%. The most
important parameter for estimate of the lifetime is the mass difference, Am, since the decay
rate is approximately proportional to (Am)?3 at tree-level. The remaining theory error from
the three-loop contributions to the mass difference is about dAm = +£0.3MeV [14, 15],
which results in about 1% uncertainty of the decay rate.

While the mass difference has been calculated to the two-loop level, the tree-level
amplitude has been used to calculate the Wino decay rate. In this work, we study the
next-to-leading order (NLO) correction to the charged Wino decay rate into the pion.

At the tree-level, the decay amplitude is proportional to Am. At the one-loop, however,
it is not obvious whether NLO corrections induce only amplitudes proportional to Am. For
the NLO estimate, we need to consider the extended Chiral perturbation theory (ChPT)
including QED and the Wino. There, the amplitudes not proportional to Am are generated
in contrast to the tree-level amplitude. If those contributions remained in the decay rate,
the one-loop contributions would dominate over the tree-level decay rate and the prediction
would change drastically. In addition, there could be the large amplitude enhanced by
log(m, /mz), which also would change the decay rate significantly. Therefore, it is a non-
trivial question whether the one-loop correction is indeed sub-leading compared to the
tree-level decay rate.

As we will show, such Wino mass dependences cancel in the decay rate once we match
the low energy effective theory, i.e., the extended ChPT, to the electroweak theory. The
resultant NLO decay rate is determined by the mass difference and scarcely depends on the
Wino mass itself in the heavy Wino limit. As a result, we found that the NLO correction
gives a minor impact on the lifetime of 2-4% increase.

This result shows that a decoupling theorem similar to the Appelquist-Carazzone the-
orem [30] holds for the Wino decay at the one-loop level. That is, the radiative corrections

X
mically enhanced dependencies on m,, and the decay rate becomes constant in the limit

depend on the Wino mass only through O(ams> with s < 0 and there is no logarith-

of m, — oo. Here, a is the QED fine-structure constant. This result is non-trivial since
the Appelquist-Carazzone decoupling theorem is not applicable to the decay of the Wino,
where the external lines of the diagrams include heavy particles.

This paper is organized as follows. In section 2, we summarise the tree-level Wino
decay. In section 3, we explain the procedure of the NLO analysis and summarize the



result. In section 4, we match the electroweak theory and the Four-Fermi theory at the
one-loop level for the first step. In section 5, we match the Four-Fermi theory to the ChPT
at the one-loop level. In section 6, we evaluate QED correction to the Wino decay rate in
the effective field theory where the counterterms are provided in Sec 5. Our result is given
in section 7. Finally, section 8 is devoted to conclusions and discussions.

2 Tree-level Wino interactions and decays

In this section, we review the tree-level analysis of the charged Wino decay. Throughout
this paper, m, and mg denote the pole masses of the charged and the neutral Winos,
respectively. The mass difference between them is denoted by, Am. In the pure-Wino
case, the mass difference is a function of the Wino mass m,. The NLO correction to the
decay rate, however, can be calculated for a generic Am. In the following, we take m, and
Am as free parameters, where we assume m,; < Am < mg with m, g being the charged
7/ K-meson masses, although we consider the pure-Wino scenario.

2.1 Tree-level Lagrangian
In this subsection, we summarize the Wino interactions. The tree-level Lagrangian of the

Wino is given by,

: g . R T T
Liree = X'Tig" (51]8/1 + ge’k]W[f) X’ — §mxle — imxﬁxﬁ, (2.1)

where g is the SU(2);, gauge coupling constant, W), (i = 1,2,3) are the SU(2)., gauge
bosons, and the two-component Weyl fermions, x*, are the Winos. We follow the conven-
tions of the spinor indices in ref. [31]. The tree-level Wino mass parameter, m, is taken to
be real and positive without loss of generality.

With the electroweak symmetry breaking, we rewrite the Lagrangian as,

. . i _ 1 _
LWino tree =X 1o, +x T Tia" 0, x T +xTig"d,x~ — 5™m <X3x3+h.c.) —m (X+X —i—h.c.)
—gX_T5”‘W3x— —|—L(]XJ“T&“VV;’XJr —q (X+T6“Wlfx3+h.c.) +g (X_T6“W;X3+h.c.) . (2.2)
where we have defined

Wt = —_Wwlsiw?), (2.3)

Hg\H
[\

X* = E(X1 Fix?%). (2.4)

The neutral Wino, x° = x>, becomes the dark matter. In terms of the four-component
fermions, the above Lagrangian is reduced to

LWino,trcc = %'&0 (13 - m) ¢0 + QZ)— (Za - m) sz)—
— gb_Wp_ + gb_W o + ghoW Tw_. (2.5)



Here we defined,

w() = (Xgu Gdﬁx%*)T ) (26)
7/}— = (X;7 edBXJrTB)T ) (27)

where 1 is a Majorana fermion.! Due to the electroweak symmetry breaking, the charged

and the neutral Wino masses are split. In the following, we take the tree-level mass

parameter m to be equal to the physical charged Wino mass, m,, by adjusting the mass

counterterm. The neutral Wino mass is, on the other hand, given by mg = m, — Am.
We obtain the Wino coupling to the Z-boson and the photon by replacing

W =cwZy + swiy. (2.8)
The weak mixing angle, sy = sinfy (e = /1 — S%V), and the QED coupling constant,
e, are defined by,

My,
e
e=gsw. (2.10)

st =1 (2.9)

In our analysis, we adopt the on-shell renormalization scheme in the electroweak theory
developed in refs. [32, 33]. In this scheme, the tree-level masses, Mz, are taken to
be the physical gauge boson masses by setting the counterterms in the electroweak theory
appropriately. The weak mixing angle, sy, is defined so that the relation in eq. (2.9) is valid
even in higher order. The electromagnetic gauge coupling constant e is determined by the
Thomson limit. The tree-level gauge coupling constant g is defined so that eq. (2.10) is valid
also in higher order. The physical quantities used in our analysis are summarized in table 1.

By integrating out the W-boson from

_ - — Vg = —
Eweak,tree = M{%{/W;W k4 <9¢W o + % EW Prv, + \u/dig dW Pru + h.C.> )
(2.11)

we obtain the Four-Fermi interactions relevant for the Wino decay;
LEE. D =2G% |57 2PLO (Y- vut0) + Vaa(@y*2PLd) (- yutbo) + hoe| . (2.12)

Here, G% = ¢g2/(4v2M3,) and P, = (1—75)/2 is the left-handed projection operator. Note
that G% defined here is not equal to the conventional Fermi constant Gp = 1.1663788 x
1075 GeV 2 [34], which is determined by the muon lifetime. For the leptons, ¢, we have
taken summation over the three generations. Since the mass difference Am is smaller than
the K-meson masses, we leave only the up and down quarks. We have taken the mass basis
of the quarks where V4 denotes the (1,1) element of the CKM matrix.

1By using C' = —iv27°, we define ¥¢ := —iy?yp* = C)T. The Majorana fermion satisfies 1§ = 1.



Quantity symbol Value

QED fine-structure constant a 1/137.035 999 084(21)
W*-boson mass My 80.379(12) GeV
Z-boson mass My 91.1876(21) GeV
€ mass Me 0.51099895000(15) MeV
[ mass my 105.6583755(23) MeV
7+ mass My 139.57039(18) MeV
Charged pion lifetime Tr 2.6033(5) x 108 sec
B(r* — p* + v(+7)) 99.98770(4)%

Table 1. Input parameters used in the analysis taken from ref. [34]. We use the weak mixing angle
defined in the on-shell scheme in eq. (2.9). Note that the values of the Fermi constant and the pion
decay constant does not affect the final result as we take the ratio between the decay rates of the
charged Wino and the charged pion.

Only the charged pion contributes to the charged Wino decay, since we assume that
the mass difference is smaller than the K-meson mass. The coupling to the pions can be
obtained through the axial quark current,

_ = o [ u(z)
Jhu() = (a(z), d(z) ) yuv5— : (2.13)
ule) = )0 d(x)
with 0% (a = 1,2, 3) being the Pauli matrices. The axial current contains the pions as,

(0174,,(0)|7*(p)) = iFrp,6®®, (2.14)

where 7%(p) denotes the pions with momentum p, and F; = 92.2 £ 0.2 MeV is the pion
decay constant [35]. The charged pion is defined by,

1
T (z) = \ﬁ(ﬂl(az) + im?(z)). (2.15)
By substituting
J(ar) = vy (uyt2Prd) — V2FRVigDyr (2.16)

into eq. (2.12) , we obtain the Wino-pion interaction,
LWino—Pion = —2\/§FWG?T(DM7F) x (Y_y* o) + h.c., (2.17)

where GY = V,,4G%. The Feynman rules for the Wino-pion interactions are given in figure 1.
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Figure 1. The Feynman rules of the Wino-pion interactions. The arrow on the fermion propagator
denotes the flow of the fermion number. We do not show the flow of the QED charge. In the figure,
we show the names of the fields.

2.2 'Tree-level Wino decay

Since we assume Am > m;, the charged Wino can decay into the neutral Wino and the
charged pion. In this subsection, we calculate the charged Wino decay rate at the leading
order.

The tree level amplitude of the charged Wino decay, 1 (p) — ¥o(q)+7~ (), is given by,

iIMiree = 2\/§F7rG9rAm {LO(Q)U— (p) » (218)

where p, ¢, r are the four momenta of the charged Wino, the neutral Wino and the pion,
respectively. The u’s denote the fermion wave functions. The spin-summed squared matrix
element averaged by the charged Wino spin is given by,

| Miree|> = SFE(GQ)QAm%(mX + m0)2 - m72r) (2.19)
2 2
— 32F2(G2)2 Am>m? (1 _Am  Am 2”’”) . (2.20)
My 4mx

As a result, the tree-level charged Wino decay rate is given by,

1/2
_ _ 4 m2 Am  Am? —m?2
Tiree(Xx™ — 7 +X%) = ;Fg(Gg)QAmi’» (1 — Am2> <1 "o + 2 ) . (2.21)

By taking the ratio of the above expression and the tree-level pion decay rate, we obtain

Ftree(X__>7T_+X0) 16 Amg <1 mzr )1/2 (1_Am+Am2—mgr> (1_7%2)_2

Ciree(m™ = = +70) mﬂmz Am? My 4m>2< m2




where iree(m™ — p~ + ,,) is given by,

(2.23)

GY)2F2m2m m2\ 2
Ftree(ﬁ_—)ﬂ_‘f'ﬂu):( x) Fr el e

47 mi,%
As a result, from the pion lifetime in table 1, the Wino decay length, cr,, turns out to
be 5cm for Am ~ 160MeV. In what follows, we denote I'y = Iiree(x™ — X + 77) and
'y = Tiree(m™ — p~ + 1), respectively.

The charged Wino also decays into the neutral Wino, a charged lepton £ and a neutrino
vp. The decay rate is given by

_ o 2(G%)2Amd
Paeel¢™ £ 47430 = 2 A oy ), (2.24)
Flep() = % (Vi—a? (82"~ 922 +2) + 152" tanh ™" (VI-22) ), (2.25)

in the large m, limit where my is the mass of the lepton £ [36]. For the electron and muon,
the function Fiep(z) are Fiep(me/Am) ~ 1 and Fiep(m,/Am) ~ 0.1 for Am ~ 160 MeV.
Accordingly, the branching ratios of the electron mode and the muon mode are about 2%
and 0.1% for Am ~ 160 MeV, respectively. We denote I'y = yree(x™ — £~ + ¢ + X°) in
the following.

3 Procedure and summary

3.1 NLO matching from EW theory to ChPT

In this subsection, we summarize the procedure for the calculation of the NLO corrections to
the charged Wino decay rate. The electroweak theory with the Wino is renormalizable and
has only one new parameter in addition to those in the electroweak theory, i.e., the Wino
mass m,. Accordingly, we can predict the charged Wino decay rate for a given Wino mass.

For the charged Wino decay, however, we use the Wino-pion interactions, which are not
renormalizable. Moreover, the radiative corrections to the Wino-pion interactions require
counterterms which are not obtained by the multiplicative renormalization to the tree-level
Lagrangian. The same problem has also arised in the analysis of the radiative corrections
to the charged pion decay. The counterterms necessary for the pion decay have been
introduced in ref. [37] by extending the ChPT to include QED and the weak interactions.
Following ref. [37], we will introduce counterterms necessary for the charged Wino decay
(section 5).

Within the extended ChPT including the Wino-pion interactions, the divergent parts
of the counterterms are set to cancel the ultraviolet (UV) divergences. On the other hand,
the finite parts of the counterterms are not determined. To ensure the predictability, we
therefore need to determine the finite parts of the counterterms in the extended ChPT
from the electroweak theory.

The finite part of the counterterms for the pion decay has been determined by Descotes-
Genon and Moussallam by matching the extended ChPT with the electroweak theory [35].
In our analysis, we follow the matching procedure taken by Descotes-Genon and Moussal-
lam (D&M). The matching procedure is as follows (see figure 2);



LW = L8Vne) + Lioa) + LEY

Matching of decay into free quarks

L5 = Llino) + Lisw) + £CT

Matching of current correlators
ChPT+QED _ pQED ChPT ChPT+QED
L5 @ - ’C(Wino+7r) + ‘C(V\l/ino+7r) + [’CT

Figure 2. Flowchart of the matching procedure.

1. We determine the counterterms in the effective Four-Fermi theory of the Wino and
quarks, Eg%, by matching the charged Wino decay amplitude into the free quarks
in the electroweak theory and in the Four-Fermi theory. The pure QCD corrections
do not affect the matching condition because the they are common in both theories.
Therefore, we do not need to include the pure QCD loop diagrams.

2. We determine the counterterms in the extended ChPT including the Winos, the weak
interaction, and QED, Egl}PTJFQED, from Eléli} by matching the current correlator

calculations in the extended ChPT and in the Four-Fermi theory.

Once we prepare the counterterms, Egl%PTJFQED, we can make a prediction of the Wino

decay rate at the NLO. Finally, by taking the ratio between the NLO decay rates of the
Wino and the pion, we obtain precise estimate of the Wino decay rate.

The ChPT and the Four-Fermi theory are matched by comparing the identical current
correlators calculated in these two different theories. In the Four-Fermi theory, the currents
are given in terms of the quarks, and hence, the evaluation of the current correlators go
beyond the perturbative analysis due to the strong dynamics. To overcome this difficulty
and to obtain an analytical result, we will use a phenomenological hadronic model.

In this respect, we use the minimal resonance model (MRM) [38] (see also ref. [39]).
The MRM comprises the 7, p and a; resonances, which satisfies the Weinberg sum rules
and the leading QCD asymptotic constraints. The former feature is important to yield
reasonable estimate of the hadronic contributions. The latter feature, on the other hand,
ensures that the UV dependence of the hadronic model is consistent with that of the

Four-Fermi theory.

3.2 Summary of result

Applying the above procedure, the final result of the NLO result of the Wino decay length
is given by,

(3.1)

cTy/cm o~

—7.19014 x 10% + 103791¢ + 2487.92¢2 + 22.9056¢> (t oy )
1 — 34759.7t + 376.148¢2 + 3.90903t3 ~ GeV
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Figure 3. The Wino decay length as a function of the Wino mass m,. We show the central value
of our estimation in black solid lines. We also show the tree-level decay length in a black dashed
line. The blue bands show the uncertainty of our one-loop estimation from the QCD dynamics.
The red bands show the uncertainty from the three-loop correction to the Wino mass difference,
dAm = +0.3MeV in ref. [14]. Here we define é7y|nro = 7y |NLO — T |LO-

for the pure Wino case. This fitting is valid for m, > 90GeV. Here, we have used the
prediction on Am as a function of m, in GeV (see ref. [14]) at the two-loop level.? The
analytic and numerical NLO decay rates as a function of m, and Am are also given
in egs. (7.21) and (7.37). The result confirms that the decoupling theorem similar to
the Appelquist-Carazzone theorem holds for the Wino decay at the one-loop level, where
the radiative corrections include only (’)(ami) effects with s < 0 and no logarithmic
enhancement factor of O(logmy).

Figure 3 shows the numerical estimate of the NLO Wino decay length (black solid line).
The blue bands show the uncertainty of the NLO decay rate estimation from the QCD
dynamics. The red bands show the uncertainty to that from the higher loop corrections to

the Wino mass difference, 6 Am = 0.3 MeV, in ref. [14].

4 Matching between EW and four-Fermi theories

Let us begin with the matching between the Four-Fermi theory and the electroweak theory.
As we explained in the previous section, we match these two theories through the decay

2Here we adopt a fitting formula for the two-loop mass difference for the pure Wino as:

21.8641 + 8.68343t + 0.0568066¢> ( oMy )

Am/MeV = =
m/Me 1+ 0.0530366¢ + 0.000345101¢2 GeV

(3.2)

which provides a stable fitting for m, > 90 GeV.



amplitudes of the charged Wino into the free quarks,
X~ =X’ +dr+ug, (4.1)

by assuming that there is no QCD strong dynamics. Here, we assume that the quark
masses are zero. We adopt the on-shell renormalization scheme in the electroweak theory
in refs. [32, 33], while we use the MS scheme in the Four-Fermi theory.

At the tree-level, the Four-Fermi theory between the Wino and the quarks is given in
eq. (2.12)

E?\gino) = _4G9r(ﬂ7'uPLd) (&—7’1'(/10) + h.c. (42)

At the tree-level, the decay amplitude of the process x~(p) — x"(q) +d(r1) +u(r2) is given
by,

i/\/l?rl;irk = —4iG9rﬂ0(q)’y“u, (p)ug(ri)y* Pruoy(re) . (4.3)

Here p, g, r1,2 are the four momenta of the Winos and the quarks, respectively, and u4 and
vg are the wave functions of the quarks. Since the mass difference Am is tiny, the decay
amplitude into the free quarks in the electroweak theory is given by

MBS = MBS x (14 0(Am? /M), (4.4)

where the O(Am?/Mg2,) contributions are negligibly small.

Following D&M analysis, we add counterterms to the Four-Fermi theory,

LEE D —4GY e (uy* Prd) (v_y"bg + h.c.)
% [P @2+ fan(Qa + Qu)* + [a@yQa — xa@yQa] - (4.5)

where f’s are the coefficients of the counterterms. The coefficients f’s depend on the

arbitrary mass scale u of the MS scheme. In addition to f’s, we need a counterterm for the

quark
tree

charged Wino mass. With these counterterms, the UV divergence proportional to M
can be eliminated. The QED charges of the charged Wino and the down and the anti-up
quarks are denoted by () 44, respectively. We eventually take Q, = —1 and Q4+ Qz = —1
while we leave Q7 — Qz = Q as a free parameter. As we will see, Q dependence allows us
to impose two independent conditions on f’s by matching the amplitude of a single decay
process.

In this convention for the counterterms in eq. (4.5), we have eliminated the countert-
erms to the kinetic terms of the Wino and the quarks by field redefinitions. The relations
between the counterterms proportional to f,, and fg; and those to the kinetic terms are
explained in eq. (5.19) and in appendix C. We also implicitly take the Wino mass coun-
terterm so that m, becomes the physical charged Wino mass.

~10 -



4.1 Wino decay into free quarks in electroweak theory
4.1.1 Two-point functions

Let us begin with the fermion two-point function, Yermion, which appears in the one-particle
irreducible (1PI) effective action through

F%ezr)mion(p) = (p - mfermion) - Efermion (p) + (CT) 5 (46)

where Mgermion 18 the tree-level fermion mass, and (CT) denotes the counterterms. At
the one-loop level, the relevant two-point functions come from the photon and the W/Z-
boson loop diagrams. As stated in section 3, the pure QCD corrections do not affect the
matching conditions and hence we omit these corrections. In the dimensional regularization
(d = 4 — 2egw), they are given by,

C;;ZWEW) (my) = —i%ra (e;w + log ‘iEéV — 2log :Z% + 4) : (4.7)
;;EZ(EW) (my) = Ci%:jg/a <€Elw + log /ﬁg — 2log Anjé + 4) , (4.8)
C;;EKV(EW) (my) = — 4:8%V <€E1W + log lﬁg —2log J\TZV%, + 4> , (4.9)
C;; sV EW) () = _452% (EElW + log “fév —2log ]\”gv + 4) : (4.10)
0= 2 (EQW +log “mw - §> ’ @11)
anzmo - -l (Lt 1), (112
;;zyﬁj” (0) = —S:S%V <€Elw +log ’;\%VVV - ;) : (4.13)

where a = e%/4m, pugw an arbitrary mass parameter, EE%N = e]f:\l]v — vg + log 4w with
v being the Euler-Mascheroni constant, and m, a photon mass to regulate the infrared
(IR) singularity. Hereafter, to distinguish the divergences in the electroweak theory, the
Four-Fermi theory, and the ChPT, we use the regularization parameters eégw, €pp and
€chpr- We also distinguish the arbitrary mass parameters associated with the dimensional
regularization in each theory by ugw, prr and pchpr for each theory. The subscripts,
—,0,ur,dr, denote the charged Wino, the neutral Wino, the left-handed up-quark, the
left-handed down-quark, respectively. The quark couplings g7, to the Z-boson are given by

1 1

91 =5 +swQu, 91 =—5—siwQu. (4.14)

In this work, we perform loop calculation by using the program Package-Xv2.1.1 [40].
To keep the SU(2),, symmetry, we take the wave function renormalization factors for
each SU(2);, multiplet, i.e., Z, = 1 + 6, for the Wino triplet, and Z = 1+ Jr, for the
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Figure 4. The box contributions to the Wino decay into the free quarks in the electroweak theory.

quark doublet. Following ref. [33], we take the on-shell renormalization scheme where

d _(EW
d o(EW)

With these choices, the residues of mass poles of the propagators of the charged Wino and
the down-type quark fields become unity, while those of the neutral Wino and the up-type
quark are not unity. As a result, the two-point functions appear in combination with the
wave function renormalization factor as,

MWF(EW) _ ) qauark ll d S (EW) }iz( )+}iE(EW) 1d A (mW) (6,+01)| (4.17)

free T2 dp 2dp™0  Ta2dpTr T2dpTh
A 2
uark « Q m 1
where we have used Qg + Qz = —1 while leaving Q = Q4 — Qu as a free parameter. Note

that the final result does not depend on the choice of é, and dy, (see eqgs. (4.33) and (4.35)).

4.1.2 Box contributions in electroweak theory

The box diagrams in figure 4 also contribute to the charged Wino decay.? The two photon

contributions are summarized as,

Y(EW) quark
M a ( M tree

Qana log MVQV + m My — My x QxQﬁa My
41 m5 my 6 my
+ O (M /m3) (4.19)

MZ(EW) Mquark QXQda (l MI%V 7TMW> + My x QxQda Mw
47 6

og —5— +
tree 2
mv my my

+O(Miy/m2) . (4.20)

3In this paper, the Feynman diagrams are drawn by using TikZ-FeynHand [41, 42].
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Here, the amplitude M 4 is given by,

Mo = —4G7 [aq(ri)y" Prou(re)] [do(g)y"vsu—(p)] (4.21)

quark

trec - When we perform loop mo-

which is not proportional to the tree-level amplitude, M
mentum integration, we neglected the external quark momenta r1 2. We have numerically
checked that the small quark momenta scarcely affect the matching conditions. We have

also used the Gordon equations in the limit of ¢ = p and mg = m, (see appendix A),

1

5 M0 (@) Yuti—(P) [p=q,mo=m - (4.22)

puaO(Q)PL,RU*(p)|p=q7mo=mx = 2

Similarly, the Z-boson contributions become

2 2
MEEW) _ gt | 2nsiy)ever () 7= aw) My
Amsy, 2cwmey

Qy (1 + 2Qasty ) cw Mw
12(1 4 cw)st,  my
MbZ(EW) _ Mquark % lQX(l + QQdSIQ/V)CIQ/Va <IOgCW _ 7T(1 - CW)MW>‘|

tree 4 sty 2epmy

+ My x + O (M /m2) (4.23)

Qx (1 + 2Qasy ) o ew My
121+ ew)sdy,  my

2 2
— My x +O(Miy/m2) . (4.24)
Here, we have again taken the limit of r; 5 — 0 in the loop integration and used the Gordon
equations.
By combining the photon and the Z-boson box contributions we obtain,

MBox(EW) e M2 el (1 4+ ew — c&y) My
i = g (g o — P logely + —— -l +0(Mf, /m?2) . (4.25)
Mtree a my Sw ( + CW)SW My

Note that this contribution does not depend on Q. As we will discuss in section 4.1.5, the

contributions proportional to M 4 are negligibly small, and hence, we do not include them
to MBOX(EW).

4.1.3 Vertex corrections

The vertex corrections are shown in figure 5. The ud vertex corrections are given by,

M3 = M :— Qs <EElW log Ay ;)] , (4.26)
My = Mk 45&;5% (EElW +log ’EV%V - ;)] : (4.27)
MUY = MBS :— (Q ZWQ“)Q <6E3W +3log ﬁ%v - 5)] (4.28)
MquZ _ M?;irk y :_ (9%4;8%%)@ <6E3w +3lo g% + = 0 + i/ log c%)] , (4.29)
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Figure 5. The contributions of the vertex corrections to the Wino decay into the free quarks in
the electroweak theory.

where g¢ — g% = —1 — s3,(Q4 + Qa). Similarly, the Wino vertex corrections are given by,
i 1 2 M? 3n M,
MY = pa e |2 <_ +log FEW | 91og 2 4y 21 W)]
47rsW EEW ms ms My
+ O (Mg /m?), (4.30)
Wry _ pqauark i o 3 MEW . 2m My 2 2
MX Mtree Ar <€EW +3 log mX +4 My, + O(MW/mX> s (4.31)
- )
3 1 M
M;VZ M?rueézrk CW;JZ ( 13 10g /’LEW 4 ( +cw + CW) W>‘|
| 4dmsiy \ eBw m2 ew (14 cw)my

+ O (M /m2) . (4.32)

Here, we have taken the limit of r; 2 — 0 in the loop momentum integration and used the

quark

tree and do not

Gordon equations. Note that the vertex corrections are proportional to M
contain the contributions such as M 4. As in the case of the two-point functions, we have
omitted the pure QCD corrections.

The contributions from the vertex counterterms are given by,
METEN = mar (2021 — 628) + 0y + 1] (4.33)

where §Z}V is the renormalization constants of the weak gauge coupling and 6Z3" the
weak gauge boson wave function factor (see eq.(4.10) in ref. [33]).* Note that &, + dr,

“In the on-shell scheme of the electroweak theory in ref. [32], the renormalized SU(2); gauge coupling
constant, g, is defined by gs = Z{V(Z3)73/2g where gp is the bare SU(2). gauge coupling constant.
Accordingly, each fermion-W-boson coupling is associated with 627" — §Z4" + 6r, where dr is the wave
function renormalization factor of the fermion.

— 14 —



contributions in eq. (4.33) cancels those in eq. (4.17), and hence, the result does not depend
on the choices of the wave function renormalization factors. In the on-shell renormalization
scheme of the electroweak theory in ref. [32], the EW counterterms are set to satisfy

W W 1 [

(see e.g., eq. (5.42) of ref. [32]). The resultant vertex correction is given by,

MYVertexEW) — A1 M2y MU+ M MY M MIE e )

(4.35)
4.1.4 Total contributions
Altogether, the above contributions result in
MWF,BOX,Vertex(EW) a |3 M% 1 4 3
=—|zlog—% — | — — —/— | —
M‘tlr‘glrk 4 lQ o8 m?2 (5%/[/ s?,[,) ogcw + s3,
a4+ 6ey + cy) M
_ald+ew +ay) My O (M3 /m?). (4.36)
41+ cew)syy  my

Finally, we add the vacuum polarization of the virtual W-boson leads to the correction,

A —1 A
k 2 - 2 ’ :
tree My My

where fl%%v (p? = 0) is the renormalized self-energy of the W-boson. Note that renormal-

ized $iPL,(0) includes the Wino contribution. Since this contribution is common to all the
charged weak interactions, and hence, it does not affect the ratio of the Wino and the pion
decay rates. As a result, we obtain

MVirtual(EW) MWRBOX,Vertex(EW) + MVP

Mguark - M(t:luark (438)
ree ree
So far, we have used the tree-level weak interaction with G = V,4G%., where
2 2
g e
GY = = ) 4.39
FUavaME T 4s2,\/2M32, (4.39)

As we will discuss, we take the ratio between the charged Wino and the charged pion decay
rates where the latter has been calculated by D&M [35]. In their analysis, the tree-level
decay rate of the charged pion is not defined by using G2 = V,,4G% (see eq. (2.23)) but by
Gr = VG where G is the Fermi constant determined from the muon lifetime. In the
limit of the vanishing electron mass, G% and G are related via

2 S1PT 2

e Y (0) a 7—4s
Gh=—— =Gpx |1-IW_ 6+ ——Ylogcd ||, 4.40
F 48%,\/2M2, E M3, 4s?, 2%, B (4.40)
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at one-loop level (see e.g. eq.(4.18) of ref. [33]). Accordingly, the ratio to the tree-level
contribution is slightly shifted by,
MVirtual(EW) o |3 | M% N 3 3 | 3
—— = — |z log—% — — —— | logew — ——
Muark i |28 m2 st sl &w s3
a4 +6ew + i) My
414 ew)st,  my

+O(Miy/m?) . (4.41)

Here, M™ denotes to the tree-level amplitude in eq. (4.3) with G2 replaced by G, and

tree

MVirtual(EW) _ MVirtual(EW) + Mquark . Mquark. (442)

tree tree

The one-loop correction to the Wino-decay amplitude into the free quarks is UV finite as
expected.

Note that the virtual correction does not depend on the arbitrary mass scale ugpw,
since we adopt the on-shell renormalization scheme. Besides, it depends on the Wino mass
only through its negative power. This shows that the Appelquist-Carazzone theorem holds
for the Wino decay into free quarks at the one-loop level.

The virtual correction has an IR singularity in the limit of m, — 0. Since the IR
singularity of the electroweak theory and the Four-Fermi theory are common, it does not
affect the matching procedure. In fact, we will find that the matching conditions of the
counterterms are free from the IR singularity, which provides non-trivial consistency check
of our analysis.

4.1.5 Effects from Wino axial current interactions

As we have seen in eqgs. (4.19)—(4.24), the box contributions in the electroweak theory lead
to the axial current Wino weak interaction, M 4. In terms of the effective Lagrangian, they
amount to,

La= K;AG%Jguark(&_’Y“’}/gﬂbo) + h.c., (4.43)

where k4 is a dimensionless coefficient suppressed by one-loop factor,

_ 20y (Qa — Qu)a cw My
3(1+cew) My '

(4.44)

This operator contributes to the charged Wino decay into the pion through eq. (2.16). The
axial Wino current contribution is, however, the p-wave decay, while the tree-level contri-
bution in eq. (2.18) is the s-wave decay. Thus, the interference between those contributions
to the total decay rate vanishes. As a result, the decay rate through this operator, 61" 4, is

Ta K4 m2

and hence, it is (’)(aQM%V / mi) correction. In the following, we neglect the Wino axial

highly suppressed as

current interactions.
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4.2 Wino decay into free quarks in four-Fermi theory

Let us repeat the same analysis in the Four-Fermi theory. In the Four-Fermi theory, there
are no radiative corrections to the neutral Wino. As stated before, we take the tree-level
mass term of the charged Wino m, to be the physical charged Wino mass. The neutral
Wino mass is also taken to be mg = m, — Am so that it reproduces the prediction in the
electroweak theory. We also redefine the tree-level Four-Fermi interactions by using Gr in
eq. (4.40) in the following analysis.

4.2.1 Two-point functions

In the effective Four-Fermi interaction, the relevant two-point functions come from the
QED contributions. In the following, we omit the QCD contributions as in the case of the
electroweak theory. The photon contributions to the two-point functions are,

d ~(FF) Qi It m3
A e P B Ay 4.4
g (my) 1 \5p Tlo8 2 m2 +2log — m2 + (4.46)
d (FF
dpz”( J(my) =0, (4.47)
d (FF) Qia [ 1 ppp 1
Rl 5l 0)=——22 | — 4logEE _ | | 4.48
dp u,d ( ) 47 €FF +og m?Y 2 ( )

These corrections contribute to the decay rate through the amplitude
1d 1d 1d
WF(FF) _ pyauark EW(FF) i 51 ~(FF) Z y(ff) 4.4
M = M <2d]/j (my) + = 2dp 0)+ = de (0) (4.49)

2

m,

= ek & —QQA—7+bg%F+2b 714
8T X\ €rp m3 m3

—(Q3+Q2) i+1og“2ﬂ—1 (4.50)
d v gFF m% 2 '
The counterterm contributions to the same process are given by,
FF ~
MEF) = M x & [£0 Q2+ fan(Qa+ Qu)* + fraQy@a — Fa@xQa] - (451)

4.2.2 Vertex corrections

The vertex corrections in the Four-Fermi theory are shown in figure 6. Those diagrams
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Figure 6. The virtual corrections to the Wino decay into the free quarks in the Four-Fermi theory.

contribute to the charged Wino decay as,

FF uark Q Qﬂa ) HFF 2
MIEE) — pqaua X —— +5log “FE 4 9]og —X X +7
& €FF mX m,y
3 i 1 2 5
~ My x QxQua ( + log LF;F 4 ) , (4.52)
8 €FF ms 3
5 2 m?
M'Y(FF) Mglefk @y Qac ( + 5log LFQF + 2log —)2( + 7)
8 €FF mX ’I”fL,y
3 1 2 5
My x SQa ( +log MEE 4 ) , (4.53)
81 €FF ms, 3
2
A(FF) _ ek —QaQaa (1 ppp 1 454
Mc Mtree X A7 ErFp + log m?y 9/ ( : )

Here, we have again taken the limit of the quark momenta r; 2 — 0 in the loop momentum
integration and used the Gordon equations. As in the case of the electroweak theory, we
have omitted the QCD loop diagrams.

As in the case of the electroweak theory, the radiative corrections lead to the axial
Wino current interaction, M 4. The UV divergences of the M4 contributions must be
canceled by additional counterterms proportional to eq. (4.43). The finite part of the
counterterms can be determined by matching M4 contributions in the Four-Fermi theory
and the electroweak theory. As discussed in section 4.1.5, however, the Wino decay via the
axial Wino current interactions are negligibly small in the electroweak theory. Thus, we
can safely neglect the axial Wino current contributions.

The total virtual correction is given by,
MVirtual(FF) _ y (WF(FF) —|—M(FF +/\/lz(FF) —|—MZ(FF) +M'Cy(FF)7 (4.55)

and we obtain,

MViI‘tual(FF) 3o 1 ,LL 7 Q Q

— = 5  — — | — lo L 2 m — al -

o = sr g Tz Tg) T (Pt et e
(4.56)
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Following D&M, we take the UV divergent parts of the counterterms,

1 1
fXX = 32772 % + f;x(/’[/FF) ) (457)
1 5 1 1
§(fxd — fya) = —@% + §(f§d(HFF) - f)Cﬁ(HFF)) ) (4.58)
1
faa = @a + fau(prr) (4.59)

with which the UV divergence in the virtual correction is cancelled. Here, f"(upp)’s are
the finite parts of the counterterms in the MS, which will be determined shortly. The UV
divergences coincide with those of the counterterms for the pion decay given by D&M [35].

4.3 Electroweak and four-Fermi matching conditions

By comparing eqgs. (4.41) and (4.56), we obtain two conditions

fxa+fxa=0, (4.60)

al| 31 3. u 3 3 3 7

eQ(fXX+fdﬁ+fxd/2—fxﬁ/2) =i —5%—§logL ,g+ (S%V—S%V> logew — % - 4]
— O M, . 4.61
4(1 +CW)5%/V My + ( W/mx) ( )

Notice that the matching conditions do not depend on m., which provides a non-trivial
consistency check of the matching procedure. The full My /m, dependence is given in
appendix B.

5 Matching between four-Fermi theory and ChPT

As the second step of the matching procedure, we match the Four-Fermi theory to the
ChPT extended with QED and the Winos.

5.1 Chiral Lagrangian

Following D&M analysis, let us first construct the three-flavor ChPT extended with QED
and the Winos. In the ChPT, the pions and Kaons are introduced as the coordinates of the
coset space of the spontaneously broken chiral flavor symmetry, SU(3) 1, xSU(3)r —SU(3)y.
The leading order terms, i.e., O(p?) terms are,

F2
L= Z“(uuu” + Xfp)> + €25 Zonpr(QLOR)
1
4

+ (i) — my)h— + o (id — mo )ty - (5.1)

B+ 37 (11D — )t + oy idhv
J4

The angle bracket () denotes the trace of the flavor index. The definitions of the building

blocks, u,, Qr,, Qr are given below (see also refs. [35, 37]). The spurion field ngp) represents
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5 The term proportional

the explicit chiral symmetry breaking due to the quark masses.
to ZonpT = (’)(1 / 16772) is responsible for the mass difference between the charged and the
neutral pions.

The QED and the weak interactions (including the Wino interactions) also break the
chiral symmetry explicitly. To treat those explicit breaking effects in a systematic manner,
we use the spurion formalism in refs. [37, 43]. In this formalism, we introduce spurion fields

qr,r and qyy, which transform under the chiral SU(3);,xSU(3) symmetry as

Az — Grazd) , ar = GrARIL . aw — drawdl , (5.2)

where gr, r € SU(3) LR The spurions qr, g are hermitian. The physical values of the
spurions qr, g and qy are

% 0 0 OVud Vus
Qauep=|0-3 0 |, Qw=-2v2[0 0 o0 |, (5.3)
00 —3 00 0

respectively. Here, V,,4 and V. are the elements of the CKM matrix.
In terms of the spurions, the QED interaction and the weak interaction of the pions
are described by the couplings to the left/right vector fields, which are defined by,

b= edr Ay + Gr (awliyuvn + V2aw -yt + Zlialy + V20oyab-aly ) (54)
r, = eqrA, . (5.5)

Note that we use G’ in eq. (4.40). The sign convention of A, terms are opposite to those in
refs. [35, 37]. The coset variables up 1, are expressed by the coset coordinates, 7%(a = 1-8),
as

up = e ™ (5.6)

where t* = \*/2 with A* being the Gell-Mann matrices. The coset variables couple to the
vector fields [, and r, via

Uy =1 [u%(@u —ir,)uR — u}(@u - ilu)uL} . (5.7)
The dressed spurion fields are defined by,
Qr = UTLQLULa Or = UTRQRUR, Qw = UTLQWUL- (5.8)

We will also use

QY =l (D'qr)un, Qb =ul(D"qr)ur, (5.9)

5The spurion fields xSfp) and x(_5p> are denoted by x4+ and x— in ref. [37], respectively.
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where

D,qr = B;LQL - i[gua qz), D,qr = 8uqR - i[T'u, qr] - (5.10)

With the above definitions, the kinetic term of the pions and the tree-level QED and
weak interactions can be drawn from the first term of eq. (5.1),

L2 D |Dyr™ P —m|n™ | — 200G pVyaDym™ (EL’Y“WL + \/51[)_’)/“’¢0> + h.c., (5.11)

which reproduces the Wino-pion interaction in eq. (2.17) if we replace Gp — G% and
F, — Fy, respectively.® The physical decay constant F} is related to Fy at the one-loop
level, via,

4
Fr = Fo {1 + 17 [LZ(MChPT)(Mg + M) + Lg(MChPT)ME]

M?2 M?2
[2M2 log —5—=— 4 2M% log ——& H : (5.12)
2Fo HChPT MChPT

where pcnpr is the MS renormalization scale and L£75(MChPT> and the mass parameters
M? x are given in refs. [37, 45]. The pcnpr dependence in eq. (5.12) is canceled by those

of L} 5(cnpr)-

Note that we use G and Fj for the tree-level parameters in the ChPT as a convention.
This convention is useful since the ratio between the tree-level Wino decay rate and the
tree-level pion decay rate by D&M coincides with eq. (2.22).

To discuss the virtual photon corrections in the ChPT, we consider the O(eZpQ) terms
introduced in refs. [37, 43],

Cx = 62F02{§K1 (Q1)% + (QR)2) (uuu) + Ky (Q1,Qr) ()

— K3 [(Qruu)(Qru’) + (Qruu)(Qru')] + Kq (Qruy) (Qru’)
+ K5 ([(Q1) + (Qr)Huuut) + Ke ((QLOR + QRQL)U;A“#>
+ %K} (Q ) (QR) ) (x (8p)> + K3 (Qr.QR) < )>
+ K ([(Q0)% + (Qr)*IS™) + Ko ((QQr + QrQux™)
(
(

— K11 {(Q1Qr — QrQL)X"™)
— K12 (((QrpQr — Q1.9ry) — (QruQr — QrQRu)|uU")

+ K1z (Qu Q%) + Ko ((QuuQ) +(Qru@i) | (5.13)

The K-terms provide the counterterms to cancel the divergences due to the QED correc-
tions to the ChPT. All the counterterms are proportional to the spurion fields. The values
of the K’s have been calculated in refs. [39, 46].

5By field redefinitions of the Winos, the Wino-pion derivative interaction can be rewritten as Yukawa
interaction [44] (see appendix D).
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In addition to the K-terms, we introduce the counterterms for the pion-Wino weak
interactions:

Ly = 2 {V2RGE Vi yuto(u{Qr, Q) + Vit o (W {Qu, Qu })

+ Yoo (u*[Qr, Qw]) + Yarb_yutho(w#[Qr, Qw])
+ Yamy -0 (QrQw)
+ Va0 (QF Qw) + Y500 (QQuw) + huc
+ Yoo (i) — ey + Vrmyip . (5.14)

These terms are in parallel to the X-terms for the pion-lepton weak interactions in refs. [35,
37]. The }/\/6 and }77 terms correspond to the renormalization factors for the wave function
and the mass of the charged Wino, respectively. We take the Wino mass counterterm so
that m, becomes the physical charged Wino mass by adjusting Yr.

In this paper, we define the constants K’s and Y'’s so that they are dimensionless even
when the spacetime dimension is d(# 4) in the dimensional regularization. Thus, K’s in
ref. [43] are ,udcif-f,T times K’s in this paper. Accordingly K’s and Y’s in this paper depend on
the renormalization scale pcppr in the MS, while K’s in ref. [43] do not depend on pcppr.
The definition for the finite part of K’s, i.e., K" (uchpr), is the same with those in ref. [43].

The constants K’s and Y’s contribute to the Wino decay rate through,

8 20
Lk 62{ [3(1{1 FE) + G (K + Kﬁ)] Dy |? (5.15)
8 20 . _
— 2V2F,GpVig {3(1{1 + K) + 5 (K + Kg) + 2K12} (6" voDym™ + h.c.)} ,

and
P . - )
Ly > ZﬂeZFOGFVud{ {3(3/1 1Y) +2(Ys +Y2)} b_yMpo Dy + (2z'ygmx¢,¢07r— +h.c.) }

+e2Ygh_idy_. (5.16)

Note that the Y3 term induces the Yukawa interaction of the pion which is not suppressed
by the pion momentum in contrast to the tree-level interaction in eq. (5.11).
Altogether, the counterterm contribution to the decay rate is given by,

or 8 20

—X 262[(K1+K2)+(K5+K6)+4K12

I'y lxy 3 9
Y- 24 1) 4(Y LY mXY) (5.17)
6 — s+ N 2t Yo — Vs )| .

Due to the non-derivative nature of the Y3 interaction, the Y3 contribution is relatively
enhanced by m, /Am.
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5.2 Spurions in four-Fermi theory

To determine the constants Y’s, we compare the current correlators in the ChPT and the
Four-Fermi theory. For that purpose, we rewrite the Four-Fermi theory with the spurion
fields qr,gw so that the Four-Fermi theory respects the SU(3) xSU(3)g flavor symmetry.
The tree-level Lagrangian is given by,

Lived @ =tril b + YriPrior + V2Gp @quww X Yo + h.c.) : (5.18)

where ¢y, p are the left /right projections of the three-flavor Dirac quarks (u, d, s). The co-
variant derivatives are Dy, r , = 0, —ieqr,rA,. The normalization of the weak interaction
is due to eq. (2.12) and eq. (5.3).

In eq. (4.5), we have introduced the counterterms in the Four-Fermi theory. Here, we
rewrite them as

Lot = —2e2f, b (i) — my ) — i€ fag [&L [az, D*arlyur + (L R)} (5.19)
—V2°Gr {@E—’YM/)O x (frary awaryr + fatry drawidrn) + h.c-] .

By setting the qr, r = diag(—Qa, Q4, @s) and qw = Qw, and re-scaling the Wino field by

b — (1 + leXX) W, (5.20)

the counterterms in eq. (5.19) reproduce those in eq. (4.5), where no counterterms for the
kinetic terms appear.

From egs. (5.14) and (5.19), we find that both Y and —2¢f,, play the role of the
counterterm to the kinetic term in each theory. Incidentally, f4z term is equivalent to the
counterterm to the quark kinetic term,

1[- <
LEr T = =26 fuz x B Yrari Paryr + (L < R)| (5.21)
and hence, fg; term is related to gos term in D&M’s paper (see appendix C).

5.3 Current correlators

We have introduced the charge spurion fields q;, g w in both the ChPT and the Four-Fermi
theory. Following D&M analysis (see also ref. [39]), we calculate the current correlators in
two theories by taking derivatives of the generating functional with respect to the spurions.
By comparing them, we can derive the matching conditions for Y’s.

Following D&M analysis, we consider current correlators

5°W(q)

WWJ— (p)) - (5.22)

Z-fabCFVW + dabCDVW = i/d4$<wO(Q)ﬂ—a(r)|

Here, W (q) corresponds to the generating functional of the ChPT, WCPT(q), or the Four-
Fermi theory, W¥¥(q). They depend on the spurion fields qz gw. We have also defined
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Figure 7. The tree-level contribution to Fyy in the ChPT. The point BO is the vertex proportional
to ay (z)ai (z).

Y (p)
qiy (z) ay (z)qiy (2)

Figure 8. The one-loop contribution to Fyy in the ChPT. The points B and O are the separated
vertices proportional to qi,(z) and q¥}(z), respectively.

the vector and the axial spurions via, qy = qr +qr and g4 = qr —qr. The spurions q%’s
(a = 1-8) are given by q® = tr[A\%q]. The structure constants f®¢ and d®° are given by,

£ = 23t [0, 1)), dobe = 2txfte, {t, )] (5.23)

Note that we set qr grw = 0 after taking derivatives with respect to them.

In the following, we take (a, b, c) = (3, 1,2) for Fyw (f312 = 1, d*'2 = 0), and (a, b, c) =
(1,1,8) for Dyw (f1® = 0, d*'® = 1//3). As we will see, Fyyyr and Dy determine
combinations Yy + Yo — (my/Am)Ys and Y] + Yl, respectively. In the analysis of the
current correlators, we assume the kinematics with p = r + ¢, p? = mi, and ¢®> = m3. We
also take the chiral limit, i.e., m2 = 0.

5.4 Calculation of Fyw

5.4.1 Fyw in ChPT

In the ChPT, the tree-level contribution to Fyy (figure 7) is given by,

ree ﬂ A m _
F\(/tW ,ChPT) _ 7(32F0GF <Y2 +Y, — A;;Y;;) uo(q)fu—(p) . (5.24)

Here, we have used the relation, Amig(q)u_(p) = to(q)fu_(p). As the constants Ya, Y5
and Y3 appear in the form of the above combination in the Wino decay rate (see eq. (5.17)),
we do not need determine these constants individually.
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Figure 9. The tree-level contribution to Fyw in the Four-Fermi theory. The point BO is the
vertice proportional to qi,(z)q#;(z). Note that the vertices are provided by the quark current.

Figure 10. The one-loop contribution to Fyw in the Four-Fermi theory. The double line denotes
the current correlator I'{/,. The points B and O are the separated vertices proportional to qi,(z)
and g% (z), respectively.

The one-loop contribution (figure 8) is given by

(loop,ChPT) _ V2 4 / die 1 ao(@w(p— L +m)nu-p) ., -
Fyw =i e FyGp 2m)ie— mgy (p— 072 = m?c HE (6 —7r),
o
e = TS g (5.25)

By performing loop integration and combining with the tree-level contribution, we obtain,

A 3 2
FEHPT) XCFGF—e G@+ya—”“1g)—cxnw__ 4 3log HCHPT 4 4
Am 87 Am \ €échpT m2

o 5 :U’ChPT my 9 5, m3 2 M3
l 51 log—X 4+ — 272 4] -—lo
" T6r <€ChpT FOlB T ToB s Ty TR TR a2 % 1

m2
+log - ] x tig(q)fu—(p). (5.26)

5.4.2 Fyw in four-Fermi theory

In the Four-Fermi theory, the tree-level contribution to Fy -y (figure 9) is given by,

FO™ = YR G fya) % (0} (). (5.27)
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At the one-loop level, Fyw is given by,

loop,FF V2 d* . -1 _ i(p — £+ my)
F‘(/WP ) — _ZT 2GF/ (27r)4F‘(/A(€,7“) X mgyuo(q)%M%u(p).

(5.28)

Here, following D&M, we have defined,
i foeTY (0, r) = / d* e (7 (r) | T JP () T (0)]0) (5.29)

where J4 (a = 1-8) are the axial currents in eq. (2.13) extended to the three flavor quarks,
while J§; are the corresponding vector currents.

The evaluation of I'{/, involves the strong dynamics of QCD which requires non-
perturvative calculation. Instead, we rely on the MRM in ref. [38] as in D&M analysis.
As emphasized earlier, the MRM satisfies the Weinberg sum rule and the leading QCD
asymptotic constraints. In this model, I'}/,, is given by

(k* 4+ 2¢*)q”

I'Va(k,p) = Fy = —g" + F(, ) P" + G(k?, ¢*)Q"™ |, (5.30)

where ¢ = p — k with
PY = g'k” — (k-q)g", Q" =E*¢"¢" + @Pk'EY — (k- )k ¢ — K*¢* g™, (5.31)

and

kK —¢® +2(M3 - My)

2(k? = MP)(¢* — M3)

—q* +2M3
(k? — M) (¢ — M3)q?

F(k?,¢%) = G(k?,¢%) = (5.32)

Here, My and M4 = /2My, are the mass parameters with My being around the p meson
mass.

By performing loop momentum integration, we obtain,
2

X
2
M,

5) i m?
F(IOOP’FF) +5lo FF + log Mx +lo
v 167Tf €ChPT & m2 m2 m% &

6M3 — 9M‘2/ N Mé M3
T ST AR T
4 wMaMy
Am My + My

X o (q)fu—(p) - (5.33)

The total contribution to Fyy in the Four-Fermi theory is given by
F‘(/E;IE;) _ F‘(/t;;e,FF) + F(loop FF) (534)

Note that the UV divergence and the log m, dependences are determined by the asymp-
totic behavior of I'), at (* — —oo,
(€-p)g" — tip” — £7p"
Iz
This behavior is consistent with the operator product expansion of QCD (see eq. (58) of
ref. [39]).

IV (€, p) = Fy x +0(072). (5.35)
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Figure 11. The tree-level contribution to Dy in the ChPT. The point BO is the vertice propor-
tional to qi,(z)g5: ().

Figure 12. The tree-level contribution to Dyy in the Four-Fermi theory. The point BO is the
vertice proportional to qi,(z)qf;(z). Note that the vertices are provided by the quark current.

5.5 Calculation of Dyw
5.5.1 Dvyw in ChPT

The tree-level contribution to Dy (figure 11) is given by,

2 N
D\iree:ChPT) \Q[eQFOGF(Yl +Y1). (5.36)
In the ChPT, there is no one-loop level contributions to Dy,
Do ePT) . (5.37)

5.5.2 Dvyw in four-Fermi theory

In the Four-Fermi theory, the tree-level contribution to Dy (figure 12) is given by,

DG = LR (fya+ fa) * in@)fu—(p)- (5.35)

At the one-loop level, Dy (figure 13) is given by,

(loop,FF) _\/§ 2 d*t v - Z(? - [ + mx)
Dyw =€ GF/ (2W)4F"jv(f, 7) X muo(qwum%mf@). (5.39)
Here, following D&M, we have defined,

d®erit (0,r) = /d4l’€_i€$<7{'a(’l")|TJ‘b/“(CL')J‘C/V(O)|O>. (5.40)
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Figure 13. The one-loop contribution to Dy in the Four-Fermi theory. The double line denotes
the current correlator I'{/{,. The points B and O are the separated vertices proportional to qi (z)
and g5 (z), respectively.

To evaluate I'}/{,, we again rely on the MRM. There, I'{;, is given in ref. [37],

v (k,p) = iFoe" P kopeTyvy (K, p), (5.41)
with
2k*> — 2k -p—cy
Lyv(k,p) = : (5.42)
2(k% — M) ((p — k)2 — M)
The value of ¢y is given by
N.M:
= 4
v 47r2FO2 ’ (5.43)
in the large N, limit [47].
By performing the loop integration, we find
3
ploopt®) _ 1 g (=2 —+3log Y “FF +2| x do(g)fysu_(p). (5.44)
16\f 2m m2

This result indicates that low energy constants Y’s and counterterms f’s are not enough
and we need to introduce the terms where ~5’s are inserted between the charged and the
neutral Wino. As we have discussed in section 4.1.5, the electroweawk theory predicts that
the contributions of the axial Wino current interaction are of O(a?) compared with the
tree-level contribution. Thus, in our analysis, we do not introduce additional low energy
constants, and simply neglect those contributions and take

It JFF
DU FE) — ¢ (5.45)

5.6 Matching conditions

Now, let us derive the matching conditions by requiring that the current correlators in the
ChPT reproduce those in the Four-Fermi theory. The matching condition for ¥; + ¥; is
given by matching Dy, which results in

Y1+ Y1) = %e%fxd + fa) =0, (5.46)
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where we have used eq. (4.60) in the second equality. The matching condition for Y2+ Yy —
(my/Am)Ys is given by matching Fyy, and written as

2
2 % My a My 3 HChpPT
— 2 (Va4 V- Dy} - X log HChET | 4
€ ( 2+ Am 3) 81T Am (EChpT +3log m?( + )

a 5 2 my 9 5 m2 m2
+167r< +5log@+log—§+ —7W2—4log—;—log2 X

€CLPT m3 m3 2 3 m3 4Am?
1
= 182(]0)(61 - fxﬁ)
a (5 MFF i my b’ m3 ) M
— [ = +51 1 log —% — —— —4log —% —1
" 16n (eFF Folog Ty Hlog oy Hlog gy — =g —dlog iy —log” 7
6M3% — 9MZ M M3 4 7MasMy

\%4
1 = . (54
[V VR GV VA PR S Vel AmMA+MV> (5.47)

Note that the both side have the identical m, dependence and the matching condition is
free from the IR divergences.
The matching condition for ?6 is simply given by,

1 2
e’Ys + d - = —2€2fxx —— + - log l;i : (5.48)

In addition, we will use the following expression for, Ki2,”

1 o 1 1 ,u
2 2 1 ChPT
Ke=—go 5¢ Jda sy 5.49
e he 8 4m €chpT ¢ Jaa () + 167 ° pip T (5.49)
L la(Lgpgtampr  SOMG+ MQ)MVl Mi 6Mi 3
8 dm ME (M- MR)E P T MR - MR !

which is obtained by using the MRM in ref. [39].

6 Radiative correction to charged Wino decay

Finally, let us calculate the radiative correction to the Wino decay rate in the ChPT. In
this section, the tree-level amplitude is taken to be

iMiree = 2V 2V,qFoGr Am tio(q)u—(p) , (6.1)
since we have redefined the tree-level Lagrangian by eq. (5.11).

6.1 Two-point functions
The derivative of the self-energy of the Wino at p = m, in the ChPT is,

iE(ChPT)(m )= — o 1 +1og M%hPT + 210gm—% +4) . (6.2)
dp X 4w \ €cnpT m2 m3

"We obtain this expression by combining egs. (91) and (102) in ref. [35]. Here, we take account of the

difference between the Pauli-Villars regularization in ref. [35] and the MS scheme in our analysis.
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Figure 14. The virtual QED correction to the Wino decay.

And that of pion is,

(07

1 (&P
=—|= + log =13 . (6.3)
21 \ €cnpPT ms

d
d7p22§rChPT,QED) (m2)

Here, we only consider the QED correction to the pion, since the pion self-energy from the
pion loops cancels when we take the ratio between the Wino and the pion decay rates.
The above self-energy contributes to the NLO decay amplitude as,

W A 1d 1 d
F_ 1 @ (ChPT) L (ChPT,QED) /, 2
M Miree X <2d;¢ ) (my) + 5 02 PIS (mﬁ)> . (6.4)

Note that we have already taken the wave function renormalization counterterms into
account in eq. (5.17), and therefore we do not need to include them here.

6.2 Vertex corrections

The vertex corrections to the Wino decay process are given in figure 14. To estimate
these corrections, we take the limits of Am < m,, m; < m, and m, — 0. We also use
Amaug(q)u—(p) = uo(q)fu—(p). The first contribution is,

M Vertex,1 @ ? 1 ¢ log :LLQChPT B 2 1 —+1—=22 . my N 11
Miree dm | 2 \ €cnpr :

lo o}
V=2 P15 VI—2 Py 2
[7# — 6log? z — 3log? (2(\/1 —22-1+ 22)) + 6log?(2V/1 — 22)

T

1
a 3vV1 — 22

+ 12logzlog(1 —V1- 22> + 6Lis (; - 2\/11_7) ] } . (6.5)

where z = m,/Am.
The second contribution in figure 14 is given by,

MVertex,Q

3 2
MYt o my ( +3logﬂCh§T+4>. (6.6)
Mtree 4w Am €ChPT mX

Note that this contribution is enhanced by a factor of m, /Am and can even exceed the tree-
level contribution for a large limit of m,. As we will see, however, the m, /Am enhanced
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7/30(Q)

Figure 15. The real photon emission associated to the Wino decay.

contribution is completely cancelled by the constants Y’s which are obtained by matching
from the electroweak theory.

Finally, the third contribution in figure 14 is given by,

MVertex,?) a
Mtree 8

2
" 4 3log HORPT 7) . (6.7)
€ChPT mz

By combining all the vertex corrections, MVertex:l = pgqVertex,2© pqVertex,3 “and MWF - we

obtain

Virtual 2 2 2
1 1 4 m
MAiz a 31 = +logMCh§T —6mX — +10guc¥+f +310g—§
Miree KL €ChPT m2 Am \ €chpT m3 3 m2
1 1—+v1—22
—-8(1+ log : log My
2v1 — 22 1+ +vV1— 22 My
2
3V1 — 22

72 — 6log? 2 — 3log? (2(V1 =22 = 1+ 2%)) + 6log?(2V/1 - 2?)

+12log zlog(1 — V1= 22) + 6Li (; - 2\/11_722> ] } . (6.8)

6.3 Real photon emission in Wino decay

To cancel the IR singularity in the virtual correction, we need to take into account the
real photon emission. In this subsection, we show the Wino decay rate with real photon
emission. The details are given in appendix E. The relevant diagrams are given in figure 15.
We calculate the real emission rate by dividing the energy range of the photon E, < Eg
(soft part) and Fgn < E- (hard part) where Egqf is taken in between

2 2 2
m5 +ms — (mg+m
My K Bofy < —X— ( )

~Am—my. 6.9
2m,, meem ( )
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The resultant soft part is given by,

gremitsoft paof1s 2 1-— m m.,
_— = — 0
FX ™ 2\/ 1— 252 1 —+ V 1— 2’2 2Esoft

1 72 4(1 - 2%) 1—1—22
—— —|1-log 3 lo
z

_1_7
21 — 22 3 gl—i—\/l—z2
1. ,1—1=22 1— V=22
Folog? YT E aonp, (Y2 ) | L (6.10)
2 1+ V1 — 22 +v1—22

in the limit of m, > Am > m,. By comparing egs. (6.8) and (6.10), we find that the IR
divergence does not appear in the sum of the virtual correction and the soft real emission.
The hard part of the real emission is given by

§Temit,hard 4(1 — 22 1 1 —+/1— 22 2F,
S S PPt B P log vi-2 log ==t
T 2 Wi-2 Firvio2) " Am
! 2 Vi 2
4+ ——| - ——logzlog————
Vi 2 3 1+vV1—22
1, ,1—-v1-22 1-vV1-2°
+ = log? \/j + 2Lis ﬂ ’ (6.11)
2°° 14+vV1-22 1+V1-22

in the limit of the large Wino mass. The sum of F‘;’(mit’hard and F;mit’SOft does not depend

on Fgft.

6.4 Virtual correction and real photon emission

By combining the virtual photon correction and the real emission contributions, we obtain

5F7x _ @ 3 1 +1o gMChPT _ b6my 1 +log N%hPT +é
FX . 47 €EChPT mﬂ Am \ €chpT mi 3
m2 -
+3log 25 +4f, <Zm> : (6.12)
where
) 2
fx(z) =5+ 3 log z — 2log (4(1 —z )) (6.13)

1 272
+ — ——710224— 1 —2log2)log z + 6log? 2
m[ 3 g 2+ ( g2)log g

— %(log2+2logz) log (1 — zz) — élog2 (1 — z2>
+1<—2+610g2+310g (1 —z2) —2010gz) log (1— V1 —z2)

2
7 1 1 — V122
+ —log? (1—V1—22) —Li (—) + 3Li
2 g( ) \2 2y1_22 1+\/1—22
The final expression is free from the IR divergence as expected, while it is UV divergent. In
the next section, we combine egs. (6.12) with the counterterm contributions in eq. (5.17).
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7 Results

7.1 Wino decay rate @ NLO
By combining egs. (5.17) and (6.12), the Wino decay rate at the NLO is given by,

oy « 1 peypr | 6m 1 p2 m2 My
3 1 ——X log ZCRPT 31 4 ( )
FX 47T [ <€ChPT + 8 m?r Am EChPT + 08 mi 3 + B Am? Am + fX Am

8 20 .4 . -~ m
2 3(K1+K2)+9(K5+K6)+4K12—Y6_3(Y1+Yl)—4(Y2+Y2—A;;Y?))]- (7.1)

The relevant constants, Y’s, are given in eqs. (5.46), (5.47) and (5.48),

e*(Y1+Y7)=0, (7.2)
A 1 6 1 2 4
02 <Y2+Y Y3> a lof_ JrlOgNChPT _6my [ +loghcuer | 4
Am 167 ECLPT . Am \ EchpT mi 3
L 3l0g ™
og—=x M2

9_6MA—9MV g M MA+ 4 7MsMy
2 MI-MZ O (ME—MZ)2 SMZ " Am Ma+My

1
_ZeQ(f;d(NFF)_f;ﬂ(HFF))7 (7.3)
2% a 1 2 r HFF
eYe=——— —2e —lo , 7.4
L — < (HFF)+ yp gNChPT (7.4)

where f"(upp)’s denote the finite parts of the counterterms in the MS scheme. The UV
divergences of K 5 are given in refs. [43, 48];

3a 1
2 21T
K=——— +e‘K 7.5
e 8 47 éonpr e“ K7 (1cnpT) 5 (7.5)
9a 1

2 2 1T

Kg=—-—— + e“ K, 7.6
e L5 T — e“ K (1enpr) 5 (7.6)

where K7 5 (ucnpT)s are the finite part in the MS scheme. The constants 62K276 are finite
corrections of (9(62), and hence, pcppr independent. We do not need explicit expressions
of K {’75 and K5 as they are canceled when we take the ratio between the Wino and the
pion decay rates. We also use K9 in eq. (5.49).

Altogether, we obtain the NLO decay rate of the charged Wino,

ory aM 4 My, « My Am
FXX__Am(MA+MV)+16 (M "My ) fX( )
+ &2 (2f7, () + fraluer) — fla(urr) + 255 (urr))

8 20
+ §62(KI(,UJChPT) + K3) + 362(K§(MChPT) + Kg)

2 Am?MLY 2
+3—log'uChPT+—l ) R P <m>+0‘1g2 (7.7)

8 M 47 M%hPT 47 mg

T
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where

9x(Cm) = 304667 -7 +4 (¢ + 3¢ log(0)) 161og <4772> - (7.8)

(1-¢2)?

The combination of f™’s in the second line is given by

(21 (urr) + fralpee) — fra(per) + 2f5: (Ler))

a | 3. upp (3 3 3 7
S T Tovegae o Y (AR A
271'[ 9 8 M%+ s%,[, s%[, g w S%V 4
_a(4+60W+C%V)MW
21+ cw)sd,  my

+ O (M /m3) (7.9)

which is determined by the matching condition in eq. (4.61). The full My /m, dependence
of this combination of f"’s is given in appendix B.

The result eq. (7.7) is free from the UV and IR singularities. The dependences on pcppr
and ppp are also cancelled by the running of the f"’s and K"’s. Besides, eq. (7.7) does not
have O(alogm, ) enhanced contributions and depends on m,, only through O ams§, (s <
0). As a result, eq. (7.7) becomes constant in the limit of m, — oo. This shows that the
decoupling theorem similar to the Appelquist-Carazzone theorem holds in the Wino decay.

7.2 Ratio between Wino and pion decay rates

The radiative correction to the pion decay rate including the real photon emissions is given
by refs. [49, 50]

oLy o | 3(1 s my, 11 2 m
S _ 22 i+log% +610g“+772+f”< u)
2\ e m my, 4 3 M

™

8 20
+ € lg(fﬁ + K3) + §(K5 + Kg) + 4K12

~ 4 ~ ~
— X5 — g(X1 + X1) —4(X2 + Xo) + 4X3] , (7.10)

where

(7.11)

In D&M analysis, three arbitrary mass scales, u, o, p1 are introduced, although final
result does not depend on u’s. In the following, we set u = g = pu1 = 4. The constants,

8Note also that we need to correct 19 — 17 and 13 — 11 in eq. (7b) of ref. [49]. The relation between
the structure dependent constant C1 in ref. [49] and the constants K’s and X'’s is given in ref. [37].
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X'’s, are given by,

. 3a M2 c
9 5 a |5 3MZM3 M3 3M3 5
Xo4 Xp) = — |= 1 - -
e (X2 +Xz) = 6w[e+(Mg—Ma)2 BNz T MM
1 PV), - PV),
— ¢ (1) — g5 (). (7.13)
30 (1 i2 M2 M2 1
2 ot A _ =
e“Xg = - ( + log MZ + MZ - M‘Q/ log M2 6) , (7.14)
2% a1 2 r(PV) «
Xe=——=—2¢ —. 1
e”Xe P Joo () + . (7.15)

Here, ¢"®V)’s are determined by the subtraction scheme based on the Pauli-Villars regu-
larization in D&M analysis. The constant Kj9 in eq. (7.10) is given by

lal 1 ,pv

2 _
Kiop=—>—2>=+4= 1
e“Kia 847r€+2923 (1) (7.16)
1 02 3(M?Z% 4+ M2)M? M? 6M2 1
+ -2 310g “2+ (M v2) Vg —A %A L 2
847 M2 (M3 — M2)? MV M3 —ME 2

which reproduces eq. (5.49) by substituting ezggé )(/1) = e*f1-() + a/16m. As a result,

we obtain,
or « My m 11 2 m
Lo o (Mo) o (g 12y (1)
I'; g(MA) 27r( mﬂ+4 7r+f My
PV r(PV r r(PV
v 22956 (1) + 058 () — gt )w) + 2058 ()
20 4
+ 6 (K1 (1) + K2) + 9 ¢ ?(K3 (1) + Ko)
3a T 3o M‘% o} M2
Slog g — log i+ 7.17
T8 M T In 2 ] gM2’ (7.17)
where
36¢21
ge(C) = —19 — 36¢ O§< + 28y, (7.18)
1-¢
with ¢y = cy /M‘Q, The combination of the counterterms is given by D&M,
T — T — T 3a M
200 () + gy () = gnh” () + 2058 () = log =F . (7.19)

Indeed, with the i dependence of the constants ¢"’s and K’s , we confirm that 0T /T
does not depend on pi. The total Mz dependence of dT'; /T'; reproduces the logarithmically
enhanced log Mz term in ref. [49].

Finally, let us take the ratio between the pion decay rate and the Wino decay rate at
the NLO,

T =X +m (#) Ty | <1 IR 5“) , (7.20)

T(n= = p~ +vu(+y)  Tax T, T.
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The ratio at the tree-level decay rates I'y and I'; is given in eq. (2.22). The difference of
the radiative correction is, on the other hand, given by,

Oy olx _ oMaMy o (Afv éhn) o, <A4v>
T, T,  Am(Ma+My) 162X\ My Ms) ~ 16277 \ My
11 2 m
6log £ + — —4log2 — = ﬂ< ’))
+ fX(Am> 27r( &t T Hes2—gm A (-

@ 3 3 3 7 a4+ 6ew + c&y) M
+(<24>10gCW2> : Wt o) M
SW S

2m \ \ sjy w 4 21+ cw)syy  my
o M2 o Am?2MLP

— —log—%Z +—1 " 7.21
w8 °g< miz )’ (7.21)

where we have used egs. (7.9) and (7.19) with puchppr = . We have neglected the terms
higher than (’)(MI%V / mi) The full M%V /mi dependence appearing through f"’s can be
found in appendix B.

7.3 Estimation of error from hadron model

The largest contribution to the NLO decay rate turns out to be?

o« M g My,
lead 4 Am(MA + MV) '

29 _ 2 5
Y; = Yo+ Y, — —XY. 22
eYr=e ( 2+ Ys Am 3> (7.22)

This expression is obtained by the phenomenological hadron model, i.e., the MRM. In this
subsection, we discuss uncertainties originate from the hadron model.

For this purpose, let us first note that the leading contribution is obtained from the
current correlator in the limit of » — 0 and Am — 0,
ie? d*¢ —i ip—1+m
s | G0 ol P ).

(7.23)

The correlator T/, (¢,r) at r = 0 is, on the other hand, related to another current corre-
lator, II{/(,_ 4 4(¢), via [51],

e*YL Am x tg(p)u—(p) =

12 1 v
Ia(6,0) = FOH‘\L/vaA(E)- (7.24)

Here, the correlator II{/{, _, 4(k) is defined by,

I _aa(k) = i/d4$€7ikx<0|TJxI/u($)Jxlfy(0) — Jh,(2)J4,(0)[0) (7.25)
= F§ (kuky — K gu)yv_aa(k), (7.26)
In terms of Iy vy 44(k), the leading contribution is rewritten as,

ie? 4 —1 (P — My
e*Y Amxiig(p)u—(p) = 7/ (§W§4HVV A4 (0) % 627@ (P)vw P!+ m)

2F7 —m2 O a2 ®)-

(7.27)

9Note that €2V, is always much smaller than O(1) since we assume that Am is larger than m, for

kinematical reasons while m2 — mfrg = O(aM‘%) [51] with m o being the neutral pion mass.
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In the MRM, Il _44 is given by

MM
(7 — M) (&2 = M3)

yy_au(l) ~ (7.28)

By comparing with the lattice simulation in ref. [52], we find that the MRM well fits the
lattice estimation of Iy _44(f) for [¢2] < A2, ~ 5GeV? by taking,

cut —

My = 0.6 GeV-0.8 GeV (7.29)

with the assumption M3/MZ = 2.1°

The contribution to €2Y7, from the larger loop momentum, [¢2| > A%, ~ 5GeV? is, on
the other hand, estimated to be,

o M3M
T 42AmA3,

MMy (Ms + My)
~ X
2A3

cut

~ 6.5 x 1072 x %Yy, (7.30)

2
eYilza2,,

€2YL

2

Cut 1S minor.

Thus, the errors caused by the contributions from [¢?| > A

From these arguments, we estimate the uncertainty of the leading hadronic contribu-
tion by varying My = 0.6-0.8 GeV. For the other contributions obtained by the MRM,
gy and g in eq. (7.21), we put £50% following D&M, although their contributions are
subdominant.

Several comments are in order. In our analysis, we have taken the chiral limit to derive
the matching conditions between the Four-Fermi theory and the ChPT. The effects of the
pion mass to the matching conditions are expected to be of O(m2 /M), which is minor than
the uncertainties of our estimate discussed above. We also note that there are mixed QED
and QCD corrections of O(aay) at the two-loop level, where ay is the QCD coupling. Those
corrections are, however, negligibly small [49], and hence, we do not take into account.

0The parameters My 4 should be taken as the fit parameter for ITyv_aa instead of the physical
masses of the corresponding (pseudo-)vector mesons. The function W in ref. [62] is normalized as
MW =Tyy_aa x (2F2).
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7.4 Numerical estimate

Let us move on to the numerical estimate of the NLO decay rate. The numerical values of
the terms in eq. (7.21) are given by,

n A
%fx (Zm) ~ —0.64 x 1072 — 0.84 x 1072 x log ( m >

164 MeV
Am
78 x 1072 x log? [ ——— 31
+0.78 x 107 “ X log (164Me\/>’ (7.31)
11 2
e (61ogm“ + I 4log2 - Zn2 4 s (m“)) ~0.75 x 1072, (7.32)
27 My 4 3 -
a 3 3 3 7| a(@+6ew + ) My
o\~ legew — 5 — 7| — 2
2m |\ sy sy sy 4 2(14cw)syy  my
1 TeV
:—1.07><10—2—0.70><10—2><< ° ) (7.33)
my
a! M:  « Am?2MLP
— —log—% + —log | ——=% | ~(0.394+0.1) x 1072
B2 Og( mi2 ( )
Am
12x1072 xlog | ——— 34
+0.12 x 107“ x Og<164MeV> , (7.34)
oMMy . (164MeV>
- ~ —(1.840.3) x 10 - 7.35
Am(Ma + My) ( ) % “\Tam ) (7.35)
(0% MV Am « MV _9
— g [, ) = —gr (L) ~ (0.23+0.11) x 10
167 9% <MA’MA> 1677 <MA> ( )%
Am
—(0.46 +0.23) x 10~2log [ ——— | . .
(0.46 4 0.23) x 10 og(164MeV> (7.36)

Note that we expand the Am dependences around log(Am/164 MeV) = 0. The errors in
egs. (7.34) and (7.35) are caused by the choice of My = 0.6-0.8 GeV. We also put £50%
to the hadron model contributions, g, and g, as mentioned in the previous section. For
the estimate of ¢y, we have used Fj instead of Fj in eq. (5.43). Note that the errors of «,
My, My, Mz, and My are negligible at the accuracy of the current analysis.

Combining all the contributions, we obtain the radiative correction to the ratio of the
decay rates as,

55: _ (SFF: = (—0.59+0.1) x 1072 = 0.70 x 1072 x (12(:?/)
A
—0.72 x 1072 x log (1641\%)
A
+0.78 x 1072 x log? (Wmﬂfe\J
164 MeV
—(1.840.3) x 1072 x (Ame>

Am
-2 -2
+(0.23+£0.11) x 10 (0.5£0.2) x 10"~ x log (164 S ) . (7.37)

In figure 16, we show the radiative correction to the ratio of the decay rate as a
function of Am for given values of m,. In the figure, we use the full expression of f,(z) in
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Figure 16. The radiative correction to the ratio of the decay rate, éI', /I'y, —0I'; /T'z, as a function of
Am. Each band corresponds to the error of NLO analysis which is dominated by the uncertainties
of the MRM. For the pure Wino case, the mass differences ranges in Am =~ 163-165MeV for
my > 600 GeV [14].

eq. (6.13). We also take into account the full My, /m, dependence of f"’s. The figure shows
that the one-loop radiative correction to the ratio of the decay rates is about —(2-4)% for
Am ~ 164 MeV. The error bands are dominated by the uncertainty of the MRM.

By using the charged pion lifetime, the branching fraction of 7% — p*+v(4+), and the
two-loop estimation of Am as a function of m,, (see ref. [14]), we can now make a prediction
of the Wino lifetime at the O(1)% precision. In figure 3, we show the Wino decay length as
a function of the Wino mass. In the figure, we show the central value of our estimation in a
black solid line. We also show the tree-level decay length in a black dashed line. The blue
bands show the uncertainty from the hadronic model. The red bands show the uncertainty
of the prediction of the Wino mass difference, Am, from the three-loop correction, d Am =
+0.3MeV. In the figure, we have included the three body decay modes x~ — x° + ¢ + i,

ol = M'(x~ — XO +77 + () +Te+T

X
ix~ = x"+7 4+ (7)) + o+ -
— : x Bt =yt v u(y) x o 4T 4Ty, (7.38
MNr= = p + Uy + (")) (m Y (+7)) x 71 e w ( )

where T’y denotes the Wino decay rate into x° + £ + 7 in eq. (2.24).

8 Conclusions and discussions

In this paper, we have computed the NLO correction of the charged Wino decay and made
the most precise estimate of the lifetime of the charged Wino. In our analysis, we have
constructed the ChPT which includes the Winos and QED. By matching the ChPT to the
electroweak theory, we have derived the NLO decay rate free from the UV divergence. We
have also taken into account the real photon emission, so that the NLO rate is free from
the TR divergence. As a result, we found the NLO correction gives a minor impact on the
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Figure 17. The LHC constraint on the charged Wino mass and lifetime based on the disappearing
charged track search. The red solid line shows the 95% CL limit by the ATLAS with data of
[ Ldt =136fb~" and /5 = 13TeV [29]. The red band shows 410 uncertainty of the production
cross section of the Wino. The black solid line is the prediction with the two-loop mass difference
and the one-loop decay rate, whereas the dashed line shows the result of the tree-level calculation.

lifetime of 2-4% increase. The effect on search of the Wino at the LHC is also minor, with
only a 5-10 GeV increase in the pure Wino mass limit as shown in figure 17.

We have also confirmed that a decoupling theorem similar to the Appelquist-Carazzone
theorem holds for the Wino decay at the one-loop level. The radiative corrections depend on
the Wino mass only through O (am;) with s < 0 and there is no logarithmically enhanced
dependences on m,. The decay rate becomes constant in the limit of m, — oo. This
result is non-trivial since the Appelquist-Carazzone decoupling theorem is not applicable
to the decay of the Wino, where the external lines of the diagrams include heavy particles.
Besides, we have explicitly found that the Am/m, enhanced NLO contributions appear in
eq. (6.8). Such enhanced effects can only be cancelled by preparing counterterms matched
to the electroweak theory. It is not clear whether this cancellation takes place or not at

the higher-loop order. We will study this aspect in more general setup in future.
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A Gordon equations

Let us consider the spinor wave functions ui(p1) and us(p2) with real valued masses m;

and mag, respectively. They satisfy

(p, — mi)ui(pi) =0,
ui(pi)(p, —mi) =0

i

where ii(p) = ul(p)y® and we have used Y*T = 799440 and (7°)2 = 1. We find

g (p2)y* (maui(p1)) = u2(p2)yup,u1(p1)
(2 (p2)ma2)v"ui(p1) = t2(p2)pyvuur (p1) ,

and hence,

(M1 + ma)ta(p2)y"ui(p1) = ta(p2) (VP + Py 7" )ua(p1)

|
S

2

Here, o = i[y*,~4"]/2. As a result, we obtain the Gordon identity,

(p2 + p1)* " (p2 — pl)p) w(pr) .

aQ(pz)Vuul(pl) - ﬂz(pz) < m1 + mso m1 + mso

Similarly, we find

uz(p2)y"ys(maur(p1)) = u2(p2)vuysp,ut(p1) = —u2(p2)yup, vsua(p1)
(u2(p2)ma)yvsu1(pr) = t2(p2)p,yuysur(p1) -

Thus, we obtain,

_ _ (p2 — p1)H . (p2 + p1) )
7 _ pp P
uz(p2)y ysui(p1) = uz(p2) < s + oMl —. u1(p1)

= ds(p2) (W% _ ioup%(]@]’l)ﬁ) ui(py) .

ma —my ma —my

In the limit of p; = p2 and m1 = my, the Gordon equations are reduced to

pHug(p)ui(p) = muz(p)y"u1(p)
p"uz(p)ysui(p) = 0.

— 41 —

2(p2) (<p1 +po) + L(my —m)pw,ﬂ) wi(py)

uz(p2) ((p1 + p2)* —ic"P(p1 — p2),) u1(p1) -



B Full expression of eq. (7.9)

In eq. (7.9), we only showed the matching condition to the O(My,/m, ) terms. In figure 3
and figure 16, we keep the full My /m,, dependence at one-loop level,

2
HEp

3
2w + Falaer) = g paee) + 25 pove)) = = log 5

2 A4 2 (k5.2 4 -1 __zw
Lo {—78%1/—%182%/—12_’_22‘” (84223, — 2y + 85ty (=5 — 227, + 233,) | cot s
QU 2
8m Sw sfjv 4_"‘12/11
2 2 /4.2 2 2 2 -1 a4
+5%ch/v X —(3W+1) ZW 4CW—ZW (2CW+ZW) cot \/ﬁ
w w

+ 253, (43124/ —5) 2 log 2y + ((S%V—i— 1) 2y —66?},) logcwl } , (B.1)
where zy = My /m, < 1.

C Quark wave function renormalization

To see the equivalence between the quark counterterms in egs. (5.19) and (5.21), let us
rewrite the kinetic term of the quark,

1 /-
L= (iBu+@on). (C.1)
and consider field redefinition,
br = ¢, + € fana ], (C.2)
br =4 + € fadat , (C.3)

where we have assumed qE = qr. With the field redefinition, the kinetic term leads to

i _ _ _
Llpoe) = 5| € fan¥raiy" Dutl, + € faatrary” Du(ardy) + € faapn" (Dpar)acyy,

— & faa(Dp)ai v vy, — € faaDp (W an) v acy, — €2 faadbpar(Duan )y vy,
= ie? faa¥r Ay Du(arl) + ie? faai v (Dyar)ardy
—ie® faa Dy (W ap) v aryy, — ie® faadran (Duar) v vy,
RN _
= ie* farar D arvy — ie? faadlarn, Daacly™ vy, - (C.4)

In the second equality, we have used the partial integration to remove the terms propor-
tional to q%. As a result, the counterterm in egs. (5.19) can be transformed into the one
in eq. (5.21) by renaming 1} to v, to the order of O(e?).
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D Wino-pion interaction

The pion weak interactions with leptons can be rewritten as Yukawa interactions [44].
Here, we show that the Wino-pion interaction in eq. (5.11) is also equivalent to the Yukawa
interaction

L = 2v2V,a FoGp (1, — mo) (in ™ ¢p—tbo — in T oip-) (D.1)
= 2V2V,aFoG p(Am + dmy ) (im~-1hy — im o), (D.2)
where we defined 772, = m, 4+ dm,.. The physical charged and the neutral Wino masses are

given by m, and my, respectively, while dm, is the Wino mass counterterm. By noting
that the QED correction to the charged Wino self-energy at p = m, is given by,

3a 1 oy 4
3 (ChPT) _ 1 ChPT | * D.3
= (my) L F— + log m2 + 5] (D.3)
we find
3o I 4
oy = —— log =L 4 — ) D.4
My o My <€ChPT + log mi + 3 ( )

To prove the equivalence between eq. (5.11) and eq. (D.1), let us consider the field

redefinitions,
o = Y +iemtyl —iem Y, (D.5)
o = g — iem Y +ien T, (D.6)
Yo =L +iem by, (D.7)
Yo =Y —dentef. (D.8)

Here, ¢ will be a parameter which will be determined below. The S-matrix is not affected
by this change.
From the kinetic term of 1)y, we obtain

5Ly = —%(m—q[/_ — iemt %) (id — mo)iy + é%(i&? — mo)(iem TPl —ien )
= em gL — efod(m L) +iemo(m U — m Gyl )
= en YL Py — ep (Pt )yl — exporn™ (DYL) +demo(n™ylapy — gyl ). (D.9)
Similarly, we obtain
8L = —iem TPy (ilp — i )" +ie (i) — iy ) (m1hp)
=en Pyl — eyl (P )iy —em iy —ieinn (r Ly —wFpgel ). (D.10)
Here, we have used
Pt =(CPT ) (CPT ) =T CH ) (CoT) =— (T T =)l (D-11)
ity = (OB ) (O ) = (T OO (OO )= (0T 9T ) =~y df. (D.12)
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/\ - ZﬁVudFOGF(Am + 5mx)

Figure 18. The Feynman rules of the Wino-pion interactions in eq. (D.1).

Altogether, we obtain,

6L = —ei (EW*)M) - 51/_16E7T+w/, — dg(m, — mo)(wW/_/Jb() — 7T+1%w/,)
= el (Br)h — eGP — ie(Am + Sy (r Ly — L), (DA3)

which does not affect the S-matrix. Thus, by choosing
e=—2V2V, FoGr, (D.14)

we can replace the interaction in eq. (5.11) with the one in eq. (D.1). The Feynman rules
for eq. (D.1) are given in figure 18.

E Real photon emission in Wino decay
In this appendix, we present the details of the computation of the real photon emission.

It is convenient to use the Wino-pion interaction in eq. (D.1), which is equivalent to the
Wino-pion interaction in eq. (5.11). In this picture, the relevant diagrams are,

M = Y (p)

i(p — k4 my)

= —(—ie)(QﬂAmVudFoGF)@o(Q)m¢*u—(p) ; (E.1)
X
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= —(—ie)(2vV2AmV, g FoGr)e, (2r + k)“mﬂo(q)w(p) , (B2)

where € denotes the polarization vector of the photon. We have neglected dm, term as it
gives higher order contribution for O(e«). When we use the Wino-pion interaction in the
form of eq. (D.1), the third diagram in figure 15 does not appear.

The denominators of egs. (E.1) and (E.2) are reduced to

(p—k)y?—my=-2p-k, (r+k)?-—m2=2r -k, (E.3)
where we have used k? = 0. Besides,
(p—k+my)fu_(p) = (2" -p— k¢ u_(p), € -2r+k)=2"r, (E.4)

where we have used €, k" = 0. Thus, the total real emission amplitude is

p-e reet *

i MEmIt QﬁeAmVudFoGFﬂo(q)u_(p) (p‘ ’ 7’k) — \/ieAmVudFoGFﬁo(q)ﬁgku_(p).
(E.5)
The spin summed squared matrix averaged by the charged Wino spin is given by,
|Memit|2 — lz ‘Memit‘Q
2 &
spin
— 162 Am2VE,F2G% | (0 - g + momy) | — My mp_, 2T
e T R R (k)R
rq p-g kg (k-g)p-r)  mik-q
+ — + — + , (E.6
(k Pk TR e T w2 | B9
where we have used >_, 1arization €46, = —guv- The Wino decay rate with a real emission is
given by,
penit = o [ i g (E7)
(2m)3 m3 TR X ’

where m, = (q+1)° = (p— k)* and m§, = (¢ + k)* = (p — r)*.
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For a given value of m2_, the range of mg,y is given by,

2
m@wwzu%+mf<ﬁwmg,wvm@, (E.8)
2
()0 = (B + B3P — (VB —mi o+ B m2) (E:9)

mi,. — mi + md

Ef = E.10

0 Do, (E.10)
m2 — m2 — m2

Br=—x 0 7 (E.11)

2mor

The kinematical range of m3, is given by,

(Mg +mo)? <mi. < (my —m,)?. (E.12)
We also use
p-k = (mj +mi—mj.)/2, (E.13)
rek=(m}+mp,—mg, —md,)/2, (E.14)
q-k= (mg'y_m?y_m%)/2a (E15)
p~r:(mi+mi—mgw)/2, (E.16)
p-q= (m72r0+mg'y _m72r _m'zy)/27 (E17)
r-q=(mi —m2—md)/2. (E.18)

The integration over m(%7 can be performed simply.
Let us consider the first term in eq. (E.6) which contributes to the IR divergence. We
divide the integration region of m3, into the soft region

mi + mi —2my Egopy < mgﬂ < (my — m,y)2 (E.19)
and the hard region

(mg + m0)2 < m%w < mi + m,zy — 2my Egofy (E.20)
in the charged Wino rest frame. We take Fgop in

m2 + mg — (mo + my)?

my <K Egofp < ~ Am —mg,. (E.21)

2m,,

In the soft region, integration over m#_ can be performed by choosing the photon velocity
v =,/1—m2/E2, as a new integration variable [53]. The integration region of v is,

0y Y20 T (E.22)

where A = m,/m, and Zeop = 2Esof /My
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As a result, we find the contribution from the first term in eq. (E.6) is given by,

pymitsofi.t a{1+2<1+ 1 1—\/@)1 m,

= — 10 O
Iy T 21 — 22 s 14+vV1—22 8 2Esoft
1 w2 4(1 — 2?) 1—V1-—22
1—log 5 1
z

3
1,11 22 1 - VI_ 22
+log2z+2LiQ< : )H (E.23)

- 0
2\/1—22 g1_|_,/1_z2

2 1++vV1—22 1++v1—22

in the limit of m, > Am > m,. By comparing eqgs. (6.8) and (E.23), we find that the
IR divergence is cancelled between the virtual correction and the real emission. The hard
part contribution from the first term in eq. (E.6) is given by

Femit,hard,l 4(1 — 2 1 1—+v1— 2 2E
Ix o _ @ 4—2logM +211+ log i log soft
Iy T z 24/1 — 22 14++v1—22 Am

1 2 1—v1-—22
\/17_722 —7—10gZ10g

+ S —
3 14+ V1 —22

1. ,1—/1—22 1—\/1—22>]}
+ = log — | ¢,

= t2Li
27 14+V1- 22 2(1—1—\/1—,22

in the limit of the large Wino mass. The contribution from the second line in eq. (E.6) is

(E.24)

given by,

F;mitz a Am? 14922 322 log 2 . 32”log (1 -Vi- 22)
= —_— AR
Iy 4 m? V1—22 V1—22 7

X

(E.25)

which is free from the IR divergence, and we can directly integrate over m%7 and m3_. As
this contribution is further suppressed by (Am/ mX)2 < 1, this contribution is negligible
compared with the above contributions.

Recalculation of QED virtual correction. Incidentally, we recalculate the virtual
correction using the Wino-pion interaction in eq. (D.1). In this picture, the QED correction
is given by a single diagram,

(E.26)

Yo(q)
die  —i i@2r =0, |, il +my)
- _ 2 2e 1% X X/
2 2e* Vg FoGp Ampu / @B —m2 & m2 (q) & -m2 u(p)| ,
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where ¢, = ¢ —p and ¢, = {—r. Here, we have dropped dm, in the one-loop diagram since
dmy = O(a).

The O(a) contribution to the virtual correction including the Wino mass counterterm
is given by

Virtual
MYirtua _ M+ MY Gy
Mtree Am

(E.27)

This expression reproduces the virtual correction in eq. (6.8) obtained by the original Wino-
pion interaction in eq. (5.11). Here, we have use dm, in eq. (D.4). In this picture, we find
that the m, /Am enhanced term originates from the Wino mass counterterm.
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