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1 Introduction

With the establishment of dark matter, we know that the Standard Model alone cannot
describe the laws of nature. The discovery of new physics involving dark matter is one of the
most urgent goals for particle physics. Various types of dark matter have been proposed,
and a weakly interacting massive particle (WIMP) is an important dark matter candidate.
Among the various WIMP candidates, the particle called the Wino has attracted particular
attention.

The Wino is a Majorana fermion and SU(2)L triplet with hypercharge zero. The Wino
has been originally introduced as a superpartner of the weak boson in a supersymmetric
(SUSY) model. In the anomaly mediation model [1, 2], the Wino is most likely the light-
est SUSY particle and dark matter. The minimal anomaly mediation realizes “mini-split
SUSY,” which has become an increasingly important model after the discovery of the Higgs
boson [3–9]. The Wino is also a well-motivated dark matter candidate from a bottom-up
perspective, i.e., “minimal dark matter” model [10–12].

The Wino dark matter χ0 of a mass m0 has an electromagnetically charged partner
χ± of a mass mχ. The electroweak symmetry breaking makes the charged Wino slightly
heavier than the neutral Wino. The mass difference, ∆m = mχ −m0, is estimated up to
the two-loop level [13–15], which is roughly 160MeV. Thanks to the small mass difference,
the charged Wino is metastable and its decay length, cτχ, is about 5 cm. This causes the
disappearing charged track signals in collider experiments, which play a pivotal role in the
exploration of the Wino.

As the Wino has electroweak interactions, it provides either direct or indirect [16–
20] signatures at collider experiments. At the LHC, conventional direct searches based
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on missing energies and indirect searches via precision measurements on the Drell-Yan
processes provide weak limits of around 100GeV on the Wino mass, which is comparable
to the LEP constraints [21]. On the other hand, the disappearing charged track signal is
the key to the search for the Wino at the LHC [22–28]. The recent ATLAS result excludes
the pure Wino mass up to 660GeV [29].

The lifetime of the charged Wino is of importance for the disappearing charged track
search. The current reconstruction of the disappearing charged track at ATLAS is based
on the innermost pixel detectors. It requires that the charged Wino decays at a distance
of at least 12 cm from the beam line, which is larger than the prediction of cτχ. The signal
acceptance depends exponentially on cτχ. Therefore, precise estimate of the charged Wino
lifetime is essential for the probe of the Wino dark matter at collider experiments.

The charged Wino mainly decays into the charged pion, χ± → χ0 + π±. The most
important parameter for estimate of the lifetime is the mass difference, ∆m, since the decay
rate is approximately proportional to (∆m)3 at tree-level. The remaining theory error from
the three-loop contributions to the mass difference is about δ∆m = ±0.3MeV [14, 15],
which results in about 1% uncertainty of the decay rate.

While the mass difference has been calculated to the two-loop level, the tree-level
amplitude has been used to calculate the Wino decay rate. In this work, we study the
next-to-leading order (NLO) correction to the charged Wino decay rate into the pion.

At the tree-level, the decay amplitude is proportional to ∆m. At the one-loop, however,
it is not obvious whether NLO corrections induce only amplitudes proportional to ∆m. For
the NLO estimate, we need to consider the extended Chiral perturbation theory (ChPT)
including QED and the Wino. There, the amplitudes not proportional to ∆m are generated
in contrast to the tree-level amplitude. If those contributions remained in the decay rate,
the one-loop contributions would dominate over the tree-level decay rate and the prediction
would change drastically. In addition, there could be the large amplitude enhanced by
log(mχ/mπ), which also would change the decay rate significantly. Therefore, it is a non-
trivial question whether the one-loop correction is indeed sub-leading compared to the
tree-level decay rate.

As we will show, such Wino mass dependences cancel in the decay rate once we match
the low energy effective theory, i.e., the extended ChPT, to the electroweak theory. The
resultant NLO decay rate is determined by the mass difference and scarcely depends on the
Wino mass itself in the heavy Wino limit. As a result, we found that the NLO correction
gives a minor impact on the lifetime of 2–4% increase.

This result shows that a decoupling theorem similar to the Appelquist-Carazzone the-
orem [30] holds for the Wino decay at the one-loop level. That is, the radiative corrections
depend on the Wino mass only through O

(
αms

χ

)
with s ≤ 0 and there is no logarith-

mically enhanced dependencies on mχ, and the decay rate becomes constant in the limit
of mχ → ∞. Here, α is the QED fine-structure constant. This result is non-trivial since
the Appelquist-Carazzone decoupling theorem is not applicable to the decay of the Wino,
where the external lines of the diagrams include heavy particles.

This paper is organized as follows. In section 2, we summarise the tree-level Wino
decay. In section 3, we explain the procedure of the NLO analysis and summarize the
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result. In section 4, we match the electroweak theory and the Four-Fermi theory at the
one-loop level for the first step. In section 5, we match the Four-Fermi theory to the ChPT
at the one-loop level. In section 6, we evaluate QED correction to the Wino decay rate in
the effective field theory where the counterterms are provided in Sec 5. Our result is given
in section 7. Finally, section 8 is devoted to conclusions and discussions.

2 Tree-level Wino interactions and decays

In this section, we review the tree-level analysis of the charged Wino decay. Throughout
this paper, mχ and m0 denote the pole masses of the charged and the neutral Winos,
respectively. The mass difference between them is denoted by, ∆m. In the pure-Wino
case, the mass difference is a function of the Wino mass mχ. The NLO correction to the
decay rate, however, can be calculated for a generic ∆m. In the following, we take mχ and
∆m as free parameters, where we assume mπ < ∆m < mK with mπ,K being the charged
π/K-meson masses, although we consider the pure-Wino scenario.

2.1 Tree-level Lagrangian

In this subsection, we summarize the Wino interactions. The tree-level Lagrangian of the
Wino is given by,

Ltree = χi†iσ̄µ
(
δij∂µ + gεikjW k

µ

)
χj − 1

2mχ
iχi − 1

2mχ
i†χi† , (2.1)

where g is the SU(2)L gauge coupling constant, W i
µ (i = 1, 2, 3) are the SU(2)L gauge

bosons, and the two-component Weyl fermions, χi, are the Winos. We follow the conven-
tions of the spinor indices in ref. [31]. The tree-level Wino mass parameter, m, is taken to
be real and positive without loss of generality.

With the electroweak symmetry breaking, we rewrite the Lagrangian as,

LWino,tree =χ3†iσ̄µ∂µχ
3+χ+†iσ̄µ∂µχ

++χ−†iσ̄µ∂µχ−−
1
2m

(
χ3χ3+h.c.

)
−m

(
χ+χ−+h.c.

)
−gχ−†σ̄µW 3

µχ
−+gχ+†σ̄µW 3

µχ
+−g

(
χ+†σ̄µW+

µ χ
3+h.c.

)
+g
(
χ−†σ̄µW−µ χ

3+h.c.
)
, (2.2)

where we have defined

W± = 1√
2

(W 1 ∓ iW 2) , (2.3)

χ± = 1√
2

(χ1 ∓ iχ2) . (2.4)

The neutral Wino, χ0 = χ3, becomes the dark matter. In terms of the four-component
fermions, the above Lagrangian is reduced to

LWino,tree = 1
2 ψ̄0

(
i/∂ −m

)
ψ0 + ψ̄−

(
i/∂ −m

)
ψ−

− gψ̄− /W
3
ψ− + gψ̄− /W

−
ψ0 + gψ̄0 /W

+
ψ− . (2.5)
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Here we defined,

ψ0 = (χ0
α, ε

α̇β̇χ0∗
β̇

)T , (2.6)

ψ− = (χ−α , εα̇β̇χ+†
β̇)T , (2.7)

where ψ0 is a Majorana fermion.1 Due to the electroweak symmetry breaking, the charged
and the neutral Wino masses are split. In the following, we take the tree-level mass
parameter m to be equal to the physical charged Wino mass, mχ, by adjusting the mass
counterterm. The neutral Wino mass is, on the other hand, given by m0 = mχ −∆m.

We obtain the Wino coupling to the Z-boson and the photon by replacing

W 3
µ = cWZµ + sWAµ . (2.8)

The weak mixing angle, sW = sin θW (cW =
√

1− s2
W ), and the QED coupling constant,

e, are defined by,

s2
W = 1− M2

W

M2
Z

, (2.9)

e = gsW . (2.10)

In our analysis, we adopt the on-shell renormalization scheme in the electroweak theory
developed in refs. [32, 33]. In this scheme, the tree-level masses, MZ,W , are taken to
be the physical gauge boson masses by setting the counterterms in the electroweak theory
appropriately. The weak mixing angle, sW , is defined so that the relation in eq. (2.9) is valid
even in higher order. The electromagnetic gauge coupling constant e is determined by the
Thomson limit. The tree-level gauge coupling constant g is defined so that eq. (2.10) is valid
also in higher order. The physical quantities used in our analysis are summarized in table 1.

By integrating out the W -boson from

Lweak,tree = M2
WW

+
µ W

−µ +
(
gψ̄− /W

−
ψ0 + g√

2
¯̀ /W−PLν` + V ∗udg√

2
d̄ /W

−
PLu+ h.c.

)
,

(2.11)
we obtain the Four-Fermi interactions relevant for the Wino decay;

LFF
tree ⊃ −2G0

F

[
(ν̄`γµ2PL`)(ψ̄−γµψ0) + Vud(ūγµ2PLd)(ψ̄−γµψ0) + h.c.

]
. (2.12)

Here, G0
F ≡ g2/(4

√
2M2

W ) and PL = (1−γ5)/2 is the left-handed projection operator. Note
that G0

F defined here is not equal to the conventional Fermi constant GF = 1.1663788 ×
10−5 GeV−2 [34], which is determined by the muon lifetime. For the leptons, `, we have
taken summation over the three generations. Since the mass difference ∆m is smaller than
the K-meson masses, we leave only the up and down quarks. We have taken the mass basis
of the quarks where Vud denotes the (1, 1) element of the CKM matrix.

1By using C = −iγ2γ0, we define ψc := −iγ2ψ∗ = Cψ̄T . The Majorana fermion satisfies ψc0 = ψ0.
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Quantity symbol Value
QED fine-structure constant α 1/137.035 999 084(21)

W±-boson mass MW 80.379(12)GeV
Z-boson mass MZ 91.1876(21)GeV

e mass me 0.51099895000(15)MeV
µ mass mµ 105.6583755(23)MeV
π± mass mπ 139.57039(18)MeV

Charged pion lifetime τπ 2.6033(5)× 10−8 sec
B(π± → µ± + ν(+γ)) 99.98770(4)%

Table 1. Input parameters used in the analysis taken from ref. [34]. We use the weak mixing angle
defined in the on-shell scheme in eq. (2.9). Note that the values of the Fermi constant and the pion
decay constant does not affect the final result as we take the ratio between the decay rates of the
charged Wino and the charged pion.

Only the charged pion contributes to the charged Wino decay, since we assume that
the mass difference is smaller than the K-meson mass. The coupling to the pions can be
obtained through the axial quark current,

JaAµ(x) =
(
ū(x), d̄(x)

)
γµγ5

σa

2

 u(x)
d(x)

 , (2.13)

with σa (a = 1, 2, 3) being the Pauli matrices. The axial current contains the pions as,

〈0|JaAµ(0)|πb(p)〉 = iFπpµδ
ab , (2.14)

where πa(p) denotes the pions with momentum p, and Fπ = 92.2 ± 0.2MeV is the pion
decay constant [35]. The charged pion is defined by,

π−(x) = 1√
2

(π1(x) + iπ2(x)) . (2.15)

By substituting

J (quark)
µ = Vud(ūγµ2PLd)→

√
2FπVudDµπ

− , (2.16)

into eq. (2.12) , we obtain the Wino-pion interaction,

LWino−Pion = −2
√

2FπG0
π(Dµπ

−)× (ψ̄−γµψ0) + h.c. , (2.17)

whereG0
π = VudG

0
F . The Feynman rules for the Wino-pion interactions are given in figure 1.
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The Feynman diagram for the pion-Wino system:

⇡+ ⇡�

Aµ

p0 p � ie(p0µ + pµ)

⇡+ ⇡�

A⌫Aµ

i2e2gµ⌫

 0  ̄�

⇡�

p
� 2

p
2F⇡G⇡pµ�

µ

 0  ̄�

Aµ⇡�

2
p
2eF⇡G⇡�

µ .

We take the directions of the pion momentum are the same with the charge flow directions.

The Feynman diagrams for the virtual radiative corrections to the Wino decay:

⇡�(r)

 ̄0(q)

 �(p)

` ⇡�(r)

 ̄0(q)

 �(p)

`

⇡�(r)

 ̄0(q)

 �(p)

`

Here, p, q, r are the four momentum of the corresponding particles. The label of the particle

denotes the particle states for given momenta.

The Feynman diagrams of the real photon emission:

⇡�(r)

 ̄0(q)

�(k)

 �(p)

⇡�(r)

 ̄0(q)

 �(p)

�(k)

The labels again show the particle states for given momenta.

1

Figure 1. The Feynman rules of the Wino-pion interactions. The arrow on the fermion propagator
denotes the flow of the fermion number. We do not show the flow of the QED charge. In the figure,
we show the names of the fields.

2.2 Tree-level Wino decay

Since we assume ∆m > mπ, the charged Wino can decay into the neutral Wino and the
charged pion. In this subsection, we calculate the charged Wino decay rate at the leading
order.

The tree level amplitude of the charged Wino decay, ψ−(p)→ ψ0(q)+π−(r), is given by,

iMtree = 2
√

2FπG0
π∆mū0(q)u−(p) , (2.18)

where p, q, r are the four momenta of the charged Wino, the neutral Wino and the pion,
respectively. The u’s denote the fermion wave functions. The spin-summed squared matrix
element averaged by the charged Wino spin is given by,

|Mtree|2 = 8F 2
π (G0

π)2∆m2((mχ +m0)2 −m2
π) (2.19)

= 32F 2
π (G0

π)2∆m2m2
χ

(
1− ∆m

mχ
+ ∆m2 −m2

π

4m2
χ

)
. (2.20)

As a result, the tree-level charged Wino decay rate is given by,

Γtree(χ− → π−+χ0) = 4
π
F 2
π (G0

π)2∆m3
(

1− m2
π

∆m2

)1/2(
1− ∆m

mχ
+ ∆m2 −m2

π

4m2
χ

)
. (2.21)

By taking the ratio of the above expression and the tree-level pion decay rate, we obtain

Γtree(χ−→π−+χ0)
Γtree(π−→µ−+ ν̄) = 16 ∆m3

mπm2
µ

(
1− m2

π

∆m2

)1/2(
1−∆m

mχ
+ ∆m2−m2

π

4m2
χ

)(
1−

m2
µ

m2
π

)−2

,

(2.22)
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where Γtree(π− → µ− + ν̄µ) is given by,

Γtree(π− → µ− + ν̄µ) =
(G0

π)2F 2
πm

2
µmπ

4π

(
1−

m2
µ

m2
π

)2

. (2.23)

As a result, from the pion lifetime in table 1, the Wino decay length, cτχ, turns out to
be 5 cm for ∆m ∼ 160MeV. In what follows, we denote Γχ = Γtree(χ− → χ0 + π−) and
Γπ = Γtree(π− → µ− + ν̄µ), respectively.

The charged Wino also decays into the neutral Wino, a charged lepton ` and a neutrino
ν̄`. The decay rate is given by

Γtree(χ−→ `−+ ν̄`+χ0) = 2(G0
F )2∆m5

15π3 Flep(m`/∆m) , (2.24)

Flep(x) = 1
2
(√

1−x2
(
−8x4−9x2 +2

)
+15x4 tanh−1

(√
1−x2

))
, (2.25)

in the large mχ limit where m` is the mass of the lepton ` [36]. For the electron and muon,
the function Flep(x) are Flep(me/∆m) ' 1 and Flep(mµ/∆m) ' 0.1 for ∆m ' 160MeV.
Accordingly, the branching ratios of the electron mode and the muon mode are about 2%
and 0.1% for ∆m ' 160MeV, respectively. We denote Γ` = Γtree(χ− → `− + ν̄` + χ0) in
the following.

3 Procedure and summary

3.1 NLO matching from EW theory to ChPT

In this subsection, we summarize the procedure for the calculation of the NLO corrections to
the charged Wino decay rate. The electroweak theory with the Wino is renormalizable and
has only one new parameter in addition to those in the electroweak theory, i.e., the Wino
mass mχ. Accordingly, we can predict the charged Wino decay rate for a given Wino mass.

For the charged Wino decay, however, we use the Wino-pion interactions, which are not
renormalizable. Moreover, the radiative corrections to the Wino-pion interactions require
counterterms which are not obtained by the multiplicative renormalization to the tree-level
Lagrangian. The same problem has also arised in the analysis of the radiative corrections
to the charged pion decay. The counterterms necessary for the pion decay have been
introduced in ref. [37] by extending the ChPT to include QED and the weak interactions.
Following ref. [37], we will introduce counterterms necessary for the charged Wino decay
(section 5).

Within the extended ChPT including the Wino-pion interactions, the divergent parts
of the counterterms are set to cancel the ultraviolet (UV) divergences. On the other hand,
the finite parts of the counterterms are not determined. To ensure the predictability, we
therefore need to determine the finite parts of the counterterms in the extended ChPT
from the electroweak theory.

The finite part of the counterterms for the pion decay has been determined by Descotes-
Genon and Moussallam by matching the extended ChPT with the electroweak theory [35].
In our analysis, we follow the matching procedure taken by Descotes-Genon and Moussal-
lam (D&M). The matching procedure is as follows (see figure 2);

– 7 –
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Electroweak

Four-Fermi

ChPT

LEW = LEW
(Wino) + LEW

(SM) + LEW
CT

LFF = LFF
(Wino) + LFF

(SM) + LFF
CT

LChPT+QED = LQED
(Wino+π) + LChPT

(Wino+π) + LChPT+QED
CT

Matching of decay into free quarks

Matching of current correlators

Figure 2. Flowchart of the matching procedure.

1. We determine the counterterms in the effective Four-Fermi theory of the Wino and
quarks, LFF

CT, by matching the charged Wino decay amplitude into the free quarks
in the electroweak theory and in the Four-Fermi theory. The pure QCD corrections
do not affect the matching condition because the they are common in both theories.
Therefore, we do not need to include the pure QCD loop diagrams.

2. We determine the counterterms in the extended ChPT including the Winos, the weak
interaction, and QED, LChPT+QED

CT , from LFF
CT by matching the current correlator

calculations in the extended ChPT and in the Four-Fermi theory.

Once we prepare the counterterms, LChPT+QED
CT , we can make a prediction of the Wino

decay rate at the NLO. Finally, by taking the ratio between the NLO decay rates of the
Wino and the pion, we obtain precise estimate of the Wino decay rate.

The ChPT and the Four-Fermi theory are matched by comparing the identical current
correlators calculated in these two different theories. In the Four-Fermi theory, the currents
are given in terms of the quarks, and hence, the evaluation of the current correlators go
beyond the perturbative analysis due to the strong dynamics. To overcome this difficulty
and to obtain an analytical result, we will use a phenomenological hadronic model.

In this respect, we use the minimal resonance model (MRM) [38] (see also ref. [39]).
The MRM comprises the π, ρ and a1 resonances, which satisfies the Weinberg sum rules
and the leading QCD asymptotic constraints. The former feature is important to yield
reasonable estimate of the hadronic contributions. The latter feature, on the other hand,
ensures that the UV dependence of the hadronic model is consistent with that of the
Four-Fermi theory.

3.2 Summary of result

Applying the above procedure, the final result of the NLO result of the Wino decay length
is given by,

cτχ/cm ' −7.19014× 106 + 103791t+ 2487.92t2 + 22.9056t3

1− 34759.7t+ 376.148t2 + 3.90903t3
(
t = mχ

GeV

)
(3.1)
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χ
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]

One-loop decay
Uncertainty from δ∆m = ±0.3 MeV

Uncertainty from QCD
Tree-level decay

0

2

4

6
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100 1000 10000

δτ
χ
| N

L
O
/τ

χ
[%

]

mχ [GeV]

Figure 3. The Wino decay length as a function of the Wino mass mχ. We show the central value
of our estimation in black solid lines. We also show the tree-level decay length in a black dashed
line. The blue bands show the uncertainty of our one-loop estimation from the QCD dynamics.
The red bands show the uncertainty from the three-loop correction to the Wino mass difference,
δ∆m = ±0.3 MeV in ref. [14]. Here we define δτχ|NLO ≡ τχ|NLO − τχ|LO.

for the pure Wino case. This fitting is valid for mχ > 90GeV. Here, we have used the
prediction on ∆m as a function of mχ in GeV (see ref. [14]) at the two-loop level.2 The
analytic and numerical NLO decay rates as a function of mχ and ∆m are also given
in eqs. (7.21) and (7.37). The result confirms that the decoupling theorem similar to
the Appelquist-Carazzone theorem holds for the Wino decay at the one-loop level, where
the radiative corrections include only O

(
αms

χ

)
effects with s ≤ 0 and no logarithmic

enhancement factor of O(logmχ).
Figure 3 shows the numerical estimate of the NLOWino decay length (black solid line).

The blue bands show the uncertainty of the NLO decay rate estimation from the QCD
dynamics. The red bands show the uncertainty to that from the higher loop corrections to
the Wino mass difference, δ∆m = 0.3MeV, in ref. [14].

4 Matching between EW and four-Fermi theories

Let us begin with the matching between the Four-Fermi theory and the electroweak theory.
As we explained in the previous section, we match these two theories through the decay

2Here we adopt a fitting formula for the two-loop mass difference for the pure Wino as:

∆m/MeV = 21.8641 + 8.68343t+ 0.0568066t2

1 + 0.0530366t+ 0.000345101t2
(
t = mχ

GeV

)
, (3.2)

which provides a stable fitting for mχ > 90GeV.
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amplitudes of the charged Wino into the free quarks,

χ− → χ0 + dL + ūL , (4.1)

by assuming that there is no QCD strong dynamics. Here, we assume that the quark
masses are zero. We adopt the on-shell renormalization scheme in the electroweak theory
in refs. [32, 33], while we use the MS scheme in the Four-Fermi theory.

At the tree-level, the Four-Fermi theory between the Wino and the quarks is given in
eq. (2.12)

LFF
(Wino) = −4G0

π(ūγµPLd)(ψ̄−γµψ0) + h.c. (4.2)

At the tree-level, the decay amplitude of the process χ−(p)→ χ0(q)+d(r1)+ ū(r2) is given
by,

iMquark
tree = −4iG0

πū0(q)γµu−(p)ūd(r1)γµPLvu(r2) . (4.3)

Here p, q, r1,2 are the four momenta of the Winos and the quarks, respectively, and ud and
vū are the wave functions of the quarks. Since the mass difference ∆m is tiny, the decay
amplitude into the free quarks in the electroweak theory is given by

iMquark
tree |EW = iMquark

tree × (1 +O
(
∆m2/M2

W

)
) , (4.4)

where the O
(
∆m2/M2

W

)
contributions are negligibly small.

Following D&M analysis, we add counterterms to the Four-Fermi theory,

LFF
CT ⊃ −4G0

πe
2(ūγµPLd)(ψ̄−γµψ0 + h.c.)

×
[
fχχQ

2
χ + fdū(Qd +Qū)2 + fχdQχQd − fχūQχQū

]
, (4.5)

where f ’s are the coefficients of the counterterms. The coefficients f ′s depend on the
arbitrary mass scale µ of the MS scheme. In addition to f ’s, we need a counterterm for the
charged Wino mass. With these counterterms, the UV divergence proportional to Mquark

tree
can be eliminated. The QED charges of the charged Wino and the down and the anti-up
quarks are denoted by Qχ,d,ū, respectively. We eventually take Qχ = −1 and Qd+Qū = −1
while we leave Qd −Qū = Q̄ as a free parameter. As we will see, Q̄ dependence allows us
to impose two independent conditions on f ’s by matching the amplitude of a single decay
process.

In this convention for the counterterms in eq. (4.5), we have eliminated the countert-
erms to the kinetic terms of the Wino and the quarks by field redefinitions. The relations
between the counterterms proportional to fχχ and fdū and those to the kinetic terms are
explained in eq. (5.19) and in appendix C. We also implicitly take the Wino mass coun-
terterm so that mχ becomes the physical charged Wino mass.
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4.1 Wino decay into free quarks in electroweak theory

4.1.1 Two-point functions

Let us begin with the fermion two-point function, Σfermion, which appears in the one-particle
irreducible (1PI) effective action through

Γ(2)
fermion(p) = (/p−mfermion)− Σfermion(/p) + (CT) , (4.6)

where mfermion is the tree-level fermion mass, and (CT) denotes the counterterms. At
the one-loop level, the relevant two-point functions come from the photon and the W/Z-
boson loop diagrams. As stated in section 3, the pure QCD corrections do not affect the
matching conditions and hence we omit these corrections. In the dimensional regularization
(d = 4− 2εEW), they are given by,

d

d/p
Σγ(EW)
− (mχ) = −

Q2
χα

4π

(
1
ε̄EW

+ log µ
2
EW
m2
χ

− 2 log
m2
χ

m2
γ

+ 4
)
, (4.7)

d

d/p
ΣZ(EW)
− (mχ) = −

Q2
χc

2
Wα

4πs2
W

(
1
ε̄EW

+ log µ
2
EW
m2
χ

− 2 log
m2
χ

M2
Z

+ 4
)
, (4.8)

d

d/p
ΣW (EW)
− (mχ) = − α

4πs2
W

(
1
ε̄EW

+ log µ
2
EW
m2
χ

− 2 log
m2
χ

M2
W

+ 4
)
, (4.9)

d

d/p
ΣW (EW)

0 (mχ) = − 2α
4πs2

W

(
1
ε̄EW

+ log µ
2
EW
m2
χ

− 2 log
m2
χ

M2
W

+ 4
)
, (4.10)

d

d/p
Σγ(EW)
uL,dL

(0) = −
Q2
ū,dα

4π

(
1
ε̄EW

+ log µ
2
EW
m2
γ

− 1
2

)
, (4.11)

d

d/p
ΣZ(EW)
uL,dL

(0) = − (gu,dL )2α

4πc2
W s

2
W

(
1
ε̄EW

+ log µ
2
EW
M2
Z

− 1
2

)
, (4.12)

d

d/p
ΣW (EW)
uL,dL

(0) = − α

8πs2
W

(
1
ε̄EW

+ log µ
2
EW
M2
W

− 1
2

)
, (4.13)

where α = e2/4π, µEW an arbitrary mass parameter, ε̄−1
EW = ε−1

EW − γE + log 4π with
γE being the Euler-Mascheroni constant, and mγ a photon mass to regulate the infrared
(IR) singularity. Hereafter, to distinguish the divergences in the electroweak theory, the
Four-Fermi theory, and the ChPT, we use the regularization parameters ε̄EW, ε̄FF and
ε̄ChPT. We also distinguish the arbitrary mass parameters associated with the dimensional
regularization in each theory by µEW, µFF and µChPT for each theory. The subscripts,
−, 0, uL, dL, denote the charged Wino, the neutral Wino, the left-handed up-quark, the
left-handed down-quark, respectively. The quark couplings gL to the Z-boson are given by

guL = 1
2 + s2

WQū , gdL = −1
2 − s

2
WQd . (4.14)

In this work, we perform loop calculation by using the program Package-X v2.1.1 [40].
To keep the SU(2)L symmetry, we take the wave function renormalization factors for

each SU(2)L multiplet, i.e., Zχ ≡ 1 + δχ for the Wino triplet, and ZL ≡ 1 + δL for the
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The Feynman diagrams for DVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q8⇤W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡1(r)

q8⇤
W (x)

q1
V (x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V V (`, r).

The Feynman diagrams of the radiative corrections relevant for the Wino decay into the

free quarks are:

ū

d

 ̄0

 �

�

ū

d

 ̄0

 � �

ū

d

 ̄0

 �

�

The Feynman diagrams of the box contributions in the EW theory relevant for the Wino

decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 � �, Z

W�

The Feynman diagrams of the vertex corrections in the EW theory relevant for the Wino

4

Figure 4. The box contributions to the Wino decay into the free quarks in the electroweak theory.

quark doublet. Following ref. [33], we take the on-shell renormalization scheme where

δχ = d

d/p
Σ(EW)
− (mχ) , (4.15)

δL = d

d/p
Σ(EW)
dL

(0) . (4.16)

With these choices, the residues of mass poles of the propagators of the charged Wino and
the down-type quark fields become unity, while those of the neutral Wino and the up-type
quark are not unity. As a result, the two-point functions appear in combination with the
wave function renormalization factor as,

MWF(EW)=Mquark
tree ×

[
1
2
d

d/p
Σ(EW)
− +1

2
d

d/p
Σ(EW)

0 +1
2
d

d/p
Σ(EW)
uL

+1
2
d

d/p
Σ(EW)
dL
−(δχ+δL)

]
(4.17)

=Mquark
tree ×

{
α

4π

[(
1+Q̄

2

)
log

m2
γ

M2
Z

− 1
s2
W

logc2
W

]}
, (4.18)

where we have used Qd +Qū = −1 while leaving Q̄ = Qd −Qū as a free parameter. Note
that the final result does not depend on the choice of δχ and δL (see eqs. (4.33) and (4.35)).

4.1.2 Box contributions in electroweak theory

The box diagrams in figure 4 also contribute to the charged Wino decay.3 The two photon
contributions are summarized as,

Mγ(EW)
a =Mquark

tree ×
QχQūα

4π

(
log M

2
W

m2
γ

+ πMW

mχ

)
−MA ×

QχQūα

6
MW

mχ

+O
(
M2
W /m

2
χ

)
, (4.19)

Mγ(EW)
b =Mquark

tree ×
QχQdα

4π

(
log M

2
W

m2
γ

+ πMW

mχ

)
+MA ×

QχQdα

6
MW

mχ

+O
(
M2
W /m

2
χ

)
. (4.20)

3In this paper, the Feynman diagrams are drawn by using TikZ-FeynHand [41, 42].
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Here, the amplitudeMA is given by,

MA = −4G0
π

[
ūd(r1)γµPLvu(r2)

][
ū0(q)γµγ5u−(p)

]
, (4.21)

which is not proportional to the tree-level amplitude,Mquark
tree . When we perform loop mo-

mentum integration, we neglected the external quark momenta r1,2. We have numerically
checked that the small quark momenta scarcely affect the matching conditions. We have
also used the Gordon equations in the limit of q = p and m0 = mχ (see appendix A),

pµū0(q)PL,Ru−(p)|p=q,m0=mχ = 1
2mχū0(q)γµu−(p)|p=q,m0=mχ . (4.22)

Similarly, the Z-boson contributions become

MZ(EW)
a =Mquark

tree ×
[
Qχ(1 + 2Qūs2

W )c2
Wα

4πs4
W

(
log cW −

π(1− cW )MW

2cWmχ

)]

+MA ×
Qχ(1 + 2Qūs2

W )α
12(1 + cW )s2

W

cWMW

mχ
+O

(
M2
W /m

2
χ

)
, (4.23)

MZ(EW)
b =Mquark

tree ×
[
Qχ(1 + 2Qds2

W )c2
Wα

4πs4
W

(
log cW −

π(1− cW )MW

2cWmχ

)]

−MA ×
Qχ(1 + 2Qds2

W )α
12(1 + cW )s2

W

cWMW

mχ
+O

(
M2
W /m

2
χ

)
. (4.24)

Here, we have again taken the limit of r1,2 → 0 in the loop integration and used the Gordon
equations.

By combining the photon and the Z-boson box contributions we obtain,

MBox(EW)

Mquark
tree

= α

4π

(
log M

2
W

m2
γ

− c4
W

s4
W

log c2
W + π(1 + cW − c2

W )
(1 + cW )s2

W

MW

mχ

)
+O

(
M2
W /m

2
χ

)
. (4.25)

Note that this contribution does not depend on Q̄. As we will discuss in section 4.1.5, the
contributions proportional toMA are negligibly small, and hence, we do not include them
toMBox(EW).

4.1.3 Vertex corrections

The vertex corrections are shown in figure 5. The ud vertex corrections are given by,

Mγ
ud =Mquark

tree ×
[
−QdQūα4π

(
1
ε̄EW

+ log µ
2
EW
m2
γ

− 1
2

)]
, (4.26)

MZ
ud =Mquark

tree ×
[
gdLg

u
Lα

4πc2
W s

2
W

(
1
ε̄EW

+ log µ
2
EW
M2
Z

− 1
2

)]
, (4.27)

MWγ
ud =Mquark

tree ×
[
−(Qd +Qū)α

4π

(
3
ε̄EW

+ 3 log µ
2
EW
M2
W

+ 5
2

)]
, (4.28)

MWZ
ud =Mquark

tree ×
[
−(gdL − guL)α

4πs2
W

(
3
ε̄EW

+ 3 log µ
2
EW
M2
W

+ 5
2 + 3

s2
W

log c2
W

)]
, (4.29)
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decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 �

�, Z
W�

ū

d

 ̄0

 �
W�

W�

ū

d

 ̄0

 �

�, Z W�

⇡+ ⇡�

Aµ

p0 p � ie(p0µ + pµ)

⇡+ ⇡�

A⌫Aµ

i2egµ⌫

(1)

 0  ̄�

⇡�

p
� 2

p
2VudF0GF (�m+ �m�) . (2)

5

Figure 5. The contributions of the vertex corrections to the Wino decay into the free quarks in
the electroweak theory.

where gdL − guL = −1− s2
W (Qd +Qū). Similarly, the Wino vertex corrections are given by,

MW
χ =Mquark

tree ×
[

α

4πs2
W

(
1
ε̄EW

+ log µ
2
EW
m2
χ

+ 2 log M
2
W

m2
χ

+ 4− 3πMW

mχ

)]
+O

(
M2
W /m

2
χ

)
, (4.30)

MWγ
χ =Mquark

tree ×
[
α

4π

(
3
ε̄EW

+ 3 log µ
2
EW
m2
χ

+ 4− 2πMW

mχ

)]
+O

(
M2
W /m

2
χ

)
, (4.31)

MWZ
χ =Mquark

tree ×
[
c2
Wα

4πs2
W

(
3
ε̄EW

+ 3 log µ
2
EW
m2
χ

+ 4− 2π(1 + cW + c2
W )MW

cW (1 + cW )mχ

)]
+O

(
M2
W /m

2
χ

)
. (4.32)

Here, we have taken the limit of r1,2 → 0 in the loop momentum integration and used the
Gordon equations. Note that the vertex corrections are proportional toMquark

tree and do not
contain the contributions such asMA. As in the case of the two-point functions, we have
omitted the pure QCD corrections.

The contributions from the vertex counterterms are given by,

MVertex(EW)
CT =Mquark

tree ×
[
2(δZW1 − δZW2 ) + δχ + δL

]
, (4.33)

where δZW1 is the renormalization constants of the weak gauge coupling and δZW2 the
weak gauge boson wave function factor (see eq. (4.10) in ref. [33]).4 Note that δχ + δL

4In the on-shell scheme of the electroweak theory in ref. [32], the renormalized SU(2)L gauge coupling
constant, g, is defined by gB = ZW1 (ZW2 )−3/2g where gB is the bare SU(2)L gauge coupling constant.
Accordingly, each fermion-W -boson coupling is associated with δZW1 − δZW2 + δF , where δF is the wave
function renormalization factor of the fermion.
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contributions in eq. (4.33) cancels those in eq. (4.17), and hence, the result does not depend
on the choices of the wave function renormalization factors. In the on-shell renormalization
scheme of the electroweak theory in ref. [32], the EW counterterms are set to satisfy

δZW1 − δZW2 = − α

2πs2
W

(
1
ε̄EW

+ log µ
2
EW
M2
W

)
, (4.34)

(see e.g., eq. (5.42) of ref. [32]). The resultant vertex correction is given by,

MVertex(EW) =Mγ
ud +MZ

ud +MWγ
ud +MWZ

ud +MW
χ +MWγ

χ +MWZ
χ +MVertex(EW)

CT .

(4.35)

4.1.4 Total contributions

Altogether, the above contributions result in

MWF,Box,Vertex(EW)

Mquark
tree

= α

4π

[
3
2 log M

2
Z

m2
γ

−
(

1
s2
W

− 4
s4
W

)
log cW + 3

s2
W

]

− α(4 + 6cW + c2
W )

4(1 + cW )s2
W

MW

mχ
+O

(
M2
W /m

2
χ

)
. (4.36)

Finally, we add the vacuum polarization of the virtual W -boson leads to the correction,

MVP

Mquark
tree

=
(

1− Σ̂1PI
WW (0)
M2
W

)−1

' 1 + Σ̂1PI
WW (0)
M2
W

, (4.37)

where Σ̂1PI
WW (p2 = 0) is the renormalized self-energy of the W -boson. Note that renormal-

ized Σ̂1PI
WW (0) includes the Wino contribution. Since this contribution is common to all the

charged weak interactions, and hence, it does not affect the ratio of the Wino and the pion
decay rates. As a result, we obtain

MVirtual(EW)

Mquark
tree

= M
WF,Box,Vertex(EW) +MVP

Mquark
tree

. (4.38)

So far, we have used the tree-level weak interaction with G0
π = VudG

0
F , where

G0
F = g2

4
√

2M2
W

= e2

4s2
W

√
2M2

W

. (4.39)

As we will discuss, we take the ratio between the charged Wino and the charged pion decay
rates where the latter has been calculated by D&M [35]. In their analysis, the tree-level
decay rate of the charged pion is not defined by using G0

π = VudG
0
F (see eq. (2.23)) but by

Gπ = VudGF where GF is the Fermi constant determined from the muon lifetime. In the
limit of the vanishing electron mass, G0

F and GF are related via

G0
F = e2

4s2
W

√
2M2

W

= GF ×
[
1− Σ̂1PI

WW (0)
M2
W

− α

4πs2
W

(
6 + 7− 4s2

W

2s2
W

log c2
W

)]
, (4.40)
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at one-loop level (see e.g. eq. (4.18) of ref. [33]). Accordingly, the ratio to the tree-level
contribution is slightly shifted by,

M̂Virtual(EW)

M̂quark
tree

= α

4π

[
3
2 log M

2
Z

m2
γ

+
(

3
s2
W

− 3
s4
W

)
log cW −

3
s2
W

]

− α(4 + 6cW + c2
W )

4(1 + cW )s2
W

MW

mχ
+O

(
M2
W /m

2
χ

)
. (4.41)

Here, M̂quark
tree denotes to the tree-level amplitude in eq. (4.3) with G0

π replaced by Gπ and

M̂Virtual(EW) =MVirtual(EW) +Mquark
tree − M̂

quark
tree . (4.42)

The one-loop correction to the Wino-decay amplitude into the free quarks is UV finite as
expected.

Note that the virtual correction does not depend on the arbitrary mass scale µEW,
since we adopt the on-shell renormalization scheme. Besides, it depends on the Wino mass
only through its negative power. This shows that the Appelquist-Carazzone theorem holds
for the Wino decay into free quarks at the one-loop level.

The virtual correction has an IR singularity in the limit of mγ → 0. Since the IR
singularity of the electroweak theory and the Four-Fermi theory are common, it does not
affect the matching procedure. In fact, we will find that the matching conditions of the
counterterms are free from the IR singularity, which provides non-trivial consistency check
of our analysis.

4.1.5 Effects from Wino axial current interactions

As we have seen in eqs. (4.19)–(4.24), the box contributions in the electroweak theory lead
to the axial current Wino weak interaction,MA. In terms of the effective Lagrangian, they
amount to,

LA = κAG
0
FJ

quark
µ (ψ̄−γµγ5ψ0) + h.c. , (4.43)

where κA is a dimensionless coefficient suppressed by one-loop factor,

κA = 2Qχ(Qd −Qū)α
3(1 + cW )

cWMW

mχ
. (4.44)

This operator contributes to the charged Wino decay into the pion through eq. (2.16). The
axial Wino current contribution is, however, the p-wave decay, while the tree-level contri-
bution in eq. (2.18) is the s-wave decay. Thus, the interference between those contributions
to the total decay rate vanishes. As a result, the decay rate through this operator, δΓA, is
highly suppressed as

δΓA
Γχ

= κ2
A

8

(
1− m2

π

∆m2

)
, (4.45)

and hence, it is O
(
α2M2

W /m
2
χ

)
correction. In the following, we neglect the Wino axial

current interactions.
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4.2 Wino decay into free quarks in four-Fermi theory

Let us repeat the same analysis in the Four-Fermi theory. In the Four-Fermi theory, there
are no radiative corrections to the neutral Wino. As stated before, we take the tree-level
mass term of the charged Wino mχ to be the physical charged Wino mass. The neutral
Wino mass is also taken to be m0 = mχ −∆m so that it reproduces the prediction in the
electroweak theory. We also redefine the tree-level Four-Fermi interactions by using GF in
eq. (4.40) in the following analysis.

4.2.1 Two-point functions

In the effective Four-Fermi interaction, the relevant two-point functions come from the
QED contributions. In the following, we omit the QCD contributions as in the case of the
electroweak theory. The photon contributions to the two-point functions are,

d

d/p
Σγ(FF)
− (mχ) = −

Q2
χα

4π

(
1
ε̄FF

+ log µ
2
FF
m2
χ

+ 2 log
m2
γ

m2
χ

+ 4
)
, (4.46)

d

d/p
Σγ(FF)

0 (mχ) = 0 , (4.47)

d

d/p
Σγ(FF)
u,d (0) = −

Q2
ū,dα

4π

(
1
ε̄FF

+ log µ
2
FF
m2
γ

− 1
2

)
. (4.48)

These corrections contribute to the decay rate through the amplitude

MWF(FF) = M̂quark
tree ×

(
1
2
d

d/p
Σγ(FF)
− (mχ) + 1

2
d

d/p
Σγ(FF)
u (0) + 1

2
d

d/p
Σγ(ff)
d (0)

)
(4.49)

= M̂quark
tree ×

α

8π

[
−Q2

χ

(
1
ε̄FF

+ log µ
2
FF
m2
χ

+ 2 log
m2
γ

m2
χ

+ 4
)

− (Q2
d +Q2

ū)
(

1
ε̄FF

+ log µ
2
FF
m2
γ

− 1
2

)]
. (4.50)

The counterterm contributions to the same process are given by,

M(FF)
CT = M̂quark

tree × e2
[
fχχQ

2
χ + fdū(Qd +Qū)2 + fχdQχQd − fχūQχQū

]
. (4.51)

4.2.2 Vertex corrections

The vertex corrections in the Four-Fermi theory are shown in figure 6. Those diagrams
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The Feynman diagrams for DVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q8⇤W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡1(r)

q8⇤
W (x)

q1
V (x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V V (`, r).

The Feynman diagrams of the radiative corrections relevant for the Wino decay into the

free quarks are:

ū

d

 ̄0

 �

�

ū

d

 ̄0

 � �

ū

d

 ̄0

 �

�

The Feynman diagrams of the box contributions in the EW theory relevant for the Wino

decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 � �, Z

W�

The Feynman diagrams of the vertex corrections in the EW theory relevant for the Wino

4

Figure 6. The virtual corrections to the Wino decay into the free quarks in the Four-Fermi theory.

contribute to the charged Wino decay as,

Mγ(FF)
a = M̂quark

tree ×
QχQūα

8π

(
5
ε̄FF

+ 5 log µ
2
FF
m2
χ

+ 2 log
m2
χ

m2
γ

+ 7
)

−MA ×
3QχQūα

8π

(
1
ε̄FF

+ log µ
2
FF
m2
χ

+ 5
3

)
, (4.52)

Mγ(FF)
b = M̂quark

tree ×
QχQdα

8π

(
5
ε̄FF

+ 5 log µ
2
FF
m2
χ

+ 2 log
m2
χ

m2
γ

+ 7
)

+MA ×
3QχQdα

8π

(
1
ε̄FF

+ log µ
2
FF
m2
χ

+ 5
3

)
, (4.53)

Mγ(FF)
c = M̂quark

tree ×
−QdQūα

4π

(
1
ε̄FF

+ log µ
2
FF
m2
γ

− 1
2

)
. (4.54)

Here, we have again taken the limit of the quark momenta r1,2 → 0 in the loop momentum
integration and used the Gordon equations. As in the case of the electroweak theory, we
have omitted the QCD loop diagrams.

As in the case of the electroweak theory, the radiative corrections lead to the axial
Wino current interaction, MA. The UV divergences of the MA contributions must be
canceled by additional counterterms proportional to eq. (4.43). The finite part of the
counterterms can be determined by matchingMA contributions in the Four-Fermi theory
and the electroweak theory. As discussed in section 4.1.5, however, the Wino decay via the
axial Wino current interactions are negligibly small in the electroweak theory. Thus, we
can safely neglect the axial Wino current contributions.

The total virtual correction is given by,

M̂Virtual(FF) =MWF(FF) +M(FF)
CT +Mγ(FF)

a +Mγ(FF)
b +Mγ(FF)

c , (4.55)

and we obtain,

M̂Virtual(FF)

M̂quark
tree

= 3α
8π

(
1
ε̄FF

+ log µ
2
FF
m2
γ

+ 7
6

)
+ e2

(
fχχ + fdū + 1− Q̄

2 fχd −
1 + Q̄

2 fχū

)
.

(4.56)
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Following D&M, we take the UV divergent parts of the counterterms,

fχχ = 1
32π2

1
ε̄FF

+ f rχχ(µFF) , (4.57)

1
2(fχd − fχū) = − 5

32π2
1
ε̄FF

+ 1
2(f rχd(µFF)− f rχū(µFF)) , (4.58)

fdū = 1
32π2

1
ε̄FF

+ f rdū(µFF) , (4.59)

with which the UV divergence in the virtual correction is cancelled. Here, f r(µFF)’s are
the finite parts of the counterterms in the MS, which will be determined shortly. The UV
divergences coincide with those of the counterterms for the pion decay given by D&M [35].

4.3 Electroweak and four-Fermi matching conditions

By comparing eqs. (4.41) and (4.56), we obtain two conditions

fχd+fχū = 0 , (4.60)

e2(fχχ+fdū+fχd/2−fχū/2) = α

4π

[
−3

2
1
ε̄FF
− 3

2 log µ
2
FF
M2
Z

+
(

3
s2
W

− 3
s4
W

)
logcW −

3
s2
W

− 7
4

]

− α(4+6cW +c2
W )

4(1+cW )s2
W

MW

mχ
+O

(
M2
W /m

2
χ

)
. (4.61)

Notice that the matching conditions do not depend on mγ , which provides a non-trivial
consistency check of the matching procedure. The full MW /mχ dependence is given in
appendix B.

5 Matching between four-Fermi theory and ChPT

As the second step of the matching procedure, we match the Four-Fermi theory to the
ChPT extended with QED and the Winos.

5.1 Chiral Lagrangian

Following D&M analysis, let us first construct the three-flavor ChPT extended with QED
and the Winos. In the ChPT, the pions and Kaons are introduced as the coordinates of the
coset space of the spontaneously broken chiral flavor symmetry, SU(3)L×SU(3)R →SU(3)V .
The leading order terms, i.e., O

(
p2) terms are,

Lp2 = F 2
0

4 〈uµu
µ + χ

(sp)
+ 〉+ e2F 2

0ZChPT〈QLQR〉

− 1
4FµνF

µν +
∑
`

[
¯̀(i /D −m`)`+ ν̄`Li/∂ν`L

]
+ ψ̄−(i /D −mχ)ψ− + ψ̄0(i/∂ −m0)ψ0 . (5.1)

The angle bracket 〈〉 denotes the trace of the flavor index. The definitions of the building
blocks, uµ, QL, QR are given below (see also refs. [35, 37]). The spurion field χ(sp)

+ represents
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the explicit chiral symmetry breaking due to the quark masses.5 The term proportional
to ZChPT = O

(
1/16π2) is responsible for the mass difference between the charged and the

neutral pions.
The QED and the weak interactions (including the Wino interactions) also break the

chiral symmetry explicitly. To treat those explicit breaking effects in a systematic manner,
we use the spurion formalism in refs. [37, 43]. In this formalism, we introduce spurion fields
qL,R and qW , which transform under the chiral SU(3)L×SU(3)R symmetry as

qL → ĝLqLĝ†L , qR → ĝRqRĝ†R , qW → ĝLqW ĝ†L , (5.2)

where ĝL,R ∈ SU(3)L,R. The spurions qL,R are hermitian. The physical values of the
spurions qL,R and qW are

QQED =


2
3 0 0
0 −1

3 0
0 0 −1

3

 , QW = −2
√

2


0 Vud Vus
0 0 0
0 0 0

 , (5.3)

respectively. Here, Vud and Vus are the elements of the CKM matrix.
In terms of the spurions, the QED interaction and the weak interaction of the pions

are described by the couplings to the left/right vector fields, which are defined by,

lµ = eqLAµ +GF
(
qW ¯̀

LγµνL +
√

2qW ψ̄−γµψ0 + ν̄Lγµ`Lq†W +
√

2ψ̄0γµψ−q†W
)
, (5.4)

rµ = eqRAµ . (5.5)

Note that we use GF in eq. (4.40). The sign convention of Aµ terms are opposite to those in
refs. [35, 37]. The coset variables uR,L are expressed by the coset coordinates, πa(a = 1–8),
as

uR = eiπ
ata ,

uL = e−iπ
ata , (5.6)

where ta = λa/2 with λa being the Gell-Mann matrices. The coset variables couple to the
vector fields lµ and rµ via

uµ = i
[
u†R(∂µ − irµ)uR − u†L(∂µ − ilµ)uL

]
. (5.7)

The dressed spurion fields are defined by,

QL = u†LqLuL , QR = u†RqRuR , QW = u†LqWuL . (5.8)

We will also use

QµL = u†L(DµqL)uL , QµR = u†R(DµqR)uR , (5.9)

5The spurion fields χ(sp)
+ and χ(sp)

− are denoted by χ+ and χ− in ref. [37], respectively.
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where

DµqL = ∂µqL − i[`µ,qL] , DµqR = ∂µqR − i[rµ,qR] . (5.10)

With the above definitions, the kinetic term of the pions and the tree-level QED and
weak interactions can be drawn from the first term of eq. (5.1),

Lp2 ⊃ |Dµπ
−|2 −m2

π|π−|2 − 2F0GFVudDµπ
−
(

¯̀
Lγ

µν`L +
√

2ψ̄−γµψ0
)

+ h.c. , (5.11)

which reproduces the Wino-pion interaction in eq. (2.17) if we replace GF → G0
F and

Fπ → F0, respectively.6 The physical decay constant Fπ is related to F0 at the one-loop
level, via,

Fπ ≡ F0

{
1 + 4

F 2
0

[
Lr4(µChPT)(M2

π +M2
K) + Lr5(µChPT)M2

π

]
− 1

2F 2
0

[
2M2

π log M2
π

µ2
ChPT

+ 2M2
K log M2

K

µ2
ChPT

]}
, (5.12)

where µChPT is the MS renormalization scale and Lr4,5(µChPT) and the mass parameters
M2
π,K are given in refs. [37, 45]. The µChPT dependence in eq. (5.12) is canceled by those

of Lr4,5(µChPT).
Note that we use GF and F0 for the tree-level parameters in the ChPT as a convention.

This convention is useful since the ratio between the tree-level Wino decay rate and the
tree-level pion decay rate by D&M coincides with eq. (2.22).

To discuss the virtual photon corrections in the ChPT, we consider the O
(
e2p2) terms

introduced in refs. [37, 43],

LK = e2F0
2
{1

2K1 〈(QL)2 + (QR)2〉〈uµuµ〉+K2 〈QLQR〉〈uµuµ〉

−K3 [〈QLuµ〉〈QLuµ〉+ 〈QRuµ〉〈QRuµ〉] +K4 〈QLuµ〉 〈QRuµ〉
+K5 〈[(QL)2 + (QR)2]uµuµ〉+K6 〈(QLQR +QRQL)uµuµ〉

+ 1
2K7 〈(QL)2 + (QR)2〉 〈χ(sp)

+ 〉+K8 〈QLQR〉 〈χ(sp)
+ 〉

+K9 〈[(QL)2 + (QR)2]χ(sp)
+ 〉+K10 〈(QLQR +QRQL)χ(sp)

+ 〉

−K11 〈(QLQR −QRQL)χ(sp)
− 〉

− iK12 〈[(QLµQL −QLQLµ)− (QRµQR −QRQRµ)]uµ〉

+K13 〈QLµQµR〉+K14 〈(QLµQµL) + (QRµQµR)〉
}
. (5.13)

The K-terms provide the counterterms to cancel the divergences due to the QED correc-
tions to the ChPT. All the counterterms are proportional to the spurion fields. The values
of the K’s have been calculated in refs. [39, 46].

6By field redefinitions of the Winos, the Wino-pion derivative interaction can be rewritten as Yukawa
interaction [44] (see appendix D).
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In addition to the K-terms, we introduce the counterterms for the pion-Wino weak
interactions:

LY = e2
{√

2F 2
0GF

[
Y1ψ̄−γµψ0〈uµ{QR,QW }〉+ Ŷ1ψ̄−γµψ0〈uµ{QL,QW }〉

+ Y2ψ̄−γµψ0〈uµ[QR,QW ]〉+ Ŷ2ψ̄−γµψ0〈uµ[QL,QW ]〉

+ Y3mχψ̄−ψ0〈QRQW 〉

+ iY4ψ̄−γµψ0〈QµLQW 〉+ iY5ψ̄−γµψ0〈QµRQW 〉+ h.c.
]

+ Ŷ6ψ̄−(i/∂ − e /A)ψ− + Ŷ7mχψ̄−ψ−
}
. (5.14)

These terms are in parallel to the X-terms for the pion-lepton weak interactions in refs. [35,
37]. The Ŷ6 and Ŷ7 terms correspond to the renormalization factors for the wave function
and the mass of the charged Wino, respectively. We take the Wino mass counterterm so
that mχ becomes the physical charged Wino mass by adjusting Ŷ7.

In this paper, we define the constants K’s and Y ’s so that they are dimensionless even
when the spacetime dimension is d( 6= 4) in the dimensional regularization. Thus, K’s in
ref. [43] are µd−4

ChPT timesK’s in this paper. AccordinglyK’s and Y ’s in this paper depend on
the renormalization scale µChPT in the MS, while K’s in ref. [43] do not depend on µChPT.
The definition for the finite part of K’s, i.e., Kr(µChPT), is the same with those in ref. [43].

The constants K’s and Y ’s contribute to the Wino decay rate through,

LK ⊃ e2
{[8

3(K1 +K2) + 20
9 (K5 +K6)

]
|Dµπ

−|2 (5.15)

− 2
√

2F0GFVud

[8
3(K1 +K2) + 20

9 (K5 +K6) + 2K12

](
ψ̄−γ

µψ0Dµπ
− + h.c.

)}
,

and

LY ⊃2
√

2e2F0GFVud

{[2
3(Y1+Ŷ1)+2(Y2+Ŷ2)

]
ψ̄−γ

µψ0Dµπ
−+

(
2iY3mχψ̄−ψ0π

−+h.c.
)}

+e2Ŷ6ψ̄−i/∂ψ− . (5.16)

Note that the Y3 term induces the Yukawa interaction of the pion which is not suppressed
by the pion momentum in contrast to the tree-level interaction in eq. (5.11).

Altogether, the counterterm contribution to the decay rate is given by,

δΓχ
Γχ

∣∣∣∣
K,Y

= e2
[

8
3(K1 +K2) + 20

9 (K5 +K6) + 4K12

− Ŷ6 −
4
3(Y1 + Ŷ1)− 4

(
Y2 + Ŷ2 −

mχ

∆mY3

)]
. (5.17)

Due to the non-derivative nature of the Y3 interaction, the Y3 contribution is relatively
enhanced by mχ/∆m.
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5.2 Spurions in four-Fermi theory

To determine the constants Y ’s, we compare the current correlators in the ChPT and the
Four-Fermi theory. For that purpose, we rewrite the Four-Fermi theory with the spurion
fields qL,R,W so that the Four-Fermi theory respects the SU(3)L×SU(3)R flavor symmetry.
The tree-level Lagrangian is given by,

LFF+q
tree =ψ̄Li /DLψL + ψ̄Ri /DRψR +

√
2GF

(
ψ̄LγµqWψL × ψ̄−γµψ0 + h.c.

)
, (5.18)

where ψL,R are the left/right projections of the three-flavor Dirac quarks (u, d, s). The co-
variant derivatives are DL,R,µ = ∂µ− ieqL,RAµ. The normalization of the weak interaction
is due to eq. (2.12) and eq. (5.3).

In eq. (4.5), we have introduced the counterterms in the Four-Fermi theory. Here, we
rewrite them as

LFF+q
CT = −2e2fχχψ̄−(i /D −mχ)ψ− − ie2fdū

[
ψ̄L[qL, DµqL]γµψL + (L↔ R)

]
(5.19)

−
√

2e2GF
[
ψ̄−γλψ0 × (fχdψ̄LγλqWqLψL + fχūψ̄Lγ

λqLqWψL) + h.c.
]
.

By setting the qL,R = diag(−Qū, Qd, Qs) and qW = QW , and re-scaling the Wino field by

ψ− →
(
1 + e2fχχ

)
ψ− , (5.20)

the counterterms in eq. (5.19) reproduce those in eq. (4.5), where no counterterms for the
kinetic terms appear.

From eqs. (5.14) and (5.19), we find that both e2Ŷ6 and −2e2fχχ play the role of the
counterterm to the kinetic term in each theory. Incidentally, fdū term is equivalent to the
counterterm to the quark kinetic term,

L′FF+q
CT =− 2e2fdū ×

1
2

[
ψ̄LqLi

←→
/D qLψL + (L↔ R)

]
, (5.21)

and hence, fdū term is related to g23 term in D&M’s paper (see appendix C).

5.3 Current correlators

We have introduced the charge spurion fields qL,R,W in both the ChPT and the Four-Fermi
theory. Following D&M analysis (see also ref. [39]), we calculate the current correlators in
two theories by taking derivatives of the generating functional with respect to the spurions.
By comparing them, we can derive the matching conditions for Y ’s.

Following D&M analysis, we consider current correlators

ifabcFVW + dabcDVW = i

∫
d4x〈ψ0(q)πa(r)| δ2W (q)

δqbV (x)δq∗cW (0)
|ψ−(p)〉 . (5.22)

Here,W (q) corresponds to the generating functional of the ChPT, WChPT(q), or the Four-
Fermi theory, WFF(q). They depend on the spurion fields qL,R,W . We have also defined
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The Feynman diagrams for GRW in the ChPT. The tree-level contributions:

 �(p)  ̄0(q)

/ Y3, Y5

q̃1
R(r)q

1⇤
W (0)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
R(r) and q1⇤

W (0), respectively,

where q̃R(r) is the Fourier transformation of qR(x).

The one-loop contributions are:

 �(p)  ̄0(q)
q1⇤
W (0)

q̃1
R(r)

 �

⇡1�

 �(p)  ̄0(q)
q̃1
R(r)q

1⇤
W (0)

 �

�

The Feynman diagrams for GRW in QCD. There are no tree-level contributions. At the

one-loop level:

 �(p)  ̄0(q)
q1⇤
W (0)

q̃1
R(r)

 �

�

Here, the double line denotes the QCD current correlator ⇧V V�AA(r � `).

The Feynman diagrams for FVW in the ChPT. The tree-level contributions:

 �(p)

 ̄0(q)

⇡3(r)

q1
V (x)q

2⇤
W (x)

2

Figure 7. The tree-level contribution to FVW in the ChPT. The point �◦ is the vertex proportional
to q1

V (x)q2∗
W (x).

ψ−(p) ψ̄0(q)

π3(r)

q2∗
W (x)

q1
V (x)

ψ−

π2γ

ψ−(p) ψ̄0(q)

π3(r)

q1
V (x)q

2∗
W (x)

ψ−

γ

Figure 8. The one-loop contribution to FVW in the ChPT. The points � and◦ are the separated
vertices proportional to q1

V (x) and q2∗
W (x), respectively.

the vector and the axial spurions via, qV ≡ qR + qL and qA ≡ qR−qL. The spurions qa’s
(a = 1–8) are given by qa = tr[λaq]. The structure constants fabc and dabc are given by,

fabc = −2i tr[ta, [tb, tc]] , dabc = 2 tr[ta, {tb, tc}] . (5.23)

Note that we set qL,R,W = 0 after taking derivatives with respect to them.
In the following, we take (a, b, c) = (3, 1, 2) for FVW (f312 = 1, d312 = 0), and (a, b, c) =

(1, 1, 8) for DVW (f118 = 0, d118 = 1/
√

3). As we will see, FVW and DVW determine
combinations Y2 + Ŷ2 − (mχ/∆m)Y3 and Y1 + Ŷ1, respectively. In the analysis of the
current correlators, we assume the kinematics with p = r + q, p2 = m2

χ, and q2 = m2
0. We

also take the chiral limit, i.e., m2
π = 0.

5.4 Calculation of FV W

5.4.1 FV W in ChPT

In the ChPT, the tree-level contribution to FVW (figure 7) is given by,

F
(tree,ChPT)
VW =−

√
2

2 e2F0GF

(
Y2 + Ŷ2 −

mχ

∆mY3

)
ū0(q)/ru−(p) . (5.24)

Here, we have used the relation, ∆mū0(q)u−(p) = ū0(q)/ru−(p). As the constants Y2, Ŷ2
and Y3 appear in the form of the above combination in the Wino decay rate (see eq. (5.17)),
we do not need determine these constants individually.
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The one-loop contributions are:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
V (x)

 �

⇡2�

 �(p)  ̄0(q)

⇡3(r)

q1
R(x)q

2⇤
W (x)

 �

�

The Feynman diagrams for FVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡3(r)

q1
V (x)q

2⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q1⇤

W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
R(x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V A(`, r).

The Feynman diagrams for DVW in the ChPT. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

3

Figure 9. The tree-level contribution to FVW in the Four-Fermi theory. The point �◦ is the
vertice proportional to q1

V (x)q2∗
W (x). Note that the vertices are provided by the quark current.

The one-loop contributions are:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
V (x)

 �

⇡2�

 �(p)  ̄0(q)

⇡3(r)

q1
R(x)q

2⇤
W (x)

 �

�

The Feynman diagrams for FVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡3(r)

q1
V (x)q

2⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q1⇤

W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
V (x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V A(`, r).

The Feynman diagrams for DVW in the ChPT. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

3

Figure 10. The one-loop contribution to FVW in the Four-Fermi theory. The double line denotes
the current correlator ΓµνV A. The points � and ◦ are the separated vertices proportional to q1

V (x)
and q2∗

W (x), respectively.

The one-loop contribution (figure 8) is given by

F
(loop,ChPT)
VW = −i

√
2

4 e2F0GF

∫
d4`

(2π)4
1

`2 −m2
γ

ū0(q)γν(/p− /̀+mχ)γµu−(p)
(p− `)2 −m2

χ

Hµν
π (`− r) ,

Hµν
π (`) = `µ`ν − rµ`ν

`2
− gµν . (5.25)

By performing loop integration and combining with the tree-level contribution, we obtain,

F
(ChPT)
VW =

√
2

2 F0GF

[
−e2

(
Y2 + Ŷ2−

mχ

∆mY3

)
− α

8π
mχ

∆m

(
3

ε̄ChPT
+3log µ

2
ChPT
m2
χ

+4
)

+ α

16π

(
5

ε̄ChPT
+5log µ

2
ChPT
m2
χ

+log
m2
χ

m2
γ

+ 9
2−

5
3π

2−4log
m2
γ

4∆m2 − log2 m2
γ

4∆m2

)

+ α

4π log
m2
χ

4∆m2

]
× ū0(q)/ru−(p) . (5.26)

5.4.2 FV W in four-Fermi theory

In the Four-Fermi theory, the tree-level contribution to FVW (figure 9) is given by,

F
(tree,FF)
VW =

√
2

8 e2F0GF (fχd − fχū)× ū0(q)/ru−(p) . (5.27)
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At the one-loop level, FVW is given by,

F
(loop,FF)
VW = −i

√
2

4 e2GF

∫
d4`

(2π)4 ΓµνV A(`, r)× −i
`2 −m2

γ

ū0(q)γν
i(/p− `+mχ)
(p− `)2 −m2

χ

γµu−(p) .

(5.28)
Here, following D&M, we have defined,

ifabcΓµνV A(`, r) ≡
∫
d4xe−i`x〈πa(r)|TJbµV (x)JcνA (0)|0〉 , (5.29)

where JaA (a = 1–8) are the axial currents in eq. (2.13) extended to the three flavor quarks,
while JaV are the corresponding vector currents.

The evaluation of ΓµνV A involves the strong dynamics of QCD which requires non-
perturvative calculation. Instead, we rely on the MRM in ref. [38] as in D&M analysis.
As emphasized earlier, the MRM satisfies the Weinberg sum rule and the leading QCD
asymptotic constraints. In this model, ΓµνV A, is given by

ΓµνV A(k, p) = F0

[
(kµ + 2qµ)qν

q2 − gµν + F (k2, q2)Pµν +G(k2, q2)Qµν
]
, (5.30)

where q = p− k with

Pµν = qµkν − (k · q)gµν , Qµν = k2qµqν + q2kµkν − (k · q)kµqν − k2q2gµν , (5.31)

and

F (k2, q2) = k2 − q2 + 2(M2
A −M2

V )
2(k2 −M2

V )(q2 −M2
A)

, G(k2, q2) = −q2 + 2M2
A

(k2 −M2
V )(q2 −M2

A)q2 . (5.32)

Here, MV and MA =
√

2MV are the mass parameters with MV being around the ρ meson
mass.

By performing loop momentum integration, we obtain,

F
(loop,FF)
VW = α

16π
√

2
F0GF

[
5

ε̄ChPT
+ 5 log µ

2
FF
m2
χ

+ log
m2
χ

m2
γ

+ log
m2
χ

M2
V

− 5π2

3 − 4 log
m2
γ

M2
V

− log2 m2
γ

4∆m2

+ 6M2
A − 9M2

V

M2
A −M2

V

+ 3 M4
V

(M2
A −M2

V )2 log M
2
A

M2
V

− 4
∆m

πMAMV

MA +MV

]
× ū0(q)/ru−(p) . (5.33)

The total contribution to FVW in the Four-Fermi theory is given by

F
(FF)
VW = F

(tree,FF)
VW + F

(loop,FF)
VW . (5.34)

Note that the UV divergence and the logmχ dependences are determined by the asymp-
totic behavior of ΓµνV A at `2 → −∞,

ΓµνV A(`, p) = F0 ×
(` · p)gµν − `µpν − `νpµ

`2
+O(`−2) . (5.35)

This behavior is consistent with the operator product expansion of QCD (see eq. (58) of
ref. [39]).
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The one-loop contributions are:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
V (x)

 �

⇡2�

 �(p)  ̄0(q)

⇡3(r)

q1
R(x)q

2⇤
W (x)

 �

�

The Feynman diagrams for FVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡3(r)

q1
V (x)q

2⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q1⇤

W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡3(r)

q2⇤
W (x)

q1
R(x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V A(`, r).

The Feynman diagrams for DVW in the ChPT. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

3

Figure 11. The tree-level contribution to DVW in the ChPT. The point �◦ is the vertice propor-
tional to q1

V (x)q8∗
W (x).

The Feynman diagrams for DVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q8⇤W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡1(r)

q8⇤
W (x)

q1
R(x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V V (`, r).

The Feynman diagrams of the radiative corrections relevant for the Wino decay into the

free quarks are:

ū

d

 ̄0

 �

�

ū

d

 ̄0

 � �

ū

d

 ̄0

 �

�

The Feynman diagrams of the box contributions in the EW theory relevant for the Wino

decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 � �, Z

W�

The Feynman diagrams of the vertex corrections in the EW theory relevant for the Wino

4

Figure 12. The tree-level contribution to DVW in the Four-Fermi theory. The point �◦ is the
vertice proportional to q1

V (x)q8∗
W (x). Note that the vertices are provided by the quark current.

5.5 Calculation of DV W

5.5.1 DV W in ChPT

The tree-level contribution to DVW (figure 11) is given by,

D
(tree,ChPT)
VW =

√
2

2 e2F0GF (Y1 + Ŷ1) . (5.36)

In the ChPT, there is no one-loop level contributions to DVW ,

D
(loop,ChPT)
VW = 0 . (5.37)

5.5.2 DV W in four-Fermi theory

In the Four-Fermi theory, the tree-level contribution to DVW (figure 12) is given by,

D
(tree,FF)
VW =

√
2

8 e2F0GF (fχd + fχū)× ū0(q)/ru−(p) . (5.38)

At the one-loop level, DVW (figure 13) is given by,

D
(loop,FF)
VW =

√
2

4 e2GF

∫
d4`

(2π)4 ΓµνV V (`, r)× −i
`2 −m2

γ

ū0(q)γν
i(/p− /̀+mχ)
(p− `)2 −m2

χ

γµu−(p) . (5.39)

Here, following D&M, we have defined,

dabcΓµνV V (`, r) =
∫
d4xe−i`x〈πa(r)|TJbµV (x)JcνV (0)|0〉 . (5.40)
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The Feynman diagrams for DVW in QCD. The tree-level contributions:

 �(p)

 ̄0(q)

⇡1(r)

q1
V (x)q

8⇤
W (x)

The squared dot, ⌅, and the circle, �, denote the insertions of q̃1
V (r) and q8⇤W (0), respectively,

where q̃V (r) is the Fourier transformation of qV (x).

At the one-loop level:

 �(p)  ̄0(q)

⇡1(r)

q8⇤
W (x)

q1
V (x)

 �

�

Here, the double line denotes the QCD current correlator �µ⌫
V V (`, r).

The Feynman diagrams of the radiative corrections relevant for the Wino decay into the

free quarks are:

ū

d

 ̄0

 �

�

ū

d

 ̄0

 � �

ū

d

 ̄0

 �

�

The Feynman diagrams of the box contributions in the EW theory relevant for the Wino

decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 � �, Z

W�

The Feynman diagrams of the vertex corrections in the EW theory relevant for the Wino

4

Figure 13. The one-loop contribution to DVW in the Four-Fermi theory. The double line denotes
the current correlator ΓµνV V . The points � and ◦ are the separated vertices proportional to q1

V (x)
and q8∗

W (x), respectively.

To evaluate ΓµνV V , we again rely on the MRM. There, ΓµνV V is given in ref. [37],

ΓµνV V (k, p) = iF0ε
µνρσkρpσΓV V (k, p) , (5.41)

with

ΓV V (k, p) = 2k2 − 2k · p− cV
2(k2 −M2

V )((p− k)2 −M2
V )

. (5.42)

The value of cV is given by

cV = NcM
4
V

4π2F 2
0
, (5.43)

in the large Nc limit [47].
By performing the loop integration, we find

D
(loop,FF)
VW = − iα

16
√

2π
F0GF

(
3
ε̄FF

+ 3 log µ
2
FF
m2
χ

+ 2
)
× ū0(q)/rγ5u−(p) . (5.44)

This result indicates that low energy constants Y ’s and counterterms f ’s are not enough
and we need to introduce the terms where γ5’s are inserted between the charged and the
neutral Wino. As we have discussed in section 4.1.5, the electroweawk theory predicts that
the contributions of the axial Wino current interaction are of O

(
α2) compared with the

tree-level contribution. Thus, in our analysis, we do not introduce additional low energy
constants, and simply neglect those contributions and take

D
(loop,FF)
VW = 0 . (5.45)

5.6 Matching conditions

Now, let us derive the matching conditions by requiring that the current correlators in the
ChPT reproduce those in the Four-Fermi theory. The matching condition for Y1 + Ŷ1 is
given by matching DVW , which results in

e2(Y1 + Ŷ1) = 1
4e

2(fχd + fχū) = 0 , (5.46)
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where we have used eq. (4.60) in the second equality. The matching condition for Y2 + Ŷ2−
(mχ/∆m)Y3 is given by matching FVW , and written as

− e2
(
Y2 + Ŷ2 −

mχ

∆mY3

)
− α

8π
mχ

∆m

(
3

ε̄ChPT
+ 3 log µ

2
ChPT
m2
χ

+ 4
)

+ α

16π

(
5

ε̄ChPT
+ 5 log µ

2
ChPT
m2
χ

+ log
m2
χ

m2
γ

+ 9
2 −

5
3π

2 − 4 log
m2
γ

m2
χ

− log2 m2
γ

4∆m2

)

= 1
4e

2(fχd − fχū)

+ α

16π

(
5
ε̄FF

+ 5 log µ
2
FF
m2
χ

+ log
m2
χ

m2
γ

+ log
m2
χ

M2
V

− 5π2

3 − 4 log
m2
γ

M2
V

− log2 m2
γ

4∆m2

+ 6M2
A − 9M2

V

M2
A −M2

V

+ 3 M4
V

(M2
A −M2

V )2 log M
2
A

M2
V

− 4
∆m

πMAMV

MA +MV

)
. (5.47)

Note that the both side have the identical mγ dependence and the matching condition is
free from the IR divergences.

The matching condition for Ŷ6 is simply given by,

e2Ŷ6 + α

4π
1

ε̄ChPT
= −2e2fχχ + α

4π
1
ε̄FF

+ α

4π log µ2
FF

µ2
ChPT

. (5.48)

In addition, we will use the following expression for, K12,7

e2K12 = −1
8
α

4π
1

ε̄ChPT
+ 1

2e
2f rdū(µFF) + α

16π log µ
2
ChPT
µ2

FF
(5.49)

+ 1
8
α

4π

(
−3 log µ

2
ChPT
M2
V

+ 3(M2
A +M2

V )M2
V

(M2
A −M2

V )2 log M
2
A

M2
V

− 6M2
A

M2
A −M2

V

+ 3
2

)
,

which is obtained by using the MRM in ref. [39].

6 Radiative correction to charged Wino decay

Finally, let us calculate the radiative correction to the Wino decay rate in the ChPT. In
this section, the tree-level amplitude is taken to be

iM̂tree = 2
√

2VudF0GF∆mū0(q)u−(p) , (6.1)

since we have redefined the tree-level Lagrangian by eq. (5.11).

6.1 Two-point functions

The derivative of the self-energy of the Wino at /p = mχ in the ChPT is,

d

d/p
Σ(ChPT)
− (mχ) =− α

4π

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
χ

+ 2 log
m2
γ

m2
χ

+ 4
)
. (6.2)

7We obtain this expression by combining eqs. (91) and (102) in ref. [35]. Here, we take account of the
difference between the Pauli-Villars regularization in ref. [35] and the MS scheme in our analysis.
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The Feynman diagram for the pion-Wino system:

⇡+ ⇡�

Aµ

p0 p � ie(p0µ + pµ)

⇡+ ⇡�

A⌫Aµ

i2e2gµ⌫

 0  ̄�

⇡�

p
� 2

p
2F⇡G⇡pµ�

µ

 0  ̄�

Aµ⇡�

2
p
2eF⇡G⇡�

µ .

We take the directions of the pion momentum are the same with the charge flow directions.

The Feynman diagrams for the virtual radiative corrections to the Wino decay:

⇡�(r)

 ̄0(q)

 �(p)

` ⇡�(r)

 ̄0(q)

 �(p)

`

⇡�(r)

 ̄0(q)

 �(p)

`

Here, p, q, r are the four momentum of the corresponding particles. The label of the particle

denotes the particle states for given momenta.

The Feynman diagrams of the real photon emission:

⇡�(r)

 ̄0(q)

�(k)

 �(p)

⇡�(r)

 ̄0(q)

 �(p)

�(k)

The labels again show the particle states for given momenta.

1

Figure 14. The virtual QED correction to the Wino decay.

And that of pion is,

d

dp2 Σ(ChPT,QED)
π (m2

π) = α

2π

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
γ

)
. (6.3)

Here, we only consider the QED correction to the pion, since the pion self-energy from the
pion loops cancels when we take the ratio between the Wino and the pion decay rates.

The above self-energy contributes to the NLO decay amplitude as,

MWF = M̂tree ×
(

1
2
d

d/p
Σ(ChPT)
− (mχ) + 1

2
d

dp2 Σ(ChPT,QED)
π (m2

π)
)
. (6.4)

Note that we have already taken the wave function renormalization counterterms into
account in eq. (5.17), and therefore we do not need to include them here.

6.2 Vertex corrections

The vertex corrections to the Wino decay process are given in figure 14. To estimate
these corrections, we take the limits of ∆m � mχ, mπ � mχ and mγ → 0. We also use
∆mū0(q)u−(p) = ū0(q)/ru−(p). The first contribution is,

MVertex,1

M̂tree
= α

4π

{
5
2

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
π

)
− 2√

1− z2
log 1−

√
1− z2

1 +
√

1− z2
log mγ

mπ
+ 11

2

− 1
3
√

1− z2

[
π2 − 6 log2 z − 3 log2

(
2(
√

1− z2 − 1 + z2)
)

+ 6 log2(2
√

1− z2)

+ 12 log z log
(
1−

√
1− z2

)
+ 6Li2

(1
2 −

1
2
√

1− z2

)]}
, (6.5)

where z = mπ/∆m.
The second contribution in figure 14 is given by,

MVertex,2

M̂tree
= − α

4π
mχ

∆m

(
3

ε̄ChPT
+ 3 log µ

2
ChPT
m2
χ

+ 4
)
. (6.6)

Note that this contribution is enhanced by a factor ofmχ/∆m and can even exceed the tree-
level contribution for a large limit of mχ. As we will see, however, the mχ/∆m enhanced
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The Feynman diagram for the pion-Wino system:

⇡+ ⇡�

Aµ

p0 p � ie(p0µ + pµ)

⇡+ ⇡�

A⌫Aµ

i2e2gµ⌫

 0  ̄�

⇡�

p
� 2

p
2F⇡G⇡pµ�

µ

 0  ̄�

Aµ⇡�

2
p
2eF⇡G⇡�

µ .

We take the directions of the pion momentum are the same with the charge flow directions.

The Feynman diagrams for the virtual radiative corrections to the Wino decay:

⇡�(r)

 ̄0(q)

 �(p)

` ⇡�(r)

 ̄0(q)

 �(p)

`

⇡�(r)

 ̄0(q)

 �(p)

`

Here, p, q, r are the four momentum of the corresponding particles. The label of the particle

denotes the particle states for given momenta.

The Feynman diagrams of the real photon emission:

⇡�(r)

 ̄0(q)

�(k)

 �(p)

⇡�(r)

 ̄0(q)

 �(p)

�(k)

⇡�(r)

 ̄0(q)

 �(p)

�(k)

The labels again show the particle states for given momenta.

1

Figure 15. The real photon emission associated to the Wino decay.

contribution is completely cancelled by the constants Y ’s which are obtained by matching
from the electroweak theory.

Finally, the third contribution in figure 14 is given by,

MVertex,3

M̂tree
= − α

8π

(
3

ε̄ChPT
+ 3 log µ

2
ChPT
m2
π

+ 7
)
. (6.7)

By combining all the vertex corrections, MVertex,1, MVertex,2, MVertex,3, and MWF, we
obtain

MVirtual

M̂tree
= α

8π

{
3
(

1
ε̄ChPT

+ log µ
2
ChPT
m2
π

)
− 6 mχ

∆m

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
χ

+ 4
3

)
+ 3 log

m2
χ

m2
π

− 8
(

1 + 1
2
√

1− z2
log 1−

√
1− z2

1 +
√

1− z2

)
log mγ

mπ

− 2
3
√

1− z2

[
π2 − 6 log2 z − 3 log2

(
2(
√

1− z2 − 1 + z2)
)

+ 6 log2(2
√

1− z2)

+ 12 log z log
(
1−

√
1− z2

)
+ 6Li2

(1
2 −

1
2
√

1− z2

)]}
. (6.8)

6.3 Real photon emission in Wino decay

To cancel the IR singularity in the virtual correction, we need to take into account the
real photon emission. In this subsection, we show the Wino decay rate with real photon
emission. The details are given in appendix E. The relevant diagrams are given in figure 15.
We calculate the real emission rate by dividing the energy range of the photon Eγ < Esoft
(soft part) and Esoft < Eγ (hard part) where Esoft is taken in between

mγ � Esoft �
m2
χ +m2

γ − (m0 +mπ)2

2mχ
' ∆m−mπ . (6.9)

– 31 –



J
H
E
P
0
1
(
2
0
2
3
)
0
1
7

The resultant soft part is given by,

δΓemit,soft
χ

Γχ
= α

π

{
1 + 2

(
1 + 1

2
√

1− z2
log 1−

√
1− z2

1 +
√

1− z2

)
log mγ

2Esoft

+ 1
2
√

1− z2

[
− π2

3 −
(

1− log 4(1− z2)
z2

)
log 1−

√
1− z2

1 +
√

1− z2

+ 1
2 log2 1−

√
1− z2

1 +
√

1− z2
+ 2 Li2

(
1−
√

1− z2

1 +
√

1− z2

)]}
, (6.10)

in the limit of mχ � ∆m > mπ. By comparing eqs. (6.8) and (6.10), we find that the IR
divergence does not appear in the sum of the virtual correction and the soft real emission.

The hard part of the real emission is given by

δΓemit,hard
χ

Γχ
= α

π

{
4− 2 log 4(1− z2)

z
+ 2

(
1 + 1

2
√

1− z2
log 1−

√
1− z2

1 +
√

1− z2

)
log 2Esoft

∆m

+ 1√
1− z2

[
− π2

3 − log z log 1−
√

1− z2

1 +
√

1− z2

+ 1
2 log2 1−

√
1− z2

1 +
√

1− z2
+ 2 Li2

(
1−
√

1− z2

1 +
√

1− z2

)]}
, (6.11)

in the limit of the large Wino mass. The sum of Γemit,hard
χ and Γemit,soft

χ does not depend
on Esoft.

6.4 Virtual correction and real photon emission

By combining the virtual photon correction and the real emission contributions, we obtain

δΓχ
Γχ

∣∣∣∣
γ

= α

4π

[
3
(

1
ε̄ChPT

+ log µ
2
ChPT
m2
π

)
− 6mχ

∆m

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
χ

+ 4
3

)

+ 3 log
m2
χ

∆m2 + 4fχ
(
mπ

∆m

)]
, (6.12)

where

fχ(z) = 5 + 5
2 log z − 2 log

(
4(1− z2)

)
(6.13)

+ 1√
1− z2

[
− 2π2

3 − 1
2 log2 2 + (1− 2 log 2) log z + 6 log2 z

− 1
2(log 2 + 2 log z) log

(
1− z2

)
− 1

8 log2
(
1− z2

)
+ 1

2
(
−2 + 6 log 2 + 3 log

(
1− z2

)
− 20 log z

)
log

(
1−

√
1− z2

)
+ 7

2 log2
(
1−

√
1− z2

)
− Li2

(1
2 −

1
2
√

1− z2

)
+ 3Li2

(
1−
√

1− z2

1 +
√

1− z2

)]
.

The final expression is free from the IR divergence as expected, while it is UV divergent. In
the next section, we combine eqs. (6.12) with the counterterm contributions in eq. (5.17).

– 32 –



J
H
E
P
0
1
(
2
0
2
3
)
0
1
7

7 Results

7.1 Wino decay rate @ NLO

By combining eqs. (5.17) and (6.12), the Wino decay rate at the NLO is given by,

δΓχ
Γχ

= α

4π

[
3
(

1
ε̄ChPT

+logµ
2
ChPT
m2
π

)
−6mχ

∆m

(
1

ε̄ChPT
+logµ

2
ChPT
m2
χ

+4
3

)
+3log

m2
χ

∆m2 +4fχ
(
mπ

∆m

)]

+e2
[

8
3(K1+K2)+20

9 (K5+K6)+4K12−Ŷ6−
4
3(Y1+Ŷ1)−4

(
Y2+Ŷ2−

mχ

∆mY3

)]
. (7.1)

The relevant constants, Y ’s, are given in eqs. (5.46), (5.47) and (5.48),

e2(Y1+Ŷ1)=0, (7.2)

e2
(
Y2+Ŷ2−

mχ

∆mY3

)
= α

16π

[
5
(

1
ε̄ChPT

+logµ
2
ChPT
µ2

FF

)
−6mχ

∆m

(
1

ε̄ChPT
+logµ

2
ChPT
m2
χ

+4
3

)

+3log
m2
χ

M2
V

+9
2−

6M2
A−9M2

V

M2
A−M2

V

−3 M4
V

(M2
A−M2

V )2 logM
2
A

M2
V

+ 4
∆m

πMAMV

MA+MV

]

−1
4e

2(f rχd(µFF)−f rχū(µFF)), (7.3)

e2Ŷ6=− α

4π
1

ε̄ChPT
−2e2f rχχ(µFF)+ α

4π log µ2
FF

µ2
ChPT

, (7.4)

where f r(µFF)’s denote the finite parts of the counterterms in the MS scheme. The UV
divergences of K1,5 are given in refs. [43, 48];

e2K1 = −3
8
α

4π
1

ε̄ChPT
+ e2Kr

1(µChPT) , (7.5)

e2K5 = 9
8
α

4π
1

ε̄ChPT
+ e2Kr

5(µChPT) , (7.6)

where Kr
1,5(µChPT)s are the finite part in the MS scheme. The constants e2K2,6 are finite

corrections of O
(
e2), and hence, µChPT independent. We do not need explicit expressions

of Kr
1,5 and K2,6 as they are canceled when we take the ratio between the Wino and the

pion decay rates. We also use K12 in eq. (5.49).
Altogether, we obtain the NLO decay rate of the charged Wino,

δΓχ
Γχ

= − αMAMV

∆m(MA +MV ) + α

16πgχ
(
MV

MA
,
∆m
MA

)
+ α

π
fχ

(
mπ

∆m

)
+ e2(2f rχχ(µFF) + f rχd(µFF)− f rχū(µFF) + 2f rdū(µFF))

+ 8
3e

2(Kr
1(µChPT) +K2) + 20

9 e
2(Kr

5(µChPT) +K6)

+ 3α
8π log µ

2
ChPT
M2
V

+ 3α
4π log µ2

FF
µ2

ChPT
+ α

4π log
(

∆m2M4
V

m6
π

)
+ 2α

π
log 2 , (7.7)
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where

gχ(ζ, η) = −3
(
1 + 6ζ2 − 7ζ4 + 4

(
ζ2 + 3ζ4) log(ζ)

)
(1− ζ2)2 − 16 log

(
4η2

ζ2

)
. (7.8)

The combination of f r’s in the second line is given by

e2(2f rχχ(µFF) + f rχd(µFF)− f rχū(µFF) + 2f rdū(µFF))

= α

2π

[
−3

2 log µ
2
FF
M2
Z

+
(

3
s2
W

− 3
s4
W

)
log cW −

3
s2
W

− 7
4

]

− α(4 + 6cW + c2
W )

2(1 + cW )s2
W

MW

mχ
+O

(
M2
W /m

2
χ

)
, (7.9)

which is determined by the matching condition in eq. (4.61). The full MW /mχ dependence
of this combination of f r’s is given in appendix B.

The result eq. (7.7) is free from the UV and IR singularities. The dependences on µChPT
and µFF are also cancelled by the running of the f r’s and Kr’s. Besides, eq. (7.7) does not
have O(α logmχ) enhanced contributions and depends on mχ only through O

(
αms

χ

)
(s ≤

0). As a result, eq. (7.7) becomes constant in the limit of mχ → ∞. This shows that the
decoupling theorem similar to the Appelquist-Carazzone theorem holds in the Wino decay.

7.2 Ratio between Wino and pion decay rates

The radiative correction to the pion decay rate including the real photon emissions is given
by refs. [49, 50]8

δΓπ
Γπ

= α

2π

[
−3

2

(
1
ε̄

+ log µ̄2

m2
π

)
+ 6 log mµ

mπ
+ 11

4 −
2
3π

2 + fπ

(
mµ

mπ

)]

+ e2
[

8
3(K1 +K2) + 20

9 (K5 +K6) + 4K12

− X̂6 −
4
3(X1 + X̂1)− 4(X2 + X̂2) + 4X3

]
, (7.10)

where

fπ(r) = 4
(

1 + r2

1− r2 log r − 1
)

log
(
1− r2

)
+ 41 + r2

1− r2 Li2(r2)

− r2(8− 5r2)
(1− r2)2 log r − r2

1− r2

(3
2 + 4

3π
2
)
. (7.11)

In D&M analysis, three arbitrary mass scales, µ, µ0, µ1 are introduced, although final
result does not depend on µ’s. In the following, we set µ = µ0 = µ1 = µ̄. The constants,

8Note also that we need to correct 19 → 17 and 13 → 11 in eq. (7b) of ref. [49]. The relation between
the structure dependent constant C1 in ref. [49] and the constants K’s and X’s is given in ref. [37].
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X’s, are given by,

e2(X1 + X̂1) = 3α
16π

(
log M

2
V

M2
Z

+ 1− cV
2M2

V

)
, (7.12)

e2(X2 + X̂2) = α

16π

[
5
ε̄

+ 3M2
VM

2
A

(M2
A −M2

V )2 log M
2
A

M2
V

− 3M2
A

M2
A −M2

V

+ 5
2

]

− 1
4e

2(gr(PV)
02 (µ̄)− gr(PV)

03 (µ̄)) , (7.13)

e2X3 = 3α
8π

(
1
ε̄

+ log µ̄2

M2
V

+ M2
V

M2
A −M2

V

log M
2
A

M2
V

− 1
6

)
, (7.14)

e2X̂6 = − α

4π
1
ε̄
− 2e2g

r(PV)
00 (µ̄) + α

8π . (7.15)

Here, gr(PV)’s are determined by the subtraction scheme based on the Pauli-Villars regu-
larization in D&M analysis. The constant K12 in eq. (7.10) is given by

e2K12 = −1
8
α

4π
1
ε̄

+ 1
2g

r(PV)
23 (µ̄) (7.16)

+ 1
8
α

4π

(
−3 log µ̄2

M2
V

+ 3(M2
A +M2

V )M2
V

(M2
A −M2

V )2 log M
2
A

M2
V

− 6M2
A

M2
A −M2

V

+ 1
2

)
,

which reproduces eq. (5.49) by substituting e2g
r(PV)
23 (µ̄) = e2f rdū(µ̄) + α/16π. As a result,

we obtain,
δΓπ
Γπ

= α

16πgπ
(
MV

MA

)
+ α

2π

(
6 log mµ

mπ
+ 11

4 −
2
3π

2 + fπ

(
mµ

mπ

))
+ e2(2gr(PV)

00 (µ̄) + g
r(PV)
02 (µ̄)− gr(PV)

03 (µ̄) + 2gr(PV)
23 (µ̄))

+ 8
3e

2(Kr
1(µ̄) +K2) + 20

9 e
2(Kr

5(µ̄) +K6)

+ 3α
8π log µ̄2

M2
V

− 3α
4π log M

2
V

m2
π

+ α

4π log M
2
Z

M2
V

, (7.17)

where

gπ(ζ) = −19− 36ζ2 log ζ
1− ζ2 + 2ĉV , (7.18)

with ĉV = cV /M
2
V . The combination of the counterterms is given by D&M,

e2(2gr(PV)
00 (µ̄) + g

r(PV)
02 (µ̄)− gr(PV)

03 (µ̄) + 2gr(PV)
23 (µ̄)) = 3α

4π log M
2
Z

µ̄2 . (7.19)

Indeed, with the µ̄ dependence of the constants gr’s and K’s , we confirm that δΓπ/Γπ
does not depend on µ̄. The totalMZ dependence of δΓπ/Γπ reproduces the logarithmically
enhanced logMZ term in ref. [49].

Finally, let us take the ratio between the pion decay rate and the Wino decay rate at
the NLO,

Γ(χ− → χ0 + π−(+γ))
Γ(π− → µ− + νµ(+γ)) = Γχ

Γπ
×
(

1 + δΓχ
Γχ
− δΓπ

Γπ

)
. (7.20)
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The ratio at the tree-level decay rates Γχ and Γπ is given in eq. (2.22). The difference of
the radiative correction is, on the other hand, given by,

δΓχ
Γχ
− δΓπ

Γπ
= − αMAMV

∆m(MA +MV ) + α

16πgχ
(
MV

MA
,
∆m
MA

)
− α

16πgπ
(
MV

MA

)
+ α

π
fχ

(
mπ

∆m

)
− α

2π

(
6 log mµ

mπ
+ 11

4 − 4 log 2− 2
3π

2 + fπ

(
mµ

mπ

))
+ α

2π

((
3
s2
W

− 3
s4
W

)
log cW −

3
s2
W

− 7
4

)
− α(4 + 6cW + c2

W )
2(1 + cW )s2

W

MW

mχ

− α

4π log M
2
Z

M2
V

+ α

4π log
(

∆m2M10
V

m12
π

)
, (7.21)

where we have used eqs. (7.9) and (7.19) with µChPT = µ̄. We have neglected the terms
higher than O

(
M2
W /m

2
χ

)
. The full M2

W /m
2
χ dependence appearing through f r’s can be

found in appendix B.

7.3 Estimation of error from hadron model

The largest contribution to the NLO decay rate turns out to be9

e2YL ≡ e2
(
Y2 + Ŷ2 −

mχ

∆mY3

)∣∣∣∣
lead

= α

4
MAMV

∆m(MA +MV ) . (7.22)

This expression is obtained by the phenomenological hadron model, i.e., the MRM. In this
subsection, we discuss uncertainties originate from the hadron model.

For this purpose, let us first note that the leading contribution is obtained from the
current correlator in the limit of r → 0 and ∆m→ 0,

e2YL∆m× ū0(p)u−(p) = ie2

2F0

∫
d4`

(2π)4 ΓµνV A(`, 0)× −i
`2 −m2

γ

ū0(p)γν
i(/p− /̀+mχ)
(p− `)2 −m2

χ

γµu−(p) .

(7.23)
The correlator ΓµνV A(`, r) at r = 0 is, on the other hand, related to another current corre-
lator, Πµν

V V−AA(`), via [51],

ΓµνV A(`, 0) = 1
F0

Πµν
V V−AA(`) . (7.24)

Here, the correlator Πµν
V V−AA(k) is defined by,

Πµν
V V−AA(k) = i

∫
d4xe−ikx〈0|TJ1

V µ(x)J1
V ν(0)− J1

Aµ(x)J1
Aν(0)|0〉 (7.25)

= F 2
0 (kµkν − k2gµν)ΠV V−AA(k) , (7.26)

In terms of ΠV V−AA(k), the leading contribution is rewritten as,

e2YL∆m×ū0(p)u−(p) = ie2

2F 2
0

∫
d4`

(2π)4 Πµν
V V−AA(`)× −i

`2 −m2
γ

ū0(p)γν
i(/p− /̀+mχ)
(p− `)2 −m2

χ

γµu−(p) .

(7.27)
9Note that e2YL is always much smaller than O(1) since we assume that ∆m is larger than mπ for

kinematical reasons while m2
π −m2

π0 = O
(
αM2

V

)
[51] with mπ0 being the neutral pion mass.
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In the MRM, ΠV V−AA is given by

ΠV V−AA(`) ' M2
AM

2
V

`2(`2 −M2
V )(`2 −M2

A)
. (7.28)

By comparing with the lattice simulation in ref. [52], we find that the MRM well fits the
lattice estimation of ΠV V−AA(`) for |`2| . Λ2

cut ' 5GeV2 by taking,

MV = 0.6 GeV–0.8 GeV , (7.29)

with the assumption M2
A/M

2
V = 2.10

The contribution to e2YL from the larger loop momentum, |`2| > Λ2
cut ' 5GeV2 is, on

the other hand, estimated to be,

e2YL||`2|>Λ2
cut
' α

4
M2
AM

2
V

2∆mΛ3
cut

' MAMV (MA +MV )
2Λ3

cut
× e2YL

' 6.5× 10−2 × e2YL . (7.30)

Thus, the errors caused by the contributions from |`2| > Λ2
cut is minor.

From these arguments, we estimate the uncertainty of the leading hadronic contribu-
tion by varying MV = 0.6–0.8GeV. For the other contributions obtained by the MRM,
gχ and gπ in eq. (7.21), we put ±50% following D&M, although their contributions are
subdominant.

Several comments are in order. In our analysis, we have taken the chiral limit to derive
the matching conditions between the Four-Fermi theory and the ChPT. The effects of the
pion mass to the matching conditions are expected to be of O

(
m2
π/M

2
V

)
, which is minor than

the uncertainties of our estimate discussed above. We also note that there are mixed QED
and QCD corrections of O(ααs) at the two-loop level, where αs is the QCD coupling. Those
corrections are, however, negligibly small [49], and hence, we do not take into account.

10The parameters MV,A should be taken as the fit parameter for ΠV V−AA instead of the physical
masses of the corresponding (pseudo-)vector mesons. The function Π(1) in ref. [52] is normalized as
Π(1) = ΠV V−AA × (2F 2

π ).
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7.4 Numerical estimate

Let us move on to the numerical estimate of the NLO decay rate. The numerical values of
the terms in eq. (7.21) are given by,

α

π
fχ

(
mπ

∆m

)
' −0.64× 10−2 − 0.84× 10−2 × log

( ∆m
164 MeV

)
+ 0.78× 10−2 × log2

( ∆m
164 MeV

)
, (7.31)

− α

2π

(
6 log mµ

mπ
+ 11

4 − 4 log 2− 2
3π

2 + fπ

(
mµ

mπ

))
' 0.75× 10−2 , (7.32)

α

2π

[(
3
s2
W

− 3
s4
W

)
log cW −

3
s2
W

− 7
4

]
− α(4 + 6cW + c2

W )
2(1 + cW )s2

W

MW

mχ

' −1.07× 10−2 − 0.70× 10−2 ×
(

1 TeV
mχ

)
, (7.33)

− α

4π log M
2
Z

M2
V

+ α

4π log
(

∆m2M10
V

m12
π

)
' (0.39± 0.1)× 10−2

+ 0.12× 10−2 × log
( ∆m

164 MeV

)
, (7.34)

− αMAMV

∆m(MA +MV ) ' −(1.8± 0.3)× 10−2 ×
(164 MeV

∆m

)
, (7.35)

α

16πgχ
(
MV

MA
,
∆m
MA

)
− α

16πgπ
(
MV

MA

)
' (0.23± 0.11)× 10−2

− (0.46± 0.23)× 10−2 log
( ∆m

164 MeV

)
. (7.36)

Note that we expand the ∆m dependences around log(∆m/164 MeV) = 0. The errors in
eqs. (7.34) and (7.35) are caused by the choice of MV = 0.6–0.8GeV. We also put ±50%
to the hadron model contributions, gχ and gπ as mentioned in the previous section. For
the estimate of ĉV , we have used Fπ instead of F0 in eq. (5.43). Note that the errors of α,
mπ, mµ, MZ , and MW are negligible at the accuracy of the current analysis.

Combining all the contributions, we obtain the radiative correction to the ratio of the
decay rates as,

δΓχ
Γχ
− δΓπ

Γπ
= (−0.59± 0.1)× 10−2 − 0.70× 10−2 ×

(
1 TeV
mχ

)

− 0.72× 10−2 × log
( ∆m

164 MeV

)
+ 0.78× 10−2 × log2

( ∆m
164 MeV

)
− (1.8± 0.3)× 10−2 ×

(164 MeV
∆m

)
+ (0.23± 0.11)× 10−2 − (0.5± 0.2)× 10−2 × log

( ∆m
164 MeV

)
. (7.37)

In figure 16, we show the radiative correction to the ratio of the decay rate as a
function of ∆m for given values of mχ. In the figure, we use the full expression of fχ(z) in
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Figure 16. The radiative correction to the ratio of the decay rate, δΓχ/Γχ−δΓπ/Γπ, as a function of
∆m. Each band corresponds to the error of NLO analysis which is dominated by the uncertainties
of the MRM. For the pure Wino case, the mass differences ranges in ∆m ' 163–165MeV for
mχ > 600GeV [14].

eq. (6.13). We also take into account the fullMW /mχ dependence of f r’s. The figure shows
that the one-loop radiative correction to the ratio of the decay rates is about −(2–4)% for
∆m ' 164MeV. The error bands are dominated by the uncertainty of the MRM.

By using the charged pion lifetime, the branching fraction of π± → µ±+ν(+γ), and the
two-loop estimation of ∆m as a function of mχ (see ref. [14]), we can now make a prediction
of the Wino lifetime at the O(1)% precision. In figure 3, we show the Wino decay length as
a function of the Wino mass. In the figure, we show the central value of our estimation in a
black solid line. We also show the tree-level decay length in a black dashed line. The blue
bands show the uncertainty from the hadronic model. The red bands show the uncertainty
of the prediction of the Wino mass difference, ∆m, from the three-loop correction, δ∆m =
±0.3 MeV. In the figure, we have included the three body decay modes χ− → χ0 + `+ ν̄`,

τ−1
χ ≡ Γ(χ− → χ0 + π− + (γ)) + Γe + Γµ

= Γ(χ− → χ0 + π− + (γ))
Γ(π− → µ− + ν̄µ + (γ)) ×B(π± → µ± + ν(+γ))× τ−1

π + Γe + Γµ , (7.38)

where Γ` denotes the Wino decay rate into χ0 + `+ ν̄` in eq. (2.24).

8 Conclusions and discussions

In this paper, we have computed the NLO correction of the charged Wino decay and made
the most precise estimate of the lifetime of the charged Wino. In our analysis, we have
constructed the ChPT which includes the Winos and QED. By matching the ChPT to the
electroweak theory, we have derived the NLO decay rate free from the UV divergence. We
have also taken into account the real photon emission, so that the NLO rate is free from
the IR divergence. As a result, we found the NLO correction gives a minor impact on the
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Figure 17. The LHC constraint on the charged Wino mass and lifetime based on the disappearing
charged track search. The red solid line shows the 95% CL limit by the ATLAS with data of∫
Ldt = 136 fb−1 and

√
s = 13TeV [29]. The red band shows ±1σ uncertainty of the production

cross section of the Wino. The black solid line is the prediction with the two-loop mass difference
and the one-loop decay rate, whereas the dashed line shows the result of the tree-level calculation.

lifetime of 2–4% increase. The effect on search of the Wino at the LHC is also minor, with
only a 5–10GeV increase in the pure Wino mass limit as shown in figure 17.

We have also confirmed that a decoupling theorem similar to the Appelquist-Carazzone
theorem holds for the Wino decay at the one-loop level. The radiative corrections depend on
the Wino mass only through O

(
αms

χ

)
with s ≤ 0 and there is no logarithmically enhanced

dependences on mχ. The decay rate becomes constant in the limit of mχ → ∞. This
result is non-trivial since the Appelquist-Carazzone decoupling theorem is not applicable
to the decay of the Wino, where the external lines of the diagrams include heavy particles.
Besides, we have explicitly found that the ∆m/mχ enhanced NLO contributions appear in
eq. (6.8). Such enhanced effects can only be cancelled by preparing counterterms matched
to the electroweak theory. It is not clear whether this cancellation takes place or not at
the higher-loop order. We will study this aspect in more general setup in future.
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A Gordon equations

Let us consider the spinor wave functions u1(p1) and u2(p2) with real valued masses m1
and m2, respectively. They satisfy

(/pi −mi)ui(pi) = 0 , (A.1)

ūi(pi)(/pi −mi) = 0 , (A.2)

where ū(p) = u†(p)γ0 and we have used γµ † = γ0γµγ0 and (γ0)2 = 1. We find

ū2(p2)γµ(m1u1(p1)) = ū2(p2)γµ/p1u1(p1) , (A.3)

(ū2(p2)m2)γµu1(p1) = ū2(p2)/p2γµu1(p1) , (A.4)

and hence,

(m1 +m2)ū2(p2)γµu1(p1) = ū2(p2)(γµ/p1 + /p2γ
µ)u1(p1)

= ū2(p2)
(

(p1 + p2)µ + 1
2(p1 − p2)ρ[γµ, γρ]

)
u1(p1)

= ū2(p2) ((p1 + p2)µ − iσµρ(p1 − p2)ρ)u1(p1) . (A.5)

Here, σµν = i[γµ, γν ]/2. As a result, we obtain the Gordon identity,

ū2(p2)γµu1(p1) = ū2(p2)
((p2 + p1)µ

m1 +m2
+ iσµρ

(p2 − p1)ρ
m1 +m2

)
u1(p1) . (A.6)

Similarly, we find

ū2(p2)γµγ5(m1u1(p1)) = ū2(p2)γµγ5/p1u1(p1) = −ū2(p2)γµ/p1γ5u1(p1) , (A.7)

(ū2(p2)m2)γµγ5u1(p1) = ū2(p2)/p2γµγ5u1(p1) . (A.8)

Thus, we obtain,

ū2(p2)γµγ5u1(p1) = ū2(p2)
((p2 − p1)µ

m1 +m2
γ5 + iσµργ5

(p2 + p1)ρ
m1 +m2

)
u1(p1)

= ū2(p2)
((p2 + p1)µ

m2 −m1
γ5 − iσµργ5

(p2 − p1)ρ
m2 −m1

)
u1(p1) . (A.9)

In the limit of p1 = p2 and m1 = m2, the Gordon equations are reduced to

pµū2(p)u1(p) = mū2(p)γµu1(p) , (A.10)
pµū2(p)γ5u1(p) = 0 . (A.11)
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B Full expression of eq. (7.9)

In eq. (7.9), we only showed the matching condition to the O(MW /mχ) terms. In figure 3
and figure 16, we keep the full MW /mχ dependence at one-loop level;

e2(2f rχχ(µFF)+f rχd(µFF)−f rχū(µFF)+2f rdū(µFF)) =−3α
4π log µ

2
FF
M2
Z

+ α

8π

{
−7s2

W +18z2
W −12

s2
W

+
2zW

[
8+2z2

W −z4
W +8s2

W

(
−5−2z2

W +z4
W

)]
cot−1 zW√

4−z2
W

s4
W

√
4−z2

W

+ 2
s4
W c

2
W

×
[
−
(
s2
W +1

)
zW

√
4c2
W −z2

W

(
2c2
W +z2

W

)
cot−1 zW√

4c2
W −z2

W

+2s2
W

(
4s2
W −5

)
z4
W logzW +

((
s2
W +1

)
z4
W −6c4

W

)
logcW

]}
, (B.1)

where zW = MW /mχ < 1.

C Quark wave function renormalization

To see the equivalence between the quark counterterms in eqs. (5.19) and (5.21), let us
rewrite the kinetic term of the quark,

L = 1
2

(
ψ̄Li
←→
/D ψL + (L↔ R)

)
, (C.1)

and consider field redefinition,

ψL = ψ′L + e2fdūq2
Lψ
′
L , (C.2)

ψ̄L = ψ̄′L + e2fdūψ̄
′
Lq2

L , (C.3)

where we have assumed q†L = qL. With the field redefinition, the kinetic term leads to

L|L,O(e2) = i

2

[
e2fdūψ̄

′
Lq2

Lγ
µDµψ

′
L + e2fdūψ̄

′
LqLγµDµ(qLψ′L) + e2fdūψ̄

′
Lγ

µ(DµqL)qLψ′L

− e2fdū(Dµψ̄
′
L)q2

Lγ
µψ′L − e2fdūDµ(ψ̄′LqL)γµqLψ′L − e2fdūψ̄

′
LqL(DµqL)γµψ′L

]
= ie2fdūψ̄

′
LqLγµDµ(qLψ′L) + ie2fdūψ̄

′
Lγ

µ(DµqL)qLψ′L
− ie2fdūDµ(ψ̄′LqL)γµqLψ′L − ie2fdūψ̄

′
LqL(DµqL)γµψ′L

= ie2fdūψ̄
′
LqL
←→
/D qLψ′L − ie2fdūψ̄

′
L[qL, DµqL]γµψ′L . (C.4)

In the second equality, we have used the partial integration to remove the terms propor-
tional to q2

L. As a result, the counterterm in eqs. (5.19) can be transformed into the one
in eq. (5.21) by renaming ψ′L to ψL to the order of O

(
e2).
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D Wino-pion interaction

The pion weak interactions with leptons can be rewritten as Yukawa interactions [44].
Here, we show that the Wino-pion interaction in eq. (5.11) is also equivalent to the Yukawa
interaction

L = 2
√

2VudF0GF (m̂χ −m0)(iπ−ψ̄−ψ0 − iπ+ψ̄0ψ−) (D.1)
= 2
√

2VudF0GF (∆m+ δmχ)(iπ−ψ̄−ψ0 − iπ+ψ̄0ψ−) , (D.2)

where we defined m̂χ ≡ mχ + δmχ. The physical charged and the neutral Wino masses are
given by mχ and m0, respectively, while δmχ is the Wino mass counterterm. By noting
that the QED correction to the charged Wino self-energy at /p = mχ is given by,

Σ(ChPT)
− (mχ) = 3α

4πmχ

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
χ

+ 4
3

)
, (D.3)

we find

δmχ = −3α
4πmχ

(
1

ε̄ChPT
+ log µ

2
ChPT
m2
χ

+ 4
3

)
. (D.4)

To prove the equivalence between eq. (5.11) and eq. (D.1), let us consider the field
redefinitions,

ψ0 = ψ′0 + iεπ+ψ′− − iεπ−ψ
′c
− , (D.5)

ψ̄0 = ψ̄′0 − iεπ−ψ̄′− + iεπ+ψ̄
′c
− , (D.6)

ψ− = ψ′− + iεπ−ψ′0 , (D.7)
ψ̄− = ψ̄′− − iεπ+ψ̄′0 . (D.8)

Here, ε will be a parameter which will be determined below. The S-matrix is not affected
by this change.

From the kinetic term of ψ0, we obtain

δL0 = −1
2(iεπ−ψ̄′− − iεπ+ψ̄

′c
−)(i/∂ −m0)ψ′0 + 1

2 ψ̄
′
0(i/∂ −m0)(iεπ+ψ′− − iεπ−ψ

′c
−)

= επ−ψ̄′−/∂ψ
′
0 − εψ̄′0/∂(π+ψ′−) + iεm0(π−ψ̄′−ψ′0 − π+ψ̄′0ψ

′
−)

= επ−ψ̄′−/∂ψ
′
0 − εψ̄′0( /Dπ+)ψ′− − εψ̄′0π+( /Dψ′−) + iεm0(π−ψ̄′−ψ′0 − π+ψ̄′0ψ

′
−) . (D.9)

Similarly, we obtain

δL−=−iεπ+ψ̄′0(i /D−m̂χ)ψ′−+ iεψ̄′−(i /D−m̂χ)(π−ψ′0)
= επ+ψ̄′0 /Dψ

′
−−εψ̄′−( /Dπ−)ψ′0−επ−ψ̄′−i/∂ψ′0− iεm̂χ(π−ψ̄′−ψ′0−π+ψ̄′0ψ

′
−) . (D.10)

Here, we have used

ψ̄
′c
i ψ

′c
j =(Cψ̄′Ti )†γ0(Cψ̄′Tj )=(ψ′Ti γ0C†)γ0(Cψ̄′Tj )=−(ψ′Ti ψ̄

′T
j )=ψ′jψ̄′i, (D.11)

ψ̄
′c
i γ

µψ
′c
j =(Cψ̄′Ti )†γ0γµ(Cψ̄′Tj )=(ψ′Ti γ0C†)γ0γµ(Cψ̄′Tj )=(ψ′Ti γµT ψ̄

′T
j )=−ψ′jγµψ̄′i. (D.12)
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decay into the free quarks are:

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 �

�, Z

W�

ū

d

 ̄0

 �

�, Z
W�

ū

d

 ̄0

 �
W�

W�

ū

d

 ̄0

 �

�, Z W�

⇡+ ⇡�

Aµ

p0 p � ie(p0µ + pµ)

⇡+ ⇡�

A⌫Aµ

i2egµ⌫

(1)

 0  ̄�

⇡�

p
� 2

p
2VudF0GF (�m+ �m�) (2)

5

Figure 18. The Feynman rules of the Wino-pion interactions in eq. (D.1).

Altogether, we obtain,

δL = −εψ̄′−( /Dπ−)ψ′0 − εψ̄′0 /Dπ+ψ′− − iε(m̂χ −m0)(π−ψ̄′−ψ′0 − π+ψ̄′0ψ
′
−)

= −εψ̄′−( /Dπ−)ψ′0 − εψ̄′0 /Dπ+ψ′− − iε(∆m+ δmχ)(π−ψ̄′−ψ′0 − π+ψ̄′0ψ
′
−) , (D.13)

which does not affect the S-matrix. Thus, by choosing

ε = −2
√

2VudF0GF , (D.14)

we can replace the interaction in eq. (5.11) with the one in eq. (D.1). The Feynman rules
for eq. (D.1) are given in figure 18.

E Real photon emission in Wino decay

In this appendix, we present the details of the computation of the real photon emission.
It is convenient to use the Wino-pion interaction in eq. (D.1), which is equivalent to the
Wino-pion interaction in eq. (5.11). In this picture, the relevant diagrams are,

iMemit
1 =

π−(r)

ψ̄0(q)

γ(k)

ψ−(p)

= −(−ie)(2
√

2∆mVudF0GF )ū0(q)
i(/p− /k +mχ)
(p− k)2 −m2

χ
/ε∗u−(p) , (E.1)
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iMemit
2 =

π−(r)

ψ̄0(q)

ψ−(p)

γ(k)

= −(−ie)(2
√

2∆mVudF0GF )ε∗µ(2r + k)µ i

(r + k)2 −m2
π

ū0(q)u−(p) , (E.2)

where εµ denotes the polarization vector of the photon. We have neglected δmχ term as it
gives higher order contribution for O(eα). When we use the Wino-pion interaction in the
form of eq. (D.1), the third diagram in figure 15 does not appear.

The denominators of eqs. (E.1) and (E.2) are reduced to

(p− k)2 −mχ = −2p · k , (r + k)2 −m2
π = 2r · k , (E.3)

where we have used k2 = 0. Besides,

(/p− /k +mχ)/ε∗u−(p) = (2ε∗ · p− /k/ε∗)u−(p) , ε∗ · (2r + k) = 2ε∗ · r , (E.4)

where we have used ε∗µkµ = 0. Thus, the total real emission amplitude is

iMemit = 2
√

2e∆mVudF0GF ū0(q)u−(p)
(
p ·ε∗

p ·k
− r ·ε

∗

r ·k

)
−
√

2e∆mVudF0GF ū0(q)
/k/ε∗

p ·k
u−(p) .
(E.5)

The spin summed squared matrix averaged by the charged Wino spin is given by,

|Memit|2 = 1
2
∑
spin
|Memit|2

= 16e2∆m2V 2
udF

2
0G

2
F

[
(p · q +m0mχ)

(
−

m2
χ

(p · k)2 −
m2
π

(r · k)2 + 2p · r
(k · p)(k · r)

)

+
(
r · q
k · r

− p · q
k · p

+ k · q
k · p

− (k · q)(p · r)
(k · p)(k · r) +

m2
χk · q

(k · p)2

)]
, (E.6)

where we have used
∑

polarization εµε
∗
ν = −gµν . The Wino decay rate with a real emission is

given by,

Γemit = 1
(2π)3

1
m3
χ

∫
dm2

0πdm
2
0γ |M̄emit

χ |2 , (E.7)

where m2
0π = (q + r)2 = (p− k)2 and m2

0γ = (q + k)2 = (p− r)2.
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For a given value of m2
0π, the range of m2

0γ is given by,

(m2
0γ)max = (E∗0 + E∗γ)2 −

(√
E∗20 −m2

0 −
√
E∗2γ −m2

γ

)2
, (E.8)

(m2
0γ)min = (E∗0 + E∗γ)2 −

(√
E∗20 −m2

0 +
√
E∗2γ −m2

γ

)2
, (E.9)

E∗0 =
m2

0π −m2
χ +m2

0
2m0π

, (E.10)

E∗γ =
m2
χ −m2

0π −m2
γ

2m0π
. (E.11)

The kinematical range of m2
0π is given by,

(mπ +m0)2 < m2
0π < (mχ −mγ)2 . (E.12)

We also use

p · k = (m2
χ +m2

γ −m2
0π)/2 , (E.13)

r · k = (m2
χ +m2

ν −m2
0π −m2

0γ)/2 , (E.14)
q · k = (m2

0γ −m2
γ −m2

0)/2 , (E.15)
p · r = (m2

χ +m2
π −m2

0γ)/2 , (E.16)
p · q = (m2

π0 +m2
0γ −m2

π −m2
γ)/2 , (E.17)

r · q = (m2
0π −m2

π −m2
0)/2 . (E.18)

The integration over m2
0γ can be performed simply.

Let us consider the first term in eq. (E.6) which contributes to the IR divergence. We
divide the integration region of m2

0π into the soft region

m2
χ +m2

γ − 2mχEsoft < m2
0π < (mχ −mγ)2 (E.19)

and the hard region

(mπ +m0)2 < m2
0π < m2

χ +m2
γ − 2mχEsoft , (E.20)

in the charged Wino rest frame. We take Esoft in

mγ � Esoft �
m2
χ +m2

γ − (m0 +mπ)2

2mχ
' ∆m−mπ . (E.21)

In the soft region, integration over m2
0π can be performed by choosing the photon velocity

v =
√

1−m2
γ/E

2
γ , as a new integration variable [53]. The integration region of v is,

0 < v <

√
x2

soft − 4λ2

xsoft
, (E.22)

where λ = mγ/mχ and xsoft = 2Esoft/mχ.
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As a result, we find the contribution from the first term in eq. (E.6) is given by,

Γemit,soft,1
χ

Γχ
= α

π

{
1 + 2

(
1 + 1

2
√

1− z2
log 1−

√
1− z2

1 +
√

1− z2

)
log mγ

2Esoft

+ 1
2
√

1− z2

[
− π2

3 −
(

1− log 4(1− z2)
z2

)
log 1−

√
1− z2

1 +
√

1− z2

+ 1
2 log2 1−

√
1− z2

1 +
√

1− z2
+ 2 Li2

(
1−
√

1− z2

1 +
√

1− z2

)]}
, (E.23)

in the limit of mχ � ∆m > mπ. By comparing eqs. (6.8) and (E.23), we find that the
IR divergence is cancelled between the virtual correction and the real emission. The hard
part contribution from the first term in eq. (E.6) is given by

Γemit,hard,1
χ

Γχ
= α

π

{
4− 2 log 4(1− z2)

z
+ 2

(
1 + 1

2
√

1− z2
log 1−

√
1− z2

1 +
√

1− z2

)
log 2Esoft

∆m

+ 1√
1− z2

[
− π2

3 − log z log 1−
√

1− z2

1 +
√

1− z2

+ 1
2 log2 1−

√
1− z2

1 +
√

1− z2
+ 2 Li2

(
1−
√

1− z2

1 +
√

1− z2

)]}
, (E.24)

in the limit of the large Wino mass. The contribution from the second line in eq. (E.6) is
given by,

Γemit,2
χ

Γχ
= α

4π
∆m2

m2
χ

1 + 2z2 − 3z2 log z√
1− z2

+
3z2 log

(
1−
√

1− z2
)

√
1− z2

 , (E.25)

which is free from the IR divergence, and we can directly integrate over m2
0γ and m2

0π. As
this contribution is further suppressed by (∆m/mχ)2 � 1, this contribution is negligible
compared with the above contributions.

Recalculation of QED virtual correction. Incidentally, we recalculate the virtual
correction using the Wino-pion interaction in eq. (D.1). In this picture, the QED correction
is given by a single diagram,

iδMχ =

π−(r)

ψ0(q)

ψ−(p)

`

(E.26)

= −2
√

2e2VudF0GF∆mµ2ε
∫

dd`

(2π)d
−i

`2 −m2
γ

i(2r − `)µ
`2π −m2

π

[
ū(q)

i(/̀χ +mχ)
`2χ −m2

χ

γµu(p)
]
,
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where `χ = `−p and `π = `−r. Here, we have dropped δmχ in the one-loop diagram since
δmχ = O(α).

The O(α) contribution to the virtual correction including the Wino mass counterterm
is given by

MVirtual
χ

M̂tree

∣∣∣∣∣
Eq. (D.1)

= δMχ +MWF

M̂tree
+ δmχ

∆m . (E.27)

This expression reproduces the virtual correction in eq. (6.8) obtained by the original Wino-
pion interaction in eq. (5.11). Here, we have use δmχ in eq. (D.4). In this picture, we find
that the mχ/∆m enhanced term originates from the Wino mass counterterm.
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