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corresponding to the Landau problem. We face a quantum anomaly problem since the
hidden symmetry operators can only be constructed when « is integer. Such operators
are non-local in the case of the free particle. For the harmonic oscillator, the symmetry
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1 Introduction

In physics, a quantum anomaly occurs when classical symmetries fail at the quantum
level. The well known examples of this are the so-called Adler-Bell-Jackiw anomaly in
electrodynamics [1, 2], where the conservation of axial vector current is violated in quantum
theory, and the gauge anomalies, where quantum corrections do not preserve classical gauge
invariance. [3]. In this article, we face a type of quantum anomaly similar to what was
observed in [4], which is more related to the structure of the spacetime background than
quantum corrections, and where the conserved operators commute with the Hamiltonian,
but their action can produce non-physical eigenstates.

The phenomenon of a quantum anomaly produced by geometric constraints is not too
strange since it is natural to expect that spacetime has to influence on the dynamics of the
systems that live on it. The very well known examples where the geometry effects essentially
on the symmetry properties of the particle systems are provided by the integrable dynamics
of a test particle in the Kerr black hole due to the Carter integral [5], and the enhanced
supersymmetry that characterizes the motion of a spinning particle in a Kerr-Newman black
hole [6]. In these two cases we are dealing with hidden symmetries and the so-called Killing
and Killing-Yano tensors associated with them [7—12]. Other effects related with geometry



are the Lense-Thirring effect produced by gravitoelectromagnetic fields [13, 14] and the
production of additional particles in quantum field theories in curved spaces [15, 16].

The specific issue of the “geometrical quantum anomaly” that we refer above was
observed by us earlier when we analyzed the problem of canonical quantization of non-
relativistic dynamics in the cosmic string spacetime [17], which is characterized by a
geometrical parameter a that encodes the information on the conical singularity of the
background [18-21]. Various authors explored this topic in the past [22-26], but their
research avoids going deeper into quantum symmetries, since they claim that there are
difficulties in defining self-adjoint operators correctly. In our case, we were able to construct
the well defined hidden symmetry generators and gave a non-linear algebraic description
of conformally invariant quantum systems [27] living in this spacetime only for natural
values of a. This goes in contrast with the classical level (and for this reason we have a
quantum anomaly), where the well defined on phase space hidden integrals of motion can
be constructed for any rational value of a.

In our study, the so-called conformal bridge transformation [28, 29] played a crucial role.
This relatively new technique relates asymptotically free conformally invariant models with
their harmonically confined versions. Therefore, if one system has an anomaly issue, then
the other also faces this problem [17]. On the other hand, the (super)conformally invariant
systems are the simplest integrable models that can be studied in different geometric
backgrounds, and which are essential with their own right due to appearance in various
applications in physics. For some recent interesting results see [30-33] and references therein.

One may expect that a way to cure the geometric anomaly in our case should again be
related to geometry. With this in mind, we address here the idea to include a homogeneous
rotation of angular velocity €2 about the cone’s symmetry axis in the corresponding spacetime
metric as a possible solution to the anomaly issue. As is well known, such a rotation induces
gravitoelectromagnetic fields [13, 14]. Historically, the importance of studying rotating
reference frames comes from the simple fact that the Earth’s rotation strongly influences
the experiments carried out on it. In quantum case, the rotation results, in particular,
in appearance of the Sagnac effect [34], the impossibility of forming rigid flows [35], and
modifications in the Hall effect [36, 37]. Since rotation also introduces a kind of singularity
at the point in which its axis intersects the two-dimensional surface, it is somewhat natural
to expect that its inclusion, at least, should provide some new insight in the context of
the quantum anomaly problem. In addition, by switching on of a rotationally-invariant
harmonic trap with its independent frequency parameter, one could also hope to dynamically
solve the anomaly problem.

Although the formulated idea has not worked as it was expected, we have obtained
several interesting results that apply to both single-particle and many-particle systems in
conical backgrounds, and this article aims to report them.

Let us describe the organization of the article and briefly summarize the results.
Section 2 investigates the geodesic motion in a homogeneously rotating conical background,
which we interpret as a cosmic string with a gravitoelectromagnetic field. We describe
there a particular type of an integral of motion which plays a role similar to that of the
Laplace-Runge-Lentz vector in the Kepler problem [11, 38]. At the classical level, this



quantity is a well defined phase space function for arbitrary values of 2 but only when
« is rational. It has a well defined non-local quantum analog only for integer values of
a. In section 3, we supply the system with a harmonic trap potential with frequency w
and study its classical dynamics. As a result, we obtain an analog of the Euclidean exotic
rotationally invariant harmonic oscillator (ERIHO) system [39], but now in the cosmic string
background. This system has closed orbits and integrals of motion associated with a hidden
symmetry only when both parameters |y| = |Q2/w| and « take rational values. In particular
case |y| = 1, the system is equivalent to the Landau problem in a space with a topological
defect [40, 41]. In section 4, we consider the quantum version of the system using the
conformal bridge transformation [28, 29]. There we show that the quantum analogs of the
hidden symmetry generators are well defined operators that correctly reflect the degeneracy
of energy levels only when « takes integer values. In section 5, we consider the mean-field
theory approximation to study the Bose-Einstein condensation of the harmonically trapped
systems in a conical vessel in their Landau problem phases corresponding to v = =+1.
Similar problem for the Euclidean case was considered in [42, 43]. As a result, we show
that the appearing vortex structure respects a singular point of the rotating cosmic string
background. In section 6, the discussion of the obtained results and outlook are presented.
In appendix A we show how the nontrivial integrals found in section 2 can be obtained from
the non-relativistic two-dimensional free particle in the inertial reference frame (2 = 0).

2 Dynamics in rigidly rotating spacetimes

The weak field approximation of general relativity is characterized by appearance of electric-
and magnetic-like fields. They are usually called the gravitoelectric and gravitomagnetic
fields because their action on massive test particles is similar to the action of external electric
and magnetic fields on charged particles. An indirect verification of gravitoelectromagnetism
is provided by relativistic jets [44, 45] appearing in the study of rotating black holes, and in
the observed excess of energy and luminosity produced by quasars and active galactic nuclei,
which are explained by the Lense-Thirring effect [13, 14]. Recently, gravitomagnetism
has also been used to explain the rotation curves of galaxies as an alternative to dark
matter [46].

The dynamics of test particles in rigidly rotating spacetime backgrounds is essentially
affected by the appearance of gravitoelectromagnetic fields at the classical and quantum
levels. For special values of the parameters of such and similar systems, classical dynamics
of test particles can be completely integrable due to appearance of hidden symmetries, which
also reveal themselves in peculiar properties of the corresponding quantum systems [5, 6, 10—
12, 17, 39]. This section aims to investigate such effects for geodesic motion in a rotating
conical background.

2.1 Classical picture

The simplest case in which gravitoelectromagnetic effects can be observed corresponds to a
(3 4+ 1)-dimensional Minkowski vacuum subjected to a uniform rotation. The metric of this



spacetime with the angular velocity 2 oriented along the z axis is given by
ds? = —c2dt* + (dp* + p*(dp + Qdt)* + dz?) . (2.1)

Lagrangian of a non-relativistic test particle that experiences geodesic motion in this
background is obtained from the relativistic action

7mc/\/ﬂ= m&/\l1é<(f§)2+pz (‘29:+Q)2+ (Zf) it (2.2)

by taking the limit ¢ — oco. It is given by

_m
2

where the dot denotes time derivative. This is a Lagrangian of a free particle in a rotating

L=Lo+ 32, Lo=—_("+0 ¢+, (2.3)

reference frame in cylindrical coordinates. It can be obtained in an alternative way from the
non-relativistic free particle system in inertial reference frame by means of a time dependent
canonical transformation, see appendix A. Written in Cartesian coordinates z! = pcos
and 22 = psin ¢, Lagrangian Lq takes the form

Lo= Zgigi 4 Q2igi 4 Jomgigi - gi = 2Ccidgd (2.4)

2 2 c 2

Here, A’ can be interpreted as a two-dimensional vector potential of a gravitomagnetic field
applied to a particle with gravitomagnetic charge ¢,,, = —2m. As a result, two-dimensional
Lagrangian (2.4) corresponds to that of the Landau problem in symmetric gauge with
magnetic field Bg = €;;0;A; = —(Qc, supplemented with an isotropic quadratic centrifugal
potential —%mﬂ%%i. The latter can be reinterpreted as the external gravitoelectric
potential applied to a particle with gravitoelectric charge g, = —m." The canonical
Hamiltonian for the system (2.4) is

1
Hqo = 5, PiPi — Qp, Py = T1P2 — T2P1 - (2.5)

The peculiarity of the system (2.4) is that the additional repulsive centrifugal potential
term exactly balances the confining effect of the magnetic field as is seen from the solution
of the classical equations of motion,

T4 (t) = 1 +izy = pe'? = e (Bt 4 O) | (2.6)

where B and C are complex constants of the dimensions of & and x, respectively, and the
bracket term corresponds to a free dynamics of a particle in a plane.

A conical singularity can be introduced by reducing metric (2.1) to a conical surface
z(p) = pcot 3, that results in the (2+1)-dimensional spacetime with a metric

ds* = —2dt* + o*dp® + p*(dp + aQdt)?, (2.7)
0<p<oo, 0<¢p<2m, a?=1+cot’f>1.

!The ratio of the gravitomagnetic charge to the gravitoelectric charge equals two because, unlike
electromagnetism, gravity is a spin-2 field [47].



To simplify future calculations, we have rescaled 2 — «af). When 2 = 0, this metric can
be associated with a (2 + 1)-dimensional cosmic string spacetime with the identification
a = (1—4uc2G)~!, where G is the Newton constant and p is the linear mass density of the
string [17]. If we allow the parameter o to take values in the interval (0, 1), metric (2.7) can
be associated, on the one hand, with a geometric background describing radial dislocations
in superfluids [14], and, on the other hand, with metric of an anti-gravitating cosmic string
with negative mass density (which corresponds to a wormhole’s background) [14, 48].

Note here that in the case of 2 # 0, & > 1 one can consider metric (2.7), (2.8) as that
corresponding to a rotating conical vessel of an infinitesimal thickness. This interpretation
will be employed in section 5.

In the spacetime (2.7), the non-relativistic geodesic Lagrangian is given by

LG = T (%5 + p%(¢ +a0)?) . (2.9)

It is obtained in the same way as for the flat case by substituting ds? in (2.2) for the
metric (2.7), (2.8).2 In terms of the conical metric in Cartesian coordinates,

1 xh)? zlz?
2
gij = 0ij + (a®—1) (xl)z n (xz)z <x1x2 x2)2> ) (2.10)

Lagrangian (2.9) takes the form

aQ
(O‘)’:%(;ﬁ,—xl). (2.11)

L = 9t + 5 Pgya'e + —QGCM giit AT 4
For a > 1, A7 can be interpreted as a vector potential corresponding to the Landau
problem in the symmetric gauge with magnetic field B®) = —aBg = afe, which is
perpendicular to the surface of the cone.

Classical Hamiltonian of the system (2.9) is

(a) 1 I 4 L,
HQ —2m(a2pp+p2p<p *O[pr, (212)

from where one sees that the repulsive quadratic potential appearing in (2.11) again
compensates the confinement effect of the magnetic field. It is clear that the system is
rotationally invariant, p, = const, and so, has the integral of motion

() 1 L o L o
HO = % <a2pp + ?pp . (213)

The latter is the Hamiltonian of a free particle in a conical geometry in the inertial
reference frame.

In the case of arbitrary values of the parameter «, there are also formal dynamical
integrals of motion®

P — HOE) | G i =) 214

20ne can also start from the spacetime metric of the spinning cosmic string background, but the

non-relativistic limit has to be taken in a special way. We return to this point in the last section.

3Such explicitly depending on time integrals satisfy the evolution equation % ={A4, Hg(za)} + % =0.



where

e _ (Pp + -pso> 2 50— gpetif — Ll 2.15
+ o ¢ P e ) + ape moE ( )

are the analogues of the canonical momenta and the Galilean boost generators in the
conical geometry [17]. They are globally well defined phase space functions in the flat case
a =1, see appendix A, as well as for integer values of « greater than one. Integrals (2.14)
generate the two-dimensional Heisenberg algebra, {Gf ),Pia)} = 2m, {GgfY ),Pj([a)} =0,
{Ggf), G(_a)} = {PJ(FQ), Pﬁa)} = 0. From them, one can construct the well defined in the
phase space, rotationally invariant generators of dilatations, D(®), and special conformal
transformations, K(®),

1 o (6% « (6% 1 «
D@ = %(GQPSHGE)PL ) = §ppp—Hé t, (2.16)
1 1
(o) _ (@) _ L 2 2 on)y _ pple)2
K 2mG+ G- 5™Ma’p 2D\Yt — Hy 't (2.17)

Quadratic in Pj(ca) and GS_La ) dynamical integrals D(®) and K (® together with the Hamiltonian
Hg()a) = ﬁPJ(ra)P(a) — afdp, satisfy the centrally extended sl(2,R) conformal algebra

(DO, HE Y = HE) + 2@, (D) K@y =~k [K©), 1)} = 2D, (2.15)

in which Z(®) = aQp,, = i5 (Ggf‘)Pfa) - G(_Oé)Pia)) plays a role of the central charge. The

2m
Casimir of this algebra is

o 1
C= (D) - (H + Z) K@ 4 (2 =0. (2.19)

The central extension here is rather formal since the central charge can be absorbed by
changing the generator Hg(la) for Héa) = Hg()a) + 7@ = ﬁPj(La)PEQ), that transforms (2.18)
into gl(2,R) = sl(2, R)@u(1) algebra, where s[(2, R) is the usual conformal algebra generated
by H(ga), D@ and K™ and u(1) is generated by Pp- The value of the sl(2,R) Casimir
C = (D)2 - H((]a)K(a) reduces in this case to —%2173,.

From the dynamical integral (2.17) and Casimir (2.19) one gets that p? as a function
of time is given by the quadratic polynomial

P2(t) = alt —t,)> + b? (2.20)
with a = QHSQ)/(maz), b = pi,/(2mHéa)) and
t, =—D@/H® (2.21)
One finds that at the moment of time ¢ = t,, the variable p takes the minimum value,
pts) = b= 2mH{") "2 [p,| = p. (2.22)

that corresponds to the ‘perihelion’ of the trajectory.
To find the angle evolution and identify the trajectories of the particle, we consider the
transformation
p—ap, o —=alp. (2.23)



Under this rescaling of the variables, Lagrangian (2.9) is transformed into Lg in (2.4), and
therefore, locally the geodesic motion in metric (2.7) is given by 4 (t) = x'(t) + iz%(t) =
p(t)e ™ where now

pt) =a Y Bt+C|, ¥ =% Bty C|7*(Bt+ C)°, (2.24)

and so,
o (t) = o Huw| ¥ (w(t)*, w(t) = e (Bt +C). (2.25)

Parametrizing complex integration constants as B = Vet and C' = Re'?, and employing
the corresponding Hamiltonian equations of motion of the system, one finds that the integral
H(ga), the angular momentum p,,, the perihelion of the orbit p, and the corresponding
moment of time ¢, reduce to

H(ga) = %VQ, Py = 'mV Rsin(¥; — d2), (2.26)
ps = o 'R|sin(d; — 92)], t, = —RV ! cos(¥, — 03), (2.27)

while the total mechanical energy is expressed as Héa) = 2V?(1 — 2QRV " 'sin(¥; — ).
From these relations it follows that when the constants of integration are chosen so that
91 — Y9 = mn, n € Z, the angular momentum is zero, and with V' # 0 the particle falls to
the origin of the coordinate system being the vertex of the cone. One also notes that when
the mechanical energy HS()O‘) takes positive (negative) values, the translational (rotational)
motion governed by H(()a) (—afdp,) dominates. Furthermore, when V' = 0, we have H((]O‘) =0,
and the orbit is a circle of radius p.
The second equation in (2.24) can be written in an equivalent form

gia (pmps) _ g—iSi—t) {1 <pg LiPe t*)ﬂ 7 (2.28)
pep mal

where @, = ¢(t,). After replacing here the time evolution parameter by its expression in
terms of the phase space functions,

t—t.= L0 (2.29)
2H"

that is directly obtained from (2.21) and the definition of D(®, and multiplying (2.28) by

:F(QmHéa))l/ze*m_lw, we get as a result the following complex pair IE_LO‘) of the true (not

depending explicitly on time) mutually conjugate integrals of motion,

(6% Q (6%
1 = exp (j:i pf’;) () (2.30)
2H,"

see eq. (2.15) and appendix A. In the case of & = 1 and © = 0 these integrals reduce to the
complex linear combinations p+ = p; & ips of the momentum vector components of the free
particle in R2.* Obviously the quantities f (Héa), p¢)Ij(Ea) also are integrals of motion for

arbitrary choice of the function f(&,n).

4The conical background (o # 1) topologically is like the punctured Euclidean plane R? — (0, 0).



The integrals L(ra) and I(,a) have the Poisson brackets {L(ra), I(,a)} = 2tmaf), and so,
are similar to the complex linear combinations of the integrals corresponding to a center of
a circular orbit in the Landau problem in a plane. However, due to the phase factor, these
integrals are globally well defined functions in the phase space only in the cases of o = 1/k

with & =1,2,.... For general case of rational values a = q/k with ¢ = 1,2,..., the integrals
Q
(190 = exp | £i-=Pe ) (/) ya (2.31)

can be considered instead of (2.30) since they do not have the phase problem. Here and
in what follows we assume that the fraction ¢/k is irreducible, i.e., ¢ and k are mutually
prime.

Another way to obtain the formal integrals (2.30) is by starting from the integrals of
the system in the reference frame at rest (2 = 0), and applying to them the canonical
transformation

exp()\F(o‘)) *f = f+nz:1;J;{F(O‘),{...,{F(O‘),f}...}} = Tow M) % (f),  (2.32)

n

Fl) = a% . A=-Q. (2.33)

The chosen generator F(@) of the canonical transformation includes dependence on the
dilatation dynamical integral D(®) taken at t = 0, see eq. (2.16), and so, is not an integral
of motion. By means of the Poisson brackets relations

(P, 5} = ap,, {F),pa} =0, (2.34)
1 1 o 1 « « - «

one gets as a result
Tpe (—Q) % (H) = HEY . T (~) % (HS)720) = (HS) 721, (2.36)
from were it is deduced
T (=) ((H™ + afpg) ) A(HE) 721l ) = 16 (2.37)

In the case o = q/k we get T(g/r) (—2) * ((HéQ/k))_%(H(iQ/k))q) = (H(()Q/k))_%(lf/k))q.
This technique will be useful for the quantum analysis in the next section.

To complete the classical analysis, we visualise the trajectories of the particle for different
values of a. To draw them in the (2!, 22) plane, where z! and z? are real and imaginary
parts of x4 in (2.25), it is necessary to take into account some properties associated with
the function f,(w) = w® in the w complex plane. First, the function f,(w) is analytic in
the w complex plane when « is an integer number, and then there are no problems to draw
the orbit. On the other hand, when o = ¢/k with ¢,k = 1,2,..., f/p(w) is a k-valued
function, and its entire domain corresponds to a Riemann surface with k sheets. In this
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Figure 1. Trajectories for different rational values of the cone parameter o and €2 > 0. The
colour change in the trajectories indicates the transition from one Riemann surface sheet to
another. In figures la and 1d (1b, le, 1g and 1i) the corresponding Riemann surface has three
(two) sheets, while in figures 1c¢ and 1f the Riemann surface is the complex plane itself. For
Px = P(ts) = a(V(Rsin(¥; — 92))~! — Q) > 0, the external angular velocity Q > 0 is subtracted
from the intrinsic angular velocity of the particle at the position of “perihelion” of the orbit, producing
a small loop that does not enclose the origin. For ¢, < 0, such small loops are not generated. When
¥« = 0, a cusp appears (figure 1h).

case, for k > 1 we have to take care on which sheet we are in a definite moment of time.
Finally, f,(w) with irrational « is an infinite-valued function, whose domain corresponds to
a Riemann surface with infinite number of sheets. In figure 1 some examples of trajectories
are presented by following the indicated peculiarities.

2.2 Quantum picture

After quantization we get the Hamiltonian operator

A

a2 = B — ap,,, (2.38)



which represents a linear combination of the free particle Hamiltonian in a conical back-
ground [17] and the quantum angular momentum operator,

A h? 1 9 0 1 92 0
gl _ " ( ) ) =il 2.39
0 2m \ a2p dp pap + p? D2 Py ! Oy (2:39)
The eigenstates that simultaneously diagonalize these two operators, and therefore are the
eigenstates of the system (2.38), are given by the functions

« K 1/
Y (ry ) = \ 5 Jalel(K7)e v, (2.40)

where J3(n) are the Bessel functions of the first kind. These states satisfy the eigenvalue

equations
(@) PR () ()
Ho 7/} ( p) = a2 nz( ©) s ﬁgﬂ/),.;e (r,0) = Mﬂ),@e (r,¢), (2.41)
24 «@ «@ «a o FL2 2
a5l = Byl BY) = ooy — O, k>0, (=0£1..., (242)

as well as the orthogonality relation <¢,(@7g

,(57)4,> = 0ppr0(k — k'), where

2w
(U |Wy) = / / U0y, /gdatde? = / rdr [ deWUiW, (2.43)
0 0

is the inner product in conical geometry, g = det (g;;). The formal eigenfunctions corre-
sponding to £ = 0 and ¢ # 0, which are given by r®e?? and r—flei%  are excluded from
the physical sets of eigenstates since they are not Dirac delta normalizable with respect
to the scalar product (2.43). The physical eigenstates with zero energy correspond to all
those functions whose quantum numbers satisfy the condition hx? = 2ma3Qf, as well as
the constant function when x = ¢ = 0. The latter does not belong to the set (2.40), but can
be obtained by a limiting procedure

lim (/T = 1. (2.44)
For the sake of definiteness in what follows we assume €2 > 0.

It is notable that unlike the energy eigenvalues, the form of the eigenfunctions @DS? (r, )
is independent of the value of the external angular velocity §2. Therefore, if for certain
values of a, the system has well defined integral operators related to a degeneration of
the spectrum, they should modify coherently both indices (discrete and continuous) in a

()

corresponding wave function. In this way from the condition E, / = E,g?z) 11 We obtain

[ 2masq
R "7;:2 . (2.45)

This relation implies that when hx? < 2ma3Q), K_ becomes an imaginary number, and

therefore, physical integral operators that produce the transformation ¢,({02) — 1/1,201) /-1

~10 -



must annihilate all physical eigenstates with hx? < 2ma>€). No restrictions appear for the
eigenvalue / here.
In order to try to construct such symmetry integral operators, we introduce the operators
W(a) — e—i%F Wia) — (W(a))—l — e’L%F . (246)
The quantum version F of the classical quantity (2.33) we fix so that the commutation
relations

A

(B, (4§V) = ihap,, [F,p,] =0 (2.47)
will be satisfied in correspondence with (2.34). This implies the relations
(A, W) = £0ap, WS, [pp, WY = 0. (2.48)

The appearance of the quantity (Héa))_1 in the classical definition of ' means that some

non-trivial quantization prescription must be employed to escape a singularity in the
corresponding quantum operators. By taking the symmetric ordering,’

PO = 2 o, (G D + DY) + (G D + D)) 3]

(2.49)
we produce the Hermitian operator, Fl@) = F(Q)T, where ﬁéa) = _Tm(pa% + 1) coincides
with the dilatation operator taken at ¢ = 0. In this construction Wia) formally are unitary
and their action is well defined on eigenstates of the form (2.40). However, the action of
the operator (2.49) on the constant wave function is not defined. As this last eigenstate
corresponds to a free particle at rest in the inertial reference frame, with zero eigenvalue
of ﬁéa) and zero angular momentum, it seems reasonable to treat it separately for the
moment. With these considerations, operator (2.49) is simplified,

(o QA (a)y— ~ (o L3y A
F@) = S(HY 12D — in)p,, . (2.50)

Then, the unitary operator Wia) and its inverse, W = WJ(FO‘)T, can be employed to produce

the following unitary transformation,
WO — O s e —p (2.51)

and as a consequence, the transformed eigenstates W :e) = W(a)ib,iag should satisfy

(o o hQﬁQ o ~ o o (o o h2/€2 o
P = (o ot )W) g =) APV = ),
(2.52)

From these expressions we conclude that the transformed states have to be of the form

) @ 2ma3Ql
U Uy, k= R+ = (2.53)

5A commutator of the form [(ﬁéa))_l, O], with an arbitrary well defined operator O, is singular when it

is applied to a constant wave function. For this reason the constant wave function has to be excluded from
the domain of the operator (2.49).

- 11 -



However, in this way non-physical eigenstates can be obtained for negative values of ¢ for
Q2 > 0. For this reason we continue using states (2.40) instead of (2.53). To construct
the symmetry operators associated with degeneracy of energy eigenvalues, we apply the
similarity transformation to the integral operators of the free particle in a conical geometry
in the reference frame at rest, 2 = 0. It is known from the previous work [17] that such
symmetry operators exist only when o = ¢ (otherwise, they can produce non-physical
eigenstates), and are given by

N B e (10 10
A7, where 1Y = —ire™d ( + z> . (2.54)
qOp  pOyp
After applying the unitary transformation to them one gets the mutually Hermitian conjugate

operators
(1 = W@y (1) = (1) (2:55)

These operators commute with the Hamiltonian I:Ig)‘) and can be applied to all physical
states of the form (2.40). Their action can be deduced by means of the commutation

relations
HD (19)9) = £¢Qn(ID),  [p,, (1)1 = £h(ID)4, (2.56)

from which one obtains
([0)il%) ~ (2.57)

where k4 correspond to (2.45). The operators (Aj(cq))q produce exactly the necessary change

of the index in the wave functions which does not change the corresponding energy eigenvalue.
Nevertheless, in the cases when & satisfies the condition hx? < 2mg3Q, the operator (f (_q))q
produces non-physical eigenstates. To avoid this problem, we can take the regularized
operators

Fo= (110 (B —a) . A= (i —a) APy, sy
where ©(n) is the Heaviside step function. When 7 acts on the eigenstates, the Heaviside
function annihilates all those physical eigenstates, which can potentiality be transformed
into non-physical states by the action of (I (,q))q. On the other hand, (IAJ(rq))q cannot produce
non-physical states, and if hx? < 2mg3Q, then h/{i = hK? + 2mg®Q > 2mg®Q. As a
consequence, the action of the operator © (}%ﬂﬁéq) — q) after the application of (fsrq))q
reduces to multiplication by one. The action of the symmetry operators (2.58) is well
defined on all energy eigenstates including the constant wave function corresponding to
zero eigenvalue of the operator ﬁéa).

In conclusion of this section we note that as classically the system reveals a hidden
symmetry in the case of rational values of the conical background parameter «, while at the
quantum level we are able to identify the hidden symmetry described by non-local operators
in the case of only integer values of «, we face a kind of a quantum anomaly here.

A rather natural question is if the anomaly related to the geometry of the system can
be “cured” by a dynamic extension of the system. We investigate such a kind of extension
of the system in the next section.
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3 Classical ERIHO system in a conical space

Recently, in [39] we considered the exotic rotationally invariant harmonic oscillator generated
from the planar free particle system by application of the conformal bridge transformation [28,
29]. The model is described by the Hamiltonian®

1 1 1 - 1
Hy =5 —pipi + imwzxixi +oweTipy = 5 (P,z) +p 21??0) + §mW2P2 +ywpe,  (3.1)

and its peculiar properties were studied by us from the perspective of symmetries. The
solutions of the equations of motion of the system correspond to closed trajectories only
when -y is a rational number. This property is reflected in the existence of the additional
integrals of motion in the case v € Q, which define the orientation of the orbit like the
Laplace-Runge-Lenz vector in Kepler’s problem. At the quantum level, these additional
integrals explain the degeneracy of the spectrum of the model that only appears when ~
takes rational values. In spite of the explicit rotational invariance of (3.1), the classical and
quantum properties of the model resemble those of the planar anisotropic Euclidean and
Minkowskian harmonic oscillator systems. This is not accidental since both systems turn
out to be related by a non-trivial unitary so(2)-non-invariant transform composed from the
special su(2) rotation considered by us earlier in [17] and supplemented by an additional
Bogolyubov transformation.

After changing w — € = —qw, one finds that the Lagrangian of the system (3.1) can

be presented in the form

L,=Lg— %m(’yflﬁ)%iaﬁi = %x’xl - %(7*2 — Q% + %TMiiAi, (3.2)
where Lgq is given by eq. (2.4). As a consequence, the model (3.1) admits two other physical
interpretations [39]. First, it corresponds to a two-dimensional isotropic harmonic oscillator
in a non-inertial reference frame rotating with angular velocity €. Alternatively, it can
be considered as the Landau problem in the presence of an additional external harmonic
potential V;, = Z(y~% — 1)Q%z’2’. When 7* < 1 (v? > 1), the sign of this quadratic
potential is positive (negative), so it produces an attractive (repulsive) harmonic force on
the particle. The intermediate case 42 = 1 corresponds to the two Landau phases of the
system different in two possible orientations of the magnetic field orthogonal to the plane,
which are defined by the sign of ~.

In this section we explore the direct classical and quantum generalization of the ERIHO
system to a conical spacetime. As we will see, in this case one has to take into account
both parameters v and « to find closed trajectories with which the integrals of motion of
the hidden symmetry are associated. Before the detailed analysis, one would expect that
the presence of an additional parameter 7, which is associated here with an additional
“gravitoelectric” harmonic potential, could “cure” the quantum anomaly related with the
background geometry, that was described in the previous section. In particular case of
~% =1, this also will allow us to investigate the Landau problem in conical background
from the perspective of dynamics and symmetries.

Tn [39], the notation g is used instead of the parameter + here.
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3.1 Classical picture

To find the analogue of the ERIHO system in a conical background, we start by changing
the implicit flat metric tensor ¢;; in Lagrangian (3.2) by the conical metric tensor (2.10),
that yields

L(va) = Léa)fimv_ZQZgijxlx] = %gijsblstjf%(7_271)92gijx2x]+7qiM gija AT (3.3)

where Lg)‘) and A(®)? are given by (2.11). This Lagrangian means that, again, the system
can be interpreted as an isotropic harmonic oscillator in a conical background of a cosmic
string in a non-inertial uniformly rotating reference frame. Alternatively, we can consider
system (3.3) as the Landau problem in conical geometry, extended by an external quadratic
potential Vv(a) = Z(y? - )D?ga'a? = 2(v72 = 1)Q%a?p?. From the nature of this
additional potential term it is clear that one has to distinguish the cases 72 < 1 and 72 > 1,
where this potential is attractive and repulsive, and the Landau phases at v = +1. The case
v = oo corresponds here to the system considered in the previous section. After performing
the Legendre transformation and by identifying {2 = —~w, one gets the Hamiltonian of the
system, which takes more simple form in polar coordinates,

1 1
H = o (a7%0) + 0720} + Gmw’o?s” + qwap,. (3.4)

We assume without loss of generality that w > 0. Comparing (3.4) with the Hamiltonian
of the Euclidean planar ERIHO system (3.1) [39], it is obvious that the former can be
obtained from the latter by means of the local canonical transformation

p—ap, Pp — oflpp, o —aly, Pp — QP - (3.5)

So, (3.4) is the ERIHO system in a conical background.

In terms of Cartesian coordinates, canonical transformation (3.5) is

r1— Xo1 = apcos(so) , xo— Xoo2= apsin<90> , (3.6)
a o
p1— Pa1= Lo cos<(p> _Pe Sin<¢> s P2 Pap= bo Sin<¢) +22 COS<¢) , (3.7)
o a p « a a p a
{Xa,is Xaj} ={Pa,ir Paj} =0, {Xa,is Paj} = 6ij, (3.8)

while the conical metric ds? = g;;dz'dz’ takes the form ds? = ng’l + dX62¥72. In local
canonical variables (Xq,i, Pn;) Hamiltonian (3.4) has the form of the ERIHO Hamiltonian
in usual Cartesian coordinates,

1
HY®) = o— (P2, + P2y)

N mw?
v 2m

(X2 1+ X25) +wyeij XiaPja- (3.9)
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To analyse the dynamics and symmetries of the system, it is convenient to pass over to the
following complex combinations of the local canonical variables,

_ 1 _ L 1 _ p ok

Vs = 50 i) = 5% (av/misp+ Fp ) b= ()T (310)

_ 1 _ L 1 p ok

ba,? = ﬁ(aa,l +Zao¢,2) = 5 Za <Oé VImwp — \/7P o Tilw) ) b(—)t,2 = (ba,Q) ) (311)
mw 7

a’éyt,i =\ 9 <Xa’H:mea’i> . (3.12)

They satisfy the Poisson bracket relations {b, ;,b, ,} = {ba], o k} =0, {b, bl = —idk,
and reduce the Hamiltonian to the form like that of the anisotropic harmonic oscillator,

H = w (0b] by + Gblobes) =1+7y, l=1-7. (3.13)
However, here the angular momentum is
by = a’l(bcf,lb;,l - bz,zb;,z) ) (3.14)

and Hamiltonian (3.13) is rotationally invariant, {p,, Hga)} =0.
The equations of motion can easily be solved in variables ba 0>

= {bF,  HIV} = 2iwtib, = bI(t) =TT (0) =0, (3.15)
Using the relation /mw(X,1 + i X4 2) = ba 1 T b 0, One gets
Xo1(t) = Xo1(t) +iXa2(t) = RieVtehl 4 RyeW2eiwhat (3.16)

where Ry9 > 0, R? + R > 0, and ¥12 € R are the constants of integration, bii(O) =
R;e*i /\/mw. From here one sees that X, . (t) is a periodic in time ¢ function only when
(1+7v)/(1—7) € Q, that implies rational values for the parameter . This, however, does not
mean periodicity of the conical trajectories as X, ; are not globally well defined functions of
polar coordinates for general values of the parameter ac: X, i(p, ¢ = 0) # Xa.i(p, p = 27)
for a #1/n, n=2,3,.... To find the evolution of the polar coordinates p(t) and ¢(t), we
use the relations

2 _i 2 ez‘orl ) _ Xa,+(t) cie(t) — Xa,-i-(t) “
pr(t) = 5 Xar @1, 4 ( p (0] ) = (ap(t) ) . (3.17)

(1) = 21 (t) + dws(t) = p(t)e?V) = |Xa,+(15)|1 *(Xa (1) (3.18)

Similar to the free rotation case from the previous section, in order to visualize the trajectory,
(0%

we should be careful with the complex function f, = (X4,+(t))® in dependence on the
value of a. The X,/ 4 (t) describes a curve that encircles the origin of coordinates in the
plane (X4.1, Xa2) when 42 # 1. The only exception is possible in the Landau case 2 = 1
for certain selection of the initial data, that we discuss below. However, in general case
these curves are closed only when 7 takes rational values. Then, for o = ¢/k, complex

function f, /i, is k-valued, whose domain is a Riemann surface of k sheets, and we have to
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pay attention to the transitions from one sheet to another while we draw the trajectory.
When k = 1, the Riemann surface is the complex plane itself. For irrational «, function f,
is infinite-valued, and the path is not closed.

The closure of a trajectory implies the appearance of additional integrals of motion
corresponding to hidden symmetries. From the structure of the Hamiltonian we distinguish
the two obvious conserved quantities

(07

—Do (3.19)

jo( ¥ = (b+1ba L+ b 2b02) 5 £ = <b+1b b:,Qb;J) =3

in terms of which

H = 20(F +4L£9). (3.20)

These integrals are well defined for arbitrary values of v and «, and so, they separately
cannot be responsible for the periodicity of the orbits. However, they enter into the
Hamiltonian (3.20) with a relative weight 7, and one can expect that the case of rational
values of v could be special analogously to the ERIHO system with o = 1. Assuming that
7% < 1 and representing it by an irreducible fraction

v =(s2—5s1)/(s2+ s1), $1,80=1,2,..., (3.21)
with the help of (3.15) we find that the quantities

Lisisr = a1)" (ba2) Lo s =(Lds )" (3.22)

«,51,52 «,51,52 «,51,52

are conserved in time. Indeed, the time dependence of the quantities (3.22) is given by the
exponential factors e*@(151-6252)t which for rational  of the form (3.21) reduce to one.
However, the integrals (3.22) have the angular dependence etia” (s1452)% and so, they are
not well defined phase space functions in general case. Instead of them, in dependence on
the value of o« = ¢/k, we can construct the integrals

rif g=r(s1+s2), r=12...,
€= (3.23)
qif q#r(si+s2),

2l = (c

€
«,81,52 «,S81, 82) ’

to be the well defined in the phase space functions. They satisfy the Poisson brackets
relations

(I L8t ) = Fig (o — s 2l (L, 2008,) = Fig (s + ) 2L,
(3.24)
(L0 ZEd ) = Posia (HY, 1), (3.25)

«,81,82) «,81,582

where P, g, s, is a polynomial of the indicated arguments. Relations (3.24), (3.25) together
with {jo(a), L)} = 0 are identified as a non-linear deformation of the u(2) = su(2) @ u(1)

Lie algebra, where the u(1) sub-algebra is generated by Hﬂ(ya).

The u(2) algebra corresponds
to the symmetry of the two-dimensional Euclidean isotropic harmonic oscillator with o = 1

and v = 0.
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In the case of v2 < 1 with ~ of the form (3.21), one can also consider the formal complex
quantities
jojfsl,sz = (b§,1)81 (b$,2)82 ’ ‘-70:51,82 = (‘75:81,82)* ’ (326)

which are not conserved but have the dependence on time of the form etw(siti+sat2)t,

These objects can be promoted to the dynamical integrals by multiplying them with the
corresponding time dependent inverse phase factors. The angular dependence of these

iioﬁl(slfsg)

quantities is of the form e #. As in the previous case, for rational value of «

presented by an irreducible fraction o = ¢/k, the dynamical integrals

rif g=1'|sg—s1|, =1,2,...,

/o(z:ss)lﬂ,:sz = (jo:fsl,sQ)da 0= (327)
q if q#1'ls2—s1],

are the well defined phase space functions. These quantities satisfy the Poisson brackets

relations
a 0 N )
(7, 28y = Figlon+s2) FO, - (LW 05 ) = Fig (s — s2) L,
(3.28)
{/o(fs)j,—sz’ /ogfss)l_,sz} = Qa751,82 (H’(ya)’p<P) ’ (329)

where Qq.s, s, is a polynomial of its arguments. This algebra corresponds to a non-linear
deformation of the gl(2,R) = sl(2,R) ® u(1) dynamical symmetry. We notice here that the
gl(2,R) Lie algebra is the true symmetry of the Minkowskian isotropic oscillator described
by the rescaled Hamiltonian vy~ ' H., with y~! =00 (s = s2 = 1) and a = 1 [39]. With the
help of these relations one can see that

(H), 70% =0, (3.30)

1)y & a,81,82

i.e. the quantities (3.27) are the true integrals for the system Hf% with rational y~! =

(s2+s1)/(s2 —s1) = (v 1)? > 1, and a = g/k. For such system, the quantities (3.23)

multiplied by the corresponding time-dependent factors are the dynamical integrals of
()
1/
takes the form wap, = wab;im‘jb;j with n = diag(1, —1), which can be interpreted as the

motion. In correspondence with this, we note that in the limit v — 0, the quantity vH

Minkowskian isotropic harmonic oscillator Hamiltonian in a conical geometry.

For a given rational value (3.21) of ~, the true integrals ,26521%2 and the dynamical
quantities /Cifl)f; generate a non-linear algebra, which in the Euclidean isotropic case
a =1, 7 =0 reduces to the linear sp(4,R) algebra [17, 39]. As in the Euclidean case, the
1%, and the described additional
dynamical integrals of the former system are transmuted into the true integrals of motion

transformation v — 1/+ changes the system Hﬁ“) into H

of the latter, and vise-versa in accordance with equation (3.30). This means that the
inversion transformation v — 1/ with « given by eq. (3.21) generates a kind of duality
that interchanges the role of the additional true and dynamical symmetries. The difference
with the Euclidean case here is that the order in momenta of the true and dynamical
integrals is different in general, and it depends on the values of both parameters o and ~
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(more precisely, on the value of ¢ and |s; & s3|). Then one can hope that the dependence
on additional rational parameter v could allow us to “cure” the problem of the quantum
anomaly in the cosmic string background which occurs in the case of the rational values of
the parameter « different from integer values a = q. We analyze in detail this issue in the
next section.

With regard to the dynamical symmetry algebra, we can also construct the complex
dynamical integrals

T = eFE bE (3.31)

which do not have the phase problem. Together with real integrals (3.19) they produce the
gl(2,R) = sl(2,R) & u(1) algebra

(T TN =77 AT, Ty = 207, (3.32)
(£, 789} = {£), 7%} =0, (3.33)

where jo(a), jJ(ra) and jfa) are generators of the conformal s[(2,R) subalgebra. As in the
case of the free particle, these generators of the sl[(2,R) control the dynamics of the radial
variable p(t). As we will see, they can be related to generators of conformal symmetry of
the free particle system by conformal bridge transformation, and play an important role at
the quantum level.

The case of Landau phases corresponding to ¥ =1 (7 = —1) can be obtained from the
cases 72 < 1 or ¥2 > 1 with rational v by setting in (3.21) s1 =0, s3 = 1, (51 = 1, s9 = 0).
In Landau phases, the trajectory in the (Xq,1, Xq,2) plane reduces to a circular path,

y=1: Xo (1) = Xa1(t) +iXa2(t) = RieV1e + Rye "2 (3.34)
y=—1": Xot(t) = Xo1(t) +iXaa(t) = Rt + Roe V2o 120t (3.35)

When v =1 (y = —1), R; (Rs) is the radius and Ry (R;) corresponds to the radial
coordinate of the center of the orbit. When the radius is bigger (smaller) than the radial
position of the center, the path encircles (does not encircle) the origin of the system of
coordinates. When R; = Ro, the path goes through the origin, however this case corresponds
to the “falling to the center”, which is excluded from our analysis. Using this information,
one can draw the trajectory of the particle in the (z1,z2) plane when o = ¢ by following the
geometric arguments similar to those for the free particle in conical background of ref. [17].

In this context, the complex integrals b7 ,(0) = VmwRE? (bil(()) = /mwRT)
appear as complex linear combinations of the coordinates of the center of a circle in the plane

(Xa,1,Xa,2). As a consequence, when o = ¢/k, the well defined integrals f%(q())ff = (b%z)q

(.,iﬂéqi? = (b;l)q) correspond, according to the transformation (3.17), to the image of this
cenkter in thg (z1,22) plane. In figure 2 some examples of the trajectories are shown for
different rational values of the parameters o and ~. Particularly, in figures 2d, 2e and 2f we
present different examples of the trajectories corresponding to the system in the Landau
phases, which are characterized by different values of the center position of a circular orbit
(in the plane (X1, Xq42)) and «. Figure 3 illustrates the details corresponding to the
construction of the trajectories in the Landau phase v = 41 for different integer values of «

and different choices of the constants R; and R».
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(a) y=0,a=1/4. (b) v=0,a=4. (¢) y=0,a=3/4.

X

S -

)y=1La=T.
(i) v=1/3, a=3/4.

X2 X2

(d)y=1,a=2/3.

() v=1/3,a=5/3. (k) y=3,a=5/3. (1) v=1/3, a = 3/5.

Figure 2. Trajectories for some values of the parameters o and «. Different colours in the same
orbit indicate different branches for the angular variable ¢(t) according to (3.17). Figures 2d, 2e
and 2f correspond to examples of the Landau phase v = 1. In figure 2d the trajectory encloses the
origin of the coordinate system (here, R; > Ry and the total change for the period is Ay = 4m),
contrary to the cases of 2e and 2f (in which Ay = 0 and Ry < Rz). The last three figures correspond
to the trajectories with cusps that occur in the case Ry|f1| = Ra|la].
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X2

Xa,Z <

Xz,a X2

O Xﬂ/ 1 X1 Xy, X1

< (b) a=7,v=1, Ry = Resin(w/a).

(a) a=7,v=1, R < Rasin(r/a).

Xa 2 Xaf,Z

g

(c) a=4, v=1, Resin(r/a) < R1 < Rs.

Figure 3. In figures 3a and 3b the trajectories of the particle in the (X, 1, Xq,2) plane (left) and
(21, x2) plane (right) are presented. The two red lines indicate the sector of the angle 27/, which
correspond to the edges of the “cut and flattened” cone space that have to be identified to each
other. In figure 3a the trajectory does not touch these lines, and therefore the particle’s orbit in
(z1,x2) plane is a simple loop. In figure 3b the trajectory touches the boundaries in the same
(identified) point, implying that there is a single point in the (z1,23) plane through which the
particle passes twice within the period of motion. Finally, the trajectory in the plane (X4 1, X4 2)
crosses the boundaries in figure 3¢ (left), and to construct the real trajectory in the “flattened
cone” space we use the identity of the edges, and the velocity vector in corresponding points at the
edges is constructed by a parallel transport. So when the particle moves from point a to point b, it
“reappears” at point b’ on the opposite edge, and moves in the direction of point ¢, and so on. As
a result, there are two points on the path in the plane (z1,22) through which the particle passes
twice within the period of motion. The same logic has to be employed in the analysis of the cases in
which the origin of the plane (X, 1, Xq,2) is encircled by the corresponding trajectory.
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4 Quantum ERIHO in a conical background

To solve the quantum problem of the conical ERTHO system, we employ the conformal
bridge transformation (CBT) in this geometry. Earlier, this technique was used in the study
of the quantum isotropic harmonic oscillator in the cosmic string spacetime background [17].
Here, we just very briefly describe the main elements of the construction of ref. [17], in
order to apply it then for the study of the quantum conical ERIHO system.

4.1 CBT in a cosmic string background

Consider the quantum version of the conformal symmetry generators (2.13), (2.16) and (2.17),
which at ¢ = 0 are given by

2 2 . R 2
ﬁéa): h (1 8( 8>+ 10 >7 D(a):m(p§+1)7 K(a):%pQ'
p

“am \a2pdp \"0p) T 202 2 2
(4.1)
They satisfy the s0(2,1) algebra,
D@ A =inmgl®,  [D@ K@) =ipk@ K@ A =i2nD@ . (4.2)
Introduce the non-unitary operators
& = ¢ KW i )" o 2D ) &1 = ¢ # @D o gip B F R (4.3)

They produce a similarity transformation, whose application to generators (4.1) yields

é( A(()Oé)7 D(a)7 f{(a))éfl _ (—Fbﬁ«)jﬁa), —iﬁjo(a), hwfljJ(r‘X)) : (4.4)
where
) _ L ae) | 20 ) _ L a@)  2p(0) Lo ple)
VA 2wh(HO +w*K'%Y), Ty 2wh( 0 w K'Y £ 2D'Y) (4.5)

coincide with the dimensionless quantum version of the integrals (jo(a) , jj(f)) taken at ¢ =0,
which are given by egs. (3.19) and (3.31). These operators generate the quantum sl(2, R)
conformal algebra

73, I =27, [T, 3 =25 (4.6)
The dimensionless quantum version of the integral £ is invariant under this transformation,

S(LeNG =L@ Ll = = (4.7)

The described isotropic similarity transformation in a cosmic string background is useful to
solve the quantum problem of an isotropic harmonic oscillator in this geometry [17]. This
is because its Hamiltonian is given by

2 2
7(@) _ gup ) _ 7 15(3> 107, 1 599
Howe = 20hTy ™ = =50 <a2p oo \Pop) T a2 ) Tamee s (48)
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and ji(a) are identified as the second-order radial ladder operators. To find the corresponding
energy eigenstates, we apply the operator S to the states

Q(a) pznp+a|e| oite :

np,l

n,=0,2,..., £=0+1,4£2, ..., (4.9)

which simultaneously are the Jordan states of zero energy of the free particle Hamiltonian,
and the formal eigenstates of the PT-symmetric operator 2iD(®) with real eigenvalues [29].
These functions satisfy the relations

2 2

v (o mo’ _(a
), = —2——smy(n, +al) ), K@, = ?Qflp)ﬂ’z, (4.10)
- o « Alo o E o
2D, = h(2n, + ol + O, L0, = %Qip)j. (4.11)

The application of the conformal bridge generator S from the left to these equations yields

7 (a e « Ala « 1 a

A, = ho(2n, + ol + 106, £, = Satul,, (4.12)
T (r.0) = = (np + D)+ alt] + Vel (), (4.13)
T, (r,0) = =\ [np(ny + ol | (r, ), (4.14)

where we have used relations

@fof,),e( p) = Nflf, wnp, (r, ), (4.15)
alel
@ o, [ 20\
an,e =(-1) (mwa2) \/omnp'l“(np +all|+1) (4.16)
and
1
2\ 2 | 2 2
(), mwa "p: ol (alé) oS ity _mefw

(4.17)

with L%V)(z) to be the generalized Laguerre polynomials. For more details on application
of this technique to other models, see [17, 29, 39]. Here, we just take into account that
the Hamiltonian of our conical ERIHO system is a linear combination of the integrals
j()(a) and £(® the quantum versions of which are simultaneously diagonalized by wave
functions (4.17).

4.2 Quantum conical ERTHO system

The Hamiltonian operator of the quantum conical ERIHO system is given by

AL = 200(F8) + 7 L@)

’ ; (4.18)

Since the structure of this operator is a linear combination of the Hamiltonian of the
isotropic harmonic oscillator in the cone [17] and the angular momentum operator, it is
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easy to show that the eigenstates correspond to (4.17), and the spectrum is
E\*Y = hw(2n, + a(1 + ysign(6)|] +1), (4.19)
n,=0,1,..., (=0,+£1,£2,.... (4.20)
Indeed, operator (4.18) can be presented as
H® = &2w(iD'®) + yhL)& !, (4.21)

and then 2w(if)(o‘) + vhﬁ(a))ﬂgz)’g = Eﬁjz)ﬁg)e Note that the spectrum depends on the
two parameters a and -y, but the eigenfunctions depend only on the parameter a. When
|7] < 1, the spectrum is always positive and bounded from below. Meanwhile, the system
with |y| > 1 has negative energy levels, and the spectrum is not bounded from below. In
the Landau phases v = +1, ' > hw > 0, and each energy level is infinite degenerate since
(14 ~sign(¢)) can vanish for an infinite set of different eigenstates. We will return to this
point in the next subsection.

We also find that, according to equations (4.13), (4.14), jj(ta) are still radial ladder
operators. Let us look now for other well defined operators. To this aim, we introduce a
new notation for the eigenstates and the spectrum,

vl =i =vnl BRI =BT 1=l (422)

Np,l

With this notation, it is clear that the discrete formal transformation ¢ : [ — —[ produces
the functions

2\ 2 | 2
(a, &)y _ [ Mwa Np: —ad 7 (—al) [ 2y — 5 Fily
U(w"’“l ) ( h > \/Traf‘(np —al+1) ¢ L, (e 2 ’ (4.23)

=

which cannot be physical eigenstates in the general case. Only when a« = ¢ = 1,2,.. .,
the identity

(=n)" ; (i-n) = ED o0y a0 (4.24)

allows us to show that

(—1)lq1/17gqp’fl)q7l when n, > ql

a(¢(Q7i)) _ ’ G(E(qmi)) _ E(qmq:) (4.25)

np,l np,l np—ql,l*
0 otherwise

Therefore, if the action of a certain operator on a particular eigenstate in the physical
Hilbert space can produce an eigenstate with negative lower second index, we conclude that
such operator is well defined only when « is an integer number. This helps us to see the
quantum anomaly.

Now, consider the formal operators

A 1 .o [mw h 0 i O A N

b* — oty - | — = — b+ = ba t 426
al = 5¢ h (ap+ mwa <8,0 p &p)) ’ ar = (ar)’, (4.26)
. 1 .o /mw h 0 o 0 A A

b— — _ola - | — JR— b+ = b_ T 4.2
.2 26 7 <ap + o <8p + P 890)) ’ a,2 ( a,2) ( 7)
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They are obtained via the conformal bridge transformation,

alo) Ale) Ala) Ala) A 2mbh - 2h . a
SEX 2@ A e = (\/ ’Z b§71,¢ ZL & —iV2mhwby 5, —iv/2mhwby ),
(4.28)
applied to the free particle formal momenta ﬂ(f) from (2.54) with g changed for a, and
Galilean boost generators taken at ¢ = 0, see ref. [17],

é(f) = ampe's . (4.29)

To find the action of operators (4.26) and (4.27) and some powers of them on the eigenstates
w(o‘ ) we first compute the action of (2.54) and (4.29) on functions Q( )g, and then we use

np,l

the relations (4.15) and (4.28). As a result we get

cr i (ad) _ F(np—&—al—i—l—i—ﬁij) (a+) :lztl 4
P (o) oy [Fp 14+ B45) ey
(bml) d}np,l (pa 90) ( 1) \/F(np +1— 6$]) ,(bnp:l:j,lqii(p’ 90) ) (431)

L(n, +al + 1+ B+) )

4.32
T(n, + ol +1— fe)) 1/1%, i (), (4.32)
C(np+14B+7)  (a)
L(ny,+1— B%5) ”Piﬂ F3

(b)Y i (o) = \/

Shovi (et .
(bE2) 0 (. 0) = (—1) \/ i (pp). (4.33)
It is clear that when j = 1, we obtain a function outside the Hilbert space in general case
since the phase factor is multi-valued. When « = ¢/k, we can select j = ¢ in these equations
in order to avoid problems with the phase factor, but we still have the problem of quantum

anomaly since when k > [, we can obtain the wave functions

(#,%) :
¢”];7_|k ”(P 80) (%ﬁ,m l|(p7 ))
on the right hand side of the corresponding equation. They will be physical eigenstates
only when k = 1, see eq. (4.25).
The action of operators jj([a) = Bi IA)Qia (that is an equivalent form of the second

)

n, (without touching [) for arbltrary values of a. Besides, exceptionally when a = ¢, we

definition in (4.5)) on eigenstates w produces a change of the radial quantum number
have the well defined ladder operators (Eii)‘a which allow to change the angular momentum
quantum number. In conclusion, only in this last case we can have a spectrum generating
set of the ladder operators (jj(tq), (l;;'fi)q), whose combined action allows us to generate from
a given eigenstate all the physical eigenstates that constitute a basis of the physical Hilbert

space. On the other hand, operators bt are the building blocks for the construction of

,l
any symmetry operator that correctly explains the emergent degeneracy of the spectrum in
dependence on the values of the parameters o and . According to our previous analysis,
this construction is only possible when « takes a positive integer value, that we imply from
Nnow on.

Until now, the construction is valid for arbitrary values of the parameter ~.
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4.3 Spectral degeneracy

Case v = z;;‘; L. The quantum version of (3.23) corresponds to the operators
Lyt = G (05)™ L. = (k)" (4.34)

They are obtained via conformal bridge transformation (up to an inessential multiplicative
constant), from the higher order free particle symmetry operators

PO+ = (EDyme@ldyee PO ([[@)meE@)ysee (4.35)

q,51,52 q,51,52 -

which commute with the combination 2w(iD@ + yiL@) for the chosen value of the
parameter v = (sg — s1)/(s2 + $1).
The action of these operators is given by

2k (@t _(_q)ess L(np+ 1+ Bresa) D(n, +ql + 1+ Biest)  (q4)
051,52 V)l I'(np, +1—PBiesa) I'(n, 4+ ql +1 — Bxesy) np:FEsQ,liL;W ’
(4.36)

P2OF pa=) _ (qyen ['(np + 1+ Bresi) D(np + gl + 1+ Bresa) (g
051,52 V)l T(n,+ 1 — Bres1) T(n, +ql + 1 — Bresa)  npFesy lk1r2)
(4.37)

In accordance with eq. (3.23), the value of the parameter e guarantees that €/q is integer.
We conclude then that these operators are responsible for the degeneracy of the system
since the energy eigenvalues satisfy the relations

i) (av,+) (@7,+)

gt _ g - E 4.38

'flp,l np—6827l+6<51;52) np+682,l— 5(51;52) ’ ( )

E9r-) — pler-) — glr-) . 4.39
np,—l np_esl,_lj&(ﬂ%;‘sz) np+6817l_e(s++52) ( )

The poles of the Gamma functions and relation (4.25) guarantee that only physical eigen-
states are produced by the action of these operators.

When v =1 (51 = so = 1), equations (4.36), (4.37) are reduced to equations (6.57),
(6.58) of [17] when q is even (e = ¢/2), and to (6.59), (6.60) when ¢ is odd (e = ¢). On the
other hand, when ¢ = 1 (¢ = 1), the integrals (4.34) are reduced to the integrals of the
Euclidean quantum ERIHO system described in ref. [39]. Precisely, another way to obtain
the integrals (4.34) is first applying the quantum version of the canonical transformation (3.5)
to the integrals of the Euclidean case, and then taking the power € of the resulting objects,
just as it was done at the classical level.

s2+4s1

o The quantum version of (3.23) corresponds to

don = GE)BE)™ I = () (4.40)

These operators are obtained (up to a numerical factor) after the application of the conformal

Case v =

bridge transformation to the higher order operators

q,51,52

FOF _ (@0)n5(2@)ym GO~ = (1)1 ([P )28 (4.41)

+ - ’ q;51,52
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which commute with 2w(iD@ + yhL@) for the chosen value of v = (s5 4 51)/(s2 — 51).

In the same way as for the previous case, these integrals can also be obtained from their

version in the Euclidean case (o = 1) [39] by the application of the quantum version of the

canonical transformation (3.5) and by taking then the power e of the resulting objects.
Their action on eigenstates is

70 ) (=192 L(ny+ 1+ f+0s2) T(n, +ql + 1+ B1051) | (g,4)
q’$1’52 "P’ T(n,+1— Bgdsa) D(n, + gl + 1 — Brdsy)  nptdsy l202-20 "
(4.42)

/ iy 1)531 L(ny,+ 1+ p+0s1) T(n, +ql + 1+ B1052) | (g,-)
q’sl w¥ "P’ T(n,+1— Bgds1) D(n, + gl + 1 — Bpdsg)  nptdsy j& 20220
(4.43)

Again, §/q is an integer number here, and these operators reflect the spectral degeneracy
according to the relations

(@) _ pler+) _ play+)

B =E ssg—sy) = F Sag—s1) 5 (4.44)
ool np+dsa,l— p np—ész,l—i—iq

E(q =) — E(q’%_) — E(Qv%—) . 4.45
np,—1 np+5s17l+75(s2q_sl) np_55171_75(32q—31) ( )

Here, the poles in the Gamma function appear only in the action of the operator /q(,i)lfSQ,
that reflects the infinite degeneracy of the system.

Now let us see in detail how this scheme works in the case of the Landau phases v = +1.
First, in the case vy = —1 (s1 = 1, s2 = 0, € = ¢q) the equations (4.36), (4.37) reduce to

T L= T
AT - V?EZ,iiZEif?ii i%,&v (47
while for v =1 (s; = 0,51 = 1,¢ = q), we get
A = o a5
Ztiey) = [t bt o), (4.49

Then, for the case vy = —1 (v = 1), equation (4.47) (eq. (4.49)) shows us that the energy
levels are infinitely degenerate, since the operator quzl’g (.,S?q’%’l_) works as the raising ladder

operator for the quantum number [ when it acts on the states of the form 1/17(;1’;) (@b?(;i’;))
without annihilating any of them.

In this section we applied the conformal bridge transformation to identify the special
characteristics of the integrals of the quantum conical ERTHO system in a direct way. In
spite of our initial motivation to solve the anomaly problem by introducing an additional

— 96 —



parameter into the dynamics, the model still carries the same quantum anomaly problem in
the conical background in the case of rational non-integer values of « [17]. We observed that
there is an interplay between the geometric conical parameter o and the real parameter -,
which characterizes the ratio of frequencies associated with the isotropic harmonic potential
term and the rotational speed of the corresponding cosmic string spacetime. This interplay
is revealed first in the quantum spectrum of the model, that degenerates only in the case
when both parameters are rational and, secondly, in the integrals of motion, whose definition
depends on both parameters, and which can only be constructed when « is a positive
integer. In the special case of 2 = 1 we obtained the two quantum Landau phases in the
conical background, and identified their corresponding integrals of motion. As these phases
are generated by application of the conformal bridge transformation to the free particle in
the conical background, the quantum Landau problem on the cone is anomaly free only in
the same cases of integer values of the parameter a = q.

5 A multi-particle generalization: vortices

It is a theoretical and experimental fact that the two dimensional multi-particle bosonic
systems confined by (isotropic or anisotropic) harmonic traps in a rotating reference frame
can experience Bose-Einstein condensation at low-temperatures [42, 43]. In the case of
isotropic harmonic traps, the Hamiltonian of such a system has the form of the sum of N
planar ERIHO Hamiltonians plus an interaction term which can represent the particles
collision or a sort of electromagnetic interaction between them. The condensation occurs
when this interaction potential is weak and the harmonic trap is stronger than the centrifugal
force, i.e., when |y| <1 [42]. A special characteristics of the corresponding condensate wave
function is the emergence of quantum vortices, which in dependence on the form of the
interaction term are expected to be distributed in regular lattices [42, 43]. Having noted that
the shape of the classical and quantum solutions of the ERIHO system depends essentially
on the geometric background characterized by the cone parameter «, it is interesting to
see if there is any effect of it at the level of multi-particle systems. In particular, we
would like to see what happens with the formation of vortices in the wave function of the
condensate in this space. To this aim, in this section we first briefly review the elements of
Gross-Pitaevskii formalism to apply it to the condensate wave function in conical geometry.
Then, we analyze in detail the simplest case ¥? = 1, corresponding to the Landau phases of
the conical ERIHO model.

Let us start with the bosonic Hamiltonian of the multi-particle conical ERIHO system

N
H=> H(r)+U(r,...,rn),  Ulr,...,rn) =D Ulri, ), (5.1)
n=1 1<J
where we have introduced a pairwise interaction between particles. It could be chosen, for

example, in the form of the contact potential derived in the Hartree-Fock approximation

for alkali gases [49, 50],
drhag

m

U(’I"Z‘7 T‘j) = 5(7‘1 — T'j) y (5.2)
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which we assume from now on. Here, m is interpreted as the reduced mass and the scattering
length parameter a, is assumed to be small [43, 49, 50].

To analyze this system we follow the Gross-Pitaevskii formalism [42, 43, 49, 50]. The
first step is to perform a second quantization, obtaining as a result the Hamiltonian

A = / avit () @ + / AV av' it () (U (e Y BB Y) AV = apdpds,
(5.3)
where the field operators U(r) = Y, ¥ (7)ay and ¥i(r) = 37, P3(r )a/\ are constructed
in terms of a single particle wave-function vy (r). Here A represents a set of quantum
numbers, the annihilation and creation operators of the Fock space are used to describe the
quantum state of the system made up of a variable or indeterminate number of particles,
and [¥(r), U (r')] = 6(r — /). The time evolution equation for W(r) is given by

ih=—0 = [0, H] = (ﬁ§a>(1~)+ / dv'xiﬁ(r')U(r,r’)xif(r’)) U(r). (5.4)

At very low temperature, the field operator can be approximated by its mean value
¢ = (W), which is called the order parameter, or the condensate wave-function [42, 43, 49].
By taking into account the potential (5.2), we arrive at a non-linear Schrédinger equation

0 o 47rﬁas
iyt = (B + 0 ) . (5.5)

To have Bose-Einstein condensate at low temperature, the ground energy level should be

in a conical space

equal to the chemical potential p, and function ¢ should satisfy [dV]t|?> = N (assuming
that the number of particles in the condensate is N, ~ N). Therefore [t|*> = n(r) is
understood as the particle density in the condensate, and the anzats ¥(r,t) = e_i%tw(r)
gives us the stationary version of (5.5),

ps(r) = (B + T2 ) (). 59

Finally, for the case as; ~ 0, one can use the variational method to approximate the ground
state, which should be close to the ground state of the single particle system.

The interesting cases to see here are v =1 and v = —1, both of them corresponding
to the Landau phases of our conical ERTHO system, with different orientations of the
homogeneous magnetic field. Since the ground state is infinitely degenerate, in the case
~v+ = £1 the solution of (5.6) is approximated by

Cut

leu
¢(&77i) _ \/>Zc 7/)00{ %) , chcl =1, (5.7)
=0

where .yt is a cut-off introduced by hand, and the usual criteria to select the com-
plex constants ¢; is by minimizing the non-linear potential term expectation value
% [ ardrdp|ip(®|*. Note that the structure of this function is a polynomial in the
variable 7%’ (times a Gaussian term) of degree .. In the planar case, the corresponding
nodes of this function represent quantized vortices in a superfluid, and here this also can
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happen, but now the influence of geometry of the space is expected to be essential. This is
more clear by following the Onsager and Feynman ideas [51, 52], and selecting the solution
of (5.5) in the form

¥ = /n(r,t)e?T) (5.8)
By introducing this anzats, and ignoring the non-linear term, we get the following two
equations
0
an(r,t) = V.- (n(r,t)v), (5.9)
0 1
— O+ 24— = 1
BN + 5V + 0, (5.10)
where )
ho q he 1
o =— =V.d-—A4, P=——FV. (V. , A1
ot v=V - 2m\/ﬁv (Vev/n) (5.11)

and V. is the curvilinear gradient operator that acting on a scalar function F' and a vector
field G yields

10F 10F 1 9(pG,) 10G,
F=— T s c’ = - s 12
\Y a@pe +p8goe‘p Ve -G op Op —i—p s (5.12)
1 9(pG,) 100G, 1 9 ( 8F> 1 0°F
XG=|— _ = . e (VeF) = (po |+ 525 (5.1
Vex G op 0p P e Ve (Ve F) o2p 3p '08,0 +p2 97 (5.13)

Equation (5.9) has the form of the continuity equation for the particle density, and if we
interpret ® as a fluid potential, then (5.10) looks like the Bernoulli equation for a charged
fluid coupled to a constant magnetic field, but now in a conical vessel space when o > 1,
or for a rotating condensate in the presence of radial dislocations [14] for o < 1. Then,
since in general case V. X (V.F') = 0 for a continuous scalar function F', we can only have
vortices when 6 has singularities. Therefore, if we manage to write down the function (5.7)
in the form (5.8), it is seen that the points where vortices can appear are related to the
nodes of (5.7), where phase can not be defined. As we mentioned before, the polynomial
structure of the wave function depends on «, and this can affect the vortices location with
respect to the origin. In order to see this, let us consider the case lcyy = 2 in (5.7), which
gives us the condensate wave-function (in units in which m“’Tag =1)

a 2a 2 2

() _ alV I G P C7:) Mo P) IRy
wao,ahaz(pa(p) \/77(]a0|2—|—|a1|2+|a2\2) ( 0 F(a+1) F(a—|—1)

(5.14)

Here, Skt ¢cf = 1, where ¢; = ay(Jag|? + a1 | + |a2\2)7%, 1 =0,1,2. In table 1, we present
some numerical results for the coefficients a;, that were obtained to minimize the integral

') 27
Tog01,02 = /0 /0 apdpdo| i, o (o @)t (5.15)

For the cases 0 < a < 1, two of the three parameters are zero. So, in these cases the solution
of the form (5.14) that minimizes I, q, 4, has only one vortex at the origin of coordinates.
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’ @ H ag ‘ aq ‘ as ‘ Tag ay .as ‘

/41010 1 1/(47) =~ 0.025
1300 1 T(7/6)/(672T(5/3)) ~ 0.031
/200 1 1/(8m) ~ 0.040

1 010 1 3/(167) ~ 0.060

2 110 V112/19 ~ 2.428 33/(1317) =~ 0.080

3 110 1/992/199 ~ 2.233 115/(3977) ~ 0.092

4 || 1| 0| /32512/6179 ~2.294 | 12866/(386917) ~ 0.106

Table 1. The values of parameters that minimize I, q,,q, for different values of «, where a; are
assumed to be real numbers (the imaginary part only contributes with a global sign in this particular
case). Note that the value of I, 4, 4, grows with the increasing value of a.

1.5

1.0

0.5

-1.0

: : -1.5
-1.0 -05 0 0.5 1.0 -1.0 -05 0 0.5 1.0 -15-10-05 0 05 10 15

y y y
(d) a=3 (e) a=4 () =3

Figure 4. Density plots of the function |1/)((;;‘,)a1,a2|2 /N for different values of a are shown in figures

from 4a to 4e, and the coeflicients a; are chosen according to table 1. In figure 4f we consider
the density plot of the function 1)\, as.a4|?/N with a = 3, where the complex values a; with
i =0,...,3 are such that I, 4, a5,0; = 0.073. Bright (dark) colours indicate maximum (minimum)
values of this function. Note that as « grows from 0 < a < 1 to o = 2,3,..., a local maximum
appears in the origin of coordinates and the two appearing vortices seem to degenerate in one single
region without particles.
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@] o [ T
1 1 1/(4m) ~ 0.080
210 1 3/(87) ~ 0.119
31 2v/3 = 3.464 6/(137) ~ 0.147
4 || 1 | 4\/7/19 ~2.428 | 66/(1317) ~ 0.160

Table 2. The values of the parameters that minimize I, q,.4,—0 in dependence on a. Note that
the values of I, 4, 0 are greater than the values obtained in the case when as # 0. When o grows,
one vortex has to appear far from the origin.

On the other hand, when « > 1, two parameters are non-zero, and as is seen from figure 4,
two vortices appear in the corresponding solutions.

If by hand we put az = 0 in function (5.14) and minimize the integral (5.15) for integer
values of o > 1, we get the results presented in table 2. By comparison of tables 1 and 2
we learn that the condensate wave-function gives a better approximation to the ground
state of (5.6) when more terms in the series are taken into account, i.e., by introducing a
higher number of vortices. Also it is observable that when « grows, the local maximum
that appears at the origin of the coordinate (the vertex of the cone) corresponds to an
accumulation of particles near that point, and this prohibits the formation of vortices there.
Then, in contrast to the Euclidean case where there are no special points and the vortex
network corresponds to a triangular lattice [42, 43], one can expect that in the conical case
any underlying structure should be built around this singular point.

6 Discussion and outlook

In conclusion, we discuss several open problems that seem interesting from the perspective
of the obtained results.

1. We began our consideration with the (3 4+ 1) dimensional Minkowski space subjected
to a uniform rotation with angular velocity ) about a fixed axis and introduced the
conical singularity by imposing a geometrical constraint. One can note that in the
case of Q # 0, the spacetime metric (2.7) can be related to the metric of the spinning
cosmic string background [14, 53-55],

dszp = —P(dt + 4c G Tdp)? + oPdp® + p*de? (6.1)
where J is the linear angular momentum density of the string. This is achieved by
applying the coordinate transformation dp — %(dgp—Qant), dt — dt+ ﬁdgp in (2.7),
followed by the identification J = ﬁ. The peculiarity of this transformation is that
it requires the compactification of the time variable since ¢ = 0 = ¢ = 27 implies
that the new time coordinate is periodic, t = ¢t + 7/(af2) [54]. The non-relativistic
limit can also be applied to the geodesic motion in background of the spinning cosmic
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string. For this, we present the action corresponding to the metric (6.1) in the form

1 c? c?
— _ 2 . . .
Sep = —mc/‘/—dsgp = —mc /\/1 -3 [a2p2 + <p2 - 4a292> 2 — aQ(p] dt,
(6.2)
and take the limit ¢ — 0o, 2 — oo in such a way that c2/af) = 6 = const. As a

result, we obtain Lagrangian of a non-relativistic anyon in the cone background,

Lany = 5 (a2 + 9% = 05) . (6.3)

which also includes the planar case at a = 1. The non-relativistic limit we employed
is analogous to the Jackiw-Nair procedure considered earlier in the context of relation
of the physics of anyons to exotic extension of the planar Galilei group and non-
commutative geometry [56-58]. It would be interesting to study non-relativistic
system (6.3) from the perspective of hidden symmetries and quantum anomaly.

. As we saw, the trajectories of the two-dimensional non-relativistic model in a conical
spacetime subjected to a homogeneous rotation can be obtained from the corresponding
orbits in the Euclidean plane in the inertial frame system (2 = 0). This can be
achieved by applying the time-dependent canonical transformation supplied with an
additional a-dependent local canonical transformation to produce the cone geometry.
In this way we obtained the trajectories that lie on the corresponding finite- or infinite-
sheeted Riemann surfaces in dependence on whether the cone parameter o takes
a rational or irrational value. This procedure also helped us to obtain the formal
integrals, which are the building blocks for the construction of the well defined in
phase space symmetry generators in the case of rational values of . As the problem
of geometric quantum anomaly arises when we employ the canonical quantization
procedure, one may wonder if the Riemann surface structure should play a special
role at the quantum level. It seems to be worthing to analyze the problem of the
quantum anomaly in more detail by using the method of geometric quantization with
taking into account the finite-sheeted Riemann surfaces structure.

. In the case of geodesic dynamics in non-rotating ({2 = 0) cosmic string background
with an arbitrary integer value a = g of the geometric parameter we were able to
construct the well defined higher order integrals (2.54) that generalize the momenta
operators of a free particle in Euclidean geometry, and which reflect correctly the
degeneracy of quantum energy levels of the system. By means of the {2-dependent
unitary transformation supplemented by a ‘Heaviside step function regularization’
procedure, we obtained the analogs (2.58) of these integrals, which are non-local
operators, and do the same job in the quantum systems with o = ¢ and arbitrary
values of the rotation parameter 2 £ 0. The conformal bridge transformation allowed
then us to construct on their basis the analogous integrals for the quantum conical
ERIHO systems with integer o = ¢. It is interesting to note here that in the case of
the free particle the presence of the frequency parameter {2 admits the construction
of a quantum combination Af2 of the energy dimension, with which it is possible to
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regularize by means of the Heaviside step function (whose argument is dimensionless).
In the classical theory, the construction of a combination of parameters of the same
dimension would require the introduction by hand of an additional constant of the
dimension of length.

It would be natural to try to modify somehow the described approach to “cure” the
quantum anomaly that still persists in the case of rational values of o = ¢/k with
k > 1. For this, let us consider first the case of {2 = 0, and introduce the alternative

integrals
4q A (L q D 7 D 7 4
o= (100 (k). e o) () o
q h NENN q ~(2)\? p
oo ) Yo

Due to inclusion of the Heaviside step function, these operators do not produce
non-physical eigenstates under their application to physical eigenstates. Their explicit
action is given by the following relations,

T B T e I R
: ., (6.6)
q aq q q q q
eyl Lyl s eyl Lyl s ok
el =0 jek-1 (3P =0 ok
) , JEZ.
q q q q
IRV PTAL SR Iy Y B B R N LI By |
(6.7)

To generalize for the case with 2 # 0, we can follow the procedure described in
section 2.2. With these two pairs of operators, we have access to all the states with a
given energy eigenvalue, except the states of the form wi,%e) with || < k — 1. Thus,
the question on identifying the symmetry operators that would correctly explain the
degeneracy of the energy spectrum when « is rational remains to be open. Perhaps,
the operators (6.4) and (6.5) still need to be supplemented with some additional
integrals, similar to what happens under the construction of the complete set of the
spectrum generating operators in rationally extended harmonic oscillator [59] and
rational deformations of conformal mechanics [60].

. For the harmonic oscillator of frequency w in a uniformly rotating cosmic string
background, the numerical factor v = —Q/w can be introduced. This allows us to
identify the system as the conical version of the ERTHO model [29, 39], in which
closed trajectories and the associated integrals of the hidden symmetry appear when
both parameters « and ~ take rational values. The model reveals a kind of duality
under the inversion transformation v — 1/ in the same way as this happens in
Euclidean version [39]. Namely, in the case |y| < 1, the system is characterized by
a spectrum bounded from bellow, and its true (not depending explicitly on time)
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symmetry generators satisfy a non-linear version of the u(2) algebra. Besides, the
system also is characterized by a dynamical non-linear gl(2,R) algebra. Additionally,
it also is characterized by the conformal s[(2, R) symmetry. After applying the duality
transformation, we get a system with |¢/| = |[y~!| > 1, whose quantum spectrum is
not bounded from below, and the dynamical (explicitly depending on time) and true
symmetries are interchanged, while the conformal s[(2, R) symmetry is not changed.
In the intermediate case 42 = 1, we use the gravitoelectromagnetic interpretation
to identify the model with the Landau problem (in symmetric gauge) in a conical
background. The sign of « determines there orientation of the magnetic field. Such a
system corresponding to our case |y| = 1 was considered earlier in [40, 41], where it
was shown that some energy levels have infinite degeneracy for arbitrary values of «.
However, the system was not investigated there in the light of classical and quantum
symmetries for special values of the parameter «, and this is just a particular case
in our analysis. On the other hand, note that the same classical trajectories as we
obtained for the case (0 < o < 1,2 = 0) were recently observed for geodesics in the
conical BTZ spacetimes [61], and it would be interesting to see if the trajectories in
the case €2 # 0 can be related to the dynamics in such a kind of spacetimes as well.

5. Finally, we studied the multi-particle conical ERIHO system in its Landau phases
using the mean-field theory. Effectively, we have replaced the pair-wise interaction
(that could be a Coulomb one) by a contact potential. The numerical calculation in
the simplest examples shows that in the case 0 < o < 1,7 the best approximation
of the wave function of the condensate is the one-vortex solution. In the case of
« > 1, the best approximation is obtained by considering multi-vortex configurations,
and the accumulation of the particles is possible (while the formation of vortices
is prohibited) at the vertex of the cone, where the probability density has a local
maximum. Naturally, one may ask if the approximation that we considered is good
enough from the point of view of a possible experimental realization, for example by
means of the Bose-Einstein condensate in a rotating harmonic trap, or in the system
of charged particles subjected to a magnetic field. Anyway, our numerical results
indicate that the cone’s vertex should necessarily produce some effect. It would also
be interesting to compare these results with a field theory approach, such as the
collective field theories, where the large N limit is applied [62]. This problem also
is interesting since it can bring some insight into a generalization of the conformal
bridge transformation for an infinite number of degrees of freedom.
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"The cases with 0 < a < 1 can be associated, in particular, with a geometric background describing
radial dislocations in superfluids [14].
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A Time-dependent canonical transformation

The system in a rotating flat geometry introduced at the beginning of section 2 can be
obtained from the non-relativistic two-dimensional free particle in the inertial reference
frame (Q = 0),

_omadx; dx; I 1 dx;

S= [ Lat =" S —
/ ’ 2 dt dat ' o T

(A1)

by applying the time dependent canonical transformation y; — x;, m; — p;, which can be
presented in a form

wp =Ty = petOHR) o py = ey (A.2)

Here x4+ = x1 £ix2, m+ = m £ imy, etc,, and {x+,7+} = 0, {x+,7} = 2. Under
the time-dependent rotation transformation x; — x;, Lagrangian in (A.1) transforms
into Lagrangian (2.4), while the canonical transformation (A.2) applied to the action
one-form 6 = m;dx’ — Hdt of the system (A.1) yields § = p;dz’ — Hqdt, where Hgq is
the Hamiltonian (2.5). At the same time, the angular momentum is invariant under
transformation (A.2), 7, = €;;XiTj = €;xiPj = Pp-
For the system (A.1), canonical momenta are the integrals of motion, %ﬂ'i ={H,my} =
0. On the other hand, according to (A.2), the explicitly depending on time phase space
functions
Py =™y, =1, (A.3)

are the dynamical integrals of motion for the system Hgq, %Pi = %Pi + {Py,Hq} = 0.
Analogously, the explicitly depending on time phase space functions

: 1
X4y = T2 (X:I: — mtﬂ'i> (A4)

are the dynamical integrals of motion for the system Hq, where (x4t — %t?‘(‘i) are the Galileo
boosts generators of the system (A.1). Quadratic rotationally invariant polynomials of (A.3)
and (A.4) provide us with the true integrals, p, = £(X;P_ — X_P) and Hq = Ho — Qp,,
where Hy = ﬁPJrP_, and the dynamical integrals,

1 1
= {(XLP_ 4+ X_P.)= pp,— Hot, (A.5)
K= %X+X_ = %pQ — 2Dt — Hot?, (A.6)

which correspond to the o = 1 case of (2.16), (2.17). Multiplying dynamical integrals (A.3)
with dynamical integrals exp(+iQ2D/Hy), we obtain

(M _ 0 LPPey
Iy —exp(:I:zQzHO) j (A.7)

These are the well defined for Hy # 0 true integrals of the system Hgq, to which the
integrals (2.30) reduce at o = 1.
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To establish the relation between the quantum Hamiltonians, consider the time-
dependent Schrodinger equation for the quantum analog of the system (A.1),

2 ( o2 o2

0
Zhaﬂ}()(la X2, t) = - TX% =+ 89(%) ¢(X1, X2,t) . (A-S)

2m
Denoting W(x1, zo,t) = WU (z1(t), 22(t),t) = ¥ (x1, X2,t), where x;(t) are given by the first
relation in (A.2), we have i%¢(X1,X2,t) = (ih% + hQﬁgp) U(z1,x2,t), and equation (A.8)
takes the form

z’h%‘l’(m,m,t) = HoW(x1,22,1), )
PR R A b = —ih (21— —2o-2) . (A1
a=-h (390% +8x%> Per Po=ih (wlamz ma@) (A10)

Applying the canonical transformation (3.5), the described procedure can be generalized

for the system in conical geometry.
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