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1 Introduction

The Gross-Neveu (GN) model describes dynamics of fermions in fundamental representa-

tion of the U(n) symmetry group, coupled via the four-fermionic interaction term [1]. In

two dimensions, this model provides a toy example of quantum chromodynamics, featuring

such properties as asymptotic freedom, dynamical chiral symmetry breaking, and mass

gap generation via dimensional transmutation. In 2 < d < 4 dimensions the four-fermionic

interaction is power-counting non-renormalizable. However, the Gross-Neveu model is

renormalizable when expanded in 1/n for a large number n of fermionic flavors [1, 2].

In fact, for 2 < d < 4, renormalization group (RG) flow of the four-fermionic coupling

constant brings the model to a fixed point in the ultra-violet (UV) limit, manifesting a

non-trivial interacting critical regime at high energies. Critical regimes at fixed points of

RG flows can be studied via techniques of conformal field theory (CFT) [3].1 The same

1In a weakly-coupled regime, one can explicitly solve for the fixed point values of coupling constants

using perturbative ǫ-expansion [4]. In a general non-perturbative regime, but at large N , existence of a non-

trivial CFT at the end of an RG flow in vector models can be argued for using the Hubbard-Stratonovich

transformation [5]. By demanding that the Hubbard-Stratonovich field obeys the unitarity bound, one

constrains the allowed space-time dimension [6]. In case of the Gross-Neveu model, this leads to the

requirement d < 4 [1, 2].
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critical regime has been argued to be attained at the infra-red (IR) end of an RG flow of

a different system, the Gross-Neveu-Yukawa (GNY) model [2]. Since one of these models

achieves its interacting critical regime in the UV, while another one is taken in the IR, one

can in fact view this as a UV completion.

A bosonic model counterpart of such a UV completion has recently been argued to

exist for the O(N) vector model with quartic interaction [7]. When considered in higher

dimensions, 4 < d < 6, the quartic scalar coupling is power-counting non-renormalizable.

However, critical regime of the large-N version of this model, achieved in the UV, can be

explored in the 1/N expansion [6]. A UV completion of this model was proposed in [7],

where it was argued that the same CFT can be found at the IR end of an RG flow of

the O(N) vector model coupled to a fundamental singlet scalar field with a cubic self-

interaction. When considered in overlapping regimes of validity, the corresponding CFT

data were shown to match for these two models [7–9].

A different class of critical models is given by spin systems with long-range interaction,

and their continuous version, provided by generalized free scalar field perturbed by a local

quartic interaction term [10–13]. These models are characterized by an extra parameter

s, controlling the exponent of the power-law decay of the long-range bi-local kinetic term

of the generalized free field. When s > d/2, the quartic coupling constant is relevant, and

these models reach a non-trivial critical regime in the IR (when s < d/2, the IR regime is

described by the mean-field theory). The O(N) vector model version of these models has

been explored in [14–16].

For s greater than the crossover value, s > s⋆ = 2 − 2γφ̂, where γφ̂ is anomalous

dimension of the short-range fundamental scalar field φ̂, the model smoothly transitions

to the short-range critical regime [17, 18]. The nature of this short-range model has been

recently elucidated in [19, 20]. It is given by the critical short-range model with quartic

self-interaction plus a decoupled generalized free field χ with scaling dimension (d + s)/2.

On the other hand, in the long-range domain d/2 < s < s⋆, 1 < d < 4, one obtains

a rich critical IR behavior, controlled by the parameter s. While long-range models do

not possess a stress-energy tensor, substantial evidence has been accumulated that this

interacting critical regime is in fact described by a CFT [19–22] (see also [16] for the

investigation of conformal symmetry in the large-N long-range O(N) vector model, and [14,

15, 23–27] for previous calculations of critical exponents). Moreover, the same CFT was

argued in [19, 20] to be the IR end-point of an RG flow triggered by coupling the short-

range vector field φ̂ to the generalized free field χ of dimension (d + s)/2 via the bi-linear

term λ
∫

ddxφ̂χ. When s > s⋆, the coupling λ is irrelevant, and the field χ decouples. For s

slightly below s⋆, the IR fixed point λ⋆ can be studied perturbatively. O(N) generalization

of this duality has recently been discussed in [16].

In the regime of s < d/2, the quartic interaction of the long-range vector model

becomes irrelevant. Therefore the IR regime of the model is described by mean-field theory.

However, RG flow of the quartic coupling drives the theory to a non-trivial regime in the

UV. The corresponding CFT can be studied using the 1/N expansion. In fact, the results

of [14–16] for various anomalous dimensions and OPE coefficients, derived for general d
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and s, can be formally continued to this regime. It was argued in [28] that for s < d/2

the long-range O(N) vector model achieves a non-trivial critical regime in the UV. This

situation is analogous to a non-trivial UV criticality of the usual local (short-range) O(N)

vector model in 4 < d < 6. Having this analogy in mind, [28] proposed a long-range version

of the cubic model of [7] and provided perturbative evidence that the IR stable fixed point

of this cubic model is equivalent to the UV fixed point of the long-range O(N) vector model

for d/3 < s < min(d/2, s⋆), 1 < d < 6.

In this paper, we are interested in constructing long-range version of the Gross-Neveu

model. We will begin by formulating a generalized free field theory action for the Dirac

fermion multiplet ψi, i = 1, . . . , n in fundamental representation of the U(n) symmetry

group. Power-law decay of the long-range interaction will be controlled by an exponent

parameter s. We will then perturb this model by the local four-fermionic self-interaction of

the Gross-Neveu type, and argue that the resulting system flows to an interacting regime

in the UV in the domain2

d/2 < s < min(d/2 + 1, s⋆) , 1 < d < 4 . (1.1)

Here s⋆ = 2−2γψ̂ is the crossover value of the exponent s, above which the model transitions

to the critical short-range regime, involving dynamics of the interacting fermionic multiplet

ψ̂i, i = 1, . . . , n with the anomalous dimension γψ̂.

Working within the Hubbard-Stratonovich framework, we will calculate various CFT

data3 in the long-range Gross-Neveu model, as a function of general d, s, at the next-to-

leading order in 1/N expansion. In particular, we are interested in anomalous dimension

of the Hubbard-Stratonovich field, σ, and the OPE coefficient 〈σψ̄ψ〉. We will explicitly

verify that all of our CFT data is in fact continuous at the long-range-short-range crossover

point s⋆.

As we have reviewed above, the short-range Gross-Neveu-Yukawa model furnishes a UV

completion of the short-range Gross-Neveu model [2]. Motivated by this, and encouraged

by the recent example [28], we proceed to constructing the long-range version of the Gross-

Neveu-Yukawa model. Working within the scope of perturbative ǫ-expansion, we derive

the IR stable fixed point of this model, and calculate various CFT data at the fixed point.

Assembling all the results together, and expanding them in overlapping regimes of validity,

we explicitly demonstrate critical equivalence of the long-range Gross-Neveu and Gross-

Neveu-Yukawa models. We then suggest that the critical duality in fact holds in the entire

domain (1.1).

The rest of this paper is organized as follows. In section 2 we collect some known CFT

data in the short-range Gross-Neveu model. In section 3 we construct the long-range Gross-

2See also [29] for a similar model involving long-range fermions.
3Recall that while the long-range vector models are well-defined in the Euclidean signature, their naive

continuation to the Lorentzian signature can result in the lack of causality. These issues are beyond the

scope of the present paper. Instead, in the subsequent discussion we always work in the Euclidean signature.

At the same time, it is important to remark that since the long-range models do not possess a local stress-

energy tensor, it is not true a priori that correlation functions are conformally covariant. Accordingly, all the

specific correlation functions that we calculate in this paper are derived without invoking any assumptions

of conformal symmetry.
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Neveu model, and establish the parameter domain (1.1) in which it flows to an interacting

critical regime in the UV. Working at the next-to-leading order in the 1/N expansion,

we derive various CFT data. We also explicitly demonstrate continuity of CFT data at

the long-range-short-range crossover point s⋆, using various expressions for the short-range

model, collected in section 2. In section 4 we construct the long-range Gross-Neveu-Yukawa

model. Working perturbatively at the next-to-leading order in couplings, we find the IR

stable fixed point of this model, and calculate anomalous dimension of the scalar field at the

fixed point. We perform comparison of various CFT data in the long-range Gross-Neveu

and Gross-Neveu-Yukawa models in the overlapping regimes of validity, and demonstrate

their agreement. We discuss our results in section 5. Some known identities, useful for

CFT calculations in position space, are collected in appendix A.

2 Brief review of short-range Gross-Neveu model

As we discussed in section 1, we expect to observe a smooth crossover between the long-

range and the short-range critical U(n) fermionic models with the Gross-Neveu interaction

at the threshold value s⋆ of the long-range exponent parameter s. This threshold value can

be expressed in terms of anomalous dimension of the short-range fermion ψ̂ as s⋆ = 2−2γψ̂.

In the large-N limit, that we are going to be mostly interested in when studying Gross-

Neveu interaction, the fermion anomalous dimension is given by [2, 30]

γψ̂ = − 1

N

2d−1 sin
(

πd
2

)

Γ
(

d−1
2

)

π3/2dΓ
(

d
2 − 1

) + O
(

1

N2

)

. (2.1)

To facilitate test of smooth CFT crossover, in this section we collect some known CFT

data in the short-range Gross-Neveu model [1]4

SSR GN =

∫

ddx

(

¯̂
ψiγµ∂µψ̂i +

ĝ

N

(

¯̂
ψψ̂)2

)

)

, (2.2)

where we a sum over repeated U(n) index i = 1, . . . , n is implied. Performing the Hubbard-

Stratonovich transformation, we can re-write (2.2) as (we skip U(n) indices in what follows

for the sake of brevity)

SSR GN =

∫

ddx

(

¯̂
ψγµ∂µψ̂ − 1

4ĝ
σ̂2 +

1√
N

σ̂
¯̂
ψψ̂

)

. (2.3)

While at the free fixed point, ĝ = 0, scaling dimension of the pseudo-scalar Hubbard-

Stratonovich field σ̂ ∼ ¯̂
ψψ̂ is given by [σ̂]free = d − 1, at the interacting fixed point,

achieved in the UV for 2 < d < 4, it is given by [σ̂]UV = 1 + γσ̂, where [2]

γσ̂ =
1

N

4 sin
(

πd
2

)

Γ(d)

πdΓ
(

d
2

)2 + O
(

1

N2

)

. (2.4)

4Euclidean gamma-matrices are Hermitian, (γµ)† = γµ, satisfying γµγν + γνγµ = 2 δµν
I, where I is

rank-2[d/2] unit matrix. Dirac conjugate of a spinor is an ordinary Hermitian conjugate, ψ̄ = ψ†. Following

the standard conventions in large-N GN model [2], we defined N = 2[d/2] n.

– 4 –
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Besides the scaling dimensions (2.1), (2.4), another non-trivial piece of CFT data is given

by the amplitude of the three-point function [31]5

〈 ¯̂
ψ(x1)ψ̂(x2)σ̂(x3)〉

∣

∣

∣

∣

∣

normalized

= C ¯̂
ψψ̂σ̂

(1 + δC ¯̂
ψψ̂σ̂

)
γµxµ

13γνxν
32

|x12|d−2|x13|2|x23|2 ,

C ¯̂
ψψ̂σ̂

= − 2
d
2

√
N(d − 2)π

3
4

√

√

√

√

√−
sin

(

πd
2

)

Γ
(

d−1
2

)

Γ
(

d
2 − 1

) ,

δC ¯̂
ψψ̂σ̂

=
2(d − 1)

(

(d − 2)Hd−2 + π(d − 2) cot
(

πd
2

)

− 2
)

(d − 2)2
γψ̂ ,

(2.5)

where propagators of all fields in position space have been normlalized to unity, and Hn is

the nth Harmonic number.

3 Long-range Gross-Neveu model

Consider generalized (long-range) free Dirac fermion multiplet in fundamental representa-

tion of U(n), defined in d-dimensional Euclidean space, and described by the bi-local action

SLR Dirac[ψ] = Cf (s)

∫

ddx

∫

ddy ψ̄i(x)γµψi(y)
(x − y)µ

|x − y|d+s
, (3.1)

where sum over repeated i = 1, . . . , n is implied. Here s is a free parameter, that determines

the fermion scaling dimension

∆ψ =
d − s + 1

2
. (3.2)

We choose the pre-factor Cf (s) so that the free fermionic propagator is canonically nor-

malized in momentum space,

〈ψ(k)ψ̄(p)〉 = (2π)dδ(d)(p + q)
−iγµ kµ

(k2)s/2
. (3.3)

This gives6

Cf (s) = −
2s−1 Γ

(

d+s
2

)

π
d
2 Γ

(

1 − s
2

)

. (3.4)

When s = 2, we recover the usual (short-range) Dirac fermion propagator, while the

unitarity bound imposes the constraint

s ≤ 2 . (3.5)

5See also [32] for earlier derivation of the σ̂ ˆ̄ψψ̂ conformal triangle and 1/N corrections to the 〈σ̂σ̂〉
propagator.

6One can verify this expression using the Fourier transform
∫

ddk

(2π)d
eik·x 1

(k2)
d

2
−∆

=
22∆−d

π
d

2

Γ(∆)

Γ
(

d
2

− ∆
)

1

|x|2∆
.

– 5 –
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In position space, for general s, we obtain

〈ψ(x)ψ̄(0)〉 = Cψ
γµ xµ

|x|2∆ψ+1
, (3.6)

where ∆ψ is defined by (3.2), and the free propagator amplitude is given by

Cψ =
Γ

(

d−s
2 + 1

)

2s−1 π
d
2 Γ

(

s
2

)

. (3.7)

Notice that when s → 2 we recover the corresponding quantities of the free short-range

Dirac fermion7

∆ψ|s→2 = ∆ψ̂ , Cψ|s→2 = Cψ̂ . (3.8)

Let us now deform the action (3.1) by a quartic (Gross-Neveu) fermion self-

interaction term,8

SLR GN = SLR Dirac +
g

N

∫

ddx (ψ̄ψ)2 . (3.9)

In the vicinity of the free regime (3.1) we obtain [g] = 2s − 2 − d. Therefore the quartic

interaction in (3.9) is a relevant perturbation when s > d/2+1. Together with the unitarity

constraint (3.5), this imposes d < 2. In this case, the GN interaction will drive the theory

to a non-trivial regime in the IR. For s = d/2 + 1 + ǫ the interaction strength is weak, and

one can perform a Wilson-Fisher perturbative ǫ-expansion [4].

Instead, in this paper we are going to focus on the domain where s < d/2 + 1, that

results in an irrelevant GN interaction term, driving the theory to an interacting regime in

the UV. Together with the unitarity constraint (3.5), we obtain

s < min

(

d

2
+ 1, 2

)

. (3.10)

Therefore, when d < 2, we achieve a non-trivial regime in the UV for s < d/2 + 1 and in

the IR for s > d/2 + 1. For d > 2, we can only achieve a non-trivial regime in the UV,

for s < 2.

Analogously to the bosonic case [17, 18], the long-range model crosses over to the

short-range regime for s > s⋆, where the threshold value of the exponent parameter is

given by

s⋆ = 2 − 2γψ̂ . (3.11)

Due to γψ̂ > 0, we obtain from (3.10)

s < min

(

d

2
+ 1, s⋆

)

. (3.12)

To perform large-N analysis of the long-range GN model (3.9), it is convenient to

introduce the Hubbard-Stratonovich pseudo-scalar field σ ∼ ψ̄ψ, and rewrite the action as

SLR GN = SLR Dirac +

∫

ddx

(

− 1

4g
σ2 +

1√
N

σ ψ̄ψ

)

. (3.13)

7See [31] for a recent review.
8When s = 1, the model can be seen as a free fermion in d + 1-dimensional bulk, with the interaction

localized on the boundary. See also [33] for discussion of dualities between fixed points of free vector models

with interactions localized on the boundary.
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Importantly, the model (3.13) enjoys the discrete Z2 symmetry,

(x1, . . . , xa−1, xa, xa+1, . . . , xd) → (x1, . . . , xa−1, −xa, xa+1, . . . , xd) ,

σ → −σ , ψ → γaψ , ψ̄ → −ψ̄γa ,
(3.14)

defined for any given a = 1, . . . , d. This is analogous to the local (short-range) Gross-Neveu

model (2.3), that possesses the same symmetry [1, 2, 34].

Integrating out the fermions, we arrive at the effective action for the Hubbard-

Stratonovich field:

SLR GN = − n

∫

ddx

∫

ddy tr log

(

Cf (s)
(x − y)µγµ

|x − y|d+s
+

1√
N

σ(x) δ(d)(x − y)

)

− 1

4g

∫

ddx σ2 ,

(3.15)

where trace is taken over gamma-matrices. Expanding the logarithm in (3.15) to leading

order in 1/N , while discarding the constant and tadpole terms, we obtain9

SLR GN =
C2

ψ

2

∫

ddx

∫

ddy
σ(x)σ(y)

|x − y|2(d−s+1)
− 1

4g

∫

ddx σ2 + O
(

1

N

)

. (3.16)

At the interacting fixed point in the UV, the first term in (3.16) dominates over the second

term. Indeed, the corresponding propagator for the Hubbard-Stratonovich field (at the

leading order in 1/N) is given by

〈σ(x)σ(0)〉 =
Cσ

|x|2∆σ
, (3.17)

where we defined the free propagator amplitude

Cσ = − 4s−1Γ(s − 1)Γ
(

s
2

)2
Γ(d − s + 1)

Γ
(

d
2 − s + 1

)

Γ
(

d−s
2 + 1

)2
Γ

(

−d
2 + s − 1

)
, (3.18)

and scaling dimension

∆σ = s − 1 . (3.19)

In other words, at the interacting UV f.p. we obtain

[σ]UV = s − 1 + O
(

1

N

)

. (3.20)

We then obtain [σ2]UV = 2(s − 1) + O
(

1
N

)

< d. Therefore the second term in (3.16) is

irrelevant in the UV. As a consistency check, in the s → 2 limit we can reproduce the corre-

sponding quantities at the UV fixed point of the local (short-range) GN model [2, 32, 35],

∆σ|s→2 = ∆σ̂ , Cσ|s→2 = Cσ̂ . (3.21)

9Here we use the free fermionic inverse propagator relation:
∫

ddz
Cf (s) (x − z)µγµ

|x − z|d+s

Cψ zνγν

|z|d−s+2
= δ(d)(x) I ,

that can be verified, for instance, using the Fourier transform.

– 7 –
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Demanding unitarity, we impose [σ]UV > d
2 − 1, that in turn demands s > d/2.

Combing with (3.12), we obtain

d

2
< s < min

(

d

2
+ 1, s⋆

)

, (3.22)

and therefore

1 < d < 4 . (3.23)

Having established propagators for the fermion and the Hubbard-Stratonovich fields,

as well as the cubic interaction vertex, at the leading order in 1/N , we return to the

formulation of the model in terms of the action (3.13). The corresponding Feynman rules

that will be used at the interacting UV fixed point in diagrammatic calculations in this

section are given by

x = Cψ
xµγµ

|x|2∆ψ+10

x = Cσ
1

|x|2∆σ
0

= − 1√
N

When exponents of the propagator lines are specified explicitly, the corresponding propa-

gators will be implied to have unit amplitudes:

x =
xµγµ

|x|2∆+1
0

2∆
x =

1

|x|2∆
0

2∆

Recall also that each closed fermionic line produces the factor of −1 due to the anti-

commuting nature of fermions.

3.1 〈ψψ̄〉

At the leading order in 1/N expansion, the 〈ψψ̄〉 propagator is given by the generalized

free field theory expression (3.6). The scaling dimension ∆ψ, given by (3.2), is protected

from loop corrections by the bi-local kinetic term, and therefore the anomalous dimension

of ψ vanishes, γψ = 0, to all orders in 1/N expansion. However, while in the free limit

the amplitude of the propagator Cψ is given by (3.7), the 1/N corrections are going to

renormalize it, resulting in

〈ψ(x)ψ̄(0)〉 = Cψ (1 + Aψ)
γµ xµ

|x|2∆ψ+1
. (3.24)

Our goal in this section is to find the relative correction to the propagator amplitude Aψ

at the next-to-leading order in 1/N expansion. The only contributing diagram is one-loop,

given by:

2∆σ + δ

– 8 –
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The standard technique to renormalize such a conformal graph is to add a small shift δ to

the exponents of the internal σ lines [36]. Subsequently using the loop identities in position

space, as well as the propagator merging relations, reviewed in appendix A, we obtain

〈ψ(x)ψ̄(0)〉 ⊃ − 1

N
C3

ψCσπdA

(

−δ

2

)

V

(

d + s − 1 + δ

2
,
d − s + 1

2

)

× A

(

d + δ

2

)

V

(

d − s + 1

2
,
s − 1 − δ

2

)

xµγµ

|x|d−s+2+δ
.

(3.25)

This expression is in fact finite in the δ → 0 limit, in agreement with our expectation that

γψ = 0. Taking this limit renders

Aψ =
1

N

2d−s−1(d − 2s + 2)
√

πΓ
(

d+s
2

)

sin
(

πs
2

)

sin

(

π(d − 2s)

2

)

Γ(s − 1)Γ

(

d − s + 1

2

)

. (3.26)

While propagator amplitudes are not a part of universal CFT data, in combination with

the other non-observable, given by the amplitude of the σψ̄ψ conformal triangle, discussed

in section 3.3, the expression (3.26) will play an important role in calculation of the OPE

coefficient 〈σψ̄ψ〉, that we are going to carry out in section 3.4.

3.2 〈σσ〉

At the interacting UV fixed point, dimension of the Hubbard-Stratonovich field, σ ≃ ψ̄ψ, is

given by (3.20), where the leading order in 1/N contribution is given by (3.19). When 1/N

corrections are taken into account, the leading order 〈σσ〉 propagator (3.17) gets modified,

acquiring the form

〈σ(x)σ(0)〉 =
Cσ (1 + Aσ)µ−2γσ

|x|2(∆σ+γσ)
, (3.27)

where µ is an arbitrary scale. Our goal in this section is to find anomalous dimension γσ

at the next-to-leading order in 1/N expansion. This constitutes an important part of CFT

data of the corresponding critical theory. We will also calculate the relative propagator

amplitude correction Aσ, that will play a role in calculation of the 〈σψ̄ψ〉 three-point

function in section 3.4.

The two-loop diagrams contributing to the 〈σσ〉 propagator at the next-to-leading

order in 1/N expansion are given by:10

2∆σ + δ

2∆ψ − η 2∆ψ − η

2∆ψ + η 2∆ψ + η

C1 C2

10One more 〈σσ〉 two-loop diagram at the order O(1/N) can be drawn, but it vanishes, since it contains

the 〈σσσ〉 triangle sub-diagram. The latter correlation function is in fact identically zero in the Gross-Neveu

model, both in the short-range [31, 35], and in the long-range case, due to the Z2 symmetry (3.14). This

makes some calculations in the Gross-Neveu model easier than in the bosonic O(N) vector model. In the lat-

ter, vanishing of the 〈σσσ〉 three-point function is a three-dimensional artifact [37–39], and the counterpart

of the Z2 symmetry does not seem to generally hold beyond the leading order in 1/N expansion [40].
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We are going to denote the corresponding expressions contributing to 〈σσ〉 as C1,2. The

diagram C1 is divergent, and requires regularization that we accomplish by adding a small

shift δ to the exponent of the internal σ line [36]. Presence of δ spoils uniqueness of

the three-vertices. However, using an auxiliary regulator η = δ/2 one can restore the

integrability of the diagram, without affecting its regularized value. This is due to the fact

that the diagram possesses the η → −η symmetry,11 and therefore η dependence can only

appear as 1 + O(η2). Since the strongest divergence of this diagram is the simple pole 1/δ,

any choice η = O(δ) will not influence the δ → 0 limit [14, 41–44].

Using uniqueness and propagator merging relations, reviewed in appendix A,

we obtain12

C1 = − 1

N
C4

ψC3
σπ

d
2 A

(

s − 1 +
δ

2

)

× V

(

d − s + 1

2
− δ

4
,
d − s + 1

2
− δ

4

)

U

(

d + δ

2
,
d + δ

2
, −δ

)

× U

(

s − 1, d − s + 1 +
δ

2
, −δ

2

)

U

(

d + δ

2
, s − 1,

d − δ

2
− s + 1

)

µ−δ

|x|2s−2+δ
. (3.28)

Expanding around δ = 0, we obtain13

γσ =
1

N

2Γ
(

s
2

)2
Γ(d − s + 1)

Γ
(

d
2

)

Γ
(

d−s+2
2

)2
Γ

(

−d
2 + s − 1

)
+ O

(

1

N2

)

. (3.29)

The finite part is given by

C1

Cσ
⊃ 1

N

2Γ
(

s
2

)2
Γ(d−s+1)

(

H d−s
2

−Hd−s−ψ(0)
(

−d
2+s−1

)

+ψ(0)
(

s
2

)

)

Γ
(

d
2

)

Γ
(

d−s
2 +1

)2
Γ

(

−d
2+s−1

)
≡ c1 , (3.30)

where ψ(n)(x) is nth derivative of the digamma function ψ(0)(x) = Γ′(x)/Γ(x).

The diagram C2 contains the finite one-loop correction to the fermionic propagator

〈ψψ̄〉 as a sub-diagram:14

C2

Cσ
⊃ 2 C2

ψCσ Aψ πd A(s − 1)A(d − s + 1)

= − 1

N

2d−s(d − 2s + 2)Γ(s − 1) sin
(

1
2π(d − 2s)

)

Γ
(

1
2(d − s + 1)

)

√
π sin

(

πs
2

)

Γ
(

d+s
2

) ≡ c2 ,

(3.31)

11This can be seen by renaming positions of vertices of integration, x3,4 → x1 + x2 − x4,3, where x1,2 are

left and right vertices, and x3,4 are top and bottom vertices.
12Here the overall factor of −1 is due to the Feynman rule for the fermionic loop.
13Simple pole divergence can be removed by the wave-function renormalization σ →

√

1 + 2γσ

δ
σ. For

brevity, and where it does not create confusion, we keep subtractions of pure infinities implicit in this paper.
14Here we took into account the symmetry factor of 2, while the factor of −1 due to the fermionic loop

was offset by the factor of −1 due to the simplification of loop in position space, reviewed in appendix A.

We have then used the inverse propagator relation
∫

ddy
1

|y|2a|x − y|2(d−a)
= πdA(a)A(d − a) .
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and therefore does not contribute to the anomalous dimension γσ. Combining (3.30), (3.31),

we obtain

Aσ = c1 + c2 . (3.32)

We close this section by providing an expansion of the anomalous dimension γσ, given

by (3.29), at d = 4 − ǫ2, s = 2 − ǫ2/2 + ǫ1 to leading order in ǫ1,2,

γσ|d=4 = − 4

N
ǫ1 + O

(

ǫ2
1,2,

1

N2

)

. (3.33)

This expansion will prove useful when we compare the CFT data of the long-range Gross-

Neveu model with its counterpart in the Gross-Neveu-Yukawa model.

3.3 σψ̄ψ conformal triangle

While the leading order σψ̄ψ vertex in the action (3.13) is local, higher-order 1/N correc-

tions result in a non-local effective vertex for the cubic σψ̄ψ interaction. Diagrammatically,

in a CFT, it can be represented using the conformal triangle [3]

σ(x3)

ψ̄(x1) ψ(x2)

2α

2β

2α

(3.34)

= −
Zσψ̄ψ√

N

∫

ddx1

∫

ddx2

∫

ddx3
µγσ xµ

13γµ xν
32γν

|x13|2α+1|x32|2α+1|x12|2β
ψ̄(x1)ψ(x2)σ(x3) ,

Exponents 2α, 2β of internal lines of the σψ̄ψ conformal triangle have been chosen so that

when the full σ and ψ propagators are attached to it, each of the three internal vertices of

the triangle are rendered unique:

α =
d − s + 1 − γσ

2
, β = s − 1 +

γσ

2
. (3.35)

Performing the resulting three unique integrals then generates the factor of

integrals of (3.34) = − π
3d
2 A(s−1+γσ)V

(

d−s+1−γσ

2
,
d−s+1−γσ

2

)

× A

(

d−γσ

2

)

V

(

d−s+1

2
,
s−1+γσ

2

)

× A

(

s−1+
γσ

2

)

V

(

d−s+1

2
,
d−s+1−γσ

2

)

.

(3.36)

Expanding in 1/N , we can re-write this factor as

integrals of (3.34) = u
(0)

σψ̄ψ

(

1 + δuσψ̄ψ + O
(

1

N2

))

, (3.37)
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where we denoted

u
(0)

σψ̄ψ
= − N

π
3d
2 Γ

(

s
2

)2
Γ

(

d
2−s+1

)2
Γ

(

−d
2+s−1

)

Γ(s−1)2Γ(d−s+1)Γ
(

d−s
2 +1

)2 , (3.38)

δuσψ̄ψ =
1

N

Γ
(

s
2

)2
Γ(d−s+1)

(

2H d−s
2

−3H d
2

−s + ψ(0)
(

d
2

)

+2ψ(0)
(

s
2

)

−3ψ(0)(s−1)
)

Γ
(

d
2

)

Γ
(

d−s
2 +1

)2
Γ

(

−d
2+s−1

)
.

(3.39)

Additionally taking into account the propagator amplitude corrections15 one can obtain

the three-point function 〈σψ̄ψ〉. This calculation will be completed in section 3.4.

Conformal triangle can be calculated at the desired order in 1/N expansion by summing

up all contributing diagrams up to the given order. These diagrams include vertex correc-

tions, propagator corrections, and counterterms. Many of these diagrams contain dressed

or regularized propagators, rendering them non-integrable via the method of uniqueness.

In [31] the background field method was proposed, that allows to easily calculate confor-

mal triangles by using the propagator merging relations.16 In such an approach, one of

the fields is formally fixed to a non-dynamical background value. For instance, one can

fix the Hubbard-Stratonovich field to a constant σ ≡ σ̄, while attaching the full fermionic

propagators to the σψ̄ψ conformal triangle. The conformal triangle can then be solved for,

by considering two equivalent forms of writing down the fermionic propagator 〈ψψ̄〉|σ̄ in

the Hubbard-Stratonovich background σ̄:

σ̄

2α 2α

2β

=

σ̄ σ̄

+
γσ

δ
×

σ̄

+

2∆σ + δ

(3.40)

On the l.h.s. of (3.40) we obtain17

l.h.s. of (3.40)

σ̄C2
ψ(1 + Aψ)2

=
Z

(0)

σψ̄ψ√
N

u
(0)

σψ̄ψ

(

1 + δZσψ̄ψ + δuσψ̄ψ + γσ log(µ|x|)
)

, (3.41)

where we have also expanded amplitude of the conformal triangle in 1/N ,

Zσψ̄ψ = Z
(0)

σψ̄ψ
(1 + δZσψ̄ψ) , (3.42)

For the first term on the r.h.s. of (3.40) we derive

〈ψψ̄〉|σ̄
σ̄C2

ψ(1+Aψ)2
⊃ −

C
(0)

σψ̄ψ

C
1
2
σ Cψ

1

|x|d−2s+2
, (3.43)

15Importance of the propagator amplitude corrections in calculation of three-point functions in large-N

vector models was first emphasized in [39].
16The background field method was recently used to calculate CFT data in the long-range O(N) vector

model [16].
17It is convenient to factor out σ̄C2

ψ(1+Aψ)2 from each term on both sides of (3.40). Integrals over

vertices of the diagram on the l.h.s. of (3.40) produces the factor equal to the negative of (3.37).
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where for the future convenience we introduced

C
(0)

σψ̄ψ
= − 1√

N
C

1
2
σ Cψ π

d
2 A(s − 1)V

(

d − s + 1

2
,
d − s + 1

2

)

. (3.44)

Comparing (3.43) with the leading-order contribution to (3.41), we obtain

Z
(0)

σψ̄ψ
= −

√
N

C
(0)

σψ̄ψ

C
1
2
σ Cψu

(0)

σψ̄ψ

= − 1

N

Γ(s − 1)Γ(d − s + 1)

πdΓ
(

d
2 − s + 1

)

Γ
(

−d
2 + s − 1

) . (3.45)

At the same time, the sub-leading order contributions to (3.41) are to be compared to the

regularized vertex correction diagram, represented by the last term in the r.h.s. of (3.40),

given by

〈ψψ̄〉|σ̄
σ̄C2

ψ(1+Aψ)2
⊃ − 1

N
3
2

π
3d
2 C2

ψCσA(s − 1)V

(

d − s + 1

2
,
d − s + 1

2

)

A

(

d + δ

2

)

× V

(

d−s+1

2
,
s−1−δ

2

)

A

(

s−1−δ

2

)

× V

(

d−s+1

2
,
d−s+1+δ

2

)

µ−δ

|x|d−2s+2+δ
. (3.46)

Expanding around δ = 0, we notice that the pure pole divergence 1/δ is subtracted by the

counterterm diagram in the r.h.s. of (3.40), while the finite part assumes the form

〈ψψ̄〉|σ̄
σ̄C2

ψ(1+Aψ)2
⊃ −

C
(0)

σψ̄ψ

C
1
2
σ Cψ

(

rσψ̄ψ + γσ log(µ|x|)
)

, (3.47)

where we denoted

rσψ̄ψ =
1

N

Γ
(

s
2

)2
Γ(d − s + 1)

(

ψ(0)
(

d
2

)

− H d
2

−s − Hs−2 + γ
)

Γ
(

d
2

)

Γ
(

d−s
2 + 1

)2
Γ

(

−d
2 + s − 1

)
, (3.48)

where γ is the Euler constant. Comparing (3.47) with the sub-leading contribution

to (3.41), while using (3.45), we notice that the anomalous dimension logarithm terms

match, while the relative correction to amplitude of the conformal triangle can be ex-

pressed as

δZσψ̄ψ = rσψ̄ψ − δuσψ̄ψ

=
1

N

2Γ
(

s
2

)2
Γ(d − s + 1)

(

H d
2

−s − H d−s
2

− ψ(0)
(

s
2

)

+ ψ(0)(s − 1)
)

Γ
(

d
2

)

Γ
(

d−s
2 + 1

)2
Γ

(

−d
2 + s − 1

)
.

(3.49)

3.4 〈σψ̄ψ〉

At the leading order in 1/N expansion, the three-point function 〈σψ̄ψ〉 is determined by

the tree-level diagram
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This diagram is easy to evaluate taking one conformal integral using the uniqueness relation.

This gives

〈σ(x1)ψ̄(x2)ψ(x3)〉
∣

∣

∣

∣

∣

normalized

=
C

(0)

σψ̄ψ
xµ

12γµ xν
31γν

(|x12||x13|)s|x23|d−2s+2
, (3.50)

where the amplitude C
(0)

σψ̄ψ
is given by (3.44). Following the same conventions throughout

this paper, all three-point functions are written down for operators whose propagators in

position space have been normalized to unity.

To incorporate 1/N contributions due to the vertex and propagator corrections, we can

use σψ̄ψ conformal triangle, calculated in section 3.4, and relative propagator amplitude

corrections, calculated in section 3.1 and section 3.2. This gives the full three-point function

〈σ(x1)ψ̄(x2)ψ(x3)〉
∣

∣

∣

∣

∣

normalized

=
C

(0)

σψ̄ψ
(1 + δCσψ̄ψ) xµ

12γµ xν
31γν

(|x12||x13|)s+γσ |x23|d−2s+2−γσ
, (3.51)

Attaching full propagator legs to the conformal triangle and taking integrals over the unique

vertices, we obtain:

2(∆σ + γσ)

2α 2α

2β
2∆ψ 2∆ψ

Therefore the relative correction to the three-point function amplitude is given by

δCσψ̄ψ = δZσψ̄ψ + δuσψ̄ψ +
Aσ

2
+ Aψ

= − 1

N

Γ
(

s
2

)2
Γ(d − s + 1)

Γ
(

d
2

)

Γ
(

d−s
2 + 1

)2
Γ

(

−d
2 + s − 1

)

(

H d
2

−s − H d−s
2

+ Hd−s (3.52)

+ ψ(0)
(

−d

2
+ s − 1

)

− ψ(0)
(

d

2

)

− ψ(0)
(

s

2

)

+ ψ(0)(s − 1)

)

+ O
(

1

N2

)

.

We close this section by expanding the leading and next-to-leading contributions to

the 〈σψ̄ψ〉 OPE coefficients at d = 4 − ǫ2, s = 2 − ǫ2/2 + ǫ1 to leading order in ǫ1,2,

C
(0)

σψ̄ψ
|d=4 = −

√

2ǫ1

N
+ O

(

ǫ
3
2
1,2,

1

N
3
2

)

,

δCσψ̄ψ|d=4 = − 2

N
+ O

(

ǫ1,2,
1

N2

)

.

(3.53)

These expressions will be compared with their counterparts in the Gross-Neveu-Yukawa

model in section 4, where we will perform perturbative ǫ-expansion near d = 4, s = 2, to

the order O(
√

ǫ1,2).
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3.5 Continuity of CFT data at s = s⋆

In this section we have derived various CFT data, including scaling dimensions of the fields

ψ, σ, and the OPE coefficient 〈σψ̄ψ〉 in the critical long-range Gross-Neveu model (3.13)

at its interacting UV fixed point, working at the next-to-leading order in 1/N expansion.

We are now going to check continuity of this CFT data across the long-range-short-range

crossover point s⋆. This will serve as a non-trivial consistency check for our results.

Recall that s⋆ is defined as the threshold value of the long-range exponent parameter

s, above which the bi-local fermionic kinetic term (3.1) is irrelevant compared to the local

(short-range) Dirac kinetic term. By calculating scaling dimension of (3.1) in the short-

range model, we obtain s⋆ = 2 − 2γψ̂, where anomalous dimension of fermionic field in

the short-range critical Gross-Neveu model is given by (2.1). This immediately guarantees

that the fermionic scaling dimension is continuous,

[ψ]UV|s=s⋆ =
d − s⋆ + 1

2
=

d − 1

2
+ γψ̂ = [ψ̂]UV . (3.54)

Continuity of the full scaling dimension of the Hubbard-Stratonovich field can be estab-

lished by noticing that the difference between divergent graphs contributing to the 〈σσ〉
propagator in the long-range model and the 〈σ̂σ̂〉 propagator in the short-range model

can be traced back to the vanishing anomalous dimension of the fermion in the former,

and therefore absence of the corresponding diagram, contributing 2γψ̂. This leads to the

relation

γσ|s=2 = γσ̂ + 2γψ̂ , (3.55)

that can be verified explicitly using (2.1), (2.4), (3.29). Here we have used s⋆ = 2+O(1/N),

and expanded our expressions to the next-to-leading order in 1/N , that defined the regime

of validity of our results. We can then derive

[σ]UV|s=s⋆ = s⋆ − 1 + γσ|s=2 = 1 + (γσ|s=2 − 2γψ̂) = [σ̂]UV . (3.56)

Finally, continuity of the 〈σψ̄ψ〉 OPE coefficient across the long-range-short-range

crossover s⋆ can be established by explicitly verifying validity of the following identities:18

C
(0)

σψ̄ψ
|s=2 = C

(0)

σ̂
¯̂
ψψ̂

,



C
(0)

σψ̄ψ
δCσψ̄ψ − 2γψ̂

∂C
(0)

σψ̄ψ

∂s



 |s=2 = C
(0)

σ̂
¯̂
ψψ̂

δC
σ̂

¯̂
ψψ̂

.
(3.57)

4 Long-range Gross-Neveu-Yukawa model

In this section we will construct the long-range version of the Gross-Neveu-Yukawa

model [2], describing dynamics of the Dirac fermions θi, i = 1, . . . , n, in the fundamental

representation of the U(n) symmetry group, coupled to the pseudo-scalar φ. Our goal is

18Analogous consistency checks of continuity of CFT data across long-range-short-range crossover in

O(N) vector models have recently been performed in [16].
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to develop the model that flows to an IR-stable interacting fixed point that is equivalent

to the critical regime of the long-range Gross-Neveu model (3.13).

Establishing correspondence between the models begins with the match of d.o.f.,

ψi ↔ θi , i = 1, . . . , n , σ ↔ φ . (4.1)

The most non-trivial part of the proposed critical duality will manifest itself in the equiv-

alency of the CFT data of these two models. To this end, we start by noticing that since

the scaling dimension of the fermionic field ψi in the long-range Gross-Neveu model (3.13)

is fixed exactly to (3.2), we want to ensure that the scaling dimension of the fermionic field

θi in the long-range Gross-Neveu-Yukawa model is similarly non-renormalized. This can

be achieved by choosing the bi-local fermionic kinetic term

SLR Dirac[θ] = Cf (s)

∫

ddx

∫

ddy θ̄i(x)γµθi(y)
(x − y)µ

|x − y|d+s
, (4.2)

for the fermion θi. The pre-factor Cf (s) is given by (3.4), ensuring that the momentum

space propagator is canonically normalized. In position space this propagator is given by

〈θ(x)θ̄(0)〉 = Cθ
γµ xµ

|x|2∆θ+1
, (4.3)

where the scaling dimension is given by

∆θ =
d − s + 1

2
, (4.4)

while the free propagator amplitude is defined as

Cθ =
Γ

(

d−s
2 + 1

)

2s−1 π
d
2 Γ

(

s
2

)

. (4.5)

We then couple the model (4.2) to the pseudo-scalar field φ,

SLR GNY = SLR Dirac[θ] +

∫

ddx

(

1

2
(∂φ)2 + g φ θ̄ θ +

h

24
φ4

)

. (4.6)

Notice that analogously to the symmetry (3.14) of the long-range Gross-Neveu model, the

action (4.6) enjoys the Z2 symmetry

(x1, . . . , xa−1, xa, xa+1, . . . , xd) → (x1, . . . , xa−1, −xa, xa+1, . . . , xd) ,

φ → −φ , θ → γaθ , θ̄ → −θ̄γa ,
(4.7)

defined for any given a = 1, . . . , d. Additionally, since we can redefine φ → −φ, this implies

that every non-trivial fixed point value g⋆ is paired up with a physically equivalent fixed

point −g⋆.

In the free regime, the propagator of the scalar field φ is given by

〈φ(x)φ(0)〉 =
Cφ

|x|2∆φ
, (4.8)
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where the scaling dimension is given by

∆φ =
d

2
− 1 , (4.9)

while the free propagator amplitude is

Cφ =
Γ

(

d
2 − 1

)

4π
d
2

. (4.10)

Near the free regime, g = 0, h = 0, the coupling constants therefore have dimensions

[g]free = s − d

2
, [h]free = 4 − d . (4.11)

Choosing

d = 4 − ǫ2 , s =
d

2
+ ǫ1 = 2 − ǫ2

2
+ ǫ1 , (4.12)

we can make the couplings g, h slightly relevant near the UV. We then have

∆θ =
3

2
− ǫ1

2
− ǫ2

4
, ∆φ = 1 − ǫ2

2
. (4.13)

Let us now redefine the coupling constants to be dimensionless,

SLR GNY = SLR Dirac[θ] +

∫

ddx

(

1

2
(∂φ)2 + g µǫ1 φ θ̄ θ +

h µǫ2

24
φ4

)

, (4.14)

where µ is an arbitrary RG scale. The relevant interaction in the UV activates an RG flow,

that brings the theory to an interacting Wilson-Fisher fixed point (g⋆, h⋆) in the IR, that

can be found perturbatively using ǫ-expansion. Our goal in this section is to find this fixed

point and study the corresponding critical theory.

While we will carry out our calculation at the next-to-leading order in ǫ-expansion,

our results in this section are going to be exact in 1/N . However, since we are largely

motivated by the desire to compare the corresponding critical theory at the fixed point

with the critical long-range Gross-Neveu model, that we discussed in section 3, we will

subsequently perform algebraic expansion of our results in 1/N . Specifically, the fixed-

point values of the dimensionless coupling constants can be represented as

g⋆ = g0

(

1 +
g1

N
+ O

(

1

N2

))

,

h⋆ = h0

(

1 +
h1

N
+ O

(

1

N2

))

.

(4.15)

From the action (4.14) it is clear that θi ∼ O(1/N0), φ ∼ O(
√

N), and therefore

g0 ∼ O
(

1√
N

)

, h0 ∼ O
(

1

N

)

. (4.16)

Using the Callan-Symanzik equation
(

µ
∂

∂µ
+ βg

∂

∂g
+ γφ

)

〈φθ̄θ〉 = 0 , (4.17)
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where we took into account γθ = 0, and expanded to the leading order in 1/N , we then

obtain

γφ = ǫ1 + O
(

1

N

)

, (4.18)

and as a result using (4.12), (4.13) we obtain [φ]IR = s − 1 + O
(

1
N

)

. While below in this

section we will calculate γφ at leading order in ǫ-expansion but to all orders in 1/N , we can

already notice that such a large-N behavior of [φ]IR matches the scaling dimension (3.20)

of the Hubbard-Stratonovich field of the critical long-range Gross-Neveu model. Moreover,

it indicates that the quartic and the local kinetic term for the field φ in the action (4.14),

that naively distinguish it from the long-range Gross-Neveu model (3.13) in the UV, are

in fact irrelevant in the IR fixed point of the model (4.14).

We will carry out perturbative ǫ-expansion in position space. The Feynman rules that

we are going to be using in this section for the free fermionic and scalar propagator, and

the cubic interaction vertex, are given by

x = Cθ
xµγµ

|x|2∆θ+1
0

x = Cφ
1

|x|2∆φ
0

= −g

For fermionic and scalar lines with explicitly specified exponents we will define the corre-

sponding amplitudes to be equal to unity. Together with the quartic interaction vertex,

the corresponding Feynman rules are given by

x =
xµγµ

|x|2∆+1
0

2∆

x =
1

|x|2∆
0

2∆ = −h

4.1 〈φφ〉

At the leading order in ǫ-expansion, the 〈φφ〉 propagator is given by the free field expres-

sion (4.8). One-loop correction to this expression is determined by the following diagram:19

19We argue that the two-loop O(h2) diagram is of a sub-leading order O(ǫ2
1). This is analogous to the

short-range Gross-Neveu-Yukawa model, where at the Wilson-Fisher fixed point in d = 4 − ǫ dimensions

the leading order couplings behave as g = O(
√

ǫ), h = O(ǫ).

– 18 –
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In this diagram, the Feynman rule for the fermionic loop contributes the factor of −1.

Combining two fermionic propagators forming a loop renders another factor of −1, as

we reviewed in appendix A. Using the propagator merging relations, and combining the

resulting expression with the leading order propagator (4.8), we obtain

〈φ(x)φ(0)〉 =
Cφ

|x|2−ǫ2

(

1 + g2
⋆NC2

θ CφU

(

1 − ǫ2

2
, 3 − ǫ1 − ǫ2

2
, ǫ1

)

× U

(

1 − ǫ2

2
, 2 − ǫ1 − ǫ2

2
, 1 + ǫ1

)

(µ|x|)2ǫ1

)

→ Cφ

|x|2−ǫ2

(

1 − N g2
⋆

16π2
log(µ|x|)

)

,

(4.19)

where in the last line we performed expansion in ǫ1, collected leading order terms in front

of the logarithm, and discarded the 1/ǫ1 term.20 Consequently, anomalous dimension of

the field φ at the IR f.p. is given by

γφ =
N g2

⋆

32π2
+ O(ǫ2

1) . (4.20)

4.2 〈φθ̄θ〉

We now proceed to calculation of the three-point function 〈φθ̄θ〉 up to the one-loop order.

At the leading order it is given by the diagram

The corresponding contribution to the three-point function reads21

〈φ(x1)θ̄(x2)θ(x3)〉
∣

∣

∣

∣

∣

normalized

=
Cφθ̄θ xµ

12γµ xν
31γµ

(|x12||x13||x23|)2
, (4.21)

where

Cφθ̄θ = −g⋆ C
1
2
φ Cθ π

d
2 A(1) V

(

d − 1

2
,
d − 1

2

)

∣

∣

∣

∣

∣

d=4,s=2

+ O(g3
⋆) . (4.22)

The motivation behind such a choice is that it provides us with universal conventions

allowing us to compare the corresponding OPE coefficients in different models.

20These pure divergencies can be absorbed into the wave-function

φ →
√

1 +
γφ

ǫ1
φ .

We keep renormalizations implicit here and everywhere else in this section.
21At the leading order in ǫ-expansion one drops O(ǫ) contributions to the exponents of |xij |.
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At the next-to-leading order in ǫ-expansion we have a contribution from the following

vertex correction one-loop diagram:

The corresponding term in the three-point function is given by

〈φ(x1)θ̄(x2)θ(x3)〉
∣

∣

∣

∣

∣

normalized

= (−g⋆)3 C
3
2
φ C3

θ V (µ0) , (4.23)

where V (µ0) is determined by the regularized diagram

2

3 3

2
3 3

This diagram is logarithmically divergent. It can be regularized by imposing the UV cut-off

|x| ≥ 1/µ0, and subtracting the divergent term log(µ0) with the vertex counterterm, at the

cost of introducing an RG scale µ:

∫

1/µ0

d|x|
|x|

∣

∣

∣

∣

∣

regularized

= log(µ) . (4.24)

The integrals over the other two vertices are finite, and can be taken using the star-triangle

relation, reviewed in appendix A. We then arrive at

V (µ) = −2π4 A(1) V

(

3

2
,
3

2

)

U

(

1,
3

2
,
3

2

)

∣

∣

∣

∣

∣

d=4,s=2

xµ
12γµ xν

31γµ

(|x12||x13||x23|)2
log(µ) . (4.25)

Finally, dressing the φ leg of the tree-level 〈φθ̄θ〉 diagram, we obtain

〈φ(x1)θ̄(x2)θ(x3)〉
∣

∣

∣

∣

∣

normalized

= −2γφ log(µ)
Cφθ̄θ xµ

12γµ xν
31γµ

(|x12||x13||x23|)2
, (4.26)
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Using the Callan-Symanzik equation

(

µ
∂

∂µ
+ βg

∂

∂g
+ γφ

)

〈φ(x1)θ̄(x2)θ(x3)〉 = 0 (4.27)

we then obtain

βg = −ǫ1 g +
N + 4

32π2
g3 . (4.28)

A non-trivial IR fixed point is then achieved at22

g⋆ = 4π

√

2ǫ1

N + 4
. (4.29)

Expanding (4.29) in 1/N and plugging it into (4.22), we then obtain the normalized three-

point function amplitude

Cφθ̄θ = −
√

2ǫ1

N

(

1 − 2

N
+ O

(

1

N2

))

+ O(ǫ
3/2
1 ) . (4.30)

On the other hand, substituting (4.29) into (4.20) and expanding in 1/N , we obtain

[φ]IR = ∆φ + γφ = 1 − ǫ2

2
+ ǫ1 − 4ǫ1

N
+ O

(

ǫ2
1,

1

N2

)

= s − 1 − 4ǫ1

N
+ O

(

ǫ2
1,

1

N2

)

, (4.31)

where we used (4.12), (4.13).

Notice that while our calculation is perturbative in ǫ1,2, it is exact in 1/N . How-

ever, performing algebraic 1/N expansion allows us to compare the resulting expres-

sions (4.30), (4.31) at the next-to-leading order in 1/N with their counterparts (3.53), (3.33)

in the large-N long-range Gross-Neveu model, revealing an exact agreement.

These non-trivial matches of CFT data at the next-to-leading order in 1/N expansion

provide a strong supportive evidence in favor of the statement that the UV fixed point of

the long-range Gross-Neveu model, and the IR fixed point of the long-range Gross-Neveu-

Yukawa model are in fact described by the same CFT. While our calculations have been

performed in ǫ-expansion near d = 4, s = 2 for the Gross-Neveu-Yukawa model, and in

1/N expansion for the Gross-Neveu model, we suggest that it holds true for the entire

domain (3.22), (3.23).

4.3 〈φφφφ〉

In this section we are going to use the four-point function 〈φφφφ〉 at the next-to-leading

order in ǫ-expansion to calculate the fixed-point value of the coupling h⋆. The leading order

contribution to the normalized four-point function is given by the tree-level diagram

〈φφφφ〉
∣

∣

∣

∣

∣

normalized

⊃ = −h C2
φ × ≡ −h C2

φ V
2

2
2

2

22Recall that −g⋆ is a physically equivalent fixed point.
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While the four-line vertex on the r.h.s. of this diagrammatic equation is conformal, we

do not need to take this integral for our purposes. Instead, we denote it as V and keep

it implicit.

At the next-to-leading order we have contributions due to the dressed φ legs of the

tree-level diagram, as well as two vertex corrections. The former is given by

〈φφφφ〉
∣

∣

∣

∣

∣

normalized

⊃ 4 × (−2γφ) (−h) C2
φ V , (4.32)

One of the vertex corrections is determined by the diagram

Two of its vertices can be calculated using the uniqueness relation reviewed in appendix A.

The third integral is logarithmically divergent, and can be regularized using the UV cut-

off, with the divergence being subsequently subtracted using vertex counter-term, resulting

in (4.24). This way the diagram is reduced to V, that implicitly contains the fourth integral.

Assembling everything together we obtain (here 6 is the symmetry factor and overall minus

sign is due to the fermionic loop)

〈φφφφ〉
∣

∣

∣

∣

∣

normalized

⊃ −6Nh4C2
φC4

θ

(

π
d
2 A(1)V

(

3

2
,
3

2

))2
∣

∣

∣

∣

∣

d=4,s=2

2π2 log(µ) V . (4.33)

The other vertex correction diagram contributing to 〈φφφφ〉 at the next-to-leading order

in ǫ-expansion is given by

The corresponding contribution has the form (here 3/2 is the symmetry factor)

〈φφφφ〉
∣

∣

∣

∣

∣

normalized

⊃ 3

2
g2 C4

φ 2π2 log(µ) V , (4.34)
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where we regularized one of the integrals. The common factor V cancels out from the

Callan-Symanzik equation,
(

µ
∂

∂µ
+ βh

∂

∂h
+ 4γφ

)

〈φφφφ〉 = 0 , (4.35)

resulting in

βh = −ǫ2h +
2Ng2 (h − 6g2) + 3h2

16π2
. (4.36)

The corresponding IR stable fixed point is given by

h⋆ =
8

3
π2





√

16N(N + 36)ǫ2
1

(N + 4)2
− 8Nǫ1ǫ2

N + 4
+ ǫ2

2 − 4Nǫ1

N + 4
+ ǫ2



 . (4.37)

5 Discussion

In this paper we have constructed new long-range Gross-Neveu and Gross-Neveu-Yukawa

fermionic models. For the choice of parameters d/2 < s < min(d/2 + 1, s⋆), 1 < d < 4, we

demonstrated that these models flow to critical regimes (in the UV and the IR respectively),

and matched CFT data of these models within the overlapping regimes of validity. Our

paper therefore furnishes a non-trivial generalization between the short-range Gross-Neveu

and Gross-Neveu-Yukawa models.

Conformal structure of the three-point function 〈φθ̄θ〉 in the long-range Gross-Neveu-

Yukawa model indicates that its fixed point enjoys the full conformal symmetry, at least

at the order O(
√

ǫ1,2) at which we have performed explicit calculations. Additionally, one

can check the two-point functions that must vanish if the full conformal symmetry is valid.

For instance, the two-point function 〈φ(x1)ψ̄ψ(x2)〉 vanishes up to a contact term, and

the correlator 〈φ2(x1)φ4(x2)〉 is zero at the considered order in ǫ-expansion. Due to the

critical duality argument, provided in this paper, this implies that the critical long-range

Gross-Neveu model is also in fact described by a CFT. It would be interesting to see how

conformal symmetry at the long-range fixed point of the considered fermionic models can

be established analogously to the arguments of [19–22, 29].

As we reviewed in section 1, the long-range critical vector model can be found at the end

of an RG flow, triggered by coupling the critical short-range vector model to a generalized

free field of dimension (d + s)/2 [19, 20]. We suggest that similarly one can couple the

short-range Gross-Neveu model to a long-range fermion χ of dimension ∆χ = (d+s−1)/2,

Ŝ = SLR Dirac[χ]|2−s + λ

∫

ddx ( ˆ̄ψχ + χ̄ψ̂) . (5.1)

Near s = s⋆ we therefore obtain [λ] = s⋆ − s, where s⋆ = 2 − 2γψ̂ defines the long-range-

short-range crossover threshold. For small δ = s⋆ − s one can therefore study the model

perturbatively in λ.

Long-range vector models have recently been used in systems exhibiting persistent

symmetry breaking [45].23 While these systems have so far been considered to be exclusively

bosonic, it would be interesting to see what role the long-range fermions play in models

manifesting persistent symmetry breaking.

23See also [46, 47] for recent work on persistent symmetry breaking in vector models.
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A Some useful identities

In this appendix we collect some known expressions and identities, that are useful to

carry out perturbation theory calculations in position space [30, 48, 49] (see also [50] for a

recent review).

Loop diagram in position space are simply additive:

=

2b

2a

2(a + b)

When fermions are involved, we obtain

=
2∆1 + 2∆2

2∆1

2∆2

=
2∆1 + 2∆2

2∆1

2∆2

× (−I)

The propagator merging relation identity is given by
∫

ddx2
1

|x2|2a|x1 − x2|2b
= U(a, b, d − a − b)

1

|x1|2a+2b−d
, (A.1)

where we defined

U(a, b, c) = π
d
2 A(a)A(b)A(c) . (A.2)

Here we have introduced

A(x) =
Γ

(

d
2 − x

)

Γ(x)
. (A.3)
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This relation can also be represented diagrammatically as

2a 2b
=

2(a + b) − d
×U(a, b, d − a − b)

Propagator merging relations with fermions are given by

2∆1 2∆2
=

2(∆1 + ∆2) − d
× π

d
2 A(∆2)V (∆1, d − ∆1 − ∆2)

2∆1 2∆2
=

2(∆1 + ∆2) − d × (−π
d
2 ) A(d − ∆1 − ∆2)V (∆1, ∆2) × I

Here we defined

V (∆1, ∆2) =
Γ

(

d
2 − ∆1 + 1

2

)

Γ(∆1 + 1
2)

Γ
(

d
2 − ∆2 + 1

2

)

Γ(∆2 + 1
2)

. (A.4)

Uniqueness relation, valid for a1 + a2 + a3 = d, has the form

∫

ddx
1

|x1 − x|2a1 |x2 − x|2a2 |x3 − x|2a3
=

U(a1, a2, a3)

|x12|d−2a3 |x13|d−2a2 |x23|d−2a1
, (A.5)

and can be represented graphically as

2a1

2a2

2a3
= α

β

γ

×
(

− 2√
N

)

U (a1, a2, a3)

Here we have defined α = d − 2a3, β = d − 2a2, γ = d − 2a1.

In the case of a Yukawa vertex, the uniqueness relation becomes (for ∆1+∆2+∆3 = d)

∫

ddx4
γµxµ

41γνxν
24

|x14|2∆1+1|x24|2∆2+1|x34|2∆3
=

π
d
2 A(∆3)V (∆1, ∆2) γµxµ

31γνxν
23

|x12|d−2∆3 |x13|d−2∆2+1|x23|d−2∆1+1
, (A.6)

or diagrammatically,

= × π
d
2 A(∆3)V (∆1, ∆2)

2∆3

2∆2

2∆1

d − 2∆1

d − 2∆2

d − 2∆3
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