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1 Introduction

Double field theory (DFT) is a formulation of the massless sector of string theory that makes
T-duality manifest [1-6]. It describes the low energy sector of bosonic string theory (or the
bosonic NS-NS sector of supersymmetric string theory) and unifies the metric and two-form
together into a generalized metric, which transforms under generalized diffeomorphisms
governed by the group O(D, D). In order to incorporate fermions and supersymmetry, one
requires a frame formulation [1, 2, 7-9], and in this approach the generalized vielbein is an
element of O(D, D) with a doubled tangent space group O(D —1,1) x O(D — 1,1). For
further references and discussions of important applications of DFT, we refer the reader to
the reviews [10, 11].

The topic of this paper is the structure of supersymmetric double field theory, and
specifically how to deduce it from a doubled supergeometry. At the component level,
the structure of A/ = 1 double field theory was identified to second order in fermions
in [12] and to all orders in [13] (see also [14]). Remarkably, the prescient early papers by
Siegel [1, 2] already contained a superspace description, from which one should be able to
deduce supersymmetry transformations and equations of motion. In principle this ought to
be a straightforward task, and the original motivation of this paper was simply to analyze
this example as a warm-up to the more interesting type II and exceptional cases.!

Surprisingly, this is not as straightforward as it might seem. Aside from the technical
aspects of reducing a superspace formulation to a component one — similar to more con-
ventional superspaces, albeit a bit more technically involved when working with generalized
super-diffeomorphisms — one encounters a roadblock absent in conventional superspaces or
even in bosonic DFT. In order for the supervielbein to be an unconstrained element of a
supergroup — the relevant one here being the orthosymplectic group OSp(D, D|2s) with
D = 10 and s = 16 — the local tangent space symmetry must be extended beyond the
doubled Lorentz group O(D — 1,1) x O(D — 1,1) familiar in the bosonic theory. This is
because the supervielbein carries a large number of degrees of freedom, and only some of
them can be eliminated using the usual Wess-Zumino gauge-fixing conditions. To guarantee
the remaining components drop out, an enhanced local gauge symmetry is necessary. This
was implicit already in [2], where it was used to eliminate these additional fields almost
immediately. Our new observation is that consistency with the supersymmetry algebra
implies that this is just the first extension of a (possibly infinite) tower of local gauge
symmetries. Only the lowest few levels of these symmetries act on the supervielbein via a
tangent space rotation.

This extension turns out to not purely be an artifact of superspace. It casts a shadow
on the purely bosonic theory as well. It is a fact of life that in the frame formulation of DFT,
the spin connection is not fully determined by the vanishing torsion conditions. This can

N = 2 supersymmetric double field theory (that is, for type II strings) has been constructed at the
component level [15], extending the bosonic construction of [16, 17]. A/ = 2 superspace formulations have
been given in [18-20] (see also [21, 22]). Supersymmetric exceptional field theories have been built for Fg,
E7, and Es [23-25] (with partial results for E11 [26]), but have been discussed in superspace only for the E7
case [27]. Note that an off-shell formulation of 11D superspace exists involving pure spinors [28—30], and it
would be interesting to explore whether a duality-covariant generalization is possible.



be restated in the following way: the purely left-handed and right-handed components of
the spin connection are ambiguous under shifts in the irreducible hook representations, i.e.

5wabc = Aa\bc7 5(,«}% =A (11)

albe
where Apgp = Ab|bc = 0 and similarly for Aa@' Usually this is handled by requiring that
these representations of w drop out of all physical quantities (actions, equations of motion,
etc.). However, in principle, there is no reason why one cannot demand that (1.1) be an
honest local gauge invariance, which we impose to eliminate unphysical degrees of freedom.
After all, the doubled Lorentz group is introduced to eliminate the unphysical degrees of
freedom in the doubled vielbein. What we discover in superspace is this new local symmetry
is actually required by closure of the extended tangent space algebra. In other words, it
transforms a “bug” of DFT into a “feature.”

This new local symmetry naturally implies others. This is because its gauging necessi-
tates the introduction of new gauge fields hy pjcq and hzﬁ@' In order to not introduce new
degrees of freedom, these gauge fields should be determined in terms of the generalized
vielbein in some way. What happens is that just as w appears algebraically in the torsion
tensor, h appears algebraically in the Lorentz curvature. Imposing that the torsion tensor
vanishes determines most of w, and similarly imposing that some components of the Lorentz
curvature tensor vanish determines most of h. But because h itself retains a residual
shift symmetry analogous to (1.1), the process may continue, with further connections
and curvatures introduced at ever higher dimensions. An important consequence of all of
these additional symmetries is that the only non-vanishing components of the generalized
curvature tensors (torsion, Lorentz curvature, etc.) that survive are the physical ones.

In attempting to make sense of this hierarchy, we have drawn inspiration from the work
of Polac¢ek and Siegel [31]. They showed how one could incorporate the spin connection into
a larger megavielbein by extending the doubled spacetime so that the extended derivative
Dy = (Mag,am,]ﬁ&i’) includes the SO(D —1,1) x SO(D — 1,1) Lorentz generator M;,
along with a composite dual generator M di’, required so that the extended metric nan is
invertible. In gauging the shift symmetry (1.1), its descendants, and their superpartners,
we find that the dual generators extending M@ can be embedded in a version of the
super-Maxwell, algebra (see recent discussions in [32, 33]). It is unclear to us if this fully
characterizes the super-algebra or if a quotient must be taken. We discuss some of these
issues in the conclusion.

The paper is arranged as follows. We begin in section 2 with a discussion of the
geometry of bosonic double field theory. This is largely for review and to fix notation, but
we elaborate on the shift symmetry of the spin connection and how the introduction of the
higher connection h permits one to build a Lorentz curvature tensor with only physical
components. In section 3 we extend the formalism to superspace. This is primarily a review
of [2] but in modified language and formalism. Particular attention is paid to how the
tangent space group is used to eliminate unphysical components of the vielbein. This is
followed by section 4, where we explicitly analyze the generalized torsion and curvature
tensors up through dimension 2. It is here that we uncover the need for an extended



local gauge symmetry and its connection with the super-Maxwell,, group. The component
supersymmetry transformations and equations of motion are derived in section 5 and perfect
agreement is found with [12, 13]. As is typical for superspaces with maximal supersymmetry,
the lower dimension (< 1/2) torsion constraints effectively place the theory on-shell.? Finally
in section 6, we discuss several open questions and possible extensions.

Several technical appendices are included. Appendix A summarizes the conventions we
use. Appendix B reviews the Polacek-Siegel (PS) formalism [31] for embedding connections
into a megavielbein. While we do not use such a megavielbein explicitly in the main body
of the paper, the PS formalism does provide a useful explanation for the transformation
rules of the connections and the construction of the curvature tensors when a generic group
is gauged in DFT. Appendix C gives the construction of the super-Maxwell,, algebra and
its extension, which appears to play a role in building the local gauge group of A/ =1 DFT.

2 Bosonic geometry of double field theory

Let us begin with a discussion of bosonic double field theory. This is well-studied material
over the last decade, so we will be relatively brief, highlighting only the geometry of covariant
derivatives, connections, etc. that we will be extending to the supersymmetric case. The
major difference with conventional formulations is that we include two new connection-like
fields. The first is the Polacek-Siegel field that permits the construction of a generalized
doubled Lorentz curvature [31]. The second is the new connection h that transforms in
the irreducible hook representation of the doubled Lorentz group. This new connection
gauges shift symmetries in the spin connection. Together these fields are responsible for
eliminating all but the physical components of the doubled Lorentz curvature.

2.1 Review of bosonic DFT geometry

The material here mostly follows that of [2, 7] with only superficial alterations.

We begin with a bosonic space with a doubled set of coordinates ™, m = 1,--- ,2D.
Typically these coordinates are denoted 2™ but we want to reserve the index M for the
supersymmetric case later on. The space is furnished with a constant invariant O(D, D)
metric ™" (and inverse 7,;,,), with which we can raise (or lower) indices. A generalized
diffeomorphism of a vector W™ with weight w is given by

SW™ = LW = oW — WHDE™ — 07 G) + w8 WL (2)

These are O(D, D) x RT generalized Lie derivatives. Requiring closure of the algebra implies
the section condition,

05 ® 0 =0 (2.2)

with the derivatives understood to act on either the same or different objects. By construc-
tion, the weight-zero tensor 7 is invariant under generalized diffeomorphisms.

2The notable exception is off-shell pure spinor superspace [28—30], but the connection to conventional
supergeometry is obscured there.



There are two different coordinate systems one commonly encounters in DFT. The
first is the standard coordinate system, with

m m - Am A 0 0™y
T = (x ,l’m), O = (8maa )7 n = (2'3)
om™ 0
where m = 1,--- , D. In toroidal compactifications of string theory, ™ corresponds to

the center-of-mass coordinate of the string and Z,, corresponds to the coordinate dual to
the winding momenta. The second is the left/right-moving coordinate system, where the

center-of-mass and winding mode coordinates are combined as ™ = %(:ﬂm + n™"Z,) and
™ = %(wm — 0™z, ), where n™" is the SO(D — 1,1) metric. In this coordinate system,
o mn 0
nmn::<” mn), (2.4)
0 -7

where 7" = n™" 3 Typically, one works in the standard coordinate system for the world
indices but in the left /right-moving basis for tangent space indices.
The metric of DFT is a symmetric tensor H,;5 subject to an invariance condition

/Hmﬁ — nmm nﬁn Hm/ﬁ/ — (rH—l)mn ) (25)

The DFT metric may be decomposed in the standard coordinate basis as

oo = 9mn — bmkgklbln bmkgkn Hmﬁ — gmn _gmkbkn (2 6)
" _gmkbkn gt ’ bmkgkn 9mn — bmkgklbln

In supersymmetric DFT, as in conventional supergravity, it is necessary to introduce a
vielbein along with its associated tangent space. Here, the vielbein is a field Vj;,® subject to
two conditions:

Honn = Vi Vi L M = VindVa? Nai (2.7)

where H,; and 7,; are fixed constant tensors. The second condition implies that the
vielbein is an O(D, D) element, with its inverse given by V,™ = T]dénmﬁVﬁb. In the standard
parametrization of the tangent space group, we choose

Tlab 0 0 4 b
,Hdl; = ( 0 77ab) ) nd@ = <5ab S ’ (2'8)

where 7,1, corresponds to the standard O(D — 1,1) metric. These tensors are invariant
under local infinitesimal tangent space transformations with

5 (A Aab
Nb= (%2 e 2.9
(/\ab )\ab> ( )

)mﬁ

3This is potentially confusing notation since (n = —n™", We never employ the former explicitly.



where A and X are antisymmetric and their indices are raised and lowered with n,,. Up
to a local tangent space transformation, the vielbein can be chosen in an upper triangular
gauge as

. a n . m _, np
Vit = <€1(1)1 rr;nria ) : v, = (6’26 6: a‘nm> : (210)
a m

This is not the most convenient parametrization for either the string worldsheet or
supersymmetry. Instead, one may introduce left-handed indices a, b, - - - and right-handed
indices @, b, - - -, on which the tangent space group acts separately, as O(D —1,1) x O(D —
1,1)g. In this approach,

Nap 0 Nap 0
Majy = . M= : (2.11)
o ( 0 - hzb) @ ( 0 }ab>

where 7 = 1q,. We choose to raise and lower barred indices with 7 rather than (), so

ab’
this means one must be careful when decomposing a vector to specify whether the index is

raised or lowered. In the left/right tangent basis, the vielbein is given by

1 (ema + bpne®™ epn® — bmnean> . 1 (eam €ma + bmnea™ )

Vil = — Vit = —
e —e,™ €a™ —€ma + bmnea"

V2 V2
(2.12)

In either basis, the DFT vielbein transforms infinitesimally under generalized diffeo-
morphisms and O(D — 1,1)1, x O(D — 1, 1) g transformations as

5de = fﬁﬁﬁde + Vﬁa(amfﬁ - aﬁfm) - Vmi)/\l}é‘ (2.13)

In addition to the DFT vielbein, we also need the dilaton. We choose to treat the dilaton
as a weight-1 scalar density, ¢ = e 2%, where d is the usual DFT dilaton. ¢ transforms as

3¢ = EM0nd + O™ ¢ = (€7 9) . (2.14)

We trust this notation will not be too confusing. Later on, we will need to refer to the
standard (non-density) dilaton of supergravity, which we denote ¢. These are related by

¢ =e2=detey?e 2, (2.15)

Together the dilaton and the vielbein can be combined into a weight-1 vielbein, which is
an element of O(D, D) x RT. However, it is more convenient (not to mention conventional)
to keep them as distinct fields. The vielbein and the dilaton together can be used to
construct two generalized fluxes F;, and Fj. These are given by (note the unconventional
sign choices)

Ly, V" = —F;Ve" = Fu.= 3DV Vg,
LV = Fag —  Fy=Dalogd + 0aVa™. (2.16)



The flattened derivatives Dy := V;™9;, obey

[Da, D;] = —F,;°D;,  D"Ds = —FDj. (2.17)

a

The unconventional choice of sign for the flux F;. is to match our conventions for the
torsion tensor later on in superspace.

These flux tensors are covariant under generalized diffeomorphisms, but transform
inhomogeneously under Lorentz transformations. This latter issue can be rectified by
introducing by hand a spin connection wm&i’ transforming as

5Wm&b = Lg(x)m@b + 8m)\@b + )\déwméd — Wm@ékéd . (2.18)

Because of the sign in 7,; in (2.11), one must be careful about how w is defined. We take
— _ b _ b _b

Wiaab = (Winvabs Wy,35) wina = Wia , —Wma ) s (2.19)

and similarly for the Lorentz parameter .

Now the flux tensors may be modified to generalized torsion tensors T);, and T; by
replacing derivatives with covariant derivatives. In our conventions, DV = DV} — wdgéV@,
so that

o= —3DEV" Vi = Fype+ 3 “labe) » (2:20)

&

= Dy log ¢+ Dy Va™ = Fy + b, . (2.21)

Setting to zero these torsions fixes the spin connection w,;. up to the irreducible hook
representations in the left and right Lorentz groups. In other words, the spin connection is
defined only up to local transformations

OWape = Aa\b(:) 5% = Aa|% (222)
where A obeys (and similarly for Aa@)
Aa|bc = _Aa\cbv A[a|bc] =0, Ab\bc =0. (223)

There is no direct analogue to the Riemann tensor in DFT. A close runner-up is

W' (2.24)

i ) 1
R(w)gp0i = 2 Diatijaq — 2Wiale Wiijed + Fap Weed + 5

which is covariant under diffeomorphisms but slightly non-covariant under Lorentz transfor-
mations. Its Lorentz non-covariance is

1 e 18
AR(W)gpeq = =2 DN Wead T 2D AeiWea (2.25)

where A, denotes the difference between the full Lorentz transformation and the covariant
part. This means that while R(w); ., and R(w) ;- are covariant, R(w)aped, R(W),p20



R( W)g, i and R(w)_;—; are not. Nevertheless, because (2.25) is pairwise antisymmetric in
ab and cd one may construct a symmetrized Riemann tensor

R(w),; (2.26)

that is covariant under Lorentz transformations. This is the object that is usually considered
the analogue of the doubled Riemann tensor.

Unfortunately, R ; ,; generally depends on undetermined parts of the spin connection.
Put another way, it is not a tensor under the shift symmetry (2.22). One finds that R(w)

and R transform as?

1€ 1 é
OAR(@)a300 = 2 Dlaliyeq + Top Nojod + 30 05 Weed — Weab

\cd éab’
é 1 é
AR zhed = Diadiyjed + PreAgpap + 5Tap Nejed + 3Tai Nejas - (2.27)

Clearly, only a few components of R _; .; are A-invariant. These are reduced further when
one considers the torsion Bianchi identities, which read

3

Dralyeg = _ZT[ab Tcd]A + R[abcd] , (2.28a)
2D[dT5} =T CT DCTMb + R (2.28b)
DTy — — 2787, + (1., ) 1R b 2.28
a= 7y d+ﬁ( ai)a)_§ ab o (2.28¢)
where ﬁai; is an antisymmetric tensor given by
Ry = Dwagy + Flwgay + 2R(W) gy - (2.29)
Setting T' = 0 above, one can show that the only invariant components of R are
R=Rap™=-Rz", Rz=R,i =Ry (2.30)

With these ingredients, a two-derivative action for DFT can be written down in the
absence of a cosmological constant:

S = /de dPioR (2.31)

~2d i5 the dilaton. The two invariants (2.30) have a simple interpretation in

where ¢ = ¢
terms of this action. The first is the equation of motion of the dilaton and analogous to
the Ricci scalar in general relativity. The second is the analogue of the Einstein tensor,
being the equation of motion of the generalized vielbein. These two objects correspond to
two of the linearized invariants one can construct in DFT, as noted already by Siegel in [2].
An additional possible third invariant was noted by Siegel, with indices corresponding to a

mixed Riemann tensor R, —;. We will comment briefly about this object shortly.

4We have exhibited the torsion tensor T' even though we have set it to zero. This is because it will not
vanish in the supersymmetric case.



2.2 Extending the geometry

Up until this point, we have mainly been reviewing the frame formulation of DFT. Now
we will begin to make some changes. Recall that the spin connection w was introduced to
gauge the A gauge symmetry of the vielbein. This had the effect of removing unphysical
degrees of freedom; or to put it another way, in considering only gauge-covariant quantities,
we are guaranteed that only physical degrees of freedom will appear. In a similar manner,
we can ask to gauge the A shift symmetry of the spin connection itself.

Naturally we should introduce new connections hy, ¢ and hmé@ that transform
covariantly under diffeomorphisms and Lorentz transformations, but under A gauge trans-

formations as

Onhsbcd = Dinlpjed » Oahg, bjea = Py (2.32)

bled

Evidently, we can eliminate a good portion of the A transformation in (2.27) by defining

R(w, 1) g eq = B(W)gh0d — habied T P ajed - (2.33)
Now one can check that under the A transformation and the anomalous Lorentz transfor-
mation,
. Lo .
(On + AN R(W: P)gheg = Tap Dejed + 2 (A% a5 = D Adp) Wead — 3(A° led = DNo) Wi
(2.34)

The second and third terms are pairwise antisymmetric in ab and éd, and so are eliminated
when one builds R; ,i(w, h),

(O + AR, A3 od = 3T Dopog + 5T A,

élab

(2.35)

élé

Observe that the A transformation acts covariantly here: it “rotates” the symmetrized
curvature tensor back into the torsion tensor — which in our case vanishes.

Rather than build R,;.; by brute-force pairwise symmetrizing the indices, we can
instead introduce yet another field that does this job automatically. Polacek and Siegel
showed that if one extends the space of generalized coordinates to include local Lorentz
coordinates y® and y® (along with their duals to maintain the doubled geometry), the
spin connection is naturally incorporated into the vielbein [31]. One also gets for free a new
field, which we denote p,; .;, which is pairwise antisymmetric and with both pairs valued in
the two Lorentz groups. While Polacek and Siegel did not consider the connection h, it is
straightforward to extend their analysis to include it, or even a completely arbitrary set of
gauge connections. We present this analysis in appendix B.

The upshot is that one can directly build a covariant curvature tensor

Raped = B0 0o D)apeg = BW)aped = abjed T Miajed — Pabed (2.36)
with p transforming as
(08 + AN)Pahed = %(A lab — Dé/\aé)wéaa? - %(Aémd - Dé)\cd) Weab (2.37)

so that only the torsion term survives in (2.34).



We have just introduced a slew of new degrees of freedom, so we had better be able
to constrain the curvature tensor to eliminate them. First, we can entirely fix p,; .; by
enforcing that R ;.5 is pairwise symmetric. In other words, we choose p so that R(w, h, p)
is identified with the pairwise symmetrized R(w, h) curvature.

Next, one can fix a large portion of h ble
possible. This is a straightforward group theory question: what representations of hzﬂé y

j by eliminating as many pieces of R ; .; as

survive in the projection h[a Bled T h[é zi]|a3? In terms of traceless Young tableaux, h&é|a j can
be decomposed as

hablea 1| ] % — + | ‘+7 +H+Dj, (2.38)

habjed || % | (2.39)

with similar expressions for A_7— and h——. The pairwise symmetrized Riemann tensor
ablcd ablcd

Rabcd:HXH

Rabcd:DxDxH:Dx<

decomposes as

A+ |+ (2.40)

sym

4 +D> (2.41)

where we have crossed out the final representations that are killed by the constraint
R s4¢q) = 0, which is the Bianchi identity (2.28a) in the absence of torsion.” (We do not list
R ., above because it is constrained to vanish from this Bianchi identity.)

Comparing (2.38) with (2.40), it is clear that the HE{ and [T representations of h g
can be used to fix the corresponding representations of Rqpcq to zero. Similarly, the single
representation of hgp|.q can be used to fix that representation of Rgpcq. Similar comments
pertain to the barred/unbarred versions.

Taking into account the other Bianchi identities (2.28b) and (2.28c) in the absence of
torsion, it isn’t hard to see that we have eliminated all but the physical components of the
Riemann tensor given in (2.30). The remaining singlet of Rgpcq is related by (2.28¢) to the
singlet of R—. Similarly, the (1,1) tensor of Rgjq is related to that of R ;— by (2.28b).
Recall there was a third linearized invariant discussed by Siegel in [2]. This is nothing but
the tensor p_,—; its non-covariance (2.37) appears only at second order.

Naturally, the above process turns out to leave certain representations in A unfixed,
specifically the Bjj + @j + H representations of h,pcq and their barred versions. If we
gauge these local symmetries, the process may continue. In fact, it would seem we must
gauge these local symmetries in order for the algebra to close. The reason is that the

SWe emphasize that the equations (2.28a) and (2.28c) continue to hold with the new R above, due to
the symmetry properties of h and p. The curvature R; in (2.28b) develops a new interpretation, which we
discuss in appendix B.



commutator of two local A, transformations must close on a new generator (or vanish).
From (2.32) one can compute that

[6A27 6A1]ha,b|cd = -2 A[QabeAl}ecd +2 A[QaceAl]bde -2 A[ZadeAl}bce . (242)

A laborious computation shows that the right-hand side involves only the three representa-
tions Bjj + @:‘ + H In other words, closure of the algebra requires that we now gauge
the shift symmetry in h. This seems likely to continue ad infinitum, and the local gauge
symmetry one generates seems to be closely related to the Maxwell, algebra.

We elaborate on this further in appendix C and in section 4.3 for the supersymmetric
case, but let us briefly summarize the situation here. The Maxwell,, algebra is the free Lie
algebra generated by P,, combined with the Lorentz generator [32, 33]. Taking P, to have

dimension 1, we define generators of positive dimension by
[Paa Pb] = Yab ) [Pav }/;)C] = Ya,bc ) e (243)

The generator Yy, is antisymmetric, and the generator Y, ;. lies in the reducible hook
representation, since the Jacobi identity of three P’s leads to Y, ;g = 0. We will make a
further restriction for what we call the Maxwelly, algebra that differs from [32, 33]: we
restrict Y, pc to be traceless, and denote it Yy .. Physically this can be understood if we
interpret P, in (2.43) to be the covariant derivative in a geometry with an on-shell Maxwell
field strength. Then Yy, is —Fg and then Y. corresponds to its covariant derivative
modulo the Bianchi identity and the equation of motion.
Now it follows that at dimension 4,

[Yab) Y; ] = Yab,cdv (244)

[Pm Y})|cd] = Ya\b\cd + %Yab,cd + %nacne,de} bed (2.45)

Ci
The first equation defines Yy cq, so it is in a reducible representation. In the second
equation, Yy p|cq 18 in an irreducible representation, which is symmetric in ab, antisymmetric
in cd, traceless, and vanishing when any three indices are antisymmetrized. The Jacobi
identity guarantees these are the only representations. In terms of traceless Young tableaux,

|
Yab,cd : H A H =] + H Ya|b\cd : ‘ ‘ (246)

these are

In terms of operators, Ygpcq is [Fap, Fed), so if we keep this generator, we are really
working with non-abelian Yang-Mills operators. The second generator corresponds to two
symmetrized covariant derivatives of the field strength, modulo terms that involve the
Bianchi identity or the equation of motion.

The representations we are encountering match so far the representations we seek for the
extension of the local algebra of bosonic double field theory. Unfortunately, the generators
Y we are discussing have the wrong dimension and their algebra is not the same as the

~10 -



local algebra of A transformations. The solution is to recall in the Polacek-Siegel formalism
that for every generator that we wish to gauge, we must introduce a dual generator that
is paired with it. The Y’s discussed above are exactly these dual generators. The algebra
we are encountering can be embedded in the Polacek-Siegel extension of the Maxwell
algebra discussed above. The resulting infinite algebra involves generators (and similarly
for barred indices)

dimension ‘ ‘ -2 ‘ —1 ‘ 0 ‘—l—l‘ +2 ‘ +3 ‘ 44 ‘
My, ‘ P, Mab ‘ %{ﬂbc

generator ‘ ‘ Lab,cd7 La\b|cd ‘ Ka|bc Lab7Cd, La‘blcd ‘

(2.47)

Up to normalizations, the Y generators defined previously have been renamed M , K , etc.
to emphasize that they are the duals of generators of non-positive dimension. We have
denoted the shift generator of the w connection by K and the shift generators of the h
connection by L for convenience. We emphasize that L, 4 is reducible. For later use, we
denote the subalgebra of non-positive generators by

SO(D —1,1) = {Mup, Kujpes Laveds Lajpleas+ } - (2.48)

The generators and their duals are related by an infinite dimensional invertible metric 7,
which is the metric on the Pola¢ek-Siegel megaspace. (P, is its own dual.) The metric 7 is
defined in the obvious way by products of 74, with unit normalization. With this generator,
one can write the full algebra of generators X 4 schematically in terms of a commutator
and a symmetric metric,

(X, X5] = —fas“Xe, (XalXB) =nas (2.49)

with the requirement that fisec = fagTnpc is totally antisymmetric (which follows by
ad-invariance of the metric). This allows one to use the algebra of positive dimension
generators to “reflect” onto the algebra of negative dimension generators. For example,

[Pa, Pb] = —QMab - [Mcba Pa] = nbapc - "7can . (2'50)

To avoid needless repetition, we will postpone further details until the supersymmetric case.

Another point to emphasize is that the kind of extension to w that we postulate here
is very similar to how conformal gravity extends Poincaré gravity. In conformal gravity,
one introduces not just a spin connection wy, . but also a Weyl connection b, to gauge
dilatations. The vanishing torsion condition determines wy, 4 but not b,,. This suggests a
new local symmetry, and indeed the new symmetry one encounters is the special conformal
transformation K,, under which b transforms linearly, db,, = e,*A,. One is forced to
introduce a new gauge field fi,4, which can be constrained to eliminate all parts of the
Lorentz curvature except for the Weyl tensor. The behavior we are postulating for bosonic
DFT is quite similar, except that the local gauge symmetries do not terminate at K.

It may seem apparent to the reader that in the bosonic case there is no necessity to
introduce the local A, symmetry or its corresponding gauge field hy, qpp.- This is true.
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But when we move on to the supersymmetric case, we will find that the local tangent
space symmetry should be extended beyond the doubled Lorentz group and closure of those
transformations will inevitably lead to the appearance of the A shift symmetry and its
supersymmetric siblings.

3 Double field theory in superspace

3.1 Elements of component supersymmetric DFT

N =1 supersymmetric DFT was constructed independently by Hohm and Kwak [12] (to
second order in fermions) and by Jeon, Lee, and Park [13] (to all orders). The conventions
in these two approaches differ somewhat. We will more closely follow Hohm and Kwak [12],
although we will exchange the role of the left and right Lorentz groups, along with a number
of other minor alterations.

The extension to bosonic DFT involves introducing a gravitino ¥z® and a dilatino x,.
Roughly speaking, the gravitino is the superpartner to the doubled vielbein and the dilatino
is the superpartner to the dilaton. The index « is a Majorana spinor index of SO(9,1)y,
and the gravitino and dilatino are of opposite chirality. The vector index @ on the gravitino
belongs to SO(9, 1), so the gravitino transforms as a vector under one of the groups and a
spinor under the other. As usual, the supersymmetry parameter €* is of the same chirality
as the gravitino.

In our conventions, the supersymmetry transformation of the vielbein reads

Va =Vt B Vet =Vt BT = —J 5 = —ke*(Ta)ap Vi (3.1)

ba —

and for the dilatino,

0p=—Kpe“Xq- (3.2)

In these expressions, x is a dimensionless number that normalizes €. In order to match
10D NV = 1 supergravity with conventional normalizations, s involves an inconvenient factor
of v/2, so we have found it easier to leave this number a variable for now. The fermions
transform (to lowest order) as

SV =Dae® 4+, Oxa= (1)apDac® +--- . (3.3)

In contrast to Hohm and Kwak [12], D; is defined as V;™0,;, without a factor of v/2.

A key feature of supersymmetric DFT is that both fermions are connections: they
each transform into a derivative of the supersymmetry parameter. This implies that in any
superspace formulation they ought to be encoded in the supervielbein.

3.2 Siegel’s superspace DFT

Let us now construct double field theory in N’ = 1 superspace. We begin with a review
of Siegel’s early construction [2], with some minor modifications to conventions. While
Siegel also treated heterotic double field theory in the abelian limit, we restrict our at-
tention to the case without vector multiplets for simplicity. The basic details are also

- 12 —



identical to Cederwall’s discussion of double supergeometry [20], except with half as many
fermionic coordinates.

In analogy to conventional O(D, D) double field theory, let us introduce OSp(D, D|2s)
double field theory with 2D bosonic coordinates and 2s fermionic ones. We will really only
be concerned with D = 10 and s = 16. Collectively, we denote these supercoordinates by
2M. Superdiffeomorphisms have an OSp(D, D|2s) x RT structure, and act on a vector WM
of weight w as

LEWM = VoM — WA (9 eM — oMen (—1)"™) + woneN WM (-1 (3.4)

where the grading (—1)" is —1 if both N/ and M are fermionic and +1 otherwise. An
index M is raised or lowered with the canonical orthosymplectic element 1 of OSp(D, D|2s),
with the usual NW-SE convention, i.e.

WM =MWy, W= W0 (3.5)

The metric 7 itself is graded symmetric, napn = aym(—1)"". Because of the grading,
NmA~ is not quite the inverse of nMN ; instead, one finds

7 Ppar = oM (=) (3.6)
Closure of the algebra of superdiffeomorphisms requires the section condition
" Noy ® oy =0. (3.7)

In the standard coordinate basis, the coordinates are denoted zM = (™, Ty, OH, 9~#)
and 7 is given by

0 &, 0 0 0 6x® 0 0
G™ 00 0 5y 0 0 0
MN m n
_ _ 3.8
K 0o 0 o0 | M™NTLo 0o 0 4 (3:8)

0 0 =6, 0 0 0 —o*, 0
The section condition can then be solved by restricting fields and parameters to depend
only on zM = (2™, 6"), the coordinates of 10D N = 1 superspace. It will often be useful to
collectively denote the doubled bosonic coordinates by z™ = (2™, #,,) and the fermionic
ones by 6% = (6", éu)- It will also be useful occasionally to use left /right-moving coordinates

™ and x™; these are defined exactly as in the bosonic case. There are no fermionic

x
analogues to the left or right-moving bosonic coordinates, partly because 6 and 6 have
different engineering dimension. If z and Z are both taken to have dimension —1, and
if 8 has dimension —% (to allow a conventional N/ = 1 superspace to emerge), then the
OSp(D, D|2s) structure forces # to have dimension —3 [20].

The supervielbein is naturally taken as a weighted element of OSp(D, D|2s) x RT. As
in the bosonic case, it is more convenient to split the supervielbein into an OSp(D, D|2s)

element, which we denote Va4, and the superdilaton ®.5 These transform respectively as
SVt = LVt = Vet + (g = M em(-1)" ) un, (3.92)

00 =L = Noyd + opeV @ (-1)". (3.9b)

6Siegel denoted the superdilaton by ®2 so that his ® has weight %
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It is going to turn out that the superdilaton ® differs from the component dilaton ¢ = e =24,

so we have used a different name for it. The index A decomposes into a left sector A and a
right sector A, with

WA= WA WY, WA= W, W, W), WA= W), (3.10)

Siegel identified these sectors as the left and right-handed sectors of oscillators of the
affine Lie algebra of the superstring in the Hamiltonian framework. Here a and a are the
tangent space indices associated with the local O(D —1,1), and O(D — 1,1)g actions on
the bosonic DF'T vielbein. In the supersymmetric case, a is extended to include spinors of
both chiralities. The tangent space metric and its inverse are

0 0] 0 M O 0] 0
0 0 & 0 0 0 d&° 0

"7AB = 0 _50/3 0 0 s naB = 0 _5aﬁ % 0 > (3-11)
0 0 0 |-n® 0 0 0 |-ng

where the horizontal and vertical lines emphasize the split between the left and right sectors.
The metrics 7%’ and 7 both describe SO(D — 1,1) (with mostly positive signature) and
are used to raise and lower their respective indices. The condition that the supervielbein is
a group element amounts to

VM = MV Brg g (—1)0m. (3.12)

The right tangent space is O(D — 1,1)g as in the bosonic theory, whereas the left tangent
space must be a subgroup of OSp(D — 1,1|2s). We will elaborate on the choice of this
tangent space momentarily.

Although it is natural to group together the left sector tangent space indices, we will
usually group bosonic indices together, so that W4 = (We, W2 W W,), to be more in
line with how we have ordered our coordinates. Using the same rules for raising and lowering
indices as before, one finds that

WA= (W, WE W W,) = Wy =Wy —Wa, =Wy, W). (3.13)

Therefore, when specifying explicit elements, one must be careful to emphasize whether the
indices are taken to be vectors or covectors because of the signs that are introduced above.

Just as one may use left /right coordinates zM = (™, 2™, O*, 6,,) to match the left /right
tangent space, one may occasionally wish to put the tangent space in its standard toroidal
form, where W4 = (W2 W,, W*, W,), in line with the standard toroidal coordinates
M= (™, T, O, éu)' We use lower case Roman font indices a, b, - -+ to denote the tangent
frame bosonic indices in the standard basis.

3.3 Determining the tangent space

In order to motivate how we will fix the tangent space in superspace, let’s return to bosonic
DFT and discuss how one may go about determining its physical content. We will take a
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more elaborate approach than is actually required, but this approach will generalize more
straightforwardly to superspace.

Working for the moment in the standard toroidal basis for both the coordinate and
tangent space indices, the vielbein can be decomposed as

s (10 e 0 10
AN "

where b = by, e = en®, and ¢ = ¢*. Tt is easy to check that this is an O(D, D) element
by computing V! = nV7Ty. This decomposition can be understood as arising by first
decomposing the generators X5, of O(D, D) into X™*, X;,*, and Xy,,. Our O(D, D) and
OSp(D, D|2s) conventions can be found in appendix A. The generators can be assigned
levels —1, 0, and 4+1 with respect to an outer automorphism of the algebra. The above
element then corresponds to a parametrization of the group element V as

V = exp(5bmnX™™) X exp(am" Xn™) x exp(3¢™ Xnm) (3.15)

and taking V' to act to the left on the coordinate representation. One identifies e, = exp(a).
In this parametrization, a general coordinate transformation with 0™ = 0 transforms
only by, and e,®. To see this, observe that the general coordinate transformation involves

K = 0" — 06 = (8“5§n 2_8[‘“3) , (3.16)

which is an O(D, D) generator at levels 0 and —1. Writing the vielbein as V = V_1VyV
and the generator as K = K_1 + Ky, a general coordinate transformation then acts as

0gcV =KV = g Vai=K V14 [Ko, Vo], dgcVo=KoVo, dgcVi1=0
(3.17)

which amount to the usual transformations

6g.c.bmn = 28[mgn] + Om&P bpn - bmp angp ) 6g.c.ema = mgnena ) 5g.c.cab =0.
(3.18)

The field ¢ itself can be set to zero using half of the O(D — 1,1); x O(D — 1,1)p
tangent space symmetry. Recall that so(D — 1,1)z + so(D — 1,1)g is represented in the
standard toroidal basis as

b (AP A 1 <1
b a ab
L= % == = ~(\p— 1
Aa (Aab )\ab> ) A 2 (AL + )‘R) ) A 9 (AL )\R) (3 9)
The indices a,b,--- denote vectors of the diagonal SO(D — 1,1) transformation, corre-

sponding to antisymmetric A, above. The anti-diagonal transformations are generated
by antisymmetric Aup. (In both cases, we raise and lower indices with the diagonal 7,p.)
Now consider a double Lorentz transformation acting on the right of V. The diagonal
transformations, which lie at level 0, evidently transform c as a 2-form, e as a vector on
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the right, and leave b invariant, which justifies their index structures. An infinitesimal X
transformation is more complicated, comprising a sum of levels —1 and +1. Because ¢P
is situated on the far right of the group element, lying at level +1, it can be eliminated
immediately, whereas e,® and by, will transform in much more complicated ways. The
explicit form of their transformations is irrelevant: we only need to know that we can
impose the gauge ¢ = 0. This gauge will then be undisturbed both by diagonal Lorentz
transformations and by general coordinate transformations obeying 0™ = 0.

Returning to superspace, we introduce a decomposition of the supervielbein in direct
analogy to (3.14). Group the physical coordinates together so that M = (2M,2y) =
(™, O, Ty, éu) and similarly for the tangent space, WA = (WA, W) = (W2, W, Wy, W,).
Here zM is the coordinate of 10D N = 1 superspace and A is its tangent superspace index.
The supervielbein decomposes as

VAt = <(1) ?) X (JOE EQT) X <é (1)> (3.20)

where B = Byn(—)", E = By, E7T = Ex\M(—1)*"*% and C' = C*B. This corresponds
to a level decomposition with the OSp(D, D|2s) generator Xy decomposed into the
GL(D|s) generator Xy at level 0 and generators Xy and XMN at levels +1.

The supervielbein Ey® and super-two-form Byy both play natural roles in 10D A =1
superspace, and it is straightforward as in the bosonic case to show that they transform
under Zjyi-independent general coordinate transformations in the expected manner:

Sg.c. Brx = 20én) + & Bpn — Bup OnET (1), Gy En® = 0uNENY (3.21)

where we have taken &y = (&1, €M), or equivalently, £M = (€M, &y(—)™). In analogy with
the bosonic case, we would like to eliminate C*B. Because this involves not only C?" but
also C*8 and C*%, we require an enhancement of the bosonic tangent group. Using current
algebra arguments, Siegel made a choice that amounts to enhancing O(D — 1,1)1 to a
subgroup of OSp(D—1,1|2s) 1, where the generator A4 is subject to the following conditions

1
Al =0, A\ = ZA“‘?(%I,)aﬁ, (3.22)

with A3 A% and A%’ unconstrained. The second condition above amounts to the require-
ment that fermionic orthosymplectic indices transform as spinors under the SO(D — 1,1)
subgroup of OSp(D—1,1|2s). In essence, the OSp(D—1, 1|2s) generators M 4p are truncated
to just the subalgebra involving Mg, Map, and M}, = Mg, + %(’Yab)aﬁM,ga corresponding
to generators A*?, A and \?°. As in the bosonic case, this is sufficient gauge freedom to
eliminate CAB. Siegel went on in [2] to identify the generalized flux tensors (and torsion
tensors) of superspace and showed which constraints led to 10D A = 1 superspace.

There is a subtlety in this approach when we compare with component supersymmetric
DFT. The component dilatino, which transforms non-tensorially under supersymmetry (3.3),
does not seem to have a natural interpretation as a component of a covariant torsion tensor,
which is where it arises in 10D N = 1 superspace. For that reason, one would expect it to
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more naturally arise in the supervielbein itself. But this appears in conflict with the simple
10D NV = 1 superspace reduction above, where it seems it must reside in a torsion tensor.

What seems to happen in Siegel’s approach is that indeed the dilatino does appear as a
dimension % component of the torsion tensor. However, the torsion tensor turns out to not
actually be invariant under the A4 ? tangent space transformation discussed above. Instead,
under a \,? transformation, a dimension % piece of the torsion tensor (namely, 7,3")
transforms into the dimension 0 piece of the torsion tensor (namely, To5: X (7¢)ag). This
transformation turns out to involve only the spin-1/2 piece of A\,®. This implies that Tap?
must carry a spin-1/2 field (identified with the dilatino) that transforms inhomogeneously
under the spin-1/2 part of Ao, Tt is essentially a compensator field for this symmetry.
This anomalous tangent space symmetry is responsible for imparting the non-tensorial
supersymmetry transformation, as a SUSY transformation must be accompanied by a
compensating A gauge transformation to retain the gauge CAB = 0.

In formulating N' = 1 superspace DFT in detail, we have found it more useful to
take a different approach. We will eliminate the dilatino from the torsion tensor, fixing
the spin-1/2 part of the A\o? transformation so that \,” is now purely spin-3/2. Now
not all of CAB can be eliminated, and the piece that remains will be identified with the
component dilatino. While this obscures the reduction to 10D N = 1 superspace (which
will now require a “degauging” to shift a field from the supervielbein to the torsion tensor),
it significantly simplifies the superspace DFT curvatures and streamlines the reduction to
the component theory.”

4 Superspace geometry and its constraints

Having introduced the supervielbein and its tangent space group, we can now explain the
superspace geometry and give the appropriate torsion constraints.

4.1 Generalized fluxes and their constraints

The supervielbein V4 and the superdilaton ® transform under generalized diffeomorphisms
as (3.9). From these fields, one can construct generalized fluxes F4pc and F4 as

Ly VM = —FusVeM = Fasc = -3D Vs V)

Ly Ve = Fae —  Fa=Dulog® + oV aM(=)emtm (4.1)
The flattened derivatives D 4 := V4™ here obey

[D4, Dp) = —Fas‘De, DADjs=—FADy4. (4.2)

"Perhaps the most democratic approach would be to keep the full Ao? symmetry and show how one can
both reduce to 10D N = 1 superspace and also to component supersymmetric DFT depending on how the
gauge is fixed. It should be possible to take the formulation we present in this paper and “regauge” it to
restore the full Ao? symmetry by inserting a Stueckelberg field into the torsion tensor.
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dimension | fluxes
1
—3 Fapy = Tapy
0 oz,Bc 7;460
aﬁc 7;60
% Fove = ,Tabc
Fabes ]:abc7 I ,6’ Fa
1 Fabm ]:abcv fabc’ -Fa
Fap?, Fapg?
fav JTE
3 Faols Fop's T
Fo, Fo
2 Fo B, Fabv
% JFaBy

Table 1. Generalized fluxes in superspace DFT. The lowest dimension fluxes are covariant and
may be identified as torsion tensors.

These flux tensors in turn obey the following Bianchi identities:

A D Fpep) = —3F a5 Fele) (4.3a)
2D Fp = —FasFe — D Feas, (4.3b)

1 1
DAF, = —5]-"“4}",4 - E}—ABC]:CBA- (4.3¢)

The fluxes themselves are not invariant under the tangent space group, which we denote
by H. This group leaves the superdilaton invariant and acts on the supervielbein and
fluxes as

VM = A4BVM . 6Fasc = —3Dpadse) + 3NA P Fpise),  0Fa=—DPXpa— FPApa.
(4.4)

The parameter A belongs to the group Hy x SO(D — 1,1)g, where Hy, is a subgroup
of OSp(D — 1,1|2s)r. As discussed in section 3.3, we restrict Hy so that the graded
antisymmetric parameter A 45 obeys

1
)\ab = AaB = 07 AO/B = ZAab(’Vab)aﬁv (/}/a)aﬁ)\aﬁ =0. (45)

In other words, the group Hy, is generated by SO(D — 1, 1) transformations Ay, y-traceless
fermionic transformations \,?, and symmetric A** transformations. We are interested
in D = 10 and s = 16, which means A*? is reducible: it corresponds to a vector and a
self-dual 5-form.

The generalized fluxes are grouped by dimension in table 1. Given the restrictions
placed on the tangent space, some of the fluxes of low dimension are already gauge invariant
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and can be identified immediately with invariant torsion tensors 7. Let’s review the
constraints imposed by Siegel [2]:

e The dimension —% tensor 7o, corresponds in 10D N = 1 superspace to the lowest
dimension component H,g- of the 3-form field strength. This is constrained to vanish
in conventional superspace, and the same choice should be made here.

« At dimension 0, one encounters 7,5, and 7Togz. The only sensible choice is to take
Tape = K (Ve)as, for k some numerical constant, and 7,3z = 0. These amount to
the usual dimension 0 constraints, Tp° X (7%)as and Hyge X (c)ap in 10D N =1
superspace. Our choice of x is left unspecified, but later on we will explain how to
choose it to recover conventional normalizations.

e At dimension %, the torsion tensor Tose can be shown to be ~-traceless in ab as
a consequence of the flux Bianchi identities. This implies that Tope (%)aﬁwgﬁ
for some superfield W5?. There is no covariant dimension % field in component
supersymmetric DFT that W:? should be identified with, so we choose to set this

field to zero.®

We summarize here the constraints we have explicitly imposed so far:
Tapy =0, Tape = £(Ve)as » Tape =0, Tore = 0. (4.6)

The other geometric fluxes must be augmented by tangent space connections, as in the
bosonic case, if they are to be gauge covariant.

4.2 Tangent space connections and torsion tensors

Following Siegel, let us introduce a tangent space connection. We denote it Q 45¢, using the
common superspace convention of denoting superfields with capital letters. This is to avoid
confusion with the component w,;. connection, which will receive gravitino corrections.
The reader is cautioned to not confuse the superspace connection {2 with the anholonomy
coefficient D 4V Ve, which is frequently denoted Q in the literature.

The connection Q43¢ has indices BC valued in Hy x SO(D — 1,1)g. A conventional
Hr x SO(D — 1,1)g connection should transform as

? a
0Qm a8 = LeQpnas + Omdas — Qi aSres + QumsSrca(—)™ (4.7)

but we are going to find that this transformation rule is deformed by terms explicitly
involving the DFT vielbein V. These deformations arise because we will be choosing
the connections so that higher dimension torsion tensors vanish. Let us see what happens
explicitly as we analyze the first few cases.

8In the case of heterotic DF'T, Siegel identified W5? with the gauginos of the vector multiplets when @
extended over the n vector indices. In extending our approach to heterotic DFT, we would still keep w8
vanishing in all cases. The gaugino then would appear in the supervielbein as part of Uz?, just as it does in
component supersymmetric DET [12]. The difference with Siegel’s approach is that he includes an extra
tangent space symmetry that allows one to remove the would-be gaugino from the supervielbein, just as
with the dilatino.
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Define the torsion tensors so that

Tasc = —3DaVe" Ve = Fase +3 Qa5 (4.8)
T :=Dalog® + Dy VaM = Fu+ DBpa.

At dimension %, there are four terms: Tope, T 52, Tap”, and To. Let’s focus on the first
two. It is easy to see from their definitions that they can be set to zero by appropriately
choosing Q5. and

abe?

7:1bc = abc"i'QoabcEO, TEZZ fabc"i_QaEEO- (410)

«
The second constraint is sensible in the sense that the variation of 7 - implies a conventional
transformation for € ;-. Explicitly,

d d
0F o = —Dadgg + Ao Fupe = N Foge = X'Fapg =

[e%

d d
09,50 = Dadgg + 2o’ Qgpe — A" Qe — 2" - (4.11)

ade

However, the first constraint leads to an anomalous x-dependent term

0Fabe = —DaXpe + Aoz'B‘FBbc + Abd‘Fadc + )\cd'/rabd + 2Jroz'y[bAc]’y =
3Q%be = DaXve + Aa” Qs + M Qade + A" Qava — 26 (Vp)arAg” (4.12)

where we have used the explicit form of Fp.

There is a very simple reason for this. The natural Hy algebra action on covariant
derivatives D4 is 6yDa4 = A PDp. For the torsion tensor, this means that d\Tupe =
3l A|DTD‘ Bc)- But this implies for a transformation involving the dimension % parameter
Ao, that Tope should transform into the dimension zero Tape- The latter is non-vanishing.
Requiring the former to vanish is inconsistent unless the A transformations are modified.
We will see that (as for Qqus.), we can consistently modify the transformations of the 2
connections to accommodate this.

The other torsion tensors at dimension % are

Tap” = Fap” +2Q0p)", To = Fo — Qo (4.13)

These involve a spin connection that has already been defined, since {2,537 = %Qabc(vbc) g7.
Using the variation of {24, defined above, the A transformation of 7,37, up to covariant
terms involving A, becomes

1
ATap” = K" (VAc)p) — 5 (1) as (YA - (4.14)

For convenience, we have suppressed indices for sequential spinor contractions, so that
e.g. (PP7°0e)Y = (7°)7°(7)5e M. This variation cancels out when \.” is 4-traceless. If this
assumption is not made, then one must introduce a spin-1/2 field to populate 7,57. As we
have already mentioned, this field would ultimately play the role of the dilatino. As we
have elected to keep the dilatino within the supervielbein, we will take A.* to be purely

—90 —



spin-3/2 without further comment. It follows that A)7,3" vanishes. Similar comments
pertain to 7, whose variation is AT, = —%R (7°A¢)a, which similarly vanishes.

Ultimately we will require both 7,37 and 7, to vanish as a constraint on the geometry
(as there is no covariant dimension % quantity at the component level to identify them with),
but for now, we will leave them unspecified. At this point we have defined all dimension %
components of €.

Let’s move on to dimension 1 torsions. There are four torsions that are familiar from
bosonic DFT and we constrain them in the same way:

EbCZfabc‘F:fQ[abc]EO, T%:]:@—I-(%Q[@}EO,

a

Tave = Fave + Qape =0, Tioc=F et 25:=0. (4.15)

As in the bosonic case, this defines only the totally antisymmetric parts of {24, and Q.
It implies the gauge transformations

A)\Q[abc} = D[aAbc] + )‘[a'\/Q'ybc} ) A/\Q[%] = D[&AE] )
A2 = Dad-+ A" AxQane = Daie (4.16)

abc ybe ?

where again we use Ay to denote A transformations up to covariant Ay, or Ap terms.
Two more dimension 1 torsions involve only the connections Qg and Q-7

To=Fa—Dr=0, Tap’ = Fag” + Qg (4.17)

The first can be set to zero by fixing the trace of the SO(9, 1) spin connection. The second
torsion cannot be constrained, but we can check that its non-covariant A\ transformation
vanishes, A\Tz57 = 0. Again, this is consistent with it later being fixed to zero as a
geometric constraint.

The remaining dimension 1 torsions both involve the additional H; connection 2,;7:

To=Fat+ Lo — 0 Tap? = Fas” + Qp” — Qa4 - (4.18)

The first torsion can be related to the second by defining
Vo o= —Fo— Fui® = To=-Tos" (4.19)
The second torsion can be used to define Qg if we suitably project onto the spin-3/2 part,
Qat” = (Fea + Q) (8°0,7 = 5(vW)y") = Tap” =15 (0)*Tap  (4.20)

where 7,3 has no particular symmetry property for its two indices.

Something a little bit subtle is occurring above. We are using Qgqp to define Q.57 even
though not all of ., is actually defined. Another way of saying this is that the definitions
of Q.qp we have made allow us to assign it a transformation

(5A + A)\)Qabc = DgApe + >\a’yQ’ybc - % Hna[b(’Yc])aBAaﬂ + Aa|bc (421)
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where Ay, parametrizes the ambiguity in its definition. This same ambiguity now appears
in Qg,7, which transforms as

(0a + D227 = DAa” + 2" (1A (oe)a” — nave”)
+ H('Ya)B(SA(S’Y - %’{ (’yab)ﬁly(’yb)(k)\(se + %(Vbc)ﬁvAaU)c . (422)
All dimension 1 components of € are now defined up to the irreducible hook representation

ambiguities Ay, and A%‘

Next we turn to the dimension % torsions:

T = F™ 4+ Q% (4.23a)

Tip" =Fap — (4.23b)

Tab® = Fap™ + Q% + 2 Qe (4-23¢)

7&57 — faﬁ'Y + Qaﬁ’}’ + %(’ch)a(ﬁﬂwbc , (423(1)

T = F+ %% + 1(7") " — Q57 (4.23¢)

The first four equations lead to natural definitions for the €2’s involved:

0= —F O —  T*=0, (4.24a)
0, = =F P (0a205% = H5(")s%) = T = 15 ()T, (4.24b)
Oy = —F® = 2 —  Ta" =0, (1.21¢)
0,57 = —F P — 17, P, — T.S7=0 (4.24d)

Remarkably, there is no constraint on 2,7, which remains completely undetermined. These
choices lead to the transformation rules

(O + AN)Q%p = D\ + )\a’yQ,mb + A%Qeap — 2 A[ayb}a , (4.25a)
(Oa + Ax)p” = DaXo” + X7Q0" + QaCd(i oY (Yea)y” — 77bc>\d6) + Aoy, (4.25b)
(64 + A0 = DoA™ + 50 NP (479) 57 + 200, TAP) 4 (179)a A, 7 (4.25¢)

where Aa’bﬂ is y-traceless in the last two indices. This parametrizes the total ambiguity in
the definition of ©,,°. While it could be used to absorb all the other terms in §§2,°, we
have chosen to define 6Q,4” to match the patterns that have been exhibited so far.

The remaining torsions at dimension 2 and dimension % are

T8 = F.P +Qf —200B v TP = FP7 4+ 087, Taby — Faby 4 30ab)
(4.26)

These suggest the definitions

Q. = -F 4200, — T =0, (4.27a)
QEBW — _]:657 _— ’TEBV =0, (4.27D)
0By . _%]:04/37 — T =9 (4.27¢)
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The last definition leaves the (irreducible) hook representation in Q%7 unfixed. These
results lead to the transformation rules

(6a+2A2)25" = DgA™ + %Qabc)\é(ﬁ (7%)57) +2 Q5,00 |

(6a +A2)207 = D AP 40,90 67+lQ abe N B (4957 420, A) —|—2A(5,b7) ’

(O +A0)Q% = DN 1 2 POpBY 1 L0 N (4be) ) 120 (AP LAY (4.28¢

(Oa+ A0 = DN+ X Py + 02 (10 (e) 57— mmehd™) +A% 7, (4.28d

where the hook representation A7 (with A(®#Y) = 0) parametrizes the ambiguity in Q*#7.
This completes our analysis of the tangent space €2 connections. Up to the ambiguities

parametrized by the A parameters, we have determined each of these connections. Their
transformation rules can now be summarized in a uniform way, where we take Qa5 =

VM Qeas:
(6a + A0 Q50 = Ondgs + V™A e (4.292)
(0 + AXN) Qe = OmAve — 26 V™ (Vp)anAg T + VM“( — 2k o () g AT + Aa\bc)
—2Vpalpg® (4.29b)
(0A + 20207 = O + QMCd(?\bo‘(%d)a7 - nbc)\dv)
+ YV (K(0)aoA = Fh(Be)a” (¥)seh™ + 1 (7)) 0 Ayjca)
+ V" Aap” + Va7, (4.29¢)
(O + AP = 0N + 200 AP (1) 57 4 2 Qpg TN
F V()P AT + 2V AP ) £V AP (4.29)

The key features of these transformations are as follows. The terms involving A that
are k-independent are nothing more than the expected OSp(9,1]32) transformations given
n (4.7). These include the inhomogeneous dpA terms and the terms where (2 is transformed
into another 2. The remaining terms, which are k-dependent or involve the additional A
terms, correspond to rotations of €2 into the supervielbein. This look like shift symmetries
when €, is written with a tangent space index.

At this point, there seems no reason to take the A parameters seriously as local
transformations. So far they are only parametrizing our ignorance of the 2 connections.
But we will now check that the A transformations are actually required for closure of the
gauge transformations. To condense the notation, we will employ BRST terminology, and
give the algebra of gauge transformations with the nilpotent BRST operator § acting on
(graded) anti-commuting parameters A, so that, for [01,d2] = d12, the closure of SO(9,1)r,
transformations

A2ab = —A1a“A2eb + A2a“A1eh (4.30)
becomes a more compact expression

OAap = —AaAep - (4.31)
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The other tangent space algebraic relations are encoded in
N = XA = NN aaB = by B o) B) (4.32)

These expressions are just the explicit decomposition of A5 = —A4°Acs. More interesting
are the closure conditions on the additional A symmetries. For example, we find for
Aa|bc that

SAqjbe = 26 Aa®(Vp)agAa” + 26 0ap (V) asA A’ = AaNape — Mo Ngjae — A Aqjpa -
(4.33)

This enforces that the closure of A\,* transformations requires a A,p. transformation.
Similarly, for the other A parameters we find (writing A to suppress the obvious A\’
contributions to these terms)

ANy, = E(Va)aw)‘ﬁa)\b'y - %"i ('Ya)ow)\a'yx\bﬁ + %Fi Mba (’Yc)ow)\on)\cﬁ

- %K‘(’Yc)a'y('ybc%ﬁ)\wy)\aé - %"{ (76)047('7&0)65)\&7)%6
+ iAb\cd(/YCd)aﬁAaa + %Aa\cd(/}/Cd)aﬁAba - Ab|ac)‘0ﬁ ) (4343)

AAaaﬁ = —k A (’Ya)vz? )\55 + %ﬁ)‘ae ('Yab)eﬂ ('Yb)76)\75
+ Mo N Ay AP — Apg @A — LA, 20, (74),
+ iAa|bc AT (’ch)’yﬁ ) (434b)

AND = A (1) 5N 1 A (@ (40PN 2 AV (NP g Al B Nev - (4.34¢)

The point is that each of the additional A transformations becomes necessary for closure
when x # 0. Moreover, we find no additional symmetry constraints on these parameters
aside from 7-tracelessness of Aqp? and A%? on their b3 indices, and the vanishing of the
totally symmetric part of A7,

We will need to say a bit more about the structure of these additional transformations,
but for now let us return to comment on the torsions that have been set to zero. These are
summarized in table 2. In the middle column, we have listed all the constraints that are
purely conventional, meaning they arise from a specific choice of the €2 connection. The
torsions in the right column remain. Some of these have physical constraints imposed to
eliminate covariant objects in the torsion. These are true constraints on the supervielbein,
as opposed to conventional choices of 2.

The structure of the unfixed torsions can be understood by considering the linearized
supervielbein. Writing Vu? = dpm? + v UBA(—I)b for vpa a graded antisymmetric
quantity, we can see that v transforms as dvga = 295§ 4] — A4 under linearized diffeomor-
phisms and tangent space transformations. Using A as much as possible to fix v, we find
the following surviving components. First are the negative dimension fields, vgq, vg4, and
vgg, and the zero-dimension field va”. These transform as

0vga = —208n), Ve = 0p€a + 0ulp, Ovsg = —0p&a + 0ap,
(51}50‘ = (9/3{06 — 8“55 — %(’yCd)gaacéd. (4.35)
The remaining fields are analogous to what we find at the component level. There is

the zero-dimension bosonic DFT vielbein vy , the gravitino v;* = W%, and the dilatino
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dimension | conventional constraints remaining torsions
—% — Tapy =0
0 — Tape = k(Ve)ap  Tape =0
3 Tabe =T 5. =0 Tave =0
Tag?s Ta
1 abe = Ta=0 Tap"
Tag” = 15 (7a)"*Tag
S T =T =T =0 7
T5' = 16 (1) To5
2 TP =0 _
5 —
5 TaBY = —

Table 2. Conventional and physical constraints on torsion. Conventional constraints arise from a
specific choice of Q 45¢. Some of the remaining torsions have additional physical constraints imposed.

«

9

+(1)*Px5. Their transformation rules are

Svp, = 05l + 05, SUF* = 96% + 0°4;, 0Xa = (V) ap(0p€® — 0°8,) .  (4.36)

Ub

Finally, there is the linearized superdilaton ® = 1 + ¢, transforming as
80 = 0l + 0™ — 0,8* — 0%, . (4.37)
Now we can consider the possible one derivative invariants one can build out of the
linearized vielbein and the dilaton. These are in direct correspondence with the torsion
tensors already identified. The ones with negative or vanishing dimension are

Topy =30Vsy),  Tape =200vp)e +0evap,  Tabe = OaViz — OpVaz + Ocvap - (4.38)

These we have already constrained in (4.6). The ones at dimension % are

’Taﬂ'y =2 a(avﬂ)V + 871)@5 + 8cv(ad(’)’0d)ﬁ)’y ,
To = Oap — 8vap + 00,5 + avs” + 2870, (4.39)

These must vanish as well, as there are no covariant physical fields in supersymmetric DFT
at this dimension, and we will impose their vanishing in due course. At dimension 1, we find

Tag" = Bqvs” + Ovga — 05 ¥a” + 3(7*)5" Oevaa

7:13 = (’Yb)ory/ﬁzﬂ’y = _8BX04 + (’Va)ozﬂ(%aav’yv + %81180 + a’yv’ya - %abvga)

+ (1) (07050 + Bavs”) (4.40)

9When reducing to components in section 5, we will solve the fermionic pieces of the section condition by
choosing 8* = 0 to eliminate § dependence. Then the linearized gravitino and the dilatino acquire their
usual transformations. The physical linearized dilaton will presumably be the combination ¢ + v,*. The
other low dimension fields in (4.35) evidently can be set to zero using a Wess-Zumino gauge transformation
— that is, by using the #-dependent parts of the diffeomorphisms to eliminate them.
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3

These should vanish as well. Finally at dimension 3, we encounter

T = (7)) duxs — "W + 0% + 2005 + 005", (4.41a)
Top = (W ar Ty = (V)as aa\pgﬁ — O5Xa — ('Ya)aﬁaﬂvga- (4.41b)

67

These correspond respectively to the linearized dilatino and gravitino equations of motion.
As the superspace geometry places DFT on-shell, these should vanish, as we will show.

4.3 A detour on tangent space symmetries and an extended algebra

Before moving on to analyze the torsion constraints and Bianchi identities in superspace,
we need to make a digression into the structure of the tangent space symmetries. As we
have discussed, the closure of the orthosymplectic tangent space symmetries implies new
local shift symmetries on the spin connection. But this conclusion was motivated purely
by requiring consistency of the constraints that we seek to impose. In this subsection, we
instead give a more abstract characterization of the algebra itself, motivated purely by
closure of the Jacobi identity. Subsequently, we will show that the gauging of this algebra
leads to the same transformations on 2, and implies the existence of higher connections.
Let us recall the normalization of the OSp(9,1|32)1 generators M4p so that

1
i[ABC Mcp, Pa] = AP Pp (4.42)

where Py = (P,, Qq, Q%) are the supertranslation generators and the commutator should be
understood as a graded commutator. The above is the conventional orthosymplectic action,
but soon we will see it is deformed in various ways. To begin with, the only generators
we are keeping are My, (which includes a piece of (v*)3%M,” to rotate fermionic indices),
M,y (now restricted to be y-traceless), and M,3. We use the above formula merely to fix
normalizations of these operators.

The Lorentz generator acts as usual as

[Mcby Pa] = nbaPc - 770an s
[Mcba Qa] = _%(’ch)o/BQﬁ )

[Mep, Q%) = — 1 (7)*5Q" . (4.43)
The generators P4 themselves obey the algebra
{QOL? Qﬁ} = —K (’76)04/3 PC ) [Qaa Pb] = —K (fyb)a’VQ’y . (444)

As usual for supersymmetry, this describes a rigid (but not flat) supergeometry with a
constant fixed torsion tensor. The presence of this torsion tensor has deep consequences for
the algebra, which we are about to discover!

The tangent space generator at dimension —% is the v-traceless fermionic operator

M. Its algebra with P4 turns out to be

{Mpgp, Qa} = £ (V) pa My — 755(17°") gaMed (4.45a)
[Mﬁby Pa] = nbaQB - %(’Yb’ya)B’yQ“/ ) (4.45b)
{Mgy, Q*} = =65 Py + 15(17°) " Pe (4.45¢)
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where in each expression the second term is required to project onto spin-3/2. The second
and third algebraic relations follow directly from (4.42). The first relation would be
zero if we employed (4.42). That this cannot be zero follows from the Jacobi identity
[{Maa, Qp}, Q] + -+ in the presence of the torsion term (4.44). One must make a x-
dependent deformation and the expression (4.45a) does the job. Similarly, at dimension
—1, M,p acts as

[My5,Qal = —2’i(7b)a(ﬂMy)b + %’i('yb)v,BMaba (4.46a)
(M5, Pa) = 25(7")5 Mba (4.46b)
[M"/ﬁv Qa] =2 5a(’yQB) . (446C)

Now the first and second relations involve deformations and are required by closure of the
Jacobi identity.

These results dovetail with the explicit connection transformations. The three generators
Py = (Qq, P, QO‘) are represented on superfields by covariant derivatives V4 = VaMo —
%QABCMCB + ---. The algebra [Mcp, Pa] is then represented via 6,V 4. Computing
using (4.29) leads to the (4.45) and (4.46).

But we are not finished. Closure of the Mp algebra on the connections required a
new local symmetry, and this should appear at the algebraic level. This ought to be a new
generator at dimension —1 in the irreducible hook representation, which we denote Kgjp.
Working backwards from the A transformations on 2, we conclude that

[K ajpes Pal = 571da Mbe oro; = 20daMpe— 304 M+ §Map M (4.47a)
[Ka\bcv Qo] = _%(’ch)aﬁMﬁa proj = _i('ch)a/BMﬁa‘i‘i('Y[bc)o/BMﬁa] +f§na[bMac] , (4.47b)
[Ka\bcv Qa] =0 (447(})

where we introduce the notation |pro5 to denote projection onto the appropriate representa-
tion (in this case, the irreducible hoop representation a|bc) implied by the left-hand side of
the equation. To verify the necessity of this generator at the algebraic level, consider the
anticommutator of M,, with itself. This is given by

{Maq, Mgy} = _nabMaﬁ‘ ~+ k-dependent terms (4.48)
proj

The leading term is expected from the orthosymplectic algebra. That k-dependent terms
are required follows by considering further commutation with Q.. The result is

{Mam M,Bb} = _nabMaﬁ + QH(VC)ﬁa(KMac + Ka|bc)

proj
= _nabMozﬂ + Tlo(')/a’Yb)aéMé,B + %(’Yb'Ya)ﬂ(sMaS - ﬁ(’Yalyc)a(S('Yb'Yc)BEM&e
+ Y (V) asK apye + 2600 ap Kaoyd — 267 ap Kpjya - (4.49)

The presence of K., acting as (4.47), follows from the Jacobi identity. In principle, one
can derive all the required operators and their algebraic relations by computing the free Lie
superalgebra of successive applications of M, to itself and dropping the representations
not required by the Jacobi identity. Let us denote this extension of Hy, by

7:2[/ = {Mabu Mab; MO(,B: Ka|bca Ka,bﬁ7 to } (450)

_97 —



Unfortunately, this approach is inefficient. Already in (4.49), there are an additional
five representations that could have appeared on the right-hand side. Luckily, the direct
approach of building the {2 connections and determining how they must transform short-
circuited this analysis. But that is hardly an elegant solution because repeating it for higher
levels would require that we introduce gauge connections, curvatures, and constraints prior
to first characterizing the algebra. It would be far simpler if we could just start with an
algebra that works and derive the required connections and curvatures directly.

This is what we will now propose. Recall the work of Poldcek and Siegel [31], who
motivated by the structure of current algebras on the string worldsheet, proposed (ir}
the bosonic case) pairing the double Lorentz generator M_; with a dual generator M,
This mirrors the pairing of P, with itself (and, in the supersymmetric case, @, with
Qo‘). This permits one to combine F;, M,; and M into a single X 4 operator with an
extended metric 72, The current algebra then implies that the structure constants f45¢
in [X4,Xp]=—fa 5% X must be totally antisymmetric when lowered with 7. As we have
discussed, this amounts to the implication

[Myy, P) = moaP. — eaPy = [Pa, Py = —2My, (4.51)

and the algebra closes on P,, My, and M%. Because P, has dimension 1, 7 must pair an
operator of dimension A with one of 2 — A; we see above that M is dimension 2. This
generator can be understood as the first non-trivial generator in the Maxwell,, algebra,
which is the free Lie algebra beginning with the bosonic generators P,. It extends to higher
dimensions, with [P,, [Py, P.|] corresponding, for example, to a reducible hook representation.
(As discussed in section 2, for the bosonic case, we would further impose tracelessness.)
However, one can truncate the resulting algebra to include only P, M and M , and this
coincides with the algebra originally discussed in [31].

If we require the same doubling of generators in the supersymmetric case, we find
that the generators of H L, which possess non-positive dimension A = 0,—-1/2,—1,---,
have “reflections” at positive dimension 2 — A that coincide with the generators of a free
Lie superalgebra that we denote super-Mazwelly,. We list these in table 3 up through
dimension 4. This superalgebra extends the supersymmetry algebra (4.44). For the details
of its construction, we refer the reader to appendix C. To make complete contact, we must
provide the translation table between the generators in the appendix and the duals of
generators already encountered. These are

Yoo = —2My, Y = M2, veh = apeP
Ya|bc - _f(/a\bc7 Ya,bﬁ = _f(/a,bﬁa Ya,b/B = _f(/a,bﬁy Ya‘ﬂfy = _j;\(/a\ﬂfy. (452)

The generators we have denoted by K are dual to the generators that shift the tangent
space connections 2. The connections associated to K will be collectively denoted H. These
pick up shift symmetries as well, which we denote by L and their duals by L. Following
the pattern here, we will identify all higher generators with negative signs so that the
appropriate Y’s become —K or —L.
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dimension | operator constraint dual operator | dual dimension
1 pPe — P, 1
3/2 Q° — Qa 1/2
2 Mab antisymmetric My 0
5/2 MaP ~-traceless M, -1/2
3 MoB symmetric M.p -1
Kalbe hook irrep Kojpe
7/2 KabB v-traceless on b3 K3 -3/2
4 Kob8 ~-traceless on bf3 K, s -2
Labed pairwise antisymmetric Lap ca
Lolbled 21000 irrep Lajpled

Table 3. Generators of super-Maxwell,, through dimension 4 and their duals. The generators at
dimension zero and below form a closed algebra, which we conjecture is the extension Hj, required
for N =1 super-DFT.

Below we give some of the algebraic relations of super-Maxwell, up through dimension 4.

(dimension 2) [Py, Py] = —QMab, {Qa, Q'B} = —%('yab)a'gﬂab (4.53a)
(dimension 5/2) [Py, Q%] = M,,®, [Qa Mab) = —K(Va)ap My (4.53b)
(dimension 3) {Q*, Q%Y =2 M

[Pau Mbc] = %Eaﬂ;c - %Kna[b(’Yc])aﬂMaﬁ
{ch Mb/B} - _i(’YCd)a/BKbkd - 2”(7b)a’yM%B + %K(Vbc)aﬁ(’Yc)'yéM’yé

(4.53c¢)
(dimension 7/2) [Q%, My = —E[a,b}a ; [Pa, M) = —Na,bﬁ ;
Qo M) = =3(v")aP Ko,
[Qa Kpjed) = 26()ar K™ + 26(Yie)) o K" (4.53d)
(dimension 4) {Q~, Mbﬁ} = K [Pa, Mﬁ'y] = _f{/ﬂﬂﬂ’
[Pas R/b|cd] = za\b\cd + 3 Lapea + 20aen® Loe af
— 350 (W)as K d” + 155 Mac(Va)as K b° sros’

{Q()n f{/a,bﬁ} = _K(’Ya)oa'yf{/ﬁ/,bﬁ - H(Vb)avf{/’y,aﬁ - H('Yb)oz’yfgﬂ,afy
+ %/i (’ch)aﬁ (70)76K77a6 + %('YCd)aﬂ[Paa Kb\cd] (4.53e)

The above relations can be “reflected” to derive the action of the untilded generators. We
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give some of these results below, grouped again by dimension.

(dimension 0) {Mye, Qa} = —K(7")a Mpe orog”
[Ma67 Pa] = _%K' (Vb)aﬁ My , [Ka|bca Pd] = %nadec )
proj
{Kapp, Q"} = =657 My (4.54a)
proj
(dimension -1/2) [Msr, Qa] = =26(1")asMp + 55(7") gy Mas proj
[Kb\cda Qa] = _i(/}/cd)aﬂMBb )
proj
[Kepp, Pal = —ncaMpy , (K b8, Q%] = =0, Mg (4.54b)
(dimension '1) {qug, Qa} = _%(’VCb)aA/M’yﬂ + 2”(7d)aﬁKd|cb - 2”(7d)a5Kc\bd proj
[Le|b|cd7 Pa] = naeKb|cd B
proj
[Lde,bc, Pa] = %nadKeH)c + %nech\ab )
proj
(K85 Pa] = —npa My + %K(Vd)wﬂKd\ba + %"J(Vd)«,ﬂKbmd oro;
(4.54c)

Other commutators can be determined from the Jacobi identity.

This Lie superalgebra, which is an extension of the super-Maxwell, algebra, would
seem to continue to infinity in both directions. A separate construction of it is sketched
in appendix C.2. Unlike the super-Maxwell, algebra itself, which possesses only positive
generators, the extension above includes negative dimensions. This would seem to make
it difficult to consistently truncate the algebra, although we know of no proof of this.
The algebraic relations implied down through dimension —1 do coincide with what a
direct construction of connections, curvatures, etc. would give. But we leave it an open
question as to whether the algebra required is actually the full extension of super-Maxwell
discussed above.

4.4 New connections, transformations, and curvatures

Now that we have a proposal for the algebra we want to gauge (at least up through dimension
4 and down to dimension -2), we may go about introducing connections and curvatures. The
idea is to match the existing results for the torsion tensor and 2 connection from section 4.2
and to extend them by introducing new H connections, the superspace analogues of the h
connection discussed in section 2.

First, we adopt the condensed notation of appendix B, here extended to the superspace
case. We denote the supertranslation generators by Py, the Hi x SO/(Q) R generators
by X,, and their duals by Xe, Following appendix B, we use a,b,--- here to denote

H =H; xSO(9,1) r indices. We hope this will cause no confusion with the tangent space
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indices (a,@). Relative to the previous subsection, we’re now including the right-handed P
and the SO(9,1) 5 generators, and their duals, which commute with P4y, H; and its dual.
The rigid algebra can be written

(P4, Pg] = — fas’Pe — X feus , (4.55a)
[Xa, Ps] = — fasSPe — fap® Xe, (4.55b)
[Xa, Xp] = — far®Xe (4.55¢)
(X2, Xb) = —Xe fab, (4.55d)
[Pa, XY = —X<f 4, (4.55¢)
[(Xa, XY = —XC fua? — f2°P0 — f2X... (4.55f)

A more compact form is

~

_ __Cy_.
[X_Xv X[/g\] - _f.AB X

5 (4.56)

for X 7 = (Xq, PA,XQ) and where fizs = f ggpnﬁg is totally antisymmetric with 7z
given by

nas 0 | - (4.57)

Following the discussion in appendix B, we introduce the dilaton ®, the vielbein Va4,
connections H ¢, and an additional graded antisymmetric field P2, These transform
under diffeomorphisms and gauge transformations (with parameter A%) as'?

50 = LD, (4.58a)
SV = LgVMA + VMBAgngA 7 (4.58Db)
SHm® = Le Hpg® + OpAL + HaPASf® + VBAC 52, (4.58¢)

5P — ¢Mg, peb _ pcfab_ QAQPQ[Qf@@ — gMleg, AY — AQHD[QngL’] . (4.58d)

The connection H & generalizes QA8 and the field P2 generalizes the one introduced
by Polacek and Siegel [31]. Using these ingredients, we can construct covariant derivatives

Va=VaMop — HalXy, V2= HMGp + (P2 - LM X, . (4.59)

These correspond to the curved extensions of P4 and X2, Their algebra can again be
written (4.56), but with some of the components of f now becoming structure functions.
These are the four curvatures Tasc, Rass, Ra%, and R, which appear in the curved

OFor purposes of legibility, we have suppressed gradings in these and subsequent expressions.
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algebra as

[Va, Vi = —TABCVC — RABQXQ v/ feaB (4.60a)
(X4, V] = —fas°Ve — fas® Xe, (4.60b)
[Xa, Xp) = —far®Xe, (4.60c)
Ve, VY = —vef2t - Ry, - Rebex, (4.60d)
[V, VY = =VE fou? — RA Ve — RA%X,, (4.60¢)
[Xa> VY] = =VE fea® = fa" Ve = fa® X, (4.60f)

The torsion tensor is given as
Tepa = —3VieVe™ Vg, VeVs™ = DeVs™M + Hel fasVa™. (4.61)
The curvature tensor Rep2

Rep® = 2 DcHp)® + Fos” Hp® — HgtHe o — 2 Hiefyg® — fopa (P22~ YH7LHF2) .
(4.62)

The other curvature tensors R_4% and R%< correspond to covariantizations of V_4P% and
Ve pbd and are discussed further in appendix B. In addition to these, one has dilaton-
dependent curvatures

Ta=Vylogd + VWM +ngQ, (4.63a)
RE = DPHp + FPHR® — HPf.5% + PEf42 + fibe (4.63Db)

where F 4 := D 4log ® 4+ Oy V™M

Using these expressions, we can now give explicit expressions for the curvatures. The
transformation rules for 2 and the expressions for the torsion tensors reproduce what we
found by direct construction in section 4.2, so we do not repeat that discussion here. We
turn our attention directly to the Q curvatures. We restrict attention to components of
curvatures only through dimension 2, which is sufficient for understanding the two-derivative
DFT action.

First, we take the curvature R 45—, which will have the simplest structure:

Raﬁa = R(Q)aﬁa (464&)
Ropaa = B(Q) opeg — Hypa (4.64b)
Raba = R(Q)aba (464C)
Rabcd R(Q)abcd Ha blcd (464(1)
Rabcd R(Q)%cd Ha Jbled + Hb Jalcd PEQ (4646)
Rabcd R(Q)abcd P abed (464f)
Ro’— = R(Q)"— — ()" P, = - (4.64g)
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There remaining pieces Raﬁa, Raﬁa, and Raﬂa are higher dimension, so we ignore them.
In the above expressions, R(2)apcp is the naive curvature built from €, which is the
superspace analogue of (2.24),

1
R(Q) apep = 2D aQs1ep — 2 Qaic’ Unep + Fas® Qecp + §QSAB Qecp - (4.65)

The connections H Abjed Are necessary to gauge the AE@ shift symmetry and the fields
P are required to cure the Lorentz non-covariance of R(€2)4zcp when both AB and CD
correspond to tangent space transformations. All of this is a straightforward extension of
the bosonic case (except for Ry —).

The curvature R 454 is already a good deal more complicated:

Raged = R(Q)aped + 46080 (4.66a)
Ragcd = R(Q)ocgcd -2k (’Y[C)OW QEdﬂ (466b)
Raved = R(Q)aved + 26T (Va)762% ™ = 26 (Ve )ar Qia” — Havlea (4.66¢)
Raped = B 5ea = Prpea (4.66d)
R(J,Ecd = R(Q)agcd - %I{na[c(’)/d])aﬁggaﬁ + HE(Z'Cd (4-666)
Rabed = R(Qabed + g Q[aaﬁ Meie(Ya))ap — Hapled + Hyaled — Pabed (4.66f)
Raﬂcd = R(Q)O/gcd + ch c,dﬂ - Ha d,cB - i(’}/ab)aﬁpabcd . (466g)

The new k-dependent modifications involving Q.4;Y and Q4%7 are required to ensure
covariance under \,” and A7 transformations.

The curvature R 45.” does not have a bosonic counterpart. Its structure is fairly
intricate, but only the lowest few pieces have a sufficiently small dimension to be relevant
for us:

Raﬁ = R(Q)aﬂ ¢ = 2/{(")/0)5(,6’911)6’Y + %ﬁ (’Vcd)(ﬁ|7(7d)569|a)66 - %(,yde)(ﬁ'y Ha) clde »

(4.67a)

Rose’ = RO 5.7 + 5(10)as’” + 50 )a” Hy o (4.67b)
Rozbc’y = R(Q)abc’y +K (Wc)aégb&y - TIB’Q (Vcd)oz’y (’Yd)éegb& + i('}/ef)oﬂ Hb,c|ef — H, b,c’y :

(4.67c)

Again, Q47 and Q4% contributions are required for A-covariance, and similarly for the
H connections. In the last expression we find a new connection H 43 .7, which gauges the
Ay 7 shift symmetry of €2, 7. While there are P4p.” contributions at higher dimension
when AB corresponds to a generator, none appear here.

For R.45"°, only the lowest component is relevant:

Rag"® = R(D)ap”® — 2 Hip, 7 (17) )" (4.68)
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The remaining curvatures are the dilaton-dependent ones R%. At dimension 2, these
consist of

Rab = R(Q)ab + 2k (’Ya)aﬁgabﬁ — %/{ (’y[a)a/BQb]aﬁ — Hcc|ab + 2H’Y [(171)]7 s (4.69&)
Ry = R(Q)+ HCE@ (4.69Db)
where R(Q)ap = DCQCAB + fCQCAB.
We do not give the H transformations explicitly, but they can be derived from (4.58c).
As with the Q connections, we can use the H connections and P fields to impose a number
of constraints on R:

Hagla - Raga E@ = O, (470&)
H, bled == Rabed =0, (470b)
bled
Hzpea =  Rabea|, =0, (4.70¢)
bled
Haaa — Raga T =0, (470d)
led
Paba = 7?’aba = 7?’aab ’ (4706)
Hypjcds Pabea == Rabed = 75 Mafcdp R+ Riabed (4.70f)
1 _
Hypeas Pgea = Rapea = 15ateap R+ Rigpeq) » (4.70g)
Ha b,cw — 7-\)'ozbc’y =0 (470h)

Above, we have used R = Rgp® and R = REE.
While these constraints fully determine P, there remain three irreps of H,y|.q that

are undetermined. As in the bosonic case, these are the Hjj component corresponding to

Lyjpjca and the @j + H components corresponding to Lgp cq-

4.5 Solution of the Bianchi identities through dimension 2

Our last task in superspace is to analyze the torsion Bianchi identities to determine what
the unfixed pieces of the R(Q2) curvatures are. Here we will again restrict our attention
through dimension 2.

The Bianchi identities for the torsion tensor read

0=28 = |4 3Tast —6R 4.71
ABCD [ VaTsep + 3Tas" Teep ABCD oy (4.71a)

0=DBuas = [QVA% + TusTe + VTeus — RaPps + RePpa — RAB] s’ (4.71b)

0=8B=VAT4 + %TATA + ﬁTABCTCBA - %RABBA (4.71c)

The torsion tensors are given in table 2, where we have listed the conventional and physical
constraints.

The dimension % torsions that we have not yet fixed are 7,5” and 7,. From the a8vd
component of (4.71a), we can show that 7,37 must obey ('yd)(;(,y’mg)‘s = 0, which implies
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Tag? = X(adp)” — %(fyc)ag(’yc)V‘sX(; in terms of some covariant field X,. If we had not
already accounted for the dilatino in the supervielbein, this is where it would appear. To
avoid introducing more degrees of freedom, we fix this dimension-1/2 piece to vanish. The
afyd component of (4.71a) trivially vanishes. If we hadn’t already set Touz to zero, we
would have found that (v¢)q ﬂﬁ)e& = 0 implies that Tope (%)aﬁwﬁg in terms of a gaugino
superfield. We reiterate that for heterotic DF'T, if the gaugino were not contained within
the supervielbein, this is where it would appear. That leaves 7T,. Although it’s plausible
that we could deduce a constraint on this by looking at dimension 1 Bianchi identities,
we are instead simply going to impose that it vanishes. This gives a full set of vanishing
dimension—% physical constraints,

Topg” =Ta =Tare =0. (4.72)

At dimension 1, we first analyze various components of (4.71a). These rapidly yield

constraints:

B
B
Bagea =0 =  Rafed = —%K 7;,(04 (’}/cd)ﬂ)v . (4.73)

aﬂazo = Raﬁazo’

aﬁc&zo = 7%6'7:0’

Next using Bag.y5 = 0, one can show that 7,3 must be purely a vector. However, B,z = 0
is nonzero if 7,3 is purely vectorial. Thus we find that

Bup,’ =Bap=0 = TRapea=0, Tag” = 15 (7a)"*Tap = 0. (4.74)

This is as expected: there are no covariant dimension 1 fields or curvatures in supersymmetric
DFT.

At dimension %, there are more terms to analyze but fewer spinor indices, so the group
theory is simpler. We rapidly find

B;z=0 = Ra[@@] =0,

B,7=0 = Rza=0,

Bia=0 = Rya=5k0e)a’Toz,

Babed =0 = Rapeq =0- (4.75)

The component 7735 of 737 is the covariantized gravitino field equation. Using Baﬂzd =0,

one can show that it vanishes, fixing R _;_., = 0 and 7 ;7 = 0. This places the component
theory on-shell. Next we find that
Bag! =0 = Rag’ = 2(v") (5" Rayead - (4.76)

This is a powerful constraint because Rnp.” is 7-traceless on c¢y. Since Rqjeqp) = 0, we
conclude that Raeqp must be in the irreducible hook representation in c|lab. However, we
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have already fixed that piece to vanish using Hejqp in (4.70b). Thus we conclude that
Rape” and Raeqp both vanish entirely. The remaining Bianchi identities immediately give

Bop =0 — T¢=0,
By=0 = Rygn'=0 = Ryzz=0. (4.77)

The first equation is the covariantized dilatino equation of motion. The last implication
in the second equation follows because (with Ra[BQ] eliminated) only the irreducible hook
representation remains, but this is precisely the piece we can remove by choosing HaE@
as in (4.70a). In this way we have eliminated all dimension % components of torsion
and curvature.

Finally, we turn to the dimension 2 Bianchi identities. First, we analyze the purely

bosonic pieces of (4.71a):

Bo—=0 = R@a] 0,
Babed =0 = Riapea) =0,
Bpa=0 = Rupeg=0;
Bpa=0 = Rgea=0;
B,7=0 = Rupaa="Raaw- (4.78)

The first and second equations work similarly. Together with the conventional con-
straints (4.70f) and (4.70g), they imply that Rapcq and R;— are pure traces. The third
and fourth equations, together with (4.70c) and (4.70d) imply that R ; ., and R ;-; each
consist of only the [J x [J representations. Finally the last equation, coupled with (4.70e)
tells us that R ,— vanishes. In summary, we have

Rabed = 75 a[cNap R Rgpea = %%[Eﬁg]gﬁ (4.79a)
2 e 2 €

Rapea = 5 MaleR%Geq)s  Rapea = 5 Raze) (4.79Db)

Raba = /R’%cd =0. (4790)

The remaining Bianchi identities from (4.71a) (and using (4.70h)) are

BPg=0 = Rd’g=-iRg,0"a"=0,

Bolea=0 = Rilea=—-2(")a"Reaas = —155(Yed)a” R,

B,y =0 = Ray” =R (v = 560" () R,

B -=0 = R5/7=10")0"R,- (4.80)

The last equation above implies a constraint on R g . due to the v-traceless left-hand side,
but this kills the remaining representation, leading to

Riw=0, Ry, =0. (4.81)

abc
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We are nearly finished. The remaining Bianchi identities at dimension two are

_ 3/ _d_ _p_ d
Bag_o Radb - Rbda ’

Bab:O — Rab:O,
BEZO — REZO,
B=0 = R+R=0,
B, =0 = R,’=0 = R=0. (4.82)

The first four equations are analogous to bosonic ones. The first tells us that there is a
single “Einstein tensor” given by R ; = Ra%d = —R;, dad, but this vanishes due to the
B.? .z Bianchi discussed above. The fourth equation tells us that there is a single scalar
curvature, given by R = Rgp™ = —REE. The final Bianchi identity tells us this scalar
curvature vanishes as well.

Remarkably, all of the torsions and curvatures have been eliminated through dimension
two. This was to be expected because there are no on-shell component curvatures or

covariant fields at this level.

5 Derivation of component supersymmetric DFT

The analysis by Siegel [2] did not directly address the component structure of double field
theory. Since then, the component supersymmetric formulation has been independently
derived by Hohm and Kwak [12] to second order in fermions and by Jeon, Lee, and Park to
all orders [13]. Already one can see from the linearized transformations (3.1)—(3.3) that the
results of [12, 13] are recovered to this order if we solve the fermionic part of the section
condition by setting 0" = 0, leaving the doubled bosonic space untouched. Our goal in the
remainder of this paper will be to flesh out this connection to all orders.

It may be surprising that this is not as easy as one might expect. There are standard
techniques developed for relating component fields to superfields, and in the case where
the superfield description is geometric — that is, involving connections, curvatures, gauge
transformations, diffeomorphisms, and so on — the path from superspace to components is
straightforward. Much of that intuition implicitly assumes that diffeomorphisms and the
supervielbein have a simple GL(D|s) structure. Since that no longer is the case here, we
will find that greater care must be taken.

5.1 Conventional N/ = 1 superspace: a review and a redo

As a brief review and a warm-up, let’s recall how conventional superspace leads to a
component theory. We take a conventional A/ = 1 superspace for some GL(D|s) structure
group. The supervielbein is

a (03
By = <6ma 7’["“&) : (5.1)
E,* E,

The fields denoted e, and ¥,® correspond to the physical vielbein and gravitino; the
other two fields are unphysical. To see that e and ¢ transform appropriately, recall that
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superdiffeomorphisms act as
5§EMA = gNaNEMA + 8M§NENA . (5.2)

Specializing to a purely bosonic superdiffeomorphism, ¢M = (€™, 0), it is easy to see that e
and v transform as conventional 1-forms with parameter £&™. Considering now covariant
superdiffeomorphisms

6EOVEMA = DMﬁA + EMBgcTCBA (53)

one can see that specializing to a fermionic parameter ¢ = (0, €%) gives!!
Sem® = ey e” T + LZJmBeWTwa ,

0™ = Dme™ + emb€7 T'yba + wmﬁe'yTwﬂa . (54)

For the vielbein, the first torsion term usually vanishes and the second is a y-matrix. For
the gravitino, its torsion terms usually involve additional fields present in the supergravity
multiplet. These transformations involve no explicit 8 derivatives and can consistently be
applied at 6 = 0. The additional fields £,* and E,“ can be set to zero at lowest order in ¢
as they transform with leading terms D,£* and D,£“. By a judicious choice of the higher
f-dependence of £* and £ (which do not affect the bottom components of e,® and 1,%),
one can eliminate the bottom components of E,* and Euo‘.12

A parallel analysis as above is not really available in double field theory. The main
hangup is that the supervielbein in DFT is a constrained object: its entries are not
independent. Let us redo the above analysis in a way that will generalize more directly to
the DFT situation. Admittedly, this will look rather pointlessly complicated for GL(D|s).

We begin by decomposing the supervielbein as

em®™ Ym®
EMA = 5.5
<:Mn6na ¢ua Eun¢na> ( )

where = and ¢ are new parametrizations for the second row. Denoting the tangent-space
valued gravitino with a tilde for compactness, 2% = e,™m®, this expression can be written
as the product of four factors:

= (LO) o (10) (€ 0) o (1Y
=1 0¢ 01 01
= exp(Z," Xm") X exp(a,” X, ) x exp(am” Xn™) X exp(¢m’ X,™)
=V _1 X Vy x Vo x Vi1 (5.6)

" The two classes of transformations, &M = (¢€™,0) and £ = (0, %), span the full space of transformations,
so we lose nothing by focusing on these.

12This is not quite the whole story because one should inquire about the higher #-components of these
superfields. One can show using a normal coordinate expansion in 0, that the f-expansion of En™ is
determined purely from the bottom components of Ey?, the torsion tensor, the Riemann tensor, and their
various covariant derivatives.
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We have decomposed the GL(D|s) generators XuN as X7, X,/ X", and X,". An
external automorphism of the algebra permits us to assign level —1 to the first generator,
0 to the second and third, and +1 to the last. We can label the three factors as V, with
respect to this level. In the above parametrization, e = exp(an") and ¢ = exp(a,”), and
we will work with e and ¢ directly.

Let’s check that this makes sense. A Lorentz transformation acts on the right as
0FE = —FEA and is purely level 0 (and 0'). It follows that

6AV+1 - —[V+1, A] y (5A(V0/V0) - V()/VOA, 5AV_1 =0. (57)

In other words, the gravitino ¢ is covariant on both indices, e and ¢ transform only from
the right, and = is invariant.

Next, we check the action of diffeomorphisms. For simplicity, we ignore the transport
term, considering only general coordinate transformations, where 0y F = KE for K =
&N . This has an obvious level decomposition:

IC—I = aué‘n ) ICO = 8m§n y ICO’ = augl/a ,C—I—l = 8m€l/ . (5-8)

We focus on bosonic transformations with &M = (¢€™,0). Then only K_; and Ky are nonzero,
leading to

5g.c.Vfl = ’Cfl + [Ko, Vfl] ; 5g‘c.V0 = ICOVO ) 6g.c.V0’ = 07 5g.c.V+1 =0. (59)

Evidently, Z shifts by 9,£" (so its lowest component can be set to zero), e transforms as a
1-form, and ¢ and v are scalars.
Finally, we look at covariant diffeomorphisms, which are given by

SE = EK, Kp® = Dpe? + CTep?. (5.10)

We are interested in a fermionic transformation with ¢4 = (0,€e®). The first term of K
contributes only to Kp* and Kg®, but the torsion term contributes to all elements of K, at
least in principle. Now we need to equate this to an arbitrary variation of . This can be
written as 0 E = EJ, but it’s actually going to be more useful to parametrize the current a
little differently. We choose to define j via

SE =V 1VoVox J x V1. (5.11)

This is related to J = E~'§E by composition by V.1, J = Vi J(Vi)
At this point, decomposing the vielbein with respect to the level £ starts to become
notationally cluttered. Let’s denote V= = V_1Vy and Vg = V.1, so that

EZVE XV() XV\I/. (5.12)

The pieces Vy and Vg involve the component graviton and gravitino, while V= involves
pieces that can be set to zero at lowest level in 6. Then we have

SE=V=Vox T xVy, JT=VeIV5". (5.13)
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The current .7 decomposes as follows:

jab = Aeab = 6améemaa ja'B = 5%5 = 6(eamwmﬁ) 5

JoP = ¢ar0¢,” JoP = ¢aM0Z, Ren® . (5.14)
We want to equate this with K = Ve K(Vy)~ L. Writing Vg = exp ) in terms of the level +1

generator ¥, we can compute easily that

K1 =K1+ [, Ko + Kol + 5[0, [, K1]],
Ko + Ko = Ko + Ko + [0, K_1],
Ki=K_i. (5.15)

From this, one can read off the graviton variation,
Ae,? = e, e, = e'YTVab + waae'yTvab (5.16)
which coincides with (5.4). For the gravitino, the answer is more involved:

5(eamwmﬁ) = Daeﬁ + GA/Tfyaﬁ + (Daeﬂ + G’YT'yaﬁ) - Evayab@bbﬁ - waaevayabbi
= " Dine” + 10" + 10T — Ae,” P (5.17)

The two covariant derivative terms have combined into e,™D,,, which is independent of
0 derivatives. The first three terms in the final expression coincide with the expected
result (5.4), and the last arises just from the transformation of the vielbein. Finally, one
can also show that the leading contribution to A¢q is as before 9,£“, so this term can be
eliminated to lowest order in 6.

5.2 Level decomposition of the doubled supervielbein

In parallel with the analysis of the conventional N' = 1 supervielbein, we will first perform
a level decomposition of the generators XV of OSp(10,10/32):

v ) mn v
X xXHr X 7XM , Xum , X/W , (5.18)
—~ - ~—~—
level -2 level -1 level 0 level 41 level 42

where the level denotes the difference between the number of lower and upper fermionic
indices. As in the previous example, we are going to place the positive level generators to
the right in Va4, so they are naturally going to lead to fields possessing tangent space
indices. With that in mind, we introduce fields associated with these generators in table 4.

The fields associated to the positive level generators we have denoted C*%, x,*, and
U5, Using the additional tangent space symmetry, we are going to gauge away C*? and the
spin-3/2 part of x,%, fixing the latter to x,* = Tl(](va)aﬂ xs- The field V;;% will become the
bosonic doubled vielbein. The remaining fields have analogues with fields in conventional
N =1 superspace. ¢,* is the identically named field there, and corresponds to the inverse
of the A/ = 1 superspace vielbein component E,/*. =, corresponds to the similarly named
field there. The remaining fields =, and B,,, correspond to the fermionic legs of the super
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field generator level
Ccos Xop +2
Xa” Xp* +1
Uf X0 +1

Vit X"
¢;¢a XMV
=, X, -1
B X -2

Table 4. Constituent fields of the OSp supervielbein. Positive level fields are written with

Lorentz indices.

2-form Byy. As in conventional A = 1 superspace, the bottom components of ¢,%, Z,",
and B, can be eliminated by using the higher f-components of superdiffeomorphisms.
We want to decompose the supervielbein analogously to how we did in conventional
superspace (5.6). To fix our conventions, we normalize the fields associated with the nonzero
generators so that they fill out a graded symmetric element A 45 of OSp(10,10|32) as

0 0 = x -
0 0 é‘if E:Emua E:E’Va B:Buua

A= - = _ 5.19
—D—%BO X:X(lﬂa \IJ:\IJELB, C:Oaﬁ ( )
—-x v 0C

We will be using the left /right basis for the generators, so that =, has been decomposed
into =,,, and =;,. We have also distinguished between world and tangent space indices
based on how we are going to place these generators into the coset, although this is perhaps
sloppy notation.

We have denoted the gravitino by ¥ above because later on it will be convenient to
also use ¥ = U,7 as an alias for x,®. Then ¥ and ¥ appear in an analogous way as = and
= in some of the formulae. We won’t do this just yet because we want to keep in mind y is
the dilatino and not a second gravitino.

Exponentiating the above generators using V = exp(.A 4B ) for each level gives

1000 100 0
0100 010 0
Vig = 5 = B=DB,,, C =0,
2= loo1o0l” Y27 |oo1_B|" "
00C 1 000 1
1 0 X 0 -
. 0 1 T 0 X=x", T=U7,
+1 = :
OT 70T L 1 - 0 (XT)ab:Xba> (\IJT)ab—\Ifba,
X" U s (X' x—v )1
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1 00 —= B
0 10 —= ==Cmw, E=Cmw,
Vo= =T =T 1 L(=aT= _ =T = = =T\ 7 _ = (5.20)
ETET1ETE-ETE) [ (@) m, ES =T
0 00 1

At level 0, there are two commuting generators X" and X,”. Their exponentiated

elements are

10 0 0

01 0 0
. V= . 5.21
() Oo(bua O ( )

00 0 ¢k

Here Vj;,% will become the component DFT vielbein.
Using these building blocks, we can construct a generic orthosymplectic element as

V=V oV 1V xVo X Vi1Vi2 = V= XV X Vy (5.22)
—_—— T
VE v

The interpretation of these three factors will be similar to conventional N = 1 superspace.
The factor Vy contains the bosonic double vielbein. Vg involves the gravitino, dilatino, and
other pieces that will be set to zero by a tangent space transformation. V= involves fields
that live purely in superspace and have no component analogues, as their § = 0 parts can
be eliminated by a #-dependent diffeomorphism.

Let’s see now if the decomposition we have chosen is actually sensible from the per-
spective of the component theory. Specifically, does it lead to a sensible parametrization
of the derivatives D47 It is helpful to first split off the gravitino (and dilatino) piece and
write ¥V = V=Vy. This is given by

Vv,V 0 x

]"}—1 . Va? Vam 0 X f}aﬁ = _QbaVEﬁua fj&u = VﬁmEml/7 (5 23)
X X ¢0€# X , f)au = ¢O¢“(B/Ll/ + %EmuEmy) . .

0 0 0 ¢.°

The entries marked x in the matrix are given above. As we will solve the fermionic part of
the section condition by taking 9* = 0, it follows that

Vdmam ﬁa
DA = V.AMa./\/l = f/amam + Qboauau = lo)a (524)
0 0

where we define lo)a and lo)a by these expressions. Now we can build Dy = V, Moy =
(V@l)ABf)B and this leads to

D, — 92D,
Da=Vy")A"Ds=| Da D (5.25)
whe P, — (Caﬁ T %\p@w@ﬁ)pﬁ

— 492 —



where we have used the condensed notation ¥;” = (y,”, ¥z?) and W8 = (y*# W), It
is extremely useful that D, = Dq. We can then rewrite easily the other derivatives as

Di=Ds— "Dy, D" =wD; — (¢ — Lww, ) Dy, (5.26)

The bosonic derivative Dj is now directly analogous to the conventional superspace derivative,
where it is given by the component flat derivative lo)& modified by a gravitino connection.
The new operator in DFT is the dual fermionic derivative D®. Its explicit form will be
crucial in subsequent computations. In neither expression above do the pieces of V= appear
explicitly; they appear implicitly only via D,.

It is crucial that the above expressions hold only upon imposing 0" = 0. Without this
condition, the expressions are significantly more complicated.

5.3 Generalized diffeomorphisms

The next task is to figure out how the elements of the supervielbein transform, in order to
verify that they have been correctly identified.

We begin with generalized diffeomorphisms. As in conventional superspace, it is best
to split these up between standard diffeomorphisms ¢M and covariant ones &4, It is
not immediately obvious how to treat the dual fermionic direction, but it will turn out
that we should keep this as a standard diffeomorphism. In other words, we are going to
examine ¢M = (€™, 0, —SM) and €4 = (0,¢*,0). We begin with the former. Ignoring the
transport term,

Soc Vit = KaV WA, KV = omeN — Ve (—)mm (5.27)

Since we restrict to 0* = 0, it turns out that we only have non-positive levels for . Using
the fact that the —1 generators commute with the —2 generators, one can show that

5g.c.VE =K oV=+K_1V=+ []C(), VE] , 5g_C_V0 =KoV, 5g,C.V\p =0. (5.28)

It is useful here that the level zero element Ky only involves 0,;,£" and not 0u&¥ or OHE,, as
this simplifies the transformation of V=. Because the Ky piece is just the bosonic O(10, 10)
general coordinate transformation, Vy transforms as a DFT vielbein should, while the
gravitino and dilatino are scalar fields. The negative level transformations are completely
soaked up by the fields in V=, which transform as

5B,u1/ = 8;L£y + 81/5”7 0Z 5w = Thgu - 61/{7% . (5'29)

As in conventional superspace, these fields can be set to zero at lowest level in 6.

Because the fields in Vg are inert under éu and transform as scalars under ™, their
gauge-fixing is not disturbed. That is, if C*® = 0, it stays zero. If y,® is y-traceless, it
remains so. This means component diffeomorphisms do not need to be defined with a
compensating tangent space transformation. This is important: it ensures that their algebra
remains unchanged in going from superspace to components.
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5.4 Supersymmetry transformations

Supersymmetry transformations are encoded in covariant diffeomorphisms. Let’s analyze
these next. Including a compensating tangent space transformation A48 (which will be
necessary in this case), the supervielbein transforms as §V =V (K — \) where

KAB = Va8 — VBeA(—1) + CTe 4B . (5.30)

What are the nonzero pieces? While our focus is on &4 = (0,€%,0), we must be careful about
expressions like V 468 = D48 — Q48C¢c, which might lead to an unexpected contribution
when the €2 connection is not purely double Lorentz. Luckily, the 2 piece in our case
involves just € Aﬁve“y; there is no pollution from Q4?7 and Q.47 because we have set &,
and &, to zero. We replace V with D here to emphasize D carries only the double Lorentz
connection. For the torsion term, only 7,3, is non-vanishing. This means the only nonzero
elements of K48 are

K =2Dl) | K =Duef, K =Da®, Ko’ =Dué’®, Kb =r(11)are,
,Cab = —Dbfa ) Icag - Dgea ) Kaﬁ - _Dﬁﬁa ’ Icaﬂ - /1(7&)/8767 ’
(5.31)

corresponding to levels +2, +1, +1, 0, and —1. The possible compensating A transformations
are at levels +2, +1 and 0.

As in the conventional N’ = 1 superspace example, we can parametrize an arbitrary
variation as

V=VxT=VVox T xVy = J=VeIV5'. (5.32)

For the case of a supersymmetry transformation, J = K — A. Now work out J level-by-level,
using the fact that Vg = exp ¥ for a generator ¥ at level +1 only. (We now work in the
gauge where C' = 0.)

T2 =Ko+ (¥, K1) + ¥, [¥, Kol] + 3P, [¥, [, K_4]]]
= A2 — [V, A 41] = 59, [W, Ao]]
T = Kia + [W, Ko + 5[W, [T, K_1]] — A1 — [, Ao],
Jo =Ko+ [¥,K_1] = Xo,
J1=K_1,
J2=0. (5.33)

From the explicit expressions for Vy, we find for the non-negative levels,

(o) = 0w, ()a” = 0",
(Jo)a = ViVt = b, (Jo)a” = 6a"6,° (5.34)

The expression for Ja is just going to tell is what the compensating Ao = A*% transformation
needs to be, but its explicit form is irrelevant. The transformation of ¢, isn’t really relevant
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here either — it’s going to involve a leading term 0,,e* indicating that at lowest order in ¢
we can set ¢,“ = d,%. For the bosonic DFT vielbein, we find that

‘]ag =K (6’7a‘1}5) s Jab = %/’f (€’YabX> - )‘abv JE = *)‘E' (535)

The expression for J 7 is exactly as expected. The nonzero expression for Jg;, is interesting,
but not really illuminating. It tells us that in order to make contact with supersymmetric
DFT, where Jg is usually taken to vanish, one should make a compensating A, transforma-
tion to cancel the dilatino term. Naturally such a choice of A will in turn affect the gravitino
and dilatino transformations as well as the algebra of supersymmetry transformations.

The gravitino transformation is a bit more complicated. A direct computation leads to

005" = Dae’ + V5" Dye’ + 55 (eY"Va) (wx)” — 1%a7 ()57 Aea — a0,
= Dae’ + 155 (" a) (wx)” — 1977 (1) Aea — Xa" T3 (5.36)

In going from the first to the second line, we have combined the two derivative terms to give
Dy = Vi Dy, using (5.25). This is purely a bosonic derivative of €, with the 6 derivative
cancelling out. This is exactly what needed to happen. Actually, this is a little bit subtle
because D carries the spin connection, which we have not yet defined. We will come back
to this in the next section.
For the dilatino, we find
5xa” = Daé® + ﬁ(efybxa)xbﬁ — %Ii (efyaxb)xyg + %/i (efya\I/b)\Ilgﬁ

+ A" x0” = x0T ()5 Aea — Ao (5.37)

The last term is the compensating tangent space transformation that we will use to maintain
the gauge x,* = lio(*ya)aﬁ Xx3- Contracting with a v matrix collapses this expression to

6xa = (1")asDac” = 5355(e7*x) (GapX)a + 55 (X)X + AP (YabX)a+ 55 (€7 ¥°) (Ya ¥p)a -
(5.38)

We have not yet addressed how to define the component dilation ¢. Recall the
superdilaton ® transforms as (3.9b). Decomposing indices and neglecting the transport
term, this reads

Og.c. log ® = D™ — 0,61 + OE,, . (5.39)

At the component level, the last term can be dropped because we take 0* = 0, but the second
term remains problematic as it will obstruct the construction of a sensible supersymmetry
transformation. The solution is to shift the definition of the component dilaton relative to
the superdilaton:

p=>xdetp,* = Slogp=0pt™ +20"¢,. (5.40)
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Now the second term drops out when 9" = 0 and the component dilaton transforms as a
scalar field.!?

We can easily work out the supersymmetry transformation of the proposed component
dilaton. Observe that

Slogdet ¢, = ¢3¢, = (Jo)a® = Dac® — K € Xa - (5.41)
Combining with the transformation of the superdilaton,
Slog ® = EAT4 + VA4 (1) = —Dye® (5.42)
we recover the expected component transformation,
dlogp = —Kke“xq - (5.43)

5.5 The component spin connection

The expressions for the gravitino and dilatino supersymmetry transformations involve the
component spin connection, which we will now specify how to compute. The form of these
transformations suggest we should define!*

Waie = Qoo T Va Qe = (V\If)dDQDBé' (5.44)

abé

These are precisely the corrections needed so that under Lorentz transformations, only
a bosonic derivative of the Lorentz parameter appears. The key feature of (5.44) is that
it allows us to extend the simple relation D; = (Vu)aPDg to the covariant derivative as
well. This is crucial when we consider how to translate the superspace torsion tensor
to components.

Let’s work this out now. Arbitrary variations J and J of the supervielbein V and
component vielbein V are given by

Tag=(V7'V)lnes, Ty =(V6V)a g (5.45)

Using the explicit form of V), these are related by

Ty = Va)iPVe)a?t Tus - (5.46)

This is for an arbitrary variation, but applies equally well if we take a derivative. Choosing

the variation & to be action of the flattened component derivative Dy = (V)2 Dg, we
find that

(Jo)sa = (Vo)a™ V)P (V)€ (Te)sa (5.47)

13 Another way of arriving at this same conclusion is to recall that the component DFT dilaton is related
to the supergravity dilaton by a factor of e = deten?, that is, ¢ = ee 2¥. The superdilaton in Siegel’s
superspace DFT is similarly related to the conventional (non-density) superspace dilaton by a factor of
E = sdet Ey™, i.e. ® = E e~ 2%. In conventional superspace, the component and superspace dilatons coincide
(hence both are ¢ above). This implies that ¢ = ® x e/E = ® X det ¢,,“.

“This definition can equivalently be written as ws = (V5 ') Qur. Tt is interesting that this is not
the simple wy,, = Q,, relation from conventional superspace connections, and is another example of how
DFT differs.
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where J¢ is built from De. This means that the component flux tensor F;, is related
to the superspace one Fep4 just by contracting with Vg factors. The same turns out to
be true for the component Lorentz connection: here it is crucial that (Vy)4s vanishes so
that only the doubled Lorentz connection from superspace contributes. In other words,
the expression (5.47) holds just as well for the covariant derivative. Then the component
torsion tensor is related to the superspace one via the extremely simple result

Teho = Vu)a™ V)" (V) Tesa (5.48)

This expression can be read in one of two ways. The most obvious is as a constraint
equation on the component torsion T, n terms of the constrained superspace torsion. The
other way is to forget briefly that 7. is constrained to vanish and instead read this as its
definition in terms of the component torsion T;. and the subleading gravitino corrections
involving TV,;&, Typa, and so forth. In this way, the resulting object 7. is called the
supercovariant torsion tensor; at the component level, it contains the necessary gravitino
(and dilatino) additions to T;, to render it supercovariant, meaning that it transforms
under supersymmetry without a derivative of the parameter e. Setting 7;, to zero is then
understood as the supercovariantized version of the bosonic torsion constraint. Since we’re
mainly interested in figuring out how w is constrained here, the first point of view suffices,
but the second will be important to keep in mind because we will need to return to the
concept of supercovariant curvatures soon.

Expanding out (5.48) using the explicit expression for Vy gives the relation between the
component torsion tensor T.; and its supercovariantized version 7T.;. Using the constraints
imposed on the superspace torsion, we find

Tabe = %’% (X’Vach) ) Tabe = %K (\IlafybCX) ’ Ta& =k (\Ilma\IIE) ) T% =0.
(5.49)

These give fermion bilinear corrections to the component spin connections. The first and
the last constrain only the antisymmetric parts of the respective spin connections; the trace
constraints are found in the dilaton torsion, and the hook irrep is undetermined as usual.

Deriving the constraints on the dilaton torsion is a good deal more involved. At the
component level, the dilaton torsion is

T, = Dalog ¢ + J°;, (5.50)

where here the currents are understood to be built using the covariant derivative. Using
the definition for the superdilaton torsion tensor (4.9) and the relation (5.40) between the
component ¢ and the superdilaton ®, this can be rewritten

T, = (V\p)a““(n + Tas” + Vagu os" + 27" 54— Tas” - JEI;A) +J%, (5.51)
A number of simplifications are now needed. First, we will use (5.47) to rewrite J i’l;& in

terms of Jep.a. Second, we will use ¢t 09, = jao‘ = jaB(V\I_,l)Ba. Finally, we will need to
explicitly use the expression (5.26) for D? to rewrite 7754 in terms of Tipa and J,34. (For
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this to work, it’s crucial that the Q7 connections end up dropping out of these particular
expressions.) Making all these substitutions, one finds the currents nontrivially recombine
to form torsion tensors. The end result is

Ty =Ta+ Tas” + 0o (Ta + Tap”) + ‘I’BaTaz}a - q’&a‘ygﬂ%aé' (5:52)

This provides the dictionary between the component T; and the superfield 7;. In accord
with the usual supergravity terminology, we can call the expression for 7; the supercovari-
ant dilaton torsion, in comparison with the usual dilaton torsion T;. Using the explicit
expressions for the torsion tensors,

To=—kXa"%"(W)ap =0,  Ta=—r¥""(1")ap = =k (Yax) . (5.53)
From these expressions, one can derive the trace contributions to w®,, and wgw.

5.6 Supercovariant gravitino curvatures and fermionic equations of motion

We briefly have mentioned that 7; and T;, are supercovariant torsion tensors and we found
the relations between them and the component analogues. We’re going to need to repeat
that for the gravitino curvature 7_;7 and the Lorentz curvature R ; .; in order to understand
how the superspace geometry reproduces equations of motion in a supercovariant form.
Let’s start with the fermionic equations of motion. We will need to build supercovariant
gravitino curvatures that generalize 103[5\1'5}0‘ and ﬁg\lfga. These are going to be related to
- and T“. Let’s start with the component gravitino (and dilatino) flux. The current J
we want, built with a flat component derivative Dy, is

(J2); == (DeVaVg ")y = Dol (5.54)

Here we leave the {2 connections out to begin with, as these will turn out to be non-trivial.
The above current is also given by

(Je)y™ = (V)€ x (V\IJJCV\I_,l);,a (5.55)
where (JC)BA is a superspace current built by acting with Ds. A straightforward but
laborious computation shows that

2D Wy = Fy® + 2 W F % — Fp 0
— WP Fpy® = 207 Fp W, — (W) F
+ UVt 0+ (W)U F
+ 3 (W0 Fys (5.56)

]

Restoring the €2 connections in the superspace flux tensors on the right-hand side above
leads to

2Dy + 2wy + w0 = T 20Ty = TG
— W T - 20 T e - (U)o
FEUIT G ()T,
+ %(\I,T\Il)ats\ljévqjgﬁ’rﬁws . (5'57)
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On the left-hand side we have collected the non-Lorentz tangent space component connection
wy,* as well as a component of w ,.; in the dual fermionic direction. These are necessary
for complete covariance under tangent space transformations. The last term on the left is
notable. Inspired by (5.44), we have extended the definition of w; to w4 via

wase = Vo) a"Qpse - (5.58)

The object w®,; appearing above turns out to be gauge covariant under double Lorentz

transformations, because its transformation involves only 0\, which vanishes. So the

above expression is completely covariant under double Lorentz transformations, although

not under the full H tangent space group, as we have gauge fixed the superspace vielbein.
After imposing subleading torsion constraints, (5.57) collapses to

2D Wy + 20" + 0% = Ty + WOV T, W + (BT 0)PUIT . (5.59)

We can view this as a definition of the supercovariant gravitino curvature 7;%, which is
subsequently set to zero as a superspace constraint. In the component theory, some of this is
a conventional constraint, defining what we mean by the fermionic component connections
wy;* and w®;, and some of it leads to the fermionic equations of motion. We will see how
this works in just a moment.

The above computation can be repeated for DB\IJB“. The result is

PP+ wl 0+ s, (1) 5% = T4+ TP 5% — Wy w4t o
L) (T T ) WO T LT )T
(5.60)

Imposing the subleading torsion constraints collapses this to
5b b bé ba gy T b
DU 4+ W + 307, (375" = T + WO T 4+ (TP T (5.61)

This defines the supercovariant tensor 7.

Let’s see how these various tensors decompose. Starting with (5.57), we see that the
expression T defines what we might call the supercovariant gravitino curvature. However,
this expression is actually constrained to vanish from superspace. This does not mean that
the gravitino is pure gauge, of course; it just acts as a definition of w®Z in terms of D[E\IJE]O‘,
which is the closest thing to a gravitino curvature, see (5.65) below. Why is it not an
actual curvature? From the transformation law of €2, one can show that dw®;- = pao Aa@'
From the explicit form of w*, this transformation comes from the shift symmetry of the
undetermined piece of the spin connection.

Next, let’s consider Tz®. It is given by'®

f)EXba - 7o)b‘I/EO‘ +wap” = Ta" + ‘I’EVXbﬁTﬁva Xa“ + %(\IIT\I’)MWEV'K/% . (5.62)

5Here and below ¥TW still involve both ¥ and .
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Again, Tz is constrained to vanish in superspace. The part of this that is y-traceless in ba
just defines wg®. To find the residual part, we contract with a v matrix, giving

Daxa — (1")as Do’ = — 3k (1) 0 (U9 %2) — 5355 (Fx7abX) (Y*X)a + 555 (¥2X) Xa -
(5.63)
This is the supercovariantized gravitino equation of motion.

1

Finally we take T,3% and T¢ in tandem. Multiplying 7% 7 gives the same

combination of w’s as in 7%, which lets us remove them. Fixing 7% and 7'0‘ to zero leads to

(") Dyxs — DU = =5k U (Wpx) + 55 (v T (T X)) - (5.64)

This is the supercovariantized dilatino equation of motion.

For completeness, we give the fermionic w’s that we have uncovered:
2w + W% = (1) P Dy xs — sm55 (XAVebaX) (YX)™ + 155 T (TgyeX)
W= = —2 D[E\Ilg]a + m(Pey " U5) (YaX)” s

war® = [Dyle® — Lk W (W) + 535 (xvheax) e (1°9)5°] (5.65)

proj

The fact the two w’s in the first equation are determined only in this combination is a
consequence of the A, shift symmetry since only this combination is invariant under
this shift.

5.7 Supercovariant Lorentz curvatures and bosonic equations of motion

Our next task is to compute the supercovariant Lorentz curvatures. Using the dictionary that
a component connection h is related to a superspace connection H via h4?:= (Vy) ABHz,
one can show that

(Vo) Vo) Re® = [2Dehy® + F, ot - (Tobo 200 T, = W0 T ) 1
_ hBQhégfgbg +2hlf; 2+ 2 hégqjéﬁfﬂgg ( ad 1hcah )fd i)} i
(5.66)
where we have defined the component p2 via
b._ pab hﬂghvé] ) (5.67)

This expression, like that of hz2 can be justified on the grounds that it eliminates fermionic
derivatives from the gauge transformation of p. The term on the rlght-hand side of (5.66)

that is independent of the fermionic pieces like ¥ and h® we define as R .2, i.e.

8
(V)P (V) Res = Ry — (T + 29 T = W W3 Ty ) RO24 200, 52 (5.68)

In the above expressions, we have not yet imposed the torsion constraints, so that the
reader may check the results in general.
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Now let’s specialize to the Lorentz curvature. We won’t give all of the full expressions,
as only a few are relevant for constructing the equations of motion. First, we observe that
the Lorentz curvature with all barred indices requires no fermionic corrections, i.e.

R%E = R(w, h,p)%g (569)

where by h we mean specifically the hook irrep. Recall we constrained the left-hand side
of the above to vanish in superspace. At the component level, this works very similarly.
The larger representations determine the component p and (parts of) h, but these fields
drop out of the complete trace. That gives the analogue of the dilaton equation of motion,
written purely in terms of the SO(9, 1) connection:

R(w, h,p)="" = R(w)z="" = 0. (5.70)

a

Next we consider a mixed Riemann tensor with one unbarred index:

RCEE = R(“? h)@% — kK \ija(’)/d)ozb’ Wﬁ@- (5.71)

Again the constraint from superspace is that this vanishes. Part of this determines h.
Taking one trace projects out the h terms and gives

0= R(w) 5" — £ ¥ (Va)ap wﬁg. (5.72)

One must plug in the expression for wﬁg from (5.65) to give the analogue of the Einstein
equation.

While these are perfectly valid equations, they are chiral, being built purely from
the right-handed spin connections. To compare e.g. with [13] it would be helpful to have
the left-handed versions. These are more involved because the tangent space is quite
elaborate in the left-handed sector. To keep things simple, we just look at the two specific
representations we want. The first is the complete trace of Rgcpq,

Ria™ = R(w)5a" + £6Xa(P*") 80 b — 6 Xa"s® — 26w (7)o - (5.73)

There is a wrinkle here that w,®”® hasn’t been determined yet. It arises from analyzing the
supercovariant expression for 7z8¢. This can be computed from

(V)" T = [wéﬂa + Dé‘l’ga‘l’(zﬂ — 20 — N&aw&zﬂ - Q‘Il(zawﬂéri
+ %\I’évwaab(’flb)vﬁ + %\I’é’ywﬁab(’yab)”ya + 2\Ilda7-édﬁ
. d baygd
+ (VTN Te 420wy P — eI
+ (U)W T — (W)W — WU
— (W)W W - LT (BT PT

}(045)

— U (U0 (T W) T s (5.74)
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This looks fiendishly complicated, but it collapses upon imposing the torsion constraints to
0=Te% = [w + Dw L W L LR | LI
+ iq’évwaabwab)vﬁ + iwévwﬁabwab)va

(aB)
=k (OO ()5 — e (BTO)T W) P ()] (5.75)

This leads to

0= R(w)baba — %/—@ (Xawbba — %(Xyab)awo‘ab> + 24—5/-1 (XY“Dex) + 26 (Y7 “DY5)
+ 5557 (U ) (avavex) — 155 (Y YY) (Yarerax) + 367 (W 0°) (g7, W)
(5.76)

and it helps to use
W'y — %(’Yab)aﬁwﬁab = %(’YbDbx)“ - %/‘5 (YU (Tarenx) » (5.77)
which follows from (5.65) to give

0= R(w)pa"" — 2k (XV°DeX) + 26 (V77D U7) + 25(Ty) (Tax) + 5(TTTP) (Wz05).
(5.78)

Combining this with R(w);=** = 0 gives

0 = R(@)na"— R(w)55" ~2% (x3“Dex)+ 2 (WD) + (07 (W) + H(W7WP) (W5 05)

(5.79)

It is tempting to call this the dilaton field equation, but this is not guaranteed. Superspace

identifies only the on-shell locus, so this is actually a combination of the dilaton field
equation and the fermionic field equations.

Repeating for the generalized Ricci tensor and skipping the intermediate steps, we find

0= —3R(w)a"g + 5 R(W);%ac — 3(x Da¥p) + 3 (W DeVy) — (¥, DyWe) — (¥ D’x)
+ %(XVabDblpE) + %(\Ijmch)(\pd'Yabc\PE) - ﬁ(qjﬂabcd)()(lpdfybw\pg> : (5'80)

Again, this is only the double vielbein field equation modulo the fermionic field equations.

5.8 Comparing with component DFT and N = 1 supergravity

Our results for the field equations and supersymmetry transformations look rather different
from those found by Jeon, Lee, and Park [13], and it is a crucial check that they actually
agree. For the field equations, this is straightforward to verify after making numerous
convention swaps. Most of these are obvious, but a few we will highlight. For the fermions,
the charge conjugation tensor in [13] is imaginary, leading to

ﬂ)ﬁ — \Ilaa s 1;13 — ’i\I/aa . (581)
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There is also an additional sign in the definition of the dilatino, so (remembering the charge
conjugation has an opposite sign for the opposite chirality)

P — —Xa, P — iXa- (5.82)

The SO(9, 1) g metric has the opposite sign, 73; — —n.7, and the spin connection uniformly
differs by a sign when the indices are lowered

q)qu — —Whab q)Aﬁtj — —We b (583)

m

We also must fix K = 1. With these modifications, the fermionic field equations (5.63)
and (5.6) coincide exactly with those given in [13], while the bosonic field equations (5.79)
and (5.80) hold modulo the former. This is an intricate comparison involving numerous
Fierz identities, and we were saved countless hours of computation by using Cadabra [34, 35].
Similarly, the supersymmetry transformations discussed in section 5.4 match, provided we
choose the compensating Lorentz parameters in (5.35) so that J,, = J = 0.

We may also compare with 10D A = 1 supergravity in the string frame, see e.g. [36].
To keep things simple, we’ll just focus on the supersymmetry transformations. Taking the
explicit parametrization (2.12) for the double vielbein, we find that

ea™0emb = 5 £ (€YabX) — 3(Aab — Agp) — K (ey(a\llg)) . (5.84)
To identify the conventional supersymmetry transformation requires that we choose
Aab = 15 (eYapX) — 25 (ev[a‘lia) , Ar=0. (5.85)

Moreover, one must keep in mind the factor of 1/ V/2 in the covariant derivative, which
requires that we rescale the component gravitino, ¥,® = v/2en,® Uz to have a canonical
supersymmetry transformation. All told, this leads to

1
dem® = 7 K (eY*n) . (5.86)
Matching conventions requires x = —1/1/2, which we fix for the remainder of this discussion.

The supergravity dilaton ¢ is related to ¢ = e 2% by ¢ = ee2?. This allows us to identify
the supergravity dilatino via

1

We normalize the dilatino A the same way as [36], but we keep the standard ¢, which differs
from the dilaton used in [36].

Now let’s analyze the fermion variations. The gravitino transformation involves the

1
€N, Ao = =

5 Xa ~ 2\1/5(7%&)a : (5.87)

connection wgp.. This is found from the torsion component

1 1
- Ho—
2\/5 abc 2\/§

Teap = (cha + Cabe + Cacb) + Weab (5-88)
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Solving for w and translating to @ gives

1 1
Weab = ﬁwcab - T\/EHabc + Teap + ——= 4\[

where we have used the standard supercovariant torsion tensor from supergravity,

<¢07a¢b YeYptha + ¢a’7€¢b) (589)

Weba = _%(cha ~+ Cabe + Cacb) %(@bc'yawb) (¢C’Yb7/]a) + i(d}a')/cd}b) . (590)

The field strength H should be supercovariantized to Hape = Hape + 2 (1/1 [ab¥e]) which gives

wzab = Teap + L (d}cab 1 Heap + 1/}07 ad}b]) = Teap + —= ! ( _b + (¢67[awb})> (591)
\/§ 2 \/i ca

where we have defined @~ by the above. The component gravitino transformation then be-
comes

( (Wd) = Y (N) + ("N (Yae)) - (5.92)

Sl -

Shm® = Ome® — 2o 1 (PP +

This matches [36].
To identify the dilatino transformation, we need

Tope = 7( Hape+3Clabe)) +3Wabg = Wiabg = 1 abe] 7( [;bc]‘i‘lﬁabc"‘l(@b[a'%@z’c})) :
To= 5 (Dalog+Cu”)tolse = whia= %(w —Dalog ¢—§ (a7 t) ).
(5.93)
Putting this together, one finds
o= = Y2 (700 (B — 10)) — Y20 (Hare — L0meh))  (599)
This also matches [36], keeping in mind that (Ayape)) = —(AMapeA) using our convention for

the charge conjugation matrix.

6 Open questions

Our initial goal in this work was to reproduce the component results of ' =1 DFT using
a manifestly supersymmetric starting point. While we have achieved that, at the same time
we have stumbled upon an intriguing expansion of the tangent space group. This enlarged
tangent space seems necessary in order to explicitly gauge away unphysical components of
the supervielbein and suggests the introduction of an ever higher set of connections. These in
turn require curvature constraints in order to render them composite, with the consequence
that only physical components of curvature tensors appear. As we have emphasized in
section 2, this is not dependent upon supersymmetry per se, but can be imposed even in
the bosonic theory, where it is required if we demand that the undetermined part of the
spin connection be gauged.
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Several issues remain to be addressed, and we pose these here as questions:
e Is the enlarged tangent space description correct?

We have proposed a simple Lie superalgebra as the basis for the tangent space
group Hy x SO/(STI)R. Here 77, is understood as the dual of the super-Maxwell
algebra, and SO/(9TD r is the dual of the on-shell Maxwell, algebra. For the lowest
lying levels, this can explicitly be verified, providing the connections necessary for
building torsions and curvatures along with the required gauge transformations.
What remains to be confirmed is that the higher connections H 4% and the Policek-
Siegel fields P2 are completely determined (modulo gauge symmetries) by imposing
constraints on the curvatures. We have checked this explicitly through dimension
two, which is sufficient to understand the two derivative equations of motion and
supersymmetry transformations. Possibly the proposal we make requires modifications
beyond dimension two, or perhaps it is indeed complete to all orders. This will require
further investigation.

e Does the N/ = 2 formulation work in a similar way?

An extension to N' = 2 double field theory should be possible, in particular to
reproduce the component results of NV = 2 supersymmetric DFT [15]. Superspaces
relevant for these cases have been considered by Cederwall [20] and by Hatsuda,
Kamimura, and Siegel [18, 19]. Cederwall’s proposal is the more conventional of the
two, relying upon an OSp(D, D|2s) vielbein and a separate Q2 connection valued just
in Spin(D — 1,1)1, x Spin(D — 1,1)g. The formulation of Hatsuda et al. employed
an enlarged Polacek-Siegel megavielbein directly, but similarly restricted the local
tangent space. (In both approaches, there is an elegant interpretation of the RR field
strengths lying in the supervielbein.) Both differ from the A/ =1 approach we have
advocated (and its natural N = 2 extension), which requires an enhanced tangent
space beyond Spin(D — 1,1), x Spin(D — 1, 1)r to explicitly eliminate the unphysical
components of the supervielbein.

Presumably the relationship between our approach (which builds on Siegel’s 1993
formulation [2]) and these ones involves a process of “degauging” where one fixes the
additional gauge symmetries and reinterprets the gauge-fixed higher connections as
curvatures involving undetermined components of the spin connection. This would be
very similar to the relationship between conformal gravity (where additional dilation
and special conformal connections are introduced) and conventional Poincaré gravity.'6
In the latter case, when describing conformal gravity, one must require by hand that
the local Weyl transformation de,* = —o e, be a symmetry of the action. Only the
traceless projection of the Riemann tensor — the Weyl tensor — is physical in this
scheme, and other pieces are unphysical.

e Can the N = 2 formulation tell us about super-FE;1?

A major motivation to study the N = 2 formulation is to learn something about
super-E11, whose component formulation has recently been explored [26]. One might

63ee e.g. [37] for a pedagogical discussion of conformal (super)gravity, and [38] for its superspace analogue.
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expect that in super-DFT, the RR forms should appear only via their field strengths,
but in extending the formalism to include their p-form potentials, the link to super-
E41 would be uncovered. Some work along these lines has already been explored
by Cederwall, who proposed to identify RR potentials and field strengths using the
language of OSp spinors [20]. It would be interesting to explore this further.

e Can higher derivative or off-shell formulations be encoded in super-DFT?

The formulation of superspace DFT we have discussed is on-shell, much like the
conventional 10D N = 1 superspace it reduces to when the section condition is imposed.
Naturally, this is because it is describing at the component level the supersymmetric
DFT of [12, 13], which is a two-derivative theory whose supersymmetry transformations
close only up to the equations of motion. Two natural questions suggest themselves.
First, can we extend superspace DFT to encode higher derivative o’ corrections? This
certainly seems plausible, and relatively recently, the first-order corrections to N' =1
supersymmetric DFT were constructed at the component level [39]. It would be quite
interesting to understand how this construction can be geometrized in superspace,
and if that can aid in its extension to higher orders. An even more ambitious proposal
would be to try to understand whether any connection can be drawn to the off-shell
pure spinor superspace [28-30], which might allow the direct construction of higher
order invariants.
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A Notations and conventions

A.1 Spin(9,1) conventions

Our conventions for Spin(9, 1) are as follows. The metric 7, is mostly positive signature,
with ~-matrices

{4y =20, =gl yn] (A1)

(Anti)-symmetrization always involves factors of 1/n!. We use a Weyl basis for the y-matrices

so that
P N O (10 (01
T <(v“)a@ 0 ) = (o —1)  CO= (—1 o) (4.2)

The chiral (Pauli) y-matrices (7*)o3 obey the 10D identities

(V") (ap(Va)y)s = 0, (V") jap(Yab)y)” = 0. (A.3)
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The gravitino and dilatino decompose as

_ (v _ (0
() =)

We use explicit Weyl-component notation throughout and suppress indices in obvious ways
so that, for example,

(X) = V0 = —(x¥),  (Yabe?) = V*(Vabe)ap?® s (XVabeX) = Xa(Yave) x5, (A.5)

This last point is important because in Dirac notation with Majorana fermions, we would
take ¥ = UTC, s0 Y = (—Xa,0) involves a minus sign while 1) = (0, 1) does not.

A.2 OSp(p,q|2s) conventions

The supergroup OSp(p, ¢|2s) is the group of linear transformations that preserve the
canonical invariant n4p, graded with p 4+ g bosonic and 2s fermionic indices,

NAB = (778;; €0> (A.6)

ap

01
where 7.; is the SO(p, ¢) metric and € 4 is the canonical symplectic element ( ] 0). We

will be interested in the two cases OSp(10, 10(32) and OSp(9, 1|32) where & is a 32-component
Dirac index. The generators M 4p of this algebra obey

[Mag, Mcp] = (=) npeMap — (—)*nacMpp — (=) Macnpp + (=) n4p Mpe
(A7)

On the fundamental vector representation V4,
VA = INFC MgV = APV = McpV* =2Vcép? (A.8)

where we use a NW-SE convention for contracting super-indices, so that V4 = VB NBA-

B Polacek-Siegel formulation of DFT with connections

In this appendix, we review the Polacek-Siegel approach to connections in DFT [31]. We
will take a somewhat more streamlined approach, eliminating the discussion of background
derivatives Dy, while simultaneously extending the allowed gauging beyond the Lorentz
group to a generic gauge group. We restrict purely to the field theoretic description of
their results and avoid discussing the motivations from the form of current algebras on the
string worldsheet.

To simplify notation somewhat, we will denote the doubled coordinates of DFT by z™,
without any further adornment, and the corresponding tangent space indices by a,b, - - -.
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Now let the coordinates be enhanced to z
oM © 0yr = 0 where n™ is given by

M — (ym 2™ §,,) subject to a section condition

0 0 om,
MN =10 o 0 |. (B.1)
S 0 0

We will assume the section condition for the additional coordinates is already solved by
0™ = 0, so that no fields depend on g,,. The dependence on y™ will be chosen in a
particular way to parametrize how fields transform under double Lorentz transformations
as well as any other local gauge symmetries present. We refer to this local gauge group
that extends the double Lorentz group as H. We assume that all coordinates are bosonic to
avoid introducing gradings, but it is trivial to extend to supercoordinates.

Let the megavielbein on this space be denoted Vy?. It transforms under diffeomorphisms
in the usual manner as

oV = NNV + (0N — N )Vt (B.2)

There are no tangent space transformations, as these will be encoded in £ itself. Rewriting
the above transformation in terms of €4 = ¢MV;,4 leads to the covariant form of generalized
diffeomorphisms,

Vut =V (Vee! = V4% + CTop?) (B.3)
where V4 := V4M9),. The totally antisymmetric torsion tensor Topa is given by
Toa = =3V V" Vg (B.4)
These obey Bianchi identities
AV (4Tpep) + 3Tas" Topir = 0. (B.5)
Of course, the torsion tensor also appears in the algebra of covariant derivatives
[Va, V] =-TasVe, (B.6)

where we have made use of the section condition. The standard form of the Bianchi identity
follows from the above,

(V[AE;C]D + 7IABF7'F|C}D) Vp =0, (B.7)

and coincides with (B.5) upon using the section condition.

Now let us decompose our derivatives as V4 = (Vg, Vo, V%). The derivative V, will
be identified soon with the generator of local H transformations, and V, will coincide with
the usual covariant derivative. The additional derivative V¢ will turn out to be a composite
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operator, which we will explore in due course. We will be interested in the following algebra,
where some of the torsion tensors Topa have been set to constants fopa:'’

[Va, Vi) = =Ta*Ve = T Ve = fane VE, (B.8a)
[Va, Vi] = = fap’Ve = far“Ve, (B.8b)
[Va, Vi) = = far"Ve, (B.8c)
Ve, VY = —Tebye — Tabey, — fabye, (B.8d)
[VE, V] = =Tp*VE — fo*VE+ T*V,, (B.8e)
[V, V] = = 6" VE = [oc2VE+ [V, (B.8f)

In addition to setting some of the torsion components to constants, we have also chosen
to fix Tepe and Ty to zero. The reason for this choice is that we want Vg to furnish a
closed subalgebra: this is the H algebra that will be gauged. The torsion tensors that have
been set to constants will turn out to correspond to choices of how various components of
the megavielbein transform under local H transformations. The remaining non-constant
tensors Tape and Tgp€ will correspond to the standard torsion tensor and ﬁ—curvature, while
T2 and T%< will be new tensors, whose role will be explained in due course.

We are not going to explicitly solve the above constraints, but give a megavielbein that
does the job. Following Polacek and Siegel, let us first presume the megavielbein can be
gauged to a triangular form,

x00 x 00
Vut=|xx0], viM=|xx0], (B.9)
X XX X XX

where the x’s denote non-vanishing entries. We emphasize that the entries are ordered so that
Va = (Va, Vg, V). Defining the antisymmetric current Jpa via SVt = VB TIsen®?, a
consistency condition for the above gauge is that Jq = Jpe = 0. This immediately implies
that covariant diffeomorphisms (B.3) must be constrained as

0= Tba = V€a — Valb + & ba
0= s7§a = nga - Vafg + ggfgba + chbac . (B.lO)

These conditions are easily solved by taking

€Q = 07 vb&a = _fbacgc . (Bll)

The first condition has the interpretation that once we have imposed the gauge (B.9), the
dual # transformations associated with V2 no longer play any role. This is good: we
are looking for a minimal way to incorporate the gauging of a group 7—A[, and having to
accommodate another dual group would be excessive. In the triangular gauge, imposing

In their original paper [31], Poldcek and Siegel employed just the doubled Lorentz group, and so a
number of the f’s we have here actually vanish, in particular fu,°.
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&, = 0 is equivalent to imposing &, = 0. The second condition in (B.11) tells us how &,
transforms under the H group, which will amount to a condition on its y-dependence.

Let’s check that the above conditions are consistent. The closure of two diffeomorphisms
leads to

G2 = (Le &) = &PVp& — 6P Vpa" + &PV + & P4 Tes™ . (B.12)

We must take {12, to vanish. As required, this holds given the conditions we have al-
ready imposed:

€120 = £2"Valip + 6176 Topg = =" fup“€rc + 61°62° faeh = 0. (B.13)
We also should check that the second condition (B.11) satisfies integrability:
(Va, VilE® = =Va® fap® + Vi& faa® = € foa" far® — € f faa® = —fu*Va€®,  (B.14)

with the last equality following from the Jacobi identity.
Now let us assign names to the non-vanishing entries of the megavielbein (B.9). Using
orthogonality, these can be parametrized as

Ky 0 0 a2 0 0
VMB = 0 Vma 0 X hab 5ab 0 )
0 0 K™ —p2 — Lheapb —pba 52,
5% 0 0 K™ 0 0
VM = —h2 & 0 x| 0o v, o0 |, (B.15)
pb — $hCh2 bt §b, 0 0 Kp*

where we give both the megavielbein and its inverse for convenience. The element V,,*
will be the usual doubled vielbein and h,2 will be the H-connection. The field p2 is an
antisymmetric tensor, which we call the Polacek-Siegel (PS) field; it transforms non-linearly
under the 7 gauge group and will allow us to build H-curvatures.

The element K,,% (with inverse K,™) will turn out to not play a physical role and will
drop out of all relevant formulae. In [31], this field (along with a piece of V,,*) dresses
Op to become their background Dj; derivatives. Here we have found it simpler to exhibit
it explicitly and just ensure that it drops out. We should emphasize that it is perfectly
possible to impose the gauge where K,,% is set to some fixed coordinate-dependent value.
This would involve imposing V&% = —£<f4%. However, this is not strictly necessary, so we
will avoid doing that here.

In the triangular gauge, the various derivatives decompose as follows:

Vo= K0, (B.16a)
Vv, = V,™0,, — haQVQ, (B.16b)

In the expression for V2, the last term can be dropped because we will always assume that
no field depends on #,,. Each of these operators will turn out to be covariant. This is more
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or less obvious for the first two, assuming that they will behave as the H generator and the
H-covariant derivative, respectively. This is less obvious for the third operator, but this
will turn out to also be true by virtue of the section condition.

Now let us show how the megavielbein (B.15) solves the torsion constraints. It is
easy to see that the conditions T¢yq = Tape = 0 hold automatically in the triangular gauge.

The torsions that are fixed to constants turn out to constrain the ™ dependence of the
various fields:

Ta* = fo* = 2VEKy"Kn® = —fa®, (B.17a)
Teba = foba = V" = —fa" V"™, (B.17Db)
Ta2=fa? =  Vihn®=—hp fa®— Vnfa + K 20n K2, (B.17c)
T = fle —  ypte=_fle_pdbyp,a opdly, d _ pmibg ny K4 (B.17d)

The remaining torsion tensors are field-dependent and lead to curvatures. The standard

H-covariant torsion tensor of DFT is
Teba = =3V V" Vi) 5 V™ = V"0, "™ + hef fa" V™™, (B.18)
where we have used (B.17b) in the definition of V. .V}™. The H-curvature is Tep%, which is
given by
Tav™ = Dehy® — Dyhe® + Fop"ha® = hPhe® feu® + P foe™ — i fec®

+ (p@ _ %hdghdd)fgcb 7 (B.19)

where Dy := V"0 and Fup® = —3D (V"™ Vyy, is the generalized flux of the DFT vielbein.
Here we see that the PS field p%2 permits the construction of 7% explicitly. An important
consistency condition is that there remains a combination

%bgfgcd + 7ngfgab (B20)

where the PS field drops out. For the case where H is just the doubled Lorentz group, this
is the symmetrized Riemann tensor that one can construct. That the PS field permits the
direct construction of Tpp¢ was the key observation of [31].

Finally, we give the remaining invariant tensors. The tensor 7.2 is the covariantized
gradient of the PS field,

721’*“: _Z)cpbj_2hc£p@f@Q+2pwfcdg

+ h®Dchg® — 2 h®Dghc® + F " hyhe®

- hcgfgb*a - hdéhdi(fcglg + hccfcda):| (B21)
[ba]
where ba are antisymmetrized. Similarly, 7<% is the antisymmetric V¢ derivative of p.

Expanding out all terms we find

1 1
Tngx _hCCDCpb—a+p@fdm+p@pb£fala_hdchd,d(Qfdba"'pbfefeda—i_zlhebheefdea)}[ ].
cba

(B.22)
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This condition actually follows from the simpler result that 722™ = 0 from the section con-

dition.

We have not yet specified how the various components of the megavielbein transform.
For that, we return to the conventional form of doubled diffeomorphisms (B.2) on the
megavielbein. First, we check that the zero elements remain zero,

0= 5Vma = ((9@5" - angm)vna + <8m§ﬂ - 8ﬂfm)vﬂa )
0=0Vma = (amgﬂ — aﬂgm)v%. (B.23)

These are consistent if we choose &, = 0 and 9,,§" = 0, which follow from (B.11) and (B.17b).
The DFT vielbein transforms, using (B.17b), as

Vn® = LeV® + Vil ASfu, A% = €E 2. (B.24)

The # connection transforms, using (B.17¢), as
Shin® = Lehm® + O A% + hynPAS for® + Vi "ASfi®. (B.25)
Finally, the PS field transforms as
op = MO p2 — ASf 2 — 2 Agpdlaf Bl — pmlag AY — Acpelef, b (B.26)

In writing the transformations this way, we have eliminated all of the y derivatives, so
the y-dependence can be thought of as merely a trick to arrive at these transformation rules.
One could in principle eliminate the y dependence explicitly by introducing y-dependent
twist matrices for the various connections in order to solve the conditions (B.17) directly.
However, it is simpler instead merely to verify that the algebra of H transformations closes
on all of the fields above.

There are a few more issues we have not yet explicitly addressed. First, we mention
how the torsions and curvatures each transform. From the extended Bianchi identity, one
can show that

OAToed = AV Tpea = _3Ag<fg[b|e7;|cd] + fg[b\gfg\cd}> : (B.27)

This follows as well from the explicit definition of the torsion tensor. If we assume that there
is a background constant value for the torsion, 70211)c = fabe, for which (B.8) corresponds to
a closed Lie algebra, then the above transformation can be written

oA Toed = _3Agfg[b|e(7;|cd} - 7°;|cd]) = —3A% o AT eq (B.28)

with AT denoting the deviation from the background.
The Bianchi identity for the torsion tensor becomes

0=4 v[an‘?d] +3 ,T[abend]e + GR[abgfgcd] (B29)

where we have written the H-curvature as Raps = Tapt to improve readability. Observe that
the PS field p2 drops out of the combination of curvatures appearing above. In addition,
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the torsion tensor.

due to the projection with f4.4, only some of the H-curvatures play a role in the Bianchi
identity. Naturally these are those with nonzero f,.q as only these H connections appear in

The H-curvature itself transforms as
SARpE = _AQ(QITQ[bE%]dE + %CEEQE)

= A (far* AR + fao" ARpe + ARy fea® + AToe" fea)

(B.30)
where AR denotes the deviation of R from its background value. (We allow for this

possibility, but will only be concerned with cases where the background R vanishes.) Its
Bianchi identity is a bit more complicated:

?)va’Rbcd - vdlﬁzbc + 37ZzbeRecd + 3Rabgfgcd + 3Rc@fgab

=0. B.31
[abc] ( )
This is quite an awkward identity as V¢ involves a naked connection.
The additional gauge transformations are
OARY = A( — fup" AR+ 2ARN A o + 2£o% ARY) " (B.32)
cd
OAREL = —3AS(fo PR + frbef,d 4 REEf, L) et (B.33)
bed)
and the remaining Bianchi identities are
0 = 2V Ry + 2VRap® + Tup"Re + Ry fe + R feap
— 2R Repd — 2R E fop — 2 RY% foo® o’ (B.34)
cd

0=V R¥L — 3VPR 4 4 3R IR + 3R £, + 3f, PR

. (B.35)
[bed]

There is actually one more feature of DFT that we have not discussed: the dilaton. In

the enlarged Polacek-Siegel theory, the dilaton is a scalar ¢ that transforms as

6B = Op(EM D) = 9, (E™ D) + O (E29) .

Its curvature T4 and Bianchi identity are given by

(B.36)
Ta=Valog®+ouVa™, 2V Tp = ~Tas"Te — VT0usn. (B.37)
The actual dilaton we want differs from this dilaton as
log ® = log ® — log det K,,%. (B.38)
It follows that
To=Ta+ far?,
7o =Valog® + ful,

(B.39a)
(B.39b)

~ 1
T = D'y + FPho + h™ fap® + pP fn + fi® + (p“—” - th“hdb) Vi log &

(B.39¢)
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where we have defined
Fo : = Dglog® + 0,V , To :=Valog® +V,,V,™. (B.40)

Evidently, T, is merely a constant shift from 7,. Assuming the dilaton transforms homoge-
neously, so that V,log ® is a constant (or zero), we find that 72 is also a constant. Finally,
the last curvature 72 is partly related to the tensor we previously called 7%&5 in (2.29) for
the case where the H group involved just the doubled Lorentz group.

The Bianchi identity now decomposes to

2v[a777] = _7:16072 - vc%ab - Rabgvg log o — Radgfgdb + Rbdgfgda - ?gfgab . (B41)
It also follows that 7, transforms under H transformations as

OnTo = —A(fur"Te + FurTe) - (B.42)

C Construction of the extended super-Maxwell,, algebra

In this appendix, we detail the construction of a superalgebra which appears to coincide
with the H, tangent space algebra required for ' = 1 DFT, introduced in section 4.3.
As mentioned in the main body, it arises as the dual of what we call the super-Maxwell,
algebra. We first discuss what precisely we mean by the super-Maxwell, algebra, and then
review a construction, based on the notion of a local Lie superalgebra [40], that leads to
both the full superalgebra involving both it and its dual, that we need to construct the
connections and curvatures of N'=1 DFT.

C.1 The super-Maxwell,, algebra

Here we detail the construction of the free differential algebra, up through dimension 4,
that extends the 10D A = 1 super-Poincaré algebra

{Qom Q,B} = ('YG)Q,BPa . (Cl)

Q. and P, are assigned their usual engineering dimensions of +% and +1. Relative to the
main body of the text, we have eliminated the constant —x to simplify formulae, but will
restore it later.

Let us now construct the free Lie algebra that extends the super-Poincaré algebra.
Following [32, 33], we denote this the super-Maxwell,, algebra. Denote the generators
encountered in this algebra by Y with various subscripts and superscripts. We use a short-
hand notation where, for example, Y4 p denotes [P4, Pg] and Y4 p ¢ denotes [Py, [P, Pc]]
where Py = (Qq, P?%). In this way, (C.1) could be denoted Y, g = (v*)apYa-

Let’s begin by analyzing the generator at dimension % The Bianchi identity for three

Q’s is

Yv(a,ﬁ,w) = (’Yb)(ﬂwya),b =0. (02)
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This is solved by taking

[Qas Po] = Yoo = (W)as Q° (C.3)

for some fermionic operator Q® at dimension % In keeping with our DFT motivation, we
will consider Q together with @ and P as our super P4 operators.

Here we pause and make an important observation. In analyzing the algebra, it is
extremely helpful to remember that the algebra (C.1) is obeyed by the covariant superspace
derivatives that describe the super-Yang-Mills algebra in superspace. In that case, the
operator Q% encountered above is just A%, the gaugino superfield. We will find that other
generators we encounter at higher dimension admit a similar simple interpretation.

At dimension 2, a new generator can be introduced as

Yab = Ya,b = [Pa, Pb] . (04)

In the super-Yang-Mills case, this is just the non-abelian field strength F,;. The Jacobi
identity at this dimension reads

0={Qa [Qp, P]} +{Qp,[Qa; Ps]} + [P, {Qa Qp}]
= Ya,ﬂ,b + Yﬁ,a,b + }/b,a,ﬂ
= ()7 Ya,” + ()ary Y5, + (7)apYoe (C.5)

This is solved by taking

Yol = 10%)a"Yar. (C.6)

)

In the case of the super-Yang-Mills algebra, this is the condition that the spinor derivative

of the gaugino superfield is the field strength, i.e. Do A® o (7%0)f Fgp.

5

At dimension 3, a new generator may be denoted

Y =Y, Y = [P, Q7. (C.7)

This will turn out to be the only generator at this dimension. The commutator of @), with
Yy just reproduces this generator:

[Qou Y;)c] = Ya,bc = (’Yb)a'yY’yc + (PYC)oc'yyvb’y = _Q(V[b)a’yyvc]’y . (CS)

Actually, this generator turns out to carry a constraint: its spin-1/2 part, corresponding to
the ~ trace, vanishes. This follows from the Jacobi identity:

0=[Qa, {Qp, Q" + (@5, {Qa, "} + [Q", {Qa, Qs}]
=2 a,ﬁ),’y + ny,a,ﬂ = %(’Yab)(apyyﬁ),ab - (’Yc)cxﬁYVc'y
—2(Ya)as Yo (7P7")s” + 0aY5 ()85 - (C.9)

=

This vanishes only if Y37 is y-traceless. In the super-Yang-Mills algebra, this condition can
be interpreted as the gaugino field equation.
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At dimension 3, we encounter
Ya,bc = [Pa; Yl-)c] = [Pa7 [Pba PC]] . (ClO)

The antisymmetric part of this vanishes, as a consequence of the Jacobi identity. In the
super-Yang-Mills algebra, this is D, F}., and the vanishing of its totally antisymmetric part
is the Bianchi identity. Other possible generators we encounter are

Yo’ ={Qu,V3%}, Y :={Q*,Q"}. (C.11)

From the Jacobi identity involving @, P, and Q, it is easy to show that the first of these is
given in terms of the other two:

1
Yoo = ()ar¥ " + (1" Yica (C.12)

Actually, because the left-hand side is y-traceless in its last two indices, a constraint must
be satisfied:

Yb,ba = _('Ya)aﬁyaﬂ . (013)

In the super Yang-Mills algebra, this is the equation of motion for the gauge connection,
setting the divergence of the field strength tensor equal to the gaugino bilinear {A®, \° }.
The Jacobi identity involving two @’s and Y, tells us no new information. For later use, it
will be helpful to decompose Y; j. into its irreducible (traceless) hook representation Yy ;.
and the trace:

Yabe = Yappe + Y 4o — EnacY
- Ya|bc - %na[b(f)/c])aﬁyaﬁ . (C14)

At this level, Y. and Y may be considered the independent operators.
At dimension %, we identify

You” = [P, V"] (C.15)

By construction it is y-traceless on b3. This turns out to be the only operator present at
this dimension as other commutators just lead ultimately to this one:

Ya,ab = [Qaa Yab] - _2Y7[a7b}a 5 (0163)
Yo7 =[Qa, Y = (7)aPYay? (C.16b)
Ya,b,cd = [Qaa Y;),cd] = _2(")/l1)owy[c,d}’y - (’Yc)awyl-),d’y + ('Yd)owY;;,c’y . (C.16C)

As a check, one can verify that the last two equations are consistent with (C.13), with no
assumption on Ya’bﬂ aside from it being ~-traceless in its last two indices. In the super
Yang-Mills case, this object is two covariant derivatives of the gaugino superfield Dy Dy A°.
One might expect that instead we should deal with the traceless and ~-traceless projection
of D(an))\B and separately the operator [Fp, )\B]. However, these two representations
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precisely match the former, i.e. 10000 x 10010 = 20010 + 01000 x 00010, so we will remain
with the former.
At dimension 4, we identify the following two operators:

Yl =[Q Y],  Yaped = [Pas Yoed) - (C.17)

In the super Yang-Mills algebra, these are {A%, DyA®} and D,DyF .4, respectively. Other
potential operators are related to these. For example,

Y, =[P, Y =YP 0+ Y7 P, (C.18a)
Yab,cd = [Yaba ch ] = Ya,b,cd - }/b,aﬁd . (Cle)

The operator generated by Q. on Yaybﬁ is a bit more involved:
{Qa, Yot} = (10)arY 70" + (1)ar¥ 7 " + (w)ar Y2 + 5 (D Yapea-  (C.19)
Checking the ~y-traceless condition implies that
Yo, be = —2(ve)apY * 0" - (C.20)
This condition is actually just a direct consequence of (C.14), and amounts to
Yaped = Yapied — 2mc(Va)agY *a” + 3ma(Ve)apY o’ - (C.21)

Analyzing the remaining Jacobi identities at this dimension leads to only one additional
constraint. This is best formulated in terms of the reducible operator Y, 4 4, where it reads

Yv[a,b},cd + Yv[c,d},ab =0. (022)

In terms of (reducible) Young tableaux, this eliminates the Bﬂ representation, leaving the

Hjj and @j representations. This identity is obvious for the super Yang-Mills case: Y, ) ca
is analogous to D[an] F.q < [F 4, Fq]. We solve this constraint by writing

1
Yv[a,b],cd = §Yab,cd . (C23)
There is no constraint on Yy, . aside from pairwise antisymmetry, Yo, cq = —Yeq,ap- Again,

this is obvious from considering the super Yang-Mills case, where it is the commutator of
two field strengths.

We would like to identify whatever residual piece of Y, p|q is independent of either
Yab,ca or Yaybﬁ. The SO(9, 1) reps found in Yo pleds Yab,ca and Yaybﬁ are

Y, blea : 01000 -+ 10100 + 20000 + 02000 + 21000,
Yap.ed : 01000 4 10100,
v ,P 1 01000 + 10100 + 20000 4 00011 + 10020 . (C.24)

The underlined representations for Yo"b'B correspond to those that occur in (C.21), so
these are the ones that in principle could be related to the corresponding reps in Y, y|.q by
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the constraint (C.22). Meanwhile, this constraint itself decomposes as 00000 + 00011 +
02000 + 20000. The upshot of this is that of the reps in Y, 3.4, only the 21000 is an
independent generator. This corresponds to a traceless tensor Y, p|cq, which is symmetric in
ab, antisymmetric in cd, and obeying Y, pjcq = 0. The antisymmetric tensor 01000 and
the irreducible hook 10100 correspond to Y, .4; the 20000 is identified with that piece of
Y‘{bﬁ; and the 02000 is constrained to vanish. The resulting decomposition can be written

Yobca = [Yawcd + 2Yabca + 3 Yachd
+ Uac(%}/be,de - %(’Yb)aﬂya,dﬂ - %(’Yd)aﬂya,bﬁ>
+ ch(%Yae,de — 55(Ya)agY * .’ — %(’Yd)ab’ya,aﬁ)

+ nab(éYce,de + é(%)aﬁY“,dﬁ)] (C.25)
[ed]

Of course, what we really need is the commutator of P, with the independent generator
Yy|cd, which we denote

[Paa Y;)\cd] = Ya,b|cd = |}Cl|b|cd + %Yab7cd + %Yac,bd
+ nac@Ybe,de — 55(WapY* d” - %(w)aﬂya,bﬁ)
+ nbc(% ae,de - %(’)ﬁz)aﬁya,dﬁ + %(Vd)aﬁya,aﬁ>

+ nab(%Yce,de + %(%)aﬁY",f) (C.26)

[cd]

This can also be written compactly as

Yabled = Yajpled + {%Yab,cd + 800 Yo de+ 15 7ac(10)asY * d” = 157ac(Va)apY * } bled (C.27)

where the projection onto the irreducible hook is implied by the brackets.
This was rather involved, so let’s pause to emphasize that at dimension 4, there are
three independent generators:

YU Yapea,  Yaplea- (C.28)

The first is y-traceless in its last two indices. The second is pairwise antisymmetric. Both of
these are reducible. The third is irreducible, corresponding to the 21000 representation. In
the super-Yang-Mills case, the 21000 corresponds to the irreducible representation involving
two symmetrized covariant derivatives of the field strength, where the divergences and
Bianchi identity terms have been projected out.

We will not exhaustively analyze the generators at dimension %, except to say that
by comparing with the super-Yang-Mills case, we expect to encounter four. The first,
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Y87 corresponds to the product of three gauginos, [A%, {A\?,A7}]; it lies in the hook
representation because the totally symmetric part vanishes due to the Jacobi identity for the
non-abelian gauge group in which the gauginos are valued. The second, Y, .” corresponds
to [Fap, DcA”]. The third, Y j .4 corresponds to [A%, Dy Fcq]. The fourth is Y. 7, which
is y-traceless and 7-traceless, corresponds to D(,DyD,)A” with the traces removed (as they
correspond to the previously mentioned operators).

It is clear from the super-Yang-Mills analogy that this algebra is infinite in extent,
although it can be truncated at any level. This ceases to be true when one includes the
negative dimension generators of H.

Let us reintroduce factors of k to more easily match our conventions in the main body.
This involves replacing

P, — —kP,, QY — K2Q". (C.29)

We keep all defining relations for Y’s formally the same. This means we take

Yab — HQYab, Ya,’B — /€2Ya7’8,
e — _K3Yba » Ya,bc — K'2Ya,bcv
Ya,bc — _HSYa,bcy Ya,bﬁ — _K?’Ya,bﬂy Yaﬁ — /€4Yaﬁ,
Yoo — &1Y,,7, Y= K'Y, Yo' kWYL Yaped = K Yaped,

5 4 5 4
VO = kY Yaved = 6 Yapeds Yo = —KYP D Yapea = & Yapea-

For example, we find at dimension 2,

1
mﬁzzwwfnh (C.30)

)

but at dimension 2.5,
Ya,bc = 2K (V[b)avyc}’y (0'31)

C.2 Local Lie superalgebra construction

Let us now extend the super-Maxwell,, algebra discussed above to negative dimension
elements. To do so, we will employ a construction due to Kac [40] (see also appendix B of [41]
which we follow). Its application to our present situation is due to Jakob Palmkvist [42].
We thank Axel Kleinschmidt for parallel comments on the bosonic case.

Kac defined a local Lie superalgebra as a direct sum 7_1 & Tg @ T11 of three vector
spaces, equipped with a Lie superbracket

[76)7;:1] = 7;:1 9 [7-—17 7;—1} = 76 ) [767 76] == 76 (032)

18

where here we use [,] as a graded commutator.”> The local Lie superalgebra can be

extended to a unique superalgebra in two steps:

8Here we will be a little sloppy and treat vector spaces and their elements interchangeably. We are also
interested in the case where odd elements are fermionic and even elements are bosonic, but the construction
is general.
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1. Freely generate all positive elements at level k by nested k commutators of 7,1 with
itself, i.e. Tor = [To1, [ - [To1, To1]]]. Repeat for all negative elements using 7_;. The
maximal extension of the local Lie superalgebra T = >k Tk is given by the set of all
such freely generated elements.

2. There is a maximal ideal D among the freely generated elements. Quotient out by
it, defining T = ’7:/ D. In practice, this amounts to dropping all freely generated
positive elements 7,4 whose commutator with 7_; vanishes, and similarly for all
negative elements 7_;, with vanishing 7,1 commutator. The resulting algebra T is
the minimal Lie superalgebra generated by the local Lie superalgebra (C.32). The
resulting superalgebra is necessarily simple.

This construction applies in our present case, where the positive level generators
correspond to what we call the super-Maxwell, algebra and the non-positive level generators
to H - The level corresponds to twice the dimension, and the local generators discussed
above are

7:1 = Maa ; 76 = Mab> TJrl = Qa . (033)

The super Maxwell,, algebra constructed from ), appears to be exactly the minimal
extension of the positive elements T, ;. At level 2, we keep only P, in (C.1), this being the
only component of {Qq, @} not annihilated by M,,. The other generators uncovered up
through level 8 (dimension 4) each have non-vanishing commutator with M,,. It is not
obvious (but seems likely) that all freely generated elements beyond this point which are
consistent with the Jacobi identity must have non-vanishing M,, commutator.

We require one extra element: the existence of a non-degenerate bilinear form 7. This
can be constructed recursively, following the general proof given in [41], although in our
case 1(7;, T;) is non-vanishing only for i 4+ j = 2. It must be non-degenerate because T is
simple. With this in mind, we can define the elements of 7_A as the “duals” of the elements
in 731 A. This fixes their normalization and determines their commutation relations with
{Qa,Pa,QO‘} by reflecting the relations from the positive level generators. The Jacobi
identity then determines their commutation relations with higher positive elements. Armed
with the commutation relations [T_g, Tp] = Ty for £,/ > 0, one can directly compute
[T_¢, T—en] = T_(¢4ery for £,£" > 0 by choosing ¢ = 2 + £ + ¢" and reflecting. This is
invaluable because the positive level generators are significantly simpler to characterize.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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