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1 Introduction

Double field theory (DFT) is a formulation of the massless sector of string theory that makes
T -duality manifest [1–6]. It describes the low energy sector of bosonic string theory (or the
bosonic NS-NS sector of supersymmetric string theory) and unifies the metric and two-form
together into a generalized metric, which transforms under generalized diffeomorphisms
governed by the group O(D,D). In order to incorporate fermions and supersymmetry, one
requires a frame formulation [1, 2, 7–9], and in this approach the generalized vielbein is an
element of O(D,D) with a doubled tangent space group O(D − 1, 1) ×O(D − 1, 1). For
further references and discussions of important applications of DFT, we refer the reader to
the reviews [10, 11].

The topic of this paper is the structure of supersymmetric double field theory, and
specifically how to deduce it from a doubled supergeometry. At the component level,
the structure of N = 1 double field theory was identified to second order in fermions
in [12] and to all orders in [13] (see also [14]). Remarkably, the prescient early papers by
Siegel [1, 2] already contained a superspace description, from which one should be able to
deduce supersymmetry transformations and equations of motion. In principle this ought to
be a straightforward task, and the original motivation of this paper was simply to analyze
this example as a warm-up to the more interesting type II and exceptional cases.1

Surprisingly, this is not as straightforward as it might seem. Aside from the technical
aspects of reducing a superspace formulation to a component one — similar to more con-
ventional superspaces, albeit a bit more technically involved when working with generalized
super-diffeomorphisms — one encounters a roadblock absent in conventional superspaces or
even in bosonic DFT. In order for the supervielbein to be an unconstrained element of a
supergroup — the relevant one here being the orthosymplectic group OSp(D,D|2s) with
D = 10 and s = 16 — the local tangent space symmetry must be extended beyond the
doubled Lorentz group O(D − 1, 1)×O(D − 1, 1) familiar in the bosonic theory. This is
because the supervielbein carries a large number of degrees of freedom, and only some of
them can be eliminated using the usual Wess-Zumino gauge-fixing conditions. To guarantee
the remaining components drop out, an enhanced local gauge symmetry is necessary. This
was implicit already in [2], where it was used to eliminate these additional fields almost
immediately. Our new observation is that consistency with the supersymmetry algebra
implies that this is just the first extension of a (possibly infinite) tower of local gauge
symmetries. Only the lowest few levels of these symmetries act on the supervielbein via a
tangent space rotation.

This extension turns out to not purely be an artifact of superspace. It casts a shadow
on the purely bosonic theory as well. It is a fact of life that in the frame formulation of DFT,
the spin connection is not fully determined by the vanishing torsion conditions. This can

1N = 2 supersymmetric double field theory (that is, for type II strings) has been constructed at the
component level [15], extending the bosonic construction of [16, 17]. N = 2 superspace formulations have
been given in [18–20] (see also [21, 22]). Supersymmetric exceptional field theories have been built for E6,
E7, and E8 [23–25] (with partial results for E11 [26]), but have been discussed in superspace only for the E7

case [27]. Note that an off-shell formulation of 11D superspace exists involving pure spinors [28–30], and it
would be interesting to explore whether a duality-covariant generalization is possible.
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be restated in the following way: the purely left-handed and right-handed components of
the spin connection are ambiguous under shifts in the irreducible hook representations, i.e.

δωabc = Λa|bc , δωabc = Λa|bc , (1.1)

where Λ[a|bc] = Λb|bc = 0 and similarly for Λa|bc. Usually this is handled by requiring that
these representations of ω drop out of all physical quantities (actions, equations of motion,
etc.). However, in principle, there is no reason why one cannot demand that (1.1) be an
honest local gauge invariance, which we impose to eliminate unphysical degrees of freedom.
After all, the doubled Lorentz group is introduced to eliminate the unphysical degrees of
freedom in the doubled vielbein. What we discover in superspace is this new local symmetry
is actually required by closure of the extended tangent space algebra. In other words, it
transforms a “bug” of DFT into a “feature.”

This new local symmetry naturally implies others. This is because its gauging necessi-
tates the introduction of new gauge fields hâ,b|cd and hâ,b|cd. In order to not introduce new
degrees of freedom, these gauge fields should be determined in terms of the generalized
vielbein in some way. What happens is that just as ω appears algebraically in the torsion
tensor, h appears algebraically in the Lorentz curvature. Imposing that the torsion tensor
vanishes determines most of ω, and similarly imposing that some components of the Lorentz
curvature tensor vanish determines most of h. But because h itself retains a residual
shift symmetry analogous to (1.1), the process may continue, with further connections
and curvatures introduced at ever higher dimensions. An important consequence of all of
these additional symmetries is that the only non-vanishing components of the generalized
curvature tensors (torsion, Lorentz curvature, etc.) that survive are the physical ones.

In attempting to make sense of this hierarchy, we have drawn inspiration from the work
of Poláček and Siegel [31]. They showed how one could incorporate the spin connection into
a larger megavielbein by extending the doubled spacetime so that the extended derivative
DM = (Mâb̂, ∂m̂, M̃

âb̂) includes the SO(D − 1, 1) × SO(D − 1, 1) Lorentz generator Mâb̂,
along with a composite dual generator M̃ âb̂, required so that the extended metric ηMN is
invertible. In gauging the shift symmetry (1.1), its descendants, and their superpartners,
we find that the dual generators extending M̃ âb̂ can be embedded in a version of the
super-Maxwell∞ algebra (see recent discussions in [32, 33]). It is unclear to us if this fully
characterizes the super-algebra or if a quotient must be taken. We discuss some of these
issues in the conclusion.

The paper is arranged as follows. We begin in section 2 with a discussion of the
geometry of bosonic double field theory. This is largely for review and to fix notation, but
we elaborate on the shift symmetry of the spin connection and how the introduction of the
higher connection h permits one to build a Lorentz curvature tensor with only physical
components. In section 3 we extend the formalism to superspace. This is primarily a review
of [2] but in modified language and formalism. Particular attention is paid to how the
tangent space group is used to eliminate unphysical components of the vielbein. This is
followed by section 4, where we explicitly analyze the generalized torsion and curvature
tensors up through dimension 2. It is here that we uncover the need for an extended
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local gauge symmetry and its connection with the super-Maxwell∞ group. The component
supersymmetry transformations and equations of motion are derived in section 5 and perfect
agreement is found with [12, 13]. As is typical for superspaces with maximal supersymmetry,
the lower dimension (≤ 1/2) torsion constraints effectively place the theory on-shell.2 Finally
in section 6, we discuss several open questions and possible extensions.

Several technical appendices are included. Appendix A summarizes the conventions we
use. Appendix B reviews the Poláček-Siegel (PS) formalism [31] for embedding connections
into a megavielbein. While we do not use such a megavielbein explicitly in the main body
of the paper, the PS formalism does provide a useful explanation for the transformation
rules of the connections and the construction of the curvature tensors when a generic group
is gauged in DFT. Appendix C gives the construction of the super-Maxwell∞ algebra and
its extension, which appears to play a role in building the local gauge group of N = 1 DFT.

2 Bosonic geometry of double field theory

Let us begin with a discussion of bosonic double field theory. This is well-studied material
over the last decade, so we will be relatively brief, highlighting only the geometry of covariant
derivatives, connections, etc. that we will be extending to the supersymmetric case. The
major difference with conventional formulations is that we include two new connection-like
fields. The first is the Poláček-Siegel field that permits the construction of a generalized
doubled Lorentz curvature [31]. The second is the new connection h that transforms in
the irreducible hook representation of the doubled Lorentz group. This new connection
gauges shift symmetries in the spin connection. Together these fields are responsible for
eliminating all but the physical components of the doubled Lorentz curvature.

2.1 Review of bosonic DFT geometry

The material here mostly follows that of [2, 7] with only superficial alterations.
We begin with a bosonic space with a doubled set of coordinates xm̂, m̂ = 1, · · · , 2D.

Typically these coordinates are denoted xM but we want to reserve the index M for the
supersymmetric case later on. The space is furnished with a constant invariant O(D,D)
metric ηm̂n̂ (and inverse ηm̂n̂), with which we can raise (or lower) indices. A generalized
diffeomorphism of a vector W m̂ with weight w is given by

δξW
m̂ = L(w)

ξ W m̂ := ξn̂∂n̂W
m̂ −W n̂(∂n̂ξm̂ − ∂m̂ξn̂) + w ∂n̂ξ

n̂W m̂ . (2.1)

These are O(D,D)×R+ generalized Lie derivatives. Requiring closure of the algebra implies
the section condition,

ηm̂n̂∂m̂ ⊗ ∂n̂ = 0 (2.2)

with the derivatives understood to act on either the same or different objects. By construc-
tion, the weight-zero tensor η is invariant under generalized diffeomorphisms.

2The notable exception is off-shell pure spinor superspace [28–30], but the connection to conventional
supergeometry is obscured there.
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There are two different coordinate systems one commonly encounters in DFT. The
first is the standard coordinate system, with

xm̂ = (xm, x̃m) , ∂m̂ = (∂m, ∂̃
m) , ηm̂n̂ =

(
0 δm

n
δm

n 0

)
(2.3)

where m = 1, · · · , D. In toroidal compactifications of string theory, xm corresponds to
the center-of-mass coordinate of the string and x̃m corresponds to the coordinate dual to
the winding momenta. The second is the left/right-moving coordinate system, where the
center-of-mass and winding mode coordinates are combined as xm = 1√

2(xm + ηmnx̃n) and
xm̄ = 1√

2(xm − ηmnx̃n), where ηmn is the SO(D − 1, 1) metric. In this coordinate system,

ηm̂n̂ =
(
ηmn 0

0 −ηm̄n̄

)
, (2.4)

where ηm̄n̄ = ηmn.3 Typically, one works in the standard coordinate system for the world
indices but in the left/right-moving basis for tangent space indices.

The metric of DFT is a symmetric tensor Hm̂n̂ subject to an invariance condition

Hm̂n̂ := ηm̂m̂
′
ηn̂n̂

′Hm̂′n̂′ = (H−1)m̂n̂ . (2.5)

The DFT metric may be decomposed in the standard coordinate basis as

Hm̂n̂ =
(
gmn − bmkg

klbln bmkg
kn

−gmkbkn gmn

)
, Hm̂n̂ =

(
gmn −gmkbkn
bmkg

kn gmn − bmkg
klbln

)
. (2.6)

In supersymmetric DFT, as in conventional supergravity, it is necessary to introduce a
vielbein along with its associated tangent space. Here, the vielbein is a field Vm̂â subject to
two conditions:

Hm̂n̂ = Vm̂
âVn̂

b̂Hâb̂ , ηm̂n̂ = Vm̂
âVn̂

b̂ ηâb̂ , (2.7)

where Hâb̂ and ηâb̂ are fixed constant tensors. The second condition implies that the
vielbein is an O(D,D) element, with its inverse given by Vâm̂ = ηâb̂η

m̂n̂Vn̂
b̂. In the standard

parametrization of the tangent space group, we choose

Hâb̂ =
(
ηab 0
0 ηab

)
, ηâb̂ =

(
0 δa

b

δa
b 0

)
, (2.8)

where ηab corresponds to the standard O(D − 1, 1) metric. These tensors are invariant
under local infinitesimal tangent space transformations with

λâ
b̂ =

(
λa

b λ̃ab
λ̃ab λa

b

)
(2.9)

3This is potentially confusing notation since (η)m̄n̄ = −ηm̄n̄. We never employ the former explicitly.
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where λ and λ̃ are antisymmetric and their indices are raised and lowered with ηab. Up
to a local tangent space transformation, the vielbein can be chosen in an upper triangular
gauge as

Vm̂
â =

(
em

a bmn ea
n

0 ea
m

)
, Vâ

m̂ =
(
ea

m −ea
n bnm

0 em
a

)
, (2.10)

This is not the most convenient parametrization for either the string worldsheet or
supersymmetry. Instead, one may introduce left-handed indices a, b, · · · and right-handed
indices a, b, · · · , on which the tangent space group acts separately, as O(D− 1, 1)L×O(D−
1, 1)R. In this approach,

ηâb̂ =
(
ηab 0
0 −ηab

)
, Hâb̂ =

(
ηab 0
0 ηab

)
, (2.11)

where ηab = ηab. We choose to raise and lower barred indices with ηab rather than (η)ab, so
this means one must be careful when decomposing a vector to specify whether the index is
raised or lowered. In the left/right tangent basis, the vielbein is given by

Vm̂
â = 1√

2

(
em

a + bmne
an em

a − bmne
an

ea
m −ea

m

)
, Vâ

m̂ = 1√
2

(
ea

m ema + bmnea
n

ea
m −ema + bmnea

n

)
.

(2.12)

In either basis, the DFT vielbein transforms infinitesimally under generalized diffeo-
morphisms and O(D − 1, 1)L ×O(D − 1, 1)R transformations as

δVm̂
â = ξn̂∂n̂Vm̂

â + Vn̂
â(∂m̂ξn̂ − ∂n̂ξm̂)− Vm̂b̂λb̂

â . (2.13)

In addition to the DFT vielbein, we also need the dilaton. We choose to treat the dilaton
as a weight-1 scalar density, φ = e−2d, where d is the usual DFT dilaton. φ transforms as

δφ = ξm̂∂m̂φ+ ∂m̂ξ
m̂ φ = ∂m̂(ξm̂φ) . (2.14)

We trust this notation will not be too confusing. Later on, we will need to refer to the
standard (non-density) dilaton of supergravity, which we denote ϕ. These are related by

φ = e−2d = det em
a e−2ϕ . (2.15)

Together the dilaton and the vielbein can be combined into a weight-1 vielbein, which is
an element of O(D,D)×R+. However, it is more convenient (not to mention conventional)
to keep them as distinct fields. The vielbein and the dilaton together can be used to
construct two generalized fluxes Fâb̂ĉ and Fâ. These are given by (note the unconventional
sign choices)

LVâVb̂
m̂ = −Fâb̂

ĉVĉ
m̂ =⇒ Fâb̂ĉ = −3D[âVb̂

m̂ Vm̂ĉ] ,

L(+1)
Vâ

φ = Fâφ =⇒ Fâ = Dâ log φ+ ∂m̂Vâ
m̂ . (2.16)

– 5 –
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The flattened derivatives Dâ := Vâ
m̂∂m̂ obey

[Dâ, Db̂] = −Fâb̂
ĉDĉ , DâDâ = −F âDâ . (2.17)

The unconventional choice of sign for the flux Fâb̂ĉ is to match our conventions for the
torsion tensor later on in superspace.

These flux tensors are covariant under generalized diffeomorphisms, but transform
inhomogeneously under Lorentz transformations. This latter issue can be rectified by
introducing by hand a spin connection ωm̂âb̂ transforming as

δωm̂â
b̂ = Lξωm̂âb̂ + ∂m̂λâ

b̂ + λâ
ĉωm̂ĉ

d̂ − ωm̂âĉλĉd̂ . (2.18)

Because of the sign in ηâb̂ in (2.11), one must be careful about how ω is defined. We take

ωm̂ âb̂ = (ωm̂ ab, ωm̂ ab) , ωm̂ â
b̂ = (ωm̂ a

b,−ωm̂ a
b) , (2.19)

and similarly for the Lorentz parameter λ.
Now the flux tensors may be modified to generalized torsion tensors Tâb̂ĉ and Tâ by

replacing derivatives with covariant derivatives. In our conventions, DâVb̂ = DâVb̂ − ωâb̂
ĉVĉ,

so that

Tâb̂ĉ := −3D[âVb̂
m̂ Vm̂ĉ] = Fâb̂ĉ + 3ω[âb̂ĉ] , (2.20)

Tâ := Dâ log φ+Dm̂Vâm̂ = Fâ + ωb̂b̂â . (2.21)

Setting to zero these torsions fixes the spin connection ωâb̂ĉ up to the irreducible hook
representations in the left and right Lorentz groups. In other words, the spin connection is
defined only up to local transformations

δωabc = Λa|bc , δωabc = Λa|bc (2.22)

where Λa|bc obeys (and similarly for Λa|bc)

Λa|bc = −Λa|cb , Λ[a|bc] = 0 , Λb|bc = 0 . (2.23)

There is no direct analogue to the Riemann tensor in DFT. A close runner-up is

R(ω)âb̂ĉd̂ := 2D[âωb̂]ĉd̂ − 2ω[â|ĉ
êω|b̂]êd̂ + Fâb̂

êωêĉd̂ + 1
2ω

ê
âb̂ ωêĉd̂ , (2.24)

which is covariant under diffeomorphisms but slightly non-covariant under Lorentz transfor-
mations. Its Lorentz non-covariance is

∆λR(ω)âb̂ĉd̂ = −1
2D

êλâb̂ ωêĉd̂ + 1
2D

êλĉd̂ ωêâb̂ (2.25)

where ∆λ denotes the difference between the full Lorentz transformation and the covariant
part. This means that while R(ω)ab cd and R(ω)ab cd are covariant, R(ω)ab cd, R(ω)ab cd,
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R(ω)ab cd, and R(ω)ab cd are not. Nevertheless, because (2.25) is pairwise antisymmetric in
âb̂ and ĉd̂, one may construct a symmetrized Riemann tensor

Râb̂ĉd̂ = 1
2R(ω)âb̂ĉd̂ + 1

2R(ω)ĉd̂âb̂ (2.26)

that is covariant under Lorentz transformations. This is the object that is usually considered
the analogue of the doubled Riemann tensor.

Unfortunately, Râb̂ ĉd̂ generally depends on undetermined parts of the spin connection.
Put another way, it is not a tensor under the shift symmetry (2.22). One finds that R(ω)
and R transform as4

δΛR(ω)âb̂ĉd̂ = 2D[âΛb̂]|ĉd̂ + Tâb̂
êΛê|ĉd̂ + 1

2Λê|âb̂ ωêĉd̂ −
1
2Λê|ĉd̂ ωêâb̂ ,

δΛRâb̂ĉd̂ = D[âΛb̂]|ĉd̂ +D[ĉΛd̂]|âb̂ + 1
2Tâb̂

êΛê|ĉd̂ + 1
2Tĉd̂

êΛê|âb̂ . (2.27)

Clearly, only a few components of Râb̂ ĉd̂ are Λ-invariant. These are reduced further when
one considers the torsion Bianchi identities, which read

D[âTb̂ĉd̂] = −3
4T[âb̂

êTĉd̂]ê + 3
2R[âb̂ĉd̂] , (2.28a)

2D[âTb̂] = −Tâb̂
ĉTĉ −DĉTĉâb̂ + R̂âb̂ , (2.28b)

DâTâ = −1
2T

âTâ + 1
12(Tâb̂ĉ)

2 − 1
2Râb̂

âb̂ , (2.28c)

where R̂âb̂ is an antisymmetric tensor given by

R̂âb̂ = Dĉωĉâb̂ + F ĉωĉâb̂ + 2R(ω)d̂[âb̂]
d̂ . (2.29)

Setting T = 0 above, one can show that the only invariant components of R are

R = Rabab = −Rab
ab , Rab = Rac b

c = −Rac b
c. (2.30)

With these ingredients, a two-derivative action for DFT can be written down in the
absence of a cosmological constant:

S =
∫

dDx dDx̃ φR (2.31)

where φ = e−2d is the dilaton. The two invariants (2.30) have a simple interpretation in
terms of this action. The first is the equation of motion of the dilaton and analogous to
the Ricci scalar in general relativity. The second is the analogue of the Einstein tensor,
being the equation of motion of the generalized vielbein. These two objects correspond to
two of the linearized invariants one can construct in DFT, as noted already by Siegel in [2].
An additional possible third invariant was noted by Siegel, with indices corresponding to a
mixed Riemann tensor Rab cd. We will comment briefly about this object shortly.

4We have exhibited the torsion tensor T even though we have set it to zero. This is because it will not
vanish in the supersymmetric case.
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2.2 Extending the geometry

Up until this point, we have mainly been reviewing the frame formulation of DFT. Now
we will begin to make some changes. Recall that the spin connection ω was introduced to
gauge the λ gauge symmetry of the vielbein. This had the effect of removing unphysical
degrees of freedom; or to put it another way, in considering only gauge-covariant quantities,
we are guaranteed that only physical degrees of freedom will appear. In a similar manner,
we can ask to gauge the Λ shift symmetry of the spin connection itself.

Naturally we should introduce new connections hm̂ b|cd and hm̂ b|cd that transform
covariantly under diffeomorphisms and Lorentz transformations, but under Λ gauge trans-
formations as

δΛhm̂ b|cd = Dm̂Λb|cd , δΛhm̂ b|cd = Dm̂Λb|cd . (2.32)

Evidently, we can eliminate a good portion of the Λ transformation in (2.27) by defining

R(ω, h)âb̂ ĉd̂ = R(ω)âb̂ ĉd̂ − hâ b̂|ĉd̂ + hb̂ â|ĉd̂ . (2.33)

Now one can check that under the Λ transformation and the anomalous Lorentz transfor-
mation,

(δΛ + ∆λ)R(ω, h)âb̂ ĉd̂ = Tâb̂
êΛê|ĉd̂ + 1

2(Λê|âb̂ −D
êλâb̂)ωêĉd̂ −

1
2(Λê|ĉd̂ −D

êλĉd̂)ωêâb̂ .
(2.34)

The second and third terms are pairwise antisymmetric in âb̂ and ĉd̂, and so are eliminated
when one builds Râb̂ ĉd̂(ω, h),

(δΛ + ∆λ)R(ω, h)âb̂ ĉd̂ = 1
2Tâb̂

êΛê|ĉd̂ + 1
2Tĉd̂

êΛê|âb̂ (2.35)

Observe that the Λ transformation acts covariantly here: it “rotates” the symmetrized
curvature tensor back into the torsion tensor — which in our case vanishes.

Rather than build Râb̂ ĉd̂ by brute-force pairwise symmetrizing the indices, we can
instead introduce yet another field that does this job automatically. Poláček and Siegel
showed that if one extends the space of generalized coordinates to include local Lorentz
coordinates yab and yab (along with their duals to maintain the doubled geometry), the
spin connection is naturally incorporated into the vielbein [31]. One also gets for free a new
field, which we denote pâb̂ ĉd̂, which is pairwise antisymmetric and with both pairs valued in
the two Lorentz groups. While Poláček and Siegel did not consider the connection h, it is
straightforward to extend their analysis to include it, or even a completely arbitrary set of
gauge connections. We present this analysis in appendix B.

The upshot is that one can directly build a covariant curvature tensor

Râb̂ ĉd̂ := R(ω, h, p)âb̂ ĉd̂ = R(ω)âb̂ ĉd̂ − hâ b̂|ĉd̂ + hb̂ â|ĉd̂ − pâb̂ ĉd̂ (2.36)

with p transforming as

(δΛ + ∆λ)pâb̂ ĉd̂ = 1
2(Λê|âb̂ −D

êλâb̂)ωêĉd̂ −
1
2(Λê|ĉd̂ −D

êλĉd̂)ωêâb̂ (2.37)

so that only the torsion term survives in (2.34).
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We have just introduced a slew of new degrees of freedom, so we had better be able
to constrain the curvature tensor to eliminate them. First, we can entirely fix pâb̂ ĉd̂ by
enforcing that Râb̂ĉd̂ is pairwise symmetric. In other words, we choose p so that R(ω, h, p)
is identified with the pairwise symmetrized R(ω, h) curvature.

Next, one can fix a large portion of hm̂ b̂|ĉd̂ by eliminating as many pieces of Râb̂ ĉd̂ as
possible. This is a straightforward group theory question: what representations of hâ b̂|ĉd̂
survive in the projection h[â b̂]|ĉd̂ + h[ĉ d̂]|âb̂? In terms of traceless Young tableaux, hâ b̂|ĉd̂ can
be decomposed as

ha b|cd : × = + + + + , (2.38)

hā b|cd : × (2.39)

with similar expressions for ha b|cd and ha b|cd. The pairwise symmetrized Riemann tensor
decomposes as

Rab cd : ×
∣∣∣∣∣
sym

= +

�
�
�
�
��

+ + • (2.40)

Rab cd : × × = ×
(

+
�
�
�
�

+
)

(2.41)

where we have crossed out the final representations that are killed by the constraint
R[âb̂ĉd̂] = 0, which is the Bianchi identity (2.28a) in the absence of torsion.5 (We do not list
Rab cd above because it is constrained to vanish from this Bianchi identity.)

Comparing (2.38) with (2.40), it is clear that the and representations of ha b|cd
can be used to fix the corresponding representations of Rab cd to zero. Similarly, the single
representation of ha b|cd can be used to fix that representation of Rab cd. Similar comments
pertain to the barred/unbarred versions.

Taking into account the other Bianchi identities (2.28b) and (2.28c) in the absence of
torsion, it isn’t hard to see that we have eliminated all but the physical components of the
Riemann tensor given in (2.30). The remaining singlet of Rabcd is related by (2.28c) to the
singlet of Rab cd. Similarly, the (1, 1) tensor of Rab cd is related to that of Rab cd by (2.28b).
Recall there was a third linearized invariant discussed by Siegel in [2]. This is nothing but
the tensor pab cd; its non-covariance (2.37) appears only at second order.

Naturally, the above process turns out to leave certain representations in h unfixed,
specifically the + + representations of ha b|cd and their barred versions. If we
gauge these local symmetries, the process may continue. In fact, it would seem we must
gauge these local symmetries in order for the algebra to close. The reason is that the

5We emphasize that the equations (2.28a) and (2.28c) continue to hold with the new R above, due to
the symmetry properties of h and p. The curvature R̂âb̂ in (2.28b) develops a new interpretation, which we
discuss in appendix B.
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commutator of two local Λa|bc transformations must close on a new generator (or vanish).
From (2.32) one can compute that

[δΛ2 , δΛ1 ]ha,b|cd = −2 Λ[2ab
eΛ1]ecd + 2 Λ[2ac

eΛ1]bde − 2 Λ[2ad
eΛ1]bce . (2.42)

A laborious computation shows that the right-hand side involves only the three representa-
tions + + . In other words, closure of the algebra requires that we now gauge
the shift symmetry in h. This seems likely to continue ad infinitum, and the local gauge
symmetry one generates seems to be closely related to the Maxwell∞ algebra.

We elaborate on this further in appendix C and in section 4.3 for the supersymmetric
case, but let us briefly summarize the situation here. The Maxwell∞ algebra is the free Lie
algebra generated by Pa, combined with the Lorentz generator [32, 33]. Taking Pa to have
dimension 1, we define generators of positive dimension by

[Pa, Pb] = Yab , [Pa, Ybc] = Ya,bc , · · · (2.43)

The generator Yab is antisymmetric, and the generator Ya,bc lies in the reducible hook
representation, since the Jacobi identity of three P ’s leads to Y[a,bc] = 0. We will make a
further restriction for what we call the Maxwell∞ algebra that differs from [32, 33]: we
restrict Ya,bc to be traceless, and denote it Ya|bc. Physically this can be understood if we
interpret Pa in (2.43) to be the covariant derivative in a geometry with an on-shell Maxwell
field strength. Then Yab is −F ab and then Ya|bc corresponds to its covariant derivative
modulo the Bianchi identity and the equation of motion.

Now it follows that at dimension 4,

[Yab, Ycd] = Yab,cd , (2.44)

[Pa, Yb|cd] = Ya|b|cd +
[

3
4Yab,cd + 3

8ηacYb
e
,de

]
b|cd

. (2.45)

The first equation defines Yab,cd, so it is in a reducible representation. In the second
equation, Ya|b|cd is in an irreducible representation, which is symmetric in ab, antisymmetric
in cd, traceless, and vanishing when any three indices are antisymmetrized. The Jacobi
identity guarantees these are the only representations. In terms of traceless Young tableaux,
these are

Yab,cd : ∧ = + Ya|b|cd : (2.46)

In terms of operators, Yab,cd is [F ab,F cd], so if we keep this generator, we are really
working with non-abelian Yang-Mills operators. The second generator corresponds to two
symmetrized covariant derivatives of the field strength, modulo terms that involve the
Bianchi identity or the equation of motion.

The representations we are encountering match so far the representations we seek for the
extension of the local algebra of bosonic double field theory. Unfortunately, the generators
Y we are discussing have the wrong dimension and their algebra is not the same as the
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local algebra of Λ transformations. The solution is to recall in the Poláček-Siegel formalism
that for every generator that we wish to gauge, we must introduce a dual generator that
is paired with it. The Y ’s discussed above are exactly these dual generators. The algebra
we are encountering can be embedded in the Poláček-Siegel extension of the Maxwell∞
algebra discussed above. The resulting infinite algebra involves generators (and similarly
for barred indices)

dimension · · · −2 −1 0 +1 +2 +3 +4 · · ·
generator · · · Lab,cd, La|b|cd Ka|bc Mab Pa M̃ab K̃a|bc L̃ab,cd, L̃a|b|cd · · ·

(2.47)

Up to normalizations, the Y generators defined previously have been renamed M̃ , K̃, etc.
to emphasize that they are the duals of generators of non-positive dimension. We have
denoted the shift generator of the ω connection by K and the shift generators of the h
connection by L for convenience. We emphasize that Lab,cd is reducible. For later use, we
denote the subalgebra of non-positive generators by

ŜO(D − 1, 1) = {Mab,Ka|bc, Lab,cd, La|b|cd, · · · } . (2.48)

The generators and their duals are related by an infinite dimensional invertible metric η,
which is the metric on the Poláček-Siegel megaspace. (Pa is its own dual.) The metric η is
defined in the obvious way by products of ηab with unit normalization. With this generator,
one can write the full algebra of generators XA schematically in terms of a commutator
and a symmetric metric,

[XA, XB] = −fABCXC , 〈XA|XB〉 = ηAB (2.49)

with the requirement that fABC = fAB
DηDC is totally antisymmetric (which follows by

ad-invariance of the metric). This allows one to use the algebra of positive dimension
generators to “reflect” onto the algebra of negative dimension generators. For example,

[Pa, Pb] = −2M̃ab =⇒ [Mcb, Pa] = ηbaPc − ηcaPb . (2.50)

To avoid needless repetition, we will postpone further details until the supersymmetric case.
Another point to emphasize is that the kind of extension to ω that we postulate here

is very similar to how conformal gravity extends Poincaré gravity. In conformal gravity,
one introduces not just a spin connection ωmab but also a Weyl connection bm to gauge
dilatations. The vanishing torsion condition determines ωmab but not bm. This suggests a
new local symmetry, and indeed the new symmetry one encounters is the special conformal
transformation Ka, under which b transforms linearly, δbm = em

aΛa. One is forced to
introduce a new gauge field fma, which can be constrained to eliminate all parts of the
Lorentz curvature except for the Weyl tensor. The behavior we are postulating for bosonic
DFT is quite similar, except that the local gauge symmetries do not terminate at K.

It may seem apparent to the reader that in the bosonic case there is no necessity to
introduce the local Λa|bc symmetry or its corresponding gauge field hm̂ a|bc. This is true.
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But when we move on to the supersymmetric case, we will find that the local tangent
space symmetry should be extended beyond the doubled Lorentz group and closure of those
transformations will inevitably lead to the appearance of the Λ shift symmetry and its
supersymmetric siblings.

3 Double field theory in superspace

3.1 Elements of component supersymmetric DFT

N = 1 supersymmetric DFT was constructed independently by Hohm and Kwak [12] (to
second order in fermions) and by Jeon, Lee, and Park [13] (to all orders). The conventions
in these two approaches differ somewhat. We will more closely follow Hohm and Kwak [12],
although we will exchange the role of the left and right Lorentz groups, along with a number
of other minor alterations.

The extension to bosonic DFT involves introducing a gravitino Ψa
α and a dilatino χα.

Roughly speaking, the gravitino is the superpartner to the doubled vielbein and the dilatino
is the superpartner to the dilaton. The index α is a Majorana spinor index of SO(9, 1)L,
and the gravitino and dilatino are of opposite chirality. The vector index a on the gravitino
belongs to SO(9, 1)R, so the gravitino transforms as a vector under one of the groups and a
spinor under the other. As usual, the supersymmetry parameter εα is of the same chirality
as the gravitino.

In our conventions, the supersymmetry transformation of the vielbein reads

δVm̂
a = Vm̂

b Jb
a , δVm̂

a = Vm̂
b Jb

a , Jba = −Jab = −κ εα(γa)αβΨb
β , (3.1)

and for the dilatino,

δφ = −κφ εαχα . (3.2)

In these expressions, κ is a dimensionless number that normalizes εα. In order to match
10D N = 1 supergravity with conventional normalizations, κ involves an inconvenient factor
of
√

2, so we have found it easier to leave this number a variable for now. The fermions
transform (to lowest order) as

δΨa
α = Daεα + · · · , δχα = (γa)αβDaεβ + · · · . (3.3)

In contrast to Hohm and Kwak [12], Dâ is defined as Vâm̂∂m̂ without a factor of
√

2.
A key feature of supersymmetric DFT is that both fermions are connections: they

each transform into a derivative of the supersymmetry parameter. This implies that in any
superspace formulation they ought to be encoded in the supervielbein.

3.2 Siegel’s superspace DFT

Let us now construct double field theory in N = 1 superspace. We begin with a review
of Siegel’s early construction [2], with some minor modifications to conventions. While
Siegel also treated heterotic double field theory in the abelian limit, we restrict our at-
tention to the case without vector multiplets for simplicity. The basic details are also
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identical to Cederwall’s discussion of double supergeometry [20], except with half as many
fermionic coordinates.

In analogy to conventional O(D,D) double field theory, let us introduce OSp(D,D|2s)
double field theory with 2D bosonic coordinates and 2s fermionic ones. We will really only
be concerned with D = 10 and s = 16. Collectively, we denote these supercoordinates by
zM. Superdiffeomorphisms have an OSp(D,D|2s)×R+ structure, and act on a vector WM
of weight w as

L(w)
ξ WM = ξN∂NW

M −WN
(
∂N ξ

M − ∂MξN (−1)nm
)

+ w ∂N ξ
N WM (−1)n (3.4)

where the grading (−1)nm is −1 if both N and M are fermionic and +1 otherwise. An
indexM is raised or lowered with the canonical orthosymplectic element η of OSp(D,D|2s),
with the usual NW-SE convention, i.e.

WM = ηMNWN , WM = WN ηNM . (3.5)

The metric η itself is graded symmetric, ηMN = ηNM(−1)nm. Because of the grading,
ηMN is not quite the inverse of ηMN ; instead, one finds

ηMPηPN = δN
M(−1)nm . (3.6)

Closure of the algebra of superdiffeomorphisms requires the section condition

ηMN∂N ⊗ ∂M = 0 . (3.7)

In the standard coordinate basis, the coordinates are denoted zM = (xm, x̃m, θ
µ, θ̃µ)

and η is given by

ηMN =


0 δm

n 0 0
δm

n 0 0 0
0 0 0 δµν
0 0 −δµν 0

 , ηMN =


0 δm

n 0 0
δm

n 0 0 0
0 0 0 δµ

ν

0 0 −δµν 0

 . (3.8)

The section condition can then be solved by restricting fields and parameters to depend
only on zM = (xm, θµ), the coordinates of 10D N = 1 superspace. It will often be useful to
collectively denote the doubled bosonic coordinates by xm̂ = (xm, x̃m) and the fermionic
ones by θµ̂ = (θµ, θ̃µ). It will also be useful occasionally to use left/right-moving coordinates
xm and xm̄; these are defined exactly as in the bosonic case. There are no fermionic
analogues to the left or right-moving bosonic coordinates, partly because θ and θ̃ have
different engineering dimension. If x and x̃ are both taken to have dimension −1, and
if θ has dimension −1

2 (to allow a conventional N = 1 superspace to emerge), then the
OSp(D,D|2s) structure forces θ̃ to have dimension −3

2 [20].
The supervielbein is naturally taken as a weighted element of OSp(D,D|2s)× R+. As

in the bosonic case, it is more convenient to split the supervielbein into an OSp(D,D|2s)
element, which we denote VMA, and the superdilaton Φ.6 These transform respectively as

δVMA = LξVMA = ξNVMA +
(
∂Mξ

N − ∂N ξM(−1)nm
)
VNA , (3.9a)

δΦ = L(+1)
ξ Φ = ξN∂NΦ + ∂N ξ

N Φ (−1)n . (3.9b)
6Siegel denoted the superdilaton by Φ2 so that his Φ has weight 1

2 .
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It is going to turn out that the superdilaton Φ differs from the component dilaton φ = e−2d,
so we have used a different name for it. The index A decomposes into a left sector A and a
right sector Ā, with

WA = (WA,W Ā) , WA = (W a,Wα,Wα) , W Ā = (W ā) . (3.10)

Siegel identified these sectors as the left and right-handed sectors of oscillators of the
affine Lie algebra of the superstring in the Hamiltonian framework. Here a and ā are the
tangent space indices associated with the local O(D − 1, 1)L and O(D − 1, 1)R actions on
the bosonic DFT vielbein. In the supersymmetric case, a is extended to include spinors of
both chiralities. The tangent space metric and its inverse are

ηAB =


ηab 0 0 0
0 0 δαβ 0
0 −δαβ 0 0
0 0 0 −ηab

 , ηAB =


ηab 0 0 0
0 0 δα

β 0
0 −δαβ 0 0
0 0 0 −ηab

 , (3.11)

where the horizontal and vertical lines emphasize the split between the left and right sectors.
The metrics ηab and ηab both describe SO(D − 1, 1) (with mostly positive signature) and
are used to raise and lower their respective indices. The condition that the supervielbein is
a group element amounts to

VAM = ηMNVNBηBA (−1)am . (3.12)

The right tangent space is O(D − 1, 1)R as in the bosonic theory, whereas the left tangent
space must be a subgroup of OSp(D − 1, 1|2s). We will elaborate on the choice of this
tangent space momentarily.

Although it is natural to group together the left sector tangent space indices, we will
usually group bosonic indices together, so that WA = (W a,W a,Wα,Wα), to be more in
line with how we have ordered our coordinates. Using the same rules for raising and lowering
indices as before, one finds that

WA = (W a,W a,Wα,Wα) =⇒ WA = (Wa,−Wa,−Wα,W
α) . (3.13)

Therefore, when specifying explicit elements, one must be careful to emphasize whether the
indices are taken to be vectors or covectors because of the signs that are introduced above.

Just as one may use left/right coordinates zM = (xm, xm̄, θµ, θµ) to match the left/right
tangent space, one may occasionally wish to put the tangent space in its standard toroidal
form, where WA = (W a,Wa,W

α,Wα), in line with the standard toroidal coordinates
zM = (xm, x̃m, θ

µ, θ̃µ). We use lower case Roman font indices a, b, · · · to denote the tangent
frame bosonic indices in the standard basis.

3.3 Determining the tangent space

In order to motivate how we will fix the tangent space in superspace, let’s return to bosonic
DFT and discuss how one may go about determining its physical content. We will take a
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more elaborate approach than is actually required, but this approach will generalize more
straightforwardly to superspace.

Working for the moment in the standard toroidal basis for both the coordinate and
tangent space indices, the vielbein can be decomposed as

Vm̂
â =

(
1 b

0 1

)
×
(
e 0
0 e−T

)
×
(

1 0
c 1

)
(3.14)

where b = bmn, e = em
a, and c = cab. It is easy to check that this is an O(D,D) element

by computing V −1 = ηV T η. This decomposition can be understood as arising by first
decomposing the generators Xm̂n̂ of O(D,D) into Xmn, Xm

n, and Xmn. Our O(D,D) and
OSp(D,D|2s) conventions can be found in appendix A. The generators can be assigned
levels −1, 0, and +1 with respect to an outer automorphism of the algebra. The above
element then corresponds to a parametrization of the group element V as

V = exp(1
2bmnX

nm)× exp(am
nXn

m)× exp(1
2c

mnXnm) (3.15)

and taking V to act to the left on the coordinate representation. One identifies em
a = exp(a).

In this parametrization, a general coordinate transformation with ∂m = 0 transforms
only bmn and em

a. To see this, observe that the general coordinate transformation involves

Km̂n̂ := ∂m̂ξ
n̂ − ∂n̂ξm̂ =

(
∂mξ

n 2 ∂[mξn]
0 −∂nξ

m

)
, (3.16)

which is an O(D,D) generator at levels 0 and −1. Writing the vielbein as V = V−1V0V+1
and the generator as K = K−1 +K0, a general coordinate transformation then acts as

δg.c.V = KV =⇒ δg.c.V−1 = K−1V−1 + [K0, V−1] , δg.c.V0 = K0V0 , δg.c.V+1 = 0
(3.17)

which amount to the usual transformations

δg.c.bmn = 2∂[mξn] + ∂mξ
p bpn − bmp ∂nξ

p , δg.c.em
a = ∂mξ

nen
a , δg.c.c

ab = 0 .
(3.18)

The field cab itself can be set to zero using half of the O(D − 1, 1)L × O(D − 1, 1)R
tangent space symmetry. Recall that so(D − 1, 1)L + so(D − 1, 1)R is represented in the
standard toroidal basis as

λâ
b̂ =

(
λa

b λ̃ab
λ̃ab λa

b

)
, λ = 1

2(λL + λR) , λ̃ = 1
2(λL − λR) (3.19)

The indices a,b, · · · denote vectors of the diagonal SO(D − 1, 1) transformation, corre-
sponding to antisymmetric λab above. The anti-diagonal transformations are generated
by antisymmetric λ̃ab. (In both cases, we raise and lower indices with the diagonal ηab.)
Now consider a double Lorentz transformation acting on the right of V . The diagonal
transformations, which lie at level 0, evidently transform c as a 2-form, e as a vector on

– 15 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
2

the right, and leave b invariant, which justifies their index structures. An infinitesimal λ̃
transformation is more complicated, comprising a sum of levels −1 and +1. Because cab

is situated on the far right of the group element, lying at level +1, it can be eliminated
immediately, whereas em

a and bmn will transform in much more complicated ways. The
explicit form of their transformations is irrelevant: we only need to know that we can
impose the gauge c = 0. This gauge will then be undisturbed both by diagonal Lorentz
transformations and by general coordinate transformations obeying ∂m = 0.

Returning to superspace, we introduce a decomposition of the supervielbein in direct
analogy to (3.14). Group the physical coordinates together so that zM = (zM, z̃M) =
(xm, θµ, x̃m, θ̃µ) and similarly for the tangent space, WA = (WA,WA) = (W a,Wα,Wa,Wα).
Here zM is the coordinate of 10D N = 1 superspace and A is its tangent superspace index.
The supervielbein decomposes as

VMA =
(

1 B
0 1

)
×
(
E 0
0 E−T

)
×
(

1 0
C 1

)
(3.20)

where B = BMN(−)n, E = EM
A, E−T = EA

M(−1)am+a and C = CAB. This corresponds
to a level decomposition with the OSp(D,D|2s) generator XMN decomposed into the
GL(D|s) generator XM

N at level 0 and generators XMN and XMN at levels ±1.
The supervielbein EM

A and super-two-form BMN both play natural roles in 10D N = 1
superspace, and it is straightforward as in the bosonic case to show that they transform
under z̃M-independent general coordinate transformations in the expected manner:

δg.c.BMN = 2 ∂[Mξ̃N] + ∂Mξ
PBPN −BMP ∂Nξ

P(−1)np , δg.c.EM
A = ∂Mξ

NEN
A (3.21)

where we have taken ξM = (ξ̃M, ξ
M), or equivalently, ξM = (ξM, ξ̃M(−)m). In analogy with

the bosonic case, we would like to eliminate CAB. Because this involves not only Cab but
also Caβ and Cαβ , we require an enhancement of the bosonic tangent group. Using current
algebra arguments, Siegel made a choice that amounts to enhancing O(D − 1, 1)L to a
subgroup of OSp(D−1, 1|2s)L where the generator λAB is subject to the following conditions

λα
b = 0 , λα

β = 1
4λ

ab(γab)αβ , (3.22)

with λαβ , λab, and λaβ unconstrained. The second condition above amounts to the require-
ment that fermionic orthosymplectic indices transform as spinors under the SO(D − 1, 1)
subgroup of OSp(D−1, 1|2s). In essence, the OSp(D−1, 1|2s) generatorsMAB are truncated
to just the subalgebra involving Mαβ , Mαb, and M ′ab = Mab + 1

4(γab)αβMβ
α corresponding

to generators λαβ , λaβ and λab. As in the bosonic case, this is sufficient gauge freedom to
eliminate CAB. Siegel went on in [2] to identify the generalized flux tensors (and torsion
tensors) of superspace and showed which constraints led to 10D N = 1 superspace.

There is a subtlety in this approach when we compare with component supersymmetric
DFT. The component dilatino, which transforms non-tensorially under supersymmetry (3.3),
does not seem to have a natural interpretation as a component of a covariant torsion tensor,
which is where it arises in 10D N = 1 superspace. For that reason, one would expect it to
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more naturally arise in the supervielbein itself. But this appears in conflict with the simple
10D N = 1 superspace reduction above, where it seems it must reside in a torsion tensor.

What seems to happen in Siegel’s approach is that indeed the dilatino does appear as a
dimension 1

2 component of the torsion tensor. However, the torsion tensor turns out to not
actually be invariant under the λAB tangent space transformation discussed above. Instead,
under a λa

β transformation, a dimension 1
2 piece of the torsion tensor (namely, Tαβγ)

transforms into the dimension 0 piece of the torsion tensor (namely, Tαβc ∝ (γc)αβ). This
transformation turns out to involve only the spin-1/2 piece of λaβ . This implies that Tαβγ
must carry a spin-1/2 field (identified with the dilatino) that transforms inhomogeneously
under the spin-1/2 part of λaβ. It is essentially a compensator field for this symmetry.
This anomalous tangent space symmetry is responsible for imparting the non-tensorial
supersymmetry transformation, as a SUSY transformation must be accompanied by a
compensating λ gauge transformation to retain the gauge CAB = 0.

In formulating N = 1 superspace DFT in detail, we have found it more useful to
take a different approach. We will eliminate the dilatino from the torsion tensor, fixing
the spin-1/2 part of the λaβ transformation so that λaβ is now purely spin-3/2. Now
not all of CAB can be eliminated, and the piece that remains will be identified with the
component dilatino. While this obscures the reduction to 10D N = 1 superspace (which
will now require a “degauging” to shift a field from the supervielbein to the torsion tensor),
it significantly simplifies the superspace DFT curvatures and streamlines the reduction to
the component theory.7

4 Superspace geometry and its constraints

Having introduced the supervielbein and its tangent space group, we can now explain the
superspace geometry and give the appropriate torsion constraints.

4.1 Generalized fluxes and their constraints

The supervielbein VMA and the superdilaton Φ transform under generalized diffeomorphisms
as (3.9). From these fields, one can construct generalized fluxes FABC and FA as

LVAVB
M = −FABCVCM =⇒ FABC = −3D[AVBM VMC] ,

L(+1)
VA Φ = FAΦ =⇒ FA = DA log Φ + ∂MVAM(−)am+m . (4.1)

The flattened derivatives DA := VAM∂M here obey

[DA, DB] = −FABCDC , DADA = −FADA . (4.2)

7Perhaps the most democratic approach would be to keep the full λaβ symmetry and show how one can
both reduce to 10D N = 1 superspace and also to component supersymmetric DFT depending on how the
gauge is fixed. It should be possible to take the formulation we present in this paper and “regauge” it to
restore the full λaβ symmetry by inserting a Stueckelberg field into the torsion tensor.
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dimension fluxes
−1

2 Fαβγ = Tαβγ
0 Fαβc = Tαβc

Fαβc = Tαβc
1
2 Fαbc̄ = Tαbc̄

Fαbc, Fαbc, Fαβγ , Fα
1 Fabc, Fabc̄, Fabc, Fabc

Fāβγ , Faβγ

Fa, Fa
3
2 Fabγ , Fab̄γ , Fabγ

Fαβγ , Fα

2 Faβγ , Fāβγ
5
2 Fαβγ

Table 1. Generalized fluxes in superspace DFT. The lowest dimension fluxes are covariant and
may be identified as torsion tensors.

These flux tensors in turn obey the following Bianchi identities:

4D[AFBCD] = −3F[AB|
EFE|CD] , (4.3a)

2D[AFB] = −FABCFC −DCFCAB , (4.3b)

DAFA = −1
2F
AFA −

1
12F

ABCFCBA . (4.3c)

The fluxes themselves are not invariant under the tangent space group, which we denote
by H. This group leaves the superdilaton invariant and acts on the supervielbein and
fluxes as

δVAM = λA
BVBM , δFABC = −3D[AλBC] + 3λ[A

DFD|BC] , δFA = −DBλBA −FBλBA .
(4.4)

The parameter λ belongs to the group HL × SO(D − 1, 1)R, where HL is a subgroup
of OSp(D − 1, 1|2s)L. As discussed in section 3.3, we restrict HL so that the graded
antisymmetric parameter λAB obeys

λα b = λαβ = 0 , λα
β = 1

4λab(γ
ab)αβ , (γa)αβλaβ = 0 . (4.5)

In other words, the group HL is generated by SO(D− 1, 1) transformations λab, γ-traceless
fermionic transformations λaβ, and symmetric λαβ transformations. We are interested
in D = 10 and s = 16, which means λαβ is reducible: it corresponds to a vector and a
self-dual 5-form.

The generalized fluxes are grouped by dimension in table 1. Given the restrictions
placed on the tangent space, some of the fluxes of low dimension are already gauge invariant
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and can be identified immediately with invariant torsion tensors T . Let’s review the
constraints imposed by Siegel [2]:

• The dimension −1
2 tensor Tαβγ corresponds in 10D N = 1 superspace to the lowest

dimension component Hαβγ of the 3-form field strength. This is constrained to vanish
in conventional superspace, and the same choice should be made here.

• At dimension 0, one encounters Tαβc and Tαβc. The only sensible choice is to take
Tαβc = κ (γc)αβ, for κ some numerical constant, and Tαβc = 0. These amount to
the usual dimension 0 constraints, Tαβc ∝ (γc)αβ and Hαβc ∝ (γc)αβ in 10D N = 1
superspace. Our choice of κ is left unspecified, but later on we will explain how to
choose it to recover conventional normalizations.

• At dimension 1
2 , the torsion tensor Tαbc can be shown to be γ-traceless in αb as

a consequence of the flux Bianchi identities. This implies that Tαbc ∝ (γb)αβWc
β

for some superfield Wc
β. There is no covariant dimension 1

2 field in component
supersymmetric DFT that Wc

β should be identified with, so we choose to set this
field to zero.8

We summarize here the constraints we have explicitly imposed so far:

Tαβγ = 0 , Tαβc = κ(γc)αβ , Tαβc = 0 , Tαbc = 0 . (4.6)

The other geometric fluxes must be augmented by tangent space connections, as in the
bosonic case, if they are to be gauge covariant.

4.2 Tangent space connections and torsion tensors

Following Siegel, let us introduce a tangent space connection. We denote it ΩABC , using the
common superspace convention of denoting superfields with capital letters. This is to avoid
confusion with the component ωâb̂ĉ connection, which will receive gravitino corrections.
The reader is cautioned to not confuse the superspace connection Ω with the anholonomy
coefficient DAVBMVMC , which is frequently denoted Ω in the literature.

The connection ΩABC has indices BC valued in HL × SO(D − 1, 1)R. A conventional
HL × SO(D − 1, 1)R connection should transform as

δΩMAB
?= LξΩMAB + ∂MλAB − ΩMACλCB + ΩMBCλCA(−)ab (4.7)

but we are going to find that this transformation rule is deformed by terms explicitly
involving the DFT vielbein VMA. These deformations arise because we will be choosing
the connections so that higher dimension torsion tensors vanish. Let us see what happens
explicitly as we analyze the first few cases.

8In the case of heterotic DFT, Siegel identified Wc
β with the gauginos of the vector multiplets when c

extended over the n vector indices. In extending our approach to heterotic DFT, we would still keep Wc
β

vanishing in all cases. The gaugino then would appear in the supervielbein as part of Ψa
β , just as it does in

component supersymmetric DFT [12]. The difference with Siegel’s approach is that he includes an extra
tangent space symmetry that allows one to remove the would-be gaugino from the supervielbein, just as
with the dilatino.
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Define the torsion tensors so that

TABC := −3D[AVBM VMC] = FABC + 3 Ω[ABC] , (4.8)
TA := DA log Φ +DMVAM = FA + ΩBBA . (4.9)

At dimension 1
2 , there are four terms: Tαbc, Tαbc, Tαβγ , and Tα. Let’s focus on the first

two. It is easy to see from their definitions that they can be set to zero by appropriately
choosing Ωαbc and Ωαbc,

Tαbc := Fαbc + Ωαbc ≡ 0 , Tαbc := Fαbc + Ωαbc ≡ 0 . (4.10)

The second constraint is sensible in the sense that the variation of Fαbc implies a conventional
transformation for Ωαbc. Explicitly,

δFαbc = −Dαλbc + λα
βFβbc − λb

dFβdc − λc
dFβbd =⇒

δΩαbc = Dαλbc + λα
βΩβbc − λb

dΩαdc − λc
dΩαbd . (4.11)

However, the first constraint leads to an anomalous κ-dependent term

δFαbc = −Dαλbc + λα
βFβbc + λb

dFαdc + λc
dFαbd + 2Fαγ[bλc]

γ =⇒
δΩαbc = Dαλbc + λα

βΩβbc + λb
dΩαdc + λc

dΩαbd − 2κ (γ[b)αγλc]γ , (4.12)

where we have used the explicit form of Fαγb.
There is a very simple reason for this. The natural HL algebra action on covariant

derivatives DA is δλDA = λA
BDB. For the torsion tensor, this means that δλTABC =

3λ[A|
DTD|BC]. But this implies for a transformation involving the dimension 1

2 parameter
λa

β , that Tαbc should transform into the dimension zero Tαβc. The latter is non-vanishing.
Requiring the former to vanish is inconsistent unless the λ transformations are modified.
We will see that (as for Ωαbc), we can consistently modify the transformations of the Ω
connections to accommodate this.

The other torsion tensors at dimension 1
2 are

Tαβγ = Fαβγ + 2 Ω(αβ)
γ , Tα = Fα − Ωβα

β (4.13)

These involve a spin connection that has already been defined, since Ωαβ
γ = 1

4Ωαbc(γbc)βγ .
Using the variation of Ωαbc defined above, the λ transformation of Tαβγ , up to covariant
terms involving λab, becomes

∆λTαβγ = κ δ(α
γ(γcλc)β) −

1
2κ (γb)αβ(γbγcλc)γ . (4.14)

For convenience, we have suppressed indices for sequential spinor contractions, so that
e.g. (γbγcλc)γ = (γb)γδ(γc)δελcε. This variation cancels out when λcγ is γ-traceless. If this
assumption is not made, then one must introduce a spin-1/2 field to populate Tαβγ . As we
have already mentioned, this field would ultimately play the role of the dilatino. As we
have elected to keep the dilatino within the supervielbein, we will take λcα to be purely
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spin-3/2 without further comment. It follows that ∆λTαβγ vanishes. Similar comments
pertain to Tα, whose variation is ∆λTα = −9

2κ (γcλc)α, which similarly vanishes.
Ultimately we will require both Tαβγ and Tα to vanish as a constraint on the geometry

(as there is no covariant dimension 1
2 quantity at the component level to identify them with),

but for now, we will leave them unspecified. At this point we have defined all dimension 1
2

components of Ω.
Let’s move on to dimension 1 torsions. There are four torsions that are familiar from

bosonic DFT and we constrain them in the same way:

Tabc = Fabc + 3 Ω[abc] ≡ 0 , Tabc = Fabc + 3 Ω[abc] ≡ 0 ,

Tabc = Fabc + Ωabc ≡ 0 , Tabc = Fabc + Ωabc ≡ 0 . (4.15)

As in the bosonic case, this defines only the totally antisymmetric parts of Ωabc and Ωabc.
It implies the gauge transformations

∆λΩ[abc] = D[aλbc] + λ[a
γΩγbc] , ∆λΩ[abc] = D[āλbc] ,

∆λΩabc = Daλbc + λa
γΩγbc , ∆λΩābc = Dāλbc (4.16)

where again we use ∆λ to denote λ transformations up to covariant λab or λab terms.
Two more dimension 1 torsions involve only the connections Ωabc and Ωa bc:

Tā = Fā − Ωb
ba ≡ 0 , Tāβγ = Fāβγ + Ωāβ

γ . (4.17)

The first can be set to zero by fixing the trace of the SO(9, 1)R spin connection. The second
torsion cannot be constrained, but we can check that its non-covariant λ transformation
vanishes, ∆λTāβγ = 0. Again, this is consistent with it later being fixed to zero as a
geometric constraint.

The remaining dimension 1 torsions both involve the additional HL connection Ωαb
γ :

Ta = Fa + Ωb
ba − Ωβ

β
a, Taβγ = Faβγ + Ωaβ

γ − Ωβa
γ . (4.18)

The first torsion can be related to the second by defining

Ωb
ba := −Fa −Faββ =⇒ Ta = −Taββ (4.19)

The second torsion can be used to define Ωαb
β if we suitably project onto the spin-3/2 part,

Ωαb
β := (Fcαγ + Ωcα

γ)(δbcδγβ − 1
10(γcγb)γβ) =⇒ Taβγ = 1

10 (γa)γαTαβ (4.20)

where Tαβ has no particular symmetry property for its two indices.
Something a little bit subtle is occurring above. We are using Ωcab to define Ωαb

β even
though not all of Ωcab is actually defined. Another way of saying this is that the definitions
of Ωcab we have made allow us to assign it a transformation

(δΛ + ∆λ)Ωabc = Daλbc + λa
γΩγbc − 2

9 κ ηa[b(γc])αβλαβ + Λa|bc (4.21)
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where Λa|bc parametrizes the ambiguity in its definition. This same ambiguity now appears
in Ωβa

γ , which transforms as

(δΛ + ∆λ)Ωβa
γ = Dβλa

γ + Ωβ
bc
(

1
4λa

α(γbc)αγ − ηabλcγ
)

+ κ(γa)βδλδγ − 1
18κ (γab)βγ(γb)δελδε + 1

4(γbc)βγΛa|bc . (4.22)

All dimension 1 components of Ω are now defined up to the irreducible hook representation
ambiguities Λa|bc and Λ

a|bc.
Next we turn to the dimension 3

2 torsions:

Tab
α = Fab

α + Ωα
ab , (4.23a)

Tab
α = Fab

α − Ωba
α , (4.23b)

Tabα = Fabα + Ωα
ab + 2 Ω[ab]

α , (4.23c)
Tαβγ = Fαβγ + Ωα

βγ + 1
2(γbc)α(βΩγ)

bc , (4.23d)
T α = Fα + Ωb

b
α + 1

4(γbc)βαΩβ
bc − Ωβ

βα (4.23e)

The first four equations lead to natural definitions for the Ω’s involved:

Ωα
ab := −Fab

α =⇒ Tab
α ≡ 0 , (4.24a)

Ωb a
α := −Fbb

β
(
δa
bδβ

α − 1
10(γbγa)βα

)
=⇒ Tab

α ≡ 1
10 (γa)αβTβb , (4.24b)

Ωα
ab := −Fabα − 2 Ω[ab]

α =⇒ Tabα ≡ 0 , (4.24c)
Ωα

βγ := −Fαβγ − 1
2(γbc)α(βΩγ)

bc =⇒ Tαβγ ≡ 0 (4.24d)

Remarkably, there is no constraint on Ωab
γ , which remains completely undetermined. These

choices lead to the transformation rules

(δΛ + ∆λ)Ωα
ab = Dαλab + λαγΩγab + λαcΩcab − 2 Λ[a,b]

α , (4.25a)

(δΛ + ∆λ)Ωab
β = Daλb

β + λa
γΩγb

β + Ωa
cd
(

1
4 λb

γ(γcd)γβ − ηbcλdβ
)

+ Λa,bβ , (4.25b)

(δΛ + ∆λ)Ωα
βγ = Dαλ

βγ + 1
2Ωαbc λ

δ(β(γbc)δγ) + 2 Ωαc
(γλcβ) + (γbc)α(βΛb,cγ) (4.25c)

where Λa,bβ is γ-traceless in the last two indices. This parametrizes the total ambiguity in
the definition of Ωab

β. While it could be used to absorb all the other terms in δΩab
β, we

have chosen to define δΩab
β to match the patterns that have been exhibited so far.

The remaining torsions at dimension 2 and dimension 5
2 are

Taβγ = Faβγ + Ωa
βγ − 2 Ω(β

a
γ) , Taβγ = Faβγ + Ωa

βγ , T αβγ = Fαβγ + 3 Ω(αβγ) .

(4.26)

These suggest the definitions

Ωa
βγ := −Faβγ + 2 Ω(β

a
γ) =⇒ Taβγ ≡ 0 , (4.27a)

Ωa
βγ := −Faβγ =⇒ Taβγ ≡ 0 , (4.27b)

Ω(αβγ) := −1
3F

αβγ =⇒ T αβγ ≡ 0 . (4.27c)
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The last definition leaves the (irreducible) hook representation in Ωαβγ unfixed. These
results lead to the transformation rules

(δΛ +∆λ)Ωa
βγ =Daλ

βγ + 1
2Ωabcλ

δ(β(γbc)δγ) +2Ωac
(γλcβ) , (4.28a)

(δΛ +∆λ)Ωa
βγ =Daλ

βγ +λa
αΩα

βγ + 1
2Ωabcλ

δ(β(γbc)δγ) +2Ωac
(γλcβ) +2Λ(β

,b
γ) , (4.28b)

(δΛ +∆λ)Ωαβγ =Dαλβγ +λαDΩDβγ + 1
2Ωα

bcλ
δ(β(γbc)δγ) +2Ωα

c
(γλcβ) +Λα|βγ , (4.28c)

(δΛ +∆λ)Ωα
b
γ =Dαλb

γ +λαDΩDbγ +Ωαcd
(

1
4λb

β(γcd)βγ−ηbcλdγ
)

+Λα,bγ , (4.28d)

where the hook representation Λα|βγ (with Λ(α|βγ) = 0) parametrizes the ambiguity in Ωαβγ .
This completes our analysis of the tangent space Ω connections. Up to the ambiguities

parametrized by the Λ parameters, we have determined each of these connections. Their
transformation rules can now be summarized in a uniform way, where we take ΩMAB :=
VMCΩCAB:

(δΛ + ∆λ)ΩM bc = ∂Mλbc + VMaΛa|bc , (4.29a)

(δΛ + ∆λ)ΩM bc = ∂Mλbc − 2κVMα (γ[b)αγλc]γ + VMa
(
− 2

9κ ηa[b(γc])βγλβγ + Λa|bc
)

− 2VMαΛ[b,c]
α , (4.29b)

(δΛ + ∆λ)ΩM b
γ = ∂Mλb

γ + ΩMcd
(

1
4λb

α(γcd)αγ − ηbcλdγ
)

+ VMα
(
κ(γb)αδλδγ − 1

18κ(γbc)αγ(γc)δελδε + 1
4(γcd)αγΛb|cd

)
+ VMaΛa,bγ + VMαΛα,bγ , (4.29c)

(δΛ + ∆λ)ΩMβγ = ∂Mλ
βγ + 1

2ΩMbcλ
δ(β(γbc)δγ) + 2 ΩMc

(γλcβ)

+ VMα(γbc)α(βΛb,cγ) + 2VMaΛ(β
,a
γ) + VMαΛα|βγ . (4.29d)

The key features of these transformations are as follows. The terms involving λ that
are κ-independent are nothing more than the expected OSp(9, 1|32) transformations given
in (4.7). These include the inhomogeneous ∂Mλ terms and the terms where Ω is transformed
into another Ω. The remaining terms, which are κ-dependent or involve the additional Λ
terms, correspond to rotations of Ω into the supervielbein. This look like shift symmetries
when ΩM is written with a tangent space index.

At this point, there seems no reason to take the Λ parameters seriously as local
transformations. So far they are only parametrizing our ignorance of the Ω connections.
But we will now check that the Λ transformations are actually required for closure of the
gauge transformations. To condense the notation, we will employ BRST terminology, and
give the algebra of gauge transformations with the nilpotent BRST operator δ acting on
(graded) anti-commuting parameters λ, so that, for [δ1, δ2] = δ12, the closure of SO(9, 1)L
transformations

λ12ab = −λ1a
cλ2cb + λ2a

cλ1cb (4.30)

becomes a more compact expression

δλab = −λacλcb . (4.31)
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The other tangent space algebraic relations are encoded in

δλa
β = −λacλcβ − λaγλγβ , δλαβ = λbαλb

β − 2λγ(αλγ
β) . (4.32)

These expressions are just the explicit decomposition of δλAB = −λACλCB. More interesting
are the closure conditions on the additional Λ symmetries. For example, we find for
Λa|bc that

δΛa|bc = 2κλaα(γ[b)αβλc]β + 2
9κ ηa[b(γc])αβλdαλdβ − λadΛd|bc − λbdΛa|dc − λcdΛa|bd .

(4.33)
This enforces that the closure of λaα transformations requires a Λa|bc transformation.
Similarly, for the other Λ parameters we find (writing ∆ to suppress the obvious λab
contributions to these terms)

∆Λb aβ = κ(γa)αγλβαλbγ − 1
9κ (γa)αγλαγλbβ + 1

9κ ηba (γc)αγλαγλcβ

− 1
18κ(γc)αγ(γbc)δβλαγλaδ − 1

18κ (γc)αγ(γac)δβλαγλbδ

+ 1
4Λb|cd(γcd)αβλaα + 1

4Λa|cd(γcd)αβλbα − Λb|acλcβ , (4.34a)

∆Λαaβ = −κλαγ(γa)γδ λδβ + 1
18κλ

αε(γab)εβ(γb)γδλγδ

+ Λbaβλbα + Λabαλbβ − Λbaαλbβ − 1
2Λbcαλaγ(γbc)γβ

+ 1
4Λa|bc λαγ (γbc)γβ , (4.34b)

∆Λγ|αβ = −Λabγ(γab)δ(αλβ)δ + Λab(α(γab)δβ)λγδ + 2 Λγa(αλaβ) − 2 Λ(α
a
β)λaγ . (4.34c)

The point is that each of the additional Λ transformations becomes necessary for closure
when κ 6= 0. Moreover, we find no additional symmetry constraints on these parameters
aside from γ-tracelessness of Λa bβ and Λαbβ on their bβ indices, and the vanishing of the
totally symmetric part of Λα|βγ .

We will need to say a bit more about the structure of these additional transformations,
but for now let us return to comment on the torsions that have been set to zero. These are
summarized in table 2. In the middle column, we have listed all the constraints that are
purely conventional, meaning they arise from a specific choice of the Ω connection. The
torsions in the right column remain. Some of these have physical constraints imposed to
eliminate covariant objects in the torsion. These are true constraints on the supervielbein,
as opposed to conventional choices of Ω.

The structure of the unfixed torsions can be understood by considering the linearized
supervielbein. Writing VMA = δM

A + vMB η
BA(−1)b for vBA a graded antisymmetric

quantity, we can see that v transforms as δvBA = 2 ∂[BξA] − λBA under linearized diffeomor-
phisms and tangent space transformations. Using λ as much as possible to fix v, we find
the following surviving components. First are the negative dimension fields, vβα, vβa, and
vβa, and the zero-dimension field vαβ . These transform as

δvβα = −2 ∂(βξα) , δvβa = ∂βξa + ∂aξβ , δvβa = −∂βξa + ∂aξβ ,

δvβ
α = ∂βξ

α − ∂αξβ − 1
2(γcd)βα∂cξd . (4.35)

The remaining fields are analogous to what we find at the component level. There is
the zero-dimension bosonic DFT vielbein vba, the gravitino vbα ≡ Ψb

α, and the dilatino
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dimension conventional constraints remaining torsions
−1

2 — Tαβγ = 0
0 — Tαβc = κ(γc)αβ Tαβc = 0
1
2 Tαbc = Tαbc = 0 Tαbc = 0

Tαβγ , Tα
1 Tâb̂ĉ = Tâ = 0 Taβγ

Taβγ = 1
10 (γa)γαTαβ

3
2 Tab

α = Tabα = Tαβγ = 0 T α

Tab
γ = 1

10 (γa)γαTαb
2 Tâβγ = 0 —
5
2 T αβγ = 0 —

Table 2. Conventional and physical constraints on torsion. Conventional constraints arise from a
specific choice of ΩABC . Some of the remaining torsions have additional physical constraints imposed.

vb
α ≡ 1

10(γb)αβχβ . Their transformation rules are9

δvba = ∂bξa + ∂aξb , δΨb
α = ∂bξ

α + ∂αξb , δχα = (γb)αβ(∂bξβ − ∂βξb) . (4.36)

Finally, there is the linearized superdilaton Φ = 1 + ϕ, transforming as

δϕ = ∂aξ
a + ∂aξ

a − ∂αξα − ∂αξα . (4.37)

Now we can consider the possible one derivative invariants one can build out of the
linearized vielbein and the dilaton. These are in direct correspondence with the torsion
tensors already identified. The ones with negative or vanishing dimension are

Tαβγ = 3 ∂(αvβγ) , Tαβĉ = 2 ∂(αvβ)ĉ + ∂ĉvαβ , Tαbc = ∂αvbc − ∂bvαc + ∂cvαb . (4.38)

These we have already constrained in (4.6). The ones at dimension 1
2 are

Tαβγ = 2 ∂(αvβ)
γ + ∂γvαβ + ∂cv(αd(γcd)β)

γ ,

Tα = ∂αϕ− ∂bvαb + ∂bvαb + ∂αvβ
β + 2 ∂βvαβ . (4.39)

These must vanish as well, as there are no covariant physical fields in supersymmetric DFT
at this dimension, and we will impose their vanishing in due course. At dimension 1, we find

Taβγ = ∂avβ
γ + ∂γvβa − ∂βΨa

γ + 1
2(γcd)βγ∂cvad ,

Tαβ ≡ (γb)αγTbβγ = −∂βχα + (γa)αβ
(

1
2∂avγ

γ + 1
2∂aϕ+ ∂γvγa − 1

2∂
bvba

)
+ (γa)αγ

(
∂γvβa + ∂avβ

γ
)

(4.40)

9When reducing to components in section 5, we will solve the fermionic pieces of the section condition by
choosing ∂α = 0 to eliminate θ̃ dependence. Then the linearized gravitino and the dilatino acquire their
usual transformations. The physical linearized dilaton will presumably be the combination ϕ+ vα

α. The
other low dimension fields in (4.35) evidently can be set to zero using a Wess-Zumino gauge transformation
— that is, by using the θ-dependent parts of the diffeomorphisms to eliminate them.
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These should vanish as well. Finally at dimension 3
2 , we encounter

T α = (γa)αβ ∂aχβ − ∂bΨb
α + ∂αϕ+ 2∂βvβα + ∂αvβ

β , (4.41a)
Tαb ≡ (γa)αγTab

γ = (γa)αβ ∂aΨb
β − ∂bχα − (γa)αβ∂βvba . (4.41b)

These correspond respectively to the linearized dilatino and gravitino equations of motion.
As the superspace geometry places DFT on-shell, these should vanish, as we will show.

4.3 A detour on tangent space symmetries and an extended algebra

Before moving on to analyze the torsion constraints and Bianchi identities in superspace,
we need to make a digression into the structure of the tangent space symmetries. As we
have discussed, the closure of the orthosymplectic tangent space symmetries implies new
local shift symmetries on the spin connection. But this conclusion was motivated purely
by requiring consistency of the constraints that we seek to impose. In this subsection, we
instead give a more abstract characterization of the algebra itself, motivated purely by
closure of the Jacobi identity. Subsequently, we will show that the gauging of this algebra
leads to the same transformations on Ω, and implies the existence of higher connections.

Let us recall the normalization of the OSp(9, 1|32)L generators MAB so that
1
2[λBCMCB, PA] = λA

BPB (4.42)

where PA = (Pa, Qα, Q̃α) are the supertranslation generators and the commutator should be
understood as a graded commutator. The above is the conventional orthosymplectic action,
but soon we will see it is deformed in various ways. To begin with, the only generators
we are keeping are Mab (which includes a piece of (γab)βαMα

β to rotate fermionic indices),
Mαb (now restricted to be γ-traceless), and Mαβ . We use the above formula merely to fix
normalizations of these operators.

The Lorentz generator acts as usual as

[Mcb, Pa] = ηbaPc − ηcaPb ,
[Mcb, Qα] = −1

2(γcb)αβQβ ,
[Mcb, Q̃

α] = −1
2(γcb)αβQ̃β . (4.43)

The generators PA themselves obey the algebra

{Qα, Qβ} = −κ (γc)αβ Pc , [Qα, Pb] = −κ (γb)αγQ̃γ . (4.44)

As usual for supersymmetry, this describes a rigid (but not flat) supergeometry with a
constant fixed torsion tensor. The presence of this torsion tensor has deep consequences for
the algebra, which we are about to discover!

The tangent space generator at dimension −1
2 is the γ-traceless fermionic operator

Mαa. Its algebra with PA turns out to be

{Mβb, Qα} = κ (γc)βαMbc − 1
10κ(γbγcd)βαMcd , (4.45a)

[Mβb, Pa] = ηbaQβ − 1
10(γbγa)βγQγ , (4.45b)

{Mβb, Q̃
α} = −δβαPb + 1

10(γbγc)βαPc , (4.45c)
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where in each expression the second term is required to project onto spin-3/2. The second
and third algebraic relations follow directly from (4.42). The first relation would be
zero if we employed (4.42). That this cannot be zero follows from the Jacobi identity
[{Mαa, Qβ}, Qγ ] + · · · in the presence of the torsion term (4.44). One must make a κ-
dependent deformation and the expression (4.45a) does the job. Similarly, at dimension
−1, Mαβ acts as

[Mγβ , Qα] = −2κ(γb)α(βMγ)b + 1
9κ(γb)γβMαb , (4.46a)

[Mγβ , Pa] = 2
9κ(γb)γβMba , (4.46b)

[Mγβ , Q̃
α] = 2 δα(γQβ) . (4.46c)

Now the first and second relations involve deformations and are required by closure of the
Jacobi identity.

These results dovetail with the explicit connection transformations. The three generators
PA = (Qα, Pa, Q̃α) are represented on superfields by covariant derivatives ∇A = VAM∂M −
1
2ΩA

BCMCB + · · · . The algebra [MCB, PA] is then represented via δλ∇A. Computing δλ
using (4.29) leads to the (4.45) and (4.46).

But we are not finished. Closure of the MAB algebra on the connections required a
new local symmetry, and this should appear at the algebraic level. This ought to be a new
generator at dimension −1 in the irreducible hook representation, which we denote Ka|bc.
Working backwards from the Λ transformations on Ω, we conclude that

[Ka|bc,Pd] = 1
2ηdaMbc

∣∣∣
proj

= 1
3ηdaMbc− 1

3ηd[bMc]a+ 1
9ηa[bMc]d , (4.47a)

[Ka|bc,Qα] =−1
4(γbc)αβMβa

∣∣∣
proj

=−1
4(γbc)αβMβa+ 1

4(γ[bc)αβMβa]+ 1
18ηa[bMαc] , (4.47b)

[Ka|bc, Q̃
α] = 0 (4.47c)

where we introduce the notation |proj to denote projection onto the appropriate representa-
tion (in this case, the irreducible hoop representation a|bc) implied by the left-hand side of
the equation. To verify the necessity of this generator at the algebraic level, consider the
anticommutator of Mαa with itself. This is given by

{Mαa,Mβb} = −ηabMαβ

∣∣∣
proj

+ κ-dependent terms (4.48)

The leading term is expected from the orthosymplectic algebra. That κ-dependent terms
are required follows by considering further commutation with Qα. The result is

{Mαa,Mβb} = −ηabMαβ + 2κ(γc)βα(Kb|ac +Ka|bc)
∣∣∣
proj

= −ηabMαβ + 1
10(γaγb)αδMδβ + 1

10(γbγa)βδMαδ − 1
100(γaγc)αδ(γbγc)βεMδε

+ 14
5 κ(γc)αβK(a|b)c + 2

5κ(γbcd)αβK(a|c)d − 2
5κ(γacd)αβK(b|c)d . (4.49)

The presence of Ka|bc, acting as (4.47), follows from the Jacobi identity. In principle, one
can derive all the required operators and their algebraic relations by computing the free Lie
superalgebra of successive applications of Mαa to itself and dropping the representations
not required by the Jacobi identity. Let us denote this extension of HL by

ĤL = {Mab,Mαb,Mαβ ,Ka|bc,Ka,bβ , · · · } (4.50)
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Unfortunately, this approach is inefficient. Already in (4.49), there are an additional
five representations that could have appeared on the right-hand side. Luckily, the direct
approach of building the Ω connections and determining how they must transform short-
circuited this analysis. But that is hardly an elegant solution because repeating it for higher
levels would require that we introduce gauge connections, curvatures, and constraints prior
to first characterizing the algebra. It would be far simpler if we could just start with an
algebra that works and derive the required connections and curvatures directly.

This is what we will now propose. Recall the work of Poláček and Siegel [31], who
motivated by the structure of current algebras on the string worldsheet, proposed (in
the bosonic case) pairing the double Lorentz generator Mâb̂ with a dual generator M̃ âb̂.
This mirrors the pairing of Pâ with itself (and, in the supersymmetric case, Qα with
Q̃α). This permits one to combine Pâ, Mâb̂ and M̃

âb̂ into a single XA operator with an
extended metric ηAB . The current algebra then implies that the structure constants fABC
in [XA, XB ] = −fABCXC must be totally antisymmetric when lowered with η. As we have
discussed, this amounts to the implication

[Mcb, Pa] = ηbaPc − ηcaPb =⇒ [Pa, Pb] = −2M̃ab (4.51)

and the algebra closes on Pa, Mab, and M̃ab. Because Pa has dimension 1, η must pair an
operator of dimension ∆ with one of 2−∆; we see above that M̃ab is dimension 2. This
generator can be understood as the first non-trivial generator in the Maxwell∞ algebra,
which is the free Lie algebra beginning with the bosonic generators Pa. It extends to higher
dimensions, with [Pa, [Pb, Pc]] corresponding, for example, to a reducible hook representation.
(As discussed in section 2, for the bosonic case, we would further impose tracelessness.)
However, one can truncate the resulting algebra to include only P , M and M̃ , and this
coincides with the algebra originally discussed in [31].

If we require the same doubling of generators in the supersymmetric case, we find
that the generators of ĤL, which possess non-positive dimension ∆ = 0,−1/2,−1, · · · ,
have “reflections” at positive dimension 2−∆ that coincide with the generators of a free
Lie superalgebra that we denote super-Maxwell∞. We list these in table 3 up through
dimension 4. This superalgebra extends the supersymmetry algebra (4.44). For the details
of its construction, we refer the reader to appendix C. To make complete contact, we must
provide the translation table between the generators in the appendix and the duals of
generators already encountered. These are

Yab = −2M̃ab , Yb
β = M̃b

α , Y αβ = 2M̃αβ ,

Ya|bc = −K̃a|bc , Ya,b
β = −K̃a,b

β , Y α
,b
β = −K̃α

,b
β , Y α|βγ = −K̃α|βγ . (4.52)

The generators we have denoted by K̃ are dual to the generators that shift the tangent
space connections Ω. The connections associated to K will be collectively denoted H . These
pick up shift symmetries as well, which we denote by L and their duals by L̃. Following
the pattern here, we will identify all higher generators with negative signs so that the
appropriate Y ’s become −K̃ or −L̃.
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dimension operator constraint dual operator dual dimension
1 P a — Pa 1

3/2 Q̃α — Qα 1/2

2 M̃ab antisymmetric Mab 0

5/2 M̃aβ γ-traceless Mαb −1/2

3 M̃αβ symmetric Mαβ −1

K̃a|bc hook irrep Ka|bc

7/2 K̃a,bβ γ-traceless on bβ Ka,bβ −3/2

4 K̃α,bβ γ-traceless on bβ Kα,bβ −2

L̃ab,cd pairwise antisymmetric Lab,cd

L̃a|b|cd 21000 irrep La|b|cd
...

...
...

...
...

Table 3. Generators of super-Maxwell∞ through dimension 4 and their duals. The generators at
dimension zero and below form a closed algebra, which we conjecture is the extension ĤL required
for N = 1 super-DFT.

Below we give some of the algebraic relations of super-Maxwell∞ up through dimension 4.

(dimension 2) [Pa, Pb] = −2M̃ab , {Qα, Q̃β} = −1
2(γab)αβM̃ab (4.53a)

(dimension 5/2) [Pb, Q̃α] = M̃b
α , [Qα, M̃ab] = −κ(γ[a)αβM̃b]

β (4.53b)

(dimension 3) {Q̃α, Q̃β} = 2 M̃αβ

[Pa, M̃bc] = 1
2K̃a|bc − 2

9κ ηa[b(γc])αβM̃αβ

{Qα, M̃b
β} = −1

4(γcd)αβK̃b|cd − 2κ(γb)αγM̃γβ + 1
9κ(γbc)αβ(γc)γδM̃γδ

(4.53c)

(dimension 7/2) [Q̃α, M̃ab] = −K̃[a,b]
α , [Pa, M̃b

β ] = −K̃a,b
β ,

[Qα, M̃βγ ] = −1
2(γab)α(βK̃a,b

γ) ,

[Qα, K̃b|cd] = 2κ(γb)αγK̃[c,d]
γ + 2κ(γ[c|)αγK̃b,|d]

γ (4.53d)

(dimension 4) {Q̃α, M̃ bβ} = −K̃α,bβ , [Pa, M̃βγ ] = −K̃β
,a
γ ,

[Pa, K̃b|cd] = L̃a|b|cd + 3
4 L̃ab,cd + 3

8ηacη
ef L̃be,df

− 3
10κ ηac(γb)αβK̃

α
,d
β + 7

10κ ηac(γd)αβK̃
α
,b
β
∣∣∣
proj

,

{Qα, K̃a,b
β} = −κ(γa)αγK̃γ

,b
β − κ(γb)αγK̃γ

,a
β − κ(γb)αγK̃β

,a
γ

+ 1
9κ (γbc)αβ (γc)γδK̃γ

,a
δ + 1

4(γcd)αβ [Pa, K̃b|cd] (4.53e)

The above relations can be “reflected” to derive the action of the untilded generators. We
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give some of these results below, grouped again by dimension.

(dimension 0) {Mγc, Qα} = −κ(γb)γαMbc

∣∣∣
proj

,

[Mαβ , Pa] = −2
9κ (γb)αβMab , [Ka|bc, Pd] = 1

2ηadMbc

∣∣∣
proj

,

{Ka,bβ , Q
γ} = −δβγMab

∣∣∣
proj

(4.54a)

(dimension -1/2) [Mβγ , Qα] = −2κ(γb)αβMγb + 1
9κ(γb)βγMαb

∣∣∣
proj

[Kb|cd, Qα] = −1
4(γcd)αβMβb

∣∣∣
proj

[Kc,bβ , Pa] = −ηcaMβb , [Kγ,bβ , Q
α] = −δγαMbβ (4.54b)

(dimension -1) {Kc,bβ , Qα} = −1
2(γcb)αγMγβ + 2κ(γd)αβKd|cb − 2κ(γd)αβKc|bd

∣∣∣
proj

[Le|b|cd, Pa] = ηaeKb|cd

∣∣∣
proj

,

[Lde,bc, Pa] = 3
4ηadKe|bc + 3

8ηecKd|ab

∣∣∣
proj

,

[Kγ,bβ , Pa] = −ηbaMγβ + 3
10κ(γd)γβKd|ba + 3

10κ(γd)γβKb|ad

∣∣∣
proj
(4.54c)

Other commutators can be determined from the Jacobi identity.
This Lie superalgebra, which is an extension of the super-Maxwell∞ algebra, would

seem to continue to infinity in both directions. A separate construction of it is sketched
in appendix C.2. Unlike the super-Maxwell∞ algebra itself, which possesses only positive
generators, the extension above includes negative dimensions. This would seem to make
it difficult to consistently truncate the algebra, although we know of no proof of this.
The algebraic relations implied down through dimension −1 do coincide with what a
direct construction of connections, curvatures, etc. would give. But we leave it an open
question as to whether the algebra required is actually the full extension of super-Maxwell∞
discussed above.

4.4 New connections, transformations, and curvatures

Now that we have a proposal for the algebra we want to gauge (at least up through dimension
4 and down to dimension -2), we may go about introducing connections and curvatures. The
idea is to match the existing results for the torsion tensor and Ω connection from section 4.2
and to extend them by introducing new H connections, the superspace analogues of the h
connection discussed in section 2.

First, we adopt the condensed notation of appendix B, here extended to the superspace
case. We denote the supertranslation generators by PA, the ĤL × ̂SO(9, 1)R generators
by Xa, and their duals by X̃a. Following appendix B, we use a, b, · · · here to denote
Ĥ = ĤL × ̂SO(9, 1)R indices. We hope this will cause no confusion with the tangent space
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indices (a, a). Relative to the previous subsection, we’re now including the right-handed P
and the ̂SO(9, 1)R generators, and their duals, which commute with PA, ĤL and its dual.
The rigid algebra can be written

[PA, PB] = −fABCPC − X̃cfcAB , (4.55a)
[Xa, PB] = −faBCPC − faBcXc , (4.55b)
[Xa, Xb] = −fabcXc , (4.55c)

[X̃a, X̃b] = −X̃c fc
ab , (4.55d)

[PA, X̃b] = −X̃cfcA
b , (4.55e)

[Xa, X̃
b] = −X̃c fca

b − fabCPC − fabcXc . (4.55f)

A more compact form is

[XÂ, XB̂] = −fÂB̂
ĈXĈ (4.56)

for XÂ = (Xa, PA, X̃
a) and where fÂB̂Ĉ = fÂB̂

D̂ηD̂Ĉ is totally antisymmetric with ηÂB̂
given by

ηÂB̂ =

 0 0 δa
b

0 ηAB 0
(−1)ab δba 0 0

 . (4.57)

Following the discussion in appendix B, we introduce the dilaton Φ, the vielbein VMA,
connections HMa, and an additional graded antisymmetric field P ab. These transform
under diffeomorphisms and gauge transformations (with parameter Λa) as10

δΦ = LξΦ , (4.58a)
δVMA = LξVMA + VMBΛcfcBA , (4.58b)
δHM

a = LξHMa + ∂MΛa +HM
bΛcfcba + VMBΛcfcBa , (4.58c)

δP ab = ξM∂MP
ab − Λcfcab − 2 ΛcP d[afcd

b] −HM[a∂MΛb] − ΛcHD[afDc
b] . (4.58d)

The connection HMa generalizes ΩMAB and the field P ab generalizes the one introduced
by Polàček and Siegel [31]. Using these ingredients, we can construct covariant derivatives

∇A = VAM∂M −HAbXb , ∇̃a = HMa∂M + (P ab − 1
2H
MaHM

b)Xb . (4.59)

These correspond to the curved extensions of PA and X̃a. Their algebra can again be
written (4.56), but with some of the components of f now becoming structure functions.
These are the four curvatures TABC , RABc, RAbc, and Rabc, which appear in the curved

10For purposes of legibility, we have suppressed gradings in these and subsequent expressions.
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algebra as

[∇A,∇B] = −TABC∇C −RABcXc − ∇̃c fcAB , (4.60a)
[Xa,∇B] = −faBC∇C − faBcXc , (4.60b)
[Xa, Xb] = −fabcXc , (4.60c)

[∇̃a, ∇̃b] = −∇̃c fcab −RabC∇C −RabcXc , (4.60d)
[∇A, ∇̃b] = −∇̃c fcAb −RAbC ∇C −RAbcXc , (4.60e)
[Xa, ∇̃b] = −∇̃c fcab − fabC∇C − fabcXc . (4.60f)

The torsion tensor is given as

TCBA = −3∇[CVBMVMA] , ∇CVBM := DCVBM +HC
dfdB

AVAM . (4.61)

The curvature tensor RCBa is

RCBa = 2D[CHB]
a + FCBDHDa −HBbHCcfcba − 2H[C

dfdB]
a − fCB d

(
P d a − 1

2H
FdHF

a
)
.

(4.62)

The other curvature tensors RAbc and Rabc correspond to covariantizations of ∇AP bc and
∇̃[aP bc] and are discussed further in appendix B. In addition to these, one has dilaton-
dependent curvatures

TA = ∇A log Φ +∇MVAM + fAb
b , (4.63a)

Ra = DBHB
a + FBHBa −HBcfcBa + P bcfcb

a + fb
ba (4.63b)

where FA := DA log Φ + ∂MVAM.
Using these expressions, we can now give explicit expressions for the curvatures. The

transformation rules for Ω and the expressions for the torsion tensors reproduce what we
found by direct construction in section 4.2, so we do not repeat that discussion here. We
turn our attention directly to the Ω curvatures. We restrict attention to components of
curvatures only through dimension 2, which is sufficient for understanding the two-derivative
DFT action.

First, we take the curvature RAB cd, which will have the simplest structure:

Rαβ cd = R(Ω)αβ cd (4.64a)

Rαb cd = R(Ω)αb cd −Hα b|cd (4.64b)

Rαb cd = R(Ω)αb cd (4.64c)

Rab cd = R(Ω)abcd −Ha b|cd (4.64d)

Rab cd = R(Ω)ab cd −Ha,b|cd +Hb,a|cd − Pab cd (4.64e)

Rab cd = R(Ω)ab cd − Pab cd (4.64f)

Rαβcd = R(Ω)αβcd −
1
4(γab)αβPab cd . (4.64g)
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There remaining pieces Raβcd, Raβcd, and Rαβcd are higher dimension, so we ignore them.
In the above expressions, R(Ω)ABCD is the naive curvature built from Ω, which is the
superspace analogue of (2.24),

R(Ω)ABCD := 2D[AΩB]CD − 2 Ω[A|C
EΩ|B]ED + FABEΩECD + 1

2ΩEAB ΩECD . (4.65)

The connections HA b|cd are necessary to gauge the Λb|cd shift symmetry and the fields
P are required to cure the Lorentz non-covariance of R(Ω)ABCD when both AB and CD
correspond to tangent space transformations. All of this is a straightforward extension of
the bosonic case (except for Rαβcd).

The curvature RAB cd is already a good deal more complicated:

Rαβ cd = R(Ω)αβ cd + 4κ(γ[c)γ(βΩα)d]
γ , (4.66a)

Rαb cd = R(Ω)αb cd − 2κ (γ[c)αγ Ωb d]
γ (4.66b)

Rαb cd = R(Ω)αb cd + 2
9κ ηb[c(γd])γδΩα

γδ − 2κ (γ[c|)αγ Ωb|d]
γ −Hα b|cd (4.66c)

Rab cd = R(Ω)ab cd − Pab cd (4.66d)
Rab cd = R(Ω)ab cd −

2
9κ ηa[c(γd])αβΩb

αβ +Hb a|cd (4.66e)

Rab cd = R(Ω)ab cd + 4
9κΩ[a

αβ ηb][c(γd])αβ −Ha,b|cd +Hb,a|cd − Pab cd (4.66f)

Rαβcd = R(Ω)αβcd +Hα c,d
β −Hαd,c

β − 1
4(γab)αβPab cd . (4.66g)

The new κ-dependent modifications involving ΩAbγ and ΩAβγ are required to ensure
covariance under λbγ and λβγ transformations.

The curvature RABcγ does not have a bosonic counterpart. Its structure is fairly
intricate, but only the lowest few pieces have a sufficiently small dimension to be relevant
for us:

Rαβ cγ = R(Ω)αβ cγ − 2κ(γc)δ(βΩα)
δγ + 1

9κ (γcd)(β|
γ(γd)δεΩ|α)

δε − 1
2(γde)(β

γ Hα) c|de ,

(4.67a)
Rαb c

γ = R(Ω)αb c
γ + κ(γc)αδΩb

δγ + 1
4(γef )αγ Hb c|ef , (4.67b)

Rαb cγ = R(Ω)αb cγ + κ (γc)αδΩb
δγ − 1

18κ (γcd)αγ (γd)δεΩb
δε + 1

4(γef )αγ Hb,c|ef −Hα b,c
γ .

(4.67c)

Again, ΩAbγ and ΩAβγ contributions are required for λ-covariance, and similarly for the
H connections. In the last expression we find a new connection HA b,cγ , which gauges the
Λb,c

γ shift symmetry of Ωb,c
γ . While there are PAB cγ contributions at higher dimension

when AB corresponds to a generator, none appear here.
For RABγδ, only the lowest component is relevant:

Rαβγδ = R(Ω)αβγδ − 2H(α b,c
(γ(γbc)β)

δ) (4.68)
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The remaining curvatures are the dilaton-dependent ones Ra. At dimension 2, these
consist of

Rab = R(Ω)ab + 2κ (γa)αβΩα
b
β − 2

9κ (γ[a)αβΩb]
αβ −Hc

c|ab + 2Hγ [a,b]
γ , (4.69a)

Rab = R(Ω)ab +Hc
c|ab (4.69b)

where R(Ω)AB = DCΩCAB + FCΩCAB.
We do not give the H transformations explicitly, but they can be derived from (4.58c).

As with the Ω connections, we can use the H connections and P fields to impose a number
of constraints on R:

Hα b|cd =⇒ Rαb cd
∣∣∣
b|cd

= 0 , (4.70a)

Hα b|cd =⇒ Rαb cd
∣∣∣
b|cd

= 0 , (4.70b)

Ha b|cd =⇒ Rab cd
∣∣∣
b|cd

= 0 , (4.70c)

Ha b|cd =⇒ Rab cd
∣∣∣
b|cd

= 0 , (4.70d)

Pab cd =⇒ Rab cd = Rcd ab , (4.70e)
Ha,b|cd , Pab cd =⇒ Rab cd = 1

45ηa[cηd]bR+R[ab cd] , (4.70f)
Ha,b|cd , Pab cd =⇒ Rab cd = 1

45ηa[cηd]b R̄+R[ab cd] , (4.70g)

Hα b,c
γ =⇒ Rαb cγ = 0 (4.70h)

Above, we have used R = Rabab and R̄ = Rabab.
While these constraints fully determine P , there remain three irreps of Ha,b|cd that

are undetermined. As in the bosonic case, these are the component corresponding to
La|b|cd and the + components corresponding to Lab,cd.

4.5 Solution of the Bianchi identities through dimension 2

Our last task in superspace is to analyze the torsion Bianchi identities to determine what
the unfixed pieces of the R(Ω) curvatures are. Here we will again restrict our attention
through dimension 2.

The Bianchi identities for the torsion tensor read

0 = BABCD ≡
[
4∇ATBCD + 3 TABETECD − 6RABCD

]
[ABCD]

, (4.71a)

0 = BAB ≡
[
2∇ATB + TABCTC +∇CTCAB −RADDB +RBDDA −RAB

]
[AB]

, (4.71b)

0 = B ≡ ∇ATA + 1
2T
ATA + 1

12T
ABCTCBA − 1

2R
AB
BA (4.71c)

The torsion tensors are given in table 2, where we have listed the conventional and physical
constraints.

The dimension 1
2 torsions that we have not yet fixed are Tαβγ and Tα. From the αβγd

component of (4.71a), we can show that Tαβγ must obey (γd)δ(γTαβ)
δ = 0, which implies
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Tαβγ = X(αδβ)
γ − 1

2(γc)αβ(γc)γδXδ in terms of some covariant field Xα. If we had not
already accounted for the dilatino in the supervielbein, this is where it would appear. To
avoid introducing more degrees of freedom, we fix this dimension-1/2 piece to vanish. The
αβγd component of (4.71a) trivially vanishes. If we hadn’t already set Tαbc to zero, we
would have found that (γc)(αβTγ)c d = 0 implies that Tαbc ∝ (γb)αβWβ

c in terms of a gaugino
superfield. We reiterate that for heterotic DFT, if the gaugino were not contained within
the supervielbein, this is where it would appear. That leaves Tα. Although it’s plausible
that we could deduce a constraint on this by looking at dimension 1 Bianchi identities,
we are instead simply going to impose that it vanishes. This gives a full set of vanishing
dimension-1

2 physical constraints,

Tαβγ = Tα = Tαbc = 0 . (4.72)

At dimension 1, we first analyze various components of (4.71a). These rapidly yield
constraints:

Bαβcd = 0 =⇒ Rαβ cd = 0 ,

Bαβcd = 0 =⇒ Taβγ = 0 ,

Bαβcd = 0 =⇒ Rαβ cd = −2
5κ Tγ(α (γcd)β)

γ . (4.73)

Next using Bαβγδ = 0, one can show that Tαβ must be purely a vector. However, Bαβ = 0
is nonzero if Tαβ is purely vectorial. Thus we find that

Bαβγδ = Bαβ = 0 =⇒ Rαβ cd = 0 , Taβγ = 1
10 (γa)γαTαβ = 0 . (4.74)

This is as expected: there are no covariant dimension 1 fields or curvatures in supersymmetric
DFT.

At dimension 3
2 , there are more terms to analyze but fewer spinor indices, so the group

theory is simpler. We rapidly find

Bαbcd = 0 =⇒ Rα[b cd] = 0 ,

Bαbcd = 0 =⇒ Rαb cd = 0 ,
Bαbcd = 0 =⇒ Rαb cd = 1

5κ (γcd)αβTβb ,

Bαbcd = 0 =⇒ Rα[b cd] = 0 . (4.75)

The component Tβb of Tabγ is the covariantized gravitino field equation. Using Bαβcδ = 0,
one can show that it vanishes, fixing Rαb cd = 0 and Tabγ = 0. This places the component
theory on-shell. Next we find that

Bαβcδ = 0 =⇒ Rαβcγ = 1
2(γab)(β

γRα)cab . (4.76)

This is a powerful constraint because Rαβcγ is γ-traceless on cγ. Since Rα[cab] = 0, we
conclude that Rαcab must be in the irreducible hook representation in c|ab. However, we
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have already fixed that piece to vanish using Hαc|ab in (4.70b). Thus we conclude that
Rαβcγ and Rαcab both vanish entirely. The remaining Bianchi identities immediately give

Bαb = 0 =⇒ T α = 0 ,

Bαb = 0 =⇒ Rαb cd η
bd = 0 =⇒ Rαb cd = 0 . (4.77)

The first equation is the covariantized dilatino equation of motion. The last implication
in the second equation follows because (with Rα[b cd] eliminated) only the irreducible hook
representation remains, but this is precisely the piece we can remove by choosing Hα b|cd
as in (4.70a). In this way we have eliminated all dimension 3

2 components of torsion
and curvature.

Finally, we turn to the dimension 2 Bianchi identities. First, we analyze the purely
bosonic pieces of (4.71a):

Babcd = 0 =⇒ R[ab cd] = 0 ,

Babcd = 0 =⇒ R[ab cd] = 0 ,
Babcd = 0 =⇒ Ra[b cd] = 0 ,

Babcd = 0 =⇒ Rd[c ab] = 0 ,

Babcd = 0 =⇒ Rab cd = −Rcd ab . (4.78)

The first and second equations work similarly. Together with the conventional con-
straints (4.70f) and (4.70g), they imply that Rab cd and Rab cd are pure traces. The third
and fourth equations, together with (4.70c) and (4.70d) imply that Rab cd and Rab cd each
consist of only the × representations. Finally the last equation, coupled with (4.70e)
tells us that Rab cd vanishes. In summary, we have

Rab cd = 1
45ηa[cηd]bR Rab cd = 1

45ηa[cηd]b R̄ (4.79a)

Rab cd = 2
9 ηa[cReb ed] , Rab cd = 2

9ηb[dRae c]
e , (4.79b)

Rab cd = Rab cd = 0 . (4.79c)

The remaining Bianchi identities from (4.71a) (and using (4.70h)) are

Bαβcd = 0 =⇒ Rαβcd = −1
4Rcd ab(γ

ab)αβ = 0 ,
Bαβcd = 0 =⇒ Rαβcd = −1

4(γab)αβRcd ab = − 1
180(γcd)αβR ,

Bαβγδ = 0 =⇒ Rαγβδ = −R(α
(β
cd (γcd)γ)

δ) = 1
180(γcd)(α

(β(γcd)γ)
δ)R ,

Bαβcd = 0 =⇒ Rαd c
β = 1

4(γab)αβRcd ab . (4.80)

The last equation above implies a constraint on Rcd ab due to the γ-traceless left-hand side,
but this kills the remaining representation, leading to

Rab cd = 0 , Rαb c
γ = 0 . (4.81)
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We are nearly finished. The remaining Bianchi identities at dimension two are

Bab = 0 =⇒ Rad b
d = −Rbd a

d ,

Bab = 0 =⇒ Rab = 0 ,
Bab = 0 =⇒ Rab = 0 ,
B = 0 =⇒ R+ R̄ = 0 ,

Bαβ = 0 =⇒ Rαγγβ = 0 =⇒ R = 0 . (4.82)

The first four equations are analogous to bosonic ones. The first tells us that there is a
single “Einstein tensor” given by Rab = Rad bd = −Rbd ad, but this vanishes due to the
Bαβcd Bianchi discussed above. The fourth equation tells us that there is a single scalar
curvature, given by R = Rabab = −Rabab. The final Bianchi identity tells us this scalar
curvature vanishes as well.

Remarkably, all of the torsions and curvatures have been eliminated through dimension
two. This was to be expected because there are no on-shell component curvatures or
covariant fields at this level.

5 Derivation of component supersymmetric DFT

The analysis by Siegel [2] did not directly address the component structure of double field
theory. Since then, the component supersymmetric formulation has been independently
derived by Hohm and Kwak [12] to second order in fermions and by Jeon, Lee, and Park to
all orders [13]. Already one can see from the linearized transformations (3.1)–(3.3) that the
results of [12, 13] are recovered to this order if we solve the fermionic part of the section
condition by setting ∂µ = 0, leaving the doubled bosonic space untouched. Our goal in the
remainder of this paper will be to flesh out this connection to all orders.

It may be surprising that this is not as easy as one might expect. There are standard
techniques developed for relating component fields to superfields, and in the case where
the superfield description is geometric — that is, involving connections, curvatures, gauge
transformations, diffeomorphisms, and so on — the path from superspace to components is
straightforward. Much of that intuition implicitly assumes that diffeomorphisms and the
supervielbein have a simple GL(D|s) structure. Since that no longer is the case here, we
will find that greater care must be taken.

5.1 Conventional N = 1 superspace: a review and a redo

As a brief review and a warm-up, let’s recall how conventional superspace leads to a
component theory. We take a conventional N = 1 superspace for some GL(D|s) structure
group. The supervielbein is

EM
A =

(
em

a ψm
α

Eµ
a Eµ

α

)
. (5.1)

The fields denoted em
a and ψm

α correspond to the physical vielbein and gravitino; the
other two fields are unphysical. To see that e and ψ transform appropriately, recall that
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superdiffeomorphisms act as

δξEM
A = ξN∂NEM

A + ∂Mξ
NEN

A . (5.2)

Specializing to a purely bosonic superdiffeomorphism, ξM = (ξm, 0), it is easy to see that e
and ψ transform as conventional 1-forms with parameter ξm. Considering now covariant
superdiffeomorphisms

δcov
ξ EM

A = DMξ
A + EM

BξCTCB
A (5.3)

one can see that specializing to a fermionic parameter ξA = (0, εα) gives11

δem
a = em

bεγ Tγb
a + ψm

βεγTγβ
a ,

δψm
α = Dmε

α + em
bεγ Tγb

α + ψm
βεγTγβ

α . (5.4)

For the vielbein, the first torsion term usually vanishes and the second is a γ-matrix. For
the gravitino, its torsion terms usually involve additional fields present in the supergravity
multiplet. These transformations involve no explicit θ derivatives and can consistently be
applied at θ = 0. The additional fields Eµa and Eµα can be set to zero at lowest order in θ
as they transform with leading terms Dµξa and Dµξα. By a judicious choice of the higher
θ-dependence of ξa and ξα (which do not affect the bottom components of em

a and ψm
α),

one can eliminate the bottom components of Eµa and Eµα.12

A parallel analysis as above is not really available in double field theory. The main
hangup is that the supervielbein in DFT is a constrained object: its entries are not
independent. Let us redo the above analysis in a way that will generalize more directly to
the DFT situation. Admittedly, this will look rather pointlessly complicated for GL(D|s).

We begin by decomposing the supervielbein as

EM
A =

(
em

a ψm
α

Ξµnen
a φµ

α + Ξµnψn
α

)
(5.5)

where Ξ and φ are new parametrizations for the second row. Denoting the tangent-space
valued gravitino with a tilde for compactness, ψ̃a

α = ea
mψm

α, this expression can be written
as the product of four factors:

EM
A =

(
1 0
Ξ 1

)
×
(

1 0
0 φ

)
×
(
e 0
0 1

)
×
(

1 ψ̃
0 1

)
= exp(ΞµmXm

µ)× exp(aµνXν
µ)× exp(am

nXn
m)× exp(ψ̃m

µXµ
m)

= V−1 × V0′ × V0 × V+1 (5.6)

11The two classes of transformations, ξM = (ξm, 0) and ξA = (0, εα), span the full space of transformations,
so we lose nothing by focusing on these.

12This is not quite the whole story because one should inquire about the higher θ-components of these
superfields. One can show using a normal coordinate expansion in θ, that the θ-expansion of EM

A is
determined purely from the bottom components of EM

A, the torsion tensor, the Riemann tensor, and their
various covariant derivatives.
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We have decomposed the GL(D|s) generators XM
N as Xm

ν , Xµ
ν , Xm

n, and Xµ
n. An

external automorphism of the algebra permits us to assign level −1 to the first generator,
0 to the second and third, and +1 to the last. We can label the three factors as V` with
respect to this level. In the above parametrization, e = exp(am

n) and φ = exp(aµν), and
we will work with e and φ directly.

Let’s check that this makes sense. A Lorentz transformation acts on the right as
δE = −EΛ and is purely level 0 (and 0′). It follows that

δΛV+1 = −[V+1,Λ] , δΛ(V0′V0) = V0′V0Λ , δΛV−1 = 0 . (5.7)

In other words, the gravitino ψ̃ is covariant on both indices, e and φ transform only from
the right, and Ξ is invariant.

Next, we check the action of diffeomorphisms. For simplicity, we ignore the transport
term, considering only general coordinate transformations, where δg.c.E = KE for K =
∂Mξ

N . This has an obvious level decomposition:

K−1 = ∂µξ
n , K0 = ∂mξ

n , K0′ = ∂µξ
ν , K+1 = ∂mξ

ν . (5.8)

We focus on bosonic transformations with ξM = (ξm, 0). Then only K−1 and K0 are nonzero,
leading to

δg.c.V−1 = K−1 + [K0,V−1] , δg.c.V0 = K0V0 , δg.c.V0′ = 0 , δg.c.V+1 = 0 . (5.9)

Evidently, Ξ shifts by ∂µξn (so its lowest component can be set to zero), e transforms as a
1-form, and φ and ψ̃ are scalars.

Finally, we look at covariant diffeomorphisms, which are given by

δE = EK , KB
A = DBξ

A + ξCTCB
A . (5.10)

We are interested in a fermionic transformation with ξA = (0, εα). The first term of K
contributes only to Kb

α and Kβα, but the torsion term contributes to all elements of K, at
least in principle. Now we need to equate this to an arbitrary variation of E. This can be
written as δE = EJ , but it’s actually going to be more useful to parametrize the current a
little differently. We choose to define J̊ via

δE = V−1V0′V0 × J̊ × V+1 . (5.11)

This is related to J = E−1δE by composition by V+1, J̊ = V+1J (V+1)−1.
At this point, decomposing the vielbein with respect to the level ` starts to become

notationally cluttered. Let’s denote VΞ = V−1V0′ and VΨ = V+1, so that

E = VΞ × V0 × VΨ . (5.12)

The pieces V0 and VΨ involve the component graviton and gravitino, while VΞ involves
pieces that can be set to zero at lowest level in θ. Then we have

δE = VΞ V0 × J̊ × VΨ , J̊ = VΨ J V−1
Ψ . (5.13)
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The current J̊ decomposes as follows:

J̊a
b ≡ ∆ea

b = ea
mδem

a , J̊a
β = δψ̃a

β = δ(ea
mψm

β) ,
J̊αβ = φα

µδφµ
β J̊αb = φα

µδΞµnen
a . (5.14)

We want to equate this with K̊ = VΨK(VΨ)−1. Writing VΨ = expψ in terms of the level +1
generator ψ, we can compute easily that

K̊+1 = K+1 + [ψ,K0 +K0′ ] + 1
2 [ψ, [ψ,K−1]] ,

K̊0 + K̊0′ = K0 +K0′ + [ψ,K−1] ,
K̊−1 = K−1 . (5.15)

From this, one can read off the graviton variation,

∆ea
b = ea

mδem
b = εγTγa

b + ψa
αεγTγα

b (5.16)

which coincides with (5.4). For the gravitino, the answer is more involved:

δ(ea
mψm

β) = Daε
β + εγTγa

β + ψa
α(Dαεβ + εγTγα

β)− εγTγa
bψb

β − ψa
αεγTγα

bψb
β

= ea
mDmε

β + εγTγa
β + ψa

αεγTγα
β −∆ea

b ψb
β . (5.17)

The two covariant derivative terms have combined into ea
mDm, which is independent of

θ derivatives. The first three terms in the final expression coincide with the expected
result (5.4), and the last arises just from the transformation of the vielbein. Finally, one
can also show that the leading contribution to ∆φ0′ is as before ∂µξα, so this term can be
eliminated to lowest order in θ.

5.2 Level decomposition of the doubled supervielbein

In parallel with the analysis of the conventional N = 1 supervielbein, we will first perform
a level decomposition of the generators XMN of OSp(10, 10|32):

Xµν︸︷︷︸
level -2

, Xµn̂︸ ︷︷ ︸
level -1

, Xm̂n̂ , Xµ
ν︸ ︷︷ ︸

level 0

, Xµm̂︸ ︷︷ ︸
level +1

, Xµν︸︷︷︸
level +2

, (5.18)

where the level denotes the difference between the number of lower and upper fermionic
indices. As in the previous example, we are going to place the positive level generators to
the right in VMA, so they are naturally going to lead to fields possessing tangent space
indices. With that in mind, we introduce fields associated with these generators in table 4.

The fields associated to the positive level generators we have denoted Cαβ, χaα, and
Ψa

α. Using the additional tangent space symmetry, we are going to gauge away Cαβ and the
spin-3/2 part of χaα, fixing the latter to χaα = 1

10(γa)αβχβ . The field Vm̂â will become the
bosonic doubled vielbein. The remaining fields have analogues with fields in conventional
N = 1 superspace. φµα is the identically named field there, and corresponds to the inverse
of the N = 1 superspace vielbein component Eαµ. Ξµn corresponds to the similarly named
field there. The remaining fields Ξµn and Bµν correspond to the fermionic legs of the super
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field generator level
Cαβ Xαβ +2
χa

β Xβ
a +1

Ψā
β Xβ

ā +1
Vm̂

â Xm̂
n̂ 0

φµ
α Xµ

ν 0
Ξµm̂ Xm̂

µ −1
Bµν Xµν −2

Table 4. Constituent fields of the OSp supervielbein. Positive level fields are written with
Lorentz indices.

2-form BMN. As in conventional N = 1 superspace, the bottom components of φµα, Ξµn,
and Bµν can be eliminated by using the higher θ-components of superdiffeomorphisms.

We want to decompose the supervielbein analogously to how we did in conventional
superspace (5.6). To fix our conventions, we normalize the fields associated with the nonzero
generators so that they fill out a graded symmetric element AAB of OSp(10, 10|32) as

AAB =


0 0 Ξ χ

0 0 Ξ̄ Ψ̄
−Ξ −Ξ̄ B 0
−χ −Ψ̄ 0 C

 Ξ = Ξmν , Ξ̄ = Ξm̄ν , B = Bµν ,

χ = χa
β , Ψ̄ = Ψā

β , C = Cαβ .
(5.19)

We will be using the left/right basis for the generators, so that Ξm̂ν has been decomposed
into Ξmν and Ξm̄ν . We have also distinguished between world and tangent space indices
based on how we are going to place these generators into the coset, although this is perhaps
sloppy notation.

We have denoted the gravitino by Ψ̄ above because later on it will be convenient to
also use Ψ = Ψa

β as an alias for χaβ . Then Ψ and Ψ̄ appear in an analogous way as Ξ and
Ξ̄ in some of the formulae. We won’t do this just yet because we want to keep in mind χ is
the dilatino and not a second gravitino.

Exponentiating the above generators using V = exp(AAB) for each level gives

V+2 =


1 0 0 0
0 1 0 0
0 0 1 0
0 0 C 1

 , V−2 =


1 0 0 0
0 1 0 0
0 0 1 −B
0 0 0 1

 , B = Bµν , C = Cαβ ,

V+1 =


1 0 χ 0
0 1 Ψ̄ 0
0 0 1 0
−χT Ψ̄T −1

2(χTχ− Ψ̄T Ψ̄) 1

 ,
χ = χa

β , Ψ̄ = Ψā
β ,

(χT )αb = χbα , (Ψ̄T )αb = Ψ̄bα ,
,
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V−1 =


1 0 0 −Ξ
0 1 0 −Ξ̄
−ΞT Ξ̄T 1 1

2(ΞTΞ− Ξ̄T Ξ̄)
0 0 0 1

 ,
Ξ = Ξmν , Ξ̄ = Ξm̄ν ,

(ΞT )µn = Ξnµ , (Ξ̄T )µn̄ = Ξ̄n̄µ ,
(5.20)

At level 0, there are two commuting generators Xm̂
n̂ and Xµ

ν . Their exponentiated
elements are

V0 =


Vm̂

â 0 0
0 0

0 0
0 0

1 0
0 1

 , Vφ =


1 0 0 0
0 1 0 0
0 0 φµα 0
0 0 0 φα

µ

 . (5.21)

Here Vm̂â will become the component DFT vielbein.
Using these building blocks, we can construct a generic orthosymplectic element as

V = V−2V−1Vφ︸ ︷︷ ︸
VΞ

×V0 × V+1V+2︸ ︷︷ ︸
VΨ

= VΞ × V0 × VΨ (5.22)

The interpretation of these three factors will be similar to conventional N = 1 superspace.
The factor V0 contains the bosonic double vielbein. VΨ involves the gravitino, dilatino, and
other pieces that will be set to zero by a tangent space transformation. VΞ involves fields
that live purely in superspace and have no component analogues, as their θ = 0 parts can
be eliminated by a θ-dependent diffeomorphism.

Let’s see now if the decomposition we have chosen is actually sensible from the per-
spective of the component theory. Specifically, does it lead to a sensible parametrization
of the derivatives DA? It is helpful to first split off the gravitino (and dilatino) piece and
write V̊ = VΞV0. This is given by

V̊−1 =


Va

m Va
m̄ 0 x

Vā
a Vā

m̄ 0 x
x x φα

µ x
0 0 0 φµ

α

 ,
V̊αn̂ = −φανΞn̂ν , V̊âν = Vâ

m̂Ξm̂ν ,
V̊αν = φα

µ(Bµν + 1
2Ξm̂µΞm̂ν) .

(5.23)

The entries marked x in the matrix are given above. As we will solve the fermionic part of
the section condition by taking ∂µ = 0, it follows that

D̊A = V̊AM∂M =

 Vâ
m̂∂m̂

V̊αm̂∂m̂ + φα
µ∂µ

0

 ≡
D̊â

D̊α

0

 (5.24)

where we define D̊â and D̊α by these expressions. Now we can build DA = VAM∂M =
(V−1

Ψ )ABD̊B and this leads to

DA = (V−1
Ψ )ABD̊B =


D̊â −Ψâ

αD̊α

D̊α

Ψb̂αD̊b̂ −
(
Cαβ + 1

2ΨĉαΨĉ
β
)
D̊β

 (5.25)
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where we have used the condensed notation Ψâ
β = (χaβ ,Ψa

β) and Ψâβ = (χaβ ,−Ψaβ). It
is extremely useful that Dα = D̊α. We can then rewrite easily the other derivatives as

Dâ = D̊â −Ψâ
βDβ , Dα = Ψb̂αDb̂ −

(
Cαβ − 1

2ΨâαΨâ
β
)
Dβ . (5.26)

The bosonic derivativeDâ is now directly analogous to the conventional superspace derivative,
where it is given by the component flat derivative D̊â modified by a gravitino connection.
The new operator in DFT is the dual fermionic derivative Dα. Its explicit form will be
crucial in subsequent computations. In neither expression above do the pieces of VΞ appear
explicitly; they appear implicitly only via Dα.

It is crucial that the above expressions hold only upon imposing ∂µ = 0. Without this
condition, the expressions are significantly more complicated.

5.3 Generalized diffeomorphisms

The next task is to figure out how the elements of the supervielbein transform, in order to
verify that they have been correctly identified.

We begin with generalized diffeomorphisms. As in conventional superspace, it is best
to split these up between standard diffeomorphisms ξM and covariant ones ξA. It is
not immediately obvious how to treat the dual fermionic direction, but it will turn out
that we should keep this as a standard diffeomorphism. In other words, we are going to
examine ξM = (ξm̂, 0,−ξ̃µ) and ξA = (0, εα, 0). We begin with the former. Ignoring the
transport term,

δg.c.VMA = KMNVNA , KMN = ∂Mξ
N − ∂N ξM(−)nm (5.27)

Since we restrict to ∂µ = 0, it turns out that we only have non-positive levels for K. Using
the fact that the −1 generators commute with the −2 generators, one can show that

δg.c.VΞ = K−2VΞ +K−1VΞ + [K0,VΞ] , δg.c.V0 = K0V0 , δg.c.VΨ = 0 . (5.28)

It is useful here that the level zero element K0 only involves ∂m̂ξn̂ and not ∂µξν or ∂µξ̃ν , as
this simplifies the transformation of VΞ. Because the K0 piece is just the bosonic O(10, 10)
general coordinate transformation, V0 transforms as a DFT vielbein should, while the
gravitino and dilatino are scalar fields. The negative level transformations are completely
soaked up by the fields in VΞ, which transform as

δBµν = ∂µξ̃ν + ∂ν ξ̃µ , δΞm̂ν = ∂m̂ξ̃ν − ∂νξm̂ . (5.29)

As in conventional superspace, these fields can be set to zero at lowest level in θ.
Because the fields in VΨ are inert under ξ̃µ and transform as scalars under ξm̂, their

gauge-fixing is not disturbed. That is, if Cαβ = 0, it stays zero. If χaα is γ-traceless, it
remains so. This means component diffeomorphisms do not need to be defined with a
compensating tangent space transformation. This is important: it ensures that their algebra
remains unchanged in going from superspace to components.
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5.4 Supersymmetry transformations

Supersymmetry transformations are encoded in covariant diffeomorphisms. Let’s analyze
these next. Including a compensating tangent space transformation λA

B (which will be
necessary in this case), the supervielbein transforms as δV = V (K − λ) where

KAB = ∇AξB −∇BξA(−1)ab + ξCTCAB . (5.30)

What are the nonzero pieces? While our focus is on ξA = (0, εα, 0), we must be careful about
expressions like ∇AξB = DAξ

B − ΩABCξC , which might lead to an unexpected contribution
when the Ω connection is not purely double Lorentz. Luckily, the Ω piece in our case
involves just ΩAβγεγ ; there is no pollution from ΩAβγ and ΩAbγ because we have set ξα
and ξa to zero. We replace ∇ with D here to emphasize D carries only the double Lorentz
connection. For the torsion term, only Tγβa is non-vanishing. This means the only nonzero
elements of KAB are

Kαβ = 2D(αεβ) , Kaβ = Daεβ , Kaβ = Daεβ , Kαβ = Dαεβ , Kαb = κ(γb)αγεγ ,

Kαb = −Dbεα , Kαb = Dbεα , Kαβ = −Dβεα , Kaβ = κ(γa)βγεγ ,
(5.31)

corresponding to levels +2, +1, +1, 0, and −1. The possible compensating λ transformations
are at levels +2, +1 and 0.

As in the conventional N = 1 superspace example, we can parametrize an arbitrary
variation as

δV = V × J = VΞV0 × J̊ × VΨ =⇒ J̊ = VΨJV−1
Ψ . (5.32)

For the case of a supersymmetry transformation, J = K−λ. Now work out J̊ level-by-level,
using the fact that VΨ ≡ exp Ψ for a generator Ψ at level +1 only. (We now work in the
gauge where C = 0.)

J̊+2 = K+2 + [Ψ,K+1] + 1
2! [Ψ, [Ψ,K0]] + 1

3! [Ψ, [Ψ, [Ψ,K−1]]]
− λ+2 − [Ψ, λ+1]− 1

2! [Ψ, [Ψ, λ0]] ,
J̊+1 = K+1 + [Ψ,K0] + 1

2 [Ψ, [Ψ,K−1]]− λ+1 − [Ψ, λ0] ,
J̊0 = K0 + [Ψ,K−1]− λ0 ,

J̊−1 = K−1,

J̊−2 = 0 . (5.33)

From the explicit expressions for V`, we find for the non-negative levels,

(J̊2)αβ = −Ψâ(αδΨâ
β) , (J̊1)âβ = δΨâ

β ,

(J̊0)âb̂ = Vâ
m̂δVm̂

b̂ ≡ Jâb̂ , (J̊0)αβ = φα
µδφµ

β . (5.34)

The expression for J̊2 is just going to tell is what the compensating λ+2 = λαβ transformation
needs to be, but its explicit form is irrelevant. The transformation of φµα isn’t really relevant
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here either — it’s going to involve a leading term ∂µε
α indicating that at lowest order in θ

we can set φµα = δµ
α. For the bosonic DFT vielbein, we find that

Jab = κ (εγaΨb) , Jab = 1
5κ (εγabχ)− λab , Jab = −λab . (5.35)

The expression for Jab is exactly as expected. The nonzero expression for Jab is interesting,
but not really illuminating. It tells us that in order to make contact with supersymmetric
DFT, where Jab is usually taken to vanish, one should make a compensating λab transforma-
tion to cancel the dilatino term. Naturally such a choice of λ will in turn affect the gravitino
and dilatino transformations as well as the algebra of supersymmetry transformations.

The gravitino transformation is a bit more complicated. A direct computation leads to

δΨa
β = Daεβ + Ψa

γDγεβ + 1
10κ (εγbΨa) (γbχ)β − 1

4Ψa
γ(γcd)γβ λcd − λabΨb

β ,

= D̊aεβ + 1
10κ (εγbΨa) (γbχ)β − 1

4Ψa
γ(γcd)γβ λcd − λabΨb

β . (5.36)

In going from the first to the second line, we have combined the two derivative terms to give
D̊a = Va

m̂Dm̂ using (5.25). This is purely a bosonic derivative of ε, with the θ derivative
cancelling out. This is exactly what needed to happen. Actually, this is a little bit subtle
because D carries the spin connection, which we have not yet defined. We will come back
to this in the next section.

For the dilatino, we find

δχa
β = D̊aεβ + κ(εγbχa)χbβ − 1

2κ (εγaχb)χbβ + 1
2κ (εγaΨb)Ψb

β

+ λa
bχb

β − 1
4χa

γ(γcd)γβ λcd − λaβ . (5.37)

The last term is the compensating tangent space transformation that we will use to maintain
the gauge χaα = 1

10(γa)αβχβ . Contracting with a γ matrix collapses this expression to

δχα = (γa)αβD̊aεβ− 3
200κ(εγabχ)(γabχ)α+ 1

20κ (εχ)χα+ 1
4λ

ab(γabχ)α+ 1
2κ (εγaΨb)(γaΨb)α .

(5.38)

We have not yet addressed how to define the component dilation φ. Recall the
superdilaton Φ transforms as (3.9b). Decomposing indices and neglecting the transport
term, this reads

δg.c. log Φ = ∂m̂ξ
m̂ − ∂µξµ + ∂µξ̃µ . (5.39)

At the component level, the last term can be dropped because we take ∂µ = 0, but the second
term remains problematic as it will obstruct the construction of a sensible supersymmetry
transformation. The solution is to shift the definition of the component dilaton relative to
the superdilaton:

φ = Φ× detφµα =⇒ δ log φ = ∂m̂ξ
m̂ + 2 ∂µξ̃µ . (5.40)
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Now the second term drops out when ∂µ = 0 and the component dilaton transforms as a
scalar field.13

We can easily work out the supersymmetry transformation of the proposed component
dilaton. Observe that

δ log detφµα = φα
µδφµ

α = (J̊0)αα = Dαεα − κ εαχα . (5.41)

Combining with the transformation of the superdilaton,

δ log Φ = ξATA +∇AξA (−1)a = −Dαεα (5.42)

we recover the expected component transformation,

δ log φ = −κ εαχα . (5.43)

5.5 The component spin connection

The expressions for the gravitino and dilatino supersymmetry transformations involve the
component spin connection, which we will now specify how to compute. The form of these
transformations suggest we should define14

ωâ b̂ĉ := Ωa b̂ĉ + Ψâ
αΩα b̂ĉ = (VΨ)âDΩD b̂ĉ . (5.44)

These are precisely the corrections needed so that under Lorentz transformations, only
a bosonic derivative of the Lorentz parameter appears. The key feature of (5.44) is that
it allows us to extend the simple relation D̊â = (VΨ)âBDB to the covariant derivative as
well. This is crucial when we consider how to translate the superspace torsion tensor
to components.

Let’s work this out now. Arbitrary variations J and J of the supervielbein V and
component vielbein V are given by

JAB = (V−1δV)ACηCB , Jâb̂ = (V −1δV )âĉηĉb̂ . (5.45)

Using the explicit form of V, these are related by

Jâb̂ = (VΨ)b̂
B(VΨ)âAJAB . (5.46)

This is for an arbitrary variation, but applies equally well if we take a derivative. Choosing
the variation δ to be action of the flattened component derivative D̊â = (VΨ)âBDB, we
find that

(Jĉ)b̂â = (VΨ)âA(VΨ)b̂
B(VΨ)ĉC(JC)BA (5.47)

13Another way of arriving at this same conclusion is to recall that the component DFT dilaton is related
to the supergravity dilaton by a factor of e = det em

a, that is, φ = e e−2ϕ. The superdilaton in Siegel’s
superspace DFT is similarly related to the conventional (non-density) superspace dilaton by a factor of
E = sdetEM

A, i.e. Φ = E e−2ϕ. In conventional superspace, the component and superspace dilatons coincide
(hence both are ϕ above). This implies that φ = Φ× e/E = Φ× detφµα.

14This definition can equivalently be written as ωm̂ = (V−1
Ξ )m̂NΩN . It is interesting that this is not

the simple ωm = Ωm relation from conventional superspace connections, and is another example of how
DFT differs.
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where JC is built from DC . This means that the component flux tensor Fĉb̂â is related
to the superspace one FCBA just by contracting with VΨ factors. The same turns out to
be true for the component Lorentz connection: here it is crucial that (VΨ)Aβ vanishes so
that only the doubled Lorentz connection from superspace contributes. In other words,
the expression (5.47) holds just as well for the covariant derivative. Then the component
torsion tensor is related to the superspace one via the extremely simple result

Tĉb̂â = (VΨ)âA(VΨ)b̂
B(VΨ)ĉCTCBA (5.48)

This expression can be read in one of two ways. The most obvious is as a constraint
equation on the component torsion Tĉb̂â in terms of the constrained superspace torsion. The
other way is to forget briefly that Tĉb̂â is constrained to vanish and instead read this as its
definition in terms of the component torsion Tĉb̂â and the subleading gravitino corrections
involving Tγb̂â, Tγβâ, and so forth. In this way, the resulting object Tĉb̂â is called the
supercovariant torsion tensor ; at the component level, it contains the necessary gravitino
(and dilatino) additions to Tĉb̂â to render it supercovariant, meaning that it transforms
under supersymmetry without a derivative of the parameter ε. Setting Tĉb̂â to zero is then
understood as the supercovariantized version of the bosonic torsion constraint. Since we’re
mainly interested in figuring out how ω is constrained here, the first point of view suffices,
but the second will be important to keep in mind because we will need to return to the
concept of supercovariant curvatures soon.

Expanding out (5.48) using the explicit expression for VΨ gives the relation between the
component torsion tensor Tĉâb̂ and its supercovariantized version Tĉâb̂. Using the constraints
imposed on the superspace torsion, we find

Tabc = 3
100κ (χγabcχ) , Tabc = 1

5κ (Ψaγbcχ) , Tabc = −κ (ΨbγaΨc) , Tabc = 0 .
(5.49)

These give fermion bilinear corrections to the component spin connections. The first and
the last constrain only the antisymmetric parts of the respective spin connections; the trace
constraints are found in the dilaton torsion, and the hook irrep is undetermined as usual.

Deriving the constraints on the dilaton torsion is a good deal more involved. At the
component level, the dilaton torsion is

Tâ = D̊â log φ+ J b̂b̂â (5.50)

where here the currents are understood to be built using the covariant derivative. Using
the definition for the superdilaton torsion tensor (4.9) and the relation (5.40) between the
component φ and the superdilaton Φ, this can be rewritten

Ta = (VΨ)aA
(
TA + TAββ +∇Aφµβφβµ + 2J ββA − JAββ − J b̂b̂A

)
+ J b̂b̂â (5.51)

A number of simplifications are now needed. First, we will use (5.47) to rewrite J b̂b̂â in
terms of JCBA. Second, we will use φαµδφµα = J̊αα = JαB(V−1

Ψ )Bα. Finally, we will need to
explicitly use the expression (5.26) for Dβ to rewrite J ββA in terms of Jb̂βA and JγβA. (For
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this to work, it’s crucial that the Ωβ connections end up dropping out of these particular
expressions.) Making all these substitutions, one finds the currents nontrivially recombine
to form torsion tensors. The end result is

Tâ = Tâ + Tâββ + Ψâ
α(Tα + Tαββ) + Ψb̂αTαb̂â −Ψâ

αΨb̂βTβα b̂ . (5.52)

This provides the dictionary between the component Tâ and the superfield Tâ. In accord
with the usual supergravity terminology, we can call the expression for Tâ the supercovari-
ant dilaton torsion, in comparison with the usual dilaton torsion Tâ. Using the explicit
expressions for the torsion tensors,

Ta = −κχaαχbβ(γb)αβ = 0 , Ta = −κΨa
αχb

β(γb)αβ = −κ (Ψaχ) . (5.53)

From these expressions, one can derive the trace contributions to ωbba and ωbba.

5.6 Supercovariant gravitino curvatures and fermionic equations of motion

We briefly have mentioned that Tâ and Tâb̂ĉ are supercovariant torsion tensors and we found
the relations between them and the component analogues. We’re going to need to repeat
that for the gravitino curvature Tâb̂

γ and the Lorentz curvature Râb̂ ĉd̂ in order to understand
how the superspace geometry reproduces equations of motion in a supercovariant form.

Let’s start with the fermionic equations of motion. We will need to build supercovariant
gravitino curvatures that generalize D̊[cΨb]

α and D̊bΨb
α. These are going to be related to

Tcb
α and T α. Let’s start with the component gravitino (and dilatino) flux. The current J

we want, built with a flat component derivative D̊ĉ, is

(J̊ĉ)b̂
α := (D̊ĉVΨV−1

Ψ )b̂
α = D̊ĉΨb̂

α . (5.54)

Here we leave the Ω connections out to begin with, as these will turn out to be non-trivial.
The above current is also given by

(J̊ĉ)b̂
α = (VΨ)ĉC ×

(
VΨJCV−1

Ψ

)
b̂
α (5.55)

where (JC)BA is a superspace current built by acting with DĈ . A straightforward but
laborious computation shows that

2D̊[ĉΨb̂]
α = Fĉb̂

α + 2 Ψ[ĉ
γFγb̂]

α −Fĉb̂
âΨâ

α

−Ψĉ
γΨb̂

β Fβγα − 2Ψ[ĉ
γ Fγb̂]

âΨâ
α − 1

2(ΨTΨ)αβFβĉb̂
+ Ψĉ

γΨb̂
βFβγâ Ψâ

α + (ΨTΨ)αβΨĉ
γFγβb̂

+ 1
2(ΨTΨ)αδΨĉ

γΨb̂
βFβγδ . (5.56)

Restoring the Ω connections in the superspace flux tensors on the right-hand side above
leads to

2 D̊[ĉΨb̂]
α + 2ω[ĉb̂]

α + ωαĉb̂ = Tĉb̂
α + 2 Ψ[ĉ

γTγb̂]
α − Tĉb̂

âΨâ
α

−Ψĉ
γΨb̂

β Tβγα − 2Ψ[ĉ
γ Tγb̂]

âΨâ
α − 1

2(ΨTΨ)αβTβĉb̂
+ Ψĉ

γΨb̂
βTβγâ Ψâ

α + (ΨTΨ)αβΨĉ
γTγβb̂

+ 1
2(ΨTΨ)αδΨĉ

γΨb̂
βTβγδ . (5.57)
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On the left-hand side we have collected the non-Lorentz tangent space component connection
ωĉb̂

α as well as a component of ωAĉb̂ in the dual fermionic direction. These are necessary
for complete covariance under tangent space transformations. The last term on the left is
notable. Inspired by (5.44), we have extended the definition of ωâ to ωA via

ωABC := (VΨ)ADΩDBC . (5.58)

The object ωαĉb̂ appearing above turns out to be gauge covariant under double Lorentz
transformations, because its transformation involves only ∂µλĉb̂, which vanishes. So the
above expression is completely covariant under double Lorentz transformations, although
not under the full H tangent space group, as we have gauge fixed the superspace vielbein.

After imposing subleading torsion constraints, (5.57) collapses to

2 D̊[ĉΨb̂]
α + 2ω[ĉb̂]

α + ωαĉb̂ = Tĉb̂
α + Ψĉ

γΨb̂
βTβγâ Ψâ

α + (ΨTΨ)αβΨĉ
γTγβb̂ . (5.59)

We can view this as a definition of the supercovariant gravitino curvature Tĉb̂
α, which is

subsequently set to zero as a superspace constraint. In the component theory, some of this is
a conventional constraint, defining what we mean by the fermionic component connections
ωĉb̂

α and ωαĉb̂, and some of it leads to the fermionic equations of motion. We will see how
this works in just a moment.

The above computation can be repeated for Db̂Ψb̂
α. The result is

D̊b̂Ψb̂
α+ωb̂b̂

α+ 1
2ω

β
b̂ĉ(γ

b̂ĉ)βα = T α+T ββα−Ψb̂αTb̂−Ψb̂αT γγb̂+Ψb̂γTγb̂
α

− 1
2(ΨTΨ)αβ(Tβ+T γγβ)+Ψb̂αΨĉγTγb̂ĉ+

1
2(ΨTΨ)αβΨb̂γTγβb̂ .

(5.60)

Imposing the subleading torsion constraints collapses this to

D̊b̂Ψb̂
α + ωb̂b̂

α + 1
2ω

β
b̂ĉ(γ

b̂ĉ)βα = T α + Ψb̂αΨĉγTγb̂ĉ + 1
2(ΨTΨ)αβΨb̂γTγβb̂ . (5.61)

This defines the supercovariant tensor T α.
Let’s see how these various tensors decompose. Starting with (5.57), we see that the

expression Tcbα defines what we might call the supercovariant gravitino curvature. However,
this expression is actually constrained to vanish from superspace. This does not mean that
the gravitino is pure gauge, of course; it just acts as a definition of ωαcb in terms of D[cΨb]

α,
which is the closest thing to a gravitino curvature, see (5.65) below. Why is it not an
actual curvature? From the transformation law of Ω, one can show that δωαbc = Ψaα Λa|bc.
From the explicit form of ωαbc, this transformation comes from the shift symmetry of the
undetermined piece of the spin connection.

Next, let’s consider Tcbα. It is given by15

D̊cχbα − D̊bΨc
α + ωcb

α = Tcbα + Ψc
γχb

βTβγa χaα + 1
2(ΨTΨ)αβΨc

γTγβb . (5.62)

15Here and below ΨTΨ still involve both Ψ and χ.
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Again, Tcbα is constrained to vanish in superspace. The part of this that is γ-traceless in bα
just defines ωcbα. To find the residual part, we contract with a γ matrix, giving

D̊cχα − (γb)αβ D̊bΨc
β = −1

2κ (γbΨd)α (ΨdγbΨc)− 3
200κ (Ψcγabχ) (γabχ)α + 1

20κ (Ψcχ)χα .
(5.63)

This is the supercovariantized gravitino equation of motion.
Finally we take Tcbα and T α in tandem. Multiplying Tcbα by 1

2γ
cb gives the same

combination of ω’s as in T α, which lets us remove them. Fixing Tcbα and T α to zero leads to

(γb)αβD̊bχβ − D̊bΨb
α = −1

2κΨbα (Ψbχ) + 1
20κ (γcbΨd)α(Ψdγcbχ) . (5.64)

This is the supercovariantized dilatino equation of motion.
For completeness, we give the fermionic ω’s that we have uncovered:

2ω[cb]
α + ωαcb = 1

5(γ[c)αβD̊b]χβ − 1
500κ (χγcbaχ) (γaχ)α + 1

10κΨdα (Ψdγcbχ) ,
ωαcb = −2D[cΨb]

α + κ(Ψcγ
aΨb)(γaχ)α ,

ωcb
α =

[
DbΨc

α − 1
2κΨdα(ΨdγbΨc) + 3

800κ (χγbcdχ)Ψc
δ(γcd)δα

]∣∣∣
proj

(5.65)

The fact the two ω’s in the first equation are determined only in this combination is a
consequence of the Λc,b

α shift symmetry since only this combination is invariant under
this shift.

5.7 Supercovariant Lorentz curvatures and bosonic equations of motion

Our next task is to compute the supercovariant Lorentz curvatures. Using the dictionary that
a component connection h is related to a superspace connection H via hAb := (VΨ)ABHBb,
one can show that

(VΨ)b̂
B(VΨ)ĉCRCBa =

[
2D̊ĉhb̂

a + Fĉb̂
d̂hd̂

a −
(
Tĉb̂α + 2 Ψĉ

γTγb̂α −Ψĉ
γΨb̂

βTβγα
)
hαa

− hb̂
bhĉ

cfcb
a + 2hĉcfb̂c

a + 2hĉcΨb̂
βfβc

a +
(
pad − 1

2h
ĉahĉ

d
)
fdĉb̂

]
[ĉb̂]

(5.66)

where we have defined the component pab via

pab := P ab + hγ [ahγ
b] . (5.67)

This expression, like that of hâb can be justified on the grounds that it eliminates fermionic
derivatives from the gauge transformation of p. The term on the right-hand side of (5.66)
that is independent of the fermionic pieces like Ψ and hα we define as Rĉb̂

a, i.e.

(VΨ)b̂
B(VΨ)ĉCRCBa =Rĉb̂

a−
(
Tĉb̂α+2Ψĉ

γTγb̂α−Ψĉ
γΨb̂

βTβγα
)
hαa+2hĉcΨb̂

βfβc
a (5.68)

In the above expressions, we have not yet imposed the torsion constraints, so that the
reader may check the results in general.
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Now let’s specialize to the Lorentz curvature. We won’t give all of the full expressions,
as only a few are relevant for constructing the equations of motion. First, we observe that
the Lorentz curvature with all barred indices requires no fermionic corrections, i.e.

Rdc ba = R(ω, h, p)dc ba (5.69)

where by h we mean specifically the hook irrep. Recall we constrained the left-hand side
of the above to vanish in superspace. At the component level, this works very similarly.
The larger representations determine the component p and (parts of) h, but these fields
drop out of the complete trace. That gives the analogue of the dilaton equation of motion,
written purely in terms of the SO(9, 1)R connection:

R(ω, h, p)ba
ba = R(ω)ba

ba = 0 . (5.70)

Next we consider a mixed Riemann tensor with one unbarred index:

Rdc ba = R(ω, h)dc ba − κΨc
α(γd)αβ ωβba . (5.71)

Again the constraint from superspace is that this vanishes. Part of this determines h.
Taking one trace projects out the h terms and gives

0 = R(ω)dc b
c − κΨcα(γd)αβ ωβbc . (5.72)

One must plug in the expression for ωβbc from (5.65) to give the analogue of the Einstein
equation.

While these are perfectly valid equations, they are chiral, being built purely from
the right-handed spin connections. To compare e.g. with [13] it would be helpful to have
the left-handed versions. These are more involved because the tangent space is quite
elaborate in the left-handed sector. To keep things simple, we just look at the two specific
representations we want. The first is the complete trace of Rdc ba,

Rbaba = R(ω)baba + 1
5κχα(γab)αβ ωβab − 8

5κχαω
b
b
α − 2κωbαβ(γb)αβ . (5.73)

There is a wrinkle here that ωbαβ hasn’t been determined yet. It arises from analyzing the
supercovariant expression for Tĉβα. This can be computed from

(VΨ)ĉDTDβα =
[
ωĉ
βα +DĉΨd̂

αΨd̂β − 2ωαĉβ − 2Ψd̂αωĉd̂
β − 2Ψd̂αωβĉd̂

+ 1
4Ψĉ

γωαab(γab)γβ + 1
4Ψĉ

γωβab(γab)γα + 2Ψd̂αTĉd̂
β

+ (ΨTΨ)αγTĉγβ + 2Ψĉ
γΨd̂αTd̂γ

β −Ψb̂αΨd̂βTĉb̂d̂
+ (ΨTΨ)αδΨĉ

γTγδβ − (ΨTΨ)αδΨd̂βTδĉd̂ −Ψd̂αΨêβΨĉ
γTγd̂ê

− (ΨTΨ)αδΨĉ
γΨd̂βTγδd̂ −

1
4(ΨTΨ)αγ(ΨTΨ)βδTĉγδ

− 1
4Ψĉ

γ(ΨTΨ)αδ(ΨTΨ)βεTγδε
](αβ)

(5.74)
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This looks fiendishly complicated, but it collapses upon imposing the torsion constraints to

0 = Tĉβα =
[
ωĉ
βα +DĉΨd̂

αΨd̂β − 2ωαcβ − 2Ψdαωĉd
β − 2Ψd̂αωβĉd̂

+ 1
4Ψĉ

γωαab(γab)γβ + 1
4Ψĉ

γωβab(γab)γα

− κ (ΨTΨ)αδΨĉ
γΨdβ(γd)γδ − 1

4κ (ΨTΨ)αγ(ΨTΨ)βδ(γc)γδ
](αβ)

. (5.75)

This leads to

0 = R(ω)baba − 12
5 κ
(
χαω

b
b
α − 1

2(χγab)αωαab
)

+ 4
25κ (χγcDcχ) + 2κ (Ψdγ

cDcΨd)

+ 1
50κ

2(Ψaγcγdχ)(Ψaγdγcχ)− 1
100κ

2(Ψaγcγdχ)(Ψaγcγdχ) + 1
2κ

2(ΨaγcΨb)(ΨaγcΨb)
(5.76)

and it helps to use

ωbb
α − 1

2(γab)αβωβab = 9
10(γbDbχ)α − 1

20κ (γcbΨa)α(Ψaγcbχ) , (5.77)

which follows from (5.65) to give

0 = R(ω)baba − 2κ (χγcDcχ) + 2κ (Ψdγ
cDcΨd) + 16

25(Ψaχ) (Ψaχ) + 1
2(ΨaΨb) (ΨaΨb) .

(5.78)

Combining this with R(ω)baba = 0 gives

0 = R(ω)baba−R(ω)ba
ba−2κ (χγcDcχ)+2κ (ΨdγcDcΨd)+

16
25(Ψaχ) (Ψaχ)+1

2(ΨaΨb) (ΨaΨb) .
(5.79)

It is tempting to call this the dilaton field equation, but this is not guaranteed. Superspace
identifies only the on-shell locus, so this is actually a combination of the dilaton field
equation and the fermionic field equations.

Repeating for the generalized Ricci tensor and skipping the intermediate steps, we find

0 = −1
2R(ω)acbc + 1

2R(ω)b
c
ac − 1

2(χDaΨb) + 3
2(ΨcγaDcΨb)− (ΨcγaDbΨc)− 2

5(ΨbγabD
bχ)

+ 1
10(χγabDbΨb) + 7

320(Ψbγ
bcχ)(ΨdγabcΨd)−

1
960(Ψbγabcdχ)(ΨdγbcdΨd) . (5.80)

Again, this is only the double vielbein field equation modulo the fermionic field equations.

5.8 Comparing with component DFT and N = 1 supergravity

Our results for the field equations and supersymmetry transformations look rather different
from those found by Jeon, Lee, and Park [13], and it is a crucial check that they actually
agree. For the field equations, this is straightforward to verify after making numerous
convention swaps. Most of these are obvious, but a few we will highlight. For the fermions,
the charge conjugation tensor in [13] is imaginary, leading to

ψp̄ → Ψa
α , ψ̄p̄ → iΨa

α . (5.81)
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There is also an additional sign in the definition of the dilatino, so (remembering the charge
conjugation has an opposite sign for the opposite chirality)

ρ→ −χα , ρ̄→ iχα . (5.82)

The SO(9, 1)R metric has the opposite sign, ηp̄q̄ → −ηab, and the spin connection uniformly
differs by a sign when the indices are lowered

ΦApq → −ωm̂ ab , ΦA p̄q̄ → −ωm̂ ab . (5.83)

We also must fix κ = 1. With these modifications, the fermionic field equations (5.63)
and (5.6) coincide exactly with those given in [13], while the bosonic field equations (5.79)
and (5.80) hold modulo the former. This is an intricate comparison involving numerous
Fierz identities, and we were saved countless hours of computation by using Cadabra [34, 35].
Similarly, the supersymmetry transformations discussed in section 5.4 match, provided we
choose the compensating Lorentz parameters in (5.35) so that Jab = Jab = 0.

We may also compare with 10D N = 1 supergravity in the string frame, see e.g. [36].
To keep things simple, we’ll just focus on the supersymmetry transformations. Taking the
explicit parametrization (2.12) for the double vielbein, we find that

ea
mδemb = 1

10 κ (εγabχ)− 1
2(λab − λab)− κ (εγ(aΨb)) . (5.84)

To identify the conventional supersymmetry transformation requires that we choose

λab = 1
5κ (εγabχ)− 2κ (εγ[aΨb]) , λab = 0 . (5.85)

Moreover, one must keep in mind the factor of 1/
√

2 in the covariant derivative, which
requires that we rescale the component gravitino, ψm

α =
√

2em
a Ψa

α to have a canonical
supersymmetry transformation. All told, this leads to

δem
a = − 1√

2
κ (εγaψm) . (5.86)

Matching conventions requires κ = −1/
√

2, which we fix for the remainder of this discussion.
The supergravity dilaton ϕ is related to φ = e−2d by φ = e e−2ϕ. This allows us to identify
the supergravity dilatino via

δϕ = − 1√
2
ελ , λα = 1

2χα −
1

2
√

2
(γaψa)α . (5.87)

We normalize the dilatino λ the same way as [36], but we keep the standard ϕ, which differs
from the dilaton used in [36].

Now let’s analyze the fermion variations. The gravitino transformation involves the
connection ωabc. This is found from the torsion component

Tcab = 1
2
√

2
Habc −

1
2
√

2
(Ccba + Cabc + Cacb) + ωcab (5.88)
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Solving for ω and translating to ω̂ gives

ωcab = 1√
2
ω̂cab −

1
2
√

2
Habc + Tcab + 1

4
√

2

(
ψcγaψb − ψcγbψa + ψaγcψb

)
(5.89)

where we have used the standard supercovariant torsion tensor from supergravity,

ω̂cba = −1
2(Ccba + Cabc + Cacb) + 1

4(ψcγaψb)− 1
4(ψcγbψa) + 1

4(ψaγcψb) . (5.90)

The field strength H should be supercovariantized to Ĥabc = Habc + 3
2(ψ[aγbψc]) which gives

ωcab = Tcab + 1√
2

(
ω̂cab −

1
2Ĥcab + ψcγ[aψb]

)
= Tcab + 1√

2

(
ω̂−cab + (ψcγ[aψb])

)
(5.91)

where we have defined ω̂− by the above. The component gravitino transformation then be-
comes

δψm
α = ∂mε

α − 1
4 ω̂
−
m ab(γabε)α + 1√

2

(
εα (ψmλ)− ψm

α (ελ) + (γaλ)α (ψmγaε)
)
. (5.92)

This matches [36].
To identify the dilatino transformation, we need

Tabc = 1
2
√

2
(Habc+3C[abc])+3ω[abc] =⇒ ω[abc] = 1

3T[abc]+
1√
2

(
ω̂−[abc]+

1
3Ĥabc+ 1

2(ψ[aγbψc])
)
,

Ta = 1√
2
(Da logφ+Cab

b)+ωbba =⇒ ωbba =Ta+ 1√
2

(
ω̂b

ba−Da logφ− 1
2(ψaγ

bψb)
)
.

(5.93)

Putting this together, one finds

δλα = −
√

2
4 (γmε)α

(
∂mϕ− 1

4(ψmλ)
)
−
√

2
48 (γabcε)α

(
Ĥabc − 1

4(λγabcλ)
)

(5.94)

This also matches [36], keeping in mind that (λ̄γabcλ) = −(λγabcλ) using our convention for
the charge conjugation matrix.

6 Open questions

Our initial goal in this work was to reproduce the component results of N = 1 DFT using
a manifestly supersymmetric starting point. While we have achieved that, at the same time
we have stumbled upon an intriguing expansion of the tangent space group. This enlarged
tangent space seems necessary in order to explicitly gauge away unphysical components of
the supervielbein and suggests the introduction of an ever higher set of connections. These in
turn require curvature constraints in order to render them composite, with the consequence
that only physical components of curvature tensors appear. As we have emphasized in
section 2, this is not dependent upon supersymmetry per se, but can be imposed even in
the bosonic theory, where it is required if we demand that the undetermined part of the
spin connection be gauged.
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Several issues remain to be addressed, and we pose these here as questions:
• Is the enlarged tangent space description correct?

We have proposed a simple Lie superalgebra as the basis for the tangent space
group ĤL × ̂SO(9, 1)R. Here ĤL is understood as the dual of the super-Maxwell∞
algebra, and ̂SO(9, 1)R is the dual of the on-shell Maxwell∞ algebra. For the lowest
lying levels, this can explicitly be verified, providing the connections necessary for
building torsions and curvatures along with the required gauge transformations.
What remains to be confirmed is that the higher connections HAb and the Poláček-
Siegel fields P ab are completely determined (modulo gauge symmetries) by imposing
constraints on the curvatures. We have checked this explicitly through dimension
two, which is sufficient to understand the two derivative equations of motion and
supersymmetry transformations. Possibly the proposal we make requires modifications
beyond dimension two, or perhaps it is indeed complete to all orders. This will require
further investigation.

• Does the N = 2 formulation work in a similar way?
An extension to N = 2 double field theory should be possible, in particular to
reproduce the component results of N = 2 supersymmetric DFT [15]. Superspaces
relevant for these cases have been considered by Cederwall [20] and by Hatsuda,
Kamimura, and Siegel [18, 19]. Cederwall’s proposal is the more conventional of the
two, relying upon an OSp(D,D|2s) vielbein and a separate Ω connection valued just
in Spin(D − 1, 1)L × Spin(D − 1, 1)R. The formulation of Hatsuda et al. employed
an enlarged Poláček-Siegel megavielbein directly, but similarly restricted the local
tangent space. (In both approaches, there is an elegant interpretation of the RR field
strengths lying in the supervielbein.) Both differ from the N = 1 approach we have
advocated (and its natural N = 2 extension), which requires an enhanced tangent
space beyond Spin(D− 1, 1)L× Spin(D− 1, 1)R to explicitly eliminate the unphysical
components of the supervielbein.
Presumably the relationship between our approach (which builds on Siegel’s 1993
formulation [2]) and these ones involves a process of “degauging” where one fixes the
additional gauge symmetries and reinterprets the gauge-fixed higher connections as
curvatures involving undetermined components of the spin connection. This would be
very similar to the relationship between conformal gravity (where additional dilation
and special conformal connections are introduced) and conventional Poincaré gravity.16

In the latter case, when describing conformal gravity, one must require by hand that
the local Weyl transformation δem

a = −σ em
a be a symmetry of the action. Only the

traceless projection of the Riemann tensor — the Weyl tensor — is physical in this
scheme, and other pieces are unphysical.

• Can the N = 2 formulation tell us about super-E11?
A major motivation to study the N = 2 formulation is to learn something about
super-E11, whose component formulation has recently been explored [26]. One might

16See e.g. [37] for a pedagogical discussion of conformal (super)gravity, and [38] for its superspace analogue.
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expect that in super-DFT, the RR forms should appear only via their field strengths,
but in extending the formalism to include their p-form potentials, the link to super-
E11 would be uncovered. Some work along these lines has already been explored
by Cederwall, who proposed to identify RR potentials and field strengths using the
language of OSp spinors [20]. It would be interesting to explore this further.

• Can higher derivative or off-shell formulations be encoded in super-DFT?

The formulation of superspace DFT we have discussed is on-shell, much like the
conventional 10DN = 1 superspace it reduces to when the section condition is imposed.
Naturally, this is because it is describing at the component level the supersymmetric
DFT of [12, 13], which is a two-derivative theory whose supersymmetry transformations
close only up to the equations of motion. Two natural questions suggest themselves.
First, can we extend superspace DFT to encode higher derivative α′ corrections? This
certainly seems plausible, and relatively recently, the first-order corrections to N = 1
supersymmetric DFT were constructed at the component level [39]. It would be quite
interesting to understand how this construction can be geometrized in superspace,
and if that can aid in its extension to higher orders. An even more ambitious proposal
would be to try to understand whether any connection can be drawn to the off-shell
pure spinor superspace [28–30], which might allow the direct construction of higher
order invariants.
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A Notations and conventions

A.1 Spin(9, 1) conventions

Our conventions for Spin(9, 1) are as follows. The metric ηab is mostly positive signature,
with γ-matrices

{γa, γb} = 2 ηab , γa1···an := γ[a1 · · · γan] . (A.1)

(Anti)-symmetrization always involves factors of 1/n!. We use a Weyl basis for the γ-matrices
so that

γa =
(

0 (γa)αβ
(γa)αβ 0

)
, γ11 =

(
1 0
0 −1

)
, C =

(
0 1
−1 0

)
(A.2)

The chiral (Pauli) γ-matrices (γa)αβ obey the 10D identities

(γa)(αβ(γa)γ)δ = 0 , (γabc)[αβ(γab)γ]
δ = 0 . (A.3)
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The gravitino and dilatino decompose as

ψ =
(
ψα

0

)
, χ =

(
0
χα

)
. (A.4)

We use explicit Weyl-component notation throughout and suppress indices in obvious ways
so that, for example,

(ψχ) = ψαχα = −(χψ) , (ψγabcψ) = ψα(γabc)αβψβ , (χγabcχ) = χα(γabc)αβχβ , (A.5)

This last point is important because in Dirac notation with Majorana fermions, we would
take Ψ̄ = ΨTC, so χ̄ = (−χα, 0) involves a minus sign while ψ̄ = (0, ψα) does not.

A.2 OSp(p, q|2s) conventions

The supergroup OSp(p, q|2s) is the group of linear transformations that preserve the
canonical invariant ηAB, graded with p+ q bosonic and 2s fermionic indices,

ηAB =
(
ηâb̂ 0
0 εα̂β̂

)
(A.6)

where ηâb̂ is the SO(p, q) metric and εα̂β̂ is the canonical symplectic element
(

0 1
−1 0

)
. We

will be interested in the two cases OSp(10, 10|32) and OSp(9, 1|32) where α̂ is a 32-component
Dirac index. The generators MAB of this algebra obey

[MAB,MCD] = (−)a(b+c)ηBCMAD − (−)bcηACMBD − (−)bcMACηBD + (−)d(b+c)ηADMBC

(A.7)

On the fundamental vector representation V A,

δλV
A ≡ 1

2λ
BCMCBV

A = λABVB =⇒ MCBV
A = 2V[CδB]

A (A.8)

where we use a NW-SE convention for contracting super-indices, so that VA = V BηBA.

B Poláček-Siegel formulation of DFT with connections

In this appendix, we review the Poláček-Siegel approach to connections in DFT [31]. We
will take a somewhat more streamlined approach, eliminating the discussion of background
derivatives DM , while simultaneously extending the allowed gauging beyond the Lorentz
group to a generic gauge group. We restrict purely to the field theoretic description of
their results and avoid discussing the motivations from the form of current algebras on the
string worldsheet.

To simplify notation somewhat, we will denote the doubled coordinates of DFT by xm,
without any further adornment, and the corresponding tangent space indices by a, b, · · · .
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Now let the coordinates be enhanced to zM = (ym, xm, ỹm) subject to a section condition
∂M ⊗ ∂M = 0 where ηMN is given by

ηMN =

 0 0 δmn
0 ηmn 0
δm

n 0 0

 . (B.1)

We will assume the section condition for the additional coordinates is already solved by
∂m = 0, so that no fields depend on ỹm. The dependence on ym will be chosen in a
particular way to parametrize how fields transform under double Lorentz transformations
as well as any other local gauge symmetries present. We refer to this local gauge group
that extends the double Lorentz group as Ĥ. We assume that all coordinates are bosonic to
avoid introducing gradings, but it is trivial to extend to supercoordinates.

Let themegavielbein on this space be denoted VMA. It transforms under diffeomorphisms
in the usual manner as

δVMA = ξN∂NVMA + (∂MξN − ∂NξM )VMA . (B.2)

There are no tangent space transformations, as these will be encoded in ξ itself. Rewriting
the above transformation in terms of ξA = ξMVMA leads to the covariant form of generalized
diffeomorphisms,

δVMA = VMB(∇BξA −∇AξB + ξCTCBA) (B.3)

where ∇A := VAM∂M . The totally antisymmetric torsion tensor TCBA is given by

TCBA = −3∇[CVBMVMA] . (B.4)

These obey Bianchi identities

4∇[ATBCD] + 3T[AB
FTCD]F = 0 . (B.5)

Of course, the torsion tensor also appears in the algebra of covariant derivatives

[∇A,∇B] = −TABC∇C , (B.6)

where we have made use of the section condition. The standard form of the Bianchi identity
follows from the above, (

∇[ATBC]
D + T[AB

FTF |C]
D
)
∇D = 0 , (B.7)

and coincides with (B.5) upon using the section condition.
Now let us decompose our derivatives as ∇A = (∇a,∇a,∇a). The derivative ∇a will

be identified soon with the generator of local Ĥ transformations, and ∇a will coincide with
the usual covariant derivative. The additional derivative ∇a will turn out to be a composite
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operator, which we will explore in due course. We will be interested in the following algebra,
where some of the torsion tensors TCBA have been set to constants fCBA:17

[∇a,∇b] = −Tabc∇c − Tabc∇c − fabc∇c , (B.8a)
[∇a,∇b] = −fabc∇c − fabc∇c , (B.8b)
[∇a,∇b] = −fabc∇c , (B.8c)

[∇a,∇b] = −Tcab∇c − T abc∇c − fcab∇c , (B.8d)
[∇a,∇b] = −Tbca∇c − fbca∇c + Tbac∇c , (B.8e)
[∇a,∇b] = −fbca∇c − fbca∇c + fb

ac∇c . (B.8f)

In addition to setting some of the torsion components to constants, we have also chosen
to fix Tcba and Tcba to zero. The reason for this choice is that we want ∇a to furnish a
closed subalgebra: this is the Ĥ algebra that will be gauged. The torsion tensors that have
been set to constants will turn out to correspond to choices of how various components of
the megavielbein transform under local Ĥ transformations. The remaining non-constant
tensors Tabc and Tabc will correspond to the standard torsion tensor and Ĥ-curvature, while
Tcab and T abc will be new tensors, whose role will be explained in due course.

We are not going to explicitly solve the above constraints, but give a megavielbein that
does the job. Following Poláček and Siegel, let us first presume the megavielbein can be
gauged to a triangular form,

VMA =

x 0 0
x x 0
x x x

 , VAM =

x 0 0
x x 0
x x x

 , (B.9)

where the x’s denote non-vanishing entries. We emphasize that the entries are ordered so that
∇A = (∇a,∇a,∇a). Defining the antisymmetric current JBA via δVMA = VMBJBCηCA, a
consistency condition for the above gauge is that Jba = Jba = 0. This immediately implies
that covariant diffeomorphisms (B.3) must be constrained as

0 = Jba = ∇bξa −∇aξb + ξcf
c
ba ,

0 = Jba = ∇bξa −∇aξb + ξcf
c
ba + ξcfbac . (B.10)

These conditions are easily solved by taking

ξa = 0 , ∇bξa = −fbacξc . (B.11)

The first condition has the interpretation that once we have imposed the gauge (B.9), the
dual Ĥ transformations associated with ∇a no longer play any role. This is good: we
are looking for a minimal way to incorporate the gauging of a group Ĥ, and having to
accommodate another dual group would be excessive. In the triangular gauge, imposing

17In their original paper [31], Poláček and Siegel employed just the doubled Lorentz group, and so a
number of the f ’s we have here actually vanish, in particular fabc.

– 59 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
2

ξa = 0 is equivalent to imposing ξm = 0. The second condition in (B.11) tells us how ξa
transforms under the Ĥ group, which will amount to a condition on its y-dependence.

Let’s check that the above conditions are consistent. The closure of two diffeomorphisms
leads to

ξ12
A := (Lξ1ξ2)A = ξ1

B∇Bξ2
A − ξ2

B∇Bξ1
A + ξ2

B∇Aξ1B + ξ1
Bξ2

CTCBA . (B.12)

We must take ξ12a to vanish. As required, this holds given the conditions we have al-
ready imposed:

ξ12a = ξ2
b∇aξ1b + ξ1

bξ2
cTcba = −ξ2

bfab
cξ1c + ξ1

bξ2
cfacb = 0 . (B.13)

We also should check that the second condition (B.11) satisfies integrability:

[∇a,∇b]ξc = −∇aξdfdbc +∇bξdfdac = ξefea
dfdb

c − ξefebdfdac = −fabd∇dξc , (B.14)

with the last equality following from the Jacobi identity.
Now let us assign names to the non-vanishing entries of the megavielbein (B.9). Using

orthogonality, these can be parametrized as

VMB =

Km
a 0 0

0 Vma 0
0 0 Ka

m

×
 δa

b 0 0
ha

b δa
b 0

−pab − 1
2h

cahc
b −hba δab

 ,

VBM =

 δb
a 0 0

−hba δb
a 0

pba − 1
2h

cbhc
a hab δba

×
Ka

m 0 0
0 Vam 0
0 0 Km

a

 , (B.15)

where we give both the megavielbein and its inverse for convenience. The element Vma
will be the usual doubled vielbein and ha

b will be the Ĥ-connection. The field pab is an
antisymmetric tensor, which we call the Poláček-Siegel (PS) field; it transforms non-linearly
under the Ĥ gauge group and will allow us to build Ĥ-curvatures.

The element Km
a (with inverse Ka

m) will turn out to not play a physical role and will
drop out of all relevant formulae. In [31], this field (along with a piece of Vma) dresses
∂M to become their background DM derivatives. Here we have found it simpler to exhibit
it explicitly and just ensure that it drops out. We should emphasize that it is perfectly
possible to impose the gauge where Km

a is set to some fixed coordinate-dependent value.
This would involve imposing ∇bξa = −ξcfcba. However, this is not strictly necessary, so we
will avoid doing that here.

In the triangular gauge, the various derivatives decompose as follows:

∇a = Ka
m∂m , (B.16a)

∇a = Vam∂m − hab∇b , (B.16b)
∇a = (pab − 1

2h
mahm

b)∇b + hbaVbm∂m +Km
a∂m . (B.16c)

In the expression for ∇a, the last term can be dropped because we will always assume that
no field depends on ỹm. Each of these operators will turn out to be covariant. This is more
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or less obvious for the first two, assuming that they will behave as the Ĥ generator and the
Ĥ-covariant derivative, respectively. This is less obvious for the third operator, but this
will turn out to also be true by virtue of the section condition.

Now let us show how the megavielbein (B.15) solves the torsion constraints. It is
easy to see that the conditions Tcba = Tcba = 0 hold automatically in the triangular gauge.
The torsions that are fixed to constants turn out to constrain the ym dependence of the
various fields:

Tcba = fcb
a =⇒ 2∇[cKb]

mKm
a = −fcba , (B.17a)

Tcba = fcba =⇒ ∇cVbm = −fcbaVam , (B.17b)
Tcba = fcb

a =⇒ ∇bhma = −hmcfcba − Vmcfcba +Kb
n∂mKn

a , (B.17c)
Tcba = fc

ba =⇒ ∇cpba = −fcba − hd[bfdc
a] + 2pd[bfdc

a] − hm[bKc
n∂mKn

a] . (B.17d)

The remaining torsion tensors are field-dependent and lead to curvatures. The standard
Ĥ-covariant torsion tensor of DFT is

Tcba = −3∇[cVbmVma] , ∇cVbm := Vcn∂nVbm + hc
cfcb

aVam , (B.18)

where we have used (B.17b) in the definition of ∇cVbm. The Ĥ-curvature is Tcba, which is
given by

Tcba = Dchb
a −Dbhc

a + Fcbdhda − hbbhccfcba + hc
cfbc

a − hbcfcca

+
(
pad − 1

2h
dahd

d
)
fdcb , (B.19)

where Da := Vam∂m and Fabc = −3D[aVbmVmc] is the generalized flux of the DFT vielbein.
Here we see that the PS field pab permits the construction of Tcba explicitly. An important
consistency condition is that there remains a combination

Tabcfccd + Tcdcfcab (B.20)

where the PS field drops out. For the case where Ĥ is just the doubled Lorentz group, this
is the symmetrized Riemann tensor that one can construct. That the PS field permits the
direct construction of Tabc was the key observation of [31].

Finally, we give the remaining invariant tensors. The tensor Tcba is the covariantized
gradient of the PS field,

Tcba =
[
−Dcp

ba − 2hccpbdfdca + 2 pbdfcda

+ hdbDchd
a − 2hdbDdhc

a + Fcbahbbhaa

− hccfcba − hd bhdd
(
fcd

a + hc
cfcd

a
)]

[ba]
(B.21)

where ba are antisymmetrized. Similarly, T cba is the antisymmetric ∇c derivative of pba.
Expanding out all terms we find

T cba = 3×
[
−hccDcp

ba+pcdfdba+pcdpbefeda−hdchdd
(1

2fd
ba+pbefeda+ 1

4h
ebhe

efde
a
)]

[cba]
.

(B.22)
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This condition actually follows from the simpler result that T pnm = 0 from the section con-
dition.

We have not yet specified how the various components of the megavielbein transform.
For that, we return to the conventional form of doubled diffeomorphisms (B.2) on the
megavielbein. First, we check that the zero elements remain zero,

0 = δVma = (∂mξn − ∂nξm)Vna + (∂mξn − ∂nξm)Vna ,
0 = δVma = (∂mξn − ∂nξm)Vna . (B.23)

These are consistent if we choose ξm = 0 and ∂mξn = 0, which follow from (B.11) and (B.17b).
The DFT vielbein transforms, using (B.17b), as

δVma = LξVma + VmbΛcfcba , Λa := ξmKm
a . (B.24)

The Ĥ connection transforms, using (B.17c), as

δhm
a = Lξhma + ∂mΛa + hm

bΛcfcba + VmbΛcfcba . (B.25)

Finally, the PS field transforms as

δpab = ξm∂mp
ab − Λcfcab − 2 Λcpd[afcd

b] − hm[a∂mΛb] − Λchc[afccb] . (B.26)

In writing the transformations this way, we have eliminated all of the y derivatives, so
the y-dependence can be thought of as merely a trick to arrive at these transformation rules.
One could in principle eliminate the y dependence explicitly by introducing y-dependent
twist matrices for the various connections in order to solve the conditions (B.17) directly.
However, it is simpler instead merely to verify that the algebra of Ĥ transformations closes
on all of the fields above.

There are a few more issues we have not yet explicitly addressed. First, we mention
how the torsions and curvatures each transform. From the extended Bianchi identity, one
can show that

δΛTbcd := Λa∇aTbcd = −3Λa
(
fa[b|

eTe|cd] + fa[b|
efe|cd]

)
. (B.27)

This follows as well from the explicit definition of the torsion tensor. If we assume that there
is a background constant value for the torsion, T̊abc = fabc, for which (B.8) corresponds to
a closed Lie algebra, then the above transformation can be written

δΛTbcd = −3Λafa[b|
e
(
Te|cd] − T̊e|cd]

)
≡ −3Λafa[b|

e∆Te|cd] (B.28)

with ∆T denoting the deviation from the background.
The Bianchi identity for the torsion tensor becomes

0 = 4∇[aTbcd] + 3 T[ab
eTcd]e + 6R[ab

efecd] (B.29)

where we have written the Ĥ-curvature as Rabc := Tabc to improve readability. Observe that
the PS field pab drops out of the combination of curvatures appearing above. In addition,

– 62 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
2

due to the projection with facd, only some of the Ĥ-curvatures play a role in the Bianchi
identity. Naturally these are those with nonzero facd as only these Ĥ connections appear in
the torsion tensor.

The Ĥ-curvature itself transforms as

δΛRbcd = −Λa
(
2Ta[b

ETc]dE + TbcETadE
)

= −Λa
(
fab

e∆Recd + fac
e∆Rbed + ∆Rbcefead + ∆Tbcefead

)
, (B.30)

where ∆R denotes the deviation of R from its background value. (We allow for this
possibility, but will only be concerned with cases where the background R̊ vanishes.) Its
Bianchi identity is a bit more complicated:

3∇aRbcd −∇dTabc + 3TabeRecd + 3Rabefecd + 3Rcdefeab
∣∣∣
[abc]

= 0 . (B.31)

This is quite an awkward identity as ∇a involves a naked connection.
The additional gauge transformations are

δΛRbcd = Λa
(
− fabe∆Recd + 2∆Rbedfeac + 2face∆Rebd

)∣∣∣
[cd]

, (B.32)

δΛRbcd = −3Λa
(
fea

bRecd + fa
befe

cd +Rcdefeab
)∣∣∣

[bcd]
, (B.33)

and the remaining Bianchi identities are

0 = 2∇aRbcd + 2∇cRabd + Tab
eRecd +Rabefecd +Rcdefeab

− 2ReacRebd − 2Racefebd − 2Rbdefeac
∣∣∣
[cd]

, (B.34)

0 = ∇aRbcd − 3∇bRacd + 3ReabRecd + 3Rabefecd + 3feabRecd
∣∣∣
[bcd]

. (B.35)

There is actually one more feature of DFT that we have not discussed: the dilaton. In
the enlarged Poláček-Siegel theory, the dilaton is a scalar Φ̂ that transforms as

δΦ̂ = ∂M (ξM Φ̂) = ∂m(ξmΦ̂) + ∂m(ξmΦ̂) . (B.36)

Its curvature T̂A and Bianchi identity are given by

T̂A = ∇A log Φ̂ + ∂MVAM , 2∇[AT̂B] = −TABC T̂C −∇CTCAB . (B.37)

The actual dilaton we want differs from this dilaton as

log Φ = log Φ̂− log detKm
a . (B.38)

It follows that

T̂a = Ta + fab
b , (B.39a)

T̂a = ∇a log Φ + fab
b , (B.39b)

T̂ a = Dbhb
a + F bhba + hdbfdb

a + pbcfcb
a + fb

ba +
(
pab − 1

2h
dahd

b
)
∇b log Φ (B.39c)
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where we have defined

Fa := Da log Φ + ∂mVam , Ta := ∇a log Φ +∇mVam . (B.40)

Evidently, T̂a is merely a constant shift from Ta. Assuming the dilaton transforms homoge-
neously, so that ∇a log Φ is a constant (or zero), we find that T̂a is also a constant. Finally,
the last curvature T̂ a is partly related to the tensor we previously called R̂âb̂ in (2.29) for
the case where the Ĥ group involved just the doubled Lorentz group.

The Bianchi identity now decomposes to

2∇[aTb] = −TabcTc −∇cTcab −Rabc∇c log Φ−Radcfcdb +Rbdcfcda − T̂ cfcab . (B.41)

It also follows that Ta transforms under Ĥ transformations as

δΛTb = −Λa
(
fab

cTc + fab
cTc
)
. (B.42)

C Construction of the extended super-Maxwell∞ algebra

In this appendix, we detail the construction of a superalgebra which appears to coincide
with the ĤL tangent space algebra required for N = 1 DFT, introduced in section 4.3.
As mentioned in the main body, it arises as the dual of what we call the super-Maxwell∞
algebra. We first discuss what precisely we mean by the super-Maxwell∞ algebra, and then
review a construction, based on the notion of a local Lie superalgebra [40], that leads to
both the full superalgebra involving both it and its dual, that we need to construct the
connections and curvatures of N = 1 DFT.

C.1 The super-Maxwell∞ algebra

Here we detail the construction of the free differential algebra, up through dimension 4,
that extends the 10D N = 1 super-Poincaré algebra

{Qα, Qβ} = (γa)αβPa . (C.1)

Qα and Pa are assigned their usual engineering dimensions of +1
2 and +1. Relative to the

main body of the text, we have eliminated the constant −κ to simplify formulae, but will
restore it later.

Let us now construct the free Lie algebra that extends the super-Poincaré algebra.
Following [32, 33], we denote this the super-Maxwell∞ algebra. Denote the generators
encountered in this algebra by Y with various subscripts and superscripts. We use a short-
hand notation where, for example, YA,B denotes [PA, PB ] and YA,B,C denotes [PA, [PB, PC ]]
where PA = (Qα, P a). In this way, (C.1) could be denoted Yα,β = (γa)αβYa.

Let’s begin by analyzing the generator at dimension 3
2 . The Bianchi identity for three

Q’s is

Y(α,β,γ) = (γb)(βγYα),b = 0 . (C.2)

– 64 –



J
H
E
P
0
1
(
2
0
2
2
)
1
5
2

This is solved by taking

[Qα, Pb] ≡ Yα,b = (γb)αβ Q̃β (C.3)

for some fermionic operator Q̃α at dimension 3
2 . In keeping with our DFT motivation, we

will consider Q̃ together with Q and P as our super PA operators.
Here we pause and make an important observation. In analyzing the algebra, it is

extremely helpful to remember that the algebra (C.1) is obeyed by the covariant superspace
derivatives that describe the super-Yang-Mills algebra in superspace. In that case, the
operator Q̃α encountered above is just λα, the gaugino superfield. We will find that other
generators we encounter at higher dimension admit a similar simple interpretation.

At dimension 2, a new generator can be introduced as

Yab := Ya,b ≡ [Pa, Pb] . (C.4)

In the super-Yang-Mills case, this is just the non-abelian field strength F ab. The Jacobi
identity at this dimension reads

0 = {Qα, [Qβ , Pb]}+ {Qβ , [Qα, Pb]}+ [Pb, {Qα, Qβ}]
= Yα,β,b + Yβ,α,b + Yb,α,β

= (γb)βγYα,γ + (γb)αγYβ,γ + (γc)αβYbc (C.5)

This is solved by taking

Yα,
β = 1

4(γab)αβYab . (C.6)

In the case of the super-Yang-Mills algebra, this is the condition that the spinor derivative
of the gaugino superfield is the field strength, i.e. Dαλβ ∝ (γab)αβ F ab.

At dimension 5
2 , a new generator may be denoted

Yb
α := Yb,

α ≡ [Pb, Q̃α] . (C.7)

This will turn out to be the only generator at this dimension. The commutator of Qα with
Ybc just reproduces this generator:

[Qα, Ybc] ≡ Yα,bc = (γb)αγY γ
c + (γc)αγYbγ = −2(γ[b)αγYc]γ . (C.8)

Actually, this generator turns out to carry a constraint: its spin-1/2 part, corresponding to
the γ trace, vanishes. This follows from the Jacobi identity:

0 = [Qα, {Qβ , Qγ}] + [Qβ , {Qα, Qγ}] + [Qγ , {Qα, Qβ}]
= 2Y(α,β),

γ + Y γ
,α,β = 1

2(γab)(α
γYβ),ab − (γc)αβYcγ

= −1
2(γa)αβ Ybδ (γbγa)δγ + δα

γYb
δ (γb)βδ . (C.9)

This vanishes only if Ybβ is γ-traceless. In the super-Yang-Mills algebra, this condition can
be interpreted as the gaugino field equation.
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At dimension 3, we encounter

Ya,bc ≡ [Pa, Ybc] = [Pa, [Pb, Pc]] . (C.10)

The antisymmetric part of this vanishes, as a consequence of the Jacobi identity. In the
super-Yang-Mills algebra, this is DaF bc, and the vanishing of its totally antisymmetric part
is the Bianchi identity. Other possible generators we encounter are

Yα,b
β ≡ {Qα, Ybβ} , Y αβ := {Qα, Qβ} . (C.11)

From the Jacobi identity involving Q, P , and Q̃, it is easy to show that the first of these is
given in terms of the other two:

Yα,b
β = (γb)αγY γβ + 1

4(γcd)αβYb,cd (C.12)

Actually, because the left-hand side is γ-traceless in its last two indices, a constraint must
be satisfied:

Y b
,ba = −(γa)αβY αβ . (C.13)

In the super Yang-Mills algebra, this is the equation of motion for the gauge connection,
setting the divergence of the field strength tensor equal to the gaugino bilinear {λα,λβ}.
The Jacobi identity involving two Q’s and Yab tells us no new information. For later use, it
will be helpful to decompose Ya,bc into its irreducible (traceless) hook representation Ya|bc
and the trace:

Ya,bc = Ya|bc + 1
9ηabY

d
,dc − 1

9ηacY
d
,db

= Ya|bc − 2
9ηa[b(γc])αβY αβ . (C.14)

At this level, Ya|bc and Y αβ may be considered the independent operators.
At dimension 7

2 , we identify

Ya,b
β ≡ [Pa, Ybβ ] . (C.15)

By construction it is γ-traceless on bβ. This turns out to be the only operator present at
this dimension as other commutators just lead ultimately to this one:

Y α
,ab ≡ [Q̃α, Yab] = −2Y[a,b]

α , (C.16a)
Yα,

βγ ≡ [Qα, Y βγ ] = (γab)α(βYa,b
γ) , (C.16b)

Yα,b,cd ≡ [Qα, Yb,cd] = −2(γb)αγY[c,d]
γ − (γc)αγYb,dγ + (γd)αγYb,cγ . (C.16c)

As a check, one can verify that the last two equations are consistent with (C.13), with no
assumption on Ya,b

β aside from it being γ-traceless in its last two indices. In the super
Yang-Mills case, this object is two covariant derivatives of the gaugino superfield DaDbλβ .
One might expect that instead we should deal with the traceless and γ-traceless projection
of D(aDb)λβ and separately the operator [F ab,λ

β]. However, these two representations
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precisely match the former, i.e. 10000× 10010 = 20010 + 01000× 00010, so we will remain
with the former.

At dimension 4, we identify the following two operators:

Y α
,b
β ≡ [Q̃α, Ybβ ] , Ya,b,cd ≡ [Pa, Yb,cd] . (C.17)

In the super Yang-Mills algebra, these are {λα,Dbλβ} and DaDbF cd, respectively. Other
potential operators are related to these. For example,

Ya,
βγ ≡ [Pa, Y βγ ] = Y β

,a
γ + Y γ

,a
β , (C.18a)

Yab,cd ≡ [Yab, Ycd] = Ya,b,cd − Yb,a,cd . (C.18b)

The operator generated by Qα on Ya,bβ is a bit more involved:

{Qα, Ya,bβ} = (γa)αγY γ
,b
β + (γb)αγY γ

,a
β + (γb)αγY β

,a
γ + 1

4(γcd)αβYa,b,cd . (C.19)

Checking the γ-traceless condition implies that

Ya,
b
,bc = −2(γc)αβY α

,a
β . (C.20)

This condition is actually just a direct consequence of (C.14), and amounts to

Ya,b,cd = Ya,b|cd − 2
9ηbc(γd)αβY

α
,a
β + 2

9ηbd(γc)αβY
α
,a
β . (C.21)

Analyzing the remaining Jacobi identities at this dimension leads to only one additional
constraint. This is best formulated in terms of the reducible operator Ya,b,cd, where it reads

Y[a,b],cd + Y[c,d],ab = 0 . (C.22)

In terms of (reducible) Young tableaux, this eliminates the representation, leaving the
and representations. This identity is obvious for the super Yang-Mills case: Y[a,b],cd

is analogous to D[aDb]F cd ∝ [F ab,F cd]. We solve this constraint by writing

Y[a,b],cd = 1
2Yab,cd . (C.23)

There is no constraint on Yab,cd aside from pairwise antisymmetry, Yab,cd = −Ycd,ab. Again,
this is obvious from considering the super Yang-Mills case, where it is the commutator of
two field strengths.

We would like to identify whatever residual piece of Ya,b|cd is independent of either
Yab,cd or Y α

,b
β . The SO(9, 1) reps found in Ya,b|cd, Yab,cd and Y α

,b
β are

Ya,b|cd : 01000 + 10100 + 20000 + 02000 + 21000 ,

Yab,cd : 01000 + 10100 ,

Y α
,b
β : 01000 + 10100 + 20000 + 00011 + 10020 . (C.24)

The underlined representations for Y α
,b
β correspond to those that occur in (C.21), so

these are the ones that in principle could be related to the corresponding reps in Ya,b|cd by
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the constraint (C.22). Meanwhile, this constraint itself decomposes as 00000 + 00011 +
02000 + 20000. The upshot of this is that of the reps in Ya,b|cd, only the 21000 is an
independent generator. This corresponds to a traceless tensor Ya|b|cd, which is symmetric in
ab, antisymmetric in cd, and obeying Ya| [b|cd] = 0. The antisymmetric tensor 01000 and
the irreducible hook 10100 correspond to Yab,cd; the 20000 is identified with that piece of
Y α

,b
β ; and the 02000 is constrained to vanish. The resulting decomposition can be written

Ya,b,cd =
[
Ya|b|cd + 1

2Yab,cd + 1
2Yac,bd

+ ηac
(

1
8Yb

e
,de − 1

30(γb)αβY α
,d
β − 11

30(γd)αβY α
,b
β
)

+ ηbc
(

1
8Ya

e
,de − 1

30(γa)αβY α
,d
β − 11

30(γd)αβY α
,a
β
)

+ ηab
(

1
8Yc

e
,de + 1

3(γc)αβY α
,d
β
)]

[cd]

(C.25)

Of course, what we really need is the commutator of Pa with the independent generator
Yb|cd, which we denote

[Pa, Yb|cd] = Ya,b|cd =
[
Ya|b|cd + 1

2Yab,cd + 1
2Yac,bd

+ ηac
(

1
8Yb

e
,de − 1

30(γb)αβY α
,d
β − 11

30(γd)αβY α
,b
β
)

+ ηbc
(

1
8Ya

e
,de − 1

30(γa)αβY α
,d
β + 7

90(γd)αβY α
,a
β
)

+ ηab
(

1
8Yc

e
,de + 1

3(γc)αβY α
,d
β
)]

[cd]

(C.26)

This can also be written compactly as

Ya,b|cd = Ya|b|cd+
[

3
4Yab,cd+ 3

8ηacYb
e
,de+ 3

10ηac(γb)αβY
α
,d
β− 7

10ηac(γd)αβY
α
,b
β
]
b|cd

(C.27)

where the projection onto the irreducible hook is implied by the brackets.
This was rather involved, so let’s pause to emphasize that at dimension 4, there are

three independent generators:

Y α
,b
β , Yab,cd , Ya|b|cd . (C.28)

The first is γ-traceless in its last two indices. The second is pairwise antisymmetric. Both of
these are reducible. The third is irreducible, corresponding to the 21000 representation. In
the super-Yang-Mills case, the 21000 corresponds to the irreducible representation involving
two symmetrized covariant derivatives of the field strength, where the divergences and
Bianchi identity terms have been projected out.

We will not exhaustively analyze the generators at dimension 9
2 , except to say that

by comparing with the super-Yang-Mills case, we expect to encounter four. The first,
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Y α|βγ corresponds to the product of three gauginos, [λα, {λβ ,λγ}]; it lies in the hook
representation because the totally symmetric part vanishes due to the Jacobi identity for the
non-abelian gauge group in which the gauginos are valued. The second, Yab,cγ corresponds
to [F ab,Dcλγ ]. The third, Y α

,b|cd corresponds to [λα,DbF cd]. The fourth is Y(abc)
γ , which

is γ-traceless and η-traceless, corresponds to D(aDbDc)λγ with the traces removed (as they
correspond to the previously mentioned operators).

It is clear from the super-Yang-Mills analogy that this algebra is infinite in extent,
although it can be truncated at any level. This ceases to be true when one includes the
negative dimension generators of Ĥ.

Let us reintroduce factors of κ to more easily match our conventions in the main body.
This involves replacing

Pa → −κPa , Q̃α → κ2Q̃α . (C.29)

We keep all defining relations for Y ’s formally the same. This means we take

Yab → κ2Yab , Yα,
β → κ2Yα,

β ,

Yb
α → −κ3Yb

α , Yα,bc → κ2Yα,bc ,

Ya,bc → −κ3Ya,bc , Yα,b
β → −κ3Yα,b

β , Y αβ → κ4Y αβ ,

Ya,b
β → κ4Ya,b

β , Y α
,ab → κ4Y α

,ab , Yα,
βγ → κ4Yα,

βγ , Yα,b,cd → −κ3Yα,b,cd ,

Y α
,b
β → −κ5Y α

,b
β , Ya,b,cd → κ4Ya,b,cd , Ya,

βγ → −κ5Y βγ , Yab,cd → κ4Yab,cd .

For example, we find at dimension 2,

Yα,
β = 1

4(γab)αβYab , (C.30)

but at dimension 2.5,

Yα,bc = 2κ (γ[b)αγYc]γ (C.31)

C.2 Local Lie superalgebra construction

Let us now extend the super-Maxwell∞ algebra discussed above to negative dimension
elements. To do so, we will employ a construction due to Kac [40] (see also appendix B of [41]
which we follow). Its application to our present situation is due to Jakob Palmkvist [42].
We thank Axel Kleinschmidt for parallel comments on the bosonic case.

Kac defined a local Lie superalgebra as a direct sum T−1 ⊕ T0 ⊕ T+1 of three vector
spaces, equipped with a Lie superbracket

[T0, T±1] = T±1 , [T−1, T+1] = T0 , [T0, T0] = T0 (C.32)

where here we use [·, ·] as a graded commutator.18 The local Lie superalgebra can be
extended to a unique superalgebra in two steps:

18Here we will be a little sloppy and treat vector spaces and their elements interchangeably. We are also
interested in the case where odd elements are fermionic and even elements are bosonic, but the construction
is general.
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1. Freely generate all positive elements at level k by nested k commutators of T+1 with
itself, i.e. T̃+k = [T+1, [· · · [T+1, T+1]]]. Repeat for all negative elements using T−1. The
maximal extension of the local Lie superalgebra T̃ = ∑

k T̃+k is given by the set of all
such freely generated elements.

2. There is a maximal ideal D among the freely generated elements. Quotient out by
it, defining T = T̃ /D. In practice, this amounts to dropping all freely generated
positive elements T̃+k whose commutator with T−1 vanishes, and similarly for all
negative elements T̃−k with vanishing T+1 commutator. The resulting algebra T is
the minimal Lie superalgebra generated by the local Lie superalgebra (C.32). The
resulting superalgebra is necessarily simple.

This construction applies in our present case, where the positive level generators
correspond to what we call the super-Maxwell∞ algebra and the non-positive level generators
to ĤL. The level corresponds to twice the dimension, and the local generators discussed
above are

T−1 = Mαa , T0 = Mab , T+1 = Qα . (C.33)

The super Maxwell∞ algebra constructed from Qα appears to be exactly the minimal
extension of the positive elements T+k. At level 2, we keep only Pa in (C.1), this being the
only component of {Qα, Qβ} not annihilated by Mαa. The other generators uncovered up
through level 8 (dimension 4) each have non-vanishing commutator with Mαa. It is not
obvious (but seems likely) that all freely generated elements beyond this point which are
consistent with the Jacobi identity must have non-vanishing Mαa commutator.

We require one extra element: the existence of a non-degenerate bilinear form η. This
can be constructed recursively, following the general proof given in [41], although in our
case η(Ti, Tj) is non-vanishing only for i+ j = 2. It must be non-degenerate because T is
simple. With this in mind, we can define the elements of T−∆ as the “duals” of the elements
in T2+∆. This fixes their normalization and determines their commutation relations with
{Qα, Pa, Q̃α} by reflecting the relations from the positive level generators. The Jacobi
identity then determines their commutation relations with higher positive elements. Armed
with the commutation relations [T−`, T`′ ] = T`′−` for `, `′ > 0, one can directly compute
[T−`, T−`′′ ] = T−(`+`′′) for `, `′′ > 0 by choosing `′ = 2 + ` + `′′ and reflecting. This is
invaluable because the positive level generators are significantly simpler to characterize.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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