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1 Introduction

Since decades, one of the major goals of theoretical physics is to understand the quanti-
zation of gravity. The simplest gravitational theory can be formulated in two dimensions.
In two dimensions, the pure gravitational (in the absence of any matter field) action is
topological i.e. the equations of motion are trivially satisfied and the action is proportional
to the Euler Characteristic of the manifold.! Thus to understand the two dimensional
gravitational dynamics, we need to non-minimally couple matter fields with gravity.? One
such model is Callan-Giddings-Harvey-Strominger (CGHS) model in asymptotically flat
space [1], whereas another such model is Jackiw-Teitelboim (JT) [2, 3] theory, whose solu-
tion is asymptotically Anti de-Sitter(AdS) spacetime.

These gravitational theories, especially JT have drawn a great deal of attention in past
few years. In the low energy limit, JT appears as gravitational dual to Sachdev-Ye-Kitaev
(SYK) model, a solvable 0 + 1 dimensional model of Majorana fermions with all possible
random interactions [4—9].3 For both SYK and JT, the time reparameterization symmetry
is explicitly broken at the boundary of the spacetime, and the effective low energy dynamics
is described by a Schwarzian action [10, 11]. In this article, we shall be interested in the
JT gravity model.

Pure AdSs is unique compared to any higher dimensional AdS geometry. It lacks
finite energy excitations in presence of gravitational backreaction as their existence modify
the asymptotic boundary conditions [12]. For this reason, AdSs/CFT) duality is not as
well understood as higher dimensional AdS/CFT correspondence. On the contrary, JT
gravity allows finite energy excitations in two dimensions, as the non trivial dilaton profile
allows gravitational backreactions [13, 14]. Since the boundary conformal symmetry is
slightly broken for JT, its solution is nearly AdSs or N AdSs, also the boundary symmetry
now is also nearly conformal or NCFT;. Thus JT theory is a good candidate to study
NAdS;/NCFT; correspondence.

Recently it has been shown that JT gravity also describes the dynamics of the near
horizon geometry of near-extremal black holes [9, 15]. The near horizon geometry of an
extremal black hole has an AdSs part and possesses SL(2, R) isometry which is weakly
broken in the near-extremal limit, resulting in a N Ad.Ss geometry. A JT-like action appears
through the dimensional reduction of higher dimensional gravity. The connection between
JT gravity and the near horizon dynamics of higher dimensional near-extremal charged
and rotating black hole solution has been discussed in [16-18]. So far, the connection
between the near-extremal black hole and JT gravity and other aspects of JT gravity like
its connection with Matrix model has been proposed for two-derivative action [9, 15-24].
In this paper, we check the validity of this proposal under small perturbations. We show
that a JT-like action describes the dynamics of a near-extremal near horizon black hole
physics appearing in four dimensional Einstein-Maxwell theory even with arbitrary small

IThe partition function for the same requires gauge fixing and hence brings non-triviality to the system.

2Minimally coupled matter field also does not bring any dynamics in the system.

3 Another interesting 2D non-minimally coupled gravity model is CGHS model that appears in the study
of cosmology.



four derivative interactions involving metric and gauge field. The resultant JT theory gets
modified by a precise two dimensional higher derivative interaction term.

Higher curvature terms occur at the low energy effective action in string theory as
stringy corrections [25-28]. Properties of Einstein gravity have been widely studied in
the presence of higher derivative terms e.g. in the context of hydrodynamics in AdS/CFT
(on the CFT side, higher curvature terms correspond to finite t’Hooft coupling, finite
N corrections) [29, 30|, entropy function formalism [31], large dimensional black hole
membrane paradigm [32] etc. If higher derivative terms are not treated perturbatively,
ghosts(unphysical states) may appear in the spectrum. This issue can be solved by
considering particular combinations of the higher curvature terms, known as Lovelock
terms, such that the equations of motion remain two derivative equations [33]. At four
derivative level, terms of the Lovelock combination is known as the Gauss-Bonnet term:
R?2 — 4RAgRAB + RapcpRABCP. However in four-dimension, it is a topological term.
Hence in this paper, we first consider an arbitrary quadratic curvature combination in-
volving metric as A(ay R? + aoRapRAP + asRapcpRAPCP), where X is a dimensionless
parameter controlling the strength of the curvature-squared terms, and «j, as and ag are
arbitrary coefficients of dimensions length square. To avoid ghosts (unphysical states), we
treat these terms perturbatively. We consider the coupling constant A very small A <« 1
and take into account those terms which are linear in \. Starting with a Einstein-Hilbert-
Maxwell action in presence of such a quadratic curvature combination in four dimensions,
we aim to get higher curvature modified JT-like action upon dimensional reduction, that
will describe the dynamics of near-extremal black holes of the four dimensional theory.
Our goal is legitimate, as the near-horizon geometry of an extremal black hole in the
presence of higher derivative corrections still contains an AdSs factor, with a modified
radius. Recently in [34], a solution to quadratic corrected 2D gravity theory is presented
and the corresponding boundary C'F'T also has been studied. In the current manuscript
we present the higher derivative corrected 2D gravity, whose dynamics is again captured
by the boundary. Since we begin with the most generic four derivative curvature terms
in four dimensions, one expects to get the most generic four derivative metric curvature
corrections in two dimensional dilaton gravity theory, whose dynamics is still given by a
Schwarzian action at the boundary. However the result of our computations shows that
the corresponding JT theory only gets modified by R? term.* The same feature continues
even when we incorporate other possible four derivative interactions involving the metric
and matter field.

Moving forward to a semi classical analysis, earlier it was thought that for a black hole
with fixed charge, the difference of energies between extremal state and near-extremal state
scales with temperature T as AM = M — Mgy ~ m As the required energy for a single
Hawking quantum to radiate is of the order of the temperature T', thus when T' S Mgy,
the black hole would not have required energy to radiate. Hence the semi-classical analysis
must breakdown (since a black hole is supposed to radiate with non-zero temperature).

4Various aspects of R?-corrected 2D dilaton gravity theories have been studied in [35-38]. In our present
study of near-extremal dynamics, we get perturbative R? correction to JT theory upon the dimensional
reduction of higher derivative corrected four-dimensional theory.



To make sense of semi classical analysis it was believed that there is a mass gap Mgap
between the extremal state and the closest near-extremal state in the mass spectrum for
a fixed charged black hole, that prevents Hawking radiation for 7' < Mgap. Although
the existence of a mass gap is well supported for supersymmetric black holes [39] but in
absence of supersymmetry, it is questionable. This issue has been resolved going beyond the
semi classical regime, by considering the effects of quantum fluctuations. Recently in [40],
considering quantum fluctuations it has been showed that for a fixed charge Reissner-
Nordstrém black hole,” the AM acquires an extra term such that even at low temperature
AM ~ %T. As a consequence, the mass gap between the extremal and near-extremal black
hole vanishes at low temperature, thus enabling Hawking radiation. This analysis provides
a proper statistical description of black hole thermodynamics at low temperature. Hence,
the entropy of near-extremal black hole possesses an extra correction, a logarithmic term
in temperature which precisely omits the mass gap. Following their method, we also see
the logarithmic correction in the entropy in presence of higher derivative curvature.

Organisation of this paper is as follows: in section 2, we discuss the generic form of two-
dimensional dilaton gravity theories with four-derivative corrections and also, we review
some aspects of JT gravity which will be important for our computations. In section 3
we present the modified JT theory that captures the low energy behavior of a spherically
symmetric near-extremal black hole in four dimensional Einstein-Maxwell theory with four
derivative metric interactions. This is the main result of this paper. We discuss the effects of
more generic four derivative corrections involving the gauge field in section 4. We conclude
the paper in section 5. The paper contains six appendices, where we have included the
relevant computational details.

2 Dilaton gravity theories in two dimensions

2.1 Some generalities
The Einstein-Hilbert action in two dimensions is given by,

1
167TG2

Sen = /d2l‘\/ng, (2.1)
where, G3 is the dimensionless two dimensional Newton’s constant and R is the Ricci scalar
constructed out of the two dimensional metric g. The Gibbons-Hawking boundary term
ﬁ [ dzy/—hK should be added to the above action to make the total variation zero.
Here, h,, = gu — nun, is the induced metric on the one dimensional boundary having
normal n,, and extrinsic curvature K = V,n#. This action is topological and proportional
to the Euler Characteristic of the manifold. Variation of the action does not give any
equation of motion since in two dimensions, Einstein tensor is identically zero for any
metric. To make the theory non-trivial without deviating much, a non-minimally coupled
scalar namely dilaton can be added. These dilaton-gravity theories in two dimensions
have no local on-shell degrees of freedom. The most generic two derivative dilaton-gravity

SWhose near-extremal dynamics is captured by the corresponding dimensional reduced JT action.



action [24] has the following form (appendix A),

S=— 16; = / PG (SR +V(6)). (2.2)

For a well-defined variational principle, the action should be supplemented by an extrinsic
curvature term at the boundary. We get the action for JT gravity for a particular choice
of V(¢) in the above action that will be described in the next section. The most generic
action having terms up to four derivatives is given by (A.10),5

S =~ igr, [EOVA[BR+V(9) + AWi(0)(V9)! + N2 (G)R(VH)? + AWa(9)R?]. (2:3)

167

In higher dimensions, the four derivative corrected action contains terms quadratic
in Riemann tensor, Ricci tensor and Ricci scalar. But in two dimensions, the Riemann
tensor has only one component and that can be thought of as Ricci scalar R, thus the
higher derivative corrected action has terms involving R and derivatives of the dilaton ¢.”

2.2 A brief overview of the Jackiw-Teitelboim (JT) gravity

In this section, following [2, 3, 9], we shall briefly review some important aspects of Jackiw-
Teitelboim gravity model that would be required for our present study. Experts may skip
this section and directly study from section 3.

The Jackiw-Teitelboim or JT gravity model is a specific kind of two dimensional dilaton
gravity theory, described by the action (2.2) with a linear dilaton potential V(¢) = —Ag¢.
The action in Lorentzian signature is given by,

1
N 167Gy

Syt { / d?z/—gp (R — Ao) +2 / dx\/fwK] , (2.4)

where As is the two dimensional cosmological constant. In the full action, we add the

topological Einstein-Hilbert term with the JT part, thus the full action is .S = ¢9Sgn+ SyT.

Here ¢¢ is a constant, whose implications will be clarified in the next subsection. The

equation of motion of the scalar ¢ sets the curvature to a constant value Ay, thus depending

on the sign of A we get asymptotically dS or AdS spacetime. In this work we consider
2

Ay = —7, for which the spacetime is asymptotically AdSs, having a length scale Lo.

2
Equations of motion of the scalar and the metric are respectively,

2
ViuVio — V2¢guu + %guu = 0. (2.6)
2

5Since the four-derivative terms are of perturbative nature, one can construct appropriate GH boundary
term for a well-defined variational problem that will depend on the functions W;(¢) and the extrinsic
curvature. As we will see later, for our study only the R? term will be of importance and the corresponding
G boundary term is evaluated in 3.7.

"In principle, there could be more higher order terms [41], but those can be absorbed by appropriate
field redefinition (appendix A).



The solutions of the equation (2.5) are locally AdS;. The generic form of the solution
is [42],

2 2
2 r 2 2 dr
2 L2 m
2
For m? > 0, the spacetime has horizons. These solutions, characterized by m?, cover

patches of AdS; but they can be maximally extended to global AdSs using coordinate

8 Therefore, they describe the same spacetime and these solutions are

transformations.
physically equivalent.

The dilaton can take non-negative values only.® From (2.6), the only constant solution
of the dilaton is ¢ = 0. When ¢ is constant, the extension from (2.7) to global AdS; is
well defined. But for a varying solution e.g. ¢ ~ r, the metric (2.7) cannot be maximally
extended since the dilaton becomes negative in the region r < 0. The requirement of its
positivity prevents the maximal extension of the spacetime and hence it should be restricted
to ¢ > 0 region. With the non-trivial dilaton, the full solutions of the theory (i.e. metric
and dilaton) are nonequivalent depending on m?. We will be interested in “black hole”
solutions (m? > 0) i.e. solutions having horizons and temperature. For these solutions, the

metric can be put into Poincaré AdS, form in Euclidean signature,'?

L2
ds?® = g datde” = 7§<dt2 + dz?). (2.8)

The generic solution to the dilaton equation (2.6) is given by [9],

2 2
qf)(t,z):K1+K2t+K3(t +Z)7 (2.9)

z

where K7, K9 and K3 are integration constants and ¢ > 0. This non-trivial dilaton solution
breaks the SL(2, R) isometry of AdSs to U(1), generated by the vector field X* = 'V, ¢.

2.2.1 Breaking of boundary time reparametrization symmetry

The spacetime (2.8) has a one-dimensional timelike boundary at z = 0 [9]. Since the
fields diverge near the boundary, we cut the spacetime along a curve C : (t(u), z(u)),
parametrized by boundary time coordinate u € [0, fy]. We fix the length of the boundary
curve by imposing Dirichlet boundary condition on the metric,

L2
h=gle= 22, (2.10)

where the length of the boundary curve is given by,

lhay = /Cduf: bolz (2.11)

9

8the same also holds true for the euclidean solution.

9This statement will be justified later, where the v.e.v. of the dilaton will be related to the radius of the
compact dimensions.

10Since we are interested in the Euclidean path integral, we will consider Euclidean time ¢, — it.



Since the metric (2.8) should satisfy the boundary condition (2.10), we find that

L3 L3
Guu = —2 (% +2%) = 2. (2.12)
z €
For small e, solution to this equation is given by,
2(u) ~ et (u), (2.13)

where, the primes denote derivatives w.r.t. u. Clearly, the shape of the boundary curve is
determined by the function ¢(u) such that t'(u) > 0.

Although locally the spacetime is AdSs, different choices of the function #(u) corre-
spond to different geometries since the cut out shape depends on the form of the function.
For a constant dilaton solution i.e. ¢ = 0, each of these geometries correspond to the
ground state since the Einstein-Hilbert action is topological and it takes the same value
for any cut out shape given by ¢(u), for any value of the constant ¢g. Thus we have a time
reparametrization symmetry near the boundary, whose generators are as follows,

dx(t)

£ = x(1), & = g (2.14)

This is the realization of asymptotic symmetry of AdSs. These reparametrizations map
one boundary curve to another e.g. t — ¢ + x(¢), though not all of them are different.
Since the isometry group of AdSy is SL(2, R), functions ¢(u) and #(u), which are related
by SL(2, R) transformations,'! they correspond to the same cutout shape.

The ground state geometries are then characterized by different functions ¢(u) up to
SL(2, R) identification. The time reparametrization symmetry is spontaneously broken to
SL(2, R) by the choice of AdSy vacuum.

On the contrary the time reparametrization symmetry is explicitly broken in the JT
action. Boundary condition for the dilaton is taken as

_
Sle =", (2.16)

where ¢, is a dimensionful number specifying the boundary value of the dilaton. This
¢p characterizes the scale of symmetry breaking. We consider ¢, < ¢gLs such that the
symmetry is slightly broken. The generic solution (2.9) of the dilaton should satisfy this
boundary condition. Thus using (2.13) and (2.16), we find:

K1+ Kot + Kst?
t N

Db (2.17)

Solving this equation for the function ¢(u), we get the classical shape of the boundary.

" The transformation relation is:

t(u) = 7'8; ad—y8=1. (2.15)



2.2.2 Effective boundary action

The Euclidean path integral corresponding to the action S = ¢gSgu + Sy is as follows,
Z = / DéDg,, e 0 Sen—5r, (2.18)

Using Gauss-Bonnet theorem, the Einstein-Hilbert action is given by,!?

1
SEn = —@X(M)y (2.19)

where x(M) = 2 — 2g — n is the Euler Characteristic of the manifold M of genus g with
n boundaries. For large value of ¢g, the dominant contribution to the partition function
comes from disk topology with one boundary i.e. g = 0,n = 1 and higher genus manifolds
with multiple boundaries have exponentially suppressed contribution. Thus the partition
function takes the following form

7 — ox&(2-20-m) / DDy e ST = o862 7,1 (2.20)

Since there are no local bulk excitations, the dynamics is effectively governed by a

boundary action. This can be understood by integrating out the dilaton field in the JT

13 corresponding to action (2.4) for Ay = —2

path integra 12

B 1 ) 2 1
ZJT = /D¢Dguyexp |:167'['G2 /d .%\/g(ﬁ <R+ L%) + 8TG2 A¢b d:mﬁibK} . (221)

The dilaton acts as a Lagrange multiplier in this integral. Integrating the dilaton along the
imaginary line with Dirichlet boundary condition at the boundary, we get a delta function,
hence

Zyr = / Dy (R n Lé) exp [ 87r1GQ /¢ » da:x/ﬁqbK} . (2.22)
Using the delta function, the above path integral reduces to sum over field configurations
for which the condition R + L% = 0 is met.

The effective theory can also be obtained by simply imposing the ¢ equation of mo-
tion (2.5) in the action. The bulk term of (2.4) vanishes and it reduces to the boundary
term involving the extrinsic curvature at the boundary C : (t(u), z(u)),

1 Ly ¢y
I =— du——K 2.2
87TG2/C e e (2.23)

where the extrinsic curvature K is given by

K — t/(t/2 + Z/2 + ZZ//) _ Zz/t//
- Lo(t2 + 22)3/2

(2.24)

12This term contributes to the entropy of the higher dimensional extremal black hole, whereas the action
with dynamical dilaton contributes to the entropy beyond extremality.
13We will discuss only the disk topology here.



Using the boundary condition (2.13) we get,
1 2
K = i (1 +e Sch[t(u),u]) . (2.25)

Here Schlt(u),u] is the Schwarzian derivative of the time reparametrization mode ¢(u),
defined as

1t”2 " !
Sch(u),u] = — o + (t> . (2.26)
Then the effective action takes the following form!*
.
It(uw)] = — duSch[t(u), u]. (2.27)
1G9

Evidently, the time reparametrization modes t(u) acquire an action. Variation of the action
gives the classical value of t(u). It should be noted that the action is SL(2, R) invariant.
This is a gauge freedom in the choice of modes since different ¢(u) related by SL(2, R)
transformations correspond to the same configuration. Hence, the path integral (2.22)
gets contribution from the boundary modes t(u) up to SL(2, R) identification with an
appropriate choice of boundary diffeomorphism invariant measure [21] and is given by

_ Bo
Zyr(B) = / Sfé%exp <¢b /O duSch[t(u),u]). (2.28)

Here [y is the range of the time direction and corresponds to the inverse temperature
Bo = 1/Tp. ¢y is the coupling constant of the Schwarzian theory, given as follows
n P

Py = e (2.29)

The functions ¢(u) are elements of Diff(S')/SL(2, R), which is a symplectic manifold. Since
the path integral is over this manifold, the measure du(t) can be chosen to be the natural
measure induced from the symplectic form given by [43]

oy dt

du(t) = [T 5 (2.30)

Furthermore in (2.28) Sﬁ’é(t;%) implies measure du(t) modded by SL(2, R). Since the bound-

ary action is SL(2, R) invariant, the modes related by these gauge transformations should
be identified in the measure.

2.2.3 Evaluation of exact partition function

The classical solution of the boundary action (2.27) is of the form:

t(u) = tan (;u) (2.31)

14The constant term in the expression of K diverges as € — 0, but it can be removed by adding a counter
f dzv/he to the action. The resulting effective action is independent of e.

1
term FETery”y



Doing a saddle point analysis, the dominant contribution to the partition function above
extremality is obtained from the on-shell action,

—In (SZ(T()) >~ Ion-shell = —2W2quT0, (2.32)

whereas the free energy, mass, and entropy above extremality are,

6F = ~TyIndZ(Ty) = —2n° g T2, (2.33)
OSF o
M = 0F 4 TpoS = 2% h T (2.35)

The ground state is given by the Ty — 0 limit such that F = 0. In this limit, the time
reparametrization symmetry gets restored and this configuration is that of an extremal
black hole.

It was shown in [43] that the partition function is one-loop exact. Hence it is enough
to consider the contribution of small fluctuations around the classical solution,

t(u) = tan ﬁl(u + plw)). (2.36)
0

Expanding the action (2.27) to quadratic order in fluctuations, we find
_ [Bo o172 A2 92 3
I[p(u)] = — <Z5b/ du lz + izp' +p" |+ izp@ 2]
0 0 /80 ﬁo 2

o2mlgy - [Po 272 3
= - qbb/o du| o = 50" =" ). (2:37)
0

2

The linear order term drops out due to periodicity of the boundary time coordinate. The
fluctuation parameter p(u) can be decomposed in Fourier modes,

- 21N

plu) = Z cne ' P0 (2.38)

In|>2

Since p(u) is real, we have ¢}, = c_,,. The measure (2.30) now depends on these modes,
given by

= (257%)3 H (n® — n)depdct,. (2.39)
n>2

The modes corresponding to n = 0, =1 are removed from the measure by construction since
these correspond to fluctuations due to infinitesimal SL(2, R) transformations. For this
quadratic action, the partition function takes the form of a Gaussian integral in fluctuations,

271'2¢b 27.(_ 3
Zyr(Po) =€ Po (2n)

n
[1 0 — ) [ dedesex (16” P (2 — n4>cnc;;> o (240)

2 3

~10 -



The modes ¢, can be integrated out to give,
L \3/2 . a-
Zyn(Ty) = (&Ty) " 2™ 0T, (2.41)

here we have substituted Sy = 1/Ty. The corresponding thermodynamic quantities are

expressed in terms of the coupling ¢, and the temperature parameter Tp as follows,?
§F = —2m2, T2 — % log (&bTo), (2.42)
5S = g AT, Ty + glog (q‘sto), (2.43)
oM = 27%p, T2 + % (2.44)

3 Spherically symmetric near-extremal black hole in higher derivative
theory

The near-horizon geometry of a spherically symmetric extremal black hole in d + 2 dimen-
sions factorises in AdSy x S?. It has been shown in [44, 45] that if we dimensionally reduce
a higher dimensional Einstein-Hilbert-Maxwell theory on a spherically symmetric back-
ground and restrict ourselves to the s-wave sector, the effective lower dimensional theory
of the massless fields consist of a metric, gauge field and a dilaton. The classical solu-
tion of the effective theory rightly reproduces the extremal near horizon geometry of the
higher dimensional theory. Fluctuating this effective theory around the classical solution
results in JT gravity and it corresponds to the dynamics of near-extremal black holes in
the higher dimensions. The partition function of the JT gravity correctly gives the entropy
difference beyond that of an extremal black hole. In this paper we show that the above
equivalence of the near-extremal black hole dynamics to JT gravity holds even in presence
of a small perturbative correction to the higher dimensional theory. In particular we study
the JT equivalent model that appears after the dimensional reduction of four dimensional
Einstein-Hilbert-Maxwell theory in the presence of four derivative metric interactions on a
spherically symmetric background. We begin with an action in four dimensional spacetime
with a negative cosmological constant in presence of arbitrary four derivative corrections.
The bulk action is given by,

~ 1 ~ ~ ~ ~ ~ ~
Shulk = W / d4x\/ —_Q(R —2A — FABFAB + )\a1R2 + )\CYQRABRAB
+)\043RABCD1%ABCD). (3.1)

Here G is the four dimensional Newton’s constant with dimension of length square and
the higher derivative coefficients «q, a9, a3 also have the dimension of length square. A
is a dimensionless number controlling the strengths of the higher derivative terms. The
Gauss-Bonnet combination ﬁ%B =R?2—4R A B]%AB +R ABC D]?ABCD is a topological term

5From higher dimensional perspective, these quantities with appropriate choice of ¢ and G2 capture
the thermodynamics of a near-extremal black hole with temperature Tp.

- 11 -



in four dimensions and does not contribute to the equations of motion. Motivated by this,
the higher derivative part of the action can be rewritten as,

a1 R? + asRap RAP + a3 Rapop RYPCP = a1 R? + aaRap RAP + aBRéBa (3:2)

where we have used &1 = a1 — a3 and &y = as + 4a3. The rewritten bulk action is,
1
167G

The boundary action, consistent with Dirichlet boundary condition on the metric, is given
by [46],

gbulk = /d4$\/ —g(R —2A — FABFAB + )\(d1R2 + dQRABRAB + agRéB)>. (3.3)

. 1 [ 24 6 \Nwo ., an A ABBC .
Sbdy = %/d?)x hl (1 — )\ﬁal — )\L2a2) K+ )\QQ(*KF2 + 2K F 2 F~gnafc
LR EY ) + 2has(] — 2G) fcab>] | (3.4)
where J is the trace of:
~ 1 PPN NN PPN PPN
Jop = 5 (2K Ko Kf + Ko gK9K gy, — 2K 0 KK gy, — K2 K. (3.5)

The four dimensional cosmological constant A is given in terms of the four dimensional
AdS radius L as follows 3

A= ~T3 (3.6)

The boundary term has explicit dependence on the gauge field strength. Also we are

interested in fixed electrically charged solutions, hence we cannot apply Dirichlet boundary

condition on the gauge field. Instead we impose the boundary condition &(nsF4%) = 0.

For a well-defined variational principle for the gauge field, consistent with this boundary

condition, we need to add the following Maxwell boundary term [47-49],

N 1 ~ N ~
Sty = —— / &Py —hacFOP Ap, (3.7)
ArG
Adding (3.3), (3.4), and (3.7), the full four dimensional action is given by
S’ = S’bulk + S’bdy + SMaxb- (38)
3.1 Attractor solutions

In four dimensions, the near horizon geometry of a spherically symmetric extremal black
hole takes the form AdSs x S2. At the level of two-derivatives, the near horizon values of
the S? radius and that of AdSs of an extremal black hole are given by [31],

L2 1202
L? 1 d2
Li="|(1- =—0 (3.10)
6 12Q2 6‘1’3
1 + LQ 1 + L2
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where we have considered an electrically charged solution with charge ). These values
get corrected in the presence of higher derivative corrections though the form of the near
horizon geometry of the extremal black hole remains the same as before. The corrected
attractor values of S% and AdSs radii are as follows,'6

L? 4+ 393 60,
L2462 L2’

L? + 392

(121 603)72

Do = 7, = Do + A(2d7 + o) (3.11)

z/g = Lo+ )\(2541 + dg) 6Py L. (3.12)

Here we have rewritten the charge parameter @ in terms of the unmodified S? radius
using (3.9). It can be noted that if we set the particular combination of coefficients (2&; +
Gg2) to zero, the extremal solution remains unchanged. It is a consequence of the near-
horizon configuration of the extremal solution, which is a product of maximally symmetric
spaces. Although the extremal solution does not change under the condition (2&;+ds) = 0,
non-extremal solutions get modified.

3.2 Dimensional reduction of four dimensional theory over 52

In this section, we reduce the four dimensional theory (3.8) to two dimensions in the s-
wave sector of massless fields.!” We consider spherically symmetric configurations in four
dimensions having the following form

ds® = Gapdr®dz’ + ®*(x%)(d6* + sin? 0dp?), = =t,r, (3.13)

A, =4, A =o. (3.14)

The form of the gauge field corresponds to electrically charged configurations. However,
magnetic charge can also be considered since these are related by duality transformations.
Using the above ansatz, we integrate the four dimensional action (3.8) over the angular
coordinates € and . The reduced action involves the scalar ®, the two-dimensional metric
Juv, the two-dimensional abelian gauge field fl# and their derivatives. In two dimensions,
the curvature tensors have only one independent component which is the Ricci scalar R.
Also, the extrinsic curvature tensor can be written in terms of its trace. In particular, in
two dimensions we have,

_ R o

Ra,@'yé = E(Qavgﬁé - gaégﬁfy)v (3'15)
N R
Rap = 5 Gap; (3.16)
Kaﬁ = Kﬁaﬁ: (317)

16The attractor values are derived in C using entropy function formalism.

'"In principle, for a consistent Kaluza Klein reduction, all the massless modes should be included which
involve SO(3) gauge fields [50, 51]. In appendix F, we argue why these modes are not required in the present
considerations.
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where, K is the trace of extrinsic curvature and iLalg = Jap — NaNg is the induced metric
on the one-dimensional timelike boundary having a normal 7,. Using these relations we
find the full action after dimensional reduction,

S =50 4§34 568 (3.18)

Here we have split the reduced action into three parts for convenience. S(® is the A\ order
action i.e. it contains the two-derivative terms only. The ! order action is further split
into two parts: S® (depending on the couplings &1 and d;) and SGB (depending on the
coupling az of the Gauss-Bonnet term). The parts are as follows:

e Reduced two derivative part:

300) :é /d%\/—g [92(R — 20 — %) + 2+ 2(V)?]

+ 21G/dm/—i}q>2(f( + 27, F*P Ag), (3.19)

e Reduced higher derivative parts with arbitrary coefficients:

72

P .
/d%\/ [40[1—1—2042)(1) + 461 R — (16d1+4d2)v — 46, R(V®)?

- L o o
— (8ay + 4az) (7{)2) + <d1+ O;)R%?— (81 + 262) ROV + 465 (VOVP D)2

£ (1661 + 2655) (V20)? + (461 + 265) V) WW]

o a2 ) )

+207 - VO (207 F7 iy — F2) )] , (3.20)

e Reduced Gauss-Bonnet part:
s A . .
SCB = 0‘3 /d%«/ R (1= (VO)?) +8(V20)? - (Vv o)

)\a?’/daﬁ 4k (1 - (V) + 267 - V)?)

487 -V (Vavgcbﬁ“ﬁﬁ - V2o) |. (3.21)

The above equations correspond to the reduction of both, bulk and boundary actions.
Here we notice that some of the higher derivative terms in the action will drop off when
2&1 + o vanishes, but nevertheless other higher derivative terms survive.

— 14 —



3.3 Classical solutions of two dimensional field variables

Solving equations of motions from the above two dimensional action, we find the classical
solutions of the fields. A generic solution of the gauge field is given by,

- Q _

Fap = 33V =9 €ap, (3.22)
Here, @) is an integration constant which we identify with the charge of the higher dimen-
sional black hole,

303
Q* = o2 (1 + L;’) . (3.23)

We consider a constant solution for the dilaton. Using the gauge field solution, we get the
value of the constant,

L? +30% 6dg

P =Py = Py + \(2a o) ————y —5- 3.24
0 o+ (a1+042)L2+6¢% 72 (3.24)
The scalar curvature takes a constant, negative value as
- 2 1 L2 +3®% 12
R=-==-2(—=-)2a+a g : 3.25
Iz (L% (201 4 G2) 757502 1702 (3:25)

These solutions with constant dilaton profile correctly capture the near horizon field con-
figuration of the four-dimensional extremal black hole having S? and AdS; radii given
by equations (3.11) and (3.12) respectively [17, 19]. As in the four dimensional case, for
261 + aoe = 0, the extremal solution does not get any higher derivative corrections.

3.4 A useful Weyl transformation

As our goal is to get a JT-like theory in lower dimensions, we need to get rid of the kinetic
term of the dilation ®. To do so, in this section, we perform a Weyl re-scaling of the metric
around the constant solution of the dilaton as,

é
Jop = = Gas- (3.26)

As an artefact of this re-scaling the kinetic term of the dilaton disappears from the two
derivative part of the action. This feature will be essential for the later part of the work
and we shall come back to it in the next section. In terms of the re-scaled metric, the
two-dimensional action (3.18) takes the following form,

S =804 g% 568 (3.27)
where the respective parts of the action take the following forms,

o Two derivative part is
(1)3

_ 1 2% .
50 :—/cﬂ V=g 2R+ 0 _ 200D, — - F2
ac ) VI T3 T3,

+ L / dz/—hd? (K + QfI)naFaBAﬁ) : (3.28)
2G o
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e Arbitrary higher derivative part has the following form

_ By ' o
§a — e /d2x\/7[(40z1 + 2a2) 8 +4a1 R — (1241 + 4ae) <V I (Vo) )

@ P2
o _
+<1>{ <d1 + Og) P2R?—(6a1 + az) (BV2D + (VO)?)R + 4&2VQVB<I)<VQV5<I>
0

2V, PV 3P A 964 d)4
+2Va®Vs® ) + (9&1 n 0;2) (V29)2 4 (9@1 n O‘2> (Vo)

o 2 o2
_ V2V 24a1 60z ®2 o\ .5
+(18a1+a2)®} /d V- l( -7z +é @F 2K
3601 9d GE 5dy @
<— L2 — ﬁ + 4062 q)Q F ’YFﬂ nanﬁ 2 q)Q F2> Pn - v(I)‘| ) (329)

e Whereas Gauss-Bonnet part is

GB _ )\QS/dz

IV BV 5 A
—svav5<1><vav5¢>+ V@vﬁ) H O“”/d N

2 2
4v @q()V@) 1 8(V20)’

V—g|4R + q?{ —4R(V®)? +

h|AK + s{ 4K (VD)2

4(n - VP)? )2
+8K(n-Ve)? +n VO <8Vavgi>nanﬁ—8v2¢>+ (”q)v ) —Q(V@)>H.

(3.30)

The re-scaled action also admits a constant dilaton solution when the spacetime has con-
stant negative curvature as given by (3.24) and (3.25).

3.5 Integrating out the abelian gauge field

Since the gauge field in two dimensions does not have any dynamics, it can be integrated
out'® to obtain an effective action involving the metric and dilaton as given by:

S =80 4 5% 5GB (3.31)
where the respective parts of the action in Euclidean signature are,

e Two derivative part is

©) _ 2 2 2Q%® 1 2
S d*x\/g | ® R+ 220 0 _ 200D, — il e dzVh®? K (3.32)

181t is shown in appendix D that gauge fields in two dimensions can be integrated out [52] and the

effective action depends on the choice of a measure, which in this case depends on the dilaton. Since the
field strength is constant at the boundary, the higher derivative boundary terms do not contribute in the
gauge field integration.
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e Arbitrary part is given by

(Vo)
P2

< A - N N - -
5% — e /de\/gl(élal + 2d) gg +4a1 R — (24a1 + 8az)

<1>
+3 {(a1+ ><1> R%2— (641 + ao) (BV?® + (V<I>)2)R+4dzvavﬂq><vav5q>
0
PAVARGAVL) @ 99 ( 3 9072> (Vo)
t— >+<9a1+2)(V<I>)+ 901 + = 52
o V2(Ve)? A 3 - .n-Vo 246
+ (181 + ao) — (|- ﬁ/dmx/ﬁ (—6a; — 2a9) T ( T3
60(2 2&2@2 2 365&1 95(2 d2Q2

e Gauss Bonnet part is

2V, ®V3dP
—8V"Vﬁ¢>(vaVﬁq> + W) H Ay / dzv'h

AV (V®)?
AL q()v Sy 8(v2a)

VI 4R + { —4R(VD)* +

h|4K + (I){ AK (VD)?
D

4(n-V®)?2 2(VP)?
+8K(n'V(I))Q—I-n~V<I><8Vavﬁq)n°‘n5—8v2q)+ (n(I)V ) _ (Z))H

(3.34)

Thus we get a two dimensional effective theory for metric and scalar that describes the
physics of four dimensional system around extremality.

3.6 Fluctuation around extremality

The constant dilaton solution (3.24) and (3.25) of the two-dimensional theory captures
the near-horizon configuration of a spherically symmetric extremal black hole solution of
the four dimensional theory [17, 19]. Since we are interested in a near-extremal solution,
we fluctuate the fields around their classical values [19]. In two dimensions, the metric
has three independent components, two of which can be removed by choosing a particular
gauge so that the dynamics of the two-dimensional metric is now captured by a scalar w.
In this gauge, the metric takes the following form

ds? = e® (dt? + dz?). (3.35)
Fluctuations around the classical solutions are given by,

D = Og(1 + €0), (3.36)
w = wp + €. (3.37)
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Here € is a small parameter controlling the order of fluctuations and the background ex-
tremal solutions are,

d = By, (3.38)
oo _ L3
2o 722 (3.39)

We expand the full action (3.31) order by order in €, where the dynamical fields are
and ¢. The metric and related quantities in the following actions are evaluated for the
background. The action at the order of € is given by,

1 _
Sp=— E/d?:c\/g (82 + A 4ds + A das)R

N 7" 392 2 1 5.9
+/\(2CV1+042){LQ <1+L2> +§%+§R b))
1 - N 1292
~ 50 /dx\/ﬁ D5 — A\ 240 + X dasz — A(2a1 + ag) 72 K. (3.40)

So is a constant which corresponds to the extremal entropy (C.9). One gets the same
results as the Wald Entropy for the system as well.
Whereas the action at linear order of ¢,

1 2 52 2 ~ ~ 1ogo 2%
=— 20:P = 2 ol —
S1 4G/dx\/§[¢ 0<R+Lg>+A( a1+a2)<2R 0~ 7 3¢
— A6 + Go)PERV2¢ — 2V2Q) {ci% + M + Mag + \(2a; + @)(I)%R}
L 4 252 , 48 .9 2

+ A(261 + a2) i PR + ﬁ(L +3%5) ¢+ Q
1 - B} 2461 B2 o B2

_ ﬁ/dx\/ﬁ 20K (@0 + A 265 = A= | = A6 + ag)fgn V¢
- B} 1293

+ (I)O — 2@ + Masg — )\(2041 + Ozz) 12 n-VQ|. (3.41)

For the asymptotically AdSs background with length scale Lo, the V2¢ and V2Q terms
are total derivatives and they exactly cancel with the boundary terms n - V¢ and n - V{2
respectively. Rest of the terms in the bulk expression i.e. the ¢ and () potential terms are
identically zero. The resulting linear action is independent of the metric fluctuation 2 and
it reduces to a boundary term only, as shown below
2 209 | 24@
Sp=-2 dovVh (1+ A5 — A K. 3.42
=B (10210, (3.42)
Equations of motion of the fields Q and ¢ can be obtained from the €? action. Solving
these equations we get a time-independent solution for ¢ as the following
Ay
¢ =

z

+ Ay2?, (3.43)
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where A; ans Ay are constants. The first term in (3.43) is linearly increasing towards the
boundary, whereas the second term dies off very fast, hence irrelevant for our purposes.

3.7 Boundary action from a modified JT action

In this section, we find the higher derivative modification of the JT theory that reproduces
the same boundary dynamics as action (3.42). Since we are considering small fluctuations
around extremality, we expect this action to be linear in the scalar. A subclass of the
action (2.3), which is linear in ¢, is given by,

_ 1 2 2 2
S = 167TG2/dx\/§[¢<R+L%>+)\V¢+)\Z¢R]. (3.44)

Here, V' has dimension of inverse length square whereas Z has dimension of length square
which we shall choose accordingly. For A = 0, the action is that of the two derivative
JT theory and it describes the near horizon dynamics of a near-extremal black hole in
Einstein-Hilbert-Maxwell theory. The ¢ e.o.m. sets the scalar curvature to a constant. We
want the metric to be AdSy with radius Lo given by (3.12).!Y Demanding the e.o.m. of ¢

tobe R = — we fix the constant V,

L27

L2 +3®3 24  4Z
L? +6®3 L2®} L3

V= (261 + ) (3.45)

The action thus becomes,

_ 1 2 2 2 4
S = 167TG2/dx\/§[¢<R+E%>+)\Z¢<R Lé)l' (3.46)

For a well-defined variational principle with Dirichlet boundary conditions on the fields we

add an appropriate boundary term follovving the similar method of [46],

/dxf (1 - )\) OK. (3.47)

Sen = —

81 Gg
Comparing with the linear action (3.42), we find,
G
Gy = —, 3.48
2 87r<1>(2) ( )
126193 — ao L?
= 3.49
2(L% + 6@3) (3.49)
The full action is given by,?’
1 2 126102 — aoL? 4
S =- d? R+ =]+ 0 <R2 - )
167Gs / $‘/§[¢ < - L§> AT 1603 1)?
20[2 246&1 )
d 1 )\ —A\—— ) 9K. .
87TG2 / avVh ( + 75 )¢ (3.50)

The dilaton has a linearly varying solutlon when the metric is AdS,.

19Tt is the near-horizon AdS> radius of the four-dimensional near-extremal black hole.

20In addition, a counter-term should be added such that the effective action remains finite as € — 0.
Since the boundary curvature is zero, the counter-term differs from that of a two-derivative theory by a
constant scaling [46].
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Similar to the JT gravity action, the dilaton acts as a Lagrange multiplier in the
higher derivative corrected action (3.50). The Euclidean path integral computation for
this higher derivative corrected theory can be performed similarly as in subsection 2.2.2.
In the corresponding Euclidean path integral, the dilaton can be integrated out along
an imaginary line with Dirichlet boundary condition. This results in a delta function
constraint on the metric configurations such that the fields having non-zero contribution
to the integral must satisfy,

2 126192 —aol? [, 4
R4+ = |+ RP——)=0 3.51
< +L§>+ rss (1) (351

Since the higher derivative terms are of perturbative nature, we need to find the scalar R
that solves the above equation perturbatively in A. For A = 0, this equation corresponds to
R+2/L3 = 0. Using this the full equation can be solved iteratively to A-order and we get,
2
R+ 73 = 0. (3.52)
2

These geometries are locally AdSs with length Lo, having wiggly boundary curves C :
(t(u), 2(u)) = (t(u),et’(u)) and the boundary conditions are,

gle = =, (3.53)
dle = —. (3.54)

The boundary value ¢, is identified with the location of the boundary in the ac-
tion (3.42). Using these boundary conditions, the effective action becomes a Schwarzian
of the boundary modes. The path integral reduces to sum over these modes t(u) with
SL(2, R) identification,

- B
Z(B) = /Sgé%exp |fﬁb/0 du Sch[t(u),u}] , (3.55)

where, 3 is the periodicity of the boundary time coordinate and the coupling constant ¢y,
for the boundary action is given by,

269 24&1) (3.56)

&b=¢b(1+A—A
o2 L2

Here ¢ = 87‘?52 is the coupling (2.29) of the unmodified boundary theory.

3.8 Thermodynamic quantities for small temperature

Since the near-horizon low energy dynamics is governed by an effective boundary action,
the free energy and other thermodynamic quantities of the near-extremal black hole can
be obtained from the Euclidean partition function corresponding to the boundary theory.
It is evident from (3.55) that the effect of the higher derivative corrections is included as
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a multiplicative constant in the boundary action. Hence the integration can be performed
exactly like (2.28). Following the method reviewed in section 2.2.3, we obtain the partition
function,

Zyr(T) =~ (ist)g/ ? exp (27267 . (3.57)

The parameter T' = % is identified with the temperature?! of the near-extremal black

hole in the higher derivative corrected Einstein-Maxwell theory. Comparing with the four-
dimensional black hole solution (E.1), we can identify the S? radius ®(r) = r. The near
horizon AdSs factor of the black hole solution can be put into the form (2.8), following the
transformation,

L3

z= —. 3.58
r— <I>0 ( )
From the definition of the dilaton fluctuation,
- d L3
p="_"0_ "2 (3.59)
P, dyz
From this relation, we identify the boundary value of the dilaton,
L3
Db 3, (3.60)

Using the expression of Newton’s constant (3.48) and the boundary value of dilaton (3.60),
we get the coupling (3.56),

- L3d, 2y | 24d

The thermodynamic quantities above extremality can be computed from the expres-
sions of section 2.2.3 in terms of the modified coupling ¢, and temperature T,

§F = —272, T2 — ngog (gEbT) , (3.62)
I - S

55 = S +4nGT +  log (¢bT) , (3.63)

SM = 212, T? + gT. (3.64)

In absence of higher derivative corrections i.e. for A = 0, we have

- - L2%2®
Oy = Pp = 2GO7

T:T()a

where Ly and ®( are the unmodified AdS; and S? radii of the extremal black hole and T
is the unmodified temperature of a near-extremal black hole with the same charge.

2!The temperature can be written in terms of unmodified temperature Ty as discussed in (E.12).
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The first term in (3.64) comes from the saddle point contribution to the partition
function, whereas the second term arises due to exact computation of the path integral. As
stated in the introduction, a naive semiclassical analysis would imply that the black hole
cannot radiate even though it has a small finite temperature and there exists a mass gap
Mgy, between an extremal black hole and a near-extremal black hole (with the smallest
temperature) having the same charge. It was argued in [40] that in this regime, the semi-
classical description breaks down since the fluctuations around the classical solution have
considerable contribution to the partition function and hence these quantum corrections
should be taken into account. The quantum fluctuations result in logarithmic corrections
to free energy and entropy and it implies that there is no mass gap in the spectrum because
the black hole energy is always greater than the average energy of radiation. The constant
My, is rather related to the scale of SL(2, R) symmetry breaking. In our computation we
find that the entropy of a near-extremal black hole in higher derivative modified theory
also has a similar logarithmic correction. This is one of the prime results of this paper.

4 JT equivalence of 4D near-extremal near-horizon dynamics with more
generic four derivative interactions

So far we have only considered four derivative metric interaction terms in the four dimen-
sional theory. In general, there are other possible four derivative corrections involving gauge
field e.g. RF?, Ry pe FHFPO (F2)2, FH F v, B, F°, and covariant derivatives of gauge field
strength e.g. V,F,, VPF! F,, VYV ,FFP with arbitrary coupling constants. In this sec-
tion we briefly discuss the effects of such corrections to our results. Let us first understand
how the near horizon extremal geometry get modified due to presence of such generic four
derivative interactions. We note that,

e The extremal background will get modified due to corrections having no covariant
derivatives of the gauge field strength.

o Owing to the SO(2,1) x SO(3) near horizon symmetry, the gauge field strength and
scalars take constant values near the horizon of an extremal black hole. Due to the
form of the near horizon field configuration, covariant derivatives of the fields vanish
in this background [31]. Hence, the extremal solution will get no contribution from
corrections involving covariant derivatives of the gauge field strength.

For electrically charged solutions, after dimensional reduction, we will have a theory
of gravity coupled to a scalar and gauge field like before. The constant scalar solution
in this dimensionally reduced theory will capture the near-horizon configuration of the
(un)modified extremal solution. Unlike our previous considerations, the gauge field solution
will be modified. However in two dimensions, the gauge field strength has to be proportional
to the Levi-Civita symbol. Hence, we can obtain an effective theory involving metric and
dilaton where the gauge field terms will act as potential terms for the dilaton, depending on
the charge. In this effective theory, we can consider small fluctuations around the extremal
background and these fluctuations describe the near-extremal dynamics. The linearized
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action should reduce to a boundary action like (3.42) with a pre-factor depending on the
coeflicients of the higher derivative interactions.

The remaining analysis of thermodynamics is identical to that of section 3. The near-
extremal dynamics can also be derived from a modified JT action (3.44) with suitable
choices of the constants G, ¢y, V, and Z such that effectively it becomes the equivalent of
the boundary action like (3.42). The constants will clearly depend on the coefficients of
the four derivative corrections which can be evaluated by explicit computations. The cor-
responding entropy above extremality, equivalent to (3.63) can also be computed as before.

Thus we find that the near-horizon dynamics of a near-extremal black hole at low en-
ergy in a four dimensional theory having arbitrary four derivative corrections is captured
by a JT-like action (3.44) that contains a R? correction only. The scalar equation of mo-
tion in such a theory gives a constant negative curvature solution with a length scale given
by the near horizon AdSs factor of the four dimensional extremal black hole. Effectively,
this theory can be described by a boundary action like (3.47). With appropriate boundary
conditions, this boundary term becomes a Schwarzian derivative of time reparametrization
modes. We find that the R? corrected JT theory shares all the aspects of the JT model since
the coupling of the R? interaction contributes to a modification to the coupling constant
of the boundary theory only, which just modifies the symmetry breaking scale by a small
amount. We expect this equivalence between a near-extremal black hole in a higher dimen-
sional theory with arbitrary four derivative corrections and a R? corrected JT action (3.44)
to hold even when started from dimension D > 4 with more generic four derivative terms.

5 Conclusions and open problems

In this paper we have studied the most generic four derivative corrected four dimensional
near-extremal black hole. We find that all the thermodynamic characteristics of this class
of black holes are captured in a particular four derivative (R?) corrected JT gravity the-
ory. The dynamics of this higher derivative corrected JT theory is given by a boundary
Schwarzian action. In particular, we show that the Schwarzian captures the near-extremal
entropy above extremality of the corresponding black hole. The spectrum does not have a
mass gap at low enough temperature and it is consistent with the modified semi-classical
analysis.

Let us quickly recall the importance of the above study. In the context of understanding
the statistical source of black hole entropy, it was shown long back in [53, 54] that if
we take into account a class of higher derivative corrections to the effective action that
describes the black hole, the entropy of the black hole solution reproduces the statistical
entropy. This was particularly important for the small black hole solutions that get a zero
entropy at the level two derivative gravity theory. The higher derivative corrections to
the effective theory are capable of stretching the horizon of a small black hole in arbitrary
dimensions and thus produces a non zero entropy [55] for them. Thus higher derivative
corrections play a fundamental role in understanding black hole entropy. In the present
work, the analysis is performed for the near-extremal black holes. We have shown that the
higher derivative corrected thermodynamics of the near-extremal black hole physics can be
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suitably incorporated in a higher derivative modified JT theory. The equivalence of this
thermodynamic entropy to that of a statistical entropy still remains an open question.

A byproduct of our computations is the modifications of the M /@ ratio at fixed charge
Q. The near-extremal mass to charge ratio can be found using (3.64), which is a new result
of this paper. For very low temperatures, the second term in (3.64) dominates, which is ob-
tained from an exact path integral computation. Depending on the higher derivative mod-
ifications coming from the coupling of boundary theory and the temperature, the M/Q ra-
tio?? changes. This change can have implications on possible ranges of the higher-derivative
couplings of the theory, based on the Weak Gravity Conjecture [56, 57]. This study is out
of the scope of this present paper, but nevertheless is an interesting one to look for.

Let us finish the paper with possible open directions. JT serves as toy model in
various studies. It has been seen that JT and JT-like two derivative dilaton gravity model
is dual to random matrix model [21, 23, 58]. There is study on the Freudenthal duality of
near extremal black hole entropy in supergravity in the framework of JT gravity [59]. It
would be interesting to find the implications of the higher derivative correction terms on
these dualities. Gravitational deformation of JT can be thought as TT deformation of JT
coupled with matter [60]. It would also be interesting to generalize this study in the higher
derivative modified JT theories.

Another interesting direction to pursue is to compare our present results of near-
extremal black hole entropy with other ways of computing the thermodynamics of non-
extremal black holes. In particular such a result was given in [61]. It would be interesting
to find the correspondence between these two apparently different constructions at two
derivative theory and to extend it further to higher the derivative case. We would report
on this comparison in future.
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A Most generic dilaton gravity action in two dimensions

A.1 Two derivative action

The most generic form of dilaton gravity theory in two dimensions having at most two
derivatives is given by,

5= 1671G2 /d2x‘/§ [U1(®)R + Us(2)V, 2V + Us(®)]. (A1)

22The result at extremality is given in (E.8), which is in agreement with the results of [56]. For a particular
class of 4D near-extremal solution, the ratio in classical regime is given in (E.16).
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Two out of the three functions Uy, Us, Us can be eliminated [24]. Assuming U; (®) # 0, the
scalar can be redefined as,

¢ =Ui(®). (A.2)

In terms of the redefined field, the action (A.1) takes the form

1

5 = —org [ 0V [6R+ 0a(0)9,09"6 + Ux(6)]. A3)

The function Ug(qb) can be eliminated by redefining the metric using a Weyl transformation
of the following form,

I — €xp (20(9)) G- (A.4)

such that 207(¢) = —Us(¢). Finally, the action reduces to

1671(;*2 [/dzx\/ﬁ(¢R+V(¢)) +2/dx\fh¢K} , (A.5)

where the boundary term is added to satisfy the variational principle.

A.2 Four-derivative action
The most generic four-derivative corrected dilaton gravity action is given by [41],

1

HRTeTe / Pa\[§[0R+V (0) + \Z1(9) (V) + A\Z2(9) V.V, 6 VH 6V "¢

FAZ5(G)V VbV V"G + AZa(G)R(V ) + AZ5 () RV?6 + AZg(9) R?], (A.6)

where Z1,Zs, Z3, Z4, Z5 and Zg are arbitrary functions of the dilaton ¢. A is a dimen-
sionless parameter controlling the strength of four derivative terms. Since the number of
independent components of the Riemann tensor in two spacetime dimensions is one and
that can be thought of as Ricci scalar R, only R%, R(V)?, R(V2¢) and other four deriva-
tive combinations of the derivatives of ¢ appear in the action. Some of the four-derivative
terms can be absorbed in the two-derivative part of the action using the following field
redefinition

G = [L+ M1 ()V26 + Mea(6) (V) + Mrs(O)R] g
FNk4(6)V, V6 + s (6) ViV 6. (A7)

Under this field redefinition, the two-derivative part /g(¢R + V(¢)) transforms as,

VAOR+ V) +Av5 (5 = V) [(2h + )V + (2hs + s) (Vo) + 2k

+ AVGVIV S (-1 V2 + ka(V0)? + ks R) g + kaVu V6 + ks VgV ,0]
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We want to absorb higher-derivative terms using the field redefinition, keeping the form
of the two-derivative part invariant i.e. we do not want any two-derivative correction to
VI(@R +V(¢)). From this demand, we get

0,
0.

2k1(¢) + ka(o)
2k2(9) + ks(o)

We further redefine the dilaton ¢ — ¢+ Ak3(¢)V (¢). The transformation of \/g(¢R+V (¢))

term

V[SR+V(6) + Mot (9)(V20)? + Mea() V26(V6)” — 20k (6)V,,V, 6V V"6
— 2k (¢)V, YV, 6 VHFOV ¢ — Akg(qs)Rv?qﬁ} .

The k1(V2¢)? and kyV2¢(V)? terms can be rewritten as linear combinations of the
six higher derivative terms of (A.G) up to total derivatives

kaV2p(Vo)?: = —kh(Vp)* — 2k V V0 VH OV ¢,
k1(V29)? = kY (Vo) + 3KV, V,oVFOV ¢ + k1 V, V,0VHVY ¢ + %R(wﬁ)?.

Therefore, the transformed two-derivative part of (A.6) takes the following form

\/§{¢>R +V 4+ /\<(kz’1’ — kL) (V) + (3K; — 4k2)V Vo VHE OV ¢

— 1V, V,0VHVY ¢ + %R(Vqﬁ)Q — kngzqﬁ)] (A.8)

Plugging in the above expression (A.8) in the action (A.6), three out of six four-derivative
terms can be removed by choosing the arbitrary functions k1, k2, and k3. One such choice is,

1
ki=Zs, kr=(Ze+Z3). ks=Zs. (A.9)
The four-derivative dilaton gravity action depending on four arbitrary functions can be
written as,
1
S= ~ g [ CrV[OR+V(6) + AW (0)(V6) +AWa(6) R(TS) +AWa(6) 2] (A.10)

B Variational principle in the presence of higher derivative corrections

We consider the four-dimensional Einstein-Maxwell action

1
Siutk = e / d'zy/=g (R — 27\ — F,, F™™). (B.1)

The action contains two derivatives of the metric. Taking small variations of the metric
leads to dg,, terms and its derivatives at the boundary. If we consider Dirichlet boundary
conditions on the metric i.e. if we hold the metric fixed at the boundary, the variations and
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their tangential derivatives vanish at the boundary but normal derivatives at the boundary
survive. To make the variation of the action zero, we need to add the Gibbons-Hawking
boundary term at the boundary, given by

1
San = g / d3zv/—hK. (B.2)

For negative cosmological constant A = the vacuum solution is AdS spacetime which

L2 ’
has a timelike boundary at spatial infinity. Here h,, = g, — nyn, is the induced metric
and ny, is the normal to the boundary. K = V,n# is the extrinsic curvature.

We add a generic Gauss-Bonnet correction to the bulk action given by,

e / d'2y/=gA (a1 B + as B R™ + a3 Ry RMP) (B.3)

The correction term contains four-derivative terms of the metric. In general, it is difficult
to obtain an exact boundary term for this action. But the Gauss-Bonnet combination
RéB =R?— 4R, R + R, 0 R*7P7 keeps the equations of motion?3 of second order and
the boundary term can be generalized for this particular combination. Hence for simplicity
we rewrite the correction as,

/ d'wy/=gA (G1R? + Ga Ry B™ + s Ry ) (B.4)

167TG
Here &1 = a1 — a3 and & = as + 4as. For a; = @ = 0, the Gibbons-Hawking boundary
term can be generalized [28],

SGB AO‘?’ / Bov/=h(J — 26D K, (B.5)

Here J is the trace of J,, = §(2KKM)K{,’ + Kpo KPP K,y — 2K, KPP Ky — KQKW) and
Gfﬁ,) is the Einstein tensor corresponding to the induced metric.

However for & # 0 and &g # 0, the equations of motion are higher order so that an
exact boundary term cannot be found. Since we will treat the higher derivative terms as
perturbative corrections to the two-derivative action, we can obtain a boundary term for
which the total variation is O(A?). In this case, we use the leading equation of motion:

3 1
Ryy = =139 + 2F,F,” — 5gWFQ. (B.6)
The boundary term is given by [46],

6
87’[‘G L2 (4041 + 042) K. (B?)

For the gauge field, we cannot choose Dirichlet boundary condition since the boundary

/ d3xv/~h {OQ( KF? 4+ 2F"FY (Knyny, + Kp)) —

term contains gauge field strength. Hence we choose a boundary condition 6(n,F*) =0
which corresponds to fixing electric charge. We need an additional boundary term for the
gauge field part of the bulk action. It is the Maxwell boundary term

SWG/de\/ hF"'n,A (B.8)

Z3In four dimensions, Gauss-Bonnet combination is a topological invariant and hence it does not contribute

to the equations of motion.
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C Computation of attractor values using entropy function

We consider a spherically symmetric, electrically charged, extremal black hole solution in a
theory described by the action (3.3). The near-horizon field configuration consistent with
the SO(2,1) x SO(3) isometry of the AdSy x S? geometry is given by [31],

d 2

ds® = v (—r2dt2 + g) + v2(dO?* + sin® 0dp?), (C.1)
r

Frt = €. (02)

Integrating the lagrangian density over the sphere for this field configuration

o1, Bvivg | 1 v o
flu,vg,e) = 2G(Ul va) + 2GL2 + 20 vle
)\ 5 N ’Ul ’U2 2)\ ~
2 (9 —+ =) == ‘ )
+2G( a1+ ay) <’U2+U1) G(a1+a3) )

From the definition of electric charge Q@ = Ggq, we identify

of _
ae_Q7
7@7)1
e=—.
V2

Taking Legendre transformation of f with respect to the variable e we get the entropy
function &£ (v1,v2,q) = 2w(eq — f), where

T T 3T vv
E(vi,v2,q) = EF;QQ - 5(01 - 212) - 5%
AT, B V1 V9 ax, .
——(2 — 4+ = — . A
T2+ a) (24 2) 4 2+ aa) (C.4)

Extremizing the entropy function with respect to v; and vo we get the attractor values.
Without the higher derivative corrections (A = 0), we get the S? and AdS, radii

L? 1202
— &2 _
U2|)\:0:(I) —6( 1+B_1)7 (C5)
L? 1
'U1|)\:0 = L% = F (1 — 12Q2) . (CG)
Treating the higher derivative terms perturbatively, we obtain the modified S? and AdS,
radii,
N . 12%/L?
_ &2 _ &2
vy = ®§ = O + )\(2041 + Oég) \/H_TQQ’ (07)
L2
- 12Q?/L?
vy = L3 = L3 + \(2a1 + ) @/ (C.8)

(1+ 55y
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The entropy of the extremal black hole is given by the value of the entropy function at this
extrema

2

TP

e 2
Sext = E(L2,2,Q) = oL Aa - 2a3)g — A28 + o)

3677@3
GL?(L? + 6<I>(2)) '

(C.9)

D Integrating out gauge fields in 2D

In this appendix, we shall integrate out the gauge field from the theory described in sec-
tion 3.4 following [52]. The gauge field dependent bulk part of the action (3.27) is as
follows,

1 o3 1
S:——/dQ \/—TFQ:—/F/\ F. D.1
9774 ) TV, 2G i (D-1)
In 2D, F must be proportional to the volume form € since it is a two-form and the

Hodge dual *=F is a scalar:

19

F = fQ, = igﬁeuydx” Adx”. (D.2)

In Euclidean signature, (D.1) can be written in terms of the scalar f as,

Sy = —21G/Qf2- (D.3)

We consider an action involving the gauge field and an auxiliary scalar X such that it is
linear in gauge field,

S = —S/QXQ —z'/XF. (D.4)

It can be readily seen from the path integral by performing a Gaussian integral for the
auxiliary scalar that the action (D.4) is equivalent to the action (D.3). It can also be
obtained by putting the X equation of motion back into (D.4) which is,

f=iGX. (D.5)

The gauge field can be easily integrated out using (D.4) since it is linear in field strength.
Using XF = d(XA) —dXA, (D.4) takes the following form,

sz—g/QXZH/dXA—i/XA. (D.6)
0

The boundary term cancels with the Maxwell boundary term. The gauge field dependent

t24

part®* of the path integral can be integrated out easily,

/DAe—ideA = §(dX). (D.7)

24The gauge field strength terms at the boundary (3.29) at order A do not affect the integration since
gauge field strength is constant at the boundary.
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The X integral now gets contribution from dX = 0 only, which fixes the value of X to
a constant Xj. Using (D.5), we relate this constant to the charge @ from asymptotic
boundary conditions,

X=X,= —ig. (D.8)

The corresponding effective action depends on the measure €) and acts as a potential term
for the field @ in the full action,

Q[ D
E Spherically symmetric charged black hole solution in four dimensions

A spherically symmetric electrically charged black hole in the four dimensional Einstein-
Maxwell theory with generic Gauss-Bonnet correction, described by the action (3.1), has

the following form

dr?
ds? = —f1(r)dt® + + r2dQ?, E.1
At + 05 (E.1)
oM Q% r? _ 242 C (207 2% 2M@Q?*  20*
hilr) =1~ o + 2 + 2 @ L2¢2 + A% L2r2 ph + 5 56 )’ (E.2)

2M  Q*  r? _24Q? o [6MQ?*  4Q? 120
fg(?") =1- T + 7‘72 -+ ﬁ + )\Oél L27"2 + )\OZQ 7‘5 — 7‘4 — 57‘6 y (E?))
Q - Q°
Frt = ﬁ + )\OZQTT. (E4.)

The parameters M, @, L have dimensions of length and the higher derivative coefficients
@1, o have dimensions of length square. For an extremal black hole, the horizon is lo-
cated at

L% + 393 69,

rTh = q)o = (I)O =+ )\(26&1 + dQ)mF (E5)
®( is the extremal horizon without higher derivative corrections and it is related to the
charge by,
2 _ 2 305 B
At extremality, the mass is given by,
203 9 o, Ao L? — 12(5a + )3
Mexy = Po + F - )\(L + 3‘1)0) 5L4(I)0 . (E?)
For fixed charge black hole, the mass to charge ratio at extremality is given by
Mext Mext> L2 + 3{)% < - - 12 dg)
=(—— 14+ Ad—"—-7( (5 —— = |- E.8
Q < Q /=0 * 5(L2 + 297) ( a1+a2)L2 @3 (E8)
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The corresponding unmodified ratio is,

(Mgt) L2420 (£.9)

A=0  Ly\/L? + 3%

The above ratio is greater than one, as an artefact of the AdS geometry. In the presence of
the higher derivative modification, the ratio gets modified as in (E.8). Keeping the charge
fixed, if we slightly increase the mass above extremality, the extremal horizon splits into

two close but distinct horizons. The horizons are given by
re =g+ A, (E.10)

such that fi(r+) = fi(r+) = 0. The mass above extremality is proportional to A2. The

temperature of the near-extremal black hole is defined as,

T= A0, (B.11)

The temperature gets modified due to the higher derivative corrections. The corrected
temperature is given by,

L? + 392
2L2®3(L2 + 603)2

T =Ty — N (GaL* + 6(66, + 5an)L2®2 + 72(a1 + a2)®3),  (BE.12)

where Ty is the temperature of the near-extremal black hole in the absence of higher
derivative corrections. The shift in horizon can be expressed in terms of 7y,

A=Ty

2mL2®3 3(L% +30%) 3 s o-
2 4 6e? ( A Tren T oy G2 A2 + 50) L0 + 24(d1 +262) ) ).

(E.13)

If instead, we fix the temperature to Ty even under the presence of higher derivative
corrections, the near extremal mass is given by,
2m2 L2 %}
L? + 63
212®o(L? + 3P3
+ >‘T02 Do ‘|’2 0)
(L? + 69%)3
The shift in horizon is given as,
2n L2 ®2 - (L? + 3®3)
L2 + 632 L2P3(L? + 693)?

MyE = Moy + T3

(GaL* + 6(6a; + 5ag)L2®F + 72(a1 + a2)®3)  (E.14)

A=T (o L* — 246, L*®2 + 36072@3)) (E.15)

Mass to charge ratio of the near-extremal black hole solution,
Mng (MNE> L? + 303 ( 12 aQ)
= 1+ Ad—"——=( (5 — — =
@ ~UQ | T smrraap (O L
4m2L2(L? + 393)
(L2 +202%)2(L2 + 602

+A\T§ = E (3@ L% + 20L* (3G + 4dn) B3

+ 27642 L2 D¢ + 144(—5ay + 072)@8)] : (E.16)
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F Kaluza-Klein reduction on S?

In general, an infinite tower of modes appear in lower dimensions upon the dimensional
reduction of a theory over a compact manifold. For the reduction of Einstein-Maxwell
theory over a sphere, the lower dimensional theory can be consistently truncated to the
massless sector consisting of finite number of modes [50].

We are interested in studying the near-horizon dynamics of a spherically symmetric
near-extremal black hole in four-dimensional Einstein-Hilbert-Maxwell theory under the
presence of four derivative interactions from two-dimensional perspective. The higher di-
mensional fields (i.e. metric and U(1) gauge field) can be decomposed in terms of spherical
harmonics Y}, (y), where y° denote the coordinates on S? and the labels I, m correspond
to (20 + 1) dimensional representation of SO(3) with —I < m < +[ [51].

The massless fields generated through the dimensional reduction are two dimensional
metric, dilaton, corresponding to the radius of the sphere, U(1) and SO(3) gauge fields.
The 2D metric, dilaton, and U(1) gauge field are constant on the sphere and these fields
correspond to the [ = 0 sector of the decomposition. At [ = 1 sector, only massless fields are
the SO(3) gauge fields which transform covariantly under the diffeomorphisms on S2. For
[ > 2, all the fields are massive. Therefore, the dimensional reduction ansatz for consistent
Kaluza-Klein reduction in massless sector has the following form,

ds® = g da’da” + *(z%)gij(dy’ + K, A7 da ) (dy’ + K Apda"), (F.1)

A, =4, A =o. (F.2)
Here, x# are the coordinates on the 2D manifold with metric g,,, and the metric on S? is
gij, which has an SO(3) isometry group generated by the Killing vectors K. A™ are the
SO(3) gauge fields and flu is the U(1) gauge field.

Following [40, 52], the 2D gauge fields can be integrated out to give an effective action
for the metric and dilaton. This effective theory can also be simply obtained by plugging in
the equations of motion for the gauge fields in the action. In this theory, the effects of the
gauge fields are realized as a potential term for the dilaton depending on the U(1) charge @
and SO(3) charges [(I+1). In the presence of higher derivative corrections, after integrating
out the gauge fields, we should get various interaction terms involving the metric and the
dilaton which will also depend on the charges @ and SO(3) charges I(I + 1).

In the effective theory, the constant dilaton solution with [ = 0 describes the near-
horizon structure of a spherically symmetric extremal black hole. Since we are interested
in the thermodynamics of a spherically symmetric near-extremal black hole with the same
charges as the extremal solution, we can safely work with the [ = 0 sector modes only
which leads to choosing the dimensional reduction ansatz (3.13). Nevertheless, if we uplift
a solution with non-zero values of | from two to four dimensions, it will correspond to
a rotating black hole. Therefore the SO(3) modes are important in the study of the
thermodynamics of Kerr-Newman black holes at low temperature.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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~32 -


https://creativecommons.org/licenses/by/4.0/

References

[1] C.G. Callan, Jr., S.B. Giddings, J.A. Harvey and A. Strominger, Fvanescent black holes,
Phys. Rev. D 45 (1992) R1005 [hep-th/9111056] [iINSPIRE].

[2] C. Teitelboim, Gravitation and Hamiltonian Structure in Two Space-Time Dimensions,
Phys. Lett. B 126 (1983) 41 [INSPIRE].

[3] R. Jackiw, Lower Dimensional Gravity, Nucl. Phys. B 252 (1985) 343 [INSPIRE].

[4] S. Sachdev and J. Ye, Gapless spin fluid ground state in a random, quantum Heisenberg
magnet, Phys. Rev. Lett. 70 (1993) 3339 [cond-mat/9212030] [iNSPIRE].

[5] A. Kitaev, Hidden correlations in the hawking radiation and thermal noise, talk at KITP,
online.kitp.ucsb.edu/online/joint98 /kitaev/ (2015).

[6] A. Kitaev, A simple model of quantum holography, talks at KITP,
online.kitp.ucsb.edu/online/entangled15/kitaev/ and
online.kitp.ucsb.edu/online/entangled15/kitaev2/ (2015).

[7] J. Polchinski and V. Rosenhaus, The Spectrum in the Sachdev-Ye-Kitaev Model, JHEP 04
(2016) 001 [arXiv:1601.06768] [INSPIRE].

[8] J. Maldacena and D. Stanford, Remarks on the Sachdev-Ye-Kitaev model, Phys. Rev. D 94
(2016) 106002 [arXiv:1604.07818] [INSPIRE].

[9] J. Maldacena, D. Stanford and Z. Yang, Conformal symmetry and its breaking in two
dimensional Nearly Anti-de-Sitter space, PTEP 2016 (2016) 12C104 [arXiv:1606.01857]
[INSPIRE].

[10] K. Jensen, Chaos in AdSs Holography, Phys. Rev. Lett. 117 (2016) 111601
[arXiv:1605.06098] [iNSPIRE].

[11] G. Sérosi, AdSs holography and the SYK model, PoS Modave2017 (2018) 001
[arXiv:1711.08482] [INSPIRE].

[12] J.M. Maldacena, J. Michelson and A. Strominger, Anti-de Sitter fragmentation, JHEP 02
(1999) 011 [hep-th/9812073] InSPIRE].

[13] A. Almbheiri and J. Polchinski, Models of AdSs backreaction and holography, JHEP 11 (2015)
014 [arXiv:1402.6334] [INSPIRE].

[14] J. Engelsoy, T.G. Mertens and H. Verlinde, An investigation of AdSs backreaction and
holography, JHEP 07 (2016) 139 [arXiv:1606.03438] [INSPIRE].

[15] A. Almbheiri and B. Kang, Conformal Symmetry Breaking and Thermodynamics of
Near-Extremal Black Holes, JHEP 10 (2016) 052 [arXiv:1606.04108] [INSPIRE].

[16] P. Nayak, A. Shukla, R.M. Soni, S.P. Trivedi and V. Vishal, On the Dynamics of
Near-Ezxtremal Black Holes, JHEP 09 (2018) 048 [arXiv:1802.09547] [INSPIRE].

[17] U. Moitra, S.K. Sake, S.P. Trivedi and V. Vishal, Jackiw-Teitelboim Gravity and Rotating
Black Holes, JHEP 11 (2019) 047 [arXiv:1905.10378] [INSPIRE].

[18] U. Moitra, S.K. Sake, S.P. Trivedi and V. Vishal, Jackiw-Teitelboim Model Coupled to
Conformal Matter in the Semi-Classical Limit, JHEP 04 (2020) 199 [arXiv:1908.08523]
[INSPIRE].

[19] K.S. Kolekar and K. Narayan, AdSs dilaton gravity from reductions of some nonrelativistic
theories, Phys. Rev. D 98 (2018) 046012 [arXiv:1803.06827] [INSPIRE].

— 33 —


https://doi.org/10.1103/PhysRevD.45.R1005
https://arxiv.org/abs/hep-th/9111056
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9111056
https://doi.org/10.1016/0370-2693(83)90012-6
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB126%2C41%22
https://doi.org/10.1016/0550-3213(85)90448-1
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB252%2C343%22
https://doi.org/10.1103/PhysRevLett.70.3339
https://arxiv.org/abs/cond-mat/9212030
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.Lett.%2C70%2C3339%22
https://online.kitp.ucsb.edu/online/joint98/kitaev/
https://online.kitp.ucsb.edu/online/entangled15/kitaev/
https://online.kitp.ucsb.edu/online/entangled15/kitaev2/
https://doi.org/10.1007/JHEP04(2016)001
https://doi.org/10.1007/JHEP04(2016)001
https://arxiv.org/abs/1601.06768
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1601.06768
https://doi.org/10.1103/PhysRevD.94.106002
https://doi.org/10.1103/PhysRevD.94.106002
https://arxiv.org/abs/1604.07818
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1604.07818
https://doi.org/10.1093/ptep/ptw124
https://arxiv.org/abs/1606.01857
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.01857
https://doi.org/10.1103/PhysRevLett.117.111601
https://arxiv.org/abs/1605.06098
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1605.06098
https://doi.org/10.22323/1.323.0001
https://arxiv.org/abs/1711.08482
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1711.08482
https://doi.org/10.1088/1126-6708/1999/02/011
https://doi.org/10.1088/1126-6708/1999/02/011
https://arxiv.org/abs/hep-th/9812073
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9812073
https://doi.org/10.1007/JHEP11(2015)014
https://doi.org/10.1007/JHEP11(2015)014
https://arxiv.org/abs/1402.6334
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1402.6334
https://doi.org/10.1007/JHEP07(2016)139
https://arxiv.org/abs/1606.03438
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.03438
https://doi.org/10.1007/JHEP10(2016)052
https://arxiv.org/abs/1606.04108
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1606.04108
https://doi.org/10.1007/JHEP09(2018)048
https://arxiv.org/abs/1802.09547
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.09547
https://doi.org/10.1007/JHEP11(2019)047
https://arxiv.org/abs/1905.10378
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1905.10378
https://doi.org/10.1007/JHEP04(2020)199
https://arxiv.org/abs/1908.08523
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1908.08523
https://doi.org/10.1103/PhysRevD.98.046012
https://arxiv.org/abs/1803.06827
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1803.06827

[20] U. Moitra, S.K. Sake and S.P. Trivedi, Jackiw- Teitelboim gravity in the second order
formalism, JHEP 10 (2021) 204 [arXiv:2101.00596] INSPIRE].

[21] P. Saad, S.H. Shenker and D. Stanford, JT gravity as a matriz integral, ar¥iv:1903.11115
[INSPIRE].

[22] D. Stanford and E. Witten, JT gravity and the ensembles of random matriz theory, Adv.
Theor. Math. Phys. 24 (2020) 1475 [arXiv:1907.03363] [INSPIRE].

[23] E. Witten, Matriz Models and Deformations of JT Gravity, Proc. Roy. Soc. Lond. A 476
(2020) 20200582 [arXiv:2006.13414] [INSPIRE].

[24] E. Witten, Deformations of JT Gravity and Phase Transitions, arXiv:2006.03494
[INSPIRE].

[25] B. Zwiebach, Curvature Squared Terms and String Theories, Phys. Lett. B 156 (1985) 315
[INSPIRE].

[26] D.J. Gross and E. Witten, Superstring Modifications of Einstein’s Equations, Nucl. Phys. B
277 (1986) 1 [INSPIRE].

[27] D.J. Gross and J.H. Sloan, The Quartic Effective Action for the Heterotic String, Nucl. Phys.
B 291 (1987) 41 [INSPIRE].

[28] R.C. Myers, Higher Derivative Gravity, Surface Terms and String Theory, Phys. Rev. D 36
(1987) 392 [INSPIRE].

[29] A. Buchel, R.C. Myers and A. Sinha, Beyond n/s = 1/4mx, JHEP 03 (2009) 084
[arXiv:0812.2521] [iNSPIRE].

[30] N. Banerjee and S. Dutta, Higher Derivative Corrections to Shear Viscosity from Graviton’s
Effective Coupling, JHEP 03 (2009) 116 [arXiv:0901.3848] [INSPIRE].

[31] A. Sen, Black Hole Entropy Function, Attractors and Precision Counting of Microstates,
Gen. Rel. Grav. 40 (2008) 2249 [arXiv:0708.1270] InSPIRE].

[32] A. Kar, T. Mandal and A. Saha, The large D membrane paradigm for general four-derivative
theory of gravity with a cosmological constant, JHEP 08 (2019) 078 [arXiv:1904.08273]
[INSPIRE].

[33] D. Lovelock, The Einstein tensor and its generalizations, J. Math. Phys. 12 (1971) 498
[INSPIRE].

[34] H. Rathi and D. Roychowdhury, Holographic JT gravity with quartic couplings, JHEP 10
(2021) 209 [arXiv:2107.11632] [INSPIRE].

[35] E. Elizalde, P. Fosalba-Vela, S. Naftulin and S.D. Odintsov, On black holes in the theory of
dilatonic gravity coupled to a scalar field, Phys. Lett. B 352 (1995) 235 [hep-th/9505030]
[INSPIRE].

[36] S. Naftulin and S.D. Odintsov, On higher derivative dilatonic gravity in two-dimensions,
Mod. Phys. Lett. A 10 (1995) 2071 [hep-th/9509064] [INSPIRE].

[37] S. Nojiri and S.D. Odintsov, Quantum dilatonic gravity in (D = 2)-dimensions,
(D = 4)-dimensions and (D = 5)-dimensions, Int. J. Mod. Phys. A 16 (2001) 1015
[hep-th/0009202] [INSPIRE].

[38] S.-K. Chu, C.-T. Ma and C.-H. Wu, Two-Dimensional Dilaton Gravity Theory and Lattice
Schwarzian Theory, Int. J. Mod. Phys. A 34 (2019) 1950176 [arXiv:1802.04599] INSPIRE].

— 34 —


https://doi.org/10.1007/JHEP10(2021)204
https://arxiv.org/abs/2101.00596
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2101.00596
https://arxiv.org/abs/1903.11115
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1903.11115
https://doi.org/10.4310/ATMP.2020.v24.n6.a4
https://doi.org/10.4310/ATMP.2020.v24.n6.a4
https://arxiv.org/abs/1907.03363
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1907.03363
https://doi.org/10.1098/rspa.2020.0582
https://doi.org/10.1098/rspa.2020.0582
https://arxiv.org/abs/2006.13414
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.13414
https://arxiv.org/abs/2006.03494
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.03494
https://doi.org/10.1016/0370-2693(85)91616-8
https://inspirehep.net/search?p=find+J%20%22Phys.Lett.%2CB156%2C315%22
https://doi.org/10.1016/0550-3213(86)90429-3
https://doi.org/10.1016/0550-3213(86)90429-3
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB277%2C1%22
https://doi.org/10.1016/0550-3213(87)90465-2
https://doi.org/10.1016/0550-3213(87)90465-2
https://inspirehep.net/search?p=find+J%20%22Nucl.Phys.%2CB291%2C41%22
https://doi.org/10.1103/PhysRevD.36.392
https://doi.org/10.1103/PhysRevD.36.392
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD36%2C392%22
https://doi.org/10.1088/1126-6708/2009/03/084
https://arxiv.org/abs/0812.2521
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0812.2521
https://doi.org/10.1088/1126-6708/2009/03/116
https://arxiv.org/abs/0901.3848
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0901.3848
https://doi.org/10.1007/s10714-008-0626-4
https://arxiv.org/abs/0708.1270
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0708.1270
https://doi.org/10.1007/JHEP08(2019)078
https://arxiv.org/abs/1904.08273
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1904.08273
https://doi.org/10.1063/1.1665613
https://inspirehep.net/search?p=find+J%20%22J.Math.Phys.%2C12%2C498%22
https://doi.org/10.1007/JHEP10(2021)209
https://doi.org/10.1007/JHEP10(2021)209
https://arxiv.org/abs/2107.11632
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2107.11632
https://doi.org/10.1016/0370-2693(95)00502-C
https://arxiv.org/abs/hep-th/9505030
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9505030
https://doi.org/10.1142/S0217732395002222
https://arxiv.org/abs/hep-th/9509064
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9509064
https://doi.org/10.1142/S0217751X01002968
https://arxiv.org/abs/hep-th/0009202
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0009202
https://doi.org/10.1142/S0217751X19501768
https://arxiv.org/abs/1802.04599
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1802.04599

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

(48]

[49]

[50]
[51]

[52]

[53]

[54]

[55]

[56]

[57]

M. Heydeman, L.V. Iliesiu, G.J. Turiaci and W. Zhao, The statistical mechanics of near-BPS
black holes, J. Phys. A 55 (2022) 014004 [arXiv:2011.01953] INSPIRE].

L.V. Hiesiu and G.J. Turiaci, The statistical mechanics of near-extremal black holes, JHEP
05 (2021) 145 [arXiv:2003.02860] [INSPIRE].

E. Elizalde, S. Naftulin and S.D. Odintsov, One loop renormalization of higher derivative
2 — D dilaton gravity, Phys. Lett. B 323 (1994) 124 [hep-th/9311079] [INSPIRE].

M. Cadoni and S. Mignemi, Asymptotic symmetries of AdSe and conformal group in d =1,
Nucl. Phys. B 557 (1999) 165 [hep-th/9902040] [INSPIRE].

D. Stanford and E. Witten, Fermionic Localization of the Schwarzian Theory, JHEP 10
(2017) 008 [arXiv:1703.04612] [INSPIRE].

M. Cadoni and S. Mignemi, Classical and semiclassical properties of extremal black holes
with dilaton and modulus fields, Nucl. Phys. B 427 (1994) 669 [hep-th/9312171] [INSPIRE].

M. Cadoni and S. Mignemi, Nonsingular four-dimensional black holes and the
Jackiw-Teitelboim theory, Phys. Rev. D 51 (1995) 4319 [hep-th/9410041] [INSPIRE].

S. Cremonini, J.T. Liu and P. Szepietowski, Higher Derivative Corrections to R-charged
Black Holes: Boundary Counterterms and the Mass-Charge Relation, JHEP 03 (2010) 042
[arXiv:0910.5159] [INSPIRE].

H.W. Braden, J.D. Brown, B.F. Whiting and J.W. York, Jr., Charged black hole in a grand
canonical ensemble, Phys. Rev. D 42 (1990) 3376 [IxSPIRE].

S.W. Hawking and S.F. Ross, Duality between electric and magnetic black holes, Phys. Rev.
D 52 (1995) 5865 [hep-th/9504019] [INSPIRE].

A. Chamblin, R. Emparan, C.V. Johnson and R.C. Myers, Charged AdS black holes and
catastrophic holography, Phys. Rev. D 60 (1999) 064018 [hep-th/9902170] [INSPIRE].

C. Pope, Kaluza-Klein Theory, http://people.tamu.edu/~c-pope/ihplec.ps.

J. Michelson and M. Spradlin, Supergravity spectrum on AdS, x S?, JHEP 09 (1999) 029
[hep-th/9906056] [INSPIRE].

E. Witten, On quantum gauge theories in two-dimensions, Commun. Math. Phys. 141 (1991)
153 [INSPIRE].

A. Dabholkar, Ezact counting of black hole microstates, Phys. Rev. Lett. 94 (2005) 241301
[hep-th/0409148] [INSPIRE].

A. Sen, How does a fundamental string stretch its horizon?, JHEP 05 (2005) 059
[hep-th/0411255] [INSPIRE].

A. Sen, Stretching the horizon of a higher dimensional small black hole, JHEP 07 (2005) 073
[hep-th/0505122] [INSPIRE].

S. Cremonini, C.R.T. Jones, J.T. Liu and B. McPeak, Higher-Derivative Corrections to
Entropy and the Weak Gravity Conjecture in Anti-de Sitter Space, JHEP 09 (2020) 003
[arXiv:1912.11161] [INSPIRE].

N. Arkani-Hamed, Y.-t. Huang, J.-Y. Liu and G.N. Remmen, Causality, Unitarity, and the
Weak Gravity Conjecture, arXiv:2109.13937 [nSPIRE].

[68] H. Maxfield and G.J. Turiaci, The path integral of 3D gravity near extremality; or, JT gravity

with defects as a matriz integral, JHEP 01 (2021) 118 [arXiv:2006.11317] [InSPIRE].

— 35 —


https://doi.org/10.1088/1751-8121/ac3be9
https://arxiv.org/abs/2011.01953
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2011.01953
https://doi.org/10.1007/JHEP05(2021)145
https://doi.org/10.1007/JHEP05(2021)145
https://arxiv.org/abs/2003.02860
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2003.02860
https://doi.org/10.1016/0370-2693(94)90280-1
https://arxiv.org/abs/hep-th/9311079
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9311079
https://doi.org/10.1016/S0550-3213(99)00398-3
https://arxiv.org/abs/hep-th/9902040
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9902040
https://doi.org/10.1007/JHEP10(2017)008
https://doi.org/10.1007/JHEP10(2017)008
https://arxiv.org/abs/1703.04612
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1703.04612
https://doi.org/10.1016/0550-3213(94)90644-0
https://arxiv.org/abs/hep-th/9312171
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9312171
https://doi.org/10.1103/PhysRevD.51.4319
https://arxiv.org/abs/hep-th/9410041
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9410041
https://doi.org/10.1007/JHEP03(2010)042
https://arxiv.org/abs/0910.5159
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A0910.5159
https://doi.org/10.1103/PhysRevD.42.3376
https://inspirehep.net/search?p=find+J%20%22Phys.Rev.%2CD42%2C3376%22
https://doi.org/10.1103/PhysRevD.52.5865
https://doi.org/10.1103/PhysRevD.52.5865
https://arxiv.org/abs/hep-th/9504019
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9504019
https://doi.org/10.1103/PhysRevD.60.064018
https://arxiv.org/abs/hep-th/9902170
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9902170
http://people.tamu.edu/~c-pope/ihplec.ps
https://doi.org/10.1088/1126-6708/1999/09/029
https://arxiv.org/abs/hep-th/9906056
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F9906056
https://doi.org/10.1007/BF02100009
https://doi.org/10.1007/BF02100009
https://inspirehep.net/search?p=find+J%20%22Commun.Math.Phys.%2C141%2C153%22
https://doi.org/10.1103/PhysRevLett.94.241301
https://arxiv.org/abs/hep-th/0409148
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0409148
https://doi.org/10.1088/1126-6708/2005/05/059
https://arxiv.org/abs/hep-th/0411255
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0411255
https://doi.org/10.1088/1126-6708/2005/07/073
https://arxiv.org/abs/hep-th/0505122
https://inspirehep.net/search?p=find+EPRINT%2Bhep-th%2F0505122
https://doi.org/10.1007/JHEP09(2020)003
https://arxiv.org/abs/1912.11161
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1912.11161
https://arxiv.org/abs/2109.13937
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2109.13937
https://doi.org/10.1007/JHEP01(2021)118
https://arxiv.org/abs/2006.11317
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2006.11317

[59] A. Chattopadhyay and T. Mandal, Freudenthal duality of near-extremal black holes and JT
gravity, arXiv:2110.05547 [INSPIRE].

[60] T. Ishii, S. Okumura, J.-I. Sakamoto and K. Yoshida, Gravitational perturbations as
TT-deformations in 2D dilaton gravity systems, Nucl. Phys. B 951 (2020) 114901
[arXiv:1906.03865] INSPIRE].

[61] A. Sen, Logarithmic Corrections to Schwarzschild and Other Non-extremal Black Hole
Entropy in Different Dimensions, JHEP 04 (2013) 156 [arXiv:1205.0971] INSPIRE].

— 36 —


https://arxiv.org/abs/2110.05547
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A2110.05547
https://doi.org/10.1016/j.nuclphysb.2019.114901
https://arxiv.org/abs/1906.03865
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1906.03865
https://doi.org/10.1007/JHEP04(2013)156
https://arxiv.org/abs/1205.0971
https://inspirehep.net/search?p=find+EPRINT%2BarXiv%3A1205.0971

	Introduction
	Dilaton gravity theories in two dimensions
	Some generalities 
	A brief overview of the Jackiw-Teitelboim (JT) gravity
	Breaking of boundary time reparametrization symmetry
	Effective boundary action
	Evaluation of exact partition function


	Spherically symmetric near-extremal black hole in higher derivative theory
	Attractor solutions
	Dimensional reduction of four dimensional theory over S2
	Classical solutions of two dimensional field variables
	A useful Weyl transformation
	Integrating out the abelian gauge field
	Fluctuation around extremality
	Boundary action from a modified JT action
	Thermodynamic quantities for small temperature

	JT equivalence of 4D near-extremal near-horizon dynamics with more generic four derivative interactions
	Conclusions and open problems
	Most generic dilaton gravity action in two dimensions
	Two derivative action
	Four-derivative action

	Variational principle in the presence of higher derivative corrections
	Computation of attractor values using entropy function
	Integrating out gauge fields in 2D
	Spherically symmetric charged black hole solution in four dimensions
	Kaluza-Klein reduction on S2

