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Abstract: According to Witten [1], the conformal boundary condition of gravity, which
specifies the conformal geometry of the boundary and the trace of the extrinsic curvature,
is elliptic and leads to well-defined perturbation theory of gravity about any classical solu-
tion. The conformal boundary condition was previously considered in [2, 3] in the context
of AdS/BCFT, wherein the equation of motion of the end-of-the-world was derived and
emphasized. In this paper, we investigate further other consequences of the conformal
boundary condition in AdS/BCFT. We derive the boundary central charges of the holo-
graphic Weyl anomaly and show that they are exactly the same for conformal boundary
condition and Dirichlet boundary condition. We analysis the metric perturbation with
conformal boundary condition (CBC), Dirichlet boundary condition (DBC) and Neumann
boundary condition (NBC) imposed on the end-of-the-world brane and show that they ad-
mit an interpretation as the fluctuation of the extrinsic curvature (case of CBC and DBC)
and the induced metric (case of NBC) of Q respectively. In all cases, the fluctuation modes
are massive, which are closely relevant to the massive island formation in the literature.
Our results reveal that there are non-trivial gravitational dynamics from extrinsic curva-
tures on the conformal and Dirichlet branes, which may have interesting applications to
the island. We also discuss, in passing, the localization of gravitons in brane world theory.
We find that, contrary to NBC, the graviton for CBC/DBC is located on the brane with
non-positive tension instead of non-negative tension.
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1 Introduction

Double holography has drawn much attention recently, which plays an important role in
recovering Page curve of Hawking radiation [4–6]. See also [7–32] for related works. Double
holography is a generalization of the AdS/CFT correspondence [33–35] and is closely related
to brane world holography [36–38] and AdS/BCFT [39–42], BCFT means a conformal field
theory defined on a manifold with a boundary, where suitable boundary conditions (BC)
are imposed [43, 44]. Recently, a novel doubly holographic model called wedge holography
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has been proposed [45, 46]. For one novel class of solutions, it has been shown that
wedge holography is equivalent to AdS/CFT with Einstein gravity [47]. Generally, wedge
holography can be obtained as a special limit of AdS/BCFT with edge modes living on the
corner of the wedge [45]. Generalizing wedge holography to codim-m defects, [48] proposes
the so-called cone holography.

Due to the importance of AdS/BCFT itself and the prominent role it plays in various
other dualities as discussed above, any deeper understanding of AdS/BCFT will be quite
interesting. At the level of classical gravity, the action for AdS/BCFT is given by

I =
∫
N
dd+1x

√
|g|(R− 2Λ) + 2

∫
Q
ddy

√
|h|(K − T ) (1.1)

where K is the extrinsic curvature, T is the tension of end-of-the-world brane Q and hij
is the induced metric on Q. Taking the variations and focusing on the boundary terms,
we have

δI = −
∫
Q
ddy

√
|h|
(
Kij − (K − T )hij

)
δhij = 0 (1.2)

in order to have a well-defined action principle (1.2). The original proposal of
Takayanagi [39] is to take on Q the Neumann boundary condition (NBC)

NBC :
(
Kij − (K − T )hij

)
|Q = 0. (1.3)

The Neumann boundary condition imposes conditions on the end-of-the-world brane Q [39–
41] as well as the bulk Einstein metric [49]. In addition, it is possible to impose alternative
boundary conditions for AdS/BCFT. For example, we have the conformal boundary con-
dition (CBC) [2, 3], which fixes the conformal geometry of the boundary and the trace of
the extrinsic curvature

CBC :


K = d

d− 1T,

δhij |Q = 2σ(y)hij |Q,

(1.4a)

(1.4b)

where σ(y) is an arbitrary conformal factor. One can also impose the Dirichlet boundary
condition (DBC) [42]

DBC : δhij |Q = 0. (1.5)

All of these boundary conditions define consistent theory of AdS/BCFT. See also [50–54]
for some early works on the boundary condition of the gravity.

To see that the CBC works, it is instructive to rewrite (1.2) as∫
Q
ddy

√
|h|
[(
T − d− 1

d
K

)
δh+ K̄ijδhij

]
= 0, (1.6)

where δh = hijδhij is the trace of metric variations and K̄ij := Kij − K
d h

ij is the traceless
part of the extrinsic curvature. Since K̄ijδhij = 2σK̄ijhij = 0, it is clear that the CBC (1.4)
makes vanish the action variation (1.6). It should be mentioned that the CBC (1.4) has
been partially discussed in [2, 3], which was called mixed BC there. However, [2, 3] have
mainly focused on the constraint (1.4a) without paying much attention to the second
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condition (1.4b). In this paper, we will study carefully the complete CBC in order to gain
further insights on AdS/BCFT with CBC.

CBC is not just a possible boundary condition for AdS/BCFT, it is actually a very
interesting class of boundary condition for a good reason. At the quantum level, one
hopes the boundary condition of gravity to be elliptic so that it leads to a well-defined
perturbation theory of ‘quantum gravity’ [1]. According to Witten [1], in general DBC is
not elliptic and does not lead to a well-defined perturbation theory. It is better-behaved
if the extrinsic curvature of the boundary is positive- or negative-definite. This additional
condition indeed plays an important role in AdS/BCFT with DBC, which helps to select
the correct solutions with positive brane tensions [42]. On the other hand, CBC is always
elliptic and leads to a well-defined perturbation theory [1]. Thus it is interesting to consider
AdS/BCFT with CBC and investigate the properties of the gravitational perturbations in
this context. This is the main motivation of this paper.

The analysis of AdS/BCFT with CBC is however a little more subtle. As originally
suggested in [41] and fully developed in [49], it has been shown that while the traditional
construction of the bulk metric based on the Fefferman-Graham (FG) expansion does not
work for AdS/BCFT due to the existence of junction, a construction of the bulk metric
based on a perturbative expansion in the extrinsic curvature works fine. This method has
been applied for the case of NBC [49] and DBC [42] with the bulk metric constructed
correspondingly, leading to well-defined AdS/BCFT with NBC and DBC. However, it has
been observed that the employment of CBC (1.4) does not fix all the integral constants in
the bulk metric solution of the Einstein equations 1. This is puzzling and appears to be an
obstacle to the construction of a well-defined theory of AdS/BCFT based on CBC. In this
paper, we resolve this problem and show that CBC also fixes the bulk metric completely
and give rises to a well-defined AdS/BCFT. We observe that the metric ansatz employed
in [42, 49] admits a non-vanishing extrinsic curvature kij for the boundary metric of BCFT.
For simplicity, we have considered a constant kij and that was sufficient for the analysis
there since the NBC and DBC were already nontrivial at the considered linear perturbative
order. However, as the CBC involves higher power of derivatives in the boundary metric,
it becomes trivial at the linear perturbative order and this is why the CBC appears to be
less restrictive. In this paper, we construct the metric ansatz with non-constant kij and
show that the CBC does fix the bulk metric completely as the case of NBC and DBC. As
a result, all the boundary central charges of the Weyl anomaly are also determined.

Let us summarize the main results of this paper. We investigate AdS/BCFT with
CBC in this paper. We resolve a subtly related to the application of the CBC to the bulk
metric ansatz that has been shown to work well previously for NBC and DBC. We fix the
central charges of boundary Weyl anomaly for AdS/BCFT with CBC. It is found that the
central charge, which is related to the norm of displacement operator, is the exactly the
same for CBC and DBC. Although the central charges are same, the locations of end-of-
the-world branes are different for these two AdS/BCFT. We study the dynamics of the

1See also discussions at the end of [42], which suggests that “CBC is more subtle, which is less restrictive
than DBC and NBC.”
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metric perturbations with CBC, DBC or NBC imposed on the end-of-the-world branes.
At the linear order, the perturbations obey EOM of massive gravity with a mass square
spectrum that is discrete and positive. The perturbation modes are obtained by imposing
a gauge fixing condition. They can be quantized covariantly by utilizing the BRST method
with the inclusion of ghost fields. As shown in [1], the resulting kinetic operators in the
BRST invariant action are elliptic. It is in this sense that these fluctuations lead to a
well-defined perturbative theory of gravity at the quadratic order. As application, we also
briefly discuss the potential implications of the fluctuations, such as the two-point function
and the relation to massive islands [13, 24].

We emphasis that in AdS/BCFT, the boundary condition is defined with a one side
end-of-the-world brane, i.e. there is nothing beyond it. This is in contrast with the consid-
eration in the Randall-Sundrum (RS) brane world theory where the RS brane is situated
in a bulk spacetime and a junction condition is imposed instead. To get to a BCFT, one
needs to perform an orbifolding to get to a one-sided setup. Apart from giving an extra
factor of 2 in the equation of motion for Q in the case of NBC and CBC, it also has im-
plication on the localization of gravitons due to the rise of a volcano potential localized
on the RS brane. Although it is not directly related to the study of AdS/BCFT, the set
up is similar and we have performed a study of the problem of localization of gravitons in
the brane world setup. Interestingly we find that, for NBC, the graviton is located on the
brane with non-negative tension; while for CBC, the graviton is located on the brane with
non-positive tension. This analysis is included in the appendix.

The paper is organized as follows. In section 2, we formulate AdS/BCFT with CBC
and resolve a subtlety. We study the linear perturbations around an AdS background and
find that the more general metric ansatz can fix all of the integral constants and yield a
well-defined CBC. In section 3, we study the perturbations around a black string and show
that CBC is well-defined on this background. In section 4, we discuss the second-order
perturbations and determine all the central charges of 4d holographic BCFT with CBC.
In section 5, we explore the dynamics of metric fluctuations on Dirichlet and conformal
branes. In section 6, we make some physical discussions in relation to our results. In
particular, we discuss the relation of our results to the massive island and the consistency
of the various boundary conditions. Finally, we conclude with some open questions in
section 7. A number of appendices is included which extended the results of the main text
of the paper. In appendix A, we solve the Einstein equation up to second order in small
extrinsic curvature of the field-theory boundary. In appendix B, we derive the massive
spectrum for a massive bulk scalar field. In appendix C, localization of gravitons on the
AdS brane is discussed for various kinds of BC imposed on the brane.

2 AdS/BCFT with CBC

In this section, we study the AdS/BCFT with CBC. Let us start with the geometry as
shown in figure 1. Takayanagi [39] proposes to extend the d dimensional manifold M to
a d + 1 dimensional asymptotically AdS space N so that ∂N = M ∪ Q, where Q is a d
dimensional manifold which satisfies ∂Q = ∂M = P . A central issue in the construction
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M

Q

Figure 1. Geometry of AdS/BCFT.

of the AdS/BCFT is the determination of the location of end-of-the-world brane Q. It
turns out the location of Q can be fixed by imposing suitable BCs. [39] proposes to choose
NBC, which produces many elegant results and has passed several non-trivial tests [40, 41].
Moreover [49], it verifies an universal relation between Casimir effects and Weyl anomaly,
which has been shown to hold exactly in field theory. In this paper, we consider AdS/BCFT
with the CBC (1.4).

Before we start, it is instructive to consider the simplest vacuum solution of AdS/BCFT
with the bulk metric given by a part of AdSd+1:

ds2 = dr2 + cosh2 r
dw2 +∑d−1

a=1 dy
2
a

w2 , −ρ ≤ r <∞, (2.1)

and with the end-of-the-world brane Q situated at

r = −ρ. (2.2)

Here ρ is a constant determined by T = (d − 1) tanh ρ. Note that the extrinsic curvature
actually satisfies the constraint (1.3) and the action variation (1.2) vanishes automatically.
As a result, the vacuum solution (2.1), (2.2) is actually a solution to AdS/BCFT inde-
pendent of the type of boundary conditions imposed. In particular, it is a solution to
the AdS/BCFT with NBC [39], DBC [42] as well as the CBC (1.4). For convenience of
later use, the solution can also be written in the Poincare coordinates by performing the
coordinate transformations

z = w/ cosh r, x = w tanh r. (2.3)

The metric (2.1) becomes

ds2 = dz2 + dx2 +∑d−1
a=1 dy

2
a

z2 (2.4)

– 5 –



J
H
E
P
0
1
(
2
0
2
2
)
0
8
4

and the embedding function of Q becomes

x = − sinh ρ z. (2.5)

Some comments are in order. First, the CBC (1.4) apply to only the dimensions higher
than two, i.e., d > 2. That is because the 1d and 2d space are always conformal flat, so the
second condition (1.4b) is trivial for d ≤ 2. Second, in the above we have considered the
choice of parameter T < (d− 1) such that the vacuum AdS can be foliated into slices with
Q being an AdS space (2.1). It is possible to consider other foliations of the AdS space
such that Q is a dS space or a flat space. This corresponds to the choices of the tension
T = (d − 1) coth ρ > (d − 1) or T = (d − 1) respectively. In this paper, we focus on the
case with AdS fiolation. The analysis performed in this paper can be easily generalized to
these other cases.

2.1 Casimir effects, Weyl anomaly and displacement operator

For our purpose, let us give a quick review of the Casimir effects, Weyl anomaly and
displacement operator for BCFTs. In the following sections, we will frequently use the
central charges introduced in this subsection.

It is found in [55] that the renormalized stress tensor of BCFT is divergent near the
boundary,

〈Tij〉 = −2αd
k̄ij
xd−1 , x ∼ 0, (2.6)

where x is the proper distance from the boundary, k̄ij are the traceless parts of extrinsic
curvatures and α is a constant which depends only on the kind of BCFT under considera-
tion. The coefficient α fixes the leading shape-dependence of Casimir effects of BCFTs.

Remarkably, the authors of [49] observe that the above Casimir coefficients are closely
related to the central charges of Weyl anomaly. For example, there are universal relations

α3 = b2, α4 = −b42 , (2.7)

where bi are boundary central charges of Weyl anomaly of 3d BCFT and 4d BCFT [56–59],
respectively

A =
∫
P

√
h(b1R+ b2Trk̄2), (2.8)

A = Bulk Weyl anomaly +
∫
P

√
h(b3Trk̄3 + b4C

ac
bck̄

b
a). (2.9)

The intimate connection of the Weyl anomaly to the Casimir effects has been generalized to
higher dimensions [60], to anomalous currents [61–64] and Fermion condensations [65, 66].

Due to the boundary, the energy moment tensor of BCFT is no longer conserved
generally. Instead, we have [67]

∇iT ij = −δ(x)Dj(ya), (2.10)
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where Dj(ya) is the displacement operator with scaling dimension ∆ = d. The two point
function of displacement operator is given by

〈Dx(y)Dx(0)〉 = CD
|y|2d

, (2.11)

with x denotes the normal direction, CD is the Zamolodchikov norm, which is a piece of
BCFT data [67]. In particular, we have

CD ≥ 0. (2.12)

It is found in [60] that there is a universal relation

αd =
dΓ(d+1

2 )π d−1
2

2(d− 1)Γ(d+ 2)CD, (2.13)

between the Casimir coefficient (2.6) and displacement operator (2.11). See also [68, 69]
where an equivalent relation is found for d = 3 and d = 4.

2.2 AdS/BCFT with NBC and DBC

The Casimir coefficient αd is determined in terms of the boundary central charge. Similar
to the case of the bulk Weyl anomaly [70], one can expect that generally the boundary
Weyl anomaly (and hence the boundary central charges) can also be fixed holographically
once the dual gravitational background is specified. This has been shown to be indeed the
case in [42, 49] for 3d and 4d holographic BCFT obeying NBC and DBC respectively. Let
us first briefly review this construction.

In [42, 49], the following ansatz of the bulk metric

ds2 = 1
z2

[
dz2 + dx2 +

(
δab − 2ε xk̄abf

(
z

x

)
− 2ε x k

d− 1δab
)
dyadyb +O(ε2)

]
(2.14)

was considered, where kab is a symmetric matrix, k̄ab its traceless part and k its trace.
Without loss of generality, one can choose the boundary condition

f(0) = 1 (2.15)

at z = 0 and the induced metric on M reads [49]

ds2
M = dx2 +

(
δab − 2εxkab

)
dyadyb +O(ε2). (2.16)

Therefore kab is simply the extrinsic curvature of the boundary P of the BCFT. The metric
(2.14) is considered perturbatively with small kab. However the dependence in z is exact
at each perturbative order. The function f can be determined by substituting (2.14) into
the Einstein equations. Performing a perturbative expansion in small kab, with ε counting
the order of perturbations, we obtain at the order O(ε) a single equation

s
(
s2 + 1

)
f ′′(s)− (d− 1)f ′(s) = 0. (2.17)

– 7 –



J
H
E
P
0
1
(
2
0
2
2
)
0
8
4

This can be solved with

f(s) = 1 + αd
sd 2F1

(
d−1

2 , d2 ; d+2
2 ;−s2

)
d

, (2.18)

where have used the BC (2.15) and αd is an integration constant. From (2.14) and (2.18),
we obtain the holographic stress tensor

Tij = d
δgij
zd

= −2εαd
k̄ij
xd−1 +O(ε2), (2.19)

which takes the expected form (2.6). According to section 2.1, the integral constant αd is
related to the Casimir coefficient (2.6), the central charges of Weyl anomaly (2.7) and the
norm of displacement operator (2.13). So far αd is arbitrary. This is correct as we have
not specialized to any specific kind of BCFT.

To specify the holographic BCFT, the position of Q needed to be constrained by
imposing a BC on it. Consider an embedding of Q given by

x = − sinh ρ z + λεkz2 +O(ε2). (2.20)

As shown in [42, 49], this is a solution of the NBC or DBC if αd and λ are fixed to be:

λ = cosh2 ρ

2(d− 1) , (2.21)

αNd = −d coshd ρ
(− coth ρ)d 2F1

(
d−1

2 , d2 ; d+2
2 ;−csch2ρ

)
+ d cosh2 ρ coth ρ

, (2.22)

αDd = −d(−cschρ)−d

2F1
(
d−1

2 , d2 ; d+2
2 ;−csch2ρ

) . (2.23)

Note that suitable analytic continuation of the hypergeometric function should be taken in
order to get smooth function at ρ = 0 [42, 49]. For example, we have for d = 3, 4 explicitly,

αN3 = 2
π + 4 tan−1 (tanh

(ρ
2
)) , αN4 = 1

2(1 + tanh ρ) , (2.24)

αD3 = 2
π + 4 tan−1 (tanh

(ρ
2
))

+ 2cschρ, αD4 = tanh ρ
(1 + tanh ρ)2 . (2.25)

At this point, one can try to repeat the analysis for the CBC (1.4). However there is a
small subtlety. We note that for kab = 0, the unperturbed metric is just the AdS vacuum
and Q is an AdS-slice, which is conformally flat. As such the CBC simply asserts that the
perturbed metric (2.14) must also be conformally flat:

CBC :


K = 3

2T, Cijk = 0, for d = 3,

K = d

d− 1T, Cijkl = 0, for d ≥ 4,

(2.26a)

(2.26b)
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where Cijk and Cijkl are the intrinsic Cotton tensors and Weyl curvature tensors on Q,
respectively. We have

Cijk = 2∇[iSj]k, Cijkl = Rijkl − 4δ[i
[kS

j]
l] , (2.27)

where Sij is the Schouten tensor

Sij = 1
d− 2

(
Rij −

1
2(d− 1)Rhij

)
. (2.28)

Note that Cijk and Cijkl are Weyl invariant for d = 3 and d ≥ 4, respectively. It is easy to
see that the CBC (2.26) fixes λ to be given by the same (2.21). This is easy to understand
since λ is actually fixed by the asymptotic symmetry of AdS, which is universal and is
independent of the BCs [2, 3]. However (2.26) does not fix the integral constant αd. The
reason is because, as a result of (2.14), (2.20), (2.21), the induced metric on Q is

ds2
Q = sinh2 ρ

x2

[
coth2 ρ dx2 +

(
δab − 2ε xk̄abf(−cschρ)− 2ε x k

d− 1δab
)
dyadyb +O(ε2)

]
,

(2.29)
and this is conformal equivalent to

ds2
Q = dx2 + (δab − 2ε xKab)dyadyb +O(ε2), (2.30)

where Kab are some constant tensors related to kab and f(−csch(ρ)), whose exact expres-
sions are not important. Now as the Cotton tensors and the Weyl tensors (2.27) contain
three and two derivatives, respectively. As a result, for constant Kab, we have Cijk ∼ ε3K3

and Cijkl ∼ ε2K2, which vanish at the linear order of O(ε). This means that the induced
metric (2.29) on Q is always conformal flat at the linear order O(ε), and the CBC (2.26)
does not impose any constraint on the function f(s). Therefore, unlike the NBC and DBC,
the imposition of the CBC (2.26) does not fix the integral constant αd of the bulk solution
(2.14). This does not mean that there is any problem with the CBC. It just mean that the
ansatz (2.14) for the bulk metric has to be more complicated in the case of CBC.

2.3 AdS/BCFT with CBC

From the discussions above, it is clear that it is the constant extrinsic curvature kab that
makes the induced metric on Q to be trivially conformal flat at the first order of ε. The
condition (2.26) will become nontrivial if we consider more general extrinsic curvature
kab(ya) which depends on the coordinates on the brane Q. In this case, the Cotton tensors
and the Weyl tensors is generically non-zero at the linear order of O(ε) and the nontrivial
constraint provided by (2.26) on the bulk metric can fix the integration constant αd.

For simplicity, we focus on AdS5/BCFT4 with the following bulk metric

ds2 = 1
z2

[
dz2 + dx2 + δabdy

adyb − 4εxk12(y3)f
(
z

x

)
dy1dy2 +O(ε2)

]
, (2.31)

and the embedding function of Q

x = − sinh ρ z +O(ε2). (2.32)
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Here k12(y3) is given by

k12(y3) = k
(0)
12 + κ y3k

(1)
12 +O(κ2), (2.33)

where κ is a small perturbation parameter, and k
(0)
12 , k

(1)
12 are constants. Note that the

above metric is designed so that the intrinsic Weyl tensors Cijkl ∼ k
(1)
12 εκ + O(ε2, κ2) are

non-zero on the brane Q. Substituting (2.31) into the Einstein functions, we get the EOM
of f(s) as (2.17), which can be solved as (2.18). For d = 4, we have

f(s) = 1− 2α4 + α4
(
s2 + 2

)
√

1 + s2
. (2.34)

From the CBC (2.26b), we get one independent equation at the linear order of O(κ)

f(−cschρ) k(1)
12 εκ+O(ε2, κ2) = 0, (2.35)

which imposes a non-trivial constraint on f(s). From (2.34) and (2.35), the integral con-
stant is fixed to be

αC4 = tanh ρ
(1 + tanh ρ)2 , (2.36)

where ‘C’ denotes CBC. Interestingly, αC4 is exactly the same as that of DBC (2.25). From
(2.31), (2.34) and (2.19), we arrive at the holographic stress tensor

T12 = −2ε αC4
k12(y3)
x3 +O(ε2, κ2). (2.37)

As we reviewed in section 2.1, αC4 gives the central charge b4 of the boundary Weyl
anomaly.

We remark that the ansatz (2.31), (2.32) can be naturally generalized to higher di-
mensions. In fact, a more general ansatz would be

ds2 = 1
z2

[
dz2 + dx2 +

(
δab − 2ε xk̄(0)

ab f

(
z

x

))
dyadyb

−2εκ xyaHabc

(
z

x

)
dybdyc +O(ε2, κ2)

]
,

Q : x = − sinh ρ z + εκ λaz
2ya +O(ε2, κ2), (2.38)

where xi = (x, ya), λa and Habc(s) are constants and functions to be determined. For
simplicity, we have set the trace k = 0 above. However, the price to pay for the ansatz
(2.38) (and also for (2.31)) is that they depends on too many coordinates (z, x, ya), and
this makes the analysis of the Einstein equation and the AdS/BCFT very complicated.

In this regard, it is instructive to consider the bulk solution in the coordinates sys-
tem (r, w, ya). For simplicity, let us focus on the case with vanishing traces of extrinsic
curvatures, i.e, k = 0. Applying the coordinate transformations (2.3), the perturbed met-
ric (2.14) becomes

ds2 = dr2 + cosh2(r)
dw2 +

(
δab − 2εW (w)F (r)k̄ab

)
dyadyb

w2 +O(ε2), (2.39)
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where

W (w) = w, (2.40)
F (r) = tanh(r)f(cschr), (2.41)

and f(s) is given by (2.18). The embedding function of Q (2.20) becomes

r = −ρ+O(ε2). (2.42)

Imposing NBC (1.3) and DBC (1.5), we get respectively

NBC : F ′(−ρ) = 0, (2.43)
DBC : F (−ρ) = 0. (2.44)

One the other hand, imposing CBC (2.26) we obtain

CBC :


W (3)(w)F (−ρ) = 0, d = 3,

W (2)(w)F (−ρ) = 0, d ≥ 4,
(2.45)

where (n) denotes the nth derivative. Note that Cotton tensors (2.27) contain three deriva-
tives and Weyl tensors include two derivatives, that is why we have W (3)(w) for d = 3,
while W (2)(w) for d ≥ 4 above. Due to (2.40), CBC (2.45) is automatically satisfied and
do not impose any constraint on F (−ρ). As a result, one cannot fix the integral constant
in F (ρ) (2.41), or equivalently, in f(s) (2.18).

To resolve this issue, one may consider a more general non-constant kab as before.
However, it is clear from (2.45) that the problem can also be resolved if W (3)(w) and
W (2)(w) are non-zero. In fact, the choice (2.40) W (w) = w is quite special and can be
made more general. Substituting (2.39) together with (2.41), (2.18) into Einstein equations,
we obtain the EOM of W (w):

w2W ′′(w)− (d− 2)wW ′(w) + (d− 2)W (w) = 0, (2.46)

which can be solved as

W (w) =


w(1 + κ logw), d = 3,

w(1 + κ wd−3), d ≥ 4,
(2.47)

where κ is an arbitrary constant. For non-zero κ, W (3)(w) and W (2)(w) are indeed non-
vanishing. As a result, from (2.45) we obtain

CBC : F (−ρ) = 0, (2.48)

which is exactly the same as DBC (2.44). This is not surprising. After all, keeping the
induced metrics invariant (DBC) is a special case which keeps the induced metrics confor-
mal invariant (CBC). However it should be stressed that, in general, CBC and DBC are
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different. As a result, the CBC (2.48) fixes the integral constant to be the same as the
one (2.23) of DBC.

Some comments are in order. 1. For general W (w), CBC is well-defined and yields the
same integral constants/central charges (2.23) as DBC. 2. Although CBC and DBC have
the same αd central charge, as we will show in the section 4, the locations of end-of-the-
world brane Q are different for the two BCs and they define different holographic BCFT
in general. 3. For the general W (w) of (2.47), the induced metric on the AdS boundary
M (z = w/ cosh r = 0) becomes

ds2
M = dx2 +

(
δab − 2ε(x+ κ xd−2)kab

)
dyadyb +O(ε2), (2.49)

where xd−2 should be understood as x log x for d = 3 and we have used F (∞) = f(0) = 1
from (2.41), (2.15). For d > 3, it is clear from (2.49) that κ does not affect the value of
extrinsic curvatures

k̂ab = −1
2∂xgab|x=0 = kab. (2.50)

While for d = 3, we have

k̂ab = −1
2∂xgab|x=0 = (1 + κ log x)kab|x=0, (2.51)

which seems to be ill-defined unless κ = 0. Note that we have the freedom to Weyl rescale
the metric for a BCFT

ds2
M ∼ G2(x)

(
dx2 +

(
δab − 2ε(x+ κ x log x)kab

)
dyadyb

)
+O(ε2). (2.52)

For G(x) = 1/(1 + κ log x), one can indeed get a well-defined extrinsic curvature.

k̂ab = lim
x→0

1
G(x)∂x

[
G(x)2(x+ κ x log x)

]
= kab. (2.53)

In fact, a simpler way to get a well-defined extrinsic curvature is to take κ as a regularization
parameter. We take κ small but finite at the beginning and set it to zero at the end of
calculations. Another regularization is that we focus on the case d > 3 and derive the
central charges by performing the analytical continuation d → 3 at the end. From (2.23),
it is clear that the analytical continuation d → 3 is well-defined. 4. For more general
background metrics such as black strings, the natural BC on the horizon yields κ 6= 0 and
thus the well-defined CBC (2.48) is obtained without any arbitrariness. Please see the next
section for details.

3 AdS/BCFT with CBC in more general background

In the above section, we have focused on the perturbations around a vacuum AdS back-
ground with Q being a AdS space. In this section, we study holographic BCFT with CBC
in more general backgrounds with Q given by a deformation of the AdS black hole. In
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general, the induced metric on Q is no longer conformally flat and the CBC (2.26) should
be replaced by

CBC :


K = 3

2T, δCijk = 0, for d = 3,

K = d

d− 1T, δCijkl = 0, for d ≥ 4,

(3.1a)

(3.1b)

since a conformal rescaling of the metric does not affect the Cotton tensor and the Weyl
tensor. A more covariant expression is that we keep conformally invariant all of the scalars
constructed from the intrinsic Cotton tensors and Weyl tensors on Q. For example, we
have δ(|g|CijlCijk) = 0 for d = 3, δ(|g|2/dCijklCijkl) = 0 for d ≥ 4 and so on.

Since CBC take different forms for d = 3 and d > 3, we discuss them separately below.
The main purpose of this section is to show that, in the general background, CBC is well-
defined and can determine all of the integral constants and thus the central charges of the
Weyl anomaly.

3.1 3d BCFT

Let us start with the case d = 3 and consider the following ansatz

ds2 = dr2 + cosh2(r)
w2

[
dw2

1− w2/w2
h

− (1− w2/w2
h)dt2 + dy2

−4εkty(1− w2/w2
h)W (w)F (r)dtdy

]
+O(ε2),

Q : r = −ρ+O(ε2), (3.2)

where kty is the extrinsic curvature and wh denotes the location of horizon. Note that the
induced background geometry on Q is a BTZ black hole. Substituting (3.2) into Einstein
equations and separating variables, we get

F ′′(r) + 3 tanh(r)F ′(r)
F (r)sech2(r)

= γ, (3.3)

w
(
w
(
w2 − w2

h

)
W ′′(w) +

(
w2
h + 3w2)W ′(w)

)
w2
hW (w) = γ, (3.4)

where γ is the constant of separation. In general, γ can have non-trivial dependence on
wh. Physically we require that the induced metric on the AdS boundary is given by (2.16)
in the large wh limit. As the l.h.s. of the EOM of F (r) is independent of wh, the simplest
solution is obtained if γ is independent of wh, i.e.

γ = 1. (3.5)

More general solutions are possible as long as γ = 1 in the limit of large wh. We will focus
on the choice (3.5) here, where in this case F is given by (2.41) as in section 2.3 before and
the equation (3.4) has the solution

W (w) = c1G
2,0
2,2

(
w2

w2
h

∣∣∣∣ 0, 1
1
2 ,

1
2

)
+ c2

wE
(
w2

w2
h

)
w2 − w2

h

, (3.6)
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where G2,0
2,2 is Meijer G function and E denotes the complete elliptic integral. Recall that

there is a BTZ black hole on the brane Q. We impose the natural BC on the black hole
horizon

W (wh) is finite, (3.7)

which yields

c2 = 0. (3.8)

Expanding (3.6) around w = 0, we have

W (w) = c1w
1 + logw − log 4wh

πwh
+O(w2). (3.9)

Comparing with (2.47), we get

c1 = πwh
1− log 4wh

, κ = 1
1− log 4wh

. (3.10)

Thus the natural BC on the horizon yields a non-zero κ. As we have discussed in section
2.3, the non-zero κ yields a well-defined CBC.

Now imposing the CBC (3.1) on Q : r = −ρ, we get two independent equations:

w
(
w2 − w2

h

)
W ′′(w) +

(
w2
h + 3w2)W ′(w)

w4
h

F (−ρ) = 0, (3.11)(
9w2 − 5w2

h

)
W ′(w) +

(
w2 − w2

h

) ((
w2 − w2

h

)
W (3)(w) + 7wW ′′(w)

)
w4
h

F (−ρ) = 0, (3.12)

which reduce to (2.45) in the large wh limit. Substituting W (w) (3.6) with c2 = 0 into the
above equations, we find that the coefficients of F (−ρ) are non-zero. As a result, (3.11)
and (3.12) are satisfied if F (−ρ) = 0. This is precisely the same as (2.48) before and give
rises to a well-defined CBC which fixes all of the integral constants and the central charges
of the Weyl anomaly.

Some comments are in order. (1) EOM, BCs and solutions of F (r) are the same for the
AdS background (2.39) and the more general background (3.2). As a result, the integral
constants (central charges) αd are given by the same (2.23) for these two backgrounds.
This is consistent with the fact that holographic boundary central charges are independent
of the bulk solutions. (2) Recall that from (3.10) we have κ→ 0 in the limit wh →∞. The
metric (3.2) considered in this section provides an exact realization of the regularization
discussed around (2.51) of section 2.3. We can first consider the metric (3.2) with a large
but finite wh, which yield a well-defined CBC (2.48) and fix the integral constants. Then
we set wh → ∞ and thus κ → 0, which give a well-defined extrinsic curvature (2.51). (3)
Finally, we remark that for the general metric (3.2) with finite wh, the induced spacetime
on the AdS boundary M is not flat.
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3.2 4d BCFT

Let us go on to discuss the case d ≥ 4. For simplicity, we focus on d = 4 in this subsection
and the generalization to higher dimensions is straightforward. We take the following ansatz

ds2 = dr2 + cosh2(r)
w2

[
dw2

1− w3/w3
h

− (1− w3/w3
h)dt2 + dy2

1 + dy2
2

−4εk12W (w)F (r)dy1dy2

]
+O(ε2) (3.13)

Q : r = −ρ+O(ε2), (3.14)

where k12 denotes the extrinsic curvature and the first line of (3.13) is the metric of a black
string. Substituting (3.13) into the Einstein equations and separate the variables as before,
we obtain

F ′′(r) + 4 tanh(r)F ′(r)
F (r)sech2(r)

= γ, (3.15)

w
(
w
(
w3 − w3

h

)
W ′′(w) +

(
2w3

h + w3)W ′(w)
)

w3
hW (w) = γ, (3.16)

where γ is a constant. Similar to the case of 3d BCFT, a simple solution where F (r) is
independent of wh is obtained if

γ = 2. (3.17)

In this case F (r) is given by (2.41), (2.18) as in section 2.
Solving (3.16) with γ = 2, we get

W (w) = c1w 2F1

(
1
3 ,

1
3; 2

3; w
3

w3
h

)
+ c2w

2
2F1

(
2
3 ,

2
3; 4

3; w
3

w3
h

)
, (3.18)

Imposing the natural BC (3.7) on the black hole horizon w = wh, we obtain

c2 = −
Γ
(

2
3

)3

Γ
(

1
3

)2
Γ
(

4
3

)
wh

c1. (3.19)

Expanding (3.18) with (3.19) around w = 0, we have

W (w) = c1w −
c1w

2Γ
(

2
3

)3

whΓ
(

1
3

)2
Γ
(

4
3

) +O
(
w3
)

(3.20)

and hence

c1 = 1, κ =
−Γ

(
2
3

)3

whΓ
(

1
3

)2
Γ
(

4
3

) (3.21)
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when (3.20) is matched with (2.47). Similar to the 3d case, the natural BC on the horizon
yields a non-zero κ, and κ vanishes in the large wh limit. Note that the BC (2.47) is chosen
for W (w) so that the induced metric on the AdS boundary is given by (2.49), which makes
k12 of (3.13) to be really an extrinsic curvature.

Now imposing the CBC (3.1) on the end-of-the-world brane Q, we get two independent
equations

wW (w)
w3
h

F (−ρ) = 0, (3.22)

W ′′(w)F (−ρ) = 0, (3.23)

which agree with (2.45) in the large wh limit. From (3.18), (3.19), it is clear that W (w)
and W ′′(w) are non-zero. As a result, (3.22) yields F (−ρ) = 0, which is the same (2.48)
as before. It gives a well defined CBC and fixes all the integral constants (central
charges) in F (r).

To summarize, we have shown in this section that the more general metrics (3.2), (3.13)
yield a well-defined CBC without any arbitrariness. In the large horizon limit wh → ∞,
we have κ → 0. In this sense we can think of the metrics (3.2), (3.13) as ones providing
an explicit regularization discussed in section 2.3: that we first take wh large but finite to
get a well-defined CBC, and then send wh →∞ to have a well-defined extrinsic curvature.
Since the central charges are independent of wh and κ, the regularization of section 2.3 is
well-defined.

4 AdS/BCFT with CBC up to the 2nd order of perturbations

In the previous sections, we have focused on the linear perturbations in the extrinsic cur-
vature around an AdS background and a black string background. At this order, the
coefficient αd (and hence the bulk background) as well as the location of Q are found to
be the same for CBC and DBC. To detect and determine the other central charges of the
theory, analysis beyond the linear perturbation is needed.

In this section, we will analysis the AdS/BCFT up to the second order of perturbations.
Since all of the central charges of 3d BCFTs have already been obtained through the
inclusion of linear perturbations 2, we will focus on 4d BCFTs in this section. We will
derive the B-type boundary central charges b3 and b4, and find that they are the same for
CBC and DBC. Although the central charges are the same, the embedding functions of
Q are different for CBC and DBC. The calculations of this section are quite complicated.
Readers who are not interested in the details can skip this section. The main results of
this section are summarized in table 1 and table 2.

At the second order of perturbations, we find that it is more convenient to work
with the Poincare coordinates (z, x, ya) as it is easier to solve Einstein equations in these

2For 3d BCFTs, Weyl anomaly (2.8) contains two boundary central charges. The A-type central charge
b1 is given by b1 = sinh(ρ) [41], which is derived by a pure AdS. And the B-type central charge b2 is given
by b2 = α3 (2.24), (2.25), which has been derived by considering the linear perturbations around an AdS.
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coordinates. Consider the following ansatz for the metric

ds2 = 1
z2

[
dz2 +

(
1 + ε2x2

(
X

(
z

x

)
+ κxX̂

(
z

x

)))
dx2

+
(
δab− 2ε x

(
1+κ

√
x2+z2

)
k̄abf

(
z

x

)
+ ε2x2

(
Qab

(
z

x

)
+ κxQ̂ab

(
z

x

)))
dyadyb

]
+O(ε3, κ2), (4.1)

and for the embedding function of Q

x = − sinh ρ z + ε2z3(d1 + κz d2) +O(ε3, κ2). (4.2)

Here d1, d2 are constants and X(s), X̂(s), f(s), Qab(s), Q̂ab(s) are functions to be de-
termined, ε is a small perturbation parameters denoting the order of the small extrinsic
curvature kab, and we have assumed, for simplicity, that the trace of extrinsic curvature
vanishes k = 0. Similar to what we have seen in section 2.3, we have introduced a small
parameter κ whose purpose is to complicate the ansatz (4.1) sufficiently enough to make
the CBC nontrivial so that it can be used to fix all of the integral constants in the solution.
κ is free and it can be considered as a regularization parameter since it can be set to zero
at the end of the calculations and (4.1) (4.2) still solve the Einstein equation and the CBC.
We remark that (4.1) reduces to the ansatz of [49] when κ = 0. The arrival at this form of
the ansatz (4.1), (4.2) with a non-zero κ has been a nontrivial task for this part of our work.

We choose the following BCs on the AdS boundary M (z = 0)

f(0) = 1, X(0) = X̂(0) = Q̂ab(0) = 0, Qab(0) = qab, (4.3)

so that the induced metric on M becomes

ds2
M = dx2 +

(
δab − 2εx(1 + κx)k̄ab + ε2x2qab + · · ·

)
dyadyb, (4.4)

which reduces to the standard form of [49] when κ = 0. For simplicity, we further set

k̄ab = diag(k1,−k1, 0), qab = diag(0, 0, 0), (4.5)
Qab(s) = diag(Q1(s), Q2(s), Q3(s)), Q̂ab(s) = diag(Q̂1(s), Q̂2(s), Q̂3(s)). (4.6)

With these, one can go on to solve Einstein equations with the DBC (4.3) on the AdS
boundary M and the CBC (1.4) on the end-of-the world brane Q. The approach is similar
to that of [49], so we do not repeat it here. Please see the appendix for the solutions of
f(s), X(s), X̂(s), Qab(s), Q̂ab(s) and d1, d2. Interestingly, we find that f(s), X(s), Qab(s)
are the same for CBC and DBC, while the parameter d1 of the embedding function is
different. The difference is given by

d1 DBC − d1 CBC = 1
18k

2
1e
−4ρ cosh ρ coth ρ, (4.7)

which shows that CBC and DBC are indeed different BCs. We remark that DBC (1.5) can
fix all of the integral constants even for κ = 0 [42], and so we can simply set κ = 0 and do
not need to care about X̂(s), Q̂ab(s), d2 in this case.
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charge NBC DBC CBC

b1 sinh ρ sinh ρ sinh ρ

b2
2

π+4 tan−1(tanh( ρ
2 )) ,

2
π+4 tan−1(tanh( ρ

2 ))+2cschρ
2

π+4 tan−1(tanh( ρ
2 ))+2cschρ

Table 1. Boundary Central Charge of 3d BCFT.

Substituting the metric (4.1) into the holographic stress tensor (2.19) and taking the
limit κ→ 0, we obtain

Txx = − 2ε2k2
1 tanh ρ

x2(1 + tanh ρ)2 , (4.8)

T11 = −2εk1 tanh ρ
x3(tanh ρ+ 1)2 + ε2k2

1sech8ρ(7 sinh 2ρ+ cosh 2ρ)(sinh 6ρ+ cosh 6ρ)
3x2(tanh ρ+ 1)8 , (4.9)

T22 = 2εk1 tanh ρ
x3(tanh ρ+ 1)2 + ε2k2

1sech8ρ(7 sinh 2ρ+ cosh 2ρ)(sinh 6ρ+ cosh 6ρ)
3x2(tanh ρ+ 1)8 , (4.10)

T33 = −ε
2k2

1sech8ρ(2 cosh 2ρ− sinh 2ρ)(sinh 6ρ+ cosh 6ρ)
3x2(tanh ρ+ 1)8 , (4.11)

plus terms of O
(
ε3
)
. According to [49], the stress tensors near the boundary can be

completely fixed by Weyl anomaly. Applying (A.24) and (A.26) of [49], we have

Tij = b4
k̄ij − 2xεkl(ik̄j)l

x3 ε+b4
(ninj − 1

3hij)Trk̄2

2x2 ε2+(−3b3−2b4)
kl(ikj)l −

1
3hijTrk2

x2 ε2 (4.12)

where b3, b4 are central charges of the Weyl anomaly, ni = (1, 0, 0, 0), hij = diag(0, 1, 1, 1)
is the boundary metric, kij = k̄ij = diag(0, k1,−k1, 0) and we have used k = Cixjx = 0
above. Comparing (4.12) with (4.8)–(4.11), we finally derive the boundary central charges
for 4d BCFTs3

b3 = 1
6 −

e−4ρ

2 , b4 = − 2 tanh ρ
(1 + tanh ρ)2 . (4.13)

Some comments are in order. (1) To compare (4.12) with (4.8)–(4.11), we have two
free parameters (b3, b4) but four equations. It is non-trivial to have the consistent solu-
tion (4.13). This can be regarded as a check of our calculations. (2) Since CBC and
DBC have the same bulk solutions, they have the same central charges (4.13) too. (3) Let
us stress again that CBC and DBC have different embedding functions of Q (4.2), (4.7).
Thus they are different BCs. (4) To end this section, we list the central charges of the
Weyl anomaly (2.8), (2.9) for various BCs in the following table 1 and table 2.

3Note that the boundary central charges (4.13) are different from those of [2, 3]. Since the induced
metric on Q of this paper and that of [2, 3] are not conformally equivalent, it is natural that different BCs
yield different central charges.
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charge NBC DBC CBC

b3
1

1+tanh ρ −
1
3

1
6 −

e−4ρ

2
1
6 −

e−4ρ

2

b4
−1

1+tanh ρ
−2 tanh ρ

(1+tanh ρ)2
−2 tanh ρ

(1+tanh ρ)2

Table 2. Boundary Central Charge of 4d BCFT.

5 Metric perturbations for different BCs

According to [35], CBC is elliptic and leads to a well-defined perturbation theory for gravity.
In this section, we analysis the metric perturbation with CBC, DBC and NBC imposed
respectively on the end-of-the-world brane Q.

5.1 Metric perturbations

Consider the following ansatz of the perturbation metric and the embedding function of Q

ds2 = dr2 + cosh2 r
(
h̄

(0)
ij (y) + εH(r)h̄(1)

ij (y)
)
dyidyj +O(ε2), (5.1)

Q : r = −ρ+O(ε2), (5.2)

where h̄(0)
ij (y) is the unperturbed metric and h̄(1)

ij (y) denotes the perturbation. Our results
below for the spectrum of gravitons is independent of the choice of the unperturbed metric.
Interesting examples of the unperturbed metric includes, for example, the d dimensional
AdS space in the RS brane world scenario or the AdS black hole for applications in islands.
In terms of bulk metric perturbations, we have

δgrµ = 0, δgij = cosh2(r)H(r)h̄(1)
ij (y). (5.3)

The usual transverse traceless gauge

∇µδgµν = 0, gµνδgµν = 0, (5.4)

reads in the linear order

Dih̄
(1)
ij = 0, h̄(0)ij h̄

(1)
ij = 0, (5.5)

where ∇µ and Di are the covariant derivatives with respect to gµν and h̄
(0)
ij respectively.

In the gauge (5.4), the linearlized Einstein equations become

(∇α∇α + 2) δgµν = 0. (5.6)

Substituting (5.3), (5.5), into (5.6) and separating variables, we obtain(
DiD

i + 2−m2
)
h̄

(1)
ij (y) = 0, (5.7)

cosh2(r)H ′′(r) + d sinh(r) cosh(r)H ′(r) +m2H(r) = 0, (5.8)
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where m2 is the constant of separation. The spectrum of fluctuations is determined once
the boundary conditions of the AdS/BCFT are specified. We impose the standard DBC
on the AdS boundary M

H(∞) = 0. (5.9)

In addition, we impose a BC on Q. For the choice of CBC, the second condition of (2.26)
or the second condition (3.1) both yields

CBC/DBC : H(−ρ) = 0. (5.10)

Note that DBC also yields the same condition (5.10). This implies that the spectrum of
fluctuations are the same for CBC and DBC. As for NBC, we have the condition

NBC : H ′(−ρ) = 0. (5.11)

Each mode of fluctuation of h̄(1)
ij represents a massive graviton of mass m in the theory.

It also has the interpretation as fluctuation mode

δKij = − ε2 cosh2(ρ)H ′(−ρ)h̄(1)
ij (5.12)

of the extrinsic curvature Kij = −1
2∂rgij

∣∣
r=−ρ of Q. Note that δKij vanishes for NBC but

is non-trivial for CBC and DBC. Note also that the perturbation (5.12), while nontrivial,
actually keeps K invariant and this is consistent with the CBC and DBC.

5.2 Mass spectrum

Let us now work out the mass spectrum of the gravitons. For generic m2, the general
solution to (5.8) is given in terms of the two independent Legendre functions P

d
2
λ (x) and

Q
d
2
λ (x) by

H(r) = sech
d
2 (r)

(
c1P

d
2
λ (tanh r) + c2Q

d
2
λ (tanh r)

)
. (5.13)

Here c1 and c2 are integral constants and λ is

λ := 1
2

(√
(d− 1)2 + 4m2 − 1

)
. (5.14)

We note however that for the special value of m2

m2 =


−1

4((d− 1)2 − 1), even d,

−1
4(d− 1)2, odd d,

(5.15)

which corresponds to λ = 0 (d even) and λ = −1/2 (d odd) respectively, (5.13) no longer
gives the general solution since the Legendre functions Pn0 (x), Qn+ 1

2
− 1

2
(x) vanish identically

for integer n. In this case, the general solution is given, for even d, by

H(r) = sech
d
2 (r)

(
c1e

dr
2 + c2e

− dr2
)
, (5.16)
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Figure 2. Mass spectrum for CBC/DBC with d = 3, 4. Here the roots of H(−ρ) = 0 gives the
allowed masses m2 for CBC and DBC. Red (Blue) curve is for ρ = 0.1(1).

and for odd d, by

H(r) = sech
d
2 (r)

(
c1P

d
2
− 1

2
(tanh r) + c2P

− d2
− 1

2
(tanh r)

)
. (5.17)

As P±
d
2

− 1
2

(tanh r) ∼ e±
dr
2 for large r → ∞, it is clear that (5.16), (5.17) cannot satisfy

the boundary conditions (5.9), (5.10) or (5.9), (5.11) and so we can rule out (5.15) from
the spectrum. Next us now get back to the discussion for generic m2. The imposition
of (5.9) gives

H(r) =


c1 sech d2 (r) P

d
2
λ (tanh r), even d,

c2 sech d2 (r) Q
d
2
λ (tanh r), odd d.

(5.18)

We note that for m2 = 0, it is λ = d/2− 1 and H(r) as given by (5.18) is identically zero.
So massless graviton is excluded for all cases, CBC, DBC and NBC, of boundary condition.

– 21 –



J
H
E
P
0
1
(
2
0
2
2
)
0
8
4

Next, let us first consider the boundary condition CBC/DBC (5.10) on the end-of-the-
world brane Q. We get the constraint on m2:

0 =


P
d
2
λ (tanh (−ρ)) , even d,

Q
d
2
λ (tanh (−ρ)) , odd d.

(5.19)

For m2 < − (d−1)2

4 outside the Breitenlohner-Freedman (BF) bound, there is no solution to
(5.19) since in this case λ = −1/2+iα (α > 0) becomes complex and the Legendre function
P
d
2
λ (tanh(−ρ)) is real and strictly positive, while Q

d
2
λ (tanh(−ρ)) is purely imaginary and

strictly negative for this range of m2. For m2 ≥ − (d−1)2

4 satisfying the BF bound of AdSd,
as massless graviton is excluded, all the solutions have positive m2. In figure 2, we plot
for d = 3, 4 the value of P

d
2
λ (−ρ) or Q

d
2
λ (−ρ) against m2. The roots of the curves give the

admissible values of m2.
To get further understandings of the spectrum, let us study some special cases. For

large ρ→∞, (5.19) can be approximated by [71]

0 = lim
ρ→∞

H(−ρ) ∼


−2d/2π−1 sin(λπ) even d,

−2(d/2)−1Γ(d/2) cos(λπ), odd d,
(5.20)

which has the roots
m2 ≈ k(k + d− 1), for large ρ, (5.21)

where k ≥ 1 are integers. On the other hand, in the limit of small ρ→ 0, we have

0 = lim
ρ→0

H(−ρ) ∼


f1(m2)1/Γ

(1
4
(
d+ 3−

√
(d− 1)2 + 4m2

))
, even d,

f2(m2) sin
(1

4π
(
d− 1 +

√
(d− 1)2 + 4m2

))
, odd d,

(5.22)

where f1 > 0 and f2 > 0 are some unimportant positive functions. From (5.22), we derive
the roots

m2 ≈ 2k(2k + d− 1), for small ρ, (5.23)

where k ≥ 1 are integers. Remarkably, the spectrum (5.23) of small ρ is included in the
spectrum (5.21) of large ρ with even mass level k.

Finally, let us work out the metric perturbation spectrum with the NBC (5.11) imposed
on Q. After some simplification, we obtain the following constraints on m2:

0 =


P
d
2−1
λ (tanh (−ρ)) , even d,

Q
d
2−1
λ (tanh (−ρ)) , odd d.

(5.24)

We remark that while (5.24) for NBC appears to be the same as (5.24) for CBC/DBC
with d replaced by (d− 2), this is not true since the parameter λ as given by (5.14) is not
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Figure 3. Mass spectrum for NBC with d = 3, 4. Here the roots of H ′(−ρ) = 0 gives the allowed
masses m2 for NBC. Red (Blue) curve is for ρ = 0.1(1).

changed. The analysis of the solutions to (5.24) is similar to the discussion above for the
case of CBC/DBC. The perturbation modes are all positive, as seen in the figure 3.

Summarizing, the quadratic metric fluctuations of AdS/BCFT are all massive. On the
end-of-the-world brane, they manifest as fluctuation modes (5.12) of the extrinsic curvature
δKij in the case of CBC and DBC, and as fluctuation modes of the metric δgij in the case
of NBC: 

δKij = − ε2 cosh2(ρ)H ′(−ρ)h̄(1)
ij for CBC and DBC,

δgij = ε cosh2(ρ)H(−ρ)h̄(1)
ij for NBC.

(5.25)

The mass spectrum is determined by (5.19) in the case of CBC and DBC, and (5.24) in
the case of NBC. The spectrum is countable and positive, and we can denote it as {m2

n} .
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5.3 Two point functions in BCFT

As an application for the mass spectrum obtained above, let us consider the two point
functions of operators in BCFT. For simplicity, let us discuss the case of primary operator
O∆ with conformal dimension ∆. We use the Gaussian normal coordinates yi = (w, ~y)
on M where w is the coordinate in the normal direction and ~y = (ya) is the coordinates
for the orthogonal slices. The two-point function in BCFT for primary operators Oi with
dimensions ∆i is generally given by

〈O1(w, ~y)O2(w′, ~y′)〉 = f(η)
(2w)∆1(2w′)∆2

, (5.26)

where f is a function of the conformal invariant

η = (~y − ~y′)2 + (w − w′)2

ww′
. (5.27)

It was shown in [72] that 2-point function for the same scalar operators (∆1 = ∆2 = ∆)
can be constructed in terms of the bulk-to-bulk propagators in AdS space .4 The result is

f(η) = (2∆− d)2∑
n

C2
nGn(η), (5.28)

where the sum n is over the mass spectrum {m2
n} of the radial equation (5.8). Here the

conformal block Gn is given by the standard bulk-to-bulk AdSd propagator

Gn(η) = C∆n,d

2∆n − (d− 1)(η)−∆n2F1

(
∆n,∆n −

d

2 + 1, 2∆n − d+ 2,−4
η

)
, (5.29)

where C∆n,d = Γ(∆n)

π
d−1

2 Γ(∆n− d−1
2 )

and ∆n is determined by ∆n(∆n − (d − 1)) = m2
n. The

numerical factor Cn can be extracted from the fall off

Hn(r) = Cne
−∆nr +O(e−(∆n+2)r) (5.30)

at large r. With the mass spectrum {m2
n} and the mode functions Hn(r) we determine

above, the 2-point function for holographic BCFT with CBC, DBC or NBC imposed is en-
tirely fixed and one can perform a detailed study of its properties. Note that the EOM (5.7)
and BCs (5.9), (5.10), (5.11) of Hn(r) are exactly the same for the massless scalar and grav-
ity in the bulk. Thus our above results can help to study the holographic two point function
of the scalar primary operator (5.26). See appendix for the discussions of the mass spec-
trum for massive bulk scalars. It is also interesting to extend the analysis to determine the
2-point function for energy-momentum tensor in AdS/BCFT. We leave it to future works.

6 More physical discussions

In this section, we make more physical discussions concerning our results.
4See also [73–76] for further work on the correlation functions of BCFT.
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6.1 Relation to massive island

The authors of [13] notice that all reliable calculations of the Page curve in more than
three dimensions have been performed in gravity theories with only massive gravitons. If
one attempts to take the limit of zero graviton mass, any contribution from the islands
disappears. In their following work [24], the authors further argue that islands might not
constitute consistent entanglement wedges in massless gravity where the Gauss law applies.
On the other hand, the puzzle can be resolved naturally in massive gravity, where the Gauss
law does not apply. This implies that consistent island formation seems to be possible only
in massive gravity. Their argument is general. So far islands has been studied mainly with
NBC. Our results show that the gravitons in the AdS black hole backgrounds with AdS
brane are indeed massive for all three kinds of boundary conditions. It will be interesting
to study the properties of islands with CBC/DBC as well.

6.2 Consistency of AdS/BCFT boundary conditions

In this subsection, we argue that CBC/DBC and NBC all define a consistent theory of
AdS/BCFT. Different holographic BCFTs self-consistently correspond to different bound-
ary conditions. The reasons are as follows. First, there are generally more than one
consistent boundary conditions that can be imposed for a theory. For examples, one can
impose either DBC and NBC for scalar theory, and either the absolute boundary condition
or the relative boundary condition for the Maxwell theory. It is natural that there are more
than one consistent boundary conditions for AdS/BCFT as well. Second, we note that the
holographic Weyl anomaly obtained with CBC, DBC and NBC not only admit the correct
form in agreement with general classification, but also the corresponding boundary charges
all possess the correct physical properties. Take 3d BCFT as an example. The A-type
boundary central charge is listed in table. 1,

b1 = sinh ρ. (6.1)

From the null energy condition on the brane, [39, 40] derive

ρUV ≥ ρIR, (6.2)

which has a natural geometric interpretation [47]. From (2.5) [47] notices that the larger ρ
is, the closer the brane approaches to the AdS boundary (UV). Thus, large ρ corresponds
to the UV, while small ρ corresponds to the IR. From (6.1) and (6.2), therefore the
holographic g/c-theorem for the A-type boundary central charge

b1 UV ≥ b1 IR (6.3)

is observed. This is a strong support for the consistency of all 3 kinds of boundary con-
ditions. As for the B-type boundary central charge, they are given by (2.24), (2.25) and
are different for CBC/DBC and NBC. For a unitary BCFT, the B-type boundary central
charge, which is related to the norm of displacement operator, should be non-negative (see
section 2.1 for more discussions)

αd ≥ 0. (6.4)
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As shown in [42], this is indeed the case for all kinds of BCs, as long as the brane tension
is non-negative, i.e., ρ ≥ 0. In other word, CBC/DBC and NBC all yield “correct Weyl
anomaly” with A-type boundary central charges obeying the holographic g/c-theorem and
non-negative B-type boundary central charges that correspond to unitary theories. Third,
graviton are massive for all kinds of BCs. This is another support for various choices of
BCs. For the above reasons, we believe that the AdS/BCFT with CBC/DBC and NBC are
all well-defined. To get more tests of different BCs, one can study two-point functions of
stress tensor and the bootstrap constraints [77–79]. These are non-trivial problems which
go beyond the main purpose of this paper. We leave them to future works.

7 Conclusions

In this paper, we have investigated the holographic BCFT with CBC. The CBC is an
interesting BC of gravity, which is elliptic and leads to a well-defined perturbation theory
of ‘quantum’ gravity [1]. For simplicity, we have focused on the classical gravity. We
derived the massive gravitational modes for various boundary conditions imposed on the
end-of-the-world brane Q. Compared with NBC and DBC, CBC is more subtle. For the
simplest perturbations with homogeneous extrinsic curvature around the AdS background,
we showed that CBC does not impose any constraint on the integral constants of the
solution and the central charges of the Weyl anomaly. Nevertheless the central charges
of the Weyl anomaly can be fixed holographically if one consider more general metric
perturbations around an AdS or a black string background. In this way, we fix the central
charges of Weyl anomaly for holographic BCFT with CBC. Interestingly, we find that
the central charges are the same for CBC and DBC, although they are different BCs in
general since they yield different locations of the end-of-the-world brane. We also study the
gravitational perturbations for the different choices of BCs. Remarkably, we find that there
are non-trivial gravitational dynamics from the extrinsic curvatures, which obeys EOM of
massive gravity at the linear perturbations on a Dirichlet and conformal brane. Finally,
we analysis the mass spectrum of metric perturbations and find that there is no massless
mode in the theory for all kinds of boundary conditions. Our results show that it should
be possible to form island in AdS/BCFT with CBC/DBC as well.

Many interesting problems are worth exploring. The existence of massive gravitons
is interesting and it is expected to have interesting implications on the BCFT through
holography. In this paper, we have worked out the mass spectrum of the gravitons. It
is interesting to study the non-linear dynamics of the metric perturbations in order to
better understand their interactions. Further study of double holography with CBC, such
as wedge holography is also an interesting problem. For example, according to the results
of this paper, the wedge holography with CBC yields the correct forms of Weyl anomaly.
In particular, the A-type Weyl anomaly is exactly the same for wedge holography with
CBC and NBC. Investigation of other aspects of the holography would be interesting. For
example, how do the perturbation modes affect the quantum extreme surface and the island
formula on the Dirichlet and conformal branes? We hope these interesting problems could
be addressed in the near future.
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A Second order perturbative solutions to AdS/BCFT with CBC

In this appendix, we solve the bulk Einstein equations for the ansatz (4.1) that include
perturbations in the extrinsic curvature up to the second order. Solving Einstein equations
together with the DBC (4.3) on AdS boundary M and the CBC (2.26) on the end-of-brane
Q, we obtain

f(s) = 1 + 2a0 −
a0
(
s2 + 2

)
√
s2 + 1

, (A.1)

X(s) = −k
2
1

2
(
2a0

(
a0
(
8
√
s2 + 1 + s2

(
log

(
s2 + 1

)
− 4

)
− 8

)
(A.2)

−2s2 + 4
√
s2 + 1− 4

)
+ s2

)
,

Q1(s) = a1
(
s2 − 2

√
s2 + 1 + 2

)
− a2

0k
2
1 log

(
s2 + 1

)
+
k2

1

(
a0
(
−4s2 + 8

√
s2 + 1− 8

)
− s2 +

√
s2 + 1− 1

)
√
s2 + 1

+
a2

0k
2
1

(
−14s4 +

(
51
√
s2 + 1− 76

)
s2 + 62

(√
s2 + 1− 1

))
6 (s2 + 1)3/2 , (A.3)

Q2(s) = a2
(
s2 − 2

√
s2 + 1 + 2

)
− a2

0k
2
1 log

(
s2 + 1

)
+
k2

1

(
a0
(
−4s2 + 8

√
s2 + 1− 8

)
− s2 +

√
s2 + 1− 1

)
√
s2 + 1

+
a2

0k
2
1

(
−14s4 +

(
51
√
s2 + 1− 76

)
s2 + 62

(√
s2 + 1− 1

))
6 (s2 + 1)3/2 , (A.4)

Q3(s) = (a1 + a2)
(
−s2 + 2

√
s2 + 1− 2

)
+1

2k
2
1

(
a0
(
−4s2 + 8

√
s2 + 1− 8

)
− s2 + 4

√
s2 + 1− 4

)
+1

6a
2
0k

2
1

(
15s2 − 20

√
s2 + 1− 1

s2 + 1 − 6 log
(
s2 + 1

)
+ 21

)
, (A.5)

X̂(s) = 4
3k

2
1

((√
s2 + 1− 5

)
s2 +

√
s2 + 1− 1

)
−2

3a
2
0k

2
1

((
4
√
s2 + 1 + 6

)
s2 − 8

√
s2 + 1− 6

(
s2 + 1

)
log

(
s2 + 1

)
+ 8

)
(A.6)

+2
3a0k

2
1

((
8
√
s2 + 1− 15

)
s2 + 8

(√
s2 + 1− 1

)
+ 3

(
s2 + 1

)
log

(
s2 + 1

))
,

Q̂1(s) = 1
2 â1

((
2
√
s2 + 1− 3

)
s2 + 2

(√
s2 + 1− 1

))
+4

3k
2
1

(
−2s2 + 3

√
s2 + 1− 3

)
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+2
3a0k

2
1

(
−13s2 + 24

(√
s2 + 1− 1

)
+ log

(
s2 + 1

))
+

2a2
0k

2
1

((
24− 11

√
s2 + 1

)
s2 − 30

(√
s2 + 1− 1

)
+ 2
√
s2 + 1 log

(
s2 + 1

))
3
√
s2 + 1

,(A.7)

Q̂2(s) = 1
3 â2

((
2
√
s2 + 1− 3

)
s2 + 2

(√
s2 + 1− 1

))
+

4k2
1

(
−4s4 + s2 − 5

√
s2 + 1 + 5

)
9
√
s2 + 1

+
2a0k

2
1

(
−26s4 + 20s2 − 46

√
s2 + 1 + 3

√
s2 + 1 log

(
s2 + 1

)
+ 46

)
9
√
s2 + 1

+
4a2

0k
2
1

(
−11s4 + 14s2 − 34

√
s2 + 1 + 3

√
s2 + 1 log

(
s2 + 1

)
+ 34

)
9
√
s2 + 1

, (A.8)

Q̂3(s) =
(3â1 + 2â2)

(
−2s4 +

(
3
√
s2 + 1− 4

)
s2 + 2

(√
s2 + 1− 1

))
6
√
s2 + 1

+
4k2

1

(
s4 +

(
6
√
s2 + 1 + 2

)
s2 −

√
s2 + 1 + 1

)
9
√
s2 + 1

(A.9)

+
2a2

0k
2
1

(
46s4 +

(
56− 57

√
s2+1

)
s2 − 10

(√
s2 + 1− 1

)
+ 6
√
s2+1 log

(
s2+1

))
9
√
s2+1

+
2a0k

2
1

(
2
(
s2 − 3

√
s2 + 1 + 2

)
s2 − 2

√
s2 + 1 + 3

√
s2 + 1 log

(
s2 + 1

)
+ 2

)
9
√
s2 + 1

,

where the integral constants are given by

a0 = − coth ρ
(coth ρ+ 1)2 , (A.10)

a1 = a2 = 1
48k

2
1e
−4ρ(−8 sinh 4ρ+ cosh 4ρ− 9), (A.11)

â1 = −k
2
1e
−3ρ(29 sinh 3ρ− 54 sinh ρ+ 19 sinh 5ρ+ 12 cosh ρ+ 22 cosh 3ρ− 2 cosh 5ρ)

18 (e2ρ + 3) ,

(A.12)

â2 = k2
1e
−3ρ(4 sinh ρ− 4 sinh 5ρ+ 8 cosh ρ+ 3 cosh 3ρ+ 5 cosh 5ρ)

2 (e2ρ + 3) . (A.13)

Note that, according to [49], suitable analytical continuations should be performed for the
above equations. In order to get continuous solutions around x = 0, one should replace√

1 + s2 =
√

1 + z2

x2 by
√

1 + s2 =
√
x2 + z2/x when s = z/x is substituted [49].

The parameters of embedding function (4.2) can be fixed by the CBC (1.4a),

d1 = 1
8k

2
1e
−4ρ sinh2 2ρ sinh 4ρcschρ (A.14)

− 1
96k

2
1e
−4ρ sinh ρ

(
8 cosh2 ρ+ (cosh 2ρ+ 4) log

(
coth2 ρ

))
+ 1

96k
2
1e
−4ρ sinh ρ

(
4 cosh 4ρ

(
log

(
coth2 ρ

)
+ 5

)
+ cosh 6ρ

(
log

(
coth2 ρ

)
+ 12

))
,

– 28 –



J
H
E
P
0
1
(
2
0
2
2
)
0
8
4

d2 = 1
24k

2
1e
−4ρ(−5 cosh 2ρ+ 7 cosh 4ρ− 3 cosh(6ρ) + 2) (A.15)

1
96k

2
1e
−4ρ sinh 4ρ

(
28− 3 sinh2 2ρ log

(
coth2 ρ

))
− 1

96k
2
1e
−4ρ(33 sinh 2ρ+ 9 sinh 6ρ+ 4 sinh 8ρ+ 4 cosh 8ρ).

We note that the coefficients a1, a2, â1, â2, d1, d2, and hence the functions X, X̂, Qab
and Q̂ab are all second order in the extrinsic curvature kab. This is consistent with the
assumption made in the ansatz (4.1).

B Mass spectrum for massive bulk scalar field

Let us start with the EOM of the scalar field in the bulk

(∇µ∇µ −M2)φ(r, y) = 0, (B.1)

where M is the mass of bulk scalar. Separating variables φ(r, y) = F (r)φ̄(y), we get(
DiD

i −m2
)
φ̄(y) = 0, (B.2)

cosh2(r)F ′′(r) + d sinh(r) cosh(r)F ′(r) +
(
m2 −M2 cosh2(r)

)
F (r) = 0, (B.3)

Note that EOM of F (r) is exactly the same as that of H(r) (5.8) when M = 0. In general,
we have

F (r) = sech
d
2 (r)

(
c1P

µ
λ (tanh r) + c2Q

µ
λ(tanh r)

)
, (B.4)

where λ is given by (5.14) and

µ =
√
d2 + 4M2

2 . (B.5)

From (B.4), we get the BF bound that M2 ≥ −d2/4 and m2 ≥ −(d− 1)2/4.
We impose DBC on the AdS boundary

F (∞) = 0. (B.6)

On the end-of-world brane, we can impose either the CBC/DBC

F (−ρ) = 0, (B.7)

or the NBC

F ′(−ρ) = 0. (B.8)

According to [71], in the large r limit, we have

lim
r→∞

sech
d
2 (r)Qµλ(tanh r) ≈ 2

d+2µ−4
4 Γ(µ) cos(µπ) (1− tanh(r))

d−
√
d2+4M2

4 , (B.9)
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and

lim
r→∞

sech
d
2 (r)Pµλ (tanh r) ≈


2
d+2µ

4

Γ(1− µ) (1− tanh(r))
d−
√
d2+4M2

4 , µ is non-integer,

c3 (1− tanh(r))
d+
√
d2+4M2

4 , µ is integer.
(B.10)

where c3 is a non-zero factor. As a result, we notice that, when M2 < 0, BC (B.6) does not
impose any constraint on the solution (B.4) and the spectrum of m2 is continuous when
M2 < 0. Since we have already studied the case M2 = 0 in section5, we focus on M2 > 0
below. We have two cases:

• Case 1: when M2 > 0 and µ is an integer, from (B.6) we get

F (r) = c1sech
d
2 (r)Pµλ (tanh r). (B.11)

• Case 2: when M2 > 0 and µ is not an integer, from (B.6) we derive

F (r) = c0 sech
d
2 (r)

(
Γ(µ) cos(µπ)Pµλ (tanh r)− 2

Γ(1− µ)Q
µ
λ(tanh r)

)
, (B.12)

where c0 is a constant.

Substituting (B.11), (B.12) into the BCs (B.7), (B.8) on Q, we get the constraint of
mass spectrum for various cases discussed above.

C Localization of gravity

In this appendix, we discuss the localization of gravity in the brane world theory [36–38].
For simplicity, we focus on the AdS brane. We find that, for NBC, the graviton is located
on the brane with non-negative tension, while for CBC/DBC, the graviton is located on
the brane with non-positive tension. For CBC with zero brane tension, we verify that the
first mode of graviton is located on the brane in the sense that the wave function peaks on
the brane only and decays when it goes far from the brane.

Before we start, it should be stressed that although the existence of localized gravity
is important for brane world theory with a two-side brane [36–38], it is not a necessary
condition for AdS/BCFT with a one-side end-of-the-world brane [39]. That is because
brane world theory and AdS/BCFT have different physical motivations. On one hand,
brane world theory aims to describe our real world. To do so, one requires that the gravity
is localized on the brane and the gravity mass is sufficiently small, so that general relativity
can be recovered at low energies. On the other hand, AdS/BCFT is a gravity dual of BCFT.
It is well-defined as long as it gives the reasonable BCFT data.

C.1 Volcanic potential

To analyze the localization of gravity, let us study the “volcanic potential”. To recover the
delta function in the potential, we rewrite perturbation metric (5.1) as

ds2 = dr2 + exp(2A(r))
(
h̄

(0)
ij (y) + εH(r)h̄(1)

ij (y)
)
dyidyj +O(ε2), (C.1)
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where the brane is located at r = −ρ and exp(2A(r)) = cosh2(−ρ + |r + ρ|). Now the
equation of motion (EOM) of H(r) (5.8) becomes

exp (2A(r))
(
H ′′(r) + dA′(r)H ′(r)

)
+m2H(r) = 0. (C.2)

To warm-up, we first study the case of NBC, where the dynamical gravity on the
brane is given by the induced metric (5.25), which is proportional to H(r). Performing the
transformations

dr = exp (A(w)) dw, H(r) = exp
(
−d− 1

2 A(w)
)

ΨNBC(w), (C.3)

we rewrite (C.2) as

−Ψ′′NBC + VNBCΨNBC = m2ΨNBC, (C.4)

where the potential energy is given by

VNBC = 1
4(d− 1)

(
2A′′(w) + (d− 1)A′(w)2

)
. (C.5)

Note that the delta function is hidden in A′′(w). From exp(A(r)) = cosh(−ρ + |r + ρ|)
and (C.3), we have

A(w) = − log cos(w0 + |w − w0|), w0 = − sin−1(tanh(ρ)). (C.6)

Substituting the above equations into (C.5), we derive the volcanic potential for NBC

VNBC = 1
4(d− 1)

(
(d+ 1) sec2(w0 + |w − w0|)− d+ 1

)
− (d− 1) sinh(ρ)δ(w − w0), (C.7)

which agrees with [38].
Now let us turn to the case of CBC/DBC. Recall that, for CBC/DBC, the dynamical

gravity on the brane is given by the extrinsic curvature (5.25), which is proportional to
H ′(r). Differentiating (5.8), we get EOM of H ′(r)

e2A(r)
(
H(3)(r) + (d+ 2)A′(r)H ′′(r)

)
+
(
de2A(r)A′′(r) + 2de2A(r)A′(r)2 +m2

)
H ′(r) = 0.

(C.8)
Performing the transformations

dr = exp (A(w)) dw, H ′(r) = exp
(
−d+ 1

2 A(w)
)

ΨCBC(w), (C.9)

we rewrite (C.8) as

−Ψ′′CBC + VCBCΨCBC = m2ΨCBC (C.10)

where

VCBC = 1
4(d− 1)

(
− 2A′′(w) + (d− 1)A′(w)2

)
. (C.11)
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By applying (C.6), we finally derive the potential for CBC

VCBC = 1
4(d− 1)

(
(d− 3) sec2(w0 + |w −w0|)− d+ 1

)
+ (d− 1) sinh(ρ)δ(w −w0). (C.12)

Note that the delta function has opposite sign in the potential of NBC (C.7) and
CBC (C.12). At low energies, the gravity tends to be located at the minimum of the
potential energy. Thus we hope to have a negative delta function potential in order to have
a located gravity on the brane. This is the case for NBC with a positive brane tension T =
(d− 1) tanh(ρ) > 0, while for CBC with a negative brane tension T = (d− 1) tanh(ρ) < 0.
As a result, for CBC, the gravity is well localized on the brane with a negative tension
instead of a positive tension. It is interesting to study the critical case of a zero tension. For
zero brane tension, we have w0 = ρ = 0. As a result, for d ≥ 4 the potential VCBC (C.12) is
minimum at w = w0 = 0 and goes to infinity faraway from the brane. Thus it is expected
that the gravity is located on the brane with zero tension at low energies. As we will show
in the next subsection, this is indeed the case.

C.2 Wave function

In this subsection, we show that, for CBC with zero brane tension, the first mode of graviton
is located on the brane in the sense that the wave function peaks on the brane only and
decays when it goes far from the brane. For simplicity, let us focus on four dimensions
d = 4 and only one side of the brane r ≥ 0, the other side with r ≤ 0 can be recovered by
the Z2 symmetry.

For phenomenological reasons, we hope the mass of first mode is small. This can be
achieved with a two branes setup as follow: one brane is set at r = 0 in the bulk, and the
other one is located at r = tanh−1(cos(ε)) near the AdS boundary. Here ε 6= 0 is a small
parameter. We impose CBC on the brane in the bulk, while NBC on the brane close to
the AdS boundary

H(0) = 0, H ′(tanh−1(cos(ε))) = 0. (C.13)

We will show now that the smaller ε is, the closer the second brane approaches to the
AdS boundary, and the smaller the mass of first mode is. In fact, substituting the general
solution (5.13) of H(r) into the BCs (C.13), we obtain a constraint equation for the mass.
Focus on the first mode, we have

m2 = 0.02969, for ε = 0.1, (C.14)
m2 = 0.00029, for ε = 0.01, (C.15)

which shows it is roughly that m2 ∝ ε2 for the first mode of graviton. We require that the
first mode is normalizable

1 =
∫ π

2−ε

0
Ψ2

CBC(w)dw =
∫ tanh−1(cos(ε))

0
coshd(r)H ′2(r)dr, (C.16)

where

ΨCBC(w) = cosh
d+1

2 (r)H ′(r), (C.17)
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Figure 4. For CBC with zero brane tension, the first mode of massive gravity is localized on the
brane in the sense that Ψ2

CBC(w) peaks on the brane w = 0 only and decays when it goes far from
the brane.

Figure 5. For CBC with zero brane tension, the second mode of massive gravity is not well-
localized on the brane w = 0.

is the wave function (C.9) for CBC/DBC. eq. (C.16) together with BCs (C.13) can fix the
integral constants of H(r) (5.13) numerically. Note that, one cannot set ε = 0 in order
to have a normalizable wave function. This means that the gravitons on the brane are
always massive.

To see the localization of gravity, let us draw the figure of the wave function ΨCBC(w)
for CBC. As shown in figure 4, the first mode of massive gravity is localized on the brane
w = 0 in the sense that Ψ2

CBC(w) peaks at w = 0 only and decays when it goes far from
the brane. On the other hand, similar to the case of NBC, the other modes are not well-
localized on the brane as shown by the oscillation behaviour of the wave function. See
figure 5.

In the above discussions, we have focused on the zero brane tension. To end this
subsection, let us briefly discuss the case of non-zero brane tension. Following the above
approach, let us draw the figures of wave functions. As shown in figure 6, for CBC with
negative brane tension, the first mode of gravity is localized on the brane. While for CBC
with positive brane tension, as shown in figure 7, the gravity is not well-localized on the
brane. This agrees with the analysis of “volcanic potential” in section C.1.
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Figure 6. For CBC with negative brane tension T = 3 tanh ρ ≈ −0.874, the first mode of gravity
is localized on the brane in the sense that Ψ2

CBC(w) peaks on the brane w ≈ 0.296 only and decays
when it goes far from the brane.

Figure 7. For CBC with positive brane tension T = 3 tanh ρ ≈ 0.874, the first mode of gravity is
not well-localized on the brane at w ≈ −0.296.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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