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1 Introduction

Consistent truncations are reductions of higher-dimensional supergravity to a finite number
of Kaluza-Klein fluctuations whose full non-linear dynamics is consistently described by a
lower-dimensional theory. In particular, every solution to the lower-dimensional field equa-
tions allows an uplift to a solution of the higher-dimensional theory by virtue of the exact
nonlinear embedding. The existence and the explicit construction of consistent truncations
remains a powerful tool for the construction of higher-dimensional supergravity solutions.
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Figure 1. SO(8) triality.

In the context of holographic dualities, consistent truncations ensure the validity of lower-
dimensional supergravity computations, such as holographic correlation functions, marginal
deformations, and renormalization group (RG) flows.

For extended supergravity theories, consistent truncations used to be rare [1–3], but
the advent of new techniques from generalized and exceptional geometry [4–11] has revealed
their existence for a wealth of supergravity backgrounds. In this framework, a consistent
Kaluza-Klein reduction Ansatz is identified within the duality covariant formulation of the
higher-dimensional theory. Specifically, it is encoded in a group-valued Scherk-Schwarz
twist matrix living on the duality group of the lower-dimensional theory. This formulation
moreover allows a straightforward access to computing the entire Kaluza-Klein spectrum
around any background living within the consistent truncation [12, 13].

In this paper, we consider consistent truncations of chiral and non-chiral six-
dimensional supergravity on AdS3 ×M3 backgrounds, where here and in the following,
M3 denotes deformations of the three-sphere S3. Their construction is based on the re-
formulation of D = 6 supergravities as an exceptional field theory (ExFT) based on the
group SO(4 +m, 4 +n) [10], with the integers m,n depending on the matter content of the
D = 6 theory. In particular, the SO(4, 4) theory describes the minimal D = 6, N6d = (1, 0)
supergravity coupled to a single tensor multiplet. Consistent truncations of these theories
on a sphere S3 are encoded in a Scherk-Schwarz twist matrix

U ∈ GL(4) ∼ SO(3, 3)× SO(1, 1) ⊂ SO(4, 4) ⊂ SO(4 +m, 4 + n) , (1.1)

constructed in [10]. Here, we will exploit the triality structure of the group SO(4, 4) and use
its outer automorphisms (identified with the symmetries of the Dynkin diagram of figure 1)
to map the given twist matrix (1.1) into new consistent twist matrices. While the resulting
consistent truncations are equivalent within the group SO(4, 4), i.e. within minimal D = 6,
N6d = (1, 0) supergravity, they give rise to inequivalent embeddings into SO(4 +m, 4 +n),
corresponding to inequivalent higher-dimensional origin. In particular, upon adding six-
dimensional tensor and vector multiplets, respectively, minimal N6d = (1, 0) supergravity
enhances to chiral N6d = (2, 0) and non-chiral N6d = (1, 1) supergravity, respectively. A
triality flip of SO(4, 4) within SO(4 + m, 4 + n) relates the twist matrices describing the
consistent truncation of the N6d = (1, 1) and the N6d = (2, 0) theory on S3 to inequivalent
three-dimensional supergravities [10, 14], which we will refer to as A and B, respectively.1

Triality however allows for a third inequivalent embedding of SO(4, 4) which we will
explore in this paper. Remarkably, it describes a consistent truncation of the N6d = (1, 1)

1A similar duality has been analyzed for IIA/IIB compactifications to maximal D = 7 supergravites [15].
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B

A

A

D = 6, N6d = (2, 0)

D = 6, N6d = (1, 1)

Figure 2. Triality structure of the D = 3 theories. The different embeddings of SO(4, 4) are
represented with dashed arrows, and the associated three-dimensional theories named A, B and A.
These theories enjoy uplifts to D = 6, with N6d = (2, 0) supersymmetries for B, and N6d = (1, 1)
for A and A.

theory to a different set of Kaluza-Klein fluctuations. Accordingly, it results in a third, yet
inequivalent, D = 3 gauged supergravity (which we label by A), as sketched in figure 2,
which we will analyze here.

The existence of different consistent truncations around a given background is a some-
what unusual phenomenon. It has previously been observed for the maximally supersym-
metric backgrounds AdS4 × S7 [16] and AdS5 × S5 [17–20], respectively. In both cases,
the Sasaki-Einstein structure of the sphere gives rise to a second consistent truncation, not
contained in the maximally supersymmetric one, to a gauged supergravity that preserves
one-quarter (for S7) and one-half (for S5) of the supersymmetries, respectively. The two
consistent truncations around AdS3 × S3 which we study in this paper are related by tri-
ality and accordingly preserve the same amount of supersymmetry. This implies that the
full Kaluza-Klein spectrum around this background can be organized according to different
gradings (or Kaluza-Klein levels) such that in each grading the full non-linear dynamics
of the respective level n = 0 fluctuations is described by a different lower-dimensional
half-maximal theory. This is schematically sketched in figure 3. Accordingly, the different
consistent truncations give access to different subsectors of the full nonlinear dynamics.

In our case, the full Kaluza-Klein spectrum of D = 6, N6d = (1, 1) supergravity
on AdS3 × S3 has been determined in [21]. Its consistent truncation on S3 to a three-
dimensional SO(4) gauged supergravity corresponding to theory A of figure 2 has been
studied extensively in [3, 14, 22]. This truncation retains 22 massive vector fluctuations
and 10 of the scalar modes whose dynamics is described by a scalar potential in three
dimensions. All stationary points of this potential have been identified in [14], each of
which giving rise to an AdS3 × M3 solution of the six-dimensional theory. Apart from
the supersymmetric AdS3 × S3 solution corresponding to the scalar origin, this analysis
has revealed a number of discrete, non-supersymmetric solutions, all of which are unstable
featuring scalar modes which violate the Breitenlohner-Freedman bound. In addition, the
scalar potential exhibits a flat direction corresponding to a one-parameter family of non-

– 3 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
5

A
KK level

n

n+ 1

n+ 2

n+ 3

A

KK level

n− 1

n

n+ 1

n+ 2

Figure 3. Organization of the Kaluza-Klein spectrum according to different Kaluza-Klein levels.

supersymmetric AdS3 ×M3 solutions [23]. In the holographic context such deformations
correspond to marginal deformations of the dual conformal field theory.

It is here, that the new consistent truncation Aoffers new insights. With the Kaluza-
Klein spectrum reorganized as sketched in figure 3, the consistent truncation Aretains 10
massive vector fluctuations and 22 scalar modes. The additional scalar modes enhance the
three-dimensional scalar potential which results in a richer vacuum structure. In particular,
this potential exhibits two flat directions giving rise to a new two-parameter family of
AdS3 ×M3

ω,ζ solutions, which we work out explicitly. For generic value of the parameters,
these solutions break all supersymmetries. They contain as a subfamily the above discussed
one-parameter family of theory A, but also a new one-parameter family of supersymmetric
solutions AdS3 ×M3

ω, with a squashed sphere Mω preserving U(2) isometries.
This supersymmetric family of six-dimensional AdS3 vacua is controlled by a Sasaki-

Einstein structure, in terms of which it has the simple form

ds2 = eω/2ds2(AdS3) + eω/2ds2(CP1) + e−3ω/2 η2 , eφ = e−ω/2 ,

G(3) = 2 vol(AdS3) + 2 e−7ω/4 vol(M3
ω) , F(2) = 2

√
2
√

1− e−2ω J ,
(1.2)

displaying a stretching of the Hopf fibre away from the scalar origin, and a constant dilaton
eφ, with deformation parameter ω > 0. Here, η and J = 1

2dη denote the contact 1-form
and Kähler form on the base, respectively. In particular, the solution crucially depends on
a non-vanishing flux F(2) of the six-dimensional vector fields. As such, these solutions are
not visible within the consistent truncation captured by the three-dimensional theory A,
nor do they induce solutions of chiral N6d = (2, 0) supergravity in six dimensions.

Using the work of [21], we compute the Kaluza-Klein spectrum around the two-
parameter family of AdS3 ×M3

ω,ζ backgrounds within three-dimensional supergravity and
at higher Kaluza-Klein levels, and determine its moduli dependence. Remarkably, the anal-
ysis exhibits a region in the two-dimensional parameter space {ω, ζ} in which the spectrum
remains perturbatively stable, although supersymmetry is entirely broken, see figure 5.
The resulting pattern of masses indicates that this stability persists to all Kaluza-Klein
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levels. We identify the modes that turn unstable as the parameters approach the boundary
of the stability region, which all live at the lowest Kaluza-Klein level n = 0, i.e. are already
visible within three-dimensional supergravity.

The rest of this paper is organized as follows. In section 2 we review the structure
of three-dimensional gauged supergravities and give the details of the three theories A, B,
and A, related by a triality rotation of the respective embedding tensors. We work out
the scalar potential of theory Aas a function of its 22 scalar fields, and identify a two-
parameter family of AdS3 vacua connected to the scalar origin. For generic value of the
parameters, these vacua break all supersymmetries and break the gauge symmetry down to
SO(2)2. We determine the parameter-dependent spectrum of the three-dimensional theory
around these vacua and identify the region in which all its scalar fluctuations remain per-
turbatively stable, i.e. exhibit masses above the Breitenlohner-Freedman bound. Inspection
of the gravitino and vector masses shows that a one-parameter subfamily of AdS3 vacua
preserves chiral N = (0, 4) supersymmetry with the unbroken gauge symmetry enhanced
to SO(2)× SO(3).

In section 3, we work out the uplift of the two-parameter family of AdS3 vacua to so-
lutions of D = 6, N6d = (1, 1) supergravity. To this end, we first review the reformulation
of D = 6, N6d = (1, 1) supergravity as an exceptional field theory based on the group
SO(8, 4). In this framework, the embedding of the three-dimensional supergravity is effi-
ciently described as a generalized Scherk-Schwarz reduction. We present the relevant twist
matrix and derive the explicit uplift formulas. In six dimensions, the solutions correspond
to AdS3 ×M3

ω,ζ backgrounds with non-vanishing flux for vector and tensor fields. Finally,
in section 4, we use methods from exceptional field theory in order to extend the analy-
sis of the Kaluza-Klein spectrum around these backgrounds to higher Kaluza-Klein levels.
We exhibit the pattern indicating that within the stability region identified within three-
dimensional supergravity, all higher Kaluza-Klein scalar modes remain also stable. For the
supersymmetric family of vacua, we determine the N = (0, 4) supermultiplet structure of
the spectrum. We also compare the full Kaluza-Klein spectrum around the undeformed
AdS3×S3 backgrounds of theories A and Aand show that they coincide upon reshuffling of
the Kaluza-Klein towers as depicted in figure 3 and worked out in detail in figure 6 below.
We close with concluding remarks and a few appendices that collect some of the technical
details of our discussion.

2 N = 8 supergravity in D = 3

Three-dimensional N = 8 (half-maximal) gauged supergravity is described by the la-
grangian [24, 25]

e−1L = R+ 1
8g

µνDµM
M̄N̄DνMM̄N̄ + e−1LCS − V , (2.1)

with the gauging specified by an embedding tensor of the form

ΘK̄L̄|M̄N̄ = θK̄L̄M̄N̄ + 1
2
(
ηM̄ [K̄θL̄]N̄ − ηN̄ [K̄θL̄]M̄

)
+ θ ηM̄ [K̄ηL̄]N̄ , (2.2)

– 5 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
5

with antisymmetric θK̄L̄M̄N̄ = θ[K̄L̄M̄N̄ ], symmetric and traceless θL̄K̄ = θ(L̄K̄) and ηK̄L̄
the SO(8,4)-invariant metric.2 This metric is used to raise and lower indices K̄, L̄, . . .
in the vector representation of SO(8,4). The symmetric matrix MK̄L̄ = VK̄M̄VL̄N̄δM̄N̄

parametrises the scalar coset

G/H = SO(8, 4)/
(
SO(8)× SO(4)

)
, (2.3)

and the gauging requires vectors in the adjoint of SO(8,4) obeying Chern-Simons equations,
and covariant derivatives given by

Dµ = ∂µ +Aµ
M̄N̄ ΘM̄N̄ |P̄ Q̄ T

P̄ Q̄ , (2.4)

with the so(8, 4) generators (
T M̄N̄)

P̄
Q̄ = 2 δP̄

[M̄ ηN̄ ]Q̄ . (2.5)

The covariant derivative on MM̄N̄ is then

DµMM̄N̄ = ∂µMM̄N̄ + 4AµP̄ Q̄ ΘP̄ Q̄|(M̄
K̄MN̄)K̄ . (2.6)

The Chern-Simons term is given by

LCS = −εµνρ ΘM̄N̄ |P̄ Q̄Aµ
M̄N̄

(
∂ν Aρ

P̄ Q̄ + 1
3 ΘR̄S̄|Ū V̄ f

P̄ Q̄,R̄S̄
X̄Ȳ Aν

ŪV̄Aρ
X̄Ȳ
)
, (2.7)

with fM̄N̄,P̄ Q̄
K̄L̄ = 4 δ[K̄

[M̄ηN̄ ][P̄ δL̄]
Q̄] the structure constants of so(8, 4). Finally, the scalar

potential in (2.1) in terms of the parametrisation of ΘK̄L̄|M̄N̄ in (2.2) is given by [14, 26]3

V = 1
12 θK̄L̄M̄N̄θP̄ Q̄R̄S̄

(
M K̄P̄M L̄Q̄MM̄R̄M N̄S̄ − 6M K̄P̄M L̄Q̄ηM̄R̄ηN̄S̄

+ 8M K̄P̄ ηL̄Q̄ηM̄R̄ηN̄S̄ − 3 ηK̄P̄ ηL̄Q̄ηM̄R̄ηN̄S̄
)

+ 1
8 θK̄L̄θP̄ Q̄

(
2M K̄P̄M L̄Q̄ − 2 ηK̄P̄ ηL̄Q̄ −M K̄L̄M P̄ Q̄

)
+ 4 θθK̄L̄M

K̄L̄ − 32 θ2 .

(2.8)

The fermions in this theory transform covariantly under the SO(8)×SO(4) subgroup
of SO(8,4) in (2.3), with the gravitini ψAµ in the spinorial of SO(8), and the spin-1/2 fields
χȦr in the product of the cospinorial of SO(8) and the vector of SO(4). The remaining
representation which will be relevant in our discussion is the vector of SO(8), which will
be indexed by I, J ∈ J1, 8K, so that the SO(8, 4) indices decompose into M̄ = {I, r}. The
couplings of fermions among themselves and to the bosons are conveniently parametrised
in terms of the dressed embedding tensor

TK̄L̄|M̄N̄ = (V−1)K̄
P̄ (V−1)L̄

Q̄(V−1)M̄
R̄(V−1)N̄

S̄ ΘP̄ Q̄|R̄S̄ , (2.9)

2This construction naturally generalizes to SO(8, n).
3The additional constraint θ[K̄L̄M̄N̄θP̄ Q̄R̄S̄] = 0 has been taken into account to guarantee that the D = 3

theory can arise from a generalised Scherk-Schwarz reduction [10].
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and the associated TK̄L̄M̄N̄ , TK̄L̄ and T , following (2.2). Then, the vector and scalar masses
are simply given by [25, 27]4

M(1) Ir|Js = − 4TIr|Js, (2.10a)

M2
(0)Lr|Ms = δLM

(
− 8

3 TIJKrTIJKs + 8TIJrpTIJsp − TIITrs + 8T Trs + TIrTIs + TprTps

)
+ δrs

(
− 8

3 TIJKLTIJKM + 8TIJLpTIJMp − TIITLM

+ TILTIM + TLpTMp + 8T TLM
)

+ 16TILMpTIrsp − 16TILspTIMrp

− 2TLrTMs + 2TLsTMr + 2TLMTrs , (2.10b)

and the fermion masses and gravitino-spin-1/2 couplings are given by the fermion
shifts A1,2,3

AAB1 = − 1
12 ΓIJKLAB TIJKL−

1
4δ

AB TII + 2 δAB T ,

AAȦr2 = −1
3 ΓIJK

AȦ
TIJKr −

1
2 ΓI

AȦ
TIr ,

AȦrḂs3 = 1
12 δ

rsΓIJKL
ȦḂ

TIJKL + 2 ΓIJ
ȦḂ

TIJrs − 4 δȦḂδrsT − 2 δȦḂ Trs + 1
4 δ

ȦḂδrs TII ,

(2.11)
as

MAB
(3/2) = −AAB1 , M ȦrḂs

(1/2) = −AȦrḂs3 . (2.12)

On a solution of the theory with negative constant potential V0, it is convenient to normalise
these masses with respect to the AdS length, defined as

`2AdS = − 2
V0
. (2.13)

2.1 Triality and the different Pauli gaugings

Minimal D = 6, N6d = (1, 0) supergravity coupled to a tensor multiplet admits a reduc-
tion on S3 [3]. The resulting three-dimensional theory is quarter-maximal (N = 4) and
enjoys a scalar coset space SO(4, 4)/ (SO(4)× SO(4)). Its scalar potential does not have
a ground state. The lagrangian is described in terms of an embedding tensor ΘKL|MN ,
which decomposes as in (2.2) and where M,N denote the vectorial index of SO(4, 4). In
this case,

θMN ⊂ = 35v, θKLMN ⊂ = 35s⊕ 35c , (2.14)

4The factors in (2.10)–(2.12) differ from the ones in [25, 27], in line with the conventions we adopted for
the lagrangian.
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and we also take θ = 0. There exist three equivalent embedding tensors describing this S3

reduction [10, 28]. They all trigger different representations within (2.14), as follows5

35v 35s 35c
a ×
b ×

a ×

(2.15)

These different possibilities are related by SO(4, 4) triality flips and generate physically
equivalent theories.

As shown in [22], the non-dynamical two-form gauge potential in D = 3 can be in-
tegrated out from the three-dimensional theory, giving rise to a new parameter λ in the
embedding tensor which can be tuned so that the scalar potential admits a supersymmetric
AdS3 solution at the origin. For the three embedding tensors just mentioned, this amounts
to turning on new representations [10, 21]:

35v 35s 35c
a × λ

b λ ×

a λ ×

(2.16)

All possibilities are again related by SO(4, 4) triality transformations and describe the
same physics.

Upon embedding SO(4, 4) into SO(8, 4), i.e. upon embedding the quarter-maximal the-
ories into half-maximal three-dimensional supergravity, the same gaugings can be employed
to describe consistent truncation of six-dimensional N6d = (1, 1) and N6d = (2, 0) super-
gravities, respectively. This embedding breaks the triality symmetry, as 8v is singled out
and embedded into the vector representation of SO(8, 4). Then, the three embedding ten-
sors schematically described in (2.16) give rise to three different half-maximal supergravities
in three dimensions, which we will denote A, B and A.6 Their explicit embedding into six
dimensions shows that theories A and Adescend from the non-chiral N6d = (1, 1) super-
gravity, whereas theory B is embedded into chiral N6d = (2, 0) supergravity, see figure 2.

To describe these gaugings, it is useful to break indices following

SO(8, 4) −→ GL(3,R)× SO(1, 1)× SO(4)global ,

XM̄ −→ {Xm̄, Xm̄, X
0̄, X0̄, X

ᾱ} ,
(2.17)

where m̄ ∈ J1, 3K and ᾱ ∈ J9, 12K label the SL(3, R) and SO(4)global vector representations,

5The embedding tensors a and b were first given in [10], and acan be constructed from [28]. See the
explicit expressions (2.19) below.

6There exist three other possible theories that one can generate upon applying the triality flip 35s ↔ 35c

in (2.16), but they are physically equivalent to A, B and A.
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respectively. In this basis, the SO(8,4)-invariant tensor reads

ηM̄N̄ =


0 δm̄

n̄ 0 0 0
δm̄n̄ 0 0 0 0

0 0 0 1 0
0 0 1 0 0
0 0 0 0 −δᾱβ̄

 . (2.18)

The different embedding tensors have then the following expressions

(A) : θm̄n̄p̄ 0̄ = −2λ εm̄n̄p̄ , θm̄n̄ = 4 δm̄n̄ , θ0̄0̄ = 4 , (2.19a)

(B) : θm̄n̄p̄ 0̄ = −2λ εm̄n̄p̄ , θm̄n̄p̄
0̄ = εm̄n̄p̄ , θm̄n̄

p̄
0̄ = εm̄n̄p̄ , (2.19b)

( A) : θM̄N̄P̄ 0̄ = − 1√
2
XM̄N̄P̄ , θ0̄0̄ = 4

√
2λ , (2.19c)

with

Xm̄n̄p̄ = εm̄n̄p̄ , Xm̄
n̄p̄ = εm̄n̄p̄ , Xm̄

n̄
p̄ = εm̄n̄p̄ , Xm̄n̄

p̄ = εm̄n̄p̄ , (2.20)

and θ = 0 in all cases. Theories A and B have been described in [10] and further analysed
in [14, 21]. The study of theory Ais the main subject of this paper. Their scalar potentials
have an extremal point at the origin for λ = −1, which is the value we will adopt in the
following.

For theory A, the embedding tensor (2.19c) induces a gauge group

Ggauge = (T 1)4 × [SO(4) n (T 3 × T 3)] , (2.21)

with the SO(4) factor referred to in the following as SO(4)gauge ' SO(3)L× SO(3)R, as
detailed in appendix A.

2.2 Parametrisation of the scalar matrix

Decomposing SO(8,4) according to (2.17), we find

SO(8, 4)→ [SO(1, 1) + GL(3,R) + SO(4)global](0,0)

+ (3,1)(1,1) + (3′,1)(1,−1) + (1,4)(1,0) + (3′,1)(0,2) + (3,4)(0,1)

+ (3′,4)(0,−1) + (3,1)(0,−2) + (1,4)(−1,0) + (3,1)(−1,1) + (3′,1)(−1,−1) ,

(2.22)

with the elements of these representations in terms of the SO(8,4) generators given in
appendix A.1. The compact part of the gauge group (2.21) does not sit at level zero of
the grading, but involves the (3′,1)(0,2) and (3,1)(0,−2) representations that together with
GL(3,R) comprise SO(3,3). In terms of the decomposition (2.22), we can parametrise the
coset (2.3) in triangular gauge as

V = V10 V(3,1) V(3,4) VGl(3) VSO(1,1) , (2.23)
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where V10 = exp
(
χm̄ T

m̄0̄+χm̄ T m̄
0̄+χᾱ T ᾱ0̄) can be gauge fixed to the identity employing

the translations in (2.21). Correspondingly, (2.23) can be written as

VM̄
N̄ |χ→0 = exp

(
φm̄n̄T

m̄n̄) exp
(√

2 ξm̄ᾱT m̄ᾱ)VGl(3)VSO(1,1)

=



νm̄
n̄ [(ξ2 + φ)ν̃]m̄n̄ 0 0 −

√
2 ξm̄β̄

0 ν̃m̄n̄ 0 0 0

0 0 eϕ̃ 0 0

0 0 0 e−ϕ̃ 0

0 −
√

2 [ξT ν̃]n̄ᾱ 0 0 δβ̄ᾱ


, (2.24)

in terms of a GL(3,R)/SO(3) representative, ν and ν̃ = (ν−1)T , together with the matrix
product (ξ2)m̄n̄ = ξm̄ᾱ ξn̄ᾱ. The symmetric positive definite scalar matrixMK̄L̄ = (V VT )K̄L̄
is then given by

MM̄N̄ =



m+ (ξ2 + φ)m−1(ξ2 − φ) + 2ξ2 (ξ2 + φ)m−1 0 0 −
√

2 [1 + (ξ2 + φ)m−1]ξ

m−1(ξ2 − φ) m−1 0 0 −
√

2m−1ξ

0 0 e2ϕ̃ 0 0

0 0 0 e−2ϕ̃ 0

−
√

2 ξT [1 +m−1(ξ2 − φ)] −
√

2 ξTm−1 0 0 1 + 2 ξTm−1ξ


,

(2.25)
where mm̄n̄ = (ννT )m̄n̄. With this parametrisation of the scalar coset and the embedding
tensor in (2.19c) with λ = −1, the scalar potential (2.8) becomes

V = 4 e−4ϕ̃ + 2 e−2ϕ̃
[
− tr

(
m+m−1

)
+ tr

(
φm−1φ

)
− 2 tr

(
φm−1ξ2

)
− 2 tr

(
ξ2
)

− tr
(
ξ2m−1ξ2

)
+ 1

2 det
(
m−1

)(
1− tr

(
φ2
)
− tr

(
ξ4
)

+ tr
(
ξ2
)2
)

+ 1
2 T

(
m−1(ξ2 − φ), (ξ2 + φ)m−1,m+ (ξ2 + φ)m−1(ξ2 − φ) + 2 ξ2

)
+ 1

4 T
(
m−1,m+ (ξ2 + φ)m−1(ξ2 − φ) + 2 ξ2,m+ (ξ2 + φ)m−1(ξ2 − φ) + 2 ξ2

) ]
,

(2.26)
where T (A,B,C) = εmnp εqrsA

mqBnrCps .
An interesting consistent truncation is achieved by requiring invariance under

SO(3)diag ⊂ SO(4)global. This truncation retains all SO(4)global singlets in (2.23) together
with ξ1 12, ξ2 12 and ξ3 12, thus keeping 13 scalars. In this sector we identify a bi-parametric
family of extrema connected to the origin on which the scalars take the following vevs

ϕ̃ = 0 , m = diag(1, 1, e−2ω) , φm̄n̄ = ξ1 12 = ξ2 12 = 0 , ξ3 12 = ζ . (2.27)
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The coset representative corresponding to this family takes on the form

V = exp
(√

2 ζ T 3̄1̄2
)

exp
(
− ω T 3̄

3̄

)
= exp

[( √2ω ζ
1− e−ω

)
T 3̄1̄2 − ω T 3̄

3̄

]

=



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 e−ω 0 0 eω ζ2 0 −

√
2 ζ

0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 eω 0 0
0 0 0 0 0 0 15 0
0 0 0 0 0 −

√
2 eω ζ 0 1


, (2.28)

and the preserved gauge symmetry is the Cartan subgroup SO(2)L×SO(2)R ⊂ SO(4)gauge.
This solution describes the holographic conformal manifold of the CFT2 at the scalar origin,
whose leading order Zamolodchikov metric in the large-N limit can be taken to be

ds2
Zam. = dω2 + e2ωdζ2 . (2.29)

Similarly, we can truncate out all scalars but the SO(1,1)×GL(4,R)/SO(4) factor,
where the field content of theories A and Acoincide. Then, the potential reduces to

V = 4 e−4ϕ̃ + e−2ϕ̃
[

det
(
m−1

)
+ det(m) tr

(
m−2

)
− 2 tr

(
m+m−1)

+ 2 det
(
m−1

)
~φ · ~φ− 2 tr

(
m−1

)
~φ · ~φ+ 4 ~φm−1~φ+ det

(
m−1

) (
~φ · ~φ

)2 ]
.

(2.30)

with ~φp̄ ≡ 1
2 εp̄m̄n̄ φm̄n̄ . This potential and the associated kinetic term in (2.1) can be cast,

up to unimportant global factors, into a form that matches (2.18) and (2.20) in [14] under
the dictionary

α2
there = λ2 , eϕ there = e−ϕ̃ , m̃AB there = (detm)−1/2

 m −m~φ
−
(
m~φ

)T
det(m) + ~φ ·m~φ

 .

(2.31)
The solution (2.27) with ζ = 0 then recovers the one-parameter family for theory A in that
reference upon identifying η there = ω here.

2.3 Supergravity spectrum at the (ω, ζ)-family

At generic points of the critical locus (2.27), the bosonic spectrum is given by bringing the
scalar values to (2.10). This yields

m(1)`AdS : 0 [2] , −2 [5] , 2 [1] ,

− 1±
√
−1 + 2 ζ2 + e−2ω + e2ω (−1 + ζ2)2 [2 + 2] ,

1±
√
−1 + 2 ζ2 + e−2ω + e2ω (1 + ζ2)2 [2 + 2] ,

(2.32)
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for the vectors fields. The integers between square brackets indicate the multiplicity of each
eigenvalue. We include explicitly the two massless vectors corresponding to the unbroken
SO(2)L × SO(2)R gauge symmetry, although in D = 3 they and the massless graviton (to-
gether with possible massless gravitini) are non-propagating. For the scalars, the spectrum
with Goldstone modes removed is

(m(0)`AdS)2 : 0 [5] , 8 [1] , −4 + 4 e2ω [2] , −4 + 4 e−2ω + 8 ζ2 + 4 e2ω ζ4 [2] ,

e−2ω + 2
(
−1 + ζ2

)
+ e2ω

(
1 + ζ2

)2
[8] ,

(2.33)

with the masses in the first line of (2.33) matching (2.33) of [14] upon setting ζ = 0.
Regarding fermions, their masses are accordingly given by bringing (2.27) to (2.12), result-
ing in

m(3/2)`AdS : 1
2

[
− 1±

√
e−2ω + 2 (1 + ζ2) + e2ω (ζ2 − 1)2

]
[4 + 4] , (2.34)

for the spin-3/2 gravitini, and

m(1/2)`AdS : − 3
2 ±

1
2

√
e−2ω + 2 (1 + ζ2) + e2ω (−1 + ζ2)2 [4 + 4] ,

1
2 ±

1
2

√
9 e−2ω + 6 (−1 + 3 ζ2) + e2ω (1 + 3 ζ2)2 [4 + 4] ,

1
2 ±

1
2

√
e−2ω + 2 (−3 + ζ2) + e2ω (3 + ζ2)2 [4 + 4] , (2.35)

for the spin-1/2 fields, with goldstino modes already subtracted.7

From the scalar spectrum (2.33), stability against the Breitenlohner-Freedman
bound [29], in three dimensions given by

(
m(0)`AdS

)2
≥ −1, requires

eω ≥
√

3
2 ,

ζ2 ≥
√

3
2 e−ω − e−2ω ,

(2.36)

which for non-zero ζ widens the stability region of equation (2.35) in [14]. The corre-
sponding stability region is drawn in figure 4 in the (ω, ζ) plane. The modes turning
unstable on its boundary are found in the first line of (2.33) with masses −4 + 4 e2ω, and
−4 + 4 e−2ω + 8 ζ2 + 4 e2ω ζ4, respectively.

At the scalar origin, where ω = ζ = 0, (2.34) shows supersymmetry enhancement to
N = (0, 4), and the bosonic symmetry becomes

SO(4)gauge × SO(4)global . (2.37)

For generic values of ω and ζ, supersymmetry is completely broken, and the two massless
vectors in (2.32) signal that the symmetry group is broken down to[

SO(2)L × SO(2)R
]
gauge ×

[
SO(3)diag

]
global , (2.38)

7The goldstino modes are identified using eq. (6.9) of ref. [25].
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ω

ζ

0 ω0

SUSY locus

Figure 4. Stability area at level 0, with ω0 = ln
(√

3/2
)
saturating (2.36).

with SO(2)L×SO(2)R the Cartan subgroup of SO(4)gauge and SO(3)diag being the diagonal
subgroup of SO(4)global ' SO(3)l × SO(3)r in the notation of appendix A.1.

At the particular locus
ζ2 = 1− e−2ω , (2.39)

the appearance of massless gravitini in (2.34) shows that the N = (0, 4) supersymmetry of
the scalar origin extends along a one-parameter family of vacua and four goldstini become
part of the physical spectrum. Correspondingly, the residual gauge group enhances from
SO(2)L×SO(2)R in (2.38) to SO(2)L×SO(3)R and two extra massless scalars arise in (2.33).
The full superalgebra controlling the spectrum is

SL(2, R)L × SO(2)L ×
[
(SO(3)diag)global n SU(2|1, 1)R

]
, (2.40)

with SL(2, R)R × SO(3)R the even part of SU(2|1, 1)R. Supermultiplets of (2.40) are
thus labelled by two dimensions ∆L and ∆R, two SO(3) half-integer spins and a charge
normalised to be integer. They will be denoted by supplementing the (SO(3)diag)global n
SU(2|1, 1)R multiplets (A.20) and (A.21) with the extra SL(2, R)L × SO(2)L flavours as
subindices and superindices, respectively. The SL(2, R) dimensions can be determined out
of the conformal dimension and spin of the different modes via

∆ = ∆L + ∆R , and s = ∆R −∆L , (2.41)

with conformal dimensions and masses related as

∆(2)(∆(2) − 2) = (m(2)`AdS)2 , ∆(1) = 1 + |m(1)`AdS| , ∆(0)(∆(0) − 2) = (m(0)`AdS)2 ,

∆(3/2) =1 + |m(3/2)`AdS| , ∆(1/2) = 1 + |m(1/2)`AdS| ,
(2.42)

and the sign of the spin fixed by that of the mass. The spectrum of the three-dimensional
supergravity around this family of supersymmetric vacua is given in table 1.
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∆L ∆R ∆ s
(
SO(3)diag × SO(3)R

)SO(2)L

([0, 0]S)0
2 2 0 2 −2

(
0, 0
)0

([ 1
2 ,

1
2
]
S

)0
2

2
1 3 −1

(
0, 0
)0 +

(
1, 0
)0

1/2 5/2 −3/2
(

1/2, 1/2
)0

([0, 1]S)0
2 2

2 4 0
(
0, 0
)0

3/2 7/2 −1/2
(

1/2, 1/2
)0

1 3 −1
(
0, 1
)0

([0, 0]S)0
1 1 0 1 −1

(
0, 0
)0

([ 1
2 ,

1
2
]
S

)0
1

1
1 2 0

(
0, 0
)0 +

(
1, 0
)0

1/2 3/2 −1/2
(

1/2, 1/2
)0

([0, 1]S)0
1 1

2 3 1
(
0, 0
)0

3/2 5/2 1/2
(

1/2, 1/2
)0

1 2 0
(
0, 1
)0

([0, 1]S)0
0 0

2 2 2
(
0, 0
)0

3/2 3/2 3/2
(

1/2, 1/2
)0

1 1 1
(
0, 1
)0

[0, 0]±2
(1+Γ(0,±2))

2 (1+Γ(0,±2))/2

(3+Γ(0,±2))/2 2 + Γ(0,±2) 1
(
0, 0
)±2

(2+Γ(0,±2))/2
3
2 + Γ(0,±2) 1/2

(
1/2, 1/2

)±2

(1+Γ(0,±2))/2 1 + Γ(0,±2) 0
(
1, 0
)±2 +

(
0, 1
)±2

Γ(0,±2)
/2

1
2 + Γ(0,±2) −1/2

(
1/2, 1/2

)±2

(−1+Γ(0,±2))/2 Γ(0,±2) −1
(
0, 0
)±2

Table 1. Spectrum at KK level 0 of the family of supersymmetric vacua satisfying (2.39), with
Γ(0,±2) =

√
−3 + 4 e2ω. Non-propagating massless modes in ([0, 0]S)0

2, ([0, 0]S)0
1 and ([0, 1]S)0

0 have
been included for completeness.

3 D = 6 uplift

The field content of N6d = (1, 1) supergravity in D = 6 comprises the metric, the dilaton,
four one-forms and a two-form [30],

{gµ̂ν̂ , φ, Aαµ̂, Bµ̂ν̂} , (3.1)

with indices µ̂, ν̂ ∈ J0, 5K and α ∈ J9, 12K. The field strengths associated to these gauge
potentials are

Fα = dAα and G = dB − 1
2 A

α ∧ Fα , (3.2)

and the dynamics of these fields is described by the lagrangian

L = ?6R
(6) − dφ ∧ ?6 dφ− 1

2 e
−φFα ∧ ?6F

α − 1
2 e
−2φG ∧ ?6G . (3.3)
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From this lagrangian, the equations of motion for the dilaton and forms are

∇µ̂
(
e−2φGµ̂ν̂ρ̂

)
= 0 , (3.4a)

∇µ̂
(
e−φ Fα µ̂ρ̂

)
+ 1

2 e
−2φGµ̂ν̂ρ̂ Fαµ̂ν̂ = 0 , (3.4b)

�φ+ 1
8 e
−φ Fαµ̂ν̂F

α µ̂ν̂ + 1
12 e

−2φGµ̂ν̂ρ̂G
µ̂ν̂ρ̂ = 0 , (3.4c)

and the Einstein equation reads

R
(6)
µ̂ν̂ −

1
2 R

(6) gµ̂ν̂ = ∂µ̂φ∂ν̂φ−
1
2 gµ̂ν̂ ∂ρ̂φ∂

ρ̂φ+ 1
2 e
−φ
(
Fαµ̂ρ̂F

α
ν̂
ρ̂ − 1

4 gµ̂ν̂ F
α
ρ̂σ̂F

α ρ̂σ̂
)

+ 1
4 e
−2φ

(
Gµ̂ρ̂σ̂Gν̂

ρ̂σ̂ − 1
6 gµ̂ν̂ Gρ̂σ̂λ̂G

ρ̂σ̂λ̂
)
.

(3.5)

3.1 ExFT recap

We are interested here in the SO(8,4)-covariant formulation of N6d = (1, 1) supergravity
in D = 6, which is based on one of the solutions to the section constraint of SO(8,4)
exceptional field theory [10, 14]. In this ExFT, we have the fields

{gµν , MMN , AMN
µ , BµMN} , (3.6)

with all them depending on both the external xµ and the internal coordinates YMN , the
latter in the adjoint of SO(8,4). The dependence of the fields on the internal coordinates
is restricted to be on, at most, three of them by the section conditions

∂[MN ⊗ ∂KL] = 0 = ηNK∂MN ⊗ ∂KL . (3.7)

The solution of (3.7) that describes D = 6 N6d = (1, 1) supergravity is given by branching
SO(8,4) as

SO(8, 4) −→ GL(3)× SO(1, 1)× SO(4) ,

XM −→ {Xm, Xm, X
0, X0, X

α} ,
(3.8)

and keeping dependence on ym ≡ Y 0m only. Breaking the fields in (3.6) according to the
branching (3.8) then recovers the fields of D = 6 N6d = (1, 1) supergravity in (3.1). In
particular, the internal components of these D = 6 fields are encoded in the generalised
metric as [14]8

M00 = g−1eφ ,

M0m = −1
2M

00εmnp b̃np ,

M00Mmn −M0mM0n = g−1gmn ,

M00Mαm −M0αM0m = g−1gmnAαn ,

M00Mm
n −M0mM0

n = g−1gmp bpn + 1
2 g
−1gmpAαpA

α
n ,

(3.9)

8The rôle of b and b̃ has been interchanged as compared with [14].
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so that the generalised diffeomorphisms acting on the generalised metric reproduce standard
diffeomorphisms in D = 6, together with the gauge transformations9

δAα = dΛα , δb = dξ − 1
2 dΛα ∧Aα , δb̃ = dξ̃ . (3.10)

The b and b̃ fields in (3.9) are not directly related to the two-form B in (3.1), as they are
taken to live only in the internal space. They do however reconstruct the full three-form
field strength in (3.2) via

G = db− 1
2A

α ∧ Fα + e2φ ?6 db̃+Gmixed . (3.11)

As such, e2φ db̃ describes the Freund-Rubin contribution on AdS3, and db− 1
2A

α ∧ Fα the
purely S3 components. Gmixed in (3.11) stands for the mixed components of the D = 6
three-form with legs both on AdS3 and S3, which are triggered by the ExFT vectors AMN

µ

and BµMN . These will play no rôle in the following as they are absent in AdS3 solutions.
The consistent truncation of D = 6 N6d = (1, 1) supergravity on S3 (and more gener-

ally on suitable deformations M3) down to a D = 3 gauged supergravity can be described
in terms of a generalised Scherk-Schwarz ansatz, where the dependence on external and
internal coordinates factorises, with the former carried by the D = 3 fields and the later
by an SO(8,4) twist matrix UMN̄ (Y ) and a scale factor ρ(Y ) [10]. The precise factorisa-
tion reads10

gµν(x, Y ) = ρ(Y )−2gµν(x) ,

MMN (x, Y ) = UM
M̄ (Y )UNN̄ (Y )MM̄N̄ (x) ,

AMN
µ (x, Y ) =

√
2 ρ(Y )−1UMM̄ (Y )UNN̄ (Y )AM̄N̄

µ (x) ,

BµKL(x, Y ) = − 1
2
√

2
ρ(Y )−1UMN̄ (Y )∂KLUMM̄ (Y )AM̄N̄

µ (x) ,

(3.12)

with the scale factor and twist matrix subject to the consistency conditions

θK̄L̄M̄N̄ = 3
√

2 ρ−1 ∂LPUN [K̄U
N
L̄U

L
M̄U

P
N̄ ] ,

θM̄N̄ = 2
√

2 ρ−1 UKM̄∂KLU
L
N̄ −

ρ−1

3
√

2
ηM̄N̄ U

KL̄∂KLU
L
L̄ − 2

√
2 ρ−2UKM̄U

L
N̄∂KLρ ,

θ = ρ−1

3
√

2
UKL̄∂KLU

L
L̄ . (3.13)

3.2 Scherk-Schwarz reduction

The SO(8,4) twist matrix UM
N̄ (Y ) relevant for the consistent truncation of D = 6

N6d = (1, 1) supergravity on S3, corresponding to the three-dimensional theory A, can be
9A typo has been corrected in δb as compared to [14].

10We adopt here different conventions compared to the ones of [10]. We introduce
√

2 factors for the vector
fields, and in the expression of the embedding tensor in (3.13), to make sure that the three-dimensional
theory that follows from the ExFT lagrangian (3.26) of [10] is given by (2.1).
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constructed from the SO(3,3) result in DFT in [28]. In this setting, the sphere can be de-
fined as the locus δabYaYb = 1 in terms of the R4 embedding coordinates Ya, a, b = 1, . . . , 4.
The SO(4) Killing vectors of this sphere are then given by

Kabm = Y[a|∂mY|b] , (3.14)

with ∂m being derivatives with respect to the three physical coordinates ym, and the round
metric on S3 can be expressed in terms of them as

g̊mn = 2KabmKcd n δ
acδbd . (3.15)

The SO(4) Killing vectors can be split into SO(3)L,R as
Lm̄

m =
(
K4m̄ n + 1

2 ε4m̄n̄p̄Kn̄p̄ n

)
g̊nm ,

Rm̄
m =

(
K4m̄ n −

1
2 ε4m̄n̄p̄Kn̄p̄ n

)
g̊nm ,

(3.16)

which satisfy the algebra

LLm̄Ln̄ = εm̄n̄p̄ Lp̄ , LLm̄Rn̄ = 0 , LRm̄Rn̄ = −εm̄n̄p̄Rp̄ . (3.17)

These SO(3) vectors can be combined into an SO(3,3) doublet11

KĀ
m =

 Lm̄
m +Rm̄

m

(Rn̄m − Ln̄m) δn̄m̄

 , (3.18)

with Ā ∈ J1, 6K and XĀ = {Xm̄ , Xm̄}. Similarly, to account for the SO(3,3) duals of the
coordinates ym, we include six one-forms ZĀ defined as

ZĀm = −κĀ
B̄KB̄

ng̊nm − 2
√
g̊KĀ

n εmnp ξ̊
p , (3.19)

with the vector ξ̊ satisfying ∇̊mξ̊m = 1 with respect to the Levi-Civita connection associated
to (3.15), and κĀB̄ the Cartan-Killing metric

κĀ
B̄ = −

(
0 δm̄ n̄

δm̄ n̄ 0

)
. (3.20)

The parametrisation of the SO(8,4) twist matrix in terms of these ingredients follows from
the embedding

SO(3,3) ⊂ SO(4,4) ⊂ SO(8,4) , (3.21)

with the DFT coordinates Y A ≡ {ym, ym} embedded into the SO(8,4) ExFT coordinates
YMN as Y 0A = Y A. Accordingly, the twist matrix

UMM̄ =


Km̄m Km̄m −2λ ξ̊m 0 0
Zm̄m Zm̄m 0 0 0

0 0 ρ 0 0
2λ ρ−1Zm̄ n ξ̊

n 2λ ρ−1Zm̄n ξ̊n 0 ρ−1 0
0 0 0 0 δαβ̄

 (3.22)

11KĀ
m is defined such that δĀB̄KĀ

mKB̄
n = g̊mn and ηĀB̄KĀ

mKB̄
n = 0, with the SO(3, 3)-invariant

matrix ηĀB̄ in the off-diagonal form.
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together with the scale factor ρ = g̊−1/2 provide a solution to the consistency condi-
tions (3.13) with the embedding tensor in (2.19c). The SO(3,3) contribution in the upper-
left corner corresponds to the twist matrix in [28], and λ-dependent terms can be tracked to
the integration of the non-dynamical two-form. The relevant embedding tensor (2.19c) is
recovered upon choosing λ = −1, which we set in the following. Using the Scherk-Schwarz
reduction (3.12) for the inverse generalised metric,

MMN = UMM̄U
N
N̄M

M̄N̄ , (3.23)

and the N6d = (1, 1) dictionary (3.9), we find the following D = 6 fields.

Metric. The six-dimensional metric is given by

ds2
6 = ∆−2gµν(x) dxµdxν + gmn(y) dymdyn , (3.24)

with gµν being the AdS3 metric with unit length, the inverse of the metric on M3 given by

gmn = ∆2e−2ϕ̃
{

(Lm +Rm)m−1(Ln +Rn)

+ (Rm − Lm)[m+ (ξ2 + φ)m−1(ξ2 − φ) + 2ξ2](Rn − Ln)

+ (Lm +Rm)m−1(ξ2 − φ)(Rn − Ln) + (Rm − Lm)(ξ2 + φ)m−1(Ln +Rn)
}
,

(3.25)

and the warp factor ∆2 = g/̊g computed from the determinant of the metrics gmn and g̊mn
in (3.15).

Dilaton. In terms of the warp factor, the dilaton reads

eφ = ∆2e−2ϕ̃ . (3.26)

Vectors. The vectors can be extracted from

g−1gmnAαn =
√

2 g̊−1e−2ϕ̃{(Lm+Rm)m−1ξᾱ+(Rm−Lm)[1+(ξ2 +φ)m−1]ξᾱ}δᾱα , (3.27)

upon using (3.25). From the last equation in (3.9), these vectors must satisfy

eφ g(m|pMp
|n) = δαβ A

α
mA

β
n . (3.28)

Two-form potentials. The two two-forms b and b̃ in (3.11) can be recovered via

bmn = ∆2 e−2ϕ̃ g[m|pMp
|n]

= 2 ω̊mnp ξ̊p + ∆2 e−2ϕ̃ gp[m g̊n]q
{

(Lp +Rp)m−1(Rq − Lq)

+ (Lp +Rp)m−1(ξ2 − φ)(Lq +Rq) + (Rp − Lp)(ξ2 + φ)m−1(Rq − Lq)

+ (Rp − Lp)[m+ (ξ2 + φ)m−1(ξ2 − φ) + 2ξ2](Lq +Rq)
}
, (3.29)

and
b̃mn = −2

√
g̊ εmnp ξ̊

p = −2 ω̊mnp ξ̊p . (3.30)

Correspondingly, the derivative of b̃ is simply

3 ∂[mb̃np] = −2 ω̊mnp . (3.31)
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3.3 Uplift of the (ω, ζ)-family

For the bi-parametric family (2.27), the inverse metric (3.25) becomes

gmn = ∆2


1− Y2

1 − [1− e−2ω(1 + e2ωζ2)2]Y2
2 −e−2ω(1 + e2ωζ2)2Y1Y2 −Y1Y3 − e2ωζ2 Y2Y4

−e−2ω(1 + e2ωζ2)2Y1Y2 1− [1− e−2ω(1 + e2ωζ2)2]Y2
1 − Y2

2 −Y2Y3 + e2ωζ2 Y1Y4

−Y1Y3 − e2ωζ2 Y2Y4 −Y2Y3 + e2ωζ2 Y1Y4 Y2
1 + Y2

2 + e2ωY2
4


(3.32)

in the basis in which {y1 , y2 , y3} = {Y1 ,Y2 ,Y3}. Therefore, the warp factor is

∆2 = e−ω/2√
1 + (ζ2 + e−2ω − 1)(Y2

1 + Y2
2 )
, (3.33)

which, at the supersymmetric locus (2.39), reduces to the constant ∆2 = e−ω/2. To write
the direct metric it is useful to introduce the index splitting Ya = {Y â, Y ǎ}, with â = 1, 2
and ǎ = 3, 4. Then, the internal manifold is the three-sphere with metric

ds2(M3
ω,ζ) = ∆6

{
e2ωδâb̂ dY âdY b̂ + e−2ω(1 + e2ωζ2)2δǎb̌ dY ǎdY b̌

− e2ω(e−2ω + ζ2 − 1)2(δâb̂Y
â dY b̂)2 − (e2ω − 1)(εâb̂Y

â dY b̂)2

− e−2ω[(1 + e2ωζ2)2 − e2ω](εǎb̌Y
ǎ dY b̌)2 + 2e2ωζ2(εâb̂Y

â dY b̂)(εǎb̌Y
ǎ dY b̌)

}
,

(3.34)

and the gauge group in D = 3 can be identified as rotations in the Y1Y2 and Y3Y4 planes,
as more explicitly seen in the coordinates

Y1 = cosα cosβ , Y2 = cosα sin β , Y3 = sinα cos γ , Y4 = sinα sin γ .
(3.35)

In these coordinates, the metric takes on the form12

ds2(M3
ω,ζ) = ∆−2

{
dα2 + ∆8( cos2α+ e2ω sin2α

)
cos2α dβ2

+ 2 ∆8 e2ωζ2 sin2α cos2α dβdγ

+ ∆8( sin2α+ e−2ω(1 + e2ωζ2)2 cos2α
)

sin2α dγ2
}
,

(3.36)

with the isometries realised as shifts in β and γ and the warp factor, which coincides with
the dilaton by (3.26), given by

∆2 = e−ω/2√
1 + (ζ2 + e−2ω − 1) cos2α

. (3.37)

The vectors in (3.27) take the form

Aα =


0 , α ∈ {9, 10, 11} ,
√

2 eωζ ∆4 (cos2α dβ − sin2α dγ
)
, α = 12 ,

(3.38)

12At ζ = 0, this metric recovers (6.6) in [14] identifying αhere = θthere, βhere = (ξ1)there and γhere =
(ξ2)there.
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which can be checked to satisfy (3.28). The corresponding field strengths are therefore

F 12 = dA12 = −2
√

2 ζ sinα cosα∆8
(
e2ω dα ∧ dβ +

(
1 + e2ωζ2

)
dα ∧ dγ

)
(3.39)

and Fα = 0 for α ∈ {9, 10, 11}. Finally, the three-form field strength has purely AdS3 and
S3 contributions, with the possible mixed components in (3.11) vanishing. For this family
of solutions, the two-form b on the two parameter family is

bmn = 2 ω̊mnp
(
ξ̊p −∆−3 gpq∂q∆

)
, (3.40)

and the gauge invariant combination in (3.11) reads

db− 1
2 A

α ∧ Fα = 2 ∆7 vol(M3
ω,ζ) . (3.41)

From (3.31), the three-form db̃ is simply

db̃ = −2 ∆−1 vol(M3
ω,ζ) , (3.42)

and the total three-form field strength in D = 6 then results from combining (3.41) and
the dual of (3.42) into (3.11) with Gmixed = 0,

G = 2 vol(AdS3) + 2 ∆7 vol(M3
ω,ζ) . (3.43)

At the supersymmetric locus (2.39), the three-sphere M3
ω comes equipped with the

Sasaki-Einstein structure

η = Jab Ya dYb , J = 1
2Jab dYa ∧ dYb , Ω = Ωab Ya dYb , (3.44)

inherited from the Calabi-Yau forms J and Ω on the R4 in which the S3 is embedded:

J = dY1 ∧ dY2 − dY3 ∧ dY4 , Ω = (dY1 + idY2) ∧ (dY3 − idY4) . (3.45)

These forms therefore satisfy

J ∧Ω = 0 , η ∧ J = i

2 η ∧Ω ∧ Ω̄ = vol(S3) , (3.46)

and
dη = 2J , dΩ = 2iη ∧Ω . (3.47)

In terms of these forms, the metric (3.34) on (2.39) reads

ds2 = eω/2δabdYadYb − 2 e−ω/2 sinhω η2 , (3.48)

corresponding to a stretching along the Hopf fibre. This fibred S1 ↪→M3
ω → CP1 structure

can also be seen in terms of the coordinates

Y1 + iY2 = 1√
1 + |z|2

eiθ , Y3 + iY4 = z√
1 + |z|2

e−iθ , (3.49)
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with θ ∈ (0, 2π) and z = zR + izI an inhomogeneous CP1 coordinate. In terms of these
coordinates, the line element takes on the form

ds2(M3
ω) = eω/2ds2(CP1) + e−3ω/2 η2 , (3.50)

with the Fubini-Study metric and connection η = dθ + σ given by

ds2(CP1) = (dzR)2 + (dzI)2

(1 + |z|2)2 , σ = zIdzR − zRdzI

1 + |z|2 . (3.51)

This stretched fibration naturally accounts for the SO(2)×SO(3) gauge symmetry preserved
by the D = 3 solution, with the SO(3) ' SU(2) realised as the isometries of the Fubini-
Study metric, and SO(2) being shifts of the angle along the Hopf fibre.

Remarkably, the vectors in (3.38) are governed by the Sasaki-Einstein structure (3.44)
on the entire two-parameter family, and not only at the supersymmetric locus, as in the
coordinates (3.35) the contact one-form becomes

η = cos2α dβ − sin2α dγ , (3.52)

and the non-vanishing components in (3.38) and (3.39) read

A12 =
√

2 eωζ ∆4 η , F 12 = 2
√

2 eωζ ∆4 (2 ∆−1 d∆ ∧ η + J
)
. (3.53)

On the supersymmetric solutions (2.39), the prefactors in (3.53) simplify and the warp
factor becomes coordinate-independent, with the forms reducing to

A12 =
√

2
√

1− e−2ω η , F 12 = 2
√

2
√

1− e−2ω J . (3.54)

Similarly, the three-form in (3.43) becomes

G = 2 vol(AdS3) + 2 e−7ω/4 vol(M3
ω) . (3.55)

We have verified that the metric (3.36), vector field strengths (3.39), and two-form
field strengths (3.43) do satisfy all the D = 6 equations of motion (3.4) and (3.5) for any
value of the marginal scalars. Some details about the Einstein equation can be found in
appendix B.

4 Kaluza-Klein spectra

Given a D = 6 background uplifting from a gauged supergravity solution via the Scherk-
Schwarz ansatz (3.12), and described by the D = 3 fields

{gµν , MM̄N̄ , A
M̄N̄
µ } = {ḡµν , ∆M̄N̄ , 0} , (4.1)

its associated Kaluza-Klein spectrum can be obtained by making the ExFT fields depend
on the linearised perturbations as an extension to the Scherk-Schwarz ansatz:

gµν(x, Y ) = ρ(Y )−2(ḡµν(x) + hµν(x, Y )
)
,

MMN (x, Y ) = UM
M̄ (Y )UNN̄ (Y )

(
∆M̄N̄ + jM̄N̄ (x, Y )

)
,

AMN
µ (x, Y ) =

√
2 ρ(Y )−1UMM̄ (Y )UNN̄ (Y )AM̄N̄

µ (x, Y ) ,

BµKL(x, Y ) = − 1
2
√

2
ρ(Y )−1UMN̄ (Y )∂KLUMM̄ (Y )AM̄N̄

µ (x, Y ) .

(4.2)
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These linear perturbations have a natural tower structure when expanded in terms of
the harmonics of the background solution. In fact, the expansion only requires the
harmonics corresponding to the maximally symmetric case, and the fluctuation ansatz
is simply [12, 13, 21]13

gµν(x, Y ) = ρ(Y )−2(ḡµν(x) + hµν
Λ(x)YΛ) ,

MMN (x, Y ) = UM
M̄ (Y )UNN̄ (Y )

(
∆M̄N̄ + jM̄N̄

Λ(x)YΛ) ,
AMN
µ (x, Y ) =

√
2 ρ(Y )−1UMM̄ (Y )UNN̄ (Y )AM̄N̄ Λ

µ (x)YΛ ,

BµKL(x, Y ) = − 1
2
√

2
ρ(Y )−1UMN̄ (Y )∂KLUMM̄ (Y )AM̄N̄ Λ

µ (x)YΛ ,

(4.3)

where Λ denotes Kaluza-Klein indices in the tower of symmetric traceless representations
of the maximal isometry group SO(4),

∞⊕
n=0

(
n

2 ,
n

2

)
. (4.4)

The choice of YΛ as the harmonics corresponding to the configuration with maximal sym-
metry translates into the fact that they furnish SO(4) representations under the action of
the relevant Killing vector fields. This leads to the definition of T̊M̄N̄

ΛΣ as the
(
n/2, n/2

)
representation matrix encoded in the twist matrix as

ρ−1UMM̄U
N
N̄∂MNYΛ = −

√
2 T̊M̄N̄

ΛΣYΣ . (4.5)

The properties of the twist matrix (3.13) guarantee that the T̊M̄N̄
ΛΣ represent the gauge

algebra, with the commutator normalised as [21][
T̊M̄N̄ , T̊P̄ Q̄

]
= −ΘM̄N̄,[P̄

K̄ T̊Q̄]K̄ + ΘP̄ Q̄,[M̄
K̄ T̊N̄ ]K̄ . (4.6)

For the S3 background in (3.22), the matrix T̊M̄N̄
ab has non-vanishing components

T̊ m̄0̄
ab =

√
2 δ[a

4 δ
b]
m̄ , T̊ m̄

0̄
ab = − 1√

2
ε4m̄ab , (4.7)

when acting on the lowest non-trivial level n = 1 within the tower of harmonics (4.4). At
higher levels, these tensors can be constructed recursively from (4.7)

(T̊M̄N̄ )a1...an
b̃1...b̃n = n(T̊M̄N̄ ){a1

{b̃1δb̃2a2 . . . δ
b̃n}
an} . (4.8)

To describe backgrounds corresponding to other points of the scalar manifold, it is
convenient to dress this tensor analogously to (2.9),

TM̄N̄ = (V−1)M̄
K̄(V−1)N̄

L̄T̊K̄L̄ . (4.9)
13This ansatz differs from that of ref. [21] by some factors, in agreement with the generalized Scherk-

Schwarz ansatz (3.12).
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Then, the Kaluza-Klein mass matrices for the bosonic fields are those presented in [21],

M2
(2)

ΣΩ = − 2 δM̄P̄ δN̄Q̄TM̄N̄
ΣΓTP̄ Q̄

ΓΩ , (4.10a)

M(1)
M̄N̄ Σ

P̄ Q̄
Ω =

(
ηK̄[M̄ηN̄ ]L̄ − δK̄[M̄δN̄ ]L̄

)(
TK̄L̄|P̄ Q̄δ

ΣΩ + 4 TK̄[P̄
ΣΩηQ̄]L̄

)
,

(4.10b)

M2
(0) M̄N̄

Σ
P̄ Q̄

Ω jM̄N̄,ΣjP̄ Q̄,Ω =
(
mM̄N̄,P̄ Q̄ δ

ΣΩ +m′
M̄N̄

Σ
P̄ Q̄

Ω
)
jM̄N̄,ΣjP̄ Q̄,Ω , (4.10c)

where

mM̄N̄,P̄ Q̄ = 4TM̄P̄ K̄L̄ TN̄Q̄R̄S̄ δ
K̄R̄δL̄S̄ + 4

3 TM̄ŪK̄L̄ TP̄ V̄ R̄S̄ δN̄Q̄ δ
Ū V̄ δK̄R̄δL̄S̄

− 4TM̄P̄ K̄L̄ TN̄Q̄
K̄L̄ − 4TM̄ŪK̄L̄ TP̄ V̄

K̄L̄δN̄Q̄ δ
Ū V̄ + 8

3 TM̄ŪK̄L̄ TP̄
ŪK̄L̄δN̄Q̄

+ 2TM̄P̄ TN̄Q̄ − TM̄N̄ TP̄ Q̄ + 2TM̄K̄ TP̄ L̄ δN̄Q̄ δ
K̄L̄

− TM̄P̄ TK̄L̄ δN̄Q̄ δ
K̄L̄ + 16T TM̄P̄ δN̄Q̄ , (4.11)

m′
M̄N̄

Σ
P̄ Q̄

Ω = 8TM̄P̄ R̄K̄ δN̄
R̄δK̄L̄ TQ̄L̄

ΣΩ + 8TM̄P̄ R̄K̄ δQ̄
R̄δK̄L̄ TN̄L̄

ΣΩ

− 8 ηM̄P̄ TN̄Q̄K̄L̄ δ
K̄R̄δL̄S̄ TR̄S̄

ΣΩ + 8 ηM̄P̄ TN̄Q̄K̄L̄ T
K̄L̄ΣΩ

+ 8 (TM̄P̄ + T ηM̄P̄ ) TN̄Q̄
ΣΩ + 2 ηM̄P̄ ηN̄Q̄ δ

K̄R̄δL̄S̄ TK̄L̄
ΣΛTR̄S̄

ΛΩ

+ 16 δM̄P̄ δ
K̄L̄ TQ̄L̄

ΣΛTN̄K̄
ΛΩ − 4 δM̄

K̄δP̄
L̄ TQ̄L̄

ΣΛTN̄K̄
ΛΩ

+ 16 TM̄P̄
ΣΛTN̄Q̄

ΛΩ . (4.12)

The fermionic counterparts can be computed in analogy to [31] and read

M(3/2)
AΛ, BΣ = −AAB1 δΛΣ − 2 ΓIJAB TIJΛΣ , (4.13a)

M(1/2)
ȦrΛ, ḂsΣ = −AȦr Ḃs3 δΛΣ − 2 ΓIJ

ȦḂ
δrs TIJΛΣ + 8 δȦḂ Trs

ΛΣ . (4.13b)

All the eigenvalues of the graviton and gravitino mass matrices in (4.10) and (4.13)
correspond to physical modes in the spectrum. For the gravitons, it must be taken into
account that each of the eigenvalues of (4.10a) in fact corresponds to two states of oposite
spin. The eigenvalues of the remaining matrices include the Goldstone modes which are
absorbed by massive gravitons, gravitini and vectors in the super-BEH mechanism upon
taking into account the off-diagonal couplings between modes of different spin. For the
explicit computations, it is useful to observe that the naive eigenvalues of the above mass
matrices corresponding to Goldstone modes (ignoring their off-diagonal couplings) are re-
lated to the masses of the corresponding gravitons and gravitini modes [32]. In D = 3, we
observe the following relations:

(m(1)`AdS)goldstone = ± 2
√

1 + (m(2)`AdS)2 ,
(
m(1/2)`AdS

)
goldstino

= 3m(3/2)`AdS .

(4.14)
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Similarly, for each eigenvalue of the spin-2 matrix in (4.10a), two eigenvalues of the scalar
mass matrix (4.10c) are disregarded, one always being zero and the other having value(

m(0)`AdS
)2

goldstone
= −3 (m(2)`AdS)2 . (4.15)

4.1 Kaluza-Klein spectrum around the (ω, ζ)-backgrounds

For generic values of the parameters (ω, ζ), we can evaluate the above mass formulae at
Kaluza-Klein level n = 1. In the following, we summarize the results. The graviton
masses are

(m(2)`AdS)2 : 2 + e2ω [2 + 2], 2 + e−2ω + 2 ζ2 + e2ω ζ4 [2 + 2] , (4.16)

with the eight modes having a definite spin projection. In turn, the vectors masses read

m(1)`AdS : −1±
√

3 + e2ω [10 + 10], 1±
√

3 + e2ω [2 + 2],

1±
√

3 + e−2ω + 2 ζ2 + e2ω ζ4 [2 + 2],

−1±
√

3 + e−2ω + 2 ζ2 + e2ω ζ4 [10 + 10],

1±
√
−1 + e−2ω + 2 ζ2 + e2ω (2 + ζ2)2 [2 + 2],

−1±
√
−1 + e−2ω + 2 ζ2 + e2ω (−2 + ζ2)2 [2 + 2],

1±
√
−1 + 4 e−2ω + 8 ζ2 + e2ω (1 + 2 ζ2)2 [2 + 2],

−1±
√
−1 + 4 e−2ω + 8 ζ2 + e2ω (1− 2 ζ2)2 [2 + 2] .

(4.17)

Finally, the scalar masses are given by

(m(0)`AdS)2 : 2 + e2ω [10], −6 + 9 e2ω [2],

6 + e2ω ± 4
√

3 + e2ω [2 + 2],

−6 + 9 e−2ω + 18 ζ2 + 9 e2ω ζ4 [2],

2 + e−2ω + 2 ζ2 + e2ω ζ4 [10],

−2 + 4 e−2ω + 8 ζ2 + e2ω
(
1− 2 ζ2

)2
[2],

−2 + 4 e−2ω + 8 ζ2 + e2ω
(
1 + 2 ζ2

)2
[10],

−2 + 2 ζ2 + e−2ω + e2ω
(
−2 + ζ2

)2
[2],

−2 + 2 ζ2 + e−2ω + e2ω
(
2 + ζ2

)2
[10],

−1 +
(

2±
√

3 + e−2ω + 2 ζ2 + e2ω ζ4
)2

[2 + 2] ,

(4.18)
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with Goldstone modes already removed. Regarding fermionic states, the gravitino
masses are

m(3/2)`AdS : − 1
2 ±

1
2

√
(ζ2 − 3)2 e2ω + 2(ζ2 + 3) + e−2ω [4 + 4] ,

− 1
2 ±

1
2

√
(ζ2 + 1)2 e2ω + 2(ζ2 + 7) + e−2ω [8 + 8] ,

− 1
2 ±

1
2

√
(1− 3 ζ2)2 e2ω + 6(1 + 3 ζ2) + 9 e−2ω [4 + 4] ,

(4.19)

and those of the spin-1/2 modes with goldstini already removed read

m(1/2)`AdS : −3
2 ±

1
2

√
(ζ2 − 3)2 e2ω + 2 (ζ2 + 3) + e−2ω [4 + 4] ,

1
2 ±

1
2

√
(ζ2 − 3)2 e2ω + 2 (ζ2 + 3) + e−2ω [4 + 4] ,

−3
2 ±

1
2

√
(1− 3ζ2)2 e2ω + 6 (3ζ2 + 1) + 9e−2ω [4 + 4] ,

1
2 ±

1
2

√
(1− 3ζ2)2 e2ω + 6 (3ζ2 + 1) + 9e−2ω [4 + 4] ,

1
2 ±

1
2

√
(ζ2 + 5)2 e2ω + 2 (ζ2 − 5) + e−2ω [4 + 4] ,

1
2 ±

1
2

√
(5ζ2 + 1)2 e2ω + 10 (5ζ2 − 1) + 25e−2ω [4 + 4] ,

−3
2 ±

1
2

√
(ζ2 + 1)2 e2ω + 2 (ζ2 + 7) + e−2ω [8 + 8] ,

1
2 ±

1
2

√
(ζ2 + 1)2 e2ω + 2 (ζ2 + 7) + e−2ω [8 + 8] ,

1
2 ±

1
2

√
9 (ζ2 + 1)2 e2ω + 2 (9ζ2 − 1) + 9e−2ω [8 + 8] .

(4.20)

At this level, there is no choice of parameters for which any of the vectors or gravitini
become massless and (super-)symmetry is enhanced.

4.2 Stability

From (4.18), we observe that BF stability requirements at Kaluza-Klein level n = 1 are
less severe than (2.36) at level zero. All scalar modes at the former level are stable within
the larger region 

eω ≥
√

5
3 ,

ζ2 ≥
√

5
3 e−ω − e−2ω ,

(4.21)

with the eventually unstable modes having squared masses −6 + 9 e2ω and −6 + 9 e−2ω +
18 ζ2 + 9 e2ω ζ4, respectively. Extrapolating these results to the higher Kaluza-Klein levels,
we expect that for each level n there are only two pairs of unstable modes, whose masses
are given by

− (4 + 2n) + (2 + n)2 e2ω [2] , −(4 + 2n) + (2 + n)2 e−2ω
(
1 + e2ω ζ2

)2
[2] , (4.22)
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SUSY locus

Stability areas:
Level 0
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Level 2
Level 3

Figure 5. Stability area at levels 0, 1, 2 and 3, with ωn = ln
(

(2 +n)/
√

3 + 2n
)
saturating (4.23).

The area at level n include the ones at levels m < n.

which lead to the stability conditions
eω ≥

√
3 + 2n
2 + n

,

ζ2 ≥
√

3 + 2n
2 + n

e−ω − e−2ω .

(4.23)

This has been tested up to and including level 3. We have represented the regions of stability
in figure 5 for increasing values of the KK level. We expect this pattern to persist to all
higher levels. In this case, the vacua satisfying (2.36) would constitute, to our knowledge,
the first family of non-supersymmetric AdS3 vacua enjoying pertubative stability of the
full Kaluza-Klein tower.14

4.3 Spectrum around the supersymmetric backgrounds

As discussed at the supergravity level, for the family of supersymmetric vacua satisfy-
ing (2.39) the spectrum organises in representations of the superalgebra (2.40). At level
n, the representations of the (SO(3)diag)global n SU(2|1, 1)R factor are [h, 0, n2 ] in the no-
tation of appendix A.2, and are long at generic points in the parameter space. These
supermultiplets carry definite SO(2)L charge q, and SL(2, R)L dimension ∆L and will be
denoted [

h, 0, n2
]q
∆L

, (4.24)

with the content of long supermultiplets following from (A.20).
As a result of our spectrum computation, we find that at level n the superconformal

primary of the multiplet (4.24) with charge q carries the ω-dependent conformal dimension

h = −1 + Γ(n,q)

2 , with Γ(n,q) =
√

(n+ 1)2 − q2 + q2 e2ω , (4.25)

14Other pertubatively stable non-supersymmetric AdS vacua have already been found in other dimensions,
for example in D = 4 and D = 7 [33–39].
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and the complete spectrum can be given as

S(n)
ω =

∑
q ∈Pn

([
0, n2

]q
(3+Γ(n,q))/2 +

[
0, n2

]q
(−1+Γ(n,q))/2

)

+
∑

q ∈Pn+2

[
0, n2

]q
(1+Γ(n,q))/2 +

∑
q ∈Pn−2

[
0, n2

]q
(1+Γ(n,q))/2 ,

(4.26)

where we denote as Pk the set of integers ranging from −k to k in steps of two and sup-
pressed the h given by (4.25) for notational simplicity. This spectrum has been checked
at generic n for the multiplets that contain gravitons following [40] and the explicit met-
ric (3.50). For lower-spin multiplets, it has been checked for n ≤ 3. The explicit allocation
of the modes into supermultiplets with this structure at Kaluza-Klein levels one and two
can be found in tables 8 and 9 of appendix D, respectively.

It is worth noting that the spectrum in table 1 also follows from (4.26) upon breaking
multiplets which saturate the unitarity bound according to (A.23). Additionally, we also
find shortening at higher Kaluza-Klein levels whenever n is even and q vanishes. These
multiplets however are not protected, as they can recombine into long multiplets away from
the BPS bound.

4.4 Spectrum around AdS3 × S3

At the scalar origin, corresponding to the background AdS3 × S3, the spectrum (4.26)
recombines into representations of

SL(2, R)L × SO(3)L × SO(3)l ×
[
SO(3)r n SU(2|1, 1)R

]
. (4.27)

All SO(3)r n SU(2|1, 1)R supermultiplets appearing in the spectrum saturate the unitarity
bound (A.18) and are thus short. Their content is summarised in (A.21), and the full
multiplet, including flavour charges, will be denoted as

(2k+ 1)(jgl, jga)
∆L

, (4.28)

following [41]. Here, k labels the SO(3)R ⊂ SU(2|1, 1)R representation, and jgl and jga are
spins of SO(3)l and SO(3)L, respectively. The superconformal primary of these multiplets
always transforms trivially under SO(3)r.

We find that, at levels 0, 1 and n ≥ 2, the perturbations around the uplift of the scalar
origin arrange themselves as

S(0)
( A) = 2(1/2,0)

2 + 2(1/2,1)
1 + 3(0,0)

2 + 3(0,1)
1 ,

S(1)
( A) = 2(0,1/2)

5/2 + 2(0,3/2)
3/2 + 2(0,1/2)

1/2 + 3(1/2,1/2)
5/2 + 3(1/2,3/2)

3/2 + 3(1/2,1/2)
1/2

+4(0,1/2)
5/2 + 4(0,3/2)

3/2 + 4(0,1/2)
1/2 ,

S(n)
( A) =(n+ 1)(0,n/2)

(n+4)/2+ (n+ 1)(0,(n+2)/2)
(n+2)/2 + (n+ 1)(0,(n−2)/2)

(n+2)/2 + (n+ 1)(0,n/2)
n/2

+(n+ 2)(1/2,n/2)
(n+4)/2 + (n+ 2)(1/2,(n+2)/2)

(n+2)/2 + (n+ 2)(1/2,(n−2)/2)
(n+2)/2 +(n+ 2)(1/2,n/2)

n/2

+(n+ 3)(0,n/2)
(n+4)/2 + (n+ 3)(0,(n+2)/2)

(n+2)/2 + (n+ 3)(0,(n−2)/2)
(n+2)/2 + (n+ 3)(0,n/2)

n/2 .

(4.29)
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(n+ 2)
(0,(n+1)/2)
(n+5)/2 + (n+ 2)

(0,(n+3)/2)
(n+3)/2

(n+ 2)
(0,(n−1)/2)
(n+3)/2 + (n+ 2)

(0,(n+1)/2)
(n+1)/2

(n+ 4)
(0,(n+1)/2)
(n+5)/2 + (n+ 4)

(0,(n+3)/2)
(n+3)/2

(n+ 4)
(0,(n−1)/2)
(n+3)/2 + (n+ 4)

(0,(n+1)/2)
(n+1)/2

(n+ 2)
(1/2,n/2)
(n+4)/2

(n+ 2)
(1/2,(n+2)/2)
(n+2)/2

(n+ 4)
(1/2,n/2)
(n+4)/2

(n+ 4)
(1/2,(n+2)/2)
(n+2)/2

(n+ 3)
(0,(n+2)/2)
(n+6)/2 + (n+ 3)

(0,(n+4)/2)
(n+4)/2

(n+ 3)
(0,n/2)
(n+4)/2 + (n+ 3)

(0,(n+2)/2)
(n+2)/2

(n+ 5)
(0,(n+2)/2)
(n+6)/2 + (n+ 5)

(0,(n+4)/2)
(n+4)/2

(n+ 5)
(0,n/2)
(n+4)/2 + (n+ 5)

(0,(n+2)/2)
(n+2)/2

(n+ 3)
(1/2,(n+1)/2)
(n+5)/2

(n+ 3)
(1/2,(n+3)/2)
(n+3)/2

(n+ 5)
(1/2,(n+1)/2)
(n+5)/2

(n+ 5)
(1/2,(n+3)/2)
(n+3)/2

(n+ 1)
(0,n/2)
(n+4)/2 + (n+ 1)

(0,(n+2)/2)
(n+2)/2

(n+ 1)
(0,(n−2)/2)
(n+2)/2 + (n+ 1)

(0,n/2)
n/2

(n+ 3)
(0,n/2)
(n+4)/2 + (n+ 3)

(0,(n+2)/2)
(n+2)/2

(n+ 3)
(0,(n−2)/2)
(n+2)/2 + (n+ 3)

(0,n/2)
n/2

(n+ 1)
(1/2,(n−1)/2)
(n+3)/2

(n+ 1)
(1/2,(n+1)/2)
(n+1)/2

(n+ 3)
(1/2,(n−1)/2)
(n+3)/2

(n+ 3)
(1/2,(n+1)/2)
(n+1)/2

A

KK level

S(n+1)
(

A

)

S(n)
(

A

)

S(n−1)
(

A

)

A

KK level

S(n+2)
(A)

S(n+1)
(A)

S(n)
(A)

Figure 6. Matching of the spectra.

This agrees with the breaking of (4.26) under (A.24) after realising the embedding
SO(3)diag ⊂ SO(3)l × SO(3)r. The detailed field content of these multiplets can be found
in tables 3, 5 and 7 in appendix C.

TheD = 6 background corresponding to the scalar origin of our consistent truncation A

is exactly the same as that obtained from an uplift of theory A: the unique supersymmetric
AdS3×S3 solution of D = 6, N6d = (1, 1) supergravity. Accordingly, the full Kaluza-Klein
spectrum obtained here must coincide with the spectrum as reported in equation (4.18)
of [21], and indeed it does. However, even though the multiplet content in both approaches
is the same, the organisation in terms of KK levels differs, and levels can be matched
only through

S =
∑
k≥2

[
k
(0,(k−1)/2)
(k+3)/2 + k

(0,(k+1)/2)
(k+1)/2 + k

(0,(k−3)/2)
(k+1)/2 + k

(0,(k−1)/2)
(k−1)/2

+ k
(1/2,(k−2)/2)
(k+2)/2 + k

(1/2,k/2)
k/2 + k

(1/2,(k−4)/2)
k/2 +k

(1/2,(k−2)/2)
(k−2)/2

+ k
(0,(k−3)/2)
(k+1)/2 + k

(0,(k−1)/2)
(k−1)/2 + k

(0,(k−5)/2)
(k−1)/2 + k

(0,(k−3)/2)
(k−3)/2

]
,

(4.30)
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disregarding the multiplets with negative SU(2) spins for k < 5. Multiplets that appear at
level n = k−1 in theory A (resp. theory A) have been framed with blue (resp. red) dashed
lines , those at level k− 2 in dashed dotted lines , and those at k− 3 in dotted lines

. This reassembling has been pictorially represented in figure 6 which provides a more
detailed version of the mechanism discussed with figure 3 in the introduction.

4.5 Coupling to vector multiplets in D = 6

The minimal N6d = (1, 1) six-dimensional theory that we considered so far can be further
coupled to vector multiplets. The three-dimensional supergravity resulting from compact-
ification is then based on an enhanced coset space

SO(8, 4 +m)/ (SO(8)× SO(4 +m)) , (4.31)

with m the number of vector multiplets added in D = 6. The gauged supergravity can be
described by embedding the SO(8, 4) tensors ηM̄N̄ , ΘM̄N̄ |P̄ Q̄ and MM̄N̄ (see (2.18), (2.19c)
and (2.25)) into SO(8, 4 +m). It inherits the vacua (2.27) and their Kaluza-Klein spectra
can be computed upon furthermore embedding TM̄N̄ from (4.9) into SO(8, 4 + m). At
the supersymmetric locus (2.39), the spectrum at level n in (4.26) is supplemented by m
multiplets [0, n2 ]q(1+Γ(n,q))/2 transforming as vectors under SO(m):

S(n), SO(8,4+m)
ω = S(n)

ω +
∑
q ∈Pn

[
0, n2

]q,m
(1+Γ(n,q))/2, (4.32)

where we added the superscript m to indicate the behaviour under SO(m). It can then be
checked that the full Kaluza-Klein spectrum still agrees with the result obtained from an
expansion around theory A, as computed in [21].

Concerning the full non-supersymmetric (ω, ζ) family, the additional vector fields in-
duce new massive scalars to the spectrum, and we have checked up to level 3 that the
stability condition (4.23) is not affected by these additional modes.

5 Further discussion

In this paper we have constructed a new gauged supergravity in D = 3 arising from
consistent truncation of N6d = (1, 1), D = 6 supergravity on a three-sphere. This gauged
supergravity has a two-parameter family of AdS3 solutions that uplifts to a six-dimensional
background with a squashed sphere, non-vanishing fluxes for the vectors and two-form,
and a non-trivial dilaton profile (3.36)–(3.43). Remarkably, this family of solutions is
endowed with a one-parameter subfamily preserving N = (0, 4) supersymmetry. Building
on recent ExFT techniques [12, 13, 21], it has been possible to obtain the KK spectrum on
the squashed sphere for arbitrary values of the marginal deformations in the entire two-
dimensional conformal manifold. The results indicate that, for large regions in parameter
space, the non-supersymmetric solutions are still perturbatively stable.

To the best of our knowledge, this is the first instance of non-supersymmetric but
perturbatively stable AdS3 vacua continuously connected to supersymmetric solutions.
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This makes them very interesting cases of study in the context of the AdS swampland
conjecture [42], which states the instability of all non-supersymmetric AdS vacua within
string theory. Any possible decay of our vacua must therefore be necessarily through a
non-pertubative channel, such as brane-jet instabilities [43, 44] or bubble nucleations (see
e.g. [45–48]). These possible decay mechanisms will have to deal with the presence of the
N = (0, 4) vacua continuously connected to the non-supersymmetric family (4.23).

Concerning the supersymmetric family at the locus (2.39), its associated D = 6 ge-
ometry, already presented in (1.2) in the introduction, is controlled by the Sasaki-Einstein
structure (3.46)–(3.47). This allows a straightforward generalisation to orbifold solutions
where either the CP1 base is replaced by a discrete quotient preserving the Kähler-Einstein
structure, the Hopf fibre of the S3 is quotiented, or both.

When the marginal deformations are turned off and the solution includes the round
S3, the configuration obtained from our uplift matches the AdS3×S3 solution from theory
A [14], and the Kaluza-Klein spectra obtained through both routes match accordingly.
However, as discussed around (4.30) and pictorially represented in figure 6, the notion
of KK level differs from both perspectives. Interestingly, for graviton multiplets, whose
dimensions can also be computed via [40], both notions agree and they also coincide with
the KK level associated to the eigenvalues of the laplacian on the S3.

The absence of an absolute definition for KK level was fundamental to obtain the two-
dimensional conformal manifold in (2.27) from gauged supergravity. This can be traced
back to the fact that, while table 3 shows that for theory Athe multiplets containing the
marginal scalars, 2(1/2,1)

1 and 3(0,1)
1 , sit at the supergravity level, in theory A the former is

not seen in the supergravity truncation but is located in the first level, as shown in tables 2
and 4. This prompts the question of whether similar phenomena could take place in other
solutions. For instance, if the β deformation of N = 4 SYM described holographically
by the Lunin-Maldacena solution [49] could be captured at lowest level by a non-maximal
consistent truncation of type IIB on the S5.

Our ungauged six-dimensional theory (3.3) arises as a T4 truncation of half-maximal
D = 10 supergravity. Interestingly, the consistent truncation to theory Acan also be
obtained from a different 10D solution [21] with an S3 × S3 × S1 factor in the limit where
the quotient of the two three-sphere radii degenerates. This AdS3×S3×S3×S1 solution is
conjectured [50, 51] to be holographically dual to a non-linear sigma model on a symmetric
U(2) orbifold, while the AdS3 × S3 × T4 one has recently been argued [52, 53] to be dual
to a symmetric T4 orbifold. The spectrum on the former solution is controlled by the large
N = 4 superalgebra D1(2, 1; γ/(1 − γ))R, which reduces to SU(2|1,1)R o SO(3)r in (4.27)
for γ = 1, as discussed in appendix A.2. This corresponds precisely to the limit in which
the ratio of the radii of the two three-spheres is zero, and this decompactification limit
clarifies the presence of the global factors in the symmetry group controlling the spectrum
from the ten-dimensonal perspective. For the dual CFTs, this limit relates the sigma
model on SymN(U(2)

)
with a single unit of two-form flux and vanishing central charge

to the SymN(T4) theory.15 It would be very interesting to understand the conformal

15Non-trivial relations between these CFTs have already been noticed in [54].
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manifold from the field theory point of view and extend our results to finite-N . From our
analysis, we observe that the supersymmetry-preserving marginal operator belongs to the
2(1/2,1)

1 multiplet, whereas triggering the marginal deformation in 3(0,1)
1 necessarily breaks

supersymmetry.
Finally, SO(4, 4) triality has been a key ingredient to generate the new theory A.

Similarly, one may try to employ triality in the search for new theories within supergravities
whose global symmetry groups contain such subgroups. A prominent candidate is half-
maximal supergravity in D = 6, with symmetry group SO(4, n). Inequivalent embeddings
of SO(4, 4) ⊂ SO(4, 4 + n) might be used to relate different gaugings [55] and construct
new higher-dimensional uplifts. The same idea may be exploited based on the different
embeddings into the E5(5) ' SO(5, 5) global symmetry group of maximal six-dimensional
supergravity.
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A Some group theory

A.1 The SO(8,4) algebra

Given the SO(8,4) invariant tensor ηM̄N̄ , the algebra generators can be taken as(
T K̄L̄

)
P̄
Q̄ =

(
δK̄
P̄
δL̄
M̄
− δK̄

M̄
δL̄
P̄

)
ηM̄Q̄ , (A.1)

satisfying commutation relations

[T K̄L̄, T M̄N̄ ] = 2
(
ηK̄[M̄T N̄ ]L̄ − ηL̄[M̄T N̄ ]K̄) . (A.2)

Given the embedding

SO(8, 4) ⊃ SO(7, 3)× SO(1, 1) ⊃ GL(3,R)× SO(1, 1)× SO(4)global , (A.3)

it is useful to split indices following (2.17) with invariant metric (2.18). Then, in the first
step in (A.3), the adjoint of SO(8,4) breaks as

SO(8, 4)→ 10+ + [SO(7, 3)× SO(1, 1)] + 10− , (A.4)

with SO(1,1) generated by T 0̄
0̄, and 10± given by

10+ = {T m̄0̄, T m̄
0̄, T ᾱ0̄} , 10− = {T m̄

0̄, T m̄0̄, T
ᾱ

0̄} . (A.5)
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The SO(7,3) subalgebra can itself be decomposed under GL(3,R)× SO(4)global as

SO(7, 3)→ (3′,1)+2 + (3,4)+1 + [GL(3,R)× SO(4)global] + (3′,4)−1 + (3,1)−2 . (A.6)

The GL(1,R) factor in GL(3,R) is generated by T 1̄
1̄ + T 2̄

2̄ + T 3̄
3̄, and the SO(4)global '

SO(3)l × SO(3)r factor by T ᾱβ̄ , as

SO(3)l = {T 9̄ 1̄2 + T 1̄0 1̄1, T 1̄0 1̄2 − T 9̄ 1̄1, T 1̄1 1̄2 + T 9̄ 1̄0} ,

SO(3)r = {−T 9̄ 1̄2 + T 1̄0 1̄1, −T 1̄0 1̄2 − T 9̄ 1̄1, −T 1̄1 1̄2 + T 9̄ 1̄0} . (A.7)

In turn, the SL(3,R) factor has a Cartan subalgebra generated by

hSL(3) =
{

1
2
(
T 1̄

1̄ − T 2̄
2̄
)
, 1√

12
(
T 1̄

1̄ + T 2̄
2̄ − 2T 3̄

3̄
)}
, (A.8)

with the corresponding set of positive and negative roots respectively being

∆+
SL(3) =

{
1√
2 T

1̄
2̄,

1√
2 T

1̄
3̄,

1√
2 T

2̄
3̄

}
, ∆−SL(3) =

{
1√
2 T

2̄
1̄,

1√
2 T

3̄
1̄,

1√
2 T

3̄
2̄

}
.

(A.9)
The representations in (A.6) with non-zero GL(1,R) ⊂ GL(3,R) weight are finally given by

(3′,1)(0,+2) =
{
T 1̄2̄, T 1̄3̄, T 2̄3̄} ,

(3,1)(0,−2) =
{
T 1̄2̄, T 1̄3̄, T 2̄3̄

}
,

(3,4)(0,+1) =
{
T 1̄ᾱ, T 2̄ᾱ, T 3̄ᾱ} ,

(3′,4)(0,−1) =
{
T 1̄

ᾱ, T 2̄
ᾱ, T 3̄

ᾱ} , (A.10)

with the 10± of SO(7,3)×SO(1,1) in (A.5) analogously breaking into

(3,1)(+1,+1) = {T m̄0̄} , (3′,1)(+1,−1) = {T m̄
0̄} , (1,4)(+1,0) = {T ᾱ0̄} ,

(3,1)(−1,+1) = {T m̄
0̄} , (3′,1)(−1,−1) = {T m̄0̄} , (1,4)(−1,0) = {T ᾱ

0̄} . (A.11)

In these equations, the subindices refer to the SO(1, 1)×GL(1,R) charges in (A.3). From
the embedding tensor (2.19c), the gauge group in (2.21) has translations

(T 1)4 =
{
T 0̄ᾱ} , T 3

left =
{
T m̄0̄ + T m̄

0̄} , T 3
right =

{
T m̄0̄ − T m̄

0̄} , (A.12)

with T 3
left and T 3

right in the (1,0) and (0,1) of SO(4)gauge ' SO(3)L×SO(3)R, respectively.
The later subgroups are in turn generated by

SO(3)L =
{
T 1̄2̄ + T 1̄2̄ + T 1̄

2̄ − T 2̄
1̄, T

1̄3̄ + T 1̄3̄ + T 1̄
3̄ − T 3̄

1̄,

T 2̄3̄ + T 2̄3̄ + T 2̄
3̄ − T 3̄

2̄

}
,

SO(3)R =
{
T 1̄2̄ + T 1̄2̄ − T 1̄

2̄ + T 2̄
1̄, T

1̄3̄ + T 1̄3̄ − T 1̄
3̄ + T 3̄

1̄,

T 2̄3̄ + T 2̄3̄ − T 2̄
3̄ + T 3̄

2̄

}
, (A.13)

which makes manifest that the compact part of (2.21) does not sit at level zero of the
grading (2.22), but involves the (3′,1)(0,+2) and (3,1)(0,−2) factors.
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A.2 The SU(2|1,1)oSU(2) algebra

Like the spectra discussed in [21, 41], the Kaluza-Klein tower on the N = (0, 4) super-
symmetric solutions organises in terms of the non-semisimple SU(2|1, 1)+ o SU(2)−. This
superalgebra is generated by Lm with m = −1, 0, 1, which constitutes the SL(2,R) sub-
group and A±i with i = 1, 2, 3, which generate SU(2)±. The fermionic generators are Gar
with r = ±1

2 and a = 1, 2, 3, 4, which furnish a (2,2) representation of SU(2)+× SU(2)−.
The (anti-)commutation rules associated to this algebra are

[Lm, Ln] = (m− n)Lm+n , [A±i , A
±
j ] = iεijkA

±
k , [Lm, A±i ] = 0 ,

[Lm, Gar ] =
(
m

2 − r
)
Gar , [A±i , G

a
r ] = iα±iabG

b
r ,

{Gar , Gbs}= 2δabLr+s + 4i(r − s)α+i
abA

+
i , (A.14)

with
α±iab = ±δi+1,[aδb]1 + 1

2εi,a−1,b−1,4 . (A.15)

These rules can be understood as the limit of the exceptional N = 4 superalgebra [56, 57]

lim
α→∞

D(2, 1;α) = SU(2|1, 1)+ o SU(2)− . (A.16)

This limit does not affect the matter content of long multiplets, whose states can be given
in terms of the weights under the bosonic subalgebra as (h, j−, j+), with h denoting the
SL(2,R) dimension and j± being half-integer spins for SU(2)±. Supermultiplets are then
determined by a primary state which is annihilated by all Ga1

2
and L1. A supermultiplet

with superconformal primary (h, j−, j+) will be denoted [h, j−, j+], and its full content is
given by

|ψ〉 : (j−, j+),
Ga− 1

2
|ψ〉 : (j− + 1

2 , j
+ + 1

2), (j− − 1
2 , j

+ + 1
2),

(j− + 1
2 , j

+ − 1
2), (j− − 1

2 , j
+ − 1

2) ,

G
[a
− 1

2
G
b]
− 1

2
|ψ〉 : (j−, j+ + 1), (j− + 1, j+), 2 · (j−, j+),

(j−, j+ − 1), (j− − 1, j+) ,

G
[a
− 1

2
Gb− 1

2
G
c]
− 1

2
|ψ〉 : (j− + 1

2 , j
+ + 1

2), (j− − 1
2 , j

+ + 1
2),

(j− + 1
2 , j

+ − 1
2), (j− − 1

2 , j
+ − 1

2) ,
G1
− 1

2
G2
− 1

2
G3
− 1

2
G4
− 1

2
|ψ〉 : (j−, j+) , (A.17)

with the scaling dimensions, suppressed here for clarity, increasing by 1/2 in every line.
Long multiplets do not saturate the BPS bound

h ≥ j+ . (A.18)
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When h = j+, multiplet shortening occurs and the state content of [j+, j−, j+]S reduces to

|ψ〉 : (j+, j−, j+) ,
]Ga− 1

2
|ψ〉 : (j+ + 1

2 , j
− + 1

2 , j
+ − 1

2), (j+ + 1
2 , j

− − 1
2 , j

+ − 1
2) ,

G
[a
− 1

2
G
b]
− 1

2
|ψ〉 : (j+ + 1, j−, j+ − 1) . (A.19)

Compared to the representation theory of D(2, 1;α) [57], we observe that the limit (A.16)
implies that all states for which the SU(2)+ weight rises become null at the BPS bound.
A shortening of different type can also take place for low values of j±. In particular, for
[h, 0, j+] with h > j+ ≥ 1, the result is

|ψ〉 : (h, 0, j+),
Ga− 1

2
|ψ〉 : (h+ 1

2 ,
1
2 , j

+ + 1
2), (h+ 1

2 ,
1
2 , j

+ − 1
2) ,

G
[a
− 1

2
G
b]
− 1

2
|ψ〉 : (h+ 1, 1, j+), (h+ 1, 0, j+ + 1),

(h+ 1, 0, j+) , (h+ 1, 0, j+ − 1) ,

G
[a
− 1

2
Gb− 1

2
G
c]
− 1

2
|ψ〉 : (h+ 3

2 ,
1
2 , j

+ + 1
2), (h+ 3

2 ,
1
2 , j

+ − 1
2) ,

G1
− 1

2
G2
− 1

2
G3
− 1

2
G4
− 1

2
|ψ〉 : (h+ 2, 0, j+) , (A.20)

with underlined states missing for j+ ≤ 1/2, and those with dashed underlining also missing
for j+ = 0. When (A.18) is saturated, similar considerations apply to (A.19) and the state
contents of [j+, 0, j+]S and [j+, 1

2 , j
+]S are

[j+, 0, j+]S : (j+, 0, j+) , (j+ + 1
2 ,

1
2 , j

+ − 1
2) , (j+ + 1, 0, j+ − 1) , (A.21)

[j+, 1
2 , j

+]S : (j+, 1
2 , j

+) , (j+ + 1
2 , 0, j+ − 1

2) ,
(j+ + 1

2 , 1, j+ − 1
2) , (j+ + 1, 1

2 , j
+ − 1) .

The breaking rule at the unitarity bound is therefore

[j+ + ε, j−, j+] −−→
ε→0

[j+, j−, j+]S + [j+ + 1
2 , j
− + 1

2 , j
+ + 1

2 ]S

+ [j+ + 1
2 , j
− − 1

2 , j
+ + 1

2 ]S + [j+ + 1, j−, j+ + 1]S , (A.22)

which for j− = 0 particularises to

[j+ + ε, 0, j+] −−→
ε→0

[j+, 0, j+]S + [j+ + 1
2 ,

1
2 , j

+ + 1
2 ]S + [j+ + 1, 0, j+ + 1]S . (A.23)

At the supersymmetric family (2.39), the SU(2)+× SU(2)− factors can be identified
with SO(3)diag× SO(3)R, with SO(2)L being outside the superalgebra. The relevant su-
permultiplets in this case are [h, 0, j+] in (A.20). At the scalar origin, the factor within
the superalgebra becomes SO(3)r× SO(3)R and the flavour symmetry enhances to SO(3)l×
SO(3)L, while all multiplets saturate the BPS bound and decompose according to (A.23).
Taking into account the superalgebra specifications in (4.24) and (4.28) (except for the

– 34 –



J
H
E
P
0
1
(
2
0
2
2
)
0
5
5

SL(2,R)L factor), the breaking rule becomes∑
q ∈Pk

[j+ + ε, 0, j+]q

−−→
ε→0

[j+, 0, j+](0,k/2)
S + [j+ + 1

2 , 0, j
+ + 1

2 ](1/2,k/2)
S + [j+ + 1, 0, j+ + 1](0,k/2)

S

' (2j+ + 1)(0,k/2) + (2j+ + 2)(1/2,k/2) + (2j+ + 3)(0,k/2) , (A.24)

employing the notation in (4.14) of [41].

B Details on Einstein equations

The Ricci tensor associated to (3.36) is given by

R(6)
µ̂ν̂ dx̂µ̂dx̂ν̂ = −

(
1 + (1 + e2ωζ2)∆8)ds2(AdS3)

+
[
e−ω

(
1 + e2ω(1 + ζ2)

)
∆4 + 2 e2ωζ2∆8]dα2

+
[(

1− (1− e2ω) sin2α
)
∆8 +

(
(1− e2ωζ2) cos2α

+ e2ω(1 + 3 e2ωζ2) sin2α
)
∆16

]
cos2α dβ2

+ 2 e2ωζ2(1 + (5 + 3e2ωζ2)∆8)∆8 cos2α sin2α dβ dγ

+
[[

1−
(
1− e−2ω(1 + e2ωζ2)2) cos2α

]
∆8

+
(
e−2ω(1 + e2ωζ2)2(1 + 3e2ωζ2) cos2α+ (1−e2ωζ2) sin2α

)
∆16

]
sin2α dγ2 .

(B.1)

with AdS3 of unit length and ∆ in (3.37). Correspondingly, the contributions of the stress-
energy tensor in (3.5) are given by:

∂µ̂φ∂ν̂φ dx̂µ̂dx̂ν̂ = ∆8e2ω
(
ζ2 + e−2ω − 1

)2
sin2α cos2α dα2 , (B.2a)

e−φ Fαµ̂ρ̂F
α
ν̂
ρ̂ dx̂µ̂dx̂ν̂ = 8 ∆8ζ2

[
e2ω dα2 + ∆8

(
e2ωdβ +

(
ζ2e2ω + 1

)
dγ
)2

sin2α cos2α
]
,

(B.2b)

e−2φGµ̂ρ̂σ̂Gν̂
ρ̂σ̂ dx̂µ̂dx̂ν̂ = −8 ds2(AdS3) + 8 ∆10 ds2(S3) , (B.2c)

with the internal metric in (3.36). Then, it can be checked that the terms in (B.2) to-
gether with their traces add up to a stress-energy tensor that matches the Einstein tensor
constructed out of (B.1).

At the locus (2.39), the Ricci tensor simplifies into

R(6)
µ̂ν̂ dx̂µ̂dx̂ν̂ = −2 ds2(AdS3) + 2 e−ω/2(2− e−2ω) ds2(S3)− 8 e−3ω sinhω η2 . (B.3)

with the internal metric in (3.50) and the contact form (3.52). Similarly, (B.2) reduces to

∂µ̂φ∂ν̂φ dx̂µ̂dx̂ν̂ = 0 , (B.4a)

e−φ Fαµ̂ρ̂F
α
ν̂
ρ̂ dx̂µ̂dx̂ν̂ = 8

(
1− e−2ω

) (
dα2 + (dβ + dγ)2 sin2α cos2α

)
, (B.4b)

e−2φGµ̂ρ̂σ̂Gν̂
ρ̂σ̂ dx̂µ̂dx̂ν̂ = −8 ds2(AdS3) + 8 e−5ω/2 ds2(S3) . (B.4c)
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C Spectra for theory A and Aat scalar origin

In this section we collect the spectrum at the scalar origin for theories A and Ain (2.19).
The results for theory A were already presented in [21] and are brought here to facilitate
comparison. Both spectra are organised in representations of the superalgebra (4.27), in
the notation of (4.28), and with SO(4)L ' SO(3)l×SO(3)L and SO(4)R ' SO(3)r×SO(3)R.

Tables 2 and 3 contain the spectra at level zero of theory A and Arespectively. Simi-
larly, level n = 1 is presented in tables 4 and 5, and levels n > 1 in tables 6 and 7.

∆L ∆R ∆ s SO(4)L SO(4)R

2 0 2 −2 (0, 0) (0, 0) 1(0,0)
2

1 0 1 −1 (0, 1) (0, 0) 1(0,1)
1

2
2 4 0 (

0, 0
) (

0, 0
)

3(0,0)
2

3/2 7/2 −1/2
(

1/2, 1/2
)

1 3 −1
(
0, 1
)

1
2 3 1 (

0, 1
) (

0, 0
)

3(0,1)
1

3/2 5/2 1/2
(

1/2, 1/2
)

1 2 0
(
0, 1
)

1/2

2 5/2 3/2 (
1/2, 1/2

) (
0, 0
)

3(1/2,1/2)
1/2

3/2 2 1
(

1/2, 1/2
)

1 3/2 1/2
(
0, 1
)

0
2 2 2 (

0, 0
) (

0, 0
)

3(0,0)
0

3/2 3/2 3/2
(

1/2, 1/2
)

1 1 1
(
0, 1
)

Table 2. Spectrum at the scalar origin for theory A at level 0.

∆L ∆R ∆ s SO(4)L SO(4)R

2 0 2 −2 (0, 0) (0, 0) 1(0,0)
2

1 0 1 −1 (0, 1) (0, 0) 1(0,1)
1

2
1 3 −1 (

1/2, 0
) (

1/2, 0
)

2(1/2,0)
21/2 5/2 −3/2

(
0, 1/2

)
1

1 2 0 (
1/2, 1

) (
1/2, 0

)
2(1/2,1)

11/2 3/2 −1/2
(
0, 1/2

)
2

2 4 0 (
0, 0
) (

0, 0
)

3(0,0)
2

3/2 7/2 −1/2
(

1/2, 1/2
)

1 3 −1
(
0, 1
)

1
2 3 1 (

0, 1
) (

0, 0
)

3(0,1)
1

3/2 5/2 1/2
(

1/2, 1/2
)

1 2 0
(
0, 1
)

0
2 2 2 (

0, 0
) (

0, 0
)

3(0,0)
0

3/2 3/2 3/2
(

1/2, 1/2
)

1 1 1
(
0, 1
)

Table 3. Spectrum at the scalar origin for theory Aat level 0.
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∆L ∆R ∆ s SO(4)L SO(4)R

5/2
1 7/2 −3/2 (

0, 1/2
) (

1/2, 0
)

2(0,1/2)
5/21/2 3 −2

(
0, 1/2

)
2

1 3 −1 (
1/2, 0

) (
1/2, 0

)
2(1/2,0)

21/2 5/2 −3/2
(
0, 1/2

)
3/2

1 5/2 −1/2 (
0, 3/2

) (
1/2, 0

)
2(0,3/2)

3/21/2 2 −1
(
0, 1/2

)
1

1 2 0 (
1/2, 1

) (
1/2, 0

)
2(1/2,1)

11/2 3/2 −1/2
(
0, 1/2

)
1/2

1 3/2 1/2 (
0, 1/2

) (
1/2, 0

)
2(0,1/2)

1/21/2 1 0
(
0, 1/2

)
5/2

5/2 5 0 (
0, 1/2

) (
0, 1/2

)
4(0,1/2)

5/22 9/2 −1/2
(

1/2, 1
)

3/2 4 −1
(
0, 3/2

)
2

5/2 9/2 1/2 (
1/2, 0

) (
0, 1/2

)
4(1/2,0)

22 4 0
(

1/2, 1
)

3/2 7/2 −1/2
(
0, 3/2

)
3/2

5/2 4 1 (
0, 3/2

) (
0, 1/2

)
4(0,3/2)

3/22 7/2 1/2
(

1/2, 1
)

3/2 3 0
(
0, 3/2

)
1

5/2 7/2 3/2 (
1/2, 1

) (
0, 1/2

)
4(1/2,1)

12 3 1
(

1/2, 1
)

3/2 5/2 1/2
(
0, 3/2

)
1/2

5/2 3 2 (
0, 1/2

) (
0, 1/2

)
4(0,1/2)

1/22 5/2 3/2
(

1/2, 1
)

3/2 2 1
(
0, 3/2

)
Table 4. Spectrum at the scalar origin for theory A at level 1.
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∆L ∆R ∆ s SO(4)L SO(4)R

5/2
1 7/2 −3/2 (

0, 1/2
) (

1/2, 0
)

2(0,1/2)
5/21/2 3 −2

(
0, 1/2

)
3/2

1 5/2 −1/2 (
0, 3/2

) (
1/2, 0

)
2(0,3/2)

3/21/2 2 −1
(
0, 1/2

)
1/2

1 3/2 1/2 (
0, 1/2

) (
1/2, 0

)
2(0,1/2)

1/21/2 1 0
(
0, 1/2

)
5/2

2 9/2 −1/2 (
1/2, 1/2

) (
0, 0
)

3(1/2,1/2)
5/2

3/2 4 −1
(

1/2, 1/2
)

1 7/2 −3/2
(
0, 1
)

3/2

2 7/2 1/2 (
1/2, 3/2

) (
0, 0
)

3(1/2,3/2)
3/2

3/2 3 0
(

1/2, 1/2
)

1 5/2 −1/2
(
0, 1
)

1/2

2 5/2 3/2 (
1/2, 1/2

) (
0, 0
)

3(1/2,1/2)
1/2

3/2 2 1
(

1/2, 1/2
)

1 3/2 1/2
(
0, 1
)

5/2

5/2 5 0 (
0, 1/2

) (
0, 1/2

)
4(0,1/2)

5/22 9/2 −1/2
(

1/2, 1
)

3/2 4 −1
(
0, 3/2

)
3/2

5/2 4 1 (
0, 3/2

) (
0, 1/2

)
4(0,3/2)

3/22 7/2 1/2
(

1/2, 1
)

3/2 3 0
(
0, 3/2

)
1/2

5/2 3 2 (
0, 1/2

) (
0, 1/2

)
4(0,1/2)

1/22 5/2 3/2
(

1/2, 1
)

3/2 2 1
(
0, 3/2

)
Table 5. Spectrum at the scalar origin for theory Aat level 1.
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∆L ∆R ∆ s SO(4)L SO(4)R

(n+4)/2

(n+2)/2 n+ 3 −1
(0, n/2)

(0, (n−2)/2)
(n+ 1)(0,n/2)

(n+4)/2
(n+1)/2 n+ 5/2 −3/2 (1/2, (n−1)/2)

n/2 n+ 2 −2 (0, n/2)

(n+3)/2

(n+2)/2 n+ 5/2 −1/2

(1/2, (n−1)/2)
(0, (n−2)/2)

(n+ 1)(1/2,(n−1)/2)
(n+3)/2

(n+1)/2 n+ 2 −1 (1/2, (n−1)/2)
n/2 n+ 3/2 −3/2 (0, n/2)

(n+2)/2

(n+2)/2 n+ 2 0
(0, (n+2)/2)

(0, (n−2)/2)
(n+ 1)(0,(n+2)/2)

(n+2)/2
(n+1)/2 n+ 3/2 −1/2 (1/2, (n−1)/2)

n/2 n+ 1 −1 (0, n/2)

(n+2)/2

(n+2)/2 n+ 2 0
(0, (n−2)/2)

(0, (n−2)/2)
(n+ 1)(0,(n−2)/2)

(n+2)/2
(n+1)/2 n+ 3/2 −1/2 (1/2, (n−1)/2)

n/2 n+ 1 −1 (0, n/2)

(n+1)/2

(n+2)/2 n+ 3/2 1/2

(1/2, (n+1)/2)
(0, (n−2)/2)

(n+ 1)(1/2,(n+1)/2)
(n+1)/2

(n+1)/2 n+ 1 0 (1/2, (n−1)/2)
n/2 n+ 1/2 −1/2 (0, n/2)

n/2

(n+2)/2 n+ 1 1
(0, n/2)

(0, (n−2)/2)
(n+ 1)(0,n/2)

n/2
(n+1)/2 n+ 1/2 1/2 (1/2, (n−1)/2)

n/2 n 0 (0, n/2)

(n+4)/2

(n+4)/2 n+ 4 0
(0, n/2)

(0, n/2)
(n+ 3)(0,n/2)

(n+4)/2
(n+3)/2 n+ 7/2 −1/2 (1/2, (n+1)/2)
(n+2)/2 n+ 3 −1 (0, (n+2)/2)

(n+3)/2

(n+4)/2 n+ 7/2 1/2

(1/2, (n−1)/2)
(0, n/2)

(n+ 3)(1/2,(n−1)/2)
(n+3)/2

(n+3)/2 n+ 3 0 (1/2, (n+1)/2)
(n+2)/2 n+ 5/2 −1/2 (0, (n+2)/2)

(n+2)/2

(n+4)/2 n+ 3 1
(0, (n+2)/2)

(0, n/2)
(n+ 3)(0,(n+2)/2)

(n+2)/2
(n+3)/2 n+ 5/2 1/2 (1/2, (n+1)/2)
(n+2)/2 n+ 2 0 (0, (n+2)/2)

(n+2)/2

(n+4)/2 n+ 3 1
(0, (n−2)/2)

(0, n/2)
(n+ 3)(0,(n−2)/2)

(n+2)/2
(n+3)/2 n+ 5/2 1/2 (1/2, (n+1)/2)
(n+2)/2 n+ 2 0 (0, (n+2)/2)

(n+1)/2

(n+4)/2 n+ 5/2 3/2

(1/2, (n+1)/2)
(0, n/2)

(n+ 3)(1/2,(n+1)/2)
(n+1)/2

(n+3)/2 n+ 2 1 (1/2, (n+1)/2)
(n+2)/2 n+ 3/2 1/2 (0, (n+2)/2)

n/2

(n+4)/2 n+ 2 2
(0, n/2)

(0, n/2)
(n+ 3)(0,n/2)

n/2
(n+3)/2 n+ 3/2 3/2 (1/2, (n+1)/2)
(n+2)/2 n+ 1 1 (0, (n+2)/2)

Table 6. Spectrum at the scalar origin for theory A at level n ≥ 2.
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∆L ∆R ∆ s SO(4)L SO(4)R

(n+4)/2

(n+2)/2 n+ 3 −1 (
0, n/2

) (
0, (n−2)/2

)
(n+ 1)(0,n/2)

(n+4)/2
(n+1)/2 n+ 5/2 −3/2

(
1/2, (n−1)/2

)
n/2 n+ 2 −2

(
0, n/2

)
(n+2)/2

(n+2)/2 n+ 2 0 (
0, (n−2)/2

) (
0, (n−2)/2

)
(n+ 1)(0,(n−2)/2)

(n+2)/2
(n+1)/2 n+ 3/2 −1/2

(
1/2, (n−1)/2

)
n/2 n+ 1 −1

(
0, n/2

)
(n+2)/2

(n+2)/2 n+ 2 0 (
0, (n+2)/2

) (
0, (n−2)/2

)
(n+ 1)(0,(n+2)/2)

(n+2)/2
(n+1)/2 n+ 3/2 −1/2

(
1/2, (n−1)/2

)
n/2 n+ 1 −1

(
0, n/2

)
n/2

(n+2)/2 n+ 1 1 (
0, n/2

) (
0, (n−2)/2

)
(n+ 1)(0,n/2)

n/2
(n+1)/2 n+ 1/2 1/2

(
1/2, (n−1)/2

)
n/2 n 0

(
0, n/2

)
(n+4)/2

(n+3)/2 n+ 7/2 −1/2 (
1/2, n/2

) (
0, (n−1)/2

)
(n+ 2)(1/2,n/2)

(n+4)/2
(n+2)/2 n+ 3 −1

(
1/2, n/2

)
(n+1)/2 n+ 5/2 −3/2

(
0, (n+1)/2

)
(n+2)/2

(n+3)/2 n+ 5/2 1/2 (
1/2, (n−2)/2

) (
0, (n−1)/2

)
(n+ 2)(1/2,(n−2)/2)

(n+2)/2
(n+2)/2 n+ 2 0

(
1/2, n/2

)
(n+1)/2 n+ 3/2 −1/2

(
0, (n+1)/2

)
(n+2)/2

(n+3)/2 n+ 5/2 1/2 (
1/2, (n+2)/2

) (
0, (n−1)/2

)
(n+ 2)(1/2,(n+2)/2)

(n+2)/2
(n+2)/2 n+ 2 0

(
1/2, n/2

)
(n+1)/2 n+ 3/2 −1/2

(
0, (n+1)/2

)
n/2

(n+3)/2 n+ 3/2 3/2 (
1/2, n/2

) (
0, (n−1)/2

)
(n+ 2)(1/2,n/2)

n/2
(n+2)/2 n+ 1 1

(
1/2, n/2

)
(n+1)/2 n+ 1/2 1/2

(
0, (n+1)/2

)
(n+4)/2

(n+4)/2 n+ 4 0 (
0, n/2

) (
0, n/2

)
(n+ 3)(0,n/2)

(n+4)/2
(n+3)/2 n+ 7/2 −1/2

(
1/2, (n+1)/2

)
(n+2)/2 n+ 3 −1

(
0, (n+2)/2

)
(n+2)/2

(n+4)/2 n+ 3 1 (
0, (n−2)/2

) (
0, n/2

)
(n+ 3)(0,(n−2)/2)

(n+2)/2
(n+3)/2 n+ 5/2 1/2

(
1/2, (n+1)/2

)
(n+2)/2 n+ 2 0

(
0, (n+2)/2

)
(n+2)/2

(n+4)/2 n+ 3 1 (
0, (n+2)/2

) (
0, n/2

)
(n+ 3)(0,(n+2)/2)

(n+2)/2
(n+3)/2 n+ 5/2 1/2

(
1/2, (n+1)/2

)
(n+2)/2 n+ 2 0

(
0, (n+2)/2

)
n/2

(n+4)/2 n+ 2 2 (
0, n/2

) (
0, n/2

)
(n+ 3)(0,n/2)

n/2
(n+3)/2 n+ 3/2 3/2

(
1/2, (n+1)/2

)
(n+2)/2 n+ 1 1

(
0, (n+2)/2

)
Table 7. Spectrum at the scalar origin for theory Aat level n ≥ 2.
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D Lowest KK levels at supersymmetric locus

The tables in this appendix show the content of the spectrum in (4.26) for levels n = 1 in
table 8 and n = 2 in table 9.

∆L ∆R ∆ s
(
SO(3)diag × SO(3)R

)SO(2)L

[
0, 1

2
]±1
(3+Γ(1,±1))/2

(3+Γ(1,±1))/2

(3+Γ(1,±1))/2 3 + Γ(1,±1) 0
(
0, 1/2

)±1

(2+Γ(1,±1))/2
5
2 + Γ(1,±1) −1/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(1+Γ(1,±1))/2 2 + Γ(1,±1) −1
(
0, 3/2

)±1 +
(
0, 1/2

)±1 +
(
1, 1/2

)±1

Γ(1,±1)/2
3
2 + Γ(1,±1) −3/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(−1+Γ(1,±1))/2 1 + Γ(1,±1) −2
(
0, 1/2

)±1

[
0, 1

2
]±1
−1+Γ(1,±1)

2
(−1+Γ(1,±1))/2

(3+Γ(1,±1))/2 1 + Γ(1,±1) 2
(
0, 1/2

)±1

(2+Γ(1,±1))/2
1
2 + Γ(1,±1) 3/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(1+Γ(1,±1))/2 Γ(1,±1) 1
(
0, 3/2

)±1 +
(
0, 1/2

)±1 +
(
1, 1/2

)±1

Γ(1,±1)/2 −1
2 + Γ(1,±1) 1/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(−1+Γ(1,±1))/2 −1 + Γ(1,±1) 0
(
0, 1/2

)±1

[
0, 1

2
]±1

1+Γ(1,±1)

2
(1+Γ(1,±1))/2

(3+Γ(1,±1))/2 2 + Γ(1,±1) 1
(
0, 1/2

)±1

(2+Γ(1,±1))/2
3
2 + Γ(1,±1) 1/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(1+Γ(1,±1))/2 1 + Γ(1,±1) 0
(
0, 3/2

)±1 +
(
0, 1/2

)±1 +
(
1, 1/2

)±1

Γ(1,±1)/2
1
2 + Γ(1,±1) −1/2

(
1/2, 0

)±1 +
(
1/2, 1

)±1

(−1+Γ(1,±1))/2 Γ(1,±1) −1
(
0, 1/2

)±1

[
0, 1

2
]±3

1+Γ(1,±3)

2
(1+Γ(1,±3))/2

(3+Γ(1,±3))/2 2 + Γ(1,±3) 1
(
0, 1/2

)±3

(2+Γ(1,±3))/2
3
2 + Γ(1,±3) 1/2

(
1/2, 0

)±3 +
(
1/2, 1

)±3

(1+Γ(1,±3))/2 1 + Γ(1,±3) 0
(
0, 3/2

)±3 +
(
0, 1/2

)±3 +
(
1, 1/2

)±3

Γ(1,±3)/2
1
2 + Γ(1,±3) −1/2

(
1/2, 0

)±3 +
(
1/2, 1

)±3

(−1+Γ(1,±3))/2 Γ(1,±3) −1
(
0, 1/2

)±3

Table 8. Full spectrum at level 1 for the family of supersymmetric vacua satisfying (2.39), with
Γ(1,±1) =

√
3 + e2ω and Γ(1,±3) =

√
−5 + 9 e2ω. The SL(2,R)R-dimension of the superconformal

primaries, h, follow from (4.25) and are omitted.
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∆L ∆R ∆ s
(
SO(3)diag × SO(3)R

)SO(2)L

[
0, 1
]0
3

3

3 6 0
(
0, 1
)0

5/2 11/2 −1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
2 5 −1

(
0, 0
)0 +

(
0, 1
)0 +

(
1, 1
)0 +

(
0, 2
)0

3/2 9/2 −3/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
1 4 −2

(
0, 1
)0

[
0, 1
]±2
(3+Γ(2,±2))/2

(3+Γ(2,±2))/2

(3+Γ(2,±2))/2 3 + Γ(2,±2) 0
(
0, 1
)±2

(2+Γ(2,±2))/2
5
2 + Γ(2,±2) −1/2

(
1/2, 1/2

)±2 +
(

1/2, 3/2
)±2

(1+Γ(2,±2))/2 2 + Γ(2,±2) −1
(
0, 0
)±2 +

(
0, 1
)±2 +

(
1, 1
)±2 +

(
0, 2
)±2

Γ(2,±2)
/2

3
2 + Γ(2,±2) −3/2

(
1/2, 1/2

)±2 +
(

1/2, 3/2
)±2

(−1+Γ(2,±2))/2 1 + Γ(2,±2) −2
(
0, 1
)±2

[
0, 1
]0
1

1

3 4 2
(
0, 1
)0

5/2 7/2 3/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
2 3 1

(
0, 0
)0 +

(
0, 1
)0 +

(
1, 1
)0 +

(
0, 2
)0

3/2 5/2 1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
1 2 0

(
0, 1
)0

[
0, 1
]±2

(−1+Γ(2,±2))/2
(−1+Γ(2,±2))/2

(3+Γ(2,±2))/2 1 + Γ(2,±2) 2
(
0, 1
)±2

(2+Γ(2,±2))/2
1
2 + Γ(2,±2) 3/2

(
1/2, 1/2

)±2 +
(

1/2, 3/2
)±2

(1+Γ(2,±2))/2 Γ(2,±2) 1
(
0, 0
)±2 +

(
0, 1
)±2 +

(
1, 1
)±2 +

(
0, 2
)±2

Γ(2,±2)
/2 −1

2 + Γ(2,±2) 1/2
(

1/2, 1/2
)±2 +

(
1/2, 3/2

)±2

(−1+Γ(2,±2))/2 −1 + Γ(2,±2) 0
(
0, 1
)±2

[
0, 1
]0
2

2

3 5 1
(
0, 1
)0

5/2 5/2 1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
2 4 0

(
0, 0
)0 +

(
0, 1
)0 +

(
1, 1
)0 +

(
0, 2
)0

3/2 5/2 −1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
1 3 −1

(
0, 1
)0

[
0, 1
]±2

(1+Γ(2,±2))/2
(1+Γ(2,±2))/2

(3+Γ(2,±2))/2 2 + Γ(2,±2) 1
(
0, 1
)±2

(2+Γ(2,±2))/2
3
2 + Γ(2,±2) 1/2

(
1/2, 1/2

)±2 +
(

1/2, 3/2
)±2

(1+Γ(2,±2))/2 1 + Γ(2,±2) 0
(
0, 0
)±2 +

(
0, 1
)±2 +

(
1, 1
)±2 +

(
0, 2
)±2

Γ(2,±2)
/2

1
2 + Γ(2,±2) −1/2

(
1/2, 1/2

)±2 +
(

1/2, 3/2
)±2

(−1+Γ(2,±2))/2 Γ(2,±2) −1
(
0, 1
)±2

[
0, 1
]±4

(1+Γ(2,±4))/2
(1+Γ(2,±4))/2

(3+Γ(2,±4))/2 2 + Γ(2,±4) 1
(
0, 1
)±4

(2+Γ(2,±4))/2
3
2 + Γ(2,±4) 1/2

(
1/2, 1/2

)±4 +
(

1/2, 3/2
)±4

(1+Γ(2,±4))/2 1 + Γ(2,±4) 0
(
0, 0
)±4 +

(
0, 1
)±4 +

(
1, 1
)±4 +

(
0, 2
)±4

Γ(2,±4)
/2

1
2 + Γ(2,±4) −1/2

(
1/2, 1/2

)±4 +
(

1/2, 3/2
)±4

(−1+Γ(2,±4))/2 Γ(2,±4) −1
(
0, 1
)±4

[
0, 1
]0
2

2

3 5 1
(
0, 1
)0

5/2 9/2 1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
2 4 0

(
0, 0
)0 +

(
0, 1
)0 +

(
1, 1
)0 +

(
0, 2
)0

3/2 7/2 −1/2
(

1/2, 1/2
)0 +

(
1/2, 3/2

)0
1 3 −1

(
0, 1
)0

Table 9. Full spectrum at level 2 for the family of supersymmetric vacua satisfying (2.39). The
SL(2,R)R-dimension of the superconformal primaries, h, follow from (4.25) and are omitted. The
multiplets with zero SO(2)L-charge are understood as a shorthand for the combination in (A.23).
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