
J
H
E
P
0
1
(
2
0
2
2
)
0
0
5

Published for SISSA by Springer

Received: September 23, 2021
Revised: December 1, 2021

Accepted: December 18, 2021
Published: January 3, 2022

Crossing antisymmetric Polyakov blocks + dispersion
relation

Apratim Kaviraj
Theory Group, DESY Hamburg,
Notkestraße 85, D-22607 Hamburg, Germany

E-mail: apratim.kaviraj@desy.de

Abstract: Many CFT problems, e.g. ones with global symmetries, have correlation func-
tions with a crossing antisymmetric sector. We show that such a crossing antisymmetric
function can be expanded in terms of manifestly crossing antisymmetric objects, which we
call the ‘+ type Polyakov blocks’. These blocks are built from AdSd+1 Witten diagrams.
In 1d they encode the ‘+ type’ analytic functionals which act on crossing antisymmetric
functions. In general d we establish this Witten diagram basis from a crossing antisym-
metric dispersion relation in Mellin space. Analogous to the crossing symmetric case, the
dispersion relation imposes a set of independent ‘locality constraints’ in addition to the
usual CFT sum rules given by the ‘Polyakov conditions’. We use the Polyakov blocks to
simplify more general analytic functionals in d > 1 and global symmetry functionals.

Keywords: Conformal Field Theory, Field Theories in Lower Dimensions

ArXiv ePrint: 2109.02658

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP01(2022)005

mailto:apratim.kaviraj@desy.de
https://arxiv.org/abs/2109.02658
https://doi.org/10.1007/JHEP01(2022)005


J
H
E
P
0
1
(
2
0
2
2
)
0
0
5

Contents

1 Introduction 2

2 1d crossing antisymmetric functionals 4
2.1 Basic kinematics 4
2.2 1d analytic functionals and Polyakov bootstrap 5
2.3 The ‘+ type’ Polyakov blocks 6

2.3.1 Fermionic case 6
2.3.2 Bosonic case 8

3 General d Polyakov blocks and dispersion relation 11
3.1 Crossing antisymmetric Polyakov block 12
3.2 Contact diagrams 14
3.3 Dispersion relation 14
3.4 Polyakov conditions 17

4 Applications to functionals 18
4.1 Product functionals in even d 18
4.2 Global symmetry — simple functionals 19

4.2.1 d = 1 19
4.2.2 d = 2 with product functionals 20
4.2.3 General d 20

5 Conclusion 21

A Details of Witten diagrams 23

B Derivation of the dispersion relation 24
B.1 General case — review 25
B.2 Imposing crossing (anti)symmetry 27

C Checks with the dispersion relation 28
C.1 Derivation of Witten diagrams for ` = 5 28
C.2 Numerical checks 28

D Product functionals in d = 4 and d = 6 31
D.1 d = 4 31
D.2 d = 6 32
D.3 Bounds with product functionals 33

– 1 –



J
H
E
P
0
1
(
2
0
2
2
)
0
0
5

1 Introduction

One of the most important tools available to theoretical physicists in CFT problems is
crossing symmetry or the Conformal Bootstrap. For numerical analysis one typically ap-
proaches the 4-point crossing problem by introducing a set of functionals, which are simply
a set of derivatives w.r.t. the cross ratios. From the recent works of [1–3] (see also [4]
and futher generalizations [5–9]) we have learnt that there exists a more efficient set of
functionals, the analytic functionals. These are built to optimize OPE coefficients, and are
‘dual’ to GFF or Generalized Free Fields (i.e. a basis expansion in terms of double trace
conformal blocks).

The analytic functionals are perhaps most well understood in 1d, where they are related
to another formulation of crossing symmetry: the Polyakov bootstrap [10]. The latter is an
idea that a crossing symmetric correlator can be expanded in terms of a manifestly crossing
symmetric sum of Witten diagrams (a Polyakov block) which must be equal to the usual
conformal block expansion [11–13]. The validity of this has been rigorously proven by the
1d analytic functionals. In 1d, Polyakov blocks also give a simple way to determine action of
the functionals, which are otherwise hard to compute. This connection has been recently
used in [14] for general global symmetries to obtain a number of interesting numerical
results.

Recently in [15, 16] a crossing symmetric dispersion relation has been proposed which
establishes the Polyakov Bootstrap in general d. The main idea here, which is based on [17],
is to work in Mellin space and map the Mellin variables to new variables that are manifestly
crossing symmetric but with nonlocal singularities. A dispersion relation is then obtained
in these variables, which reduces to a crossing symmetric sum of exchange and contact
Witten diagrams when one sets the nonlocal singularities to zero (locality constraints).
The dispersion relation is also used in the QFT context (replacing Mellin variables with
Mandelstam variables) where these locality constraints have been used to derive interesting
bounds on Effective Field Theories (EFTs).

Let us now address a situation where crossing symmetry of a 4-point function involves
more than just crossing symmetric functions. E.g. consider a CFT with global symmetry
with a correlator Gijkl(z, z̄) of charged fields φi transforming in some irrep r. If r⊗r contains
the irreps labelled a then the correlator decomposes as

Gijkl(z, z̄) =
∑
a

T a
ij,klGa(z, z̄) (1.1)

where T a denotes the associated tensor structure of a. We use the notations of usual CFT
kinematics, reviewed in section 2. The crossing equation for Ga can be written as:

Ga(z, z̄) = CabGb(1− z, 1− z̄) . (1.2)

Here Cab is a crossing matrix (see e.g. [14]) that has eigenvalues ±1 corresponding to
eigenvectors ea±,s where s is a label. Now, while the functions G−(z, z̄) = ea+,sGa(z, z̄),
for any s, obey usual crossing symmetry G−(z, z̄) = G−(1 − z, 1 − z̄), the combinations
G+(z, z̄) = ea−,sGa(z, z̄) are functions that have crossing antisymmetry:

G+(z, z̄) = −G+(1− z, 1− z̄) . (1.3)
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An obvious question to ask is: does G+ also allow a Witten diagram like expansion? In 1d
there exists a set of analytic functionals, called + type functionals, which can bootstrap
such antisymmetric functions although it is not understood if they are related to a Polyakov
block.1 It would be nice to understand this more generally in d ≥ 1.

In this paper we show that, analogous to the crossing symmetric case, crossing anti-
symmetric functions can be expanded in terms of manifestly crossing antisymmetric objects
as follows:

G+(z, z̄) =
∑
∆,`

a∆,`P+,∆,`(z, z̄) , (1.4)

where P+,∆,`, the ‘+ type Polyakov block’, is a linear combination of AdSd+1 Witten
diagrams. In 1d these blocks involve a finite number of diagrams similar to its crossing
symmetric counterpart. They are related to the + type analytic functionals. We construct
two sets of blocks corresponding to the bosonic and fermionic functional bases.

The idea of a + type Polyakov block is then extended to general dimensions, which re-
quires an infinite number of exchange Witten diagrams and crossing antisymmetric contact
diagrams. For this we show that a crossing antisymmetric function can be obtained from
a dispersion relation in Mellin space. Analogous to the crossing symmetric case, it is char-
acterized by an infinite number of nonlocal singularities that lead to a new set of locality
constraints. The dispersion relation can be reformulated as the Witten diagram expansion
once the locality conditions are satisfied. Finally we give a set of crossing antisymmetric
sum rules.

We have numerically demonstrated how locality conditions work, and how a known
crossing antisymmetric solution satisfies the new sum rules. We show how the + type
Polyakov blocks simplify computation of ‘product functionals’ which exist in even dimen-
sions and are built by combining 1d functionals [20]. We also show one can obtain a set of
‘simple functionals’ for global symmetry problems in general dimensions from the Polyakov
blocks extending the arguments of [14].

The paper is organized as follows: in section 2 we review the ± type 1d functionals and
introduce the + type bosonic and fermionic Polyakov blocks. In section 3 we generalize the
+ type Polyakov blocks to arbitrary dimensions and introduce a crossing antisymmetric
dispersion relation. In section 4 we show how the previous findings simplify various d ≥ 1
functionals. We conclude in section 5. There are four appendices elaborating on the many
technical details and numerical checks.

Notations. Throughout this paper we will use the subscripts −/+ to indicate crossing
symmetric/antisymmetric equations or quantities. This, rather counter-intuitive, notation
is for consistency with the analytic functional literature.

1In [14] this was bypassed by considering analytic functionals dual to GFF for a certain global symmetry
which are related to crossing symmetric Polyakov blocks of the same symmetry [18, 19].
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2 1d crossing antisymmetric functionals

2.1 Basic kinematics

Let us define some basic kinematics and notations. Consider a 4-point function G(x1, x2,

x3, x4) of scalars (say φ(xi)) with identical dimension ∆φ in a d-dimensional CFT which is
given by

G(x1, x2, x3, x4) = G(z, z̄)
x

2∆φ

13 x
2∆φ

24
, zz̄ = x2

12x
2
34

x2
13x

2
24
, (1− z)(1− z̄) = x2

14x
2
23

x2
13x

2
24
. (2.1)

We will sometimes use the notations u = zz̄ and v = (1− z)(1− z̄). The quantity G(z, z̄)
can be decomposed into conformal blocks as follows:

G(z, z̄) =
∑
∆,`

a∆,`G
(d)
∆,`(z, z̄|∆φ) . (2.2)

Here G(d)
∆,`(z, z̄|∆φ) is the d-dimensional conformal block (defined with a factor of (zz̄)−∆φ)

and a∆,` denotes square of OPE coefficients. Typically the function G(z, z̄) = G−(z, z̄) is
crossing symmetric i.e. G−(z, z̄) = G−(1 − z, 1 − z̄) (symmetry under x1 ↔ x3 exchange)
and we may write ∑

∆,`
a∆,`F−,∆,`(z, z̄|∆φ) = 0 (2.3)

where we defined the crossing symmetric bootstrap vector

F−,∆,`(z, z̄|∆φ) = G∆,`(z, z̄|∆φ)−G∆,`(1− z, 1− z̄|∆φ) . (2.4)

As shown in (1.3) it is often necessary to consider G(z, z̄) = G+(z, z̄) which is antisymmetric
under x1 ↔ x3 exchange i.e. G+(z, z̄) = −G+(1− z, 1− z̄). If it decomposes into conformal
blocks like (2.2) we have the crossing antisymmetry equation∑

∆,`
a∆,`F+,∆,`(z, z̄|∆φ) = 0 (2.5)

where we have the crossing antisymmetric bootstrap vector

F+,∆,`(z, z̄|∆φ) = G∆,`(z, z̄|∆φ) +G∆,`(1− z, 1− z̄|∆φ) . (2.6)

We will sometimes loosely refer to the crossing antisymmetric equation as ‘anticrossing
equation’. It becomes important in many interesting problems like bootstrapping CFTs
with global symmetries or multiple correlators.

For the rest of this section we will focus on 1d CFTs. Here we have a single cross-ratio,
so we set z = z̄. The (anti)crossing equation is written as∑

∆
a∆F±,∆(z|∆φ) = 0 (2.7)

where we have
F±(z|∆φ) = G∆(z|∆φ)±G∆(1− z|∆φ) (2.8)

and G∆(z|∆φ) = z∆−2∆φ2F1(∆,∆, 2∆, z) is the SL(2,R) conformal block.
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2.2 1d analytic functionals and Polyakov bootstrap

The usual approach to constrain CFT data from the (anti)crossing equation is by intro-
ducing a set of linear functionals as follows (ω(∆|∆φ) ≡ ω[F∆(z|∆φ)])

ω±
[∑

∆
a∆F±,∆(z|∆φ)

]
=
∑
∆
a∆ω±(∆|∆φ) = 0 (2.9)

In the standard conformal bootstrap approach one chooses a basis of derivatives ω± =
{∂z, ∂2

z , · · · } at z = 1
2 . In [2, 3] a set of functionals that gives optimal bounds on OPE

coefficients were proposed. These are the analytic functionals which correspond to a basis
expansion of bootstrap vectors in terms of double trace operator blocks as follows:

F±,∆(z|∆φ) =
∑
n

[
αB,F±,n (∆)F±,∆B,F

n
(z|∆φ) + βB,F±,n ∂∆F±,∆B,F

n
(z|∆φ)

]
. (2.10)

Here we have shown two set of bases: bosonic (B) and Fermionic (F ) which correspond to
∆B
n = 2∆φ + 2n and ∆F

n = 2∆φ + 2n+ 1. Each analytic functional ω± = α±, β± is dual to
a basis element above. It is defined as follows:

ω±(∆|∆φ) =
∫ 1

2 +i∞

1
2

dz f±(z)F±,∆(z|∆φ) +
∫ 1

1
2

dz g±(z)F±,∆(z|∆φ) . (2.11)

The functions f and g satisfy the conditions

f±(z) = ∓f±(1−z) , Rzf±(z) = −g±(z)± g±(1−z) , g±(z) = ε(1−z)2∆φ−2f±

(
z

z − 1

)
.

(2.12)
Here Rz denotes the real part, and ε = +1(−1) for bosonic (fermionic) case. It is then
possible to choose the kernel f so that the functionals satisfy the orthogonality properties:

αB±,n(∆B
m) = δmn , ∂∆α

B
±,n(∆B

m) = −cB±,n(∆φ)δm0 ,

βB±,n(∆B
m) = 0 , ∂∆β

B
±,n(∆B

m) = δmn − dB±,n(∆φ)δm,0 . (2.13)

Here we show the bosonic case with βB±,0 = 0 and cB±,n, d
B
±,n are known. The fermionic

functionals satisfy similar conditions replacing B → F and with βF±,0 6= 0, cF±,n = dF±,n = 0.
Explicit forms of all kernels can be found in appendix A of [20].

A feature of the kernels that will be important in our discussion is the u-channel Regge
limit z → i∞. These are as follows:

ω− : f(z) z→i∞∼ O(z−2)

ω+ : f(z) z→i∞∼ O(z−3) . (2.14)

This feature implies that ω− (ω+) functionals can bootstrap (anti)crossing solutions with
an O(z0) (O(z)) large z behavior.

It has been established that ‘− type’ analytic functionals are related to 1d Polyakov
Bootstrap in an interesting way. The latter is the idea that a crossing symmetric correlator

– 5 –
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can be expanded in terms of manifestly crossing symmetric functions, called Polyakov
blocks, in the following way

G−(z) =
∑
∆
a∆PB,F−,∆(z) =

∑
∆
a∆G∆(z) . (2.15)

The equality on the right is the usual OPE. The Polyakov block P−,∆(z) is given by a
crossing symmetric sum of 4-point Witten diagrams

PB,F−,∆(z) = W
(s),B,F
∆,0 (z) +W

(t),B,F
∆,0 (z) +W

(u),B,F
∆,0 (z) + κB,F− C−(z) . (2.16)

HereW (i),B,F
∆,0 (z) is a Witten diagram that exchanges an operator O of spin 0 and dimension

∆ in the bulk in the i = s, t, u channel with bosonic (B)/fermionic (F) operators in the
boundary. It is drawn with a suitable choice of 3-point vertex (e.g. ΦΦO for bosonic fields
Φ). The C−(z) is a crossing symmetric 4-point contact diagram. We require the Polyakov
block to be Regge bounded i.e. P−,∆(z) < ∞ as z → i∞. This allows a single contact
diagram with bosonic external legs with Φ4 vertex. We define the Witten diagrams in
appendix A.

The Witten diagrams above can be decomposed into conformal blocks of dimensions
∆B,F
n . We can choose Polyakov blocks such that their block decomposition computes

functional actions (dropping ∆φ dependence for convenience) as follows:

PB,F−,∆(z) = G∆(z)−
∑
n

[
αB,F−,n (∆)G∆B,F

n
(z) + βB,F−,n (∆)∂∆G∆B,F

n
(z)
]
. (2.17)

So the statement of Polyakov Bootstrap (2.15) is identical to the functional bootstrap
equations. While for the fermionic case this is automatic (κF− = 0), for the bosonic case
one can choose κB− such that βB−,0 = 0 and have the above correspondence. Notice that the
basis (2.10) is nothing but the crossing symmetry equation for P−,∆(z). For more details
of Polyakov bootstrap in 1d see [3, 14].

2.3 The ‘+ type’ Polyakov blocks

An obvious question that one can now ask is if there exists an analogue of Polyakov blocks
that computes ‘+ type’ functional actions. Indeed there is such a function which we call
a ‘+ type Polyakov block’. In this section we show how to build it from familiar Witten
diagrams.

We introduce the following notation for convenience:

∆n,` = 2∆φ + 2n+ ` . (2.18)

This is for consistency with the following sections. Note that we have ∆n,0 = ∆B
n and

∆n,1 = ∆F
n .

2.3.1 Fermionic case

Let us first discuss the case of fermionic functionals. Since + type functionals act on cross-
ing antisymmetric vectors, the + type Polyakov blocks must be crossing antisymmetric.

– 6 –
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Consider a Witten diagrams W (s),B
∆,1 in AdS2 with bosonic external legs that exchanges

a bulk operator Aµ of dimension ∆ and spin 1 in s-channel. For this we assume scalar
(bosonic) bulk operators Φi with identical dimension ∆φ and a suitable cubic vertex e.g.
Φi∂µΦjAµ (see [21]).2 The diagram has the conformal block decomposition (for the rest of
this subsection we write W (i),B

∆,1 →W
(i)
∆,1):

W
(s)
∆,1 = G∆(z) +

∑
n

(
a

(s)
n,1G∆n,1(z) + b

(s)
n,1∂∆G∆n,1(z)

)
. (2.19)

The expressions for W (s)
∆,1 and other useful details are given appendix A. Let us point out

that we refer as ‘spin 1’ the rank 1 tensor operators in bulk AdS2 which are dual to spinless
operators in 1d CFT. E.g. for 4 identical scalars on the boundary, charged under a global
symmetry (say O(N)), a spin 1 exchange diagram in AdS2 may correspond to a parity odd
pseudoscalar in antisymmetric representation of the OPE decomposition (in [14] this was
used in the Polyakov Bootstrap setup). The spin 1 diagram described above is distinct from
a spin 0 exchange diagram, although both decompose into spinless 1d conformal blocks.

In the crossed channels the spin 1 diagram has the decomposition

W
(−)
∆,1 (z) =

∑
n

(
a

(t)
n,1G∆n,0(z) + b

(t)
n,1∂∆G∆n,0(z)

)
,

W
(+)
∆,1 (z) =

∑
n

(
ā

(t)
n,1G∆n,1(z) + b̄

(t)
n,1∂∆G∆n,1(z)

)
. (2.20)

Here we defined W (±)
∆,1 = 1

2
(
W

(t)
∆,1±W

(u)
∆,1
)
. See [14, 22, 23] for more on the conformal block

decomposition. The crossed channel diagrams are related to the s-channel via:

W
(t)
∆,1(z) = W

(s)
∆,1(1− z) , W

(u)
∆,1(z) = (1− z)−2∆φReW (s)

∆,1

( 1
1− z

)
. (2.21)

We also have
W

(u)
∆,1(1− z) = −W (u)

∆,1(z) . (2.22)

The above Witten diagrams are bounded in the u-channel Regge limit. This is easily seen
from their Mellin amplitude (see appendix A) or by relating them to a contact diagram
via the conformal Casimir equation (see e.g. appendix D of [14]).

A natural crossing antisymmetric Polyakov block is then

PF+,∆(z) = W
(s)
∆,1(z)−W (t)

∆,1(z)−W (u)
∆,1(z) .

= W
(s)
∆,1(z)− 2W (+)

∆,1 (z) . (2.23)

Notice that this object is totally crossing antisymmetric i.e. P+(z)→ −P+(z) under x1 ↔
x3 or x1 ↔ x4. It is also antisymmetric in x1 ↔ x2 which is not obvious from (2.23)

2The indices i, j may correspond to a global symmetry charge. If we have 4 external scalars Φi, Φj , Φk, Φl
then we should get a tensor structure Tijkl related to the symmetry of Aµ and a kinematical part. In our
analysis we are interested in only the kinematical part W∆,1(z).

– 7 –
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although it is clear from their Mellin amplitudes (see appendix A and the next section).3

The anticrossing property implies the following:

P+∆(z) = G∆(z)−
∑
n

[
αF+,n(∆)G∆n,1(z) + βF+,n(∆)∂∆G∆n,1(z)

]
=⇒ F+,∆(z) =

∑
n

[
αF+,n(∆|∆φ)F+,∆n,1(z) + βF+,n(∆|∆φ)∂∆F+,∆n,1(z)

]
, (2.24)

So the + type Polyakov block has such a conformal block decomposition that we get the
basis of F+,∆ corresponding to fermionic + type functionals. The coefficients are given by

αF+,n(∆|∆φ) = −a(s)
n,1 + 2ā(t)

n,1 ,

βF+,n(∆|∆φ) = −b(s)n,1 + 2b̄(t)n,1 . (2.25)

The coefficients αF+,n(∆|∆φ) and βF+,n(∆|∆φ) are named as such since they are equivalent
to the + type fermionic functional actions. Since the Polyakov block is Regge bounded
this is immediately seen by applying the functionals on (2.24). It can also be verified by
explicitly evaluating the actions from (2.11) that they match the expressions (2.25).

We now point out an interesting feature. For the − type bosonic functionals the missing
βB−,0 functional is attributed to the ambiguity of addition by a Φ4 contact Witten diagram
to any crossing solution that preserves Regge boundedness [3]. Similarly for the fermionic
case there is no such ambiguity, and hence all ωF−,n are present. Now recall from (2.14)
that ω+ functionals can bootstrap anti-crossing symmetric solutions with a fall-off O(z).
It turns out that there is no anticrossing ‘contact’ diagram i.e. a crossing antisymmetric
solution which decomposes into blocks and their derivatives of dimensions ∆n,1 (only), and
also has the Regge fall-off O(z).4 This is consistent with the fact that fermionic + type
functionals ωF+,n exist for all n ≥ 0. If there was such an anticrossing contact diagram, we
would have had to subtract it from (2.23) to set the coefficient of one of the blocks to zero.

2.3.2 Bosonic case

The goal of this section is to find an anticrossing Polyakov block that encodes the bosonic +
type functional actions in a way similar to (2.25). Since the fermionic functional actions are
encoded in spin 1 bosonic Witten diagrams, we can guess that bosonic functional actions
would be analogously given by fermionic Witten diagrams with spin 1 exchange. To define
AdS2 Witten diagrams with external fermions one needs a bulk action of Majorana fermions
Ψi,α (α being a spinor index) of dimension ∆φ, with a cubic vertex like εαβΨi,α∂µΨj,βAµ

3All xi ↔ xj are equivalent to simple transformations of Mellin variables, e.g.: x1 ↔ x3 is equivalent to
s↔ t + ∆φ.

4In section 3.2 we will see that the anticrossing contact diagram with the strictest Regge behavior is
s→∞∼ O(s3) in Mellin representation. Typically for an s2j behavior in Mellin space we have in position space

G(z) z→i∞∼ z2j−1 . (2.26)

This can be proved by assuming a vertex of the form (∂jΦ)4 in AdS2 and computing a 4-point contact
diagram [24, 25].

– 8 –
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(here i, j may correspond to some global symmetry charge, see footnote 2) where Aµ is a
spin 1 bulk operator.

However computing the fermionic Witten diagram is a non-trivial task as fermionic
propagators are harder to deal with than bosonic ones. In fact we do not need to compute
this explicitly. All we really need is a conformally invariant object that has the following
three properties:

1. It should not grow faster than O(z) in the Regge limit.

2. It should give us a manifestly crossing antisymmetric quantity (a Polyakov block).

3. The resulting Polyakov block should decompose into G∆(z) and a sum of double trace
blocks G∆n,0 and their derivatives (that forms the bosonic functional basis).

These properties ensure that the antisymmetry of the Polyakov block can be used to
establish relations between functional actions and block decomposition coefficients just
like (2.25). If we can somehow guess such an object our goal is accomplished. Let us show
how it can be done.

In [26] the general d fermionic Witten diagrams with a scalar exchange was computed
(see also [27]). The s-channel scalar exchange Witten diagram in the AdS2 case is given in
terms of the bosonic Witten diagram as follows

W
(s),F
∆,0 (z|∆φ) = zW

(s),B
∆,0

(
z|∆φ + 1

2

)
. (2.27)

The factor of z is to account for the z−2∆φ included in our definitions. In a similar way let
us define the following object:

W
(s),F
∆,1 (z|∆φ) = 1

z
W

(s),B
∆,1

(
z|∆φ −

1
2

)
. (2.28)

We will refer to this as the s-channel ‘spin 1 exchange fermionic Witten diagram’. We show
below that this is precisely the object we required above.5

From the definition (2.28) it is obvious that the fermionic spin 1 diagram is Regge
bounded. Also, given the s-channel, the corresponding crossed channel diagrams would be
given by

W
(t),F
∆,1 (z|∆φ) = W

(s),F
∆,1 (1− z) , W

(u),F
∆,1 (z|∆φ) = (1− z)−2∆φReW (s),F

∆,1

( 1
1− z

)
. (2.29)

5To justify calling it a spin 1 diagram we point out that in a Polyakov Bootstrap setup for 1d charged
fermions (e.g. with O(N) symmetry) the operators in the antisymmetric sector of OPE decomposition
would be described by W

(s),F
∆,1 (z|∆φ). This is again a consequence of the properties that we show below

(recall that for bosonic external operators the antisymmetric representation in the OPE corresponds to a
spin 1 bosonic diagrams). So even though W

(s),F
∆,1 (z|∆φ) is not necessarily the diagram that one may obtain

integrating over AdS using the fermionic bulk-boundary propagators, the two should be related by addition
of a suitable contact diagram. We do not comment on the Polyakov Bootstrap of 1d fermions further -
interested readers may look at [2, 14].
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Once again we have
W

(u),F
∆,1 (1− z|∆φ) = −W (u),F

∆,1 (z|∆φ) . (2.30)
The block decomposition of the above objects are as follows:

W
(s),F
∆,1 (z) = G∆(z) +

∑
n

(
a

(s),F
n,1 G∆n,0(z) + b

(s),F
n,1 ∂∆G∆n,0(z)

)
.

W
(−),F
∆,1 (z) =

∑
n

(
a

(t),F
n,1 G∆n,1(z) + b

(t),F
n,1 ∂∆G∆n,1(z)

)
,

W
(+),F
∆,1 (z) =

∑
n

(
ā

(t),F
n,1 G∆n,0(z) + b̄

(t),F
n,1 ∂∆G∆n,0(z)

)
, (2.31)

where W (±),F
∆,1 = 1

2
(
W

(t),F
∆,1 ±W

(u),F
∆,1

)
.

With this we define an anticrossing object as follows:

Pexc
+ (z) = W

(s),F
∆,1 (z)−W (t),F

∆,1 (z)−W (u),F
∆,1 (z) .

= W
(s),F
∆,1 (z)− 2W (+),F

∆,1 (z) . (2.32)

The ‘exc’ stands for ‘exchange’. Under block decomposition Pexc
+ gives a G∆(z) along-with

G∆n,0(z) and their derivatives ∀n ∈ Z+,0. Hence all the properties required from W
(s),F
∆,1

mentioned towards the beginning of the subsection are satisfied.
However Pexc

+ is not the Polyakov block yet. In fact there exists another antisymmetric
object which has a similar decomposition into double trace blocks and their derivatives. It
is the analogue of a contact diagram, and is given by

PCon
+ (z) = C(s),F

+ (z)− C(t),F
+ (z)− C(u),F

+ (z) . (2.33)

Here the first term on r.h.s. can be written in terms of a general dimension Mellin repre-
sentation as follows:

C(s),F
+ (z)=z−2∆φ

[∫ i∞

−i∞
ds dt z2s (1−z)2tΓ2

(
∆φ+ 1

2 − s
)

Γ2(−t)Γ2(s+ t)
(
s+ 2t

)]
. (2.34)

The other two terms (crossed channels) are given by:6

C(t),F
+ (z) = C(s),F

+ (1− z) , C(u),F
+ (z) = (1− z)−2∆φRe C(s),F

+

( 1
1− z

)
. (2.35)

It is easy to verify that
C(u),F

+ (1− z) = −C(u),F
+ (z) . (2.36)

Furthermore we have the block decomposition

C(s),F
+ (z) =

∑
n

(
a

(s),F
n,C G∆n,0(z) + b

(s)
n,C∂∆G∆n,0(z)

)
.

C(−),F
+ (z) =

∑
n

(
a

(t),F
n,C G∆n,1(z) + b

(t)
n,C∂∆G∆n,1(z)

)
,

C(+),F
+ (z) =

∑
n

(
ā

(t),F
n,C G∆n,0(z) + b̄

(t)
n,C∂∆G∆n,0(z)

)
, (2.37)

where C(±),F
+ = 1

2
(
C(t),F

+ ± C(u),F
+

)
.

6Here C(t),F
+ and C(u),F

+ can be obtained by replacing ∆φ + 1
2 − s ↔ −t and ∆φ + 1

2 − s ↔ s + t in the
Mellin integral respectively. Rescaling the prefactor leads to the respective extra factors 1−z

z
and 1

z
in the

Mellin amplitudes.
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At large z the anticrossing contact diagram PCon
+ (z) ∼ O(z). So any solution obtained

from analytic + type bosonic functionals can be deformed by it. This is an ambiguity that
should be taken into account in order to have the correct Polyakov block. Under block
decomposition the Polyakov block must have one coefficient zero, so to reflect this ambiguity
in the sum rules i.e. functional actions (see the last paragraph of previous subsection).

Hence we define the bosonic crossing antisymmetric Polyakov block as follows

P+(z) = Pexc
+ (z) + kPCon

+ (z)

= G∆(z)−
∑
n

[
αB+,n(∆)G∆n,0(z) + βB+,n(∆)∂∆G∆n,0(z)

]
, (2.38)

which implies the following relation

F+,∆(z) =
∑
n

[
αB+,n(∆|∆φ)F+,∆n,0(z) + βB+,n(∆|∆φ)∂∆F+,∆n,0(z)

]
. (2.39)

The constant k in (2.38) is chosen such that βB+,0(∆|∆φ) = 0. This ensures that all the
coefficients αB+,n(∆|∆φ) and βB+,n(∆|∆φ) are actions of the bosonic + type functionals αB+,n
and βB+,n respectively. This can be easily verified.

To summarize this section we have shown the existence of two + type Polyakov blocks,
‘bosonic’ and ‘fermionic’. They are built from known Witten diagrams in AdS2. Through
their conformal block decomposition shown in (2.24) and (2.38) they compute the actions
of + type analytic functionals.

3 General d Polyakov blocks and dispersion relation

In this section we initiate a new formulation in general dimension to analyse crossing an-
tisymmetric functions. This is analogous to the usual Polyakov Bootstrap for the crossing
symmetric case. We propose a crossing antisymmetric Polyakov block basis built from Wit-
ten diagrams for antisymmetric correlators. This is then explicitly demonstrated by setting
up a dispersion relation for Mellin amplitudes of the functions. Most of the discussions in
this section is formulated in Mellin space.

We begin by giving a brief review of the usual (crossing symmetric) Polyakov Bootstrap
in general dimension. Readers familiar wih the story may directly skip to section 3.1. The
usual Polyakov block in general dimension d is defined for even spin ` in the following way:

P−,∆,`(u, v) = W
(s)
∆,`(u, v) +W

(t)
∆,`(u, v) +W

(u)
∆,`(u, v) + contacts . (3.1)

Here W
(i)
∆,`(u, v) (with i = s, t, u) is a Witten diagram that exchanges an operator of

dimension ∆ and spin ` in the bulk. For any spin (even or odd) these diagrams are defined
in AdSd+1 with external boundary scalars Φi of identical dimension ∆φ and with a suitable
cubic vertex. The ‘contacts’ denote crossing symmetric 4-point contact diagrams with
identical external boundary scalars and a quartic vertex of the schematic form (Φi∂

mΦj)2

withm ∈ Z≥0. The exact combination of contact diagrams in the block has some ambiguity
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and we discuss below how it is fixed. It is convenient to write the Witen diagrams in the
Mellin representation as follows:

W∆,`(u, v) =
∫
ds1ds2 u

s1+
2∆φ

3 vs2−
∆φ
3

[ 3∏
i=1

Γ2
(∆φ

3 − si
)]
M∆,`(s1, s2) , (3.2)

The M∆,`(s1, s2) is a Mellin amplitude defined in appendix A. Here s3 = −s1 − s2. We
follow the conventions of [15, 16]. The si are related to the s, t, u variables of previous
section by the simple shifts s1 = s− 2∆φ

3 and s2 = ∆φ

3 + t. The Mellin amplitude of contact
diagram is a crossing symmetric polynomial. We discuss it below in section 3.2.

The Polyakov block defined above is manifestly crossing symmetric, which means:

P−,∆,`(u, v) = P−,∆,`(v, u) = u−∆φP−,∆,`(1/u, v/u) = v−∆φP−,∆,`(u/v, 1/v) . (3.3)

These equalities correspond to the symmetries under x1 ↔ x3, x1 ↔ x4 and x1 ↔ x2
respectively. Similar to the 1d case, the Polyakov Bootstrap in general dimension says a
crossing symmetric CFT correlator G−(u, v) has an expansion in Polyakov blocks as follows:

G−(u, v) =
∑
∆,`

a∆,`P−,∆,`(u, v) . (3.4)

The above statement was proven in [16] in Mellin space by working in terms ofM−(s1, s2),
the Mellin transform of G−(u, v). It was shown thatM− is given by a crossing symmetric
dispersion relation as follows

M−(s1, s2) = 1
π

∫ ∞
τ (0)

ds′1
s′1
A−(s′1; s+

2 (s′1, a))H−(s′1; s1, s2, s3) (3.5)

Here s+
2 (s, a) = − s

2 [1−
√

(s+ 3a)(s− a)−1]. We define the crossing symmetric variable
a in (3.19) below. H− is a kernel with manifest crossing symmetry. Finally A− is given
by the residues of M− at a series of poles beginning at τ (0) (it is the analogue of the
discontinuity across the physical cut of a scattering amplitude). We discuss (3.5), its
details and derivation more elaborately in appendix B.

It was shown in [16] that (3.5) contains some nonlocal singularities. If one sets these
singularities to zero one recovers (3.4) in its Mellin transform. This procedure also fixes
the exact structure of P−,∆,` by fixing the exact combination of the contact diagrams.
Finally (3.4) further implies a set of consistency conditions that say all unphysical powers
in the Polyakov block (spurious poles in Mellin space) should be zero (see section 3.4).
These correspond to the Polyakov conditions similar to the 1d case.

3.1 Crossing antisymmetric Polyakov block

Let us define a new Polyakov block P+,∆,`(u, v) in terms of which an anticrossing corre-
lator can be expanded. We would like to have P+,∆,`(u, v) to be a completely crossing
antisymmetric object. By this we mean the following:

P+,∆,`(u, v) = −P+,∆,`(v, u) = −u−∆φP+,∆,`(1/u, v/u) = −v−∆φP+,∆,`(u/v, 1/v) . (3.6)
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<latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit>

�, `
<latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit>

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x4
<latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

x3
<latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit>

�, `
<latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit>

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

x3
<latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit><latexit sha1_base64="AII+YquknBh492N6v2CGV+dFT6s=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtIu3WzC7kYsoT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5AIro3rfjuFldW19Y3iZmlre2d3r7x/0NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvB6GZabz2i0jyWD2acoB/RgeQhZ9RY6/6pd94rV9yqOxNZBi+HCuSq98pf3X7M0gilYYJq3fHcxPgZVYYzgZNSN9WYUDaiA+xYlDRC7WezVSfkxDp9EsbKPmnIzP09kdFI63EU2M6ImqFerE3N/2qd1IRXfsZlkhqUbP5RmApiYjK9m/S5QmbE2AJlittdCRtSRZmx6ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c0Rzovz7nzMWwtOPnMIf+R8/gAOuo2i</latexit>

x4
<latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit><latexit sha1_base64="BshHaQVnvyUBcHxYvwKwUDeZIDY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSKeix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQuqh6lu9qlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQPo2j</latexit>

�, `
<latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit><latexit sha1_base64="A/ZuSRf27jVNIe+DqiP+nnbWz7o=">AAAB8nicbZBNS8NAEIY39avWr6pHL4tF8CAlEUGPRT14rGBtIQlls520SzfZsDsRSunP8OJBEa/+Gm/+G7dtDtr6wsLDOzPszBtlUhh03W+ntLK6tr5R3qxsbe/s7lX3Dx6NyjWHFldS6U7EDEiRQgsFSuhkGlgSSWhHw5tpvf0E2giVPuAogzBh/VTEgjO0lh/cgkR2FoCU3WrNrbsz0WXwCqiRQs1u9SvoKZ4nkCKXzBjfczMMx0yj4BImlSA3kDE+ZH3wLaYsAROOZytP6Il1ejRW2r4U6cz9PTFmiTGjJLKdCcOBWaxNzf9qfo7xVTgWaZYjpHz+UZxLiopO76c9oYGjHFlgXAu7K+UDphlHm1LFhuAtnrwMj+d1z/L9Ra1xXcRRJkfkmJwSj1ySBrkjTdIinCjyTF7Jm4POi/PufMxbS04xc0j+yPn8AdZhkPM=</latexit>

�<latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit> �<latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit><latexit sha1_base64="NjnYfS1AzdfN5wzlliZUZ8NT98M=">AAAB6HicbZBNS8NAEIYn9avWr6pHL4tF8GJJRNBj0YvHFuwHtKFstpN27WYTdjdCCf0FXjwo4tWf5M1/47bNQVtfWHh4Z4adeYNEcG1c99sprK1vbG4Vt0s7u3v7B+XDo5aOU8WwyWIRq05ANQousWm4EdhJFNIoENgOxnezevsJleaxfDCTBP2IDiUPOaPGWo2LfrniVt25yCp4OVQgV71f/uoNYpZGKA0TVOuu5ybGz6gynAmclnqpxoSyMR1i16KkEWo/my86JWfWGZAwVvZJQ+bu74mMRlpPosB2RtSM9HJtZv5X66YmvPEzLpPUoGSLj8JUEBOT2dVkwBUyIyYWKFPc7krYiCrKjM2mZEPwlk9ehdZl1bPcuKrUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyR8/kDdI+MsQ==</latexit>

x1
<latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit><latexit sha1_base64="Z7jxfJr8/pbKF9IEHv5u2p28PzU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPwuyjaA=</latexit>

x2
<latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit><latexit sha1_base64="8ur8Qnjf68veizOKVqkUmBXGiPw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlYQn+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwANNo2h</latexit>

x3
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Figure 1. The Polyakov block P+,∆,` is a crossing antisymmetric combination of Witten exchange
diagrams W∆,`(u, v) (with odd spin `) and antisymmetric ‘contact’ diagrams’ C+(u, v).

It is possible to write such an object in terms of Witten exchange diagrams W∆,`(u, v) for
odd ` in the following way (see figure 1)

P+,∆,`(u, v) = W
(s)
∆,`(u, v)−W (t)

∆,`(u, v)−W (u)
∆,`(u, v) + contacts . (3.7)

The odd spin exchange diagrams are defined via Mellin transform as shown before in (3.2).
Here the ‘contacts’ denote crossing antisymmetric functions C+(u, v) with polynomial
Mellin amplitudes which we discuss in a moment.

The totally crossing antisymmetric property (3.6) directly follows from the odd spin
Mack polynomials in the Mellin amplitudes, and is easily seen from the meromorphic
form given in (A.3). The exchange Witten diagrams have the following conformal block
decomposition:

W
(s)
∆,`(u, v) = G∆,`(z) +

∑
n

[
a

(s)
n,`(∆|∆φ)G∆n,`,`(u, v) + b

(s)
n,`(∆|∆φ)∂∆G∆n,`,`(u, v)

]
,

W
(−)
∆,` (u, v) =

∑
n

∑
`′even

[
a

(t)
n,`′|`(∆|∆φ)G∆n,`′ ,`

(u, v) + b
(t)
n,`′|`(∆|∆φ)∂∆G∆n,`′ ,`

′(u, v)
]
,

W
(+)
∆,` (u, v) =

∑
n

∑
`′odd

[
ā

(t)
n,`′|`(∆|∆φ)G∆n,`′ ,`

′(u, v) + b̄
(t)
n,`′|`(∆|∆φ)∂∆G∆n,`′ ,`

′(u, v)
]
. (3.8)

Here W (±)
∆,` = 1

2
(
W

(t)
∆,` ±W

(u)
∆,`
)
and ∆n,` = 2∆φ + 2n+ `.

Then antisymmetry of (3.7) implies the following equation:

F+,∆,`(u, v) =
∑
n

∑
`′odd

[
αn,`|`′F+,∆n,`′ ,`

(u, v) + βn,`|`′∂∆F+,∆n,`′ ,`
(u, v)

]
. (3.9)

The α and β are given by

αn,`′|`(∆|∆φ) = −a(s)
n,`(∆|∆φ)δ``′ + 2ā(t)

n,`′|`(∆|∆φ) + · · · , (3.10)

βn,`′|`(∆|∆φ) = −b(s)n,`(∆|∆φ)δ``′ + 2b̄(t)n,`′|`(∆|∆φ) + · · · . (3.11)

Here · · · are contact diagram contributions discussed below.
Similar to the usual crossing symmetric case this implies a basis of expansion for

F+,∆,`(u, v). If the anticrossing correlator has a conformal block decomposition in
G∆,`(u, v) like (2.2) we should be able to write the equations:∑

∆,`
a∆,`αn,`|`′(∆|∆φ) =

∑
∆,`

a∆,`βn,`|`′(∆|∆φ) = 0 . (3.12)
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These are analogous to the ‘Polyakov Bootstrap equations’ or ‘Polyakov conditions’ in the
usual crossing symmetric case. They are equivalent to a set of functionals for crossing anti-
symmetry equations just like its 1d counterpart, the + type (fermionic) analytic functional
of section 2.3.1. We return to these conditions in a moment.

3.2 Contact diagrams

We now address the missing piece of this formulation: the contact diagrams. For a contact
diagram C(u, v) the corresponding Mellin amplitude MC(s1, s2) is a polynomial. A com-
pletely antisymmetric polynomial Mellin amplitude may be written in terms of a crossing
symetric one in the following way:

MC,+(s1, s2) = (s1 − s2)(s2 − s3)(s3 − s1)MC,−(s1, s2) . (3.13)

The superscripts ‘+’ and ‘−’ respectively denote crossing symmetric and antisymmetric as
usual. It is known that MC,− are polynomials of the invariants x = −(s1s2 + s2s3 + s3s1)
and y = −s1s2s3. For convenience let us also denote w = (s1 − s2)(s2 − s3)(s3 − s1). So
we get

MC,+(s1, s2) = w
∑
p,q

cp,qx
pyq . (3.14)

Note that MC,+(s1, s2) can have the lowest degree 3 in the variables. It is followed by 5, 6,
etc.

We may now define the Polyakov block as follows:

P+,∆,`(u, v) = W
(s)
∆,`(u, v)−W (t)

∆,`(u, v)−W (u)
∆,`(u, v) + C+(u, v)(u, v) . (3.15)

The contact diagram C+(u, v) has the conformal block decomposition:

C+(u, v) =
∑
n

∑
`′odd

[
an,`′|C(∆φ)G∆n,`′

(u, v) + bn,`′|C(∆φ)∂∆G∆n,`′
(u, v)

]
. (3.16)

It is straightforward to obtain the coefficients (see appendix A). The expressions (3.10)
and (3.11) are now modified with the additional terms an,`′|C and bn,`′|C respectively.

3.3 Dispersion relation

We would like to show that an expansion of an anticrossing correlator in P+,∆,` is indeed
valid, thereby fixing the coefficients cp,q. For this we follow the framework set up for the
crossing symmetric case in [15, 16]. As reviewed in the beginning of this section these
papers showed how to write down a crossing symmetric dispersion relation. The dispersion
relation has certain ‘nonlocal’ singularities which must be set to zero. On doing so one
is left with crossing symmetric sums of exchange Witten diagrams and polynomial terms.
The latter fixes the required contact term ambiguities.

Consider the Mellin amplitude M+(s1, s2) of a crossing antisymmetric function. We
will drop the ‘+’ subscript below since we consider only the antisymmetric case in this
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subsection. We will assume the usual Regge bounded condition7

M(s1, s2) s1→∞∼ O(s2−ε
1 ) with ε > 0 , s2 fixed . (3.17)

We will write down a twice subtracted dispersion relation for this in a manifestly crossing
antisymmetric way, following a strategy similar to [15, 16]. To write such a relation we
first use a change of variables:

si = a− a(z − zi)3

z3 − 1 , (3.18)

where zi denotes cube roots of 1, and

a = s1s2s3
s1s2 + s2s3 + s3s1

= y

x
. (3.19)

The variable a is crossing symmetric.8 The ‘physical cuts’ (analogous to QFT scattering
amplitudes) in each si plane can be mapped to the z-plane. Instead of the usual technique
of integrating along s1 keeping s2 fixed, our dispersion relation is in the z variable keeping
a fixed. We impose the condition of antisymmetry on the discontinuity of the Mellin
amplitude accross the cut, and rewrite the relation in terms of the original variables si. We
show the steps in detail in appendix B. The result is the crossing antisymmetric dispersion
relation:

M(s1, s2) = 1
π

∫ ∞
τ (0)

ds′1
s′1
A(s′1; s+

2 (s′1, a))H(s′1; s1, s2, s3) . (3.20)

In the above A(s1, s2) is the s-channel discontinuity. The integration is over the cut
s1 ≥ τ (0) which for a CFT correlator is basically a series of poles starting at τ (0). Here the
crossing antisymmetric kernel H given by

H(s; s1, s2, s3) =
(
s− a
s+ 3a

) 1
2
[
s2 − s3
s− s1

+ s3 − s1
s− s2

+ s1 − s2
s− s3

]
. (3.21)

Finally in the absorptive part we also have:

s+
2 (s, a) = −s2

[
1−

√
s+ 3a
s− a

]
. (3.22)

We now demand that the Mellin amplitude has an expansion in the crossing symmetric
invariants a and x as follows

M(s1, s2) = w
∞∑

p,q=0
Mp,qx

p+qaq , (3.23)

7Interestingly the final dispersion formula (3.20) allows a more relaxed Regge behavior of O(s3−ε
1 ). Also

we will see that the associated sum rules will reduce in 1d to the ones of analytic functionals discussed in
section 2. Indeed the allowed Regge behavior is, quite nicely, the same with both methods.

8The reader should not confuse this z with the cross ratios. In this section we use only u, v in position
space.
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Replacing a = y/x we get an expansion of the form xpyq. For an arbitrary amplitude
from (3.20) one can get negative powers of x i.e. p < 0. These are unphysical (nonlocal)
powers which we set to 0 by imposing the ‘locality constraints’:

Mp<0,q = 0 . (3.24)

The counterparts of these conditions in the crossing symmetric case were shown in [15] to
be equivalent to the ‘null constraints’ [28, 29] that lead to two sided bounds on Wilson coef-
ficients in effective field theories. The new conditions (3.24) are hence a set of independent
constraints when the EFT scattering amplitude has an antisymmetric sector. However in
this paper we only consider the CFT case.

Now let us see how the dispersion relation reproduces the Polyakov block P∆,`. If the
antisymmetric correlator decomposes in the s-channel into operators of dimension ∆ and
spin ` then the discontinuity A can be written as a sum over the ‘partial waves’:

A(s1, s2) = π
∑

∆,`,k
c

(k)
∆,`P∆,`(τk, s2)δ(τk − s1) . (3.25)

Here we have τk = ∆−`
2 + k − 2∆φ

3 and k ∈ Z≥0. Also P∆,`(s1, s2) is a shifted Mack
polynomial, and c(k)

∆,` is the squared OPE coefficient a∆,` times a normalization. We define
them in appendix A.

Then we get from (3.20)

M(s1, s2) =
∑

∆,`,k
c

(k)
∆,`M∆,`,k(s1, s2) , (3.26)

where
M∆,`,k(s1, s2) = 1

τk
Q

(∆)
`,k (a)H(τk, s1, s2, s3) , (3.27)

and Q(∆)
`,k (a) = P∆,`(τk, s′2(τk, a)).

We would like to show that this reduces to a crossing antisymmetric combination of
Witten diagrams when ` is odd. For this let us define the quantity

M(0)
∆,`,k(s1, s2) =

P∆,`(s1, s2)
s1 − τk

−
P∆,`(s2, s1)
s2 − τk

−
P∆,`(s3, s2)
s3 − τk

, (3.28)

with s3 = −s1 − s2. It can be checked for every odd ` that this is antisymmetric under
si ↔ sj (i 6= j). Each term inM(0)

∆,`,k(s1, s2) is a pole of the Mellin amplitude of exchange
Witten diagram W

(i)
∆,` when we write it in its meromorphic form (see (A.3) in appendix A).

We now expandM∆,`,k andM(0)
∆,`,k in small x and a, and look at their difference.

M∆,`,k(s1, s2) =M(0)
∆,`,k(s1, s2) + w

2p+3q≤L∑
p,q=0

C(`)
p,qx

p+qaq

+ w
∑
p<0

C̃(`)
p,qx

p+qaq . (3.29)
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The second term is precisely the polynomial pieces that define the contact terms we wanted
to fix in (3.15). For each ` there is a finite number of such polynomials up to a maximum
degree L (note that xpyq is a 2p+ 3q degree polynomial). Finally the last term i.e. second
line of r.h.s. vanishes when we collectively impose the locality constraints (3.24) on the full
amplitude.

For ` = 1 we get C(`)
p,q = C̃

(`)
p,q = 0. For ` = 3 we get L = 0 and C(`)

0,0 = 1
16τk . For ` = 5

we have L = 4 which we work out in appendix C.1.
To conclude, we have shown that if an anticrossing correlator decomposes into odd

spins it can be expanded in + type Polyakov blocks. For a more general anticrossing
function an expansion like (3.26) remains valid.

3.4 Polyakov conditions

Let us discuss how to bootstrap the Mellin amplitude to obtain the OPE data. For this
let us reinstate the subscripts (+)− for crossing (anti)symmetric correlators. In terms of
M± they read

G±(u, v) =
∫
ds1ds2 u

s1+
2∆φ

3 vs2−
∆φ
3

[ 3∏
i=1

Γ2
(∆φ

3 − si
)]
M±(s1, s2) , (3.30)

Since the only poles in si that contribute to OPE come from (3.25) the poles from the
Gamma function measure are spurious.9 So at these locations the Mellin amplitude must
have double zeroes. These are the ‘Polyakov conditions’. We write them as follows:

F±,p(s2) ≡M±
(
s1 = ∆φ

3 + p, s2

)
= 0 ,

F̃±,p(s2) ≡ ∂s1M±
(
s1 = ∆φ

3 + p, s2

)
= 0 , (3.31)

for all p ∈ Z≥0. Let us focus on the first set of equations i.e. F±,p(s2) = 0. Using (3.26) and
summing over k we can write F

(r)
±,p(s2) =

∑
∆,` a∆,` F

(r)
±,p,∆,`(s2). We may Taylor expand

this around s2 = 0 to get a set of infinite sum rules as follows:10

F±,p,∆,`(s2) =
∞∑
r=0

(s2)rF(r)
±,p,∆,` =⇒

∑
∆,`

a∆,`F
(r)
±,p,∆,` = 0 . (3.33)

A similar set of sum rules are obtained also from F̃±,p(s2). Note that these sum rules are
equivalent to the conditions (3.12) since they are related by a Mellin integral.

9We assume no operator at the exact locations ∆ = 2∆φ + 2p + `.
10For the − case it was shown in [16] that with a special combination

Ω±,p1,p2,p3(s2) =−
[

F±,p1

(p1−p2)
(

p1+p3+s2+ ∆φ

3

) + (p1↔p2)
]
− F±,p3(

p1+p3+s2+ ∆φ

3

)(
p2+ p3+s2+ ∆φ

3

)
(3.32)

the sum rules (3.31) are equivalent to those obtained from nonperturbative Mellin amplitudes [30].
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We point out that the description of M− (M+) in terms of Witten diagrams is not
possible when ` is odd (even) as the crossing (anti)symmetric properties are not well-
defined. However the dispersion relation representation holds for any spin. In particular
for the − case it can be checked that they lead to identical sum rules as [30] for any spin
(see footnote 10). This is useful e.g. in global symmetry problems where the (anti)crossing
equation may involve all spins (see next section).

Numerical checks. We have numerically tested our proposals in two different examples.
First with a fictitious Mellin amplitude, we have checked that an expansion in x and a

indeed works and locality conditions (3.24) are satisfied. In the second example we have
worked with an antisymmetric sector of a 2d Wess-Zumino-Witten (WZW) model. For
this we have shown the working of Polyakov conditions (3.31). Both analyses are discussed
in appendix C.2.

4 Applications to functionals

The + type Polyakov blocks can be useful in a number of Bootstrap applications. The most
immediate examples are computing the ‘product functionals’ in higher d, and bootstrapping
CFTs with global symmetries. In this section we discuss them in turn.

4.1 Product functionals in even d

We begin by reviewing the product functionals that were introduced in [20] as a set of
efficient functionals in even d. In 2d it was shown that they have nice positivity properties
making them ideal for numerical applications. The main advantage of these functionals is
that they are built of 1d analytic functionals ω±. Through the Polyakov blocks we now
understand how to compute their action in a simple way.

In this subsection we only focus on d = 2. We review the cases of d = 4, 6 in ap-
pendix D. The 2d conformal blocks are given by:

Gd=2
∆,` (z, z̄) = 1

2
[
G τ

2

(
z|∆φ

2

)
G ρ

2

(
z̄|∆φ

2

)
+ (z ↔ z̄)

]
, τ = ∆− ` , ρ = ∆ + ` . (4.1)

The crossing vector is given by:

F d=2
−,∆,`(z, z̄|∆φ) = 1

4
[
F−, τ2

(
z|∆φ

2

)
F+, ρ2

(
z̄|∆φ

2

)
+ F−, ρ2

(
z|∆φ

2

)
F+, τ2

(
z̄|∆φ

2

)
+ (z ↔ z̄)

]
.

(4.2)
Notice that the z and z̄ dependencies have separated out. If we ensure that the z depen-
dence is only through F−, and z̄ through F+ then we can write a functional for F d=2

−,∆,` as
products of ω− and ω+. Therefore we choose the 2d functionals as follows:

ω
(1)
− ⊗ω

(2)
+ (∆, `) = 2

∫ ∞
1

dzdz̄

π2 h
(1)
− (z)h(2)

+ (z̄)
[
IzIz̄F−,∆,`(z, z̄)+IzIz̄F−,∆,`(z, 1− z̄)

]
. (4.3)

The structure is symmetrized in z̄ → 1 − z̄ to have the above mentioned feature. All
kernels h(1)

− , h
(2)
+ are chosen from 1d functional kernels such that we have the following four
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types of functionals (suppressing B,F superscripts as any bosonic/fermionic functional
should work):

ω
(1)
− ω

(2)
+ ∈

{
α−,nα+,m , α−,nβ+,m , β−,nα+,m , β−,nβ+,m

}
. (4.4)

We have simplified the notation ω(1)
− ω

(2)
+ ≡ ω(1)

− ⊗ ω
(2)
+ . Each functional action is given by

ω
(1)
− ω

(2)
+ (∆, `) = 1

2
[
ω

(1)
− (τ |∆φ|2)ω(2)

+ (ρ|∆φ|2) + ω
(1)
− (ρ|∆φ|2)ω(2)

+ (τ |∆φ|2)
]
. (4.5)

Here we defined for convenience ω±(∆|∆φ|2) = ω±
(

∆
2 |

∆φ

2

)
. Using the results from sec-

tion 2.3 these are entirely determined from conformal block decomposition of Witten di-
agrams. The + sign in the combination (4.5) ensures the positive behavior of product
functional actions. This was used in [20] with βF−,0αF+,0, for instance, to obtain an upper
bound on the lowest non-identity operator.

Let us also explore the case of crossing antisymmetric vector F d=2
+,∆,`(z, z̄) which can be

written as

F d=2
+,∆,`(z, z̄|∆φ) = 1

4
[
F−, τ2

(
z|∆φ

2

)
F−, ρ2

(
z̄|∆φ

2

)
+ F+, ρ2

(
z|∆φ

2

)
F+, τ2

(
z̄|∆φ

2

)
+ (z ↔ z̄)

]
.

(4.6)
As before we have to symmetrize/antisymmetrize in z → 1 − z to have the necessary
variable separation. So we choose the functionals as follows:

ω
(1)
± ω

(2)
± (∆, `) = 2

∫ ∞
1

dzdz̄

π2 h
(1)
± (z)h(2)

± (z̄)
[
IzIz̄F+,∆,`(z, z̄)± IzIz̄F+,∆,`(z, 1− z̄)

]
. (4.7)

The crossing antisymmetric product functionals and their respective functional actions are
as follows

ω
(1)
± ω

(2)
± ∈

{
α±,nα±,m , α±,nβ±,m , β±,nβ±,m

}
. (4.8)

ω
(1)
± ω

(2)
± (∆, `) = ω

(1)
± (τ |∆φ|2)ω(2)

± (ρ|∆φ|2) + ω
(2)
± (τ |∆φ|2)ω(1)

± (ρ|∆φ|2) . (4.9)

4.2 Global symmetry — simple functionals

4.2.1 d = 1

An important application for crossing antisymmetric functionals is in the problem of global
symmetries. Let us recall from section 1 that if we write the correlator of charged scalar
fields φi in terms of the components Ga for each irrep a appearing in the OPE, then under
crossing we get the relation:

Ga(z) = CabGb(1− z) , (4.10)

where Cba is the crossing matrix. We can define the projector matrices P ba
± = 1

2(δba +Cba)
in terms of which one may write the crossing vectors

Fb|a(z) = P ba
+ F−,∆(z) + P ba

− F+,∆(z) . (4.11)

With the above crossing vectors one can write the crossing equation (4.10) as follows:∑
b

∑
∆
ab∆Fb|a(z) = 0 . (4.12)
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In [14] a set of global symmetry functionals, called ‘simple functionals’ were introduced for
the above problem. They have the following structure:

ωb|a = P ba
+ ω− + P ba

− ω+ . (4.13)

Here ω± ∈ {αB,F±,n , β
B,F
±,n } i.e. the 1d functionals of uncharged case. In the above notation for

ωb|a the superscript b denotes a label and |a a component. The action of these functionals
on the crossing vectors F c|a (4.11) is given by

ωb(c,∆) = P bc
+ ω−(∆) + P bc

− ω+(∆) . (4.14)

The action of these functionals on crossing symmetry (4.12) are entirely determined by our
knowledge of the ω±(∆), which are given by Witten diagram decomposition coefficients
(section 2.3). For numerical applications simple functionals are useful as they retain the
positivity properties of the uncharged functionals. For instance any bound obtained using
1d functionals (say ω−) can be easily generalized to global symmetries if one can write a
linear combination of ωb whose action is proportional to only ω− with positive coefficients.

4.2.2 d = 2 with product functionals

The idea of simple functionals is not restricted to 1d. Indeed for any d one can con-
sider (4.13) choosing ω± as appropriate in that dimension. In 2d we may choose them to
be the product functionals

ω− → ω
(1)
− ω

(2)
+ , ω+ → ω

(3)
± ω

(4)
± . (4.15)

The action of 2d simple product functionals is given by

ωb(c,∆, `) = P bc
+
[
ω

(1)
− ω

(2)
+ (∆, `)

]
+ P bc

−
[
ω

(3)
± ω

(4)
± (∆, `)

]
. (4.16)

This allows us to translate any bound found with product functionals in CFTs without
global symmetry to bounds for global symmetry problems. A simple demonstration is
done in appendix D.3 where we extend an analytic bound for OPE density for 2d uncharged
CFTs to the charged case. As mentioned in section 4.1 the positivity properties of product
functionals can be useful to obtain sharp numerical bounds for global symmetry problems.

Of course the d = 2 simple product functionals case can easily be generalized to d = 4
and 6 (see appendix D).

4.2.3 General d

To obtain simple functionals for general dimensions we may use the Polyakov condition
sum rules (3.4). In this case we may use ω± → F±,p, F̃±,p so that simple functional actions
are given by

ωb(c,∆, `) ∈
{
P bc

+ F
(r)
−,p,∆,` + P bc

− F
(r)
+,p,∆,`; r ∈ Z≥0

}
, (4.17)

and similarly with F̃. The quantities F(r)
−,p,∆,` were defined in (3.33). It should be noted that

these simple functionals are a variation of those discussed in [14]. As we use only bosonic
Witten diagrams, in the language of 1d functionals it is like using ‘bosonic functionals’ for
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the − case and ‘fermionic functionals’ for the + case. They are not dual to any interesting
CFT e.g. GFF, although they are perfectly good functionals for global symmetry problems.

The idea of simple functionals can be extended to QFTs with global symmetries. Here
the ± functional actions should be replaced with the locality constraints of theM±(s1, s2).
We leave this for future work.

5 Conclusion

In this paper we show that a crossing antisymmetric correlator can be expanded in a
manifestly crossing antisymmetric basis. Similar to Polyakov’s original proposal for crossing
symmetric correlators, this basis is mapped to AdS Witten diagrams. We explore its
relation to analytic functionals, and set up a dispersion relation that proves it.

We call the building blocks of the basis the + type Polyakov blocks. In 1d the simplest
of these, the fermionic + type Polyakov blocks, are constructed from a manifestly crossing
antisymmetric sum of AdS2 spin 1 exchange bosonic Witten diagrams. Their conformal
block decomposition coefficients compute 1d fermionic + type functional actions. The +
type functionals allow a more relaxed Regge behavior compared to the − type. This is
used to obtain the bosonic Polyakov block by suitably combining spin 1 fermionic Witten
diagrams and a manifestly anticrossing function which we call a ‘contact diagram’. Once
again under OPE decomposition this exactly reproduces the bosonic + functional action.

In general dimensions the + type Polyakov blocks are built from odd spin Witten ex-
change diagrams and crossing antisymmetric contact diagrams. We formulate this in Mellin
space. To obtain the exact structure of the blocks we introduce a crossing antisymmetric
dispersion relation for a general crossing antisymmetric Mellin amplitude. This utilises a
change of variables that results in nonlocal singularities. Imposing the locality constraints
i.e. setting these nonlocal terms to zero each odd spin sector of the dispersion relation
reproduces a sum of odd spin exchange Witten diagrams and finite number of contact
diagrams. Finally we give a set of sum rules corresponding to the ‘Polyakov conditions’
i.e. the residue at spurious double trace poles in Mellin variables should be zero. Using
the dispersion relation the sum rules can be implemented for any spin. We have numerical
checked with a simple example how locality conditions work, and how the Polyakov condi-
tions are satisfied for the antisymmetric sector of a 2d WZW model, elaborately discussed
in the appendix.

Our results imply a number of simplifications for bootstrapping 4-point functions where
crossing antisymmetry becomes important. The most significant ones being product func-
tionals in even d and various simple functionals for global symmetry problems in general
d. There are many other interesting directions that one can pursue:

1. Constraints on QFTs: a version of crossing symmetric dispersion relation has been
used in QFT context [15] to derive constraints on effective field theories (equivalent
to [28, 29]) and scattering cross sections. They key element in that analysis was the
locality constraints. These are similar to our conditions (3.24) which are independent
and should lead to new constraints on scattering amplitudes when they have a crossing
antisymmetric component e.g. when global symmetries are present.

– 21 –



J
H
E
P
0
1
(
2
0
2
2
)
0
0
5

2. Geometric Function Theory: an interesting new direction in constraining scatter-
ing amplitudes using ideas of Geometric Function theory (GFT) has been initiated
in [31, 32]. The crossing symmetric dispersion relation allows a formulation in terms
of ‘typically real functions’ where GFT constraints (e.g. Bieberbach-Rogonski in-
equalities) can be applied. In [33] this approach was extended to O(N) theories
building on the work of [34]. It will be interesting to see how the crossing antisym-
metric dispersion relation can be tied into the GFT framework and if the associated
constraints/sum rules are connected to [33, 34] or independent ones.

3. Correlator bounds/Master functionals: an interesting problem of obtaining bounds on
CFT correlators was addressed in [14, 35]. To prove e.g. the minimization of 1d corre-
lators one can construct a ‘master functional’ which packages analytic functionals in
a certain way. Interestingly the master functional action is equivalent to a Polyakov
block. It would be interesting to see how a crossing (anti)symmetric Polyakov block
in higher dimensions is encoded in bounds (e.g. the numerical bounds obtained in [36]
in 3d) on CFT correlators.

4. Holographic correlators: Mellin amplitudes have an important application in writing
holographic correlators. While in some cases such Mellin amplitudes can be explicitly
obtained from crossing symmetry (e.g. correlators of 1

2 -BPS operators corresponding
to AdS5×S5 or AdS7×S4 supergravity [37–39]) for other cases this is harder (e.g.
the case of AdS3×S3×K3 [40]). Just like global symmetries, when supersymmetries
are present a special treatment is required for properly generalizing our methods.
However it should still be possible to use the present form of crossing (anti)symmetric
dispersion relation to study specific sectors of holographic correlators.

5. Fermionic/Multiple correlator bootstrap: crossing antisymmetry also appears in in-
teresting problems like bootstrapping correlators of fermions in higher d or a set of
correlators with unequal scalars [41–43]. Our results are hence applicable to these
cases (see e.g. [44]). However when fermions or unequal scalars are involved the con-
formal blocks are different, and also we may lose full crossing (anti)symmetry. So a
modification of analytic functionals or Polyakov Bootstrap may be necessary.

6. Nonperturbative Mellin amplitude/dispersive sum rules: as shown in [16] the Polyakov
conditions from crossing symmetric dispersion relation are equivalent to the analo-
gous constraints proposed in [30, 45] for nonperturbative Mellin amplitudes. These
conditions can also be mapped to the “dispersive sum rules” from position space dis-
persion relation or general d analytic functionals [8]. It would be interesting to see if
there is a similar picture for anticrossing correlators and if the associated sum rules
are related to the crossing antisymmetric dispersion relation.
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A Details of Witten diagrams

In this section we give the details of the Witten diagrams used in the main text. Consider
a Witten diagram of external scalars that exchanges an operator O∆,` of dimension ∆ and
spin ` in bulk AdSd+1. For this one takes a bulk action of scalars Φi with dimension ∆φ

and a cubic vertex Φi∂µ1 · · · ∂µ`ΦjO
µ1···µ`
∆,` . Such a diagram was computed in [21]. In [22] it

was shown that by addition of some polynomial pieces (that amounts to adding a contact
diagram) the Witten diagram is conveniently expressed in Mellin space as follows [22]

W
(s)
∆,`(u, v) =

∫ i∞

−i∞
[ds][dt]usvtΓ2(∆φ − s)Γ2(−t)Γ2(s+ t)M (s)

∆,`(s, t) , (A.1)

where s, t are related to si variables of section 3 by s1 = s− 2∆φ

3 and s2 = ∆φ

3 + t, and

M∆,`(s, t) = P̂
(s)
∆−h,`(s, t)

Γ2
(

∆+`
2 + ∆φ − h

)
(

∆−`
2 − s

)
Γ(∆− h+ 1)

× 3F2

[∆−`
2 − s, 1+ ∆−`

2 −∆φ, 1+ ∆−`
2 −∆φ; 1+ ∆−`

2 − s,∆−h+1; 1
]
.

(A.2)

Here h = d/2 and we define P̂ (s)
∆−h,`(s, t) below. The Mellin amplitude M∆,`(s, t) allows the

decomposition

M∆,`(s, t) = Γ2
(∆+`

2 + ∆φ − h
)
P̂

(s)
∆−h,`(s, t)

∞∑
r=0

(
1+ ∆−`

2 −∆φ

)2

r

(
∆−`

2 −s
)

r!Γ(∆− h+ 1 + r)
1

∆−`
2 − s+ r

.

(A.3)
The above form was used in e.g. (3.29) to match the dispersion relation with the Witten
diagrams. The coefficient c(k)

∆,` in (3.25) is given by

c
(k)
∆,` = a∆,`N∆,`R

(k)
∆,` (A.4)

where a∆,` is the squared OPE coefficient and

N∆,` = (−2)`(∆ + `− 1)Γ(∆− h+ 1)Γ(`+ ∆− 1)2

Γ(∆− 1)Γ4
(
`+∆

2

)
Γ2 (∆φ − λ2) Γ2 (∆φ + λ1 − h)

,

R(k)
∆,` = Γ2(λ1 + ∆φ − h)(1 + λ2 −∆φ)2

k

k!Γ(∆− h+ 1 + k) . (A.5)

Here λ1 = (∆ + `)/2 and λ2 = (∆− `)/2.
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The s-channel Mack Polynomial P̂ (s)
∆−h,`(s, t) is given by

P̂
(s)
∆−h,`(s, t) =

∑
m+n≤`

µ(`)
m,n

(∆− `
2 − s

)
m

(−t)n (A.6)

where

µ(`)
m,n = 2−``!(−1)m+n

m!n!(`−m− n)! (λ1 −m)m (λ2 + n)`−n

× (h+ `− 1)−m(`+ ∆− 1)n−` (λ2 +m+ n)`−m−n (A.7)
× 4F3 (−m,λ2 − h+ 1, λ2 − h+ 1,∆ + n− 1;λ1 −m,λ2 + n, λ2 − 2h+ 2; 1) .

To define the discontinuity and dispersion relation in section 3 we have also used the
following shifted polynomials:

P∆,`(s1, s2) = P̂
(s)
∆−h,`

(
s1 + 2∆φ

3 , s2 −
∆φ

3

)
. (A.8)

To obtain expressions for 1d CFTs one should replace u = zz̄ and v = (1 − z)(1 − z̄)
in (A.1). To obtain the deomposition into double trace blocks (see (2.19) and (2.20)) of
these exchange Witten diagrams one has to compute the residues of poles at s = ∆φ + n.
In [22] it was shown that a convenient way of doing this is via the following expansion
(i = s, t, u):

M
(i)
∆,`(s, t) =

∑
`′

q
(i)
∆,`′|`(s)Q

(2s+`′)
`′,0 (t) . (A.9)

Here Q(2s+`′)
`′,0 (t) is a continuous Hahn polynomial defined by

Q
(2s+`′)
`′,0 (t) = 2`((s)`)2

(2s+ `− 1)`
3F2[−`, 2s+ `− 1, s+ t; s, s; 1] . (A.10)

The coefficients q(s)
∆,`′|`(s) are given by rational functions, and computed using orthonor-

mality of the Hahn polynomials. In the crossed channels we have q(t)
∆,`′|`(s) that is given

by a 7F6 hypergoemetric function. See equations (3.6) and (3.28) of [22]. See also [14]
appendix D on how to use recursively compute the coefficients of decomposition in double
trace blocks using these relations. The decomposition (A.9) holds for contact diagrams i.e.
MC(s1, s2) (from (3.13)) as well and the corresponding coefficients q`′ are easy to compute
rational functions.

B Derivation of the dispersion relation

In this appendix we show the derivation of the crossing antisymmetric dispersion relation
while also reviewing the crossing symmetric case following [15] (supplementary material).
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B.1 General case — review

We first briefly review the derivation of a general dispersion relation without assuming
crossing symmetry or antisymmetry. Let us recall the transformation of Mellin variables
(i = 1, 2, 3):

si = a− a(z − zi)3

z3 − 1 , (B.1)

a = s1s2s3
s1s2 + s2s3 + s1s3

, (B.2)

with zi being cube roots of unity. The Mellin amplitude has a sequence of poles in si ≥ τ (0)

that correspond to the physical operator content.11 In terms of the new independent
variables z and a, these ‘physical cuts’ correspond in the z plane to the region V1(a) ∪
V2(a) ∪ V3(a), as shown in figure 2, where

V1(a) =


{z; |z|=1, 2

3π ≤ |arg z| ≤ φ0(a)} if − τ (0)

3 < a < 0 ,
{z; |z|=1, φ0(a) ≤ |arg z| ≤ 2

3π} if 0 < a < τ (0) ,

{z; |z|=1, 2
3π ≤ |arg z| ≤ π} ∪ {z; ρ−(a) ≤ |z| ≤ ρ+(a), arg z = π} if a<− τ (0)

3

V2(a) = exp
[2πi

3

]
V1(a) (B.3)

V3(a) = exp
[4πi

3

]
V1(a) ,

and we have defined

φ0(a) = tan−1
[[(τ (0) − a)

(
a+ τ (0)

3

)] 1
2

a− τ (0)

3

]

ρ±(a) = 3
2τ (0)

[(
τ (0)

3 − a
)
±
[(
τ (0) − a

)(
− a− τ (0)

3

)] 1
2
]
. (B.4)

Notice that the cuts are defined only at |z| = 1 or arg z = π mod 2π
3 . These conditions

correspond to Im si = 0. Let us call the Mellin ampltude M(s1, s2) = M(z, a) in z, a

variables. Then discontinuities ofM(z, a) across the cut V (a) are defined as

A(z, a) =


lim
ε→0

1
2iε
(
M((1 + ε)z, a)−M((1− ε)z, a)

)
if |z| = 1 ,

lim
ε→0

1
2iε
(
M(zeiε, a)−M(ze−iε, a)

)
if arg z = π mod 2π

3 .
(B.5)

In terms of the Ai(s1, s2) which is the usual discontinuity of M(s1, s2) defined across the
cut in si, we have

A(z, a) =

±Ai(s1, s2) ∀ z ∈ V ±i (a) if a < 0 ,

∓Ai(s1, s2) ∀ z ∈ V ±i (a) if a > 0 .
(B.6)

11This is analogous to taking the branch cut si ≥ 8m2

3 in a QFT scattering problem where si denotes
Mandelstam variables and m the mass of external particles.
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<latexit sha1_base64="xXcwzDKT4qX/p7prBgSFzFgyEpI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosevFYwbSFNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gKro3rfjsrq2vrG5ulrfL2zu7efuXgsKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDutt55QaZ7IBzNOMYjpQPKIM2qs5Td73uN5r1J1a+5MZBm8AqpQqNGrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY1HSGHWQz5adkFPr9EmUKPukITP390ROY63HcWg7Y2qGerE2Nf+rdTITXQc5l2lmULL5R1EmiEnI9HLS5wqZEWMLlCludyVsSBVlxuZTtiF4iycvQ/Oi5lm+v6zWb4o4SnAMJ3AGHlxBHe6gAT4w4PAMr/DmSOfFeXc+5q0rTjFzBH/kfP4A9o6OHQ==</latexit><latexit sha1_base64="xXcwzDKT4qX/p7prBgSFzFgyEpI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosevFYwbSFNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gKro3rfjsrq2vrG5ulrfL2zu7efuXgsKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDutt55QaZ7IBzNOMYjpQPKIM2qs5Td73uN5r1J1a+5MZBm8AqpQqNGrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY1HSGHWQz5adkFPr9EmUKPukITP390ROY63HcWg7Y2qGerE2Nf+rdTITXQc5l2lmULL5R1EmiEnI9HLS5wqZEWMLlCludyVsSBVlxuZTtiF4iycvQ/Oi5lm+v6zWb4o4SnAMJ3AGHlxBHe6gAT4w4PAMr/DmSOfFeXc+5q0rTjFzBH/kfP4A9o6OHQ==</latexit><latexit sha1_base64="xXcwzDKT4qX/p7prBgSFzFgyEpI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosevFYwbSFNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gKro3rfjsrq2vrG5ulrfL2zu7efuXgsKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDutt55QaZ7IBzNOMYjpQPKIM2qs5Td73uN5r1J1a+5MZBm8AqpQqNGrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY1HSGHWQz5adkFPr9EmUKPukITP390ROY63HcWg7Y2qGerE2Nf+rdTITXQc5l2lmULL5R1EmiEnI9HLS5wqZEWMLlCludyVsSBVlxuZTtiF4iycvQ/Oi5lm+v6zWb4o4SnAMJ3AGHlxBHe6gAT4w4PAMr/DmSOfFeXc+5q0rTjFzBH/kfP4A9o6OHQ==</latexit><latexit sha1_base64="xXcwzDKT4qX/p7prBgSFzFgyEpI=">AAAB7HicbZBNS8NAEIYnftb6VfXoZbEIXiyJCHosevFYwbSFNpbNdtIu3WzC7kYoob/BiwdFvPqDvPlv3LY5aOsLCw/vzLAzb5gKro3rfjsrq2vrG5ulrfL2zu7efuXgsKmTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDutt55QaZ7IBzNOMYjpQPKIM2qs5Td73uN5r1J1a+5MZBm8AqpQqNGrfHX7CctilIYJqnXHc1MT5FQZzgROyt1MY0rZiA6wY1HSGHWQz5adkFPr9EmUKPukITP390ROY63HcWg7Y2qGerE2Nf+rdTITXQc5l2lmULL5R1EmiEnI9HLS5wqZEWMLlCludyVsSBVlxuZTtiF4iycvQ/Oi5lm+v6zWb4o4SnAMJ3AGHlxBHe6gAT4w4PAMr/DmSOfFeXc+5q0rTjFzBH/kfP4A9o6OHQ==</latexit>

z1
<latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit><latexit sha1_base64="h23SaQ74Qu4U9k7Y05MrSivBGlo=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSEeqx6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+l6/XHGr7lxkFbwcKpCr0S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXoqIRN342X3VKzqwzIGGs7VNI5u7viYxGxkyiwHZGFEdmuTYz/6t1Uwyv/EyoJEWu2OKjMJUEYzK7mwyE5gzlxAJlWthdCRtRTRnadEo2BG/55FVoXVQ9y3eXlfp1HkcRTuAUzsGDGtThFhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzmfPw6+jaI=</latexit>

z2
<latexit sha1_base64="mhWh+7ZOm5KKQivpnvZugQToWtY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQQo2j</latexit><latexit sha1_base64="mhWh+7ZOm5KKQivpnvZugQToWtY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQQo2j</latexit><latexit sha1_base64="mhWh+7ZOm5KKQivpnvZugQToWtY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQQo2j</latexit><latexit sha1_base64="mhWh+7ZOm5KKQivpnvZugQToWtY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjRfsBbSib7aZdutmE3YlQQ3+CFw+KePUXefPfuG1z0NYXFh7emWFn3iCRwqDrfjuFtfWNza3idmlnd2//oHx41DJxqhlvsljGuhNQw6VQvIkCJe8kmtMokLwdjG9m9fYj10bE6gEnCfcjOlQiFIyite6f+rV+ueJW3bnIKng5VCBXo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKuRUUjbvxsvuqUnFlnQMJY26eQzN3fExmNjJlEge2MKI7Mcm1m/lfrphhe+ZlQSYpcscVHYSoJxmR2NxkIzRnKiQXKtLC7EjaimjK06ZRsCN7yyavQqlU9y3cXlfp1HkcRTuAUzsGDS6jDLTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3I+fwAQQo2j</latexit>

z3
<latexit sha1_base64="l/gF1UncnKXvv4bIlMt3o6nnzxg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjfTeuuRayNi9YDjhPsRHSgRCkbRWvdPvfNeueJW3ZnIMng5VCBXvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCORUUjbvxstuqEnFinT8JY26eQzNzfExmNjBlHge2MKA7NYm1q/lfrpBhe+ZlQSYpcsflHYSoJxmR6N+kLzRnKsQXKtLC7EjakmjK06ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+R8/gARxo2k</latexit><latexit sha1_base64="l/gF1UncnKXvv4bIlMt3o6nnzxg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjfTeuuRayNi9YDjhPsRHSgRCkbRWvdPvfNeueJW3ZnIMng5VCBXvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCORUUjbvxstuqEnFinT8JY26eQzNzfExmNjBlHge2MKA7NYm1q/lfrpBhe+ZlQSYpcsflHYSoJxmR6N+kLzRnKsQXKtLC7EjakmjK06ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+R8/gARxo2k</latexit><latexit sha1_base64="l/gF1UncnKXvv4bIlMt3o6nnzxg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjfTeuuRayNi9YDjhPsRHSgRCkbRWvdPvfNeueJW3ZnIMng5VCBXvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCORUUjbvxstuqEnFinT8JY26eQzNzfExmNjBlHge2MKA7NYm1q/lfrpBhe+ZlQSYpcsflHYSoJxmR6N+kLzRnKsQXKtLC7EjakmjK06ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+R8/gARxo2k</latexit><latexit sha1_base64="l/gF1UncnKXvv4bIlMt3o6nnzxg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF8FQSFfRY9OKxov2ANpTNdtMu3WzC7kSooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5BIYdB1v53Cyura+kZxs7S1vbO7V94/aJo41Yw3WCxj3Q6o4VIo3kCBkrcTzWkUSN4KRjfTeuuRayNi9YDjhPsRHSgRCkbRWvdPvfNeueJW3ZnIMng5VCBXvVf+6vZjlkZcIZPUmI7nJuhnVKNgkk9K3dTwhLIRHfCORUUjbvxstuqEnFinT8JY26eQzNzfExmNjBlHge2MKA7NYm1q/lfrpBhe+ZlQSYpcsflHYSoJxmR6N+kLzRnKsQXKtLC7EjakmjK06ZRsCN7iycvQPKt6lu8uKrXrPI4iHMExnIIHl1CDW6hDAxgM4Ble4c2Rzovz7nzMWwtOPnMIf+R8/gARxo2k</latexit>

�1<latexit sha1_base64="0mSy2/OifyFZdlUphQD1dBn+ac4=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nq48Prlilt15yKr4OVQgVyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLsWFY248bP5plNyZp0BCWNtn0Iyd39PZDQyZhIFtjOiODLLtZn5X62bYnjtZ0IlKXLFFh+FqSQYk9nZZCA0ZygnFijTwu5K2IhqytCGU7IheMsnr0LrsupZvq9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8kfP5A+PkjOw=</latexit><latexit sha1_base64="0mSy2/OifyFZdlUphQD1dBn+ac4=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nq48Prlilt15yKr4OVQgVyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLsWFY248bP5plNyZp0BCWNtn0Iyd39PZDQyZhIFtjOiODLLtZn5X62bYnjtZ0IlKXLFFh+FqSQYk9nZZCA0ZygnFijTwu5K2IhqytCGU7IheMsnr0LrsupZvq9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8kfP5A+PkjOw=</latexit><latexit sha1_base64="0mSy2/OifyFZdlUphQD1dBn+ac4=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nq48Prlilt15yKr4OVQgVyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLsWFY248bP5plNyZp0BCWNtn0Iyd39PZDQyZhIFtjOiODLLtZn5X62bYnjtZ0IlKXLFFh+FqSQYk9nZZCA0ZygnFijTwu5K2IhqytCGU7IheMsnr0LrsupZvq9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8kfP5A+PkjOw=</latexit><latexit sha1_base64="0mSy2/OifyFZdlUphQD1dBn+ac4=">AAAB6XicbZBNS8NAEIYn9avWr6pHL4tF8GJJpKDHohePVewHtKFstpt26WYTdidCCf0HXjwo4tV/5M1/47bNQVtfWHh4Z4adeYNECoOu++0U1tY3NreK26Wd3b39g/LhUcvEqWa8yWIZ605ADZdC8SYKlLyTaE6jQPJ2ML6d1dtPXBsRq0ecJNyP6FCJUDCK1nq48Prlilt15yKr4OVQgVyNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLsWFY248bP5plNyZp0BCWNtn0Iyd39PZDQyZhIFtjOiODLLtZn5X62bYnjtZ0IlKXLFFh+FqSQYk9nZZCA0ZygnFijTwu5K2IhqytCGU7IheMsnr0LrsupZvq9V6jd5HEU4gVM4Bw+uoA530IAmMAjhGV7hzRk7L86787FoLTj5zDH8kfP5A+PkjOw=</latexit>

�1

2<latexit sha1_base64="f/G57wY5qn0zo9sGXNchwmAlvNQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuLHMFEGXRTcuK9iLtEPJpJk2NJchyQhl6FO4caGIWx/HnW9j2s5CW38IfPznHHLOHyWcGev7315hbX1jc6u4XdrZ3ds/KB8etYxKNaFNorjSnQgbypmkTcssp51EUywiTtvR+HZWbz9RbZiSD3aS0FDgoWQxI9g66/GiF2tMUFDrlyt+1Z8LrUKQQwVyNfrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadSixoCbM5gtP0ZlzBihW2j1p0dz9PZFhYcxERK5TYDsyy7WZ+V+tm9r4OsyYTFJLJVl8FKccWYVm16MB05RYPnGAiWZuV0RG2EVgXUYlF0KwfPIqtGrVwPH9ZaV+k8dRhBM4hXMI4ArqcAcNaAIBAc/wCm+e9l68d+9j0Vrw8plj+CPv8wdqRo98</latexit><latexit sha1_base64="f/G57wY5qn0zo9sGXNchwmAlvNQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuLHMFEGXRTcuK9iLtEPJpJk2NJchyQhl6FO4caGIWx/HnW9j2s5CW38IfPznHHLOHyWcGev7315hbX1jc6u4XdrZ3ds/KB8etYxKNaFNorjSnQgbypmkTcssp51EUywiTtvR+HZWbz9RbZiSD3aS0FDgoWQxI9g66/GiF2tMUFDrlyt+1Z8LrUKQQwVyNfrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadSixoCbM5gtP0ZlzBihW2j1p0dz9PZFhYcxERK5TYDsyy7WZ+V+tm9r4OsyYTFJLJVl8FKccWYVm16MB05RYPnGAiWZuV0RG2EVgXUYlF0KwfPIqtGrVwPH9ZaV+k8dRhBM4hXMI4ArqcAcNaAIBAc/wCm+e9l68d+9j0Vrw8plj+CPv8wdqRo98</latexit><latexit sha1_base64="f/G57wY5qn0zo9sGXNchwmAlvNQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuLHMFEGXRTcuK9iLtEPJpJk2NJchyQhl6FO4caGIWx/HnW9j2s5CW38IfPznHHLOHyWcGev7315hbX1jc6u4XdrZ3ds/KB8etYxKNaFNorjSnQgbypmkTcssp51EUywiTtvR+HZWbz9RbZiSD3aS0FDgoWQxI9g66/GiF2tMUFDrlyt+1Z8LrUKQQwVyNfrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadSixoCbM5gtP0ZlzBihW2j1p0dz9PZFhYcxERK5TYDsyy7WZ+V+tm9r4OsyYTFJLJVl8FKccWYVm16MB05RYPnGAiWZuV0RG2EVgXUYlF0KwfPIqtGrVwPH9ZaV+k8dRhBM4hXMI4ArqcAcNaAIBAc/wCm+e9l68d+9j0Vrw8plj+CPv8wdqRo98</latexit><latexit sha1_base64="f/G57wY5qn0zo9sGXNchwmAlvNQ=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EiuLHMFEGXRTcuK9iLtEPJpJk2NJchyQhl6FO4caGIWx/HnW9j2s5CW38IfPznHHLOHyWcGev7315hbX1jc6u4XdrZ3ds/KB8etYxKNaFNorjSnQgbypmkTcssp51EUywiTtvR+HZWbz9RbZiSD3aS0FDgoWQxI9g66/GiF2tMUFDrlyt+1Z8LrUKQQwVyNfrlr95AkVRQaQnHxnQDP7FhhrVlhNNpqZcammAyxkPadSixoCbM5gtP0ZlzBihW2j1p0dz9PZFhYcxERK5TYDsyy7WZ+V+tm9r4OsyYTFJLJVl8FKccWYVm16MB05RYPnGAiWZuV0RG2EVgXUYlF0KwfPIqtGrVwPH9ZaV+k8dRhBM4hXMI4ArqcAcNaAIBAc/wCm+e9l68d+9j0Vrw8plj+CPv8wdqRo98</latexit>

1

2<latexit sha1_base64="WxugKegdveyANpZbV/48yCVd2Rk=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aRdutmkuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47t5vf2ESvNYPpppgn5Eh5KHnFFjrU4vVJQRr9YvV9yquxBZBy+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xalDRC7WeLfWfkwjoDEsbKPmnIwv09kdFI62kU2M6ImpFerc3N/2rd1IQ3fsZlkhqUbPlRmApiYjI/ngy4QmbE1AJlittdCRtRG4GxEZVsCN7qyevQqlU9yw9XlfptHkcRzuAcLsGDa6jDPTSgCQwEPMMrvDkT58V5dz6WrQUnnzmFP3I+fwD/qY9F</latexit><latexit sha1_base64="WxugKegdveyANpZbV/48yCVd2Rk=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aRdutmkuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47t5vf2ESvNYPpppgn5Eh5KHnFFjrU4vVJQRr9YvV9yquxBZBy+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xalDRC7WeLfWfkwjoDEsbKPmnIwv09kdFI62kU2M6ImpFerc3N/2rd1IQ3fsZlkhqUbPlRmApiYjI/ngy4QmbE1AJlittdCRtRG4GxEZVsCN7qyevQqlU9yw9XlfptHkcRzuAcLsGDa6jDPTSgCQwEPMMrvDkT58V5dz6WrQUnnzmFP3I+fwD/qY9F</latexit><latexit sha1_base64="WxugKegdveyANpZbV/48yCVd2Rk=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aRdutmkuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47t5vf2ESvNYPpppgn5Eh5KHnFFjrU4vVJQRr9YvV9yquxBZBy+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xalDRC7WeLfWfkwjoDEsbKPmnIwv09kdFI62kU2M6ImpFerc3N/2rd1IQ3fsZlkhqUbPlRmApiYjI/ngy4QmbE1AJlittdCRtRG4GxEZVsCN7qyevQqlU9yw9XlfptHkcRzuAcLsGDa6jDPTSgCQwEPMMrvDkT58V5dz6WrQUnnzmFP3I+fwD/qY9F</latexit><latexit sha1_base64="WxugKegdveyANpZbV/48yCVd2Rk=">AAAB73icbZBNS8NAEIYn9avWr6pHL4tF8FSSIuix6MVjBfsBbSib7aRdutmkuxuhhP4JLx4U8erf8ea/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSUvHqWLYZLGIVSegGgWX2DTcCOwkCmkUCGwH47t5vf2ESvNYPpppgn5Eh5KHnFFjrU4vVJQRr9YvV9yquxBZBy+HCuRq9MtfvUHM0gilYYJq3fXcxPgZVYYzgbNSL9WYUDamQ+xalDRC7WeLfWfkwjoDEsbKPmnIwv09kdFI62kU2M6ImpFerc3N/2rd1IQ3fsZlkhqUbPlRmApiYjI/ngy4QmbE1AJlittdCRtRG4GxEZVsCN7qyevQqlU9yw9XlfptHkcRzuAcLsGDa6jDPTSgCQwEPMMrvDkT58V5dz6WrQUnnzmFP3I+fwD/qY9F</latexit>

z
<latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit>

z
<latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit>

z
<latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit><latexit sha1_base64="tsPiMHgIWVI+nqlethqjjmVSN0s=">AAAB8HicbZDLSgMxFIYz9VbrrerSTbAIrsqMCLosunFZwV6kHUomc9qG5jIkGbEOfQo3LhRx6+O4821M21lo6w+Bj/+cQ875o4QzY33/2yusrK6tbxQ3S1vbO7t75f2DplGpptCgiivdjogBziQ0LLMc2okGIiIOrWh0Pa23HkAbpuSdHScQCjKQrM8osc6670bqEeLsadIrV/yqPxNehiCHCspV75W/urGiqQBpKSfGdAI/sWFGtGWUw6TUTQ0khI7IADoOJRFgwmy28ASfOCfGfaXdkxbP3N8TGRHGjEXkOgWxQ7NYm5r/1Tqp7V+GGZNJakHS+Uf9lGOr8PR6HDMN1PKxA0I1c7tiOiSaUOsyKrkQgsWTl6F5Vg0c355Xald5HEV0hI7RKQrQBaqhG1RHDUSRQM/oFb152nvx3r2PeWvBy2cO0R95nz9GTJC0</latexit>

�⇢+
<latexit sha1_base64="nMtAQ+dXzJZxSIaRBTbODAmRkBA=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJFEMSyK4Iei148VrC20C4lm2bb0GyyJLNCKf0RXjwo4tXf481/Y9ruQVtfCDy8M0Nm3iiVwqLvf3uFldW19Y3iZmlre2d3r7x/8Gh1ZhhvMC21aUXUcikUb6BAyVup4TSJJG9Gw9tpvfnEjRVaPeAo5WFC+0rEglF0VvO8Ywa6e9YtV/yqPxNZhiCHCuSqd8tfnZ5mWcIVMkmtbQd+iuGYGhRM8kmpk1meUjakfd52qGjCbTierTshJ87pkVgb9xSSmft7YkwTa0dJ5DoTigO7WJua/9XaGcbX4VioNEOu2PyjOJMENZneTnrCcIZy5IAyI9yuhA2ooQxdQiUXQrB48jI8XlQDx/eXldpNHkcRjuAYTiGAK6jBHdShAQyG8Ayv8Oal3ov37n3MWwtePnMIf+R9/gColI8c</latexit><latexit sha1_base64="nMtAQ+dXzJZxSIaRBTbODAmRkBA=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJFEMSyK4Iei148VrC20C4lm2bb0GyyJLNCKf0RXjwo4tXf481/Y9ruQVtfCDy8M0Nm3iiVwqLvf3uFldW19Y3iZmlre2d3r7x/8Gh1ZhhvMC21aUXUcikUb6BAyVup4TSJJG9Gw9tpvfnEjRVaPeAo5WFC+0rEglF0VvO8Ywa6e9YtV/yqPxNZhiCHCuSqd8tfnZ5mWcIVMkmtbQd+iuGYGhRM8kmpk1meUjakfd52qGjCbTierTshJ87pkVgb9xSSmft7YkwTa0dJ5DoTigO7WJua/9XaGcbX4VioNEOu2PyjOJMENZneTnrCcIZy5IAyI9yuhA2ooQxdQiUXQrB48jI8XlQDx/eXldpNHkcRjuAYTiGAK6jBHdShAQyG8Ayv8Oal3ov37n3MWwtePnMIf+R9/gColI8c</latexit><latexit sha1_base64="nMtAQ+dXzJZxSIaRBTbODAmRkBA=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJFEMSyK4Iei148VrC20C4lm2bb0GyyJLNCKf0RXjwo4tXf481/Y9ruQVtfCDy8M0Nm3iiVwqLvf3uFldW19Y3iZmlre2d3r7x/8Gh1ZhhvMC21aUXUcikUb6BAyVup4TSJJG9Gw9tpvfnEjRVaPeAo5WFC+0rEglF0VvO8Ywa6e9YtV/yqPxNZhiCHCuSqd8tfnZ5mWcIVMkmtbQd+iuGYGhRM8kmpk1meUjakfd52qGjCbTierTshJ87pkVgb9xSSmft7YkwTa0dJ5DoTigO7WJua/9XaGcbX4VioNEOu2PyjOJMENZneTnrCcIZy5IAyI9yuhA2ooQxdQiUXQrB48jI8XlQDx/eXldpNHkcRjuAYTiGAK6jBHdShAQyG8Ayv8Oal3ov37n3MWwtePnMIf+R9/gColI8c</latexit><latexit sha1_base64="nMtAQ+dXzJZxSIaRBTbODAmRkBA=">AAAB7nicbZBNSwMxEIZn61etX1WPXoJFEMSyK4Iei148VrC20C4lm2bb0GyyJLNCKf0RXjwo4tXf481/Y9ruQVtfCDy8M0Nm3iiVwqLvf3uFldW19Y3iZmlre2d3r7x/8Gh1ZhhvMC21aUXUcikUb6BAyVup4TSJJG9Gw9tpvfnEjRVaPeAo5WFC+0rEglF0VvO8Ywa6e9YtV/yqPxNZhiCHCuSqd8tfnZ5mWcIVMkmtbQd+iuGYGhRM8kmpk1meUjakfd52qGjCbTierTshJ87pkVgb9xSSmft7YkwTa0dJ5DoTigO7WJua/9XaGcbX4VioNEOu2PyjOJMENZneTnrCcIZy5IAyI9yuhA2ooQxdQiUXQrB48jI8XlQDx/eXldpNHkcRjuAYTiGAK6jBHdShAQyG8Ayv8Oal3ov37n3MWwtePnMIf+R9/gColI8c</latexit>

�⇢�
<latexit sha1_base64="ApwNJfvVda3ieCbt8gOzmeRuxHg=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXlp2RdBj0YvHCvYD2qVk07QNzSZLMiuUpT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b29tfWNza7uwU9zd2z84LB0dN61ODeMNpqU27YhaLoXiDRQoeTsxnMaR5K1ofDert564sUKrR5wkPIzpUImBYBSd1ap0zUj3Kr1S2a/6c5FVCHIoQ656r/TV7WuWxlwhk9TaTuAnGGbUoGCST4vd1PKEsjEd8o5DRWNuw2y+7pScO6dPBtq4p5DM3d8TGY2tncSR64wpjuxybWb+V+ukOLgJM6GSFLlii48GqSSoyex20heGM5QTB5QZ4XYlbEQNZegSKroQguWTV6F5WQ0cP1yVa7d5HAU4hTO4gACuoQb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4I+/zB6ucjx4=</latexit><latexit sha1_base64="ApwNJfvVda3ieCbt8gOzmeRuxHg=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXlp2RdBj0YvHCvYD2qVk07QNzSZLMiuUpT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b29tfWNza7uwU9zd2z84LB0dN61ODeMNpqU27YhaLoXiDRQoeTsxnMaR5K1ofDert564sUKrR5wkPIzpUImBYBSd1ap0zUj3Kr1S2a/6c5FVCHIoQ656r/TV7WuWxlwhk9TaTuAnGGbUoGCST4vd1PKEsjEd8o5DRWNuw2y+7pScO6dPBtq4p5DM3d8TGY2tncSR64wpjuxybWb+V+ukOLgJM6GSFLlii48GqSSoyex20heGM5QTB5QZ4XYlbEQNZegSKroQguWTV6F5WQ0cP1yVa7d5HAU4hTO4gACuoQb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4I+/zB6ucjx4=</latexit><latexit sha1_base64="ApwNJfvVda3ieCbt8gOzmeRuxHg=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXlp2RdBj0YvHCvYD2qVk07QNzSZLMiuUpT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b29tfWNza7uwU9zd2z84LB0dN61ODeMNpqU27YhaLoXiDRQoeTsxnMaR5K1ofDert564sUKrR5wkPIzpUImBYBSd1ap0zUj3Kr1S2a/6c5FVCHIoQ656r/TV7WuWxlwhk9TaTuAnGGbUoGCST4vd1PKEsjEd8o5DRWNuw2y+7pScO6dPBtq4p5DM3d8TGY2tncSR64wpjuxybWb+V+ukOLgJM6GSFLlii48GqSSoyex20heGM5QTB5QZ4XYlbEQNZegSKroQguWTV6F5WQ0cP1yVa7d5HAU4hTO4gACuoQb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4I+/zB6ucjx4=</latexit><latexit sha1_base64="ApwNJfvVda3ieCbt8gOzmeRuxHg=">AAAB7nicbZBNSwMxEIZn/az1q+rRS7AIXlp2RdBj0YvHCvYD2qVk07QNzSZLMiuUpT/CiwdFvPp7vPlvTNs9aOsLgYd3ZsjMGyVSWPT9b29tfWNza7uwU9zd2z84LB0dN61ODeMNpqU27YhaLoXiDRQoeTsxnMaR5K1ofDert564sUKrR5wkPIzpUImBYBSd1ap0zUj3Kr1S2a/6c5FVCHIoQ656r/TV7WuWxlwhk9TaTuAnGGbUoGCST4vd1PKEsjEd8o5DRWNuw2y+7pScO6dPBtq4p5DM3d8TGY2tncSR64wpjuxybWb+V+ukOLgJM6GSFLlii48GqSSoyex20heGM5QTB5QZ4XYlbEQNZegSKroQguWTV6F5WQ0cP1yVa7d5HAU4hTO4gACuoQb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4I+/zB6ucjx4=</latexit>

�0
<latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit> �0

<latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit><latexit sha1_base64="rsPfhejyW4RhG09J+gP3oaZ1jzQ=">AAAB7XicbZBNSwMxEIZn61etX1WPXoJF8FR2RdBj0YvHCvYD2qVk02kbm02WJCuUpf/BiwdFvPp/vPlvTNs9aOsLgYd3ZsjMGyWCG+v7315hbX1jc6u4XdrZ3ds/KB8eNY1KNcMGU0LpdkQNCi6xYbkV2E400jgS2IrGt7N66wm14Uo+2EmCYUyHkg84o9ZZzW4y4j2/V674VX8usgpBDhXIVe+Vv7p9xdIYpWWCGtMJ/MSGGdWWM4HTUjc1mFA2pkPsOJQ0RhNm822n5Mw5fTJQ2j1pydz9PZHR2JhJHLnOmNqRWa7NzP9qndQOrsOMyyS1KNnio0EqiFVkdjrpc43MiokDyjR3uxI2opoy6wIquRCC5ZNXoXlRDRzfX1ZqN3kcRTiBUziHAK6gBndQhwYweIRneIU3T3kv3rv3sWgtePnMMfyR9/kDOcSO4g==</latexit>

�⌧ (0)

3
< a < 0

<latexit sha1_base64="EEpum5Uwuq0ktw8McY8SWf5Ny1c=">AAACAnicbZDLSsNAFIZP6q3WW9SVuAkWoS4siQq66KLoxmUFe4Emlsl00g6dTMLMRCghuPFV3LhQxK1P4c63cdpmodUfBj7+cw5nzu/HjEpl219GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kdXk3r7nghJI36rxjHxQjTgNKAYKW31zL1jNxAIp65CyV1asY+yLD3Naqhm98yyXbWnsv6Ck0MZcjV65qfbj3ASEq4wQ1J2HTtWXoqEopiRrOQmksQIj9CAdDVyFBLppdMTMutQO30riIR+XFlT9+dEikIpx6GvO0OkhnK+NjH/q3UTFVx4KeVxogjHs0VBwiwVWZM8rD4VBCs21oCwoPqvFh4iHYnSqZV0CM78yX+hdVJ1NN+cleuXeRxF2IcDqIAD51CHa2hAEzA8wBO8wKvxaDwbb8b7rLVg5DO78EvGxzfoEJZz</latexit><latexit sha1_base64="EEpum5Uwuq0ktw8McY8SWf5Ny1c=">AAACAnicbZDLSsNAFIZP6q3WW9SVuAkWoS4siQq66KLoxmUFe4Emlsl00g6dTMLMRCghuPFV3LhQxK1P4c63cdpmodUfBj7+cw5nzu/HjEpl219GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kdXk3r7nghJI36rxjHxQjTgNKAYKW31zL1jNxAIp65CyV1asY+yLD3Naqhm98yyXbWnsv6Ck0MZcjV65qfbj3ASEq4wQ1J2HTtWXoqEopiRrOQmksQIj9CAdDVyFBLppdMTMutQO30riIR+XFlT9+dEikIpx6GvO0OkhnK+NjH/q3UTFVx4KeVxogjHs0VBwiwVWZM8rD4VBCs21oCwoPqvFh4iHYnSqZV0CM78yX+hdVJ1NN+cleuXeRxF2IcDqIAD51CHa2hAEzA8wBO8wKvxaDwbb8b7rLVg5DO78EvGxzfoEJZz</latexit><latexit sha1_base64="EEpum5Uwuq0ktw8McY8SWf5Ny1c=">AAACAnicbZDLSsNAFIZP6q3WW9SVuAkWoS4siQq66KLoxmUFe4Emlsl00g6dTMLMRCghuPFV3LhQxK1P4c63cdpmodUfBj7+cw5nzu/HjEpl219GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kdXk3r7nghJI36rxjHxQjTgNKAYKW31zL1jNxAIp65CyV1asY+yLD3Naqhm98yyXbWnsv6Ck0MZcjV65qfbj3ASEq4wQ1J2HTtWXoqEopiRrOQmksQIj9CAdDVyFBLppdMTMutQO30riIR+XFlT9+dEikIpx6GvO0OkhnK+NjH/q3UTFVx4KeVxogjHs0VBwiwVWZM8rD4VBCs21oCwoPqvFh4iHYnSqZV0CM78yX+hdVJ1NN+cleuXeRxF2IcDqIAD51CHa2hAEzA8wBO8wKvxaDwbb8b7rLVg5DO78EvGxzfoEJZz</latexit><latexit sha1_base64="EEpum5Uwuq0ktw8McY8SWf5Ny1c=">AAACAnicbZDLSsNAFIZP6q3WW9SVuAkWoS4siQq66KLoxmUFe4Emlsl00g6dTMLMRCghuPFV3LhQxK1P4c63cdpmodUfBj7+cw5nzu/HjEpl219GYWFxaXmluFpaW9/Y3DK3d1oySgQmTRyxSHR8JAmjnDQVVYx0YkFQ6DPS9kdXk3r7nghJI36rxjHxQjTgNKAYKW31zL1jNxAIp65CyV1asY+yLD3Naqhm98yyXbWnsv6Ck0MZcjV65qfbj3ASEq4wQ1J2HTtWXoqEopiRrOQmksQIj9CAdDVyFBLppdMTMutQO30riIR+XFlT9+dEikIpx6GvO0OkhnK+NjH/q3UTFVx4KeVxogjHs0VBwiwVWZM8rD4VBCs21oCwoPqvFh4iHYnSqZV0CM78yX+hdVJ1NN+cleuXeRxF2IcDqIAD51CHa2hAEzA8wBO8wKvxaDwbb8b7rLVg5DO78EvGxzfoEJZz</latexit>

0 < a < ⌧ (0)
<latexit sha1_base64="Be1LsGtbBJN7yk4h9JrpshHYLU8=">AAAB9XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImiRImhjGcFcINmEs5PZZMjshZmzSljyHjYWitj6Lna+jZNkC038YeDjP+dwzvxeLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vZ/XWI1daROEDTmLuBjAMhS8YoLF6dhWqXYSkl5bt82m/WLIr9lx0FZwMSiRTvV/86g4ilgQ8RCZB645jx+imoFAwyaeFbqJ5DGwMQ94xGELAtZvOr57SM+MMqB8p80Kkc/f3RAqB1pPAM50B4Egv12bmf7VOgv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQBMCXMrZSNQwNAEVTAhOMtfXoXmRcUxfH9Zqt1kceTJCTklZeKQK1Ijd6ROGoQRRZ7JK3mznqwX6936WLTmrGzmmPyR9fkDCPGRjA==</latexit><latexit sha1_base64="Be1LsGtbBJN7yk4h9JrpshHYLU8=">AAAB9XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImiRImhjGcFcINmEs5PZZMjshZmzSljyHjYWitj6Lna+jZNkC038YeDjP+dwzvxeLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vZ/XWI1daROEDTmLuBjAMhS8YoLF6dhWqXYSkl5bt82m/WLIr9lx0FZwMSiRTvV/86g4ilgQ8RCZB645jx+imoFAwyaeFbqJ5DGwMQ94xGELAtZvOr57SM+MMqB8p80Kkc/f3RAqB1pPAM50B4Egv12bmf7VOgv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQBMCXMrZSNQwNAEVTAhOMtfXoXmRcUxfH9Zqt1kceTJCTklZeKQK1Ijd6ROGoQRRZ7JK3mznqwX6936WLTmrGzmmPyR9fkDCPGRjA==</latexit><latexit sha1_base64="Be1LsGtbBJN7yk4h9JrpshHYLU8=">AAAB9XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImiRImhjGcFcINmEs5PZZMjshZmzSljyHjYWitj6Lna+jZNkC038YeDjP+dwzvxeLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vZ/XWI1daROEDTmLuBjAMhS8YoLF6dhWqXYSkl5bt82m/WLIr9lx0FZwMSiRTvV/86g4ilgQ8RCZB645jx+imoFAwyaeFbqJ5DGwMQ94xGELAtZvOr57SM+MMqB8p80Kkc/f3RAqB1pPAM50B4Egv12bmf7VOgv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQBMCXMrZSNQwNAEVTAhOMtfXoXmRcUxfH9Zqt1kceTJCTklZeKQK1Ijd6ROGoQRRZ7JK3mznqwX6936WLTmrGzmmPyR9fkDCPGRjA==</latexit><latexit sha1_base64="Be1LsGtbBJN7yk4h9JrpshHYLU8=">AAAB9XicbZC7SgNBFIZn4y3GW9TSZjAIsQm7ImiRImhjGcFcINmEs5PZZMjshZmzSljyHjYWitj6Lna+jZNkC038YeDjP+dwzvxeLIVG2/62cmvrG5tb+e3Czu7e/kHx8Kipo0Qx3mCRjFTbA82lCHkDBUrejhWHwJO85Y1vZ/XWI1daROEDTmLuBjAMhS8YoLF6dhWqXYSkl5bt82m/WLIr9lx0FZwMSiRTvV/86g4ilgQ8RCZB645jx+imoFAwyaeFbqJ5DGwMQ94xGELAtZvOr57SM+MMqB8p80Kkc/f3RAqB1pPAM50B4Egv12bmf7VOgv61m4owTpCHbLHITyTFiM4ioAOhOEM5MQBMCXMrZSNQwNAEVTAhOMtfXoXmRcUxfH9Zqt1kceTJCTklZeKQK1Ijd6ROGoQRRZ7JK3mznqwX6936WLTmrGzmmPyR9fkDCPGRjA==</latexit>

a < �⌧ (0)

3
<latexit sha1_base64="5stGcIq6/7jGQnLqTAFdKgF0K8c=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQioDVQJIMDBUsDAWiV6kJlSO67RWHSeyHaQqysKrsDCAECuPwcbb4F4GKPySpU//OUfH5w8SzpR2nC+rsLC4tLxSXC2trW9sbtnbO00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrcb31QKVisbjTo4T6Ee4LFjKCtbG69h6+PPZCiUnmaZzeZxXnKM+z07xrl52qMxH6C+4MyjBTvWt/er2YpBEVmnCsVMd1Eu1nWGpGOM1LXqpogskQ92nHoMARVX42OSBHh8bpoTCW5gmNJu7PiQxHSo2iwHRGWA/UfG1s/lfrpDq88DMmklRTQaaLwpQjHaNxGqjHJCWajwxgIpn5KyIDbOLQJrOSCcGdP/kvNE+qruHbs3LtahZHEfbhACrgwjnU4Abq0AACOTzBC7xaj9az9Wa9T1sL1mxmF37J+vgG5m2V8w==</latexit><latexit sha1_base64="5stGcIq6/7jGQnLqTAFdKgF0K8c=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQioDVQJIMDBUsDAWiV6kJlSO67RWHSeyHaQqysKrsDCAECuPwcbb4F4GKPySpU//OUfH5w8SzpR2nC+rsLC4tLxSXC2trW9sbtnbO00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrcb31QKVisbjTo4T6Ee4LFjKCtbG69h6+PPZCiUnmaZzeZxXnKM+z07xrl52qMxH6C+4MyjBTvWt/er2YpBEVmnCsVMd1Eu1nWGpGOM1LXqpogskQ92nHoMARVX42OSBHh8bpoTCW5gmNJu7PiQxHSo2iwHRGWA/UfG1s/lfrpDq88DMmklRTQaaLwpQjHaNxGqjHJCWajwxgIpn5KyIDbOLQJrOSCcGdP/kvNE+qruHbs3LtahZHEfbhACrgwjnU4Abq0AACOTzBC7xaj9az9Wa9T1sL1mxmF37J+vgG5m2V8w==</latexit><latexit sha1_base64="5stGcIq6/7jGQnLqTAFdKgF0K8c=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQioDVQJIMDBUsDAWiV6kJlSO67RWHSeyHaQqysKrsDCAECuPwcbb4F4GKPySpU//OUfH5w8SzpR2nC+rsLC4tLxSXC2trW9sbtnbO00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrcb31QKVisbjTo4T6Ee4LFjKCtbG69h6+PPZCiUnmaZzeZxXnKM+z07xrl52qMxH6C+4MyjBTvWt/er2YpBEVmnCsVMd1Eu1nWGpGOM1LXqpogskQ92nHoMARVX42OSBHh8bpoTCW5gmNJu7PiQxHSo2iwHRGWA/UfG1s/lfrpDq88DMmklRTQaaLwpQjHaNxGqjHJCWajwxgIpn5KyIDbOLQJrOSCcGdP/kvNE+qruHbs3LtahZHEfbhACrgwjnU4Abq0AACOTzBC7xaj9az9Wa9T1sL1mxmF37J+vgG5m2V8w==</latexit><latexit sha1_base64="5stGcIq6/7jGQnLqTAFdKgF0K8c=">AAACAHicbZC7TsMwFIZPyq2UW4CBgcWiQioDVQJIMDBUsDAWiV6kJlSO67RWHSeyHaQqysKrsDCAECuPwcbb4F4GKPySpU//OUfH5w8SzpR2nC+rsLC4tLxSXC2trW9sbtnbO00Vp5LQBol5LNsBVpQzQRuaaU7biaQ4CjhtBcPrcb31QKVisbjTo4T6Ee4LFjKCtbG69h6+PPZCiUnmaZzeZxXnKM+z07xrl52qMxH6C+4MyjBTvWt/er2YpBEVmnCsVMd1Eu1nWGpGOM1LXqpogskQ92nHoMARVX42OSBHh8bpoTCW5gmNJu7PiQxHSo2iwHRGWA/UfG1s/lfrpDq88DMmklRTQaaLwpQjHaNxGqjHJCWajwxgIpn5KyIDbOLQJrOSCcGdP/kvNE+qruHbs3LtahZHEfbhACrgwjnU4Abq0AACOTzBC7xaj9az9Wa9T1sL1mxmF37J+vgG5m2V8w==</latexit>

Figure 2. A schematic picture of the physical cuts in z-plane. The colours indicate V1 (red), V2
(green) and V3 (blue).

Here we defined Vi(a) = V +
i (a)∪ V −i (a) such that V ±i = {z; z ∈ Vi, ±Im (z/zi) or ± (|z| −

1) < 0} (shown in figure 2).
To proceed one assumes the following Regge behavior of the Mellin amplitude:

M(s1, s2) ∼ O(s2−ε
i ) (with ε > 0) at large si [46] which translates to M(z, a) ∼

O((z − zi)−2+ε) as z → zi. This implies that upon Taylor expansion M(z, a) will have
the form:

M(z, a) =
∞∑
n=0

fn(a) zn . (B.7)

that should converge for |z| < ρ− or |z| < 1.
Let us also add here the relation M(z, a) = M∗(1/z∗, a) which simply follows from

M(s1, s2) = M∗(s∗1, s∗2). Note also that as z → 0 or z → ∞ one has si → 0. Therefore
M(0, a) = M(∞, a) = M∗(0, a) = M(si = 0) = f0, implying f0 must be real and
independent of a.

Now one considers the following contour integrals

I− = 1
2πi

∮
I
dz′

z′3 − 1
z′3(z′ − z)M(z′, a) = z3 − 1

z3 M(z, a) + f0
z3 + f1(a)

z2 + f2(a)
z

, (B.8)

I+ = 1
2πi

∮
E
dz′

z′3 − 1
z′3(z′ − z)M(z′, a) = f0 . (B.9)

The kernels are chosen to keep the integral finite near z → zi and have poles at desired
places. Here I denotes the interior of the ‘cut’ V (a) where one computes the residues
at z′ = z (the first term of I−) and z′ = 0 (for the other three terms). Also E denotes
the exterior of V (a) where one considers only the pole at z′ = ∞. Then as we push I, E
towards V (a) performing I+− I− gives a dispersion relation with the discontinuity A(z, a)
across V (a), which may be written as

M(z, a) = f0 + f1(a) z

1− z3 + f2(a) z2

1− z3 + z3

1− z3
1
π

∫
V (a)

dz′
z′3 − 1

z′3(z′ − z)A(z′, a) . (B.10)
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B.2 Imposing crossing (anti)symmetry

So far we have not used any assumption on full crossing symmetry or antisymmetry. In
the notations of section 3 a crossing symmetric amplitude is always an expansion in xpyq

and for an anticrossing amplitude it should be in wxpyq (p, q ∈ Z≥0). This implies the
following behavior under the map (B.1)

M−(z, a) ∝
[

z3

(z3 − 1)2

]n
, M+(z, a) ∝ z3(1 + z3)

(z3 − 1)3

[
z3

(z3 − 1)2

]n
, n ≥ 0 . (B.11)

where + (−) denotes crossing (anti)symmetric case. Notice that both expression are func-
tions of z3. Hence the discontinuity A+(z, a) should be such that the general dispersion
relation (B.10) under small z expansion would allow only the powers z3m, m ∈ Z≥0. There-
fore we may replace it with

M±(z, a) = f±,0 + z3

(1− z3)π

∫
V (a)

dz′
z′3 − 1

z′(z′3 − z3)A±(z′, a) , (B.12)

where f+,0 = 0. The above equation has an expansion in z3m and is equal to (B.10) up to
those powers. Indeed it can be checked that in (B.8) and (B.9) if we began with the kernel
of (B.12) we would end up with the same result.

Now let us map this formula back to the variables si. For this we use (B.1) to solve z′

in terms of s′1 which gives two solutions z′(s′1) and z′∗(s′1) related by complex conjugation.12

We also focus on the case − τ (0)

3 < a < 0 where we have |z′(s′1)| = 1, which further implies
z′∗(s′1) = 1/z(s′1). Under this transformation the integrand of (B.12) becomes
dz′(s′1)
ds′1

z′(s′1)3 − 1
z′(s′1)(z′(s′1)3 − z3) A±(z′, a) + dz′∗(s′1)

ds′1

z′∗(s′1)3 − 1
z′∗(s′1)(z′∗(s′1)3 − z3) A±(z′∗, a) (B.13)

which is to be integrated over s′1 and on s′1 ≥ τ (0). We now also solve s′2 in terms of s′1
and a using (B.2) (recall that a is fixed) which gives two solutions s±2 (s′1, a). We choose to
use s+

2 .13

Now we point out that we must have (using (B.6))

A±(z′(s′1), a) = A±(z′∗(s′1), a) = ∓A±(s′1, s+
2 (s1, a)) . (B.14)

Note the ‘−’ sign in the second equality for the crossing antisymmetric case. The
change/invariance under z → z∗ = 1/z is simple to see using (B.11) (as the z depen-
dencies are also shared by A). Now putting in the factor z3

1−z3 in (B.13) we get for the
crossing symmetric case (writing f−,0 = α0)

M−(s1, s2) = α0 + 1
π

∫
ds′1A−(s′1, s+

2 (s′1, a))H−(s′1, s1, s2, s3) , (B.15)

with
H−(s′1, s1, s2, s3) = s1

s′1 − s1
+ s2
s′1 − s2

+ s3
s′1 − s3

. (B.16)

This is the relation presented in [15, 16]. For the crossing antisymmetric case we get our
result (3.20).

12Using any s′i (i = 1, 2, 3) leads to the same result using croossing (anti)symmetry.)
13Choosing between s+

2 and s−2 corresponds to the convention of writing the branch cut. E.g. in writ-
ing (3.25) for odd ` the correct choice is s+

2 .
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C Checks with the dispersion relation

C.1 Derivation of Witten diagrams for ` = 5

The polynomial P∆,`(s1, s2) from (3.25) for ` = 5 may be written as

P∆,`=5(s1, s2) =
∑

m+n≤5
bm,ns

m
1 s

n
2 . (C.1)

This form is easily seen by evaluating the polynomial at simple values e.g. ∆φ = 1,∆ =
2, d = 4. With the above one can write the ` = 5 component of the Mellin amplitude
in (3.26) as

M∆,`=5,k(s1, s2) = H(τk, s1, s2, s3) 1
τk

∑
m+n≤5

bm,n(τk)ms+
2 (s, a)n = w

∞∑
p=0

∞∑
q=0

Mp,q,kx
paq .

(C.2)
In the last equality we have expanded in all powers of x and a.

Let us also define the following quantity

M(0)
∆,`=5,k(s1, s2) =

P∆,5(s1, s2)
s1 − τk

−
P∆,5(s2, s1)
s2 − τk

−
P∆,5(s3, s2)
s3 − τk

, (C.3)

with s3 = −s1 − s2. This is equivalent to the meromorphic part (A.3) of exchange Witten
diagrams in all three channels. It is easy to see that the above can be written as

M(0)
∆,`=5,k(s1, s2) = w

2∑
p=0

1∑
q=0

M
(0)
p,q,kx

p+qaq . (C.4)

We then find that the difference

M∆,5,k(s1, s2)−M(0)
∆,5,k(s1, s2) = w

[{
M0 + x

64τk
+ ax

64τ2
k

}
+
∑
m>0

M̃ (1)
m am +

∑
n>1

M̃ (2)
n anx

]
.

(C.5)
Here M0 = M0,0,k −M

(0)
0,0,k. The last two terms in (C.5) are identified as nonlocal terms

that should be set to zero. The terms in curly brackets are crossing antisymmetric contact
diagrams that should be added to M(0)

∆,`=5,k(s1, s2) to have the correct Polyakov block
P∆,`(u, v).

C.2 Numerical checks

Locality conditions. Here we discuss a numerical check of our discussions in section 3
with an explicit crossing antisymmetric solution. For this we consider the following artifical
Mellin amplitude:

M0(s1, s2) =
(s1 − s2) (2s1 + s2) (s1 + 2s2) Γ

(
−2s1 − 7

8

)
Γ
(
−2s2 − 7

8

)
Γ
(
2s1 + 2s2 − 7

8

)
Γ2
(∆φ

3 − s1
)

Γ2
(∆φ

3 − s2
)

Γ2
(
s1 + s2 + ∆φ

3

) ,

(C.6)
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for ∆φ = 21
16 and d = 2. It can be checked that at large s1 we haveM0 ∼ s

2/3
1 (s2 fixed).

The poles at s1 =− 7
16 +m, m∈Z≥0 gives operators at positions ∆= 7

8 + n+ ` with ` odd.
We will verify the locality conditions (3.24) which can be done by assuming an expan-

sion as follows:

M′0(s1, s2) =
pmax∑
p=0

qmax∑
q=0

[
s2 − s3(

− 7
16 + p

2

)
− s1

+ s3 − s1(
− 7

16 + p
2

)
− s2

+ s1 − s2(
− 7

16 + p
2

)
− s3

]
aqcp,q ,

(C.7)
with s3 = −s1−s2. The term in parentheses is an expansion in wxiyj . However the powers
in a introduce nonlocal terms. We can focus on the p-th pole of s1 inM0−M′0 and expand
around s2 = 0. Solving them order by order one can obtain cp,q.

In table 1 below we compare M0(s1, s2) with M′0(s1, s2) for pmax = qmax = 2 and
pmax = qmax = 8:

This shows that it makes sense to work with variable a. Indeed the nonlocal singular-
ities in (C.7) must go to 0 which confirms the locality conditions.

In order to check the precise disprsion formula (3.20) one needs to extract the OPE
coefficients a∆,` fromM0 using the Mellin integral (3.30). For a good match however one
has to include operators with n, ` ∼ 100 (see [16]). We do not carry out this check. Instead
we demonstrate the validity of Polyakov conditions (3.31) on a more physically relevant
correlator.

Polyakov conditions in WZW models. We will consider SU(2)k WZW models in 2d.
These theories have the global symmetry SO(4) ∼= SU(2)L×SU(2)R

Z2
. The 4-point function of

scalars in a non-linear sigma model with a level-k WZW term is known [47]. In [48] the
O(4) sector of the correlator was studied for k = 1. The same can be similarly obtained
for any k.

We will work with k = 2 because it is simple and also our equations converge faster.
The corresponding O(4) sector is given by

Gijkl(z, z̄)
(zz̄)−∆φ

=

P (ξ±, ξ̄±)
[[(

ξ̄− + ξ̄+
)

2

ξ̄−ξ̄+
−

(ξ+ − ξ−)
(
ξ̄+ − ξ̄−

) (
ξ̄−ξ̄+ + ξ−ξ+

)
ξ−ξ+

√
ξ−ξ+ + 1ξ̄−ξ̄+

√
ξ̄−ξ̄+ + 1

+ ξ+
ξ−

+ ξ−
ξ+
− 2

]
δijδkl

+
[(ξ+ − ξ−)

(
ξ̄+ − ξ̄−

) (
1

ξ̄−ξ̄+
+ 1

ξ−ξ+
+ 2

)
√
ξ−ξ+ + 1

√
ξ̄−ξ̄+ + 1

− ξ̄+

ξ̄−
− ξ̄−

ξ̄+
− ξ−
ξ+
− ξ+
ξ−

+ 4
]
δikδjl

+
[(ξ− + ξ+)

(
ξ̄− − ξ̄+

)2
+ (ξ− + ξ+) (ξ− − ξ+)2 + 2

√
z(ξ̄+−ξ̄−)(ξ̄−ξ̄++ξ−ξ++2)√

ξ−ξ++1
√
ξ̄−ξ̄++1

ξ−ξ+ (ξ− + ξ+) ξ̄−ξ̄+

]
δilδkj

]
,

(C.8)

– 29 –



J
H
E
P
0
1
(
2
0
2
2
)
0
0
5

s1 s2 M0 M′
0 [pmax = qmax = 2] M′

0 [pmax = qmax = 8]
i
2

1
14 −0.00899− 0.18137i −0.01089− 0.19530i −0.00915− 0.18246i

1
10

1
20 −0.056362 −0.056168 −0.056351

1
19 + i

30
1
10 (1 + i) −0.00536 + 0.01651i −0.00505 + 0.01645i −0.00532 + 0.01650i

Table 1. Comparing M0 and M′
0 for different choices of s1, s2 while increasing pmax and qmax.

The s1, s2 values were chosen to have a fast convergence.

`max mmax F+,0(0) F+,1(0) F+,2(0)
4 2 -0.00024 -0.173489 -0.37102
12 2 -0.00622 -0.08865 -0.25913
12 12 -0.00621 -0.08770 -0.21302

Table 2. Values of F+,p with p = 0, 1, 2 for different choices of upper limits `max,mmax.

where ∆φ = 3
8 and

P (ξ±, ξ̄±) = 1
16 (ξ− + ξ+)

(
ξ̄− + ξ̄+

)
(ξ−ξ+ξ̄−ξ̄+)

1
4 , ξ± = (1±

√
z)

1
2 , ξ̄± = (1±

√
z̄)

1
2 .

(C.9)
As discussed around (1.3) we can use the parity odd eigenvector of the O(N) crossing
matrix (see [14]) to obtain a crossing antisymmetric solution as follows:

G+(z, z̄)
(zz̄)−∆φ

=
(ξ− + ξ+)

(
ξ̄− + ξ̄+

)
16
(
ξ−ξ+ξ̄−ξ̄+

)
3/4

[
2ξ−ξ+

(
ξ̄2
− + ξ̄2

+

)
−
(
ξ2
− + ξ2

+

) (
ξ̄− − ξ̄+

)2

−
2 (ξ− − ξ+)

(
ξ̄−ξ̄+ + ξ−ξ+ + 1

) (
ξ̄− − ξ̄+

)
(ξ−ξ+ + 1)1/2

(
ξ̄−ξ̄+ + 1

)1/2

]
. (C.10)

This has a conformal block decomposition with dimensions ∆ = n + ` and spin ` for
n, ` ∈ Z≥0.

We will test the conditions F+,p(0) ≡M+(s1 = 1
8 +p, s2 = 0) = 0 from (3.31). For this

we use the above ∆, ` to write an approximate anticrossing Mellin amplitude as follows

M+(s1, s2) =
`max∑
`=0

mmax∑
m=0

H+
(m

2 −
1
4 , s1, s2,−s1 − s2

) 2m∑
n=0

c
(m−n2 )
∆,`

(m
2 −

1
4)Q

(∆)
`,m−n2

(a) . (C.11)

Here `max is a cutoff in spin and mmax is the highest pole in si. In table 2 we show F+,p(0)
for diferent values of `max, mmax.

As we add operators F+,p becomes smaller except F+,0 which grows with `max. The
latter is not very surprising as we are evaluatingM+(s1, s2) for low values of s1, s2, which
always has a trivial zero for s1 = s2 = 0 (from the antisymmetric term w). On adding
operators the different zeroes must decouple.
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M+(s1, 0)
<latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit>

M+(s1, 0)
<latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit><latexit sha1_base64="oXUsUXEvIxvLRbZBU5uAIsZQt7Y=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1iEiiKJCLosunEjVLAPaEOYTCft0MkkzEyEGoq/4saFIm79D3f+jZO2C209MHA4517umRMknCntON9WYWFxaXmluFpaW9/Y3LK3dxoqTiWhdRLzWLYCrChngtY105y2EklxFHDaDAbXud98oFKxWNzrYUK9CPcECxnB2ki+vdeJsO4TzLPbkX9cUb574hz5dtk5dcZA88SdkjJMUfPtr043JmlEhSYcK9V2nUR7GZaaEU5HpU6qaILJAPdo21CBI6q8bJx+hA6N0kVhLM0TGo3V3xsZjpQaRoGZzLOqWS8X//PaqQ4vvYyJJNVUkMmhMOVIxyivAnWZpETzoSGYSGayItLHEhNtCiuZEtzZL8+Txtmpa/jdebl6Na2jCPtwABVw4QKqcAM1qAOBR3iGV3iznqwX6936mIwWrOnOLvyB9fkD2k2UKA==</latexit>

s1
<latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit>

s1
<latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit><latexit sha1_base64="RWexdmHm1B4IFVP4A7xkvKvI624=">AAAB6nicbZBNS8NAEIYn9avWr6hHL4tF8FQSEfRY9OKxov2ANpTNdtIu3WzC7kYooT/BiwdFvPqLvPlv3LY5aOsLCw/vzLAzb5gKro3nfTultfWNza3ydmVnd2//wD08aukkUwybLBGJ6oRUo+ASm4YbgZ1UIY1Dge1wfDurt59QaZ7IRzNJMYjpUPKIM2qs9aD7ft+tejVvLrIKfgFVKNTou1+9QcKyGKVhgmrd9b3UBDlVhjOB00ov05hSNqZD7FqUNEYd5PNVp+TMOgMSJco+acjc/T2R01jrSRzazpiakV6uzcz/at3MRNdBzmWaGZRs8VGUCWISMrubDLhCZsTEAmWK210JG1FFmbHpVGwI/vLJq9C6qPmW7y+r9ZsijjKcwCmcgw9XUIc7aEATGAzhGV7hzRHOi/PufCxaS04xcwx/5Hz+AAQUjZs=</latexit>

mmax = 4 , `max = 14
<latexit sha1_base64="HR1ZliaNNRonbjCEzt2Cta/O9/I=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjBR0IxTduKxgL9AZhkyaaUOTzJBkxDJ048ZXceNCEbe+gzvfxrQdQVt/CHz85xxOzh8mjCrtOF9WYWl5ZXWtuF7a2Nza3rF391oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8OrSb19R6SisbjVo4T4HPUFjShG2liBfciDzOPofnxR8yoV6BHGfgy3Fthlp+pMBRfBzaEMcjUC+9PrxTjlRGjMkFJd10m0nyGpKWZkXPJSRRKEh6hPugYF4kT52fSKMTw2Tg9GsTRPaDh1f09kiCs14qHp5EgP1HxtYv5X66Y6OvczKpJUE4Fni6KUQR3DSSSwRyXBmo0MICyp+SvEAyQR1ia4kgnBnT95EVqnVdfwTa1cv8zjKIIDcAROgAvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgz+yPr4BEOWXog==</latexit><latexit sha1_base64="HR1ZliaNNRonbjCEzt2Cta/O9/I=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjBR0IxTduKxgL9AZhkyaaUOTzJBkxDJ048ZXceNCEbe+gzvfxrQdQVt/CHz85xxOzh8mjCrtOF9WYWl5ZXWtuF7a2Nza3rF391oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8OrSb19R6SisbjVo4T4HPUFjShG2liBfciDzOPofnxR8yoV6BHGfgy3Fthlp+pMBRfBzaEMcjUC+9PrxTjlRGjMkFJd10m0nyGpKWZkXPJSRRKEh6hPugYF4kT52fSKMTw2Tg9GsTRPaDh1f09kiCs14qHp5EgP1HxtYv5X66Y6OvczKpJUE4Fni6KUQR3DSSSwRyXBmo0MICyp+SvEAyQR1ia4kgnBnT95EVqnVdfwTa1cv8zjKIIDcAROgAvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgz+yPr4BEOWXog==</latexit><latexit sha1_base64="HR1ZliaNNRonbjCEzt2Cta/O9/I=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjBR0IxTduKxgL9AZhkyaaUOTzJBkxDJ048ZXceNCEbe+gzvfxrQdQVt/CHz85xxOzh8mjCrtOF9WYWl5ZXWtuF7a2Nza3rF391oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8OrSb19R6SisbjVo4T4HPUFjShG2liBfciDzOPofnxR8yoV6BHGfgy3Fthlp+pMBRfBzaEMcjUC+9PrxTjlRGjMkFJd10m0nyGpKWZkXPJSRRKEh6hPugYF4kT52fSKMTw2Tg9GsTRPaDh1f09kiCs14qHp5EgP1HxtYv5X66Y6OvczKpJUE4Fni6KUQR3DSSSwRyXBmo0MICyp+SvEAyQR1ia4kgnBnT95EVqnVdfwTa1cv8zjKIIDcAROgAvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgz+yPr4BEOWXog==</latexit><latexit sha1_base64="HR1ZliaNNRonbjCEzt2Cta/O9/I=">AAACBXicbZDLSgMxFIYz9VbrbdSlLoJFcFHKjBR0IxTduKxgL9AZhkyaaUOTzJBkxDJ048ZXceNCEbe+gzvfxrQdQVt/CHz85xxOzh8mjCrtOF9WYWl5ZXWtuF7a2Nza3rF391oqTiUmTRyzWHZCpAijgjQ11Yx0EkkQDxlph8OrSb19R6SisbjVo4T4HPUFjShG2liBfciDzOPofnxR8yoV6BHGfgy3Fthlp+pMBRfBzaEMcjUC+9PrxTjlRGjMkFJd10m0nyGpKWZkXPJSRRKEh6hPugYF4kT52fSKMTw2Tg9GsTRPaDh1f09kiCs14qHp5EgP1HxtYv5X66Y6OvczKpJUE4Fni6KUQR3DSSSwRyXBmo0MICyp+SvEAyQR1ia4kgnBnT95EVqnVdfwTa1cv8zjKIIDcAROgAvOQB1cgwZoAgwewBN4Aa/Wo/VsvVnvs9aClc/sgz+yPr4BEOWXog==</latexit>

mmax = 2 , `max = 2
<latexit sha1_base64="Xl3WCiLa0lDYYkIh8+AY/eZn+HY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuChlpgi6EYpuXFawF+gMQybNtKFJZkgyYhm6cOOruHGhiFsfwp1vY9oOoq0/BD7+cw4n5w8TRpV2nC+rsLK6tr5R3Cxtbe/s7tn7B20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtHVtN65I1LRWNzqcUJ8jgaCRhQjbazALvMg8zi6n1zUvWoVeoSxHyOwK07NmQkug5tDBeRqBvan149xyonQmCGleq6TaD9DUlPMyKTkpYokCI/QgPQMCsSJ8rPZERN4bJw+jGJpntBw5v6eyBBXasxD08mRHqrF2tT8r9ZLdXTuZ1QkqSYCzxdFKYM6htNEYJ9KgjUbG0BYUvNXiIdIIqxNbiUTgrt48jK06zXX8M1ppXGZx1EEZXAEToALzkADXIMmaAEMHsATeAGv1qP1bL1Z7/PWgpXPHII/sj6+AZF+l2M=</latexit><latexit sha1_base64="Xl3WCiLa0lDYYkIh8+AY/eZn+HY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuChlpgi6EYpuXFawF+gMQybNtKFJZkgyYhm6cOOruHGhiFsfwp1vY9oOoq0/BD7+cw4n5w8TRpV2nC+rsLK6tr5R3Cxtbe/s7tn7B20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtHVtN65I1LRWNzqcUJ8jgaCRhQjbazALvMg8zi6n1zUvWoVeoSxHyOwK07NmQkug5tDBeRqBvan149xyonQmCGleq6TaD9DUlPMyKTkpYokCI/QgPQMCsSJ8rPZERN4bJw+jGJpntBw5v6eyBBXasxD08mRHqrF2tT8r9ZLdXTuZ1QkqSYCzxdFKYM6htNEYJ9KgjUbG0BYUvNXiIdIIqxNbiUTgrt48jK06zXX8M1ppXGZx1EEZXAEToALzkADXIMmaAEMHsATeAGv1qP1bL1Z7/PWgpXPHII/sj6+AZF+l2M=</latexit><latexit sha1_base64="Xl3WCiLa0lDYYkIh8+AY/eZn+HY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuChlpgi6EYpuXFawF+gMQybNtKFJZkgyYhm6cOOruHGhiFsfwp1vY9oOoq0/BD7+cw4n5w8TRpV2nC+rsLK6tr5R3Cxtbe/s7tn7B20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtHVtN65I1LRWNzqcUJ8jgaCRhQjbazALvMg8zi6n1zUvWoVeoSxHyOwK07NmQkug5tDBeRqBvan149xyonQmCGleq6TaD9DUlPMyKTkpYokCI/QgPQMCsSJ8rPZERN4bJw+jGJpntBw5v6eyBBXasxD08mRHqrF2tT8r9ZLdXTuZ1QkqSYCzxdFKYM6htNEYJ9KgjUbG0BYUvNXiIdIIqxNbiUTgrt48jK06zXX8M1ppXGZx1EEZXAEToALzkADXIMmaAEMHsATeAGv1qP1bL1Z7/PWgpXPHII/sj6+AZF+l2M=</latexit><latexit sha1_base64="Xl3WCiLa0lDYYkIh8+AY/eZn+HY=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuChlpgi6EYpuXFawF+gMQybNtKFJZkgyYhm6cOOruHGhiFsfwp1vY9oOoq0/BD7+cw4n5w8TRpV2nC+rsLK6tr5R3Cxtbe/s7tn7B20VpxKTFo5ZLLshUoRRQVqaaka6iSSIh4x0wtHVtN65I1LRWNzqcUJ8jgaCRhQjbazALvMg8zi6n1zUvWoVeoSxHyOwK07NmQkug5tDBeRqBvan149xyonQmCGleq6TaD9DUlPMyKTkpYokCI/QgPQMCsSJ8rPZERN4bJw+jGJpntBw5v6eyBBXasxD08mRHqrF2tT8r9ZLdXTuZ1QkqSYCzxdFKYM6htNEYJ9KgjUbG0BYUvNXiIdIIqxNbiUTgrt48jK06zXX8M1ppXGZx1EEZXAEToALzkADXIMmaAEMHsATeAGv1qP1bL1Z7/PWgpXPHII/sj6+AZF+l2M=</latexit>
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Figure 3. The plot of Mellin amplitude M+(s1, s2 = 0) for mmax = `max = 2 (left) and
mmax = 4 , `max = 14 (right). The double zero structure at s1 = 1

8 +p become prominent on adding
more operators.

In figure 3 we have plotted M+(s1, s2 = 0) for 0 ≤ s1 ≤ 2.2. The nontrivial double
zeroes are expected at s1 = 0.125 + p and poles at m

2 − 0.25. The double zero locations
get more accurate as we add more operators. As expected the convergence gets poorer for
larger values of s1. We carried out the above analysis also for level k = 3, which yields
similar results.

D Product functionals in d = 4 and d = 6

In this appendix we review how to use the product functionals in d = 4 and d = 6. We
then use the simple functionals discussed in section 4.2 for 2d to obtain analytic bounds
on OPE coefficients.

D.1 d = 4

In d = 4 we have the conformal blocks:

Gd=4
∆,` (z, z̄) = 1

1 + `

zz̄

z − z̄

[
G ρ

2

(
z|∆φ

2

)
G τ−2

2

(
z̄|∆φ

2

)
− (z ↔ z̄)

]
,

= 1
1 + `

1
z − z̄

[
G ρ

2

(
z|∆φ − 1

2

)
G τ−2

2

(
z̄|∆φ − 1

2

)
− (z ↔ z̄)

]
. (D.1)

The crossing vector becomes

F d=4
−,∆,`(z, z̄|∆φ)=

[
F+, ρ2

(
z|∆φ−1

2

)
F+, τ−2

2

(
z̄|∆φ−1

2

)
+ F−, ρ2

(
z|∆φ−1

2

)
F−, τ−2

2

(
z̄|∆φ−1

2

)
− (z↔ z̄)

]
2(1 + `)(z − z̄) .

(D.2)
We can combine IzIz̄F∆,`(z, z̄) and IzIz̄F∆,`(z, 1− z̄) to get expressions involving only F+
or only F−. So the product functionals must involve either both + type functionals or both
− type. We choose the functional to be

[ω(1)
± ⊗ ω

(2)
± ]d=4(∆, `|∆φ)

= 2
∫ ∞

1

dzdz̄

π2 h
(1)
± (z)h(2)

± (z̄)(z − z̄)
[
IzIz̄F−,∆,`(z, z̄)± IzIz̄F−,∆,`(z, 1− z̄)

]
. (D.3)
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The kernels are chosen from α±,n, β±,n. However notice the z − z̄ factor in the inegral
above. It means we have to pick a combination of functional that have a stronger Regge
falloff and cancels this factor. Let us work with fermionic functionals αF±,n, βF±,n and pick

β̃F−,n = βF−,n − bnβF−,0 , bn chosen such that fβ̃F−,n
= O(z−4) ,

α̃F−,n = αF−,n − anβF−,0 , an chosen such that fα̃F−,n
= O(z−4) . (D.4)

Note that for bosonic functions (recall βB−,0 = 0) we should subtract αB−,0 instead. The
product functionals are then as follows (denoting ω(1)ω(2) ≡ [ω(1)⊗ω(2)]d=4 and suppressing
F superscripts)

β+,mβ+,m m,n ≥ 0 ,m 6= n , α+,mα+,m m,n ≥ 0 ,m 6= n ,

β+,mα+,m m,n ≥ 0 , β̃−,mβ̃−,m m,n ≥ 1 ,m 6= n ,

α̃−,mβ̃−,m m,n ≥ 0 ,m 6= n , β̃−,mβ̃−,m m ≥ 1 , n ≥ 0 . (D.5)

The functional action is given by

ω
(1)
± ω

(2)
± (∆, `|∆φ) = 1

`+ 1
[
ω

(1)
± (ρ|∆φ|4)ω(2)

± (τ − 2|∆φ|4)− ω(2)
± (ρ|∆φ|4)ω(1)

± (τ − 2|∆φ|4)
]
.

(D.6)
Here we defined ω±(∆|∆φ|4) = ω±(∆

2 |∆φ−1
2 ). As in 2d the action is entirely determined

from the ± type Polyakov blocks.
However one should be careful as subtractions (D.4) are involved in the − case. We

saw in section 2.3.2 (for the + case) that to obtain Polyakov blocks related to functionals
with stricter large z fall-off one has to add more contact diagrams. Therefore to obtain
β̃−,n, α̃−,n one has to add a contact diagram to P−,∆(z) such that one coefficient in its
conformal block decomposition is zero [3].

D.2 d = 6

The d = 6 conformal blocks are given by

Gd=6
∆,` (z, z̄) = K

z2z̄2

(z − z̄)2

[
Gd=4

∆−2,`(z, z̄)−Gd=4
∆−2,`+2(z, z̄)

− (∆− 4)(τ − 4)2

16(∆− 2) (τ2 − 8τ + 15)G
d=4
∆,` (z, z̄) + (∆− 4)ρ2

16(∆− 2) (ρ2 − 1)G
d=4
∆,`+2(z, z̄)

]
.

(D.7)

where
K = − 6

(
ρ2 − 1

) (
τ2 − 8τ + 15

)
(ρ− 1)(ρ+ 1)(τ − 5)(τ − 3)(`+ 2) . (D.8)

The crossing vector is given by

F d=6
∆,` (z, z̄|∆φ) = K

(z − z̄)2

[
F d=4

∆−2,`(z, z̄|∆φ − 2)− F d=4
∆−2,`+2(z, z̄|∆φ − 2)

− (∆− 4)(τ − 4)2

16(∆− 2) (τ2 − 8τ + 15)F
d=4
∆,` (z, z̄|∆φ − 2)

+ (∆− 4)ρ2

16(∆− 2) (ρ2 − 1)F
d=4
∆,`+2(z, z̄|∆φ − 2)

]
. (D.9)
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Similar to the d = 4 case we choose the functional kernels in the following way:

[ω(1)
± ⊗ ω

(2)
± ]d=6(∆, `|∆φ)

= 2
∫

++

dzdz̄

π2 h
(1)
± (z)h(2)

± (z̄)(z − z̄)3[IzIz̄F∆,`(z, z̄)± IzIz̄F∆,`(z, 1− z̄)
]
. (D.10)

The functional action is given by (ω(1)ω(2) ≡
[
ω(1) ⊗ ω(2)])

[ω(1)
± ω

(2)
± ]d=6(∆, `|∆φ) =K

[
[ω(1)
± ω

(2)
± ]d=4(∆− 2, `|∆φ)− [ω(1)

± ω
(2)
± ]d=4(∆− 2, `+ 2|∆φ)

−
(∆− 4)(τ − 4)2[ω(1)

± ω
(2)
± ]d=4(∆, `|∆φ)

16(∆− 2) (τ2 − 8τ + 15)

+
(∆− 4)ρ2[ω(1)

± ω
(2)
± ]d=4(∆, `+ 2|∆φ)

16(∆− 2) (ρ2 − 1)

]
(D.11)

Since now we have a (z− z̄)3 in the integral of (D.10) we have to subtract more functionals
while choosing the kernels, so that the falloff is at least O(z−5). To have a Regge bounded
integrand we should subtract one functionals from the + type ones and 2 from the − type.
Working with fermionic functionals we pick:

β̂−,n = β−,n − b(1)
n β−,0 − b(2)

n α−,0 , b(1,2)
n chosen such that fβ̂−,n = O(z−6) ,

α̂−,n = α−,n − a(1)
n β−,0 − a(2)

n α−,0 , a(1,2)
n chosen such that fα̂−,n = O(z−6) ,

β̂+,n = β+,n − cnβ+,0 , cn chosen such that fβ̂+,n
= O(z−5) ,

α̂+,n = α+,n − dnβ+,0 , dn chosen such that fα̂+,n = O(z−5) . (D.12)

To obtain their actions from Witten diagrams, we should appropriately add two (crossing
symmetric) contact diagrams to P−,∆(z) and one (crossing antisymmetric) contact diagram
to P+,∆(z).

The d = 6 product functionals are hence chosen as follows

β̂+,mβ̂+,m m,n ≥ 1 ,m 6= n , α̂+,mα̂+,m m,n ≥ 0 ,m 6= n ,

β̂+,mα̂+,m m ≥ 1 , n ≥ 0 , β̂−,mβ̂−,m m,n ≥ 2 ,m 6= n ,

α̂−,mβ̂−,m m,n ≥ 0 ,m 6= n , β̂−,mβ̂−,m m ≥ 2 , n ≥ 0 . (D.13)

D.3 Bounds with product functionals

In this subsection we use the simple functionals built with the 2d product functionals (see
section 4.2.2) to extend the bounds on OPE density obtained in d = 2 [20] to a CFT with
general global symmetry. For the uncharged case the bound was obtained by choosing the
following combination of 1d functionals:

α̃±,m = α±,m + c±β±,m, c± chosen such that fα±,m ∼ O(z
1
2 (9±1)) . (D.14)

These modified functionals have the following positivity and asymptotic properties respec-
tively:

α̃+,m(τ) ≥ 0, ∀ τ ≥ 0 , α̃−,m(τ) ≥ 0, ∀ τ ≥ τ0(∆φ) , (D.15)

α̃±,m(0) m→∞= ±afree
hm , (D.16)
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where

afree
h =

2Γ
(
h
2

)2

Γ(h− 1)Γ(∆φ)2

Γ
(
h+2∆φ−2

2

)
Γ
(
h+2∆φ+2

2

) , hm = 2 + 2∆φ + 4m. (D.17)

For h, hm � 1 with h− hm fixed we have

α±,m(h) h,hm→∞=
(
afree
hm

afree
h

)(
4
π

sin(π4 (h− hm))
h− hm

)2

. (D.18)

Now the action of the product functional α̃−,mα̃+,n on the bootstrap equation implies the
following bound:∑
|∆−∆prod

m,`
|≤2

`=2(m−n)

(1 + δ`,0)a∆,`α̃−,m(τ)α̃+,n(ρ) ≤ −
∑

0≤τ≤τ0
`=0,2,···

a∆,`
[
α̃−,m(τ)α̃+,n(ρ) + α̃+,n(τ)α̃−,m(ρ)

]
.

(D.19)
Here ∆prod

m,` = 2 + 2∆φ + 4m+ `. Using the above properties of α̃±,m we get the following
upper bound on OPE density:

lim
m,n→∞

∑
|∆−∆prod

m,`
|≤2

`=2(m−n)

 a∆,`

aprod
∆,`

( 4
π

sin
(
π
4 (∆−∆m,`)

)
∆−∆m,`

)4

≤ 1 , (D.20)

where aprod
∆,` = 2

1+δ`,0a
free
ρ afree

τ .
Recall from section 4.2 that the global symmetry problem is formulated in terms of

a crossing matrix Cab. It has the eigenvalues +1 with r+ degeneracy and −1 with r−
degeneracy. It was shown in [14] that there can be r+−r− eigenvectors with +1 eigenvalue,
that have positive even parity components and zero parity odd components. These are
found by taking linear combinations of them and (S: singlet):

Ea
+ =


2+dr

2 , a = S
√
dr, ηa = 1

0, ηa = −1
, Ẽa

+ =


dr
2 , a = S
√
dr, ηa = 1

0, ηa = −1
, (D.21)

which are also +1 eigenvectors (and η is defined by the tensor T a
ij,kl = ηaT a

ji,kl, see (1.1)). In
fact the other linearly independent r− combinations can also be chosen to have non-negative
components.

Now we note that for any eigenvector e± we must have
∑

b e
b
±P

ab
∓ = 0. Choosing

a non-negative eigenvectors as above (lets say Eb
+,s), we can consider the combination of

simple functionals Eb
+,sω

b|c whose action would be proportional to ω(1)
− ω

(2)
− (∆, `). Choosing

ω
(1)
− ω

(2)
− = α̃−,mα̃+,n its action translates the OPE denisity upper bound (D.20) to the

following bound for global symmetry:

lim
m,n→∞

∑
|∆−∆prod

m,`
|≤2

|`−2(m−n)|≤1

∑aE
a
+,sa

a
∆,`

aprod
∆,`

( 4
π

sin
(
π
4 (∆−∆m,`)

)
∆−∆m,`

)4

≤
∑
b

Eb
+,sa

b
0 . (D.22)
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Here aa0 denotes the OPE of ∆ = 0, ` = 0 operator in each irrep a (with aS
0 = 1). Since all

components Ea
+,s are positive this implies the following individual bound:

lim
m,n→∞

∑
|∆−∆prod

m,`
|≤2

|`−2(m−n)|≤1

Ea
+,sa

a
∆,`

aprod
∆,`

( 4
π

sin
(
π
4 (∆−∆m,`)

)
∆−∆m,`

)4

≤ 1
Ea

+,s

∑
b

Eb
+,sa

b
0 . (D.23)
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