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1 Introduction

Since the early days of string theory, heterotic compactifications have been a fruitful road
towards realistic models of particle physics, beginning with the seminal paper of Candelas,
Horowitz, Strominger and Witten [1]. It is common practice to look for supersymmetric
solutions by compactifying on a six-dimensional Calabi-Yau manifold with a gauge bundle,
at least as a zeroth-order geometry. However, α′-corrections generically induce torsion [2, 3],
whereby the geometry is described by a more complicated set of equations known as the
Hull-Strominger system. The geometric features of the torsional Hull-Strominger system
are much more mysterious than their Calabi-Yau cousins. Part of the purpose of this
paper is to shed light on the local geometry of these solutions by considering a certain
dimensional reduction of the geometry and studying local solutions to the system in this
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limit. In fact, the reduced solutions we present constitute new T 3-invariant local solutions
of the Hull-Strominger system.

Another route to physically realistic effective theories is via M-theory on singular G2
holonomy spaces [4]. Specifically, G2 holonomy spaces with codimension-7 singularities
sitting in codimension-4 orbifold loci may give a geometry on which M-theory can produce
realistic models of particle physics. One tool to investigate M-theory compactifications is
the duality between M-theory on a K3 surface and the E8 ×E8 heterotic string on T 3 [5].
This duality is simplest in the limit of large heterotic volume, which corresponds on the
M-theory side to the half-K3 limit, where the K3 surface is stretched along one direction
(analogous to the stable degeneration limit of F-theory). This duality may be adiabatically
fibered over a 3D base to obtain 4D effective theories: when the G2 holonomy space of the
M-theory geometry carries a coassociative K3 fibration, we expect it to be dual to the
E8×E8 heterotic string compactified on a Calabi-Yau threefold with a fibration by special
Lagrangian 3-tori, known as an SYZ fibration [6]. The conditions of N = 1 supersymmetry
additionally require that the heterotic background gauge field must satisfy the Hermitian
Yang-Mills equations. The equations we study in this paper may be understood as an
approach to this duality from the heterotic side, where they give the lowest order α′-
corrections to the heterotic large volume (i.e. M-theory half-K3) limit. This is a step
towards the α′-corrected heterotic dual of Donaldson’s local adiabatic limit of co-associative
fibered G2 manifolds [7], applicable in the M-theory setting.

Compact spaces of the required type for physically realistic effective theories are not
yet available: on the M-theory side, no compact G2 holonomy spaces with codimension-7
singularities sitting inside orbifold loci have been constructed, and on the heterotic side,
Hermitian Yang-Mills connections over compact SYZ fibrations are not well-understood.
Thus we are currently limited to working with local models of such geometries. The Hull-
Strominger system, when reduced on the fibers of a local model T 3 × R3 of the SYZ
geometry, gives an α′-corrected version of the equations for a stable complex flat connec-
tion in 3D, which were introduced in [8]. These equations give a fruitful playground for
understanding the matter spectrum of G2 (and heterotic) compactifications, and have been
studied in various ways in the literature. A method for computing spectra of solutions via
Morse cohomology was given in [9], and the method was extended and applied in [10] to
reduced models of twisted connected sum G2 holonomy spaces [11–13]. The cohomology
method was further extended to local G2 holonomy spaces in [14]. The first non-abelian
solution was given in [15], where an SU(3) solution was constructed from the M-theory
perspective via T-branes [16]. The authors of [15] point out that such non-abelian solu-
tions can allow for chiral zero-modes, even if the upstairs G2 geometry locally has only a
codimension six singularity, and they present a local example with an explicit construction
of such a chiral mode.

In this paper, we study non-abelian stable complex flat connections from a heterotic
perspective. We present a Morse-Witten type cohomology that can be used to compute
the index of such solutions. If we make some additional assumptions for the types of non-
abelian solutions considered, we can also use this cohomology to compute the spectrum.
We also investigate how α′-corrections coming from the local reduced Hull-Strominger
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system correct and change the tree-level solutions. We consider how α′-corrections may
modify the generic behaviour of solutions near sources, and how the metric and D-term
stability condition receive non-trivial corrections due to the heterotic Bianchi-Identity close
to the sources. In particular, for generic non-abelian solutions, we are forced to introduce
a two-form field which alters the equations in an interesting way.

The paper is organised as follows. In section 2, we introduce the Hull-Strominger
system, reduce it on a local model for an SYZ-fibered Calabi-Yau threefold, and compute
the α′-corrections to the resulting 3D equations for a stable complex flat connection. In
section 3, we explore solutions to this system of equations, beginning with abelian solutions
and then examining a non-abelian monopole-type solution. In section 4, we introduce a
method for computing the chiral spectrum or chiral index of non-abelian solutions that
become asymptotically abelian near sources of the Higgs field, or at least remain well-
behaved. In section 5, we present examples of spectrum computations. In section 6, we
give our conclusions and further directions.

2 The Hull-Strominger system

We start by first recalling the α′-corrected system of equations that must be satisfied by
the geometry, gauge bundle, dilaton, and B-field of an N = 1 heterotic background. The
manifolds of interest admit an SU(3) structure (X,Ω, ω), where Ω is a complex nowhere
vanishing three-form and ω is a real two-form of maximal rank. The form Ω is also re-
quired to be locally decomposable, which implies that it endows X with an almost complex
structure J [17]. Moreover, Ω is a (3, 0) form with respect to J .

The forms Ω and ω now satisfy the usual SU(3) structure relations

i

||Ω||2 Ω ∧ Ω = 1
6ω ∧ ω ∧ ω , ω ∧ Ω = 0 . (2.1)

The first equation identifies the volume forms defined by the two structure forms, while
the second relation says that ω is of type (1, 1) with respect to J . For supersymmetric
heterotic compactifications to four dimensional Minkowski space,

M9,1 =M3,1 ×X , (2.2)

the internal geometry X is required to satisfy the relations [2, 3, 18]

d(e−2φΩ) = 0 (2.3)
d(e−2φω ∧ ω) = 0 (2.4)

i(∂ − ∂)ω = H , (2.5)

where φ denotes the heterotic dilaton and H is given by

H = dB + α′

4 (ωCS(A)− ωCS(∇)) . (2.6)

Here A is the gauge connection of a vector bundle with structure group contained in either
E8 × E8 or SO(32), while ∇ is an End(TX) valued connection which will play less of a
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role for us.1 The two-form B is the heterotic Kalb-Ramond field, which has to transform
under gauge transformations in order that the flux H remains gauge invariant [25]. The
three form then satisfies the heterotic Bianchi identity

dH = 2i∂∂ω = α′

4 (tr F ∧ F − trR ∧R) , (2.7)

where F and R are the curvatures of A and ∇ respectively. For our local explicit solutions,
the last term on the right hand side will be of cubic order in α′ and will hence be dropped
from now on. However, this term will be important when one considers compact global
issues, and we will investigate this further in future publications.

The first condition (2.3) implies that the complex structure defined by Ω is integrable,
so (X, J) is a complex manifold. The second condition (2.4) is known as the conformally
balanced condition, while the third condition (2.5) identifies the heterotic NS three-form
flux in terms of the internal geometry. In addition, the gauge bundle is required to satisfy
the supersymmetry conditions

F ∧ Ω = 0 , ω ∧ ω ∧ F = 0 , (2.8)

often referred to as the Hermitian Yang-Mills conditions. Indeed the first condition implies
that F is of type (1, 1), which means that the bundle is holomorphic. The second condition
is the Yang-Mills constraint, which implies that the bundle is poly-stable by the Donaldson-
Uhlenbeck-Yau theorem [26, 27].

The system of equations (2.3)–(2.5) together with the heterotic Bianchi identity (2.7)
and the Hermitian Yang-Mills conditions (2.8) are often referred to as the Hull-Strominger
system. It is (perturbatively) accurate modulo cubic corrections in α′.

2.1 Reducing the Hull-Strominger system on T 3 ×M3

We are interested in solutions of the Hull-Strominger system on local models for Calabi-
Yau manifolds, or more generally torsional models solving the Hull-Strominger system. In
particular, we assume that the internal geometry has a special Lagrangian T 3 fibration [6].
Locally we can model such a geometry as

X = T 3 ×M3 . (2.9)

We will also assume the fibers T 3 to be sufficiently small, so that we can have our solution
depend nontrivially only on the M3 coordinates. In this paper we will take M3 to be
either S3 or R3 for local models of M3. Let us proceed to consider such local models
where M3 = R3.

The tree-level (α′ = 0) geometry then consists of a Calabi-Yau metric on this space,
with a local complex structure given by

dzi = dxi + idφi , (2.10)
1The freedom to choose ∇ has been discussed extensively in the literature, see e.g. [19–24].
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where {x1, x2, x3} are the coordinates on M3, while {φ1, φ2, φ3} are the coordinates of
the three-torus. Other ansatze for the geometry are of course possible. In particular, we
discuss an ansatz in appendix A with relevance for local heterotic/F-theory duality, which
also turns out to result in a α′-corrected version of the t’Hooft-Polyakov monopole [28, 29].

Locally on T 3 ×R3 we have the corresponding complex top-form and Hermitian form
given by

Ω0 = dz1 ∧ dz2 ∧ dz3 , ω0 = λ2
3∑
i=1

dxi ∧ dφi = g0ijdxi ∧ dφj , (2.11)

where λ denotes a constant size parameter. This model SU(3) structure corresponds to a
flat tree-level metric. We will use this as our model for explicit R3 computations throughout
this paper, leaving reductions to more generic curved backgrounds for future work.

Let us then reduce the Hermitian Yang-Mills equations on this system. We first expand

A = Axi dxi +Aφi dφi , (2.12)

where Ax and Aφ are assumed to depend only on the non-compact coordinates. We have

dA = d + A , F = dA+ A ∧A . (2.13)

Plugging this into the holomorphic constraint gives

F x = Aφ ∧Aφ (2.14)
dAxAφ = 0 , (2.15)

where dAx is the exterior covariant derivative with respect to the connection Ax, and where
Aφ = Aφi dxi transforms as a one-form on R3 due to a topological twist. This twisting occurs
because the T 3 fiber is a special Lagrangian, so that its normal bundle is isomorphic to its
tangent bundle [30]. The F-term equations (2.14) and (2.15) can be recast as the equation
for a complex flat connection

A = Ax + i Aφ , FA = dA+A ∧A = 0 . (2.16)

Reducing the Yang-Mills conditions gives a co-closure constraint on Aφ. At zeroth order
in α′, the equation reads

d†AxA
φ = 0 . (2.17)

where the dagger denotes an adjoint taken with respect to the tree-level metric from (2.11).
This equation can be viewed as a stability condition on the flat connection [31]. Together,
the F-term equation (2.16) and D-term equation (2.17) comprise the equations for a stable
complex flat connection in 3D.

Including α′-corrections modifies the D-term co-closure equation while preserving the
F-term flatness condition, as we will see in the next subsection.

2.2 The back-reacted geometry

Now we will consider α′-corrections to our equations. Instanton configurations of the
type (2.14)–(2.24) will back-react on the geometry through the heterotic Bianchi iden-
tity (2.7) and supersymmetry conditions (2.3)–(2.5). Such back-reactions will only become
relevant close to sources, and so we restrict ourselves to a local patch containing the source.
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A short computation using (2.14)–(2.15) reveals that for the reduced geometry, the
Pontryagin class may be written as

trF ∧F = −dxd̃xtr
(
Aφ ∧ Ãφ

)
+ 2

3 dxtr
(
Ãφ ∧ Ãφ ∧ Ãφ

)
− 2

3 d̃xtr
(
Aφ ∧Aφ ∧Aφ

)
, (2.18)

where dx = dxi∂i, d̃x = dφi∂i and Ãφ = dφiAφi . Using the Hodge decomposition of M3, it
follows that 2

3 d̃xtr
(
Aφ ∧Aφ ∧Aφ

)
= d̃xdxB (2.19)

for some real two-form B ∈ Ω2(M3). We then find

trF ∧ F = dxd̃x
(
B + B̃ − tr

(
Aφ ∧ Ãφ

) )
, (2.20)

where B̃ = 1
2Bijdφij . From the Bianchi identity (2.7), it follows that ω is corrected to

ω = ω0 −
α′

16
(
tr
(
Aφ ∧ Ãφ

)
−B − B̃

)
, (2.21)

where ω0 is the tree-level solution, which satisfies

dxd̃xω0 = 0 . (2.22)

Locally on R3 we will take ω0 to be given by (2.11) above, i.e. corresponding to the flat
metric. We will consider situations where the zeroth order geometry is also curved in a
later publication. From ω we get a corrected metric

gmn = g0mn −
α′

16tr
(
AφmA

φ
n

)
, (2.23)

on M3, where g0 is the metric derived form ω0.
Before we consider the α′-correction to (2.17), let us first make an observation con-

cerning the two-form B we introduced above. It is tempting to speculate that doing an
appropriate α′-correction to the complex structure ansatz (2.10), we can absorb B, leaving
a Hermitian form as in (2.11) but with g0ij = λ2δij replaced by gij . However, it turns out
that if the deformed complex structure is to remain integrable, then B must be a closed
two-form if it is to be cancelled by such a deformation. As only the exterior derivative of
B appears in the Bianchi identity, we see that such a deformation cannot absorb B.

The α′-corrections to the D-term supersymmetry equation, which is the reduction of
the Yang-Mills condition for the gauge sector, reads

gmn∇xmAφn = α′

16B
nqAφnA

φ
q , (2.24)

where indices are raised and lowered using gmn, and ∇xm acts as the Levi-Civita connection
on space-time indices. Note at zeroth order in α′ this is just the co-closure condition, but
for general non-abelian connections where B 6= 0 the equation gets corrected even at first
order in α′. The appearance of the Levi-Civita connection for the α′-corrected metric does
not come directly from reduction of the Hermitian Yang-Mills equations, but is implied
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by the topological twist discussed in the previous subsection. Interestingly, the additional
terms in the covariant derivative required by the Levi-Civita connection vanish to first
order in α′ when contracted with the inverse metric, so the different choices of connection
are equivalent to the order to which the Hull-Strominger system is corrected.

We also need to check the conformally balanced condition (2.4). A somewhat lengthy
computation gives the dilaton factor as

dxφ = α′

64dx
(
tr(AφmAφ

m) + α′

32tr(A
φ
mA

φ
n)tr(AφmAφn) + α′

32κ f −
α′

32BmnB
mn
)
, (2.25)

where we have used (2.24), and where one must also choose B so that

∇mBmn = 0 . (2.26)

Here indices are again raised and the adjoint is taken with respect to the metric g. We are
free to assume B is co-exact, given in terms of a function f as

Bnp = ∇m(f εmnp) . (2.27)

The constant κ is the part of tr(Aφ ∧Aφ ∧Aφ) proportional to the volume form

2
3 tr(Aφ ∧Aφ ∧Aφ) = dxB + κ ∗ 1 . (2.28)

On R3 this can be absorbed in dxB, as any three-form on R3 is exact by the Poincare lemma.
Finally, we can also check that (2.3) is satisfied, provided that we take

Ω = e2φΩ0 . (2.29)

Additionally, it can be verified that the SU(3) conditions (2.1) are also satisfied.

3 Solutions to the reduced system

The natural place to begin a search for stable complex flat connections is smooth solutions
of finite energy. However, in analogy to the 4D Hitchin system on R4, it seems likely
that any smooth, finite energy stable complex flat connection is gauge equivalent to the
trivial solution. We will show below that this is true if one assumes strong enough falloff
conditions on the Higgs field. The implications are that finite energy solutions must not be
smooth, which we take to mean that the Higgs field has singularities along a configuration
of sources.

To see that the claim is true for strong enough falloff conditions, we look at a corollary
of the Bochner-Weitzenboch identity that holds for solutions of the complex Yang-Mills
equations (and thus for solutions of (2.16)–(2.17)):

1
2∆

∣∣∣Aφ∣∣∣2 − ∣∣∣∇AxAφ
∣∣∣2 − ∣∣∣Aφ ∧Aφ∣∣∣2 = 0

where Ax + iAφ satisfies the complex Yang-Mills equations and we have specialized to R3

to drop a term involving the Ricci curvature [32]. We then integrate this equation over
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R3. The Laplacian term may be integrated via Stoke’s theorem, and with strong enough
falloff conditions on Aφ, this tells us that the integral of this term vanishes. In that case,
we have that the sum of the other two terms vanishes. Because these terms are negative
semidefinite, we conclude that

∇AxAφ = 0, Aφ ∧Aφ = 0

The second equation tells us that F x is zero, via the F-term equation, and because we are
on R3, we may then choose a gauge in which ∇Ax = d, and then the above equations imply
that Aφ is trivial.

It seems likely that the 6D finite energy condition, when reduced to 3D, will provide
strong enough falloff conditions for the vanishing of the integrated Laplacian above. To
prove this hypothesis would require additional analysis of 3D gauge theory that we leave
for future work.

The above argument applies only to the tree level α′ = 0 equations. For the α′-
corrected system, we do not have access to a Bochner-Weitzenboch identity, so cannot rule
out smooth solutions in the same way. However, in the cases examined below, including
α′-corrections to a solution that is singular at tree level does not smooth out the singularity,
and instead worsens the singularities (at least at O(a′), where the solution is reliable).

3.1 Abelian solutions

The simplest solutions to the reduced Hull-Strominger system are found by taking the
gauge group to be abelian. It turns out that, as we will see below, these are also relevant
to certain non-abelian solutions with sources. Indeed, we will argue that for a certain
type of non-abelian solution, the part of the connection which sees the source effectively
becomes abelian. It thus makes sense to investigate closer the local geometry of such
solutions near sources. These solutions were also extensively studied as local models for
M-theory compactifications on G2 manifolds in [4, 9, 10, 15, 33].

The Higgs field of an abelian solution satisfies Aφ ∧ Aφ = 0, which by (2.14) implies
F x = 0. Assuming we are on a simply connected space M3, we may then choose Ax = 0.2
Thus we can decouple the gauge and tangent bundle factors of Aφ and search for Aφ ∈
Ω1(M3) satisfying the F-term and D-term equations

dAφ = d†Aφ = 0 , (3.1)

where the adjoint is taken with respect to the α′-corrected metric. Thus we are looking
for harmonic 1-forms on M3. We will work in a patch, so that the closure condition on Aφ
implies by the Poincare lemma that we can set

Aφ = dψ , (3.2)

for some real function ψ. The co-closure condition then becomes

d†dψ = 0 , (3.3)
2Our space will either be S3 or the local model R3.
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and so we are looking for harmonic functions on R3, which may blow up at sources. Note
that the metric is given as

gmn = g0mn −
α′

8 ∂mψ∂nψ , (3.4)

where the factor of 2 relative to (2.23) comes from the trace, and the form of g0 is given
by (2.11). The dilaton is

φ = α′

64 g
mn∂mψ∂nψ + α′2

32× 64 (gmn∂mψ∂nψ)2 , (3.5)

where we have set the constant part of the dilaton to zero. Let’s go on to consider some
common local solutions on R3 and their α′ corrections.

At zeroth order, the radially symmetric solution is the standard monopole harmonic
function

ψ(r) = C

r
+O(α′) , (3.6)

for some constant C corresponding to the charge of the monopole. Given the monopole
solution (3.6) for ψ, we find that the dilaton is

φ = α′C2

64λ2 r4 +O(α′2) . (3.7)

The only component of the metric that is corrected is grr:

grr = λ2 + α′C2

8r4 +O(α′2) . (3.8)

Note that both the dilaton and metric blow up as r → 0.

Exact Solution and large charge limit. Local solutions to torsional heterotic com-
pactifications and the Hull-Strominger system with abelian bundles have been studied from
differrent perspectives before [34–37]. The benefits of studying abelian bundles is that a
particular double scaling limit can be employed, where the charge of the gauge field is sent
to infinity, while α′ is sent to zero in a controlled manner. This results in a finite correc-
tion to the geometry at first order in α′, while higher corrections vanish. The solution is
one-loop exact.

We consider the exact solution to the reduced Hull-Strominger system with a radially-
symmetric potential field ψ(r). If we solve equation (2.24) using the α′-corrected metric,
we find

ψ′(r) = − C√
r4 − α′ C2

8λ2

(3.9)

This Higgs field no longer blows up at the origin, but at a non-zero radius. From this Higgs
field, we can calculate the metric, which again is corrected only in its grr component:

grr = λ2

1− α′ C2

8λ2r4

. (3.10)

This Higgs field, metric, and Riemann curvature blow up at the finite radius r4
0 = α′C2

8λ2 ,
indicating that there is a spherical source at this radius. The Higgs field becomes imaginary
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inside r = r0, so our solution is unphysical inside this radius and cannot tell us about the
interior. The radius r0 depends on the size parameter λ such that in the large volume limit
λ→∞, the singularity becomes concentrated near the origin. We also see from (3.10) that
the appropriate double scaling limit to consider when sending α′ to zero is to rescale the
charge so that α′C2 remains finite.

There are no further corrections to the Higgs field or metric from the Hull-Strominger
system. However, outside of the large charge limit the D-term equation itself is expected
to receive further corrections at O(α′2), so the exact solution to the O(α′) equation may
not be physically reliable at higher orders in the SUGRA expansion. One may also extend
this analysis to the case of multiple monopole sources in a straightforward way.

We can also consider the solution close to a one-dimensional source. This is effectively
a two-dimensional problem with cylindrical symmetry. The zeroth order solution now reads

ψ(ρ) = C log(ρ) +O(α′) , (3.11)

where now C denotes the charge density along the source. The results for this case are
very similar to the monopole case, but with the substitution r2 → ρ. In particular, the
fully corrected Higgs field and metric are now

ψ′(r) = − C√
ρ2 − α′ C2

8λ2

(3.12)

and
gρρ = λ2

1− α′ C2

8λ2ρ2

(3.13)

This solution blows up at a nonzero radius in the plane transverse to ρ = 0, indicating a
cylindrical source surrounding this line.

One may also examine solutions of the reduced Hull-Strominger system with negative
α′, which have interesting behaviors, though their physical relevance is less clear. In this
case, for the radially-symmetric solution, we find that the Higgs field is everywhere smooth,
while the metric has a curvature singularity at the origin, but is smooth at r = r0. We
may imagine smoothly adjusting α′ from a positive to a negative value and tracking the
behavior of the Higgs field singularity along the way: for α′ > 0, there is a singular horizon
at r = r0(α′), which contracts as we decrease α′. When α′ = 0, the singularity sits at
the origin in the Higgs field only, and when we continue to α′ < 0, the singularity moves
instead to the metric only, where it becomes a curvature singularity at the origin.

3.2 SU(N) solutions

Let us now look for solutions to the reduced Hull-Strominger system for non-abelian gauge
fields. In particular, we will restrict ourselves to gauge group SU(N), and our main example
will have an SU(2) gauge group. We will first consider the configurations at tree-level in
α′, and then discuss α′-corrections at the end of the section.

Our complex connection on R3 is given by

dAx = d + Ax , (3.14)
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where Ax is a one-form valued in the Lie-algebra of SU(2), i.e. the span of the anti-Hermitian
Pauli matrices (in math conventions). A complex connection A can now be constructed as

A = Ax + i Aφ , (3.15)

where we require both Ax and Aφ to be anti-Hermitian, valued in su(2) with legs now on
the three-dimensional base. This implies that A takes values in the Lie algebra of SL(2,C).
The flatness condition on A then implies that

A = G−1dG , (3.16)

where G ∈ SL(N,C), at least locally. Because we are working on a local model, we may
take (3.16) as our ansatz. We thus have the real and imaginary parts of A given by

Ax = 1
2
(
G−1dG− dG†(G†)−1

)
(3.17)

Aφ = − i2
(
G−1dG+ dG†(G†)−1

)
. (3.18)

We now use the polar decomposition which states that any invertible matrix can be
represented as

G = HU , (3.19)

where U is unitary and H is Hermitian matrix of positive eigenvalues. When G has unit
determinant, which we will assume, both H and U may be chosen to have unit determinant
as well, so that U ∈ SU(N). A transformation

G→ GŨ , (3.20)

where Ũ ∈ SU(N) transforms the gauge field and Higgs field as

Ax → Ũ †AxŨ + Ũ †dŨ (3.21)
Aφ → Ũ †AφŨ . (3.22)

This then corresponds to usual gauge transformations. We can use this to make G Hermi-
tian, since there is always a gauge where

G = H . (3.23)

In this gauge, the gauge field and Higgs field read

Ax = 1
2[H−1, dH] (3.24)

Aφ = − i2{H
−1, dH} , (3.25)

where curly brackets denote the anti-commutator. An anti-Hermitian matrix of unit deter-
minant has N2−1 degrees of freedom (the dimension of SU(N)). The co-closure condition

d†AxA
φ = 0 (3.26)

then gives a non-linear second order differential equation to be solved for H.

– 11 –



J
H
E
P
0
1
(
2
0
2
1
)
1
9
7

SU(2) solutions. Now let us specialize to N = 2. We may further parameterise H as

H = H0 + c I2 , (3.27)

where H0 is traceless, c ∈ R, and I2 is the rank-2 identity matrix. We expand H0 in Pauli
matrices as

H0 =
∑
i

aiσi , (3.28)

The condition that H has unit determinant is then

c2 −
∑
i

aiai = 1 . (3.29)

We are hence left with an overall number of four parameters {c, a1, a2, a3} describing the
complex flat connection, subject to the constraint (3.29).

In terms of H, the one forms Ax and Aφ now read

Ax = −1
2[H0, dH0] (3.30)

Aφ = i (H0dc− c dH0) , (3.31)

where we have used the relation (3.29) which implies that

d(H2
0 ) = d(c2)I2 . (3.32)

We now come to the tree-level stability equation

∂iA
φ
i + [Axi , A

φ
i ] = 0 . (3.33)

Plugging in (3.30) and (3.31) into this equation, we find the following nonlinear differential
equation

−c2∆am+(∆c)am+2a2∂ic∂iam−∂ic∂i(a2)am−c∂i(a2)∂iam+2c(∂iaj)(∂iaj)am = 0. (3.34)

where a2 = ajaj and ∆ = ∂i∂i. Multiplying by c and using (3.29), this can be simplified a
bit to

− c2∆am + (c∆c)am −
1
2∂i(a

2)∂i(a2)am − ∂i(a2)∂iam + 2c2(∂iaj)(∂iaj)am = 0 . (3.35)

Recall that the function c is determined by the ai’s through (3.29).
This is a rather complicated nonlinear differential equation, and it is not practical to

find a general solution. One might try to simplify matters by, for example, assuming that
the field c can be taken to be constant. This leads to the simpler equation

∆am − 2(∂iaj)(∂iaj)am = 0 , (3.36)

where by (3.29) we have used that a2 will also be constant in this case. Contracting this
equation by am, and using (3.29) agaain, we find

(∂iaj)(∂iaj)(2a2 + 1) = 0 , (3.37)

which can only be satisfied if ∂ia = 0. We conclude that in order to have nontrivial solutions
to (3.35), we need ∂ic 6= 0.

– 12 –
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3.3 Monopole-type solution

We would like to find a Hermitian matrix that satisfies the constraint (3.29) and solves
equation (3.33). As we have seen, the general equation is quite complicated, but the hope is
that we can find a clever parameterisation of H which solves the system. To get a foothold,
let’s consider again (3.29). A convenient parameterisation of c and a2 = aiai then reads

c = cosh(u(xi)) (3.38)
a2 = sinh(u(xi)) , (3.39)

for some function u(xi). We will assume that u(xi) is radially symmetric, so that it depends
only on the radius r. We then write

H0 = sinh(u(r))ãiσi , (3.40)

where we have introduced the normalized ãi so that ãiãi = 1. We want to allow the ãi to
depend on coordinates other than r, since otherwise the field Aφ will square to zero and the
curvature is flat everywhere. We may try a simple ansatz inspired by the t’Hooft-Polyakov
monopole [28, 29]:

ãi = x̂i = xi
r
. (3.41)

In this case, the eigenvalues of H are given by e±u.
Plugging this ansatz into the equations and solving the system using Mathematica, we

find that the reduced Strominger system is indeed solved provided the function u satisfies
the equation

2r2 ∆u(r) = sinh(4u(r)) . (3.42)

where ∆ is the Laplacian. Equation (3.42) becomes even simpler if we view it in terms of
the inverse variable

t = 1
r
. (3.43)

We get that
2t2 u′′(t) = sinh(4u(t)) , (3.44)

Note that this equation implies that the second derivative of u(t) always takes the sign of
u(t). In particular, a solution that tends to zero at large r must necessarily blow up at
some small r. To see this, assume that u(t)→ 0 as t→ 0. Then the equation to first order
in t is

4u(t)− 2t2 u′′(t) = 0 , (3.45)

with solution
u(t) = C1 t

2 + C2
t
. (3.46)

To avoid a singularity at t = 0, we must set C2 = 0. The remaining solution will continue
to grow for larger t, i.e. as r tends to zero.

Equation (3.46) is a good approximation for the solution in a region of t when u(t)
is small, but the non-linear effects in (3.44) from the hyperbolic sine will sooner or later
come into play. Numerical results suggest that these non-linear effects force the solution
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to blow up at finite t. Thus any solution that tends to zero at t = 0 will at best be defined
on an interval of the form (0, t1), while a solution that tends to zero at t = ∞ is at best
defined on an interval (t1,∞), where the solution blows up at t1 > 0. Switching back to
the r coordinate, It is also interesting to note that for solutions that tend to zero at the
origin, we have u growing linearly in r away from zero. Hence, the eigenvalues of H are
not smooth at the origin for such solutions, although it can be checked that the complex
flat connection is nonetheless well-defined and smooth.

We have sources where u(r)→ ±∞, meaning that the sources are spherical, as in the
earlier α′-corrected abelian example. We will consider later what happens to the solution
as we approach such sources.

α′-corrections. Now we will add the α′-corrections to the monopole-type solution. To
do so, we keep the same ansatz for the complex flat connection, but we modify our D-term
equation to (2.24). Again, this matrix equation reduces to an ODE for the function u(r):

∆g̃u(r) =
512r2 sinh(4u(r)) + 8α′ sinh2(2u(r))

(
4u(r) + sinh(4u(r))

)(
32r2 + α′ sinh2(2u(r))

)2 , (3.47)

where ∆g̃ is the Laplacian with respect to the α′-corrected metric defined in (2.23).
Unlike the abelian case it is difficult to define a large-charge limit. The α′-corrections

are generically not one-loop exact, and we find qualitatively different results when solving
the equations to O(α′) or exactly in α′. This is as expected, because the Hull-Strominger
system includes only the first order correction in α′, and higher order effects are expected
to enter from supergravity and gauge theory sectors beginning at O(α′2).

Numerical solutions of the equation truncated to first order in α′ suggest that the singu-
larity behavior for solutions to the one-loop equation are similar to that of the uncorrected
equation, with generic solutions existing on an interval (r1, r2). Meanwhile, numerical so-
lutions to the exact D-term equation have no singularities in u(r) or its first derivative for
finite r, although u(r) blows up linearly as r →∞. The solution approximates the zeroth
order solution and α′-corrected solution well in the interval (r1, r2). Thus, when compared
to the α′ = 0 solution, the exact solution to the α′-corrected equation seems to smear the
non-abelian sources such that the finite-r singularities disappear. The exact α′-corrected
metric exhibits interesting metric behavior as well, as it becomes approximately anti-de
Sitter outside of the region (r1, r2). These behaviors must be interpreted with caution,
however, because of the unknown higher order α′-corrections.

For additional analysis of the D-term equation, we will work in a different gauge, where
instead of choosing the complex gauge transformation G to be Hermitian, we choose it to
be of the form

G = UD (3.48)

with U ∈ SU(2) and D a diagonal matrix with positive eigenvalues. For the monopole-type
solution, these matrices are

D =
(
eu(r) 0

0 e−u(r)

)
, U =

(
cos(θ/2) eiφ sin(θ/2)

−e−iφ sin(θ/2) cos(θ/2)

)
, (3.49)
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where (θ, φ) are the usual angles of R3. The function u(r) satisfies the same D-term
equation (3.47). In this gauge, the complex flat connection is

A =

 −iu′(r)dr − sin2(θ/2)dφ 1
2e
iφe−2u(r)(−idθ + sin θdφ)

1
2e
−iφe2u(r)(idθ + sin θdφ) iu′(r)dr + sin2(θ/2)dφ

 . (3.50)

Near sources for the Higgs field, both u(r) and u′(r) blow up, so some components of A
will blow up as well. We can examine the rates at which components of A blow up near
the sources at r = r1 and r = r2 to determine the behavior of A. In particular, the
ratio of u′(r) to e2u(r) determines whether the diagonal or off-diagonal components of A
dominate in the limit. The behavior of u(r) is controlled by the D-term equation, so we
see that α′-corrections may influence the behavior of A near the sources. Numerical results
suggest that ∣∣ u′(r)/e2u(r) ∣∣→ c (3.51)

for a constant c that is positive when u(r) satisfies the tree-level or one-loop D-term equa-
tion. Thus, all terms in A are of the same order, and the solution is fully non-abelian near
the singularities. We may also consider the exact solution to the α′-corrected D-term equa-
tion, for which there is no singularity at r1 and r2 → ∞. In this case, we find that c = 0
for the singularity at ∞, so that the off-diagonal components dominate. Furthermore, the
lower left component of A dominates the top right one, so that for a fixed (θ, φ), the con-
nection sits asymptotically in an abelian subalgebra of sl(2;C). However, the dependence
of the differentials on θ and φ ensure that A sits in a different abelian subalgebra at every
point on the celestial sphere.

The behavior of the Higgs field near sources determines what methods may be used
to calculate its spectrum, as will be discussed in the next section. In the present case
of the monopole-type solution, its non-abelian behavior near sources prevents us from
calculating its spectrum directly, but we may reliably calculate its chiral index, as will be
described below.

4 Localised chiral matter

Now we will consider the matter spectrum associated to non-abelian solutions to the re-
duced Hull-Strominger system. In the abelian case, the spectrum is computed via the
relative cohomology of M3 with respect to the sources for the Higgs field. For non-abelian
solutions, the computation will not always be so straightforward, but in some cases we may
apply the same techniques as in the abelian case.

For our spectrum computations, we will assume a complex flat connection A with
trivial holonomy on the three-manifold M3. We write our connection as A = G−1dG with
a polar-decomposed gauge transformation G = ŨH, where Ũ is unitary and H is Hermitian
with non-negative eigenvalues. We may additionally choose a gauge in which G = UD for a
different unitary U and a diagonal D.3 We assume that A satisfies the D-term equation, so

3Note that we will use the same symbols A and G for the connection and SU(N)-valued function for
different choices of gauge. Because we will fix a certain gauge in each instance, this should not cause
ambiguity.
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that it provides a solution to the reduced Hull-Strominger system. We remark that in this
paper we will assume that G is globally defined, but singular at points. The implications of
this are discussed further below. This resembles the common assumption made for abelian
Higgs fields φ = df where f is a global but singular function; other generalizations of this
abelian setup have been studied in, for example, [9, 14].

The effect of α′-corrections on the spectrum computation is only to modify the metric
on M3, which may modify the spectrum, but the method itself is independent of which
order in α′ we consider. Thus, we will not choose a particular order in α′ for this section.
We leave the case of A with nontrivial monodromies for future work.

4.1 Behavior near sources

Our analysis of the matter spectrum is dependent on the asymptotic form of the Higgs
field near its sources. We may classify the behavior of such solutions near a source into
three cases:

• Type 1: the connection A becomes abelian near the source, meaning that there exists
an abelian subalgebra h ⊂ g such that the norm of A becomes dominated by the
components along h as one approaches the source. In this case, we may calculate the
spectrum using methods analogous to those for an abelian solution.

• Type 2: the connection A = G−1dG does not become abelian near the source, but
U remains nonsingular, where U is the unitary matrix in G = UD. In this case, the
tools we develop to compute the spectrum using relative cohomology don’t apply,
but we may at least compute the chiral index reliably. We can do this by smoothly
deforming away U to obtain an abelian Higgs field, which may change the spectrum,
but not its index.

• Type 3: the connection A does not become abelian near the source and U becomes
singular. In this case, there is currently nothing we can say about the spectrum.

In this section, we will first consider the computation of the spectrum for Type 1 solutions,
and use deformation theory to address the chiral spectrum of Type 2 solutions. The
cohomology methods used in this section are a generalization of those introduced for flat
solutions in [9] and [10] to certain non-abelian solutions.

For a Type 1 solution with the Hermitian gauge choice, the flat connection may be
written as A = H−1dH in terms of a Hermitian matrix H which approaches the factor-
ized form

H →
(
D̃ 0
0 H̃

)
, (4.1)

where D̃ is diagonal and gives rise to the abelian part of the connection, which blows up
near the source. The other block, H̃ is Hermitian and gives rise to the rest of the connection,
which may remain non-abelian near the source, but has a vanishing contribution to the
norm of A in this limit. This is the form we will assume a Type 1 solution approaches
close to any source.
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Note that for the particular set of equations studied here, i.e. non-abelian solutions
to the reduced Hull-Strominger system, we do expect stringy corrections to the equations
when we approach the sources. While the flatness condition will be unaffected, as it is
derived from an F-term, the D-term stability equation will receive corrections. There is
hence a small tubular neighbourhood around any source wherein we do not know what
equations we are solving, except that the complex connection remains flat. Since finding
the true equations to solve is beyond the scope of this paper, we will instead model the true
solution within this neighbourhood by a flat connection of the above type. I.e. an abelian
part containing the sources, plus a non-abelian part commuting with the singular part.
This can always be done since the boundary of the tubular neighbourhood is a Riemann
surface Σ, and all maps from Σ into SU(N) are homotopy equivalent.

4.2 Matter field excitations

As in the case of abelian solutions, fermions can be represented as poly-forms ψR ∈
Ω∗(M3, ER), where ER is the vector bundle associated to the representation R of SU(N) or
its complexification, SL(N ;C). Chiral fermions correspond to odd forms while anti-chiral
fermions are even. They solve the Dirac equation

DAψR = dAψR + d†AψR = 0 . (4.2)

We are interested in solutions that are localised appropriately away from the boundary of
the geometry4 or any singularities of the complex flat connection. We can then further
impose that

dAψR = 0 , d†AψR = 0 , (4.3)

which follows from a simple integration by parts argument. We may also assume without
loss of generality that ψR has a given form degree p. These equations are equivalent to

d (Gα · ψαR) = 0 , d
(
(Gα†)−1 · ∗ψαR

)
= 0 , (4.4)

in a local patch Uα, where Gα ∈ Γ(Uα, SL(N ;C)) is the local gauge transformation that
gives rise to the flat connection A. Here the dot denotes the action of G on the given
representation. (For example, if ψR is in the fundamental representation, it is just matrix
multiplication on a vector, whereas if R = Ad(SU(N)) it is the adjoint action.) The ∗
denotes the three-dimensional Hodge-star. The polar decomposition in a local patch is
given as

Gα = HUα , (Gα†)−1 = H−1Uα . (4.5)

Hence, solving the equations (4.4) is equivalent to solving the equations

d(H · ψ̃R) = 0 , d
(
H−1 · ∗ψ̃R

)
= 0 , (4.6)

for ψ̃R = Uα · ψαR. Note that we have dropped the superscript α as ψ̃R is a global object,
i.e. ψ̃αR = ψ̃βR on overlaps Uα ∩ Uβ . We will also drop the tilde from here on.

4We will define more clearly what we mean by appropriately localised away from boundaries below.
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Our matrix function H is globally defined because we have assumed that A has trivial
monodromies. But even if H were not global, we must still have

(Hα)−1dHα = (Hβ)−1dHβ (4.7)

on overlaps Uα∩Uβ . Using this, and the fact that Hα and Hβ are positive definite matrices,
we see that

d(Hα · ψR) = 0 ⇔ d(Hβ · ψR) = 0 (4.8)

on overlaps. With this in mind we may as well take Hα and try to extend it to a full global
solution H. The obstructions for doing so will be the monodromies of A, which can be
trivialized by removing a submanifold of positive codimension, analogous to a branch cut.
Such an operation will modify the boundary conditions for the Higgs field, which affects
the spectrum.

Now we will go to a gauge where G = UD, where U is unitary and D is diagonal.
Again, because A has trivial monodromies, both U and D are globally defined. In this
gauge we have

d ((UD) · ψR) = 0 , d
(
(UD−1) · ∗ψR

)
= 0 , (4.9)

or equivalently
dA(D · ψR) = 0 , dA(D−1 · ∗ψR) = 0 , (4.10)

where A = U−1dU is a flat connection. If D is regular on M3, then solutions to the set of
equations (4.6) are counted by the cohomology

H∗dA
(M3;R) ∼= H∗d(M3;R) (4.11)

where the isomorphism is due to the fact that A is a globally trivial flat connection.
However, as in the abelian case [9], if the eigenvalues of D blows up, we need to restrict
to solutions ψR with appropriate vanishing properties at those singular loci. This means
that we should compute a relative cohomology.

4.3 The relative cohomology

We are now in a position to define the relative cohomology in question. Let us rewrite the
closure equation in analogy with the abelian case as

d(Dψ̃) = 0 , (4.12)

where we have defined
ψ̃ = (D−1UD) · ψ , (4.13)

and we have dropped the R-label on the fields. Note that because U factorizes at the singu-
larities, and in particular becomes the identity matrix for the eigenvalues corresponding to
sources, the SL(N ;C)-valued invertible matrix D−1UD is regular over the three-manifold.
Indeed, in the region of singularities U becomes block-diagonal and the identity matrix
for the given eigenvalues of D which blow up or vanish. As in the abelian case, we will
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require the component ψ̃i or equivalently ψi to vanish where the corresponding eigenvalue
λi blows up.

The co-closure equation reads

d(D−1 ∗ H̃ · ψ̃) = 0 , (4.14)

where we have defined the Hermitian metric on the bundle

H̃ = DUD−2U †D . (4.15)

We note that by the above reasoning, the metric H̃ is also regular over M3. In particular,
it approaches a block diagonal form near the sources where it becomes the identity matrix
for the given eigenvalues of D which blow up or vanish. Again, as in the abelian case we
require the component ∗ψ̃i or equivalently ∗ψi to vanish where the corresponding eigenvalue
λi goes to zero.

We now come to defining the relative cohomology. Let us first comment on what we
take to be the domain of the component ψ̃i of ψ̃ corresponding to the ith eigenvalue of
D. As in the abelian case, we will take this to be M i

3 = M3 \ ∆+
i ∪ ∆−i , where ∆+

i and
∆−i are small tubular neighbourhoods of the positive and negative sources corresponding
to λi →∞ and λi → 0 respectively. We can then define the inner-product

(ψ1, ψ2) =
∑
i

∫
M i

3

ψ
1
i ∧ ∗(H̃ · ψ2)i , (4.16)

where the bar denotes complex conjugation. We will denote ∂∆±i = Σ±i . Note that as we
approach these boundaries, (H̃ · ψ2)i → ψ2

i .
Note that the harmonic types of R-valued k-forms ψ̃ we are considering (where ψ̃

vanishes when restricted to Σ+ and ∗ψ̃ when restricted to Σ−)5 form part of a Hodge-type
decomposition of forms

{ψ̃} ⊕ {dDβ} ⊕ {d†̃Dγ} , (4.17)

with respect to the above inner-product. Here β is an R-valued (k − 1)-form and γ is an
R-valued (k+1)-form. However, this does not span all the allowed forms, as restrictions are
put on ψ̃, β, and γ at the boundaries. Here dD = D−1 ◦d◦D, and d†̃D = H̃−1D◦d† ◦D−1H̃

is the adjoint of dD with respect to the above inner product. In addition to the above
restrictions on ψ̃, we also restrict βi to vanish at the positively charged boundaries Σ+

i ,
while ∗γi vanishes at the negatively charged boundaries Σ−i . We can confirm that the
individual components are orthogonal with respect to the inner product. For example

(ψ̃, d†̃Dγ) =
∑
i

∫
M i

3

ψ̃i ∧ ∗(Dd†D−1H̃ · γ)i = −
∑
i

∫
Σ+

i ∪Σ−i
ψ̃i ∧ ∗(H̃ · γ)i ,

where we have integrated by parts and used that ψ̃ is harmonic and so dD-closed. Because
the Hermitian metric H̃ becomes the identity on the boundaries, we end up with

(ψ̃, d†̃Dγ) = −
∑
i

∫
Σ+

i ∪Σ−i
ψ̃i ∧ ∗γi = 0 , (4.18)

5Note that a form vanishing when restricted to a sub-manifold Σ does not imply that its Hodge-dual
will vanish as well, because normal components of the form might still be non-zero.
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since ψ̃i vanishes at Σ+
i while ∗γi vanishes at Σ−i . It can be checked that the other terms

in the Hodge decomposition are similarly orthogonal.
We then claim that the ψ̃ that give rise to stable complex flat connections are in one

to one correspondence with the relative cohomology classes of dD, which acts on forms
that vanish on the positive boundaries exactly as in the abelian case. Indeed, consider a
dD-closed form α which vanishes at the positive boundaries and is orthogonal with respect
to the above inner product to the set {dDβ} in the above Hodge decomposition. We require

0 = (dDβ, α) = (β, d†̃Dα) +
∑
i

∫
Σ−i

βi ∧ ∗αi . (4.19)

If this is to vanish for all β (which vanish appropriately at positive boundaries), we see that
we need to require d†̃Dα = 0 in addition to ∗αi vanishing at the negative boundaries Σ−i .
Hence, α is harmonic with respect to the above definition. The one to one correspondence
between harmonic forms and cohomology classes follows.

So we see that to find the spectrum we proceed just as in the abelian case. We
find the chiral and anti-chiral modes are counted using the eigenvalues of log(D) in the
appropriate representation as Morse functions when computing the relative cohomology.
We may hence compute the number of chiral zero modes NχR and anti-chiral zero-modes
NχR in this representation as

NχR =
nR∑
i=1

h1(M i
3,Σ+

i ) (4.20)

NχR =
nR∑
i=1

h2(M i
3,Σ+

i ) , (4.21)

where we also note that as in the abelian case the zeroth and third order cohomologies
vanish. Indeed, for the zeroth order cohomology, for instance, we are again looking for
constant functions which vanish at the boundaries of the charged regions, or global har-
monic functions if the Morse functions for the given representation are regular. This of
course can only happen if the function vanishes. Further details of how to compute these
cohomologies for a given source configuration are given in [9, 10].

The index counting the net chirality is then

Index(DR) = NχR −NχR , (4.22)

for the Dirac operator DR in the representation R. We finish this section by remarking
that even if the above mentioned factorisation of the complex flat connection into an
abelian and a non-abelian part near the charged sources should not happen for a particular
solution, we still expect the net chiral index to be counted by equation (4.22). Indeed, as
we will see below, given a complex flat connection in terms of an SL(N ;C)-valued matrix
G = UD, assuming a regular U -matrix so we are not infinite far away from a diagonal
G in deformation space, and keeping the behaviour of D near the sources fixed, we can
always smoothly deform G to be diagonal. On general grounds we expect the index to be
topological, and hence insensitive to such deformations. In the end we expect the index to
compute the number of massless modes in R, and we expand on this in section 5.
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A comment on Yukawa couplings. Methods for computing Yukawa couplings have
been developed in the case of stable abelian complex flat connections using the gradient
flow trajectories of the Morse functions [9, 10]. These Yukawa couplings are given by multi-
linear maps from the cohomologies computing the chiral spectrum into C. For example,
the third order couplings are of the form

Yuk(R1,R2,R3) : H1(M3;R1)×H1(M3;R2)×H1(M3;R3)→ C , (4.23)

where there must be at least one non-trivial singlet in the tensor product R1⊗R2⊗R3. The
Yukawa couplings in the non-abelian case are given by similar multi-linear maps. Using
the isomorphism between the cohomologies, we can hence map a non-abelian Yukawa to
an abelian Yukawa, where we can use the gradient flow method to compute the coupling.

4.4 Deforming solutions

Having seen in the previous section that abelian and non-abelian solutions are closely
related in the way the chiral spectrum is computed, one may wonder if one can deform a
given non-abelian background to an abelian one. Equivalently, are the non-abelian solutions
in question simply deformations of abelian ones? We will argue here in the affirmative of
this, at least for non-abelian solutions that are well-behaved enough. As before, assume an
SU(N)-valued function G = UH in polar decomposed form, where U is unitary and H is a
positive matrix. We may write H = Ũ−1DŨ for a unitary matrix Ũ and a diagonal matrix
D of positive eigenvalues. Now let U ′ = UŨ−1, so that G = U ′DU . Our ‘well-behaved’
assumption is then that U ′ is non-singular, which corresponds to the Type 2 classification
described at the beginning of this section.

To turn a non-abelian complex flat connection into an abelian one is then equivalent
to turning off U ′ (as we may eliminate the other unitary matrix, U , by a gauge transfor-
mation). We note that a given U ′ corresponds to a map from M3 into SU(N) and hence
has a representative homotopy class in [M3, SU(N)]. For M3 = S3 this is π3(SU(N)) = Z.
If the representative of U ′ is the trivial class, we can always turn off U ′ by deformation.
If the class of U ′ is non-trivial, we can deform U ′ to be the identity matrix inside of a
tubular neighborhood of the singularities of the eigenvalues of D. Indeed, we assume the
singularities have co-dimension at least one in M3, and U ′ can always be trivialised on a
graph or Riemann surface. Simultaneously, we deform D to be the identity matrix outside
of the tubular neighborhood. Thus, at every point, either U ′ or D is the identity matrix,
so that the deformed matrices commute. We may then write G = DU ′U , and the unitary
factor U ′U may be removed by a global gauge transformation, leaving G as diagonal, and
thus giving rise to an abelian connection.

In the deformations involved in the above steps, the chiral spectrum may be modified,
but the chiral index should remain the same, because it is invariant under smooth defor-
mation. Thus, in the case of Type 2 non-abelian complex connections, we expect that the
chiral index of the spectrum may be reliably computed by an abelian deformation.

The above describes a way of deforming a given non-abelian flat connection to an
abelian one, or equivalently a deformation of an abelian solution to a non-abelian one.
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This is a solution to the Maurer-Cartan equation

dAα+ α ∧ α = 0 , (4.24)

where α is the deformation of the connection. We keep the part of the connection which
blows up at a source fixed at this source under such deformations. Recall that this part is
assumed to become abelian, commuting with the rest of the connection. For the deformed
connection to satisfy (2.17), we must also impose that the deformation of the co-closure
condition holds. Before we consider this equation, we note that A should be thought of as a
holomorphic function on the complex parameter space of complex connections. Indeed, as
shown in [8], reduction of the six-dimensional holomorphic Chern-Simons functional gives
the superpotential

W (A) =
∫
M3

tr
(
A ∧ dA+ 2

3A ∧A ∧A
)
. (4.25)

Hence, when considering such a holomorphic deformation ∆, we should set ∆A = α and
∆A† = 0. Imposing this on the co-closure condition for such deformations, we find

(dA)†α = 0 . (4.26)

This equation imposes that the dA-exact part of α in the Hodge decomposition

α = αh + dAβ + d†Aγ (4.27)

vanishes. Given a solution to the Maurer-Cartan equation (4.24), we can always do a
Laurent series type epansion

α(Z) = ZAαA + 1
2Z

AZBαAB + . . . , (4.28)

where ZA denote holomorphic coordinates on the moduli space. If α then contains a dA-
exact part, it can be checked that this can be removed by redefining α order by order in
this expansion, thus also solving the co-closure equation. Holomorphy and the Laurent
theorem then guarantees that the resulting series can be re-summed.

We see that when considering a deformation in a holomorpic direction ∆, the first
order deformations αA are harmonic and hence counted by the relative cohomologies

NAd(N) =
nAd(N)∑
i=1

h1(M i
3; f iAd(N)) , (4.29)

where f iAd(N) are the Morse functions of the adjoint representation Ad(N) of SU(N). In
this paper we have restricted to flat backgrounds of the form A = G−1dG where G is
global, but with singularities, as a direct generalisation of abelian solutions. We want to
preserve this ansatz under deformations, so in general not all of the above deformations will
be considered. To find the relevant deformations, consider part of the long exact sequence
used to compute H i(M i

3,Σ+
i )

. . .→ Hq(M i
3,Σ+

i )
i∗p−→ Hq(M i

3)
p∗p−→ Hq

d(Σ+
i ) αp−→ Hq+1(M i

3,Σ+
i )→ . . . . (4.30)
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By the long exact sequence we have

H1(M i
3,Σ+

i ) ∼= Im(α0)⊕ Im(i∗1) . (4.31)

the deformations which preserve the global triviality of the complex flat connection corre-
spond to the modes in the image of the connecting homomorphism α0 in the above direct
sum. Assuming each M i

3 are connected, there are precisely n+
i − 1 such modes, where

n+
i denotes the number of connected positively charged regions in M i

3, i.e. the number of
components where the given Morse function f iAd(N) blows up. As explained above, these
directions are necessarily unobstructed.

Writing the deformation α as an N×N -matrix, there is a Morse function corresponding
to each element αpq, which takes the form

fpq = fp − fq , (4.32)

where fp = log(λp) is the Morse function of the pth eigenvalue of log(D) as anN×N matrix.
We are hence counting the number of positive sources for these Morse functions. Note in
particular that starting with an abelian solution, the Morse functions for the diagonal
directions that keep the solution abelian vanish, and we need to turn on off-diagonal non-
abelian directions in order to deform the solution non-trivially.

Had we instead considered real deformations ∆ + ∆ of the complex flat connection,
the zeroth order co-closure equation becomes(

d†Aα− d†A†α
†
)
− [αm, α†m] = 0 . (4.33)

At first glance, this equation may put potential obstructions on the deformations α. How-
ever, as we argued above the zeroth order Morse cohomologies vanish. Using this fact
this equation may also be solved order by order by the usual methods of perturbative
deformation theory.

5 Matter spectrum examples

Before we move to discuss examples, let us first see why in the end it is the index of the
Dirac operator DA which counts the number of massless states in the final low-energy
theory. In a heterotic compactification on a six-dimensional SU(3) structure manifold X,
the zero-modes in a representation R are counted by the cohomology H(0,1)

∂A
(X;R). Reality

considerations of the decomposition of the gauge group implies that for (0, 1) modes in R
we also expect to look for (0, 1) modes in R, i.e. counted by H

(0,1)
∂A

(X;R). Such modes
can couple in the super-potential. For example, a fundamental mode ac can couple with
an anti-fundamental mode bd via an adjoint mode αdc ∈ H(0,1)

∂A
(X; End(V )) in a Yukawa

coupling of the form
Yuk(a, b, α) =

∫
X
ac ∧ bd ∧ αdc ∧ Ω , (5.1)

where Ω is the holomorphic top-form on X. Generically, such couplings are expected to
remove modes in R and R in pairs, such that the true massless spectrum is counted by
the index of ∂A in the given representation.
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Lets see how this works in the reduced three-dimensional setting. In the three-
dimensional theory a (0, 1)-mode in the representation R reduces to a one-form mode
on the three-manifold M3, i.e. an element of the cohomology H1(M3;R). Note then that
in six dimensions, taking the Hodge dual of a ∂A-harmonic (0, 1)-modes in R correspond
to a ∂A-harmonic R-valued (2, 3)-form which also corresponds to a ∂A-harmonic R-valued
(2, 0)-form. Complex conjugation then gives a ∂A-harmonic R-valued (0, 2)-form. In the
reduction these give rise to R-valued two-forms modes on the three-dimensional space, i.e.
elements of the cohomology H2(M3;R). We therefore expect couplings between such one
and two-form modes, and the true massless spectrum is computed by the index of dA in
the R-representation.

5.1 Example: breaking patterns of SU(4)

To get a feel for how this goes, let us consider breaking SU(4) to SU(3) by turning
on an abelian Higgs field corresponding to an SU(4) generator of the form log(D) =
diag(f, f, f,−3f), and consider the spectrum of Ad(SU(4)). A similar example breaking
SU(6) to SU(5) is given in [9]. We have

Ad(SU(4)) = Ad(SU(3)) + 31 + 3−1 + 1 . (5.2)

The subscripts denote the charges under the (broken) U(1). For such a configuration, one
finds that the adjoint action of SU(4) gives f as the Morse function counting modes in the
fundamental representation 3, while −f counts the modes in the anti-fundamental one 3.

We can instead consider breaking SU(4) → U(1) by turning on a non-trivial SU(3)
within SU(4), e.g. by choosing a non-abelian configuration with log(D) = diag(f1, f2,−f1−
f2, 0). Chiral and anti-chiral modes of positive charge (transforming in the fundamental
of the SU(3)) are then computed by the Morse cohomologes of f1, f2 and f3 = −f1 − f2,
while −fi’s compute negatively charged modes. For example, one could imagine a model
on S3 where both f1 has a single positive point source and a single negative point source,
while f2 has a single positive source overlapping the one of f1 and a single negative point
source. Consider positively charged matter. A straight forward computation in relative
cohomology shows that we get

h1(M3; f3) = 1 , (5.3)

while all other h1/2(M3; fi) vanish. Hence, such a model would give a single chiral mode
of positive charge, and the chiral index in this representation is one.

5.2 Example: monopole-type solution

Let’s consider the monopole-type solution on R3 described in section 3.3 above. Let’s
consider the zeroth and first order (non-exact) solutions for now, where the eigenvalues
have finite radius singularities. For this case we have

D =
(
eu 0
0 e−u

)
, U =

(
cos(θ/2) eiφ sin(θ/2)

−e−iφ sin(θ/2) cos(θ/2)

)
, (5.4)
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where (θ, φ) are the usual angles of R3 and u satisfies the equation (3.42) in the tree-level
case or the O(α′) part of (3.47) in the α′-corrected case. Set λ1 = eu and λ2 = e−u. Let’s
consider computing the spectrum of the fundamental representation in SU(2). Note that
we then need to consider the modes of both f1 = u and f2 = −u. Let’s consider some
examples of configurations of u for this setup. But before we do, we note that the zeroth
order solution in α′ for this ansatz does not satisfy the assumption that the solution becomes
abelian near the sources (though the exact α′-corrected solution does satisfy this criteria).
The individual cohomology computations at zeroth order might hence be less trustworthy.
Note however that as the matrix U is regular, we still expect the index computation to be
reliable as we can smoothly deform U to the identity.

To avoid issues concerning the U being ill-defined at r = 0, let’s consider an example
where u tends to negative infinity at a small finite r and blows up at a larger r. The space
is now a three-dimensional annulus, that is, an open ball with a hole at the origin. It is
easy to compute both

h1(M3; f1/2) = 0 , h2(M3; f1/2) = 0 , (5.5)

and so this geometry has no chiral or anti-chiral modes. Let us also consider a u that blows
up at a small r and a large r. The space is again a three-dimensional annulus. There are
again no zero modes for degree zero and three, but we now find for f1

h1(M3; f1) = 1 , h2(M3; f1) = 0 . (5.6)

so we have a chiral zero mode. From a relative cohomology perspective, this mode corre-
sponds to exact forms df where f approaches different constant values on the boundaries
∂+M3. However, if we consider f2 = −u we find

h1(M3; f2) = 0 , h2(M3; f2) = 1 , (5.7)

so the net chirality or index of the solution is zero.
Next, we consider a solution of f1 that vanishes at infinity and blows up at finite radius.

In order to avoid complications regarding harmonic modes on non-compact geometries, we
assume that the solution can be embedded in a large three-sphere, with a flat metric where
the solution is non-trivial. Hence our space is S3 minus an open ball. Again, we find

h1(M3; f1/2) = 0 , h2(M3; f1/2) = 0 , (5.8)

and so the chiral index of the spectrum is trivial for this solution as well.

5.3 Chiral index of SU(2) representations

The vanishing of the chiral index for SU(2) representations is actually much more general.
Indeed, consider some SU(2) solution which we have deformed to an abelian solution by
the procedure described above. Then given a normalisable chiral mode ψ0 ∈ Ω1(M3,2) of
the form

ψ0 =
(
ψa
ψb

)
, (5.9)
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solving the Dirac equation, it is clear that the anti-chiral mode

ψ̃0 =
(
∗ψb
∗ψa

)
(5.10)

will solve the Dirac equation as well. Hence the Chiral index of the fundamental repre-
sentation of SU(2) solutions vanishes. It can be checked that this is also the case for the
adjoint representation 3, and is thus also true for the singlet as

2⊗ 2 = 1 + 3 . (5.11)

Inductively, it is easy to convince oneself that the chiral index will vanish for all higher
irreducible representations as well, by taking higher tensor products with the fundamental
representation. Hence it does not appear that SU(2) solutions on R3 or S3 support a
non-trivial chiral index in any representation.

One can imagine embedding SU(2) into a larger group, and in this way achieve a
spectrum of non-vanishing chiral index. For example, let’s assume that in the example
above, the fundamental representation is also charged with respect to a U(1) whose Morse
function is 2u.6 The solution where g tends to infinity at a small and a large r would then
have two chiral modes and zero anti-chiral modes in the representation 21.

5.4 Example: non-abelian T-brane solution of Barbosa et al.

Of course, it may happen that the complex flat connection cannot be written as A = G−1dG
for a global (but singular) G. This is the case when A has monodromies of various sorts.
An example of this kind turns out to be the non-Abelian local solution of [15]. Let us
briefly discuss this example now.

The non-abelian explicit solution constructed in [15] is an SU(3) example on R3 with
coordinates (x, y, t). The authors consider the decomposition SU(3) → SU(2) × U(1) and
the complex connection A = Ax + iAφ with

Ax =


1
2 (∂zf dz − ∂zf dz) 0 0

0 −1
2 (∂zf dz − ∂zf dz) 0

0 0 0

 (5.12)

Aφ =


i
3dh −vze−f(z,z)dz + ε ef(z,z)dz 0

vze−f(z,z)dz − ε ef(z,z)dz i
3dh 0

0 0 −2i
3 dh

 , (5.13)

where ε and v are real constants, h(z, z, t) is the function

h = κ

8 (z + z)2 − κ

2 t
2 (5.14)

6This Morse-function will generically obey a different co-closure equation, but we take it to be 2u for
illustration purposes.

– 26 –



J
H
E
P
0
1
(
2
0
2
1
)
1
9
7

for a real constant κ, and the D-term condition demands that f(z, z) satisfies the differential
equation

1
4

(
frr + 1

r
fr

)
= ε2 e2f − v2r2e−2f , (5.15)

where r = |z|. In the case where ε 6= 0, this equation may be transformed into a Painlevé
III differential equation, while in the ε = 0 case it becomes a modified Liouville equation.
We may attempt to apply our methods to solutions of this form, but we will see that we
run into obstacle for computing the spectrum for both choices of ε.

Case 1: ε 6= 0. To analyze this solution, we want to examine limiting forms of the
connection near the sources. In the case of ε 6= 0, the only source is at infinity, so we consider
the solution at large distances in the (x, y)-plane and at large t, with the intention of
studying the asymptotic behavior of the Morse functions to determine a charge distribution
at infinity. If we take the limit where r = |z| and t are large, then the asymptotic behavior
of the Painlevé III transcendental reveals the approximate form

A →


−1

3dh+ dz
8z −

dz
8z −ipr−1/2zdz + ipr1/2dz 0

ipr−1/2zdz − ipr1/2dz −1
3dh−

dz
8z + dz

8z 0
0 0 2

3dh

 , (5.16)

where p =
√
εv. With this asymptotic form of A, the equation dG = GA can be solved

explicitly, and we find the asymptotic gauge transformation

G = i+
√

3
2


eiθ/4−h(z,t)/3 cosh s −e−iθ/4−h(z,t)/3 sinh s 0
ieiθ/4−h(z,t)/3 sinh s −ie−iθ/4−h(z,t)/3 cosh s 0

0 0 e2h(z,t)/3

 , (5.17)

where
s = 4

3pr
3/2 sin(3θ/2) . (5.18)

As discussed above, in order to compute the spectrum as if the solution were abelian
we need to check that the solution becomes asymptotically abelian at the sources. By
examining the asymptotic form of A, we see that it will be dominated by the diagonal, and
thus asymptotically abelian, as long as we approach infinity in a direction where cos θ 6= 0.
The directions in which the source does not become asymptotically abelian are of measure
zero on the celestial sphere, but it is unclear if this fully justifies the use of abelian methods.

However, we also see that despite the fact that A is a flat connection on R3, our G
is not single-valued due to the fractional dependence on θ, and instead should be defined
on a four-sheeted cover. This means that we cannot work with a globally defined G, so
that we cannot apply our method for computing spectra or the chiral index. It would be
interesting to generalise the methods we have proposed to this setting.

Case 2: ε = 0. We may also consider the ε = 0 case, where the D-term equation for
u(r) becomes a modified Liouville equation whose solution has a singularity at r0 = 1/

√
v.

This means that the domain of the solution is all of R3 exterior to a cylinder at r = r0 that
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extends infinitely in the positive and negative t directions. Our method for computing the
chiral matter is hampered in this case by the presence of a nontrivial monodromy around
any loop enclosing the cylinder. The Wilson loop around a circular loop Lr at fixed r may
be computed as

W (A, Lr) = Tr exp
(
−
∫ 2π

0
dθAθ

)
= 1 + 2 cos 4πv2r4

1− v2r4 , (5.19)

where the path ordering is trivial because the quantity in the exponent lies in an abelian
subalgebra. In particular, this holonomy comes from the gauge field, while the Higgs field
has trivial holonomy. As r approaches r0, the value of the Wilson loop oscillates rapidly,
so that the gauge field has a singularity at r0 as does the Higgs field.

A consequence of nontrivial monodromy is that we cannot find a global solution G to
the equation A = G−1dG, which again means that the direct computation of the chiral
spectrum would require more sophisticated techniques than those presented in the previ-
ous section.

Besides investigating the spectrum, we may also consider the first order α′-corrections
to this example. For any choice of ε, the 2-form B introduced in (2.19) vanishes, so
that the corrected D-term equation (2.24) remains in the same form as in the α′ = 0
case, but with respect to an α′-corrected metric given by (2.23). All components of the
metric receive nontrivial corrections, so that the co-closure condition becomes a complicated
differential equation.

6 Conclusions and outlook

In this paper we have considered heterotic string compactifications on SU(3)-structure
manifolds and their reduction to the equations for a stable complex flat connection on a
three-dimensional submanifold. We saw that upon reduction of the heterotic equations,
the complex connection remains flat, but the D-term co-closure condition gets corrected
even at first order in α′ due to torsional effects of the 6D Hull-Strominger geometry and the
non-trivial heterotic Bianchi identity. In this paper we have studied local solutions on R3

for the α′-corrected system, including both abelian and non-abelian examples of bundles
and their back-reaction on the geometry. These solutions constitute new local T 3-invariant
solutions to the Hull-Strominger system. It would be interesting to consider the reduced
Hull-Strominger system also for more generic compact three-manifolds, and to investigate
both the physical and mathematical/topological implications of these corrections.

We also introduced a way of computing the spectrum (or at least the index) of a
particular set of non-abelian solutions with a non-flat gauge field, with the caveat that the
complex flat connection A = G−1dG is given by a global but singular matrix G, similar
to the common assumption made for abelian Higgs fields φ = df where f is a global but
singular function.7 Assuming an appropriate behaviour of G near singularities (Type 1 or 2
in the classification of section 4.1), the index computation resembles that of abelian Higgs

7It would be interesting to see how our methods may generalise to the case when A has non-trivial
monodromies, and we leave this to future work.
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fields. We find that a monopole-type nonabelian solution has vanishing chiral index, while
the non-abelian local example of [15] does not have the correct behavior for our current
methods to apply.

Another avenue to explore is to ask what these α′-corrections correspond to on the M-
theory side, following the M-theory/heterotic duality. Given that α′-corrections correspond
to higher curvature corrections from a supergravity point of view, it is conceivable that
they correspond to higher curvature corrections on the M-theory side as well, possibly with
an incorporation of four-form G-flux. Since α′-corrections are vital for understanding prop-
erties of heterotic compactifications such as the moduli problem, Yukawa couplings, and
moduli metric, both in the three-dimensional reduced system and also the upstairs Hull-
Strominger geometry [38–45], a better understanding of these corrections might therefore
lead to better insight into such issues on the M-theory side as well.

Recently, much progress has been made in the study of the heterotic moduli prob-
lem [38–41, 45–50]. It would be interesting to reduce the corresponding moduli structures
to the three-dimensional setting as well, and study the resulting equations generalising
that of the moduli problem of a complex flat connection. Indeed, the geometric structures
and moduli problem in particular are expected to retain much of the important physical
and mathematical properties of the upstairs geometry, hence the reason for doing such a
reduction in the first place. Moreover, the three-dimensional system has the advantage of
being much more explicit, which gives hope for a more hands on approach for understand-
ing the geometric structures and moduli, particularly in terms of explicit solutions. It was
recently discovered that the moduli problem of the Hull-Strominger system is governed
by an interesting quasi-topological theory which has flavours of both Kodaira-Spencer and
Donaldson-Thomas theory [47]. A reduction of this theory to three dimensions opens the
door to more explicit computations, such as, for example, its partition function on the
three-sphere. We leave this to future work.
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A An N = 2 solution: the t’Hooft-Polyakov monopole

Instead of the complex structure of the SYZ fibration, we can alternatively endow R3×T 3

with the following complex structure,

z1 = x1 + i x2

z2 = x3 + i φ1

z3 = φ2 + i φ3 . (A.1)
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That is, the coordinate z3 is the complex coordinate of an elliptic curve. This is more
reminiscent of the local geometric structure required by heterotic duality with F-theory,
and may thus be important for studying the local nature of this duality. The duality
is again done fiber wise, with the elliptic curve now playing the role of T 3 in the Hull-
Strominger system reduction. We also point out that the reduced geometry we study in
this example now preserves N = 2 supersymmetry rather than N = 1, and so a continuous
deformation to the reduced system of a stable complex flat connection is unlikely to exist.

A reduction of the holomorphic Yang-Mills equations to R3, assuming a flat connection
on the elliptic curve spanned by {φ2, φ3}, then reduces to the equation

F x = ∗3dAxψ , (A.2)

where we have defined Ay = ψ(x)dφ1. This is precisely the equation satisfied by the t’Hooft-
Polyakov monopole [28, 29]. The reduction of the Bianchi identity (2.7) now becomes

∗3 ∆de
Φ = α′

2 tr (dAxψ ∧ ∗3dAxψ) = α′

2 d ∗3 (tr (ψdAxψ)) = α′

4 d ∗3 d
(
trψ2

)
(A.3)

where Φ is the dilaton, and the corresponding three-dimensional metric is conformally flat
given by gij = eΦδij . In the second equality, we have used (A.2) and the Bianchi identity
for F x. Equation (A.3) is solved by

eΦ = −α
′

4 trψ2 + C , (A.4)

for some constant C which can be thought of as an overall volume modulus.
The geometric system in this case is far simpler than the α′-corrected equations for

a stable complex flat connection, and can indeed be solved exactly if we have solutions
to (A.2), for example the exact solution of [51]. This is perhaps not surprising due to the
enhanced supersymmetry.
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