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ABSTRACT: In this article, we present an emergent universe scenario that can be derived
from DHOST cosmology. The universe starts asymptotically Minkowski in the far past just
like the regular Galileon Genesis, but evolves to a radiation dominated period at the late
stage, and therefore, the universe has a graceful exit which is absent in the regular Galileon
Genesis. We analyze the behavior of cosmological perturbations and show that both the
scalar and tensor modes are free from the gradient instability problem. We further analyze
the primordial scalar spectrum generated in various situations and discuss whether a scale
invariance can be achieved.
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1 Introduction

Alternative scenarios to inflationary cosmology are of interest since it can explain the for-
mation of the Large Scale Structure of our universe as good as inflation (for example,
see [1, 2] for comprehensive reviews on theoretical paradigms of the very early universe
alternative to inflation). The alternative scenarios can also avoid the initial spacetime
singularity, a generic problem in the inflationary cosmology [3, 4]. The removal of initial
singularity is widely acknowledged in the framework of bounce cosmologies (see [5-9] and
some recent reviews in [10-15]). There is another paradigm of the very early universe,
dubbed as the emergent universe scenario [16, 17], in which the universe is emergent from
a quasi-Minkowski spacetime. The scenario was first postulated in the string gas cosmol-
ogy [18], in which a specific pattern for primordial cosmological perturbations has been
predicted [19-23] (also see [24-26] for recent reviews).

Recently, the proposal of the conformal Galilean model [27] has inspired some particu-
lar alternative to inflation cosmologies, such as G-bounce [28, 29] and Galilean Genesis [30].
In particular, the model of Galilean Genesis describes that the universe starts from the
Minkowski spacetime, which corresponds to a specific configuration of the Galilean field
with zero energy density. This configuration is not stable [31], and even a small classi-
cal perturbation can drive the universe to deviate from the original state. Therefore, one



requires that the Galilean field has to decay into radiation very quickly before the uni-
verse reaches the big rip singularity [32]. Moreover, the perturbations of the Galilean field
could propagate superluminally in the original model. Hence, several generalized Galilean
Genesis models have been developed in the literature [33-37]. However, in the model of
subluminal Galileon Genesis, there will always exist a region of phase space where the
perturbations propagate superluminally (with arbitrarily high speed) when one includes
any matter which is not directly coupled to the Galileon [38]. Furthermore, the gradient
instabilities appear during the transition from the Genesis phase to the epoch immediately
after [39].

In this paper, we explore the realization of the emergent universe scenario depicted
by the Degenerate Higher-Order Scalar-Tensor (DHOST) theory [40-42]. Our model can
gracefully exit the emergent phase and transfer to a radiation dominated period, without
triggering various instabilities. In this model, we deform the kinetic term for the back-
ground scalar field so one could approximately approach the Galilean symmetry in the far
past. The symmetry then is manifestly broken along with the evolution of the scalar field.
Consequently, the big rip singularity disappears, and the state of Genesis is replaced by
a smooth process of the fast roll expansion. Eventually, the universe can evolve into the
radiation-dominated phase with appropriate parameter choices.

However, the sound speed squared c2, which controls the propagation of primordial
perturbations, is found to become negative for a short while when the universe exits the
state of quasi-Minkowski spacetime, as encountered by the original Galileon Genesis model
as well as generalized cases [31]. To address this issue, we extend the Galileon action to
the form suggested by the DHOST theory, a natural extension to the Galileon theory. We
find that c? can be positive in the whole cosmological evolution with the DHOST coupling.

The present paper is organized as follows. We introduce the cosmology of the previ-
ously studied Galilean Genesis models in section 2, and propose the improved version of
Galilean Genesis (DHOST genesis) in section 3. We study the background dynamics of the
universe for our model in section 4. We provide a detailed perturbation analysis in sec-
tion 5, where the stability of the scalar perturbation is demonstrated, and also discuss the
primordial spectrum of scalar perturbations generated by vacuum fluctuations and thermal
fluctuations. We conclude with a discussion in section 6.

Throughout this paper, we take the sign of the metric to be (4,-,-,-), the canonical
kinetic term is defined as X = %V,ﬂrvl‘w, and the reduced Planck mass is taken to be one,
ie., M7 =1/(8rG) = 1.

2 Cosmology of (sub-luminal) Galilean Genesis

We briefly review the cosmology of Galilean Genesis, which is realized by a scalar field
minimally coupled to Einstein gravity. The Lagrangian is given by [30]

L= —f**(on)* + g’y(@ﬂ)4 +~(0m)*0nr, (2.1)

where the scalar field 7 is dimensionless. We define the operator L = V/,V¥. For the
3
original model of Galilean Genesis, the coefficients are set as § =1 and v = %, where f



and A are two model parameters of mass dimension. The Lagrangian has a negative sign
in front of the regular kinetic energy, which is represented by the first term of eq. (2.1).
The second term, which is a positive definite higher-order kinetic energy term, stabilizes
the model. Thus, the combination of the first and second term in eq. (2.1) exhibits the
property of the ghost condensate [43]. This type of Lagrangian enjoys the internal Galilean
invariance m — 7 + b,a#, which has been observed in [33].

When applied into the cosmological background, the above Lagrangian yields the en-
ergy density and the pressure

3
pr = —eX f27? 4 56%“ + 6yH,

. 1, . 2.
pr = =" f270 4 O pyit — 297,
and the equation of motion(EoM) can be obtained by the conservation equation. By solving
the EoM, one can find an interesting solution of a static Minkowski universe if there is,

_ 1 ) _ 2f?

In this solution, it is easy to check that the energy density of the Galilean field p, vanishes,
and there is no expansion of the universe. However, the pressure evolves as

2+ 8
pw——wa

which is negative and non-vanishing. Therefore, the above solution corresponds to the
emergent universe scenario.

In the above model, the fluctuations propagate superluminally around the NEC-
violating background. Thus, an updated version of the subluminal Galilean Genesis was
put forward in [33], where the coefficient § is modified from unity to be an arbitrary con-
stant, i.e., 8 is required to be between 1 and 4 so that the model is free of instability and
superluminality. However, when considering other matter components in a more realis-
tic universe, that are not directly coupled to the background field, it was shown in [38]
that there always exists a phase space suffering from the superluminality problem. The
result is tightly related to the fact that the Galilean field cannot exit the pre-emergent
phase gracefully unless it has to be assumed to decay into other fields through a defrosting
phase [32].

3 Improved DHOST Genesis

To address the general issue existing in cosmologies of Galilean Genesis, we would like
to improve the model by designing a graceful exit mechanism for the Galilean field. An
updated version of Galilean Genesis Lagrangian without external matter is given by

Lr=—f2g(m)(0n) + §7(8W)4 + 4(0m)*Or (3.1)
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Figure 1. Plots of the coefficient g as a function of the scalar field . The solid blue curve depicts
the form of g(7) in the eq. (3.1), and the solid red line represents the traditional model of Galilean
Genesis as described by eq. (2.1).

where the coefficients § and ~ are the model parameters, same as the previous Galilean
Genesis model. Compared with eq. (2.1), the only difference is the appearance of a function
g(m) suggested to be

6—27r o 627r

g(ﬂ—) = e—47r + 647T :

It is easy to see that g(7) goes to €™ when 7™ < —1, and the traditional Lagrangian
of Galilean Genesis is recovered in this limit. In this regime, the sign in front of the
conventional kinetic term (O7)? is negative, and correspondingly, the model shares the
property of the ghost condensate due to the inclusion of the positive definite term (9m)?.

However, when 7 > 1, g(r) approaches to —e ™27

and therefore yields a sign change in
front of the conventional kinetic term. If m can evolve to the region 7 > 0, the universe can
transfer from the emergent universe phase to an expanding phase. We depict the function

2™ in figure 1 to demonstrate their difference.

g(m) and the traditional choice g(7) = e

However, the improved form of Lagrangian in eq. (3.1) does not solve the gradient
instability problem. Thus, we extend the scenario into the DHOST theory [40-42] in order
to improve the behavior of ¢2 [44]. We give a brief introduction to the DHOST theory in
appendix A,

The action for our updated DHOST Genesis model is

1
S— /d4x\ﬁ _LhR+K(wX)+G(wX)D
ho(r@ @) h=2Xhx o) (2
*K<L1 — Ly )+W(L4 —L37) |, (32)

where the first term — R /2 corresponds to the standard Einstein-Hilbert action, and K (m, X)+



G(m, X)Or is the Galileon terms, whose detailed form is taken to be:
K(m, X) = =2f*g(m)X +267X*, G(m, X)=2X.

Finally, h = h(X) is a function of X only which represents the DHOST coupling, and
hx = (0h)/(0X). In our case h(X) is simply taken to be

h(X)=d X +dy X2,
and the DHOST Lagrangian is defined as
L?) =, Lg) = (On)?,
L = (Om)mh 7 L® = n aton, ¥
3= prT sy byt =Ty [CZL

The action (3.2) does not contain any Ostrogradski ghost degree of freedom, and in
the next two sections, we shall analyze the cosmological evolution and show the absence of
instabilities as well.

4 Background dynamics

In this section, we work with the background dynamics of our improved DHOST Genesis
Model. We present the dynamical equation and analysis of the stability issue at the back-
ground level in subsection 4.1. After that, we solve the background dynamics numerically
and give a parameterization in subsection 4.2.

4.1 Equation of motions for background dynamics and its stability issue

We consider a spatially flat FRW background ds? = dt?> — a?(t)dz? and calculate the
Friedman equations by the variation of eq. (3.2) with respect to the metric as

3H? = — fg(m)7* + ;Wr“ +6yH#S (4.1)
: 1
—2H — 3H? = — f2g(n)7% + 5577%4 — 2yt (4.2)

Note that the function h(X) does not appear in the background eq. (4.1) and eq. (4.2), so
the DHOST term has no contribution to the background dynamics. Thus, the analysis of
Galileon Genesis is valid in our model.

We may get the energy density p, and the pressure p, by the Friedmann equation
3H? = p; and —2H = p, + px, which implies the equation of state(EoS) parameter to
be wr = pr/pr . We also define a useful parameter ey = —%, which characterizes the
background evolution.

In addition, we can write down the generalized Klein-Gordon equation by varying the
Lagrangian with respect to the scalar field 7 as

Pit + Fir =0, (4.3)



where the form of F is given by

F =— 6877 — 18y*Hr' + 6 f2vg(m)7* + 65y Hi”
+ 18yH?*7t — f2g 7 — 6f%g(m)H , (4.4)

which corresponds to the friction term of the generalized Klein-Gordon equation. The sub-
script “ »” denotes the derivative with respect to 7. For a canonical scalar field, the friction
term is 3H, which can be read from the last term of eq. (4.4), when f2g = —1/2. However,
in our case, this term also depends on other parameters, namely, the time derivative of the
scalar field 7, the Hubble expansion rate H, and its time derivative H. Note that, in the
above expression, we have already used the second Friedmann equation. If there is any
other matter component presented in the Friedmann equation, the expression for F will
also depend on the energy density and pressure of the other matter field.

The other parameter P, which appears in front of the term 7 in eq. (4.3), is expressed as

P = 627t + 68y + 12vH7 — 2f2g(m),

and characterizes the positivity of the kinetic energy of the model. If P is negative, then
there will be a ghost mode with energy state unbounded from below, leading to quantum
instability. Thus, we expect P to be positive definite throughout the cosmological evolution.
It is obvious that P is positive at the high energy regime due to the presence of 7# term
with 7 to be large enough. A large 7 exists during the whole pre-emergent phase, where the
higher derivative terms are dominant. Afterward, if the universe exits the pre-emergent
phase with a sign change in front of the #? term, then the function P can keep being
positive at low energy scales. Therefore, the model can be free of the ghost issue, and this
will be verified later in detailed numerical analysis.

4.2 Numerical evaluation and parameterization

It is hard to analytically solve eq. (4.1) and eq. (4.2), so we studied the background dynam-
ics numerically. We choose a specific value of model parametersas A = 1,3 = 3.9, f = 1072
(thus v = 107%), d; = 0.004 and dy = 0.18. The initial condition for the Galilean field is
imposed to be the quasi-Minkowski solution described by eq. (2.2) in the limit ¢ — —oo.
Our numerical results are presented in figure 2 and figure 3. All dimensional parameters
are plotted in units of the reduced Planck mass M, = 1, and the horizontal axis denotes
the cosmic time t. The numerical results of the background geometry in figure 2 show a
pre-emergent phase before ¢ = 0. The EoS parameter of the DHOST field w becomes 1/3
at the late time, which implies that the emergent universe gracefully exits to a radiation
dominated universe. The positivity of P, which labels the stability of the background
evolution of the DHOST field, is also illustrated in figure 3.

From figure 2, we see that the background dynamics can be separated into three
periods. Before the emergent event ¢ = 0, w approaches to minus infinity, and the scale
factor a is almost constant. After the emergent event, w experience a rapid change and
approximately becomes constant for a short time. Finally, after some certain time ¢g, the
scalar field becomes much larger than 1, and the DHOST action is negligible compared
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Figure 2. Evolution of the background geometry as a function of cosmic time ¢. The scale factor
a, the Hubble parameter H, and the EoS parameter w is plotted by red, blue, and green solid line,
respectively. The approximate behavior of w, i.e. w ~ 1 shortly after the genesis and w ~ 1/3 for
the far future, is exhibited by the pink dash line.
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Figure 3. Evolution of the DHOST field m(represented by the solid orange curve), and its time
derivative 7r(represented by the solid purple curve), as a function of cosmic time t. We also plot out
the function P, whose positive behavior is required to stabilize the dynamics of the DHOST field
7, as discussed in the last paragraph of subsection 4.1.

to the Galileon part. This happens because 7 is comparably small, so the matter part of
eq. (3.2) returns to an ordinary matter, and w is approximately one-third.

Based on the above observations, we make the following parametrization on the dy-
namics of the background geometry:

—o0 if t < 0,
w = 1if0<t<tip,
1/3if t > tp.

For a perfect fluid with constant w, the scale factor evolves as

2
alt) ~t?, p= ———-. 4.5
0=t p= s (45)
There should be no infinity for EoS parameter w in real physics, so we need to explain
w ~ —oo more carefully. If we substitute the approximate solution from eq. (2.2) into

eq. (4.1) and eq. (4.2), we find p; = —(2 + B)y/t* + O(t~°) and p, = % + O(t™9).



This allows us to give an asymptotic behavior of w and ez at t = —o0

12 9 18 9
— —7t 5 €g = — [ 46
1@+ D) @+ D) o
The asymptotic behavior of the background parameter at ¢ — —oo, to leading order is
. _ 2+ 8 (2+B8)y 3By
2t4 6t3 7 P t2 (4.7)

5 Perturbation analysis

This section is organized as follows. In subsection 5.1, we analyze the general property of
scalar perturbation and confirm that both ghost and gradient instabilities are absent in our
model. In subsection 5.2, we deduce the dynamical equation for the scalar perturbation
and discuss its general properties. We consider two different mechanisms for the primordial
cosmological perturbations, the scalar perturbations generated by vacuum fluctuations in
subsection 5.3 and by thermal fluctuations in subsection 5.4, respectively, and summarize
the corresponding scalar power spectrum in 5.5.

For completeness, we also study the tensor perturbations in our model in appendix B.
We show that the tensor perturbations are stable (i.e., no ghost mode and no gradient
instability), but may encounter the superluminality problem.

5.1 General analysis on scalar modes and the stability check

We study the perturbation theory of the present model by applying the ADM decomposi-

tion
ds? = N?dt* — h;j(dz" + N'dt)(dz’ + N’dt),

where N and N? are the lapse function and shift vector, respectively.

We restrict our interest in scalar perturbations, and analysis on tensor perturbations is
presented in appendix B. For simplicity, we choose the uniform field gauge with d= = 0 and
hij = a26245ij. Now ( represents the propagating scalar degree of freedom. We have already
acquired the form of quadratic action for linear perturbations in our previous work [45] as

AV 2
Sno = [drd'a [P - & 007 ]. (5.1)
where 22 and ¢? take the form
22
9 a“m*P
= = 2
ST H)? 52
and
22\ o 1d [a(hx7®—h—1)
—_ s = 1 —_—— .
( 2a2>cs +h+adt H — ~73 ’ (5:3)

where we use the fact hy = (0h)/(0m) = 0.
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Figure 4. The dynamics of z2(the solid green curve in the left panel) and c2(the solid red curve in
the right panel) as a function of cosmic time t. The positivity of 22 and ¢? is explicitly illustrated.
We also show the approximated behavior of ¢2, which equals 1 shortly after the genesis and turns
to 1/3 at the far future by a pink dash line.

It is easy to see that the positivity of P, which has been analyzed in the previous

section, can lead to the positivity of 22, so the ghost problem 22 < 0 is absent. The form

2 is more complicated than 22, so we directly examine its positivity by numerical analysis
in figure 4. From the numerical result, we see that 22 and c? are strictly positive. Hence

the gradient instability and ghost instability are absent in our model. The remaining issue

2
s

is the superluminal propagation of DHOST field 7 as ¢ would exceed unity in the vicinity
of t = 0, as shown in figure 4b. We shall discuss this issue in the conclusion section and

appendix B.

5.2 Dynamics of scalar perturbations

We follow the standard way to evaluate the power spectrum of late-time cosmological
perturbations, as previously applied to inflationary cosmology [46, 47], string gas cosmol-
ogy [19, 21], and bounce cosmology [48]. For linear scalar perturbations, we can get the
dynamical equation by varying eq. (5.1) with respect to scalar perturbation parameter ¢

n o 2% 27.2

k+74k+csk G =0, (5.4)
S

where (i is the Fourier-transformed (, representing the scalar perturbation mode with

wavenumber k. Defining Mukhanov-Sasaki (MS) variable vy, = 2(j, we get the standard

MS equation [49-51],

vy + ka—z—g =0 5.5
k Cs > v =VU. ( y )
S

In the standard treatment, we separate the solution of eq. (5.5) into two different
scales. One is the sub-Hubble scale when the matter fluctuation part c2k? dominates
over the metric part z”/z, and second one is the super Hubble scale in which the metric
dependent term 2”/z becomes dominant over term c2k2.
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Figure 5. A sketch of the evolution of length scales in the emergent universe scenario. The vertical
axis is the physical spatial coordinate Xy, and the horizontal axis is the cosmic time ¢. The physical
wavelength A\,, = a/k of the mode with comoving wavenumber k is depicted in solid green line,
while the Hubble radius Az = |H|~! is depicted in the blue curve. We also draw the Planck length
Ap = Mﬁl in the red line for comparison. The wavenumber is taken to be k = 10714,

We firstly consider the horizon crossing. Conventionally, the condition for Hubble
crossing of a wave mode k is
kcs ~ a(tpg)H (tg), (5.6)

where tgy = tg(k) denotes the cosmic time of Hubble-crossing for a given wavenumber k.

2

We recover c¢; in eq. (5.6) since c;

is not always equal to unity in our model.

We plot the evolution of the length scales in figure 5, in which we take a special
wavenumber k£ = 107 and ¢, = 1. The numerical results show that the horizon crossing
happens in the pre-emergent phase. This is generic for both vacuum fluctuation and
thermal fluctuation in our model: the Hubble radius becomes almost constant shortly after
the emergent event with a small value Ay = O(10°), as we see from figure 5. Compared to
the upper limit of the observed wavenumber k., = O(107%), which indicates a physical
wavelength larger than a/kmax = 10%, we see that all perturbation modes become super-
horizon at the emergent event. Hence in our model, the horizon crossing should happen in
the pre-emergent phase ¢t < 0.

Secondly, we consider the super-Hubble case, where the dynamics is determined mainly
by the background geometry. It is well-known that, for a cosmological background filled
with a matter of constant EoS parameter w, the general solution to eq. (5.5) on the super-
Hubble scale is

S
(mv’

where D and S are constants determined by the matching condition, and v = 3(1—w)/(1+

=D+

3w). It is clear that after horizon crossing, there propagate two linearly independent
modes. The constant mode is denoted as “D-mode”, and the decreasing mode is denoted
as “S-mode”. Conventionally, it is assumed that the D-mode dominates the scalar power
spectrum since the S-mode will vanish as the universe expands. So we shall consider the
scale invariance generated by the D-mode only.

~10 -



Finally, we discuss the matching conditions for cosmological perturbations, where the
equation of state w undergoes a sharp jump. We follow the technique developed in [52, 53],
which indicates that vy, and v}, are continuous across the matching surfaces, i.e. t = 0 and
t = tp. In other words, we can ignore the effect of the matching process on the scalar
perturbation v, and hence the scalar power spectrum.

5.3 Vacuum fluctuations

In this subsection, we consider the case where the primordial perturbation comes from the
quantum vacuum fluctuations of the DHOST field 7 on sub-Hubble scales. In principle, we
should study the dynamical equation of vy in each period, then connect the perturbation
by appropriate matching conditions and finally study the scalar power spectrum when the
perturbation becomes super-Hubble scale. However, a simple observation from figure 2
reveals that a(t) ~ 1 and H ~ 2 x 107 after the emergent event. Since the typical co-
moving wavelength of observed scalar perturbation is k < 1078, we see aH > k when
t > 0, and the perturbation of observational interest is super-Hubble scale. According to
the above analysis, it is sufficient to take the scalar perturbation (i as constant after the
horizon crossing. Then we only need to consider the dynamics of scalar perturbation in
pre-emergent phase.

The action for the linear perturbation in eq. (5.1) is that of a harmonic oscillator, so
we impose the quantum vacuum initial conditions

( e—iCsk(ﬁ—no)
vp(n) = —————
k() NGTS

where 79 is some constant representing the freedom of choosing initial phase.

(5.7)

At the far past, we can get the function cio and 22 with the help of the asymptotic be-
havior from eq. (4.7) and eq. (2.2), and use the fact that the conformal time approximately
equals to the cosmic time ¢ since a is approximately equal to 1, which reads

4 —
o~ -5 0.0085, (5.8)

2 1086 5 5

Zg ~ AN, Zsoxan. 5.9
(B —4)%y (59)

We find that ¢ remains almost constant in the pre-emergent phase, which can also be read
from figure 4.

As the time approaches t ~ —2, the approximation breaks down. However, the scalar
perturbation will have an observational window corresponding to 15 effective e-flods [54],
which is much larger than the time interval —2 < ¢ < 0. So the shape of the observed
scalar power spectrum cannot be influenced in this short period. Hence in this paper, we
will ignore the break down of the approximation (5.8) during the short time interval.

The background effect appearing in the MS equation is

(2+B)y
2l

S

=" 4 H*+H ~
Zs n 67

" 2H
% (5.10)

- 11 -



Then, eq. (5.5) takes the form as

(2+8)y
’Ug + (Cg’okz — 67774 Ve — 0 . (511)

At far past, the dominant term in the parentheses of eq. (5.11) is C§,0k2' For a certain
conformal wavenumber k, the term (24 3)~/(6n*) becomes comparable to ¢Z ok? at the time

1
2 1
GBI < 1000, (5.12)

= 62 ok?

where the upper bound is taken when k takes the upper limit of observed wavelength
kmax = 1078, This again verifies the argument in subsection 5.2 that the perturbation
should cross the horizon at ¢t < 0.

The dynamics of the perturbation can be approximately separated into two parts.
For each wave mode k, the perturbation v will evolve with the dominance of 037014:2 until
1 = Mk, then it crosses the horizon and becomes almost constant. The general solution to
eq. (5.11) is

vk(n) = Co 408 4 Cp e~ 081, (5.13)

where Cp 4 and Cp,— are integration constants. One may comprehensively understand the
eq. (5.13) by noticing that, in the pre-emergent phase, the background geometry is quasi-
Minkovskian, so the background should contribute little to the perturbation dynamics, and
vk propagates as a plane wave.

Imposing the initial condition from eq. (5.7) to the general solution in eq. (5.13),
Co+ and Cp — should have k2 dependence. At the Hubble crossing for a fixed k, the
k-dependence of the scalar perturbation v, will be

Uk(nk) X k‘%eﬁcs,ok(nk—nk,c) , (514)

where 7, . represents a phase factor. The scalar power spectrum becomes

2

Ok(e) [* s (5.15)

(1K)

The expression for the scalar power spectrum in eq. (5.15) tells that the vacuum

Pco<k3

fluctuation of the DHOST field itself cannot generate a scale-invariant power spectrum.
This is a common feature in the original Galileon Genesis models, who fails to produce scale-
invariant curvature perturbations without invoking the curvaton mechanism [30, 33, 34, 55]
unless one generalize the Galileon Genesis model at the cost of producing a strongly blue
spectra of tensor perturbation [36, 56, 57]. This feature also happens in other emergent
universe scenarios. For example, in the emergent universe scenario constructed by quintom
matter, it is found that the matter field will remain in the vacuum state and hence the
scalar power spectrum is always blue [58], unless introducing a curvaton with specific kinetic
coupling to the original matter field [59]. It is then interesting to investigate whether one
can impose curvaton mechanism or improve the model to find a mechanism of generating
a scale-invariant primordial power spectrum of curvature perturbation in follow-up work.
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5.4 Thermal fluctuations

In this subsection, we consider the case where the primordial perturbation is generated by
fluctuations from a thermal gas. We assume that the thermal gas has negligible contribution
to the background dynamics, then we only need to consider its influence on perturbation.

We begin with the case where the thermal gas is composed of point particles with
an arbitrary EOS w,. The thermal fluctuation has been studied previously in string gas
cosmology [21] and bounce cosmology [48]. In each case, the scale invariance can be possibly
generated by the thermal fluctuation mechanism. We will closely follow the methods in
the above two papers.

From the stress-energy conservation equation, it follows that the energy density and
temperature of the thermal gas change with a function of the scale factor as

pp ~ a”30FWr) P~ g (5.16)
Now we can get the heat capacity of the gas by

Cv(R) = R3§§ ~ R3Tr | (5.17)
where R = R(k) is the physical length corresponding to the co-moving momentum scale k,
and we may take it as the Hubble radius R ~ 1/H. Up to a constant of order O(1), the
power spectrum of the metric perturbation at horizon crossing moment, generated by the
thermal gas [48], is
_ 1Cy(R) T2

4 H;*H(k) RS’

where Hy, (1 is the Hubble parameter at horizon crossing. Combining eq. (5.16), eq. (5.17)

Py (k)(tu (k) (5.18)

with eq. (5.18), and applying the Hubble crossing condition k = aH ~ H, we get
Po (k) (t (k) ~ kL (5.19)

Making use of the relation between gravitational potential ® and (i

a’H .
b, = ——— 2

and the fact that vy oscillates with frequency k/a on sub-Hubble scales, one has

k‘2

4
mpq) Nk?’P(I). (521)

Pe(k)(tu(k)) =
In the last step we have used the background equation from eq. (4.6). Thus, we obtain
P (k) (tu (k) ~ k3, (5.22)

which gives a blue tilted spectrum.
We then discuss two more nontrivial cases where the thermal dynamics is governed by
string theory. The first case is the Gibbons-Hawking (GH) radiation [60], which has been
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studied extensively in the context of developments in string theory, particularly in light of
the role of holography [61]. the heat capacity for a thermal GH radiation is

Cy(R) ~ R?, (5.23)

which is derived from the average energy of GH radiation (E) = TR?. Combining eq. (5.18)
with eq. (5.23) and use the definition of the Gibbons-Hawking temperature associated with
the instantaneous Hubble radius T'= 1/R ~ H, the scalar power spectrum is

Py (k) ~ k2. (5.24)
With the help of eq. (5.21), we obtain
Pe(k) ~ k. (5.25)

The second case corresponds to the thermal fluctuation from the string gas. As revealed
in string gas cosmology [19, 21, 25, 62—64], the gas of closed strings induces a scale-invariant
spectrum with a slight red tilt of scalar metric fluctuations on all scales smaller than the
Hubble radius, as long as the fluctuations exit the Hubble radius at the end of a quasi-static
Hagedorn phase.

5.5 Scale invariance of power spectrum

We have considered primordial perturbations originated from the vacuum and thermal
fluctuations. The results are summarized as follows:

k3,  vacuum fluctuations
P _ kY/3.  thermal particle fluctuations (5.26)
¢ 7 ) k10/3, Gibbons-Hawking radiation )

KO-, string gas

where the symbol k- represents a scale-invariant spectrum with a slight red tilt. The
results show that thermal fluctuations from a string gas can provide a scale-invariant power
spectrum, which is a generic feature of string gas cosmology [19, 21, 25, 64]. The other
situations always give a blue scalar power spectrum. We will extend our model in the
future work to generate a nearly scale-invariant spectrum with mechanisms other than the
string gas paradigm.

6 Conclusion and discussions

In this paper, we present a realization of the emergent universe scenario by introducing a
deformed kinetic term and a DHOST coupling to the original Galileon Genesis model. We
first investigate the cosmological evolution and show that the universe can gracefully exit
the emergent phase and transfer to a radiation dominated phase. The model can meet the
standard thermal history of the universe without additional mechanisms like the decay of
the Galileon field into radiation. We then study the cosmological perturbation and show
that the model is free from gradient instability problem.
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We have also investigated various theoretical conditions for deriving a nearly scale-
invariant power spectrum for primordial scalar perturbations. We find that the scale in-
variance cannot be generated in our model through the vacuum fluctuation of the DHOST
field. Fluctuations from thermal string gas can generate a scale-invariant power spectrum
with a slightly red tilt, while that from thermal gas of point particles and GH radiation will
always result in a blue spectrum. It would be interesting to see whether a scale-invariant
primordial power spectrum of curvature perturbation can be achieved with curvaton mech-
anism [65, 66] or improving the current model. It is also crucial to confront our model with
various cosmological constraints, including the high precision CMB measurement of the
primordial power spectrum, the tensor-to-scalar ratio, primordial non-gaussianities, and so
on. All these topics are to be studied in the following-up work.

Moreover, the sound speed square of both scalar and tensor perturbations will be
larger than unity near the emergent event, triggering the superluminality problem. It
has been pointed out that this issue is a generic property for cosmological applications of
Galilean/Horndeski theories [67-70]. We argued that for the DHOST cosmology, this issue
is quite model-dependent [45]. Thus, we expect careful model construction of DHOST
Genesis may avoid the superluminality issue.

We end by commenting that it is essential to study the particle production process for
the universe depicted by our model, which will be addressed in a follow-up study.
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A A brief introduction to DHOST theory

In this appendix, we give a brief introduction to the DHOST theory. DHOST theories are
defined to be the maximal set of scalar-tensor theories in four dimensional space-time that
contain at most three powers of second derivatives of the scalar field 7, while propagating
at most three degrees of freedom, and Galileon theory is the specific case of DHOST theory
where EoM of the scalar field remains second order.
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The most general DHOST action involving up to cubic powers of second derivative of
the scalar field 7 can be written as

Slg. ) = [ dtov/=g[ha(r, XOR + O maumys

+ hs(m, X)G,\lﬂr)‘” + Cé,spéaﬁﬂ')\yﬂ'pgﬂ'aﬁ} ) (A.1)

The tensors C(y) and C(3) represent the most general tensors constructed with the metric
g as well as the first derivative of the scalar field, which is denoted as my = Vm. The
symbol 7y, denotes the second derivative my, = V,V,m,and the canonical kinetic term X
is defined as X = %V”Wv,ﬂr. Exploiting the symmetry in eq. C(y) and eq. C3), one can
reformulate eq. (A.1) to be

5 10
Avps Avpé 2 3
C(2l;p T Tps + C(:Sp aﬁﬂ)\yﬂpgﬂa/j = Z aiL,E ) + Z bng ) ,
i=1 j=1
where a;’s and b;’s depend on 7 and X. We only need the quadratic DHOST terms, so we
consider all b; terms to vanish in our model.
The Lagrangian coupling to a;’s are defined as

[ — LY = (On)?, LY = @Or)rta,r”
Lf) = m, P, L?) = (mhm,)?,

and to make the theory not propagating the ghost degree of freedom, the form of a;’s are
severely constrained. There are six possible combinations of a;’s which can give a healthy
action without ghost and for our purpose we shall concentrate on the type (2) N—I7 DHOST
theory, where there are three free functions hs, a4 and a5, and the others are constrained by

ha  ho—2Xhox

2 - A2
292X’ as 2 X2 ( )

ag = —a1 =

We can see from eq. (A.2) that the action in (3.2) is of the type ) N-IT DHOST
theory, so our model is free from Ostrogradsky instabilities.

B Tensor perturbations

In this appendix, we work out the tensor perturbations of our model. We will closely
follow the technique developed in [71]. The quadratic action for tensor modes in the
FLRW background takes the generic form as

3
a PSS N
So T(General) = /dtd%? (’Yz‘jg”’kl’m - ’Yz‘jW”’kl’Ykl> ; (B.1)

in which v;; are tensor perturbations and GV are determined by the theory. Then, we

can substitute eq. (3.2) into eq. (B.1) and get
al
8

So,7(DHOST) = /dﬁd?’«’ﬂ [%? -1+ h)(vk%'j)ﬂ ; (B.2)
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Figure 6. The dynamics of the sound speed of tensor perturbation ¢ as a function of cosmic
time ¢. The positivity of c¢Z is exhibited in the whole cosmological process, but ¢ will exceed
c? =1 in the neighborhood of t = 0.

where 7 is the conformal time defined by dn = dt/a, and / represents differentiation with
respect to 7. One can straightforwardly see from eq. (B.2) that the ghost problem is absent
in our case. The propagation speed of tensor modes is expressed by C% =1+ h. In order
to ensure the tensor modes of our model are free from gradient instability, the condition of
1+ A > 0 is required to be satisfied.

We numerically plot the sound speed of tensor perturbation 02T in figure 6. We illustrate
that 02T is positive during the whole cosmological process, but it will exceed the speed of
light squared, i.e., ¢ > 1 for a short time interval near the genesis event, triggering the
superluminality problem. The existence of superluminality is a general feature in scalar-
tensor theory beyond Horndeski [67], and here we shall argue that superluminality does not
necessarily correspond to acasuality [69, 70, 72-74]. Still, it is interesting to see whether
we can develop a genesis model without the superluminality issue.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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