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1 Introduction

The maximally supersymmetric (2, 0) conformal field theories (CFTs) in 6d are the most
fundamental CFTs. No supersymmetric CFT can be defined in any higher dimension [1],
and in fact no non-supersymmetric CFTs have been found in 6d or higher. Many lower
dimensional CFTs can then be derived from the 6d (2, 0) theories, and the 6d origin can
be used to derive deep non-perturbative aspects of these lower dimensional CFTs [2–6].
The (2, 0) theories are hard to study, however, because they have no Lagrangian, and
were originally only defined by considering a decoupling limit of Type IIB string theory on
ALE spaces [7], which predicts the existence of a list of interacting (2, 0) theories labelled
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by Lie algebras AN−1, DN , E6, E7, E8, in addition to a free (2, 0) theory.1 Since these
theories have no Lagrangian, the powerful non-perturbative methods of integrability and
supersymmetric localization cannot be used to study correlators.2 The only perturbative
way of studying 6d correlators is using the holographic duality between the AN−1 and
DN theories at large N and weakly coupled M-theory on AdS7 × S4 [14] and AdS7 ×
S4/Z2 [15, 16], respectively. In particular, this duality maps four-point functions of single
trace half-BPS operators in the CFT to scattering of gravitons and higher KK modes
in AdS, which in the flat space limit becomes the 11d M-theory S-matrix A. The weak
coupling expansion for A consists of the small Planck length `11, i.e. small momentum,
expansion:

A(s, t) = `911AR + `15
11AR4 + `18

11AR|R + `21
11AD6R4 + `23

11AD8R4 + `24AR|R4 + . . . , (1.1)

where s, t, u are 11d Mandelstam variables. The lowest few tree level3 terms AR, AR4 , and
AD6R4 are protected, and so can be computed from Type IIA string theory by compacti-
fying on a circle [17–19]4 to get

AR4

AR
= stu

3 · 27 ,
AD6R4

AR
= (stu)2

15 · 215 . (1.2)

The 1-loop supergravity term AR|R has also been computed in [17, 18]. The small `11
expansion in 11d maps to the large N expansion in the CFT according to the dictio-
nary [14, 20]:

(LAdS/`11)9 ≈ o16c , (1.3)

where the orbifold factor o is one/two for the AN−1/DN theories, and c is the central
charge appearing in the (2, 0) conformal anomaly, which for the AN−1 and DN theories
is5 [20–24]

c(AN−1) = 4N3 − 3N − 1 , c(DN ) = 16N3 − 24N2 + 9N . (1.4)

One can then try to study the large c ∼ N3 expansion in the CFT from the small `11
expansion in M-theory. This is difficult, however, since nothing is known about the M-
theory S-matrix aside from the terms described above. This is unlike the paradigmatic

1For small N , this list is redundant because D1 = SO(2) is the free theory, D3 = A3, and D2 = A1×A1,
so this last theory is really a product theory with two stress tensors.

2The known (2, 0) theories can be conjecturally related to 5d SYM by compactifying on a circle [8–13],
then localization can be applied to the 5d theory and used to study protected quantities in the 6d theory
that are invariant to the radius of the circle. However, it is difficult to constrain the 6d correlator using
this method.

3Since `11 is the only expansion parameter, there is in general no difference between tree and loop level.
At low orders, however, one can distinguish between tree and loop terms by the different power of `11 that
multiply them.

4AD4R4 can also be computed in this way, but it vanishes and so we did not write it.
5More generally, a (2, 0) theory labeled by Lie algebra g has central charge c(g) = 4dgh∨g + rg, where dg,

h∨g , and rg are the dimension, dual Coxeter number, and rank of g, respectively [21].
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holographic duality between N = 4 SYM and Type IIB on AdS5 × S5, where the string
theory S-matrix can be computed using the worldsheet to all orders in the string length
to the lowest few orders in the string coupling [25–27], and so can in principle be used to
constrain the CFT to many orders.

Progress can be made by exploiting constraints from superconformal symmetry itself.
The recent reformulation [28] of the conformal bootstrap [29–31] uses crossing symmetry
and semidefinite programming to place numerical but rigorous non-perturbative bounds
on the scaling dimensions and operator-product-expansion (OPE) coefficients that appear
in CFT correlators. The numerical bootstrap was applied to the stress tensor multiplet
correlator of 6d (2, 0) CFTs in [21], and used to compute non-perturbative bounds on CFT
data as a function of c. In particular, [21] showed evidence that the leading c−1 correction to
various CFT data, as computed from M-theory in the supergravity limit [32, 33], saturated
the bounds at large c, and that the lowest known interacting theory A1 saturated the lower
bound on c. However, the numerical bootstrap is much less numerically stable in 6d than
in lower dimensions, so it was difficult to make a precise comparison to analytical results.
Also, the bootstrap bounds in principle apply to any theory with a given value of c, but
one cannot focus on the physical 6d CFTs, such as the AN−1 and DN theories, unless
one conjectures that these theories saturate the bounds. The DN and AN−1 theories are
identical at order c−1, since they are both described by the same supergravity, so even with
infinite precision it would be impossible to see which theory was saturating the bound by
comparing to this analytic result.

Instead of exploiting crossing symmetry numerically for general CFTs at finite c, one
can apply it to the large c expansion of specific holographic theories. This analytic boot-
strap uses the analytic structure of Witten diagrams in Mellin space, the flat space limit,
and crossing symmetry to constrain holographic correlators in a large c expansion. For
6d (2, 0) theories, these constraints were used to compute the stress tensor correlator at
leading order in c−1 in position space [32, 33], and then extended to Mellin space in [34]
for the correlators 〈pppp〉 for p = 2, 3, 4, where p denotes the bottom component of the pth
lowest single trace half-BPS multiplet (e.g. p = 2 corresponds to the stress tensor multi-
plet), which are dual to the corresponding pth lowest scalar KK mode in the dimensional
reduction of M-theory on AdS. In [35], the analytic bootstrap was then combined with
the constraints from the protected 2d chiral algebra subsector [36] for the AN−1 theory to
compute the first higher derivative tree level correction to 〈3333〉 coming from the R4 term
in the AdS effective action, which contributes as c−

5
3 .

In this paper we will compute the first 1-loop corrections at large c to 〈2222〉 coming
from Witten diagrams with supergravity R and higher derivative R4 vertices for both the
AN−1 and DN theories. In particular, we will compute the R|R term at c−2, the R|R4

term at c−
8
3 , and the R4|R4 term at c−

10
3 . As shown in [37], the 1-loop correction to

holographic correlators can in general be computed by “squaring” the tree level anomalous
dimensions of all double-trace operators in the correlator. More precisely, from this tree
level data one can compute the double-discontinuity using crossing symmetry, from which
the full correlator can be reconstructed as in [38, 39]. For known holographic theories,
these double trace operators are degenerate in the generalized free field theory (GFFT)
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that describe the strict c → ∞ limit, and so their tree level anomalous dimensions at
orders c−1 for R and c−

5
3 for R4 must be unmixed to obtain the 1-loop corrections we

consider. This unmixing requires the average of GFFT OPE coefficients obtained from
〈pppp〉, as well as the average of R and R4 anomalous dimensions obtained from 〈22pp〉.
For N = 4 SYM, the GFFT and R data was computed using conformal symmetry [40–43],
and then used to obtain the 1-loop correction in [44–47]. The R4 data was computed from
comparing to the known Type IIB R4 term in the flat space limit [48–50],6 and then used
to obtain the 1-loop correction in [50].7

We carry out a similar program for both the AN−1 and DN theories, where the only
difference between each theory in this calculation is that the orbifold for DN projects out
all odd p multiplets [16],8 and the R4 data comes with the orbifold factor o in (1.3). For
the tree 〈22pp〉 data, we could easily extract the average anomalous dimension from the R
correlator given in [65] as well as the R4 correlator that we compute here using the flat space
limit and (1.2). Far more challenging were the average GFFT OPE coefficients from 〈pppp〉,
for which we needed to compute the full superconformal block expansion up to p = 11 using
the superconformal Ward identities in [40], and then guess the general p formula. We then
use this to compute R|R, R|R4 and R4|R4 in both the AN−1 and DN theories, extract the
low-lying CFT data,9 and compare to the M-theory S-matrix in the flat space limit. For
R|R, we precisely match the 1-loop correction to 11d supergravity [17, 18], as was done for
N = 4 SYM and 10d supergravity in [55]. For R|R4 and R4|R4, we similarly compute the
correlators in both theories and extract CFT data. The corresponding 11d terms AR|R4

and AR4|R4 were not computed previously, but we derive them from the known tree level
terms using two-particle unitarity, as was originally done for 10d string theory in [66]. We
then find a precise match with the 6d holographic correlator at these orders in the flat space
limit, which is the first presice check of AdS/CFT for 1-loop terms with higher derivative
vertices.10

The rest of this paper is organized as follows. In section 2 we review the constraints
of superconformal symmetry on 〈qqpp〉 for q ≤ p, and compute the explicit superblock
decomposition for p ≤ 11. In section 3, we extract the average GFFT OPE coefficients
from 〈pppp〉 and the average tree level anomalous dimensions from 〈22pp〉, and discuss the
large c expansion of 〈2222〉. In section 4, we use this data to compute the 1-loop corrections
to 〈2222〉, compare to the 1-loop terms in the M-theory S-matrix in the flat space limit,
and extract CFT data from the 1-loop correlators. Finally, in section 5 we end with a

6They were later independently computed from supersymmetric localization in [51], which was also used
to compute higher order terms in [52–54].

7See [55–63] for generalizations to other 1-loop correlators and [64] for progress at two loops in N =
4 SYM.

8This statement is strictly only true in the large N limit. At finite N , the DN theories have an extra
Pfaffian operator with p = N [16] which can be odd.

9We did not do this for R4|R4, since at order c− 10
3 it is subleading to the unknown 2-loop term R|R|R,

but this extraction could easily be done using our methods.
10Similar 1-loop term were considered for N = 4 SYM in [50] and compared to the corresponding 10d

terms as computed from two-particle unitarity in [66], but the authors were only able to match the ratio
AR|R4/AR4|R4 using the unjustified assumption of α′ = 4.
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discussion of our results and of future directions. Several technical details, including the
two-particle unitarity cut formula for 11d, are given in various appendices, and we include
a Mathematica notebook with explicit results as supplementary material.

2 Half-BPS four-point functions in 6d

We begin by discussing the constraints of the 6d (2, 0) superconformal algebra osp(8∗|4) ⊃
so(2) ⊕ so(6) ⊕ so(5)R on four-point functions of the dimension 2p scalar bottom compo-
nent of half-BPS supermultiplets in an interacting theory. First we discuss the s-channel
superconformal block expansion for 〈qqpp〉 correlators. Then we focus on 〈22pp〉, which
has a simpler superblock expansion in terms of a reduced correlator that solves the su-
perconformal Ward identity. The analysis of this section applies to any interacting 6d
(2, 0) CFT.

2.1 Block expansion of 〈qqpp〉

We consider half-BPS superconformal primaries Sp in 6d (2, 0) SCFTs that are scalars with
∆ = 2p and transform in the [p 0] of so(5)R, where p = 1, 2, . . . . The lowest case S1 is a free
scalar with ∆ = 2 in the 5 of so(5)R. We are interested in interacting theories, so we will
restrict to p > 1. The first such interacting operator is S2, which is the bottom component
of the conserved stress tensor multiplet and so must exist in all local 6d (2, 0) SCFTs. We
can view these operators as the rank-p symmetric traceless products of the 5, so we can
denote them as traceless symmetric tensors SI1...Ip(x) of so(5)R, where Ii = 1, . . . 5. It is
convenient to contract with an auxiliary polarization vector Y I that is constrained to be
null, Yi · Yi = 0, so that

Sp(x, Y ) ≡ SI1...IpY
I1 · · ·Y Ip . (2.1)

We are interested in four-point functions 〈qqpp〉 of four Sp(x, Y )’s, where we take q ≤ p.
These correlators are fixed by conformal and so(5)R symmetry to take the form

〈Sq(x1, Y1)Sq(x2, Y2)Sp(x3, Y3)Sp(x4, Y4)〉 = (Y1 · Y2)q(Y3 · Y4)p

|x12|4q|x34|4p
Gqp(U, V ;σ, τ) , (2.2)

where U and V are conformally-invariant cross ratios and σ and τ are so(5)R invariants
formed out of the polarizations:

U ≡ x2
12x

2
34

x2
13x

2
24
, V ≡ x2

14x
2
23

x2
13x

2
24
, σ ≡ (Y1 · Y3)(Y2 · Y4)

(Y1 · Y2)(Y3 · Y4) , τ ≡ (Y1 · Y4)(Y2 · Y3)
(Y1 · Y2)(Y3 · Y4) ,

(2.3)

with xij ≡ xi − xj . Since (2.2) is a degree q polynomial in each Yi separately, the quantity
Gqp(U, V ;σ, τ) is a degree q polynomial in σ and τ . It is convenient to parametrize these
polynomials in terms of eigenfunctions Ymn(σ, τ) of the so(5)R quadratic Casimir for irreps
[2n 2(m − n)] that appear in the tensor product of [q 0] ⊗ [q 0], so that m = 0, 1, . . . q
and n = 0, . . .m. The polynomials Ymn(σ, τ) can be computed explicitly as shown in
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appendix D of [67]; we give the explicit values for q = 2, . . . 11 in the Mathematica file
attached as supplementary material. We can then expand Gqp(U, V ;σ, τ) in terms of this
basis as

Gqp(U, V ;σ, τ) =
q∑

m=0

m∑
n=0

Ymn(σ, τ)Amn(U, V ) . (2.4)

By taking the OPEs Sq×Sq and Sp×Sp in (2.2), we can expand Amn(U, V ) in the s-channel
conformal blocks G∆,`(U, V ) as

Amn(U, V ) =
∑
∆,`

λqqO∆,`,mn
λppO∆,`,mn

G∆,`(U, V ) , (2.5)

where O∆,`,nm are conformal primaries with scaling dimension ∆ and spin ` in irrep
[2n 2(m − n)] that appear in Sq × Sq with OPE coefficient λqqO∆,`,mn

. The 6d confor-
mal blocks were originally computed in closed form in [68, 69], which we show explicitly in
our conventions in appendix A.

So far, we have imposed the bosonic subgroups of the osp(8∗|4) algebra. The constraints
from the fermionic generators are captured by the superconformal Ward identities [40]:

[z∂z − 2α∂α]Gqp(z, z̄;α, ᾱ)|α= 1
z

= [z̄∂z̄ − 2ᾱ∂ᾱ]Gqp(z, z̄;α, ᾱ)|ᾱ= 1
z̄

= 0 , (2.6)

where z, z̄ and α, ᾱ are written in terms of U, V and σ, τ , respectively, as

U = zz̄ , V = (1− z)(1− z̄) , σ = αᾱ , τ = (1− α)(1− ᾱ) . (2.7)

These constraints can be satisfied by expanding Gqp in superconformal blocks as

Gqp(U, V ;σ, τ) =
∑

M∈Sq×Sq

λqqMλppMGM(U, V ;σ, τ) , (2.8)

where GM are superblocks for each supermultipletM that appears in Sq×Sq (and Sp×Sp)
with OPE coefficients λqqM (and λppM). The selection rules for the OPE of half-BPS
multiplets have been worked out in [32, 70] and were summarized for general q in [21]. The
supermultiplets that appear in Sq × Sq are

Sq × Sq =
q∑

m=0

q−m∑
n=0
D[2(q −m− n), 2n]

+
q∑

m=1

 q−m∑
n=0,2,...

∞∑
`=0,2,...

B[2(q −m− n), 2n]` +
q−m∑

n=1,3,...

∞∑
`=1,3,...

B[2(q −m− n), 2n]`



+
q∑

m=2

 q−m∑
n=0,2,...

∞∑
`=0,2,...

∆

L[2(q −m− n), 2n]∆,` +
q−m∑

n=1,3,...

∞∑
`=1,3,...

∆

L[2(q −m− n), 2n]∆,`

 ,
(2.9)

where the spins ` refer to rank-` traceless symmetric irreps of the Lorentz group so(6)
with Dynkin labels [`00], which are the only irreps that can appear, and for interacting
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SCFTs we should further remove the B[00]` multiplet, which contains higher spin conserved
currents that only appear in the free theory. The scaling dimensions of bottom components
of the supermultiplets in (2.9) are

D[p1p2] : ∆ = 2(p1 + p2) ,
B[p1p2]` : ∆ = 2(p1 + p2) + 4 + ` ,

L[p1p2]∆,` : ∆ > 2(p1 + p2) + 6 + ` .

(2.10)

The L multiplets that appear here are unprotected, while the rest are annihilated by some
fraction of supercharges and so have fixed dimension. The D[p0] are the half-BPS multiplets
whose bottom component we called Sp, and q of these multiplets appear in Sq × Sq. The
lowest such multiplet is always the stress tensor multiplet D[20], whose OPE coefficient
squared is fixed by the conformal Ward identity [71] to be inversely proportional to the
coefficient of the canonically normalized stress tensor two-point function:

〈Tµν(x)Tρσ(0)〉 = c
84
π6
Iµνρσ(x)
|x|12 , (2.11)

where Iµνρσ(x) is a fixed tensor structure whose form can be found in [71], and c = 1 for
the free theory. In this normalization we get the precise relationship

λ2
ppD[20] = p2

c
. (2.12)

We can now compare (2.8) to (2.4) and (2.5) to see that the superblocks are finite
linear combinations of conformal blocks

GM =
q∑

m=0

m∑
n=0

Ymn(σ, τ)
∑
O∈M

λqqO∆,`,mn
λppO∆,`,mn

λqqMλppM
G∆,`(U, V ) , (2.13)

where O∆,`,mn are conformal primaries that appear in M, which can be computed using
the Racah-Speiser algorithm in [72, 73]. The allowed O∆,`,mn are further restricted to have
so(5)R irreps that can appear in [q 0] ⊗ [q 0], and have even/odd ` for irreps appearing
in the symmetric/antisymmetric product, where [2a, 2b] are symmetric (antisymmetric)
when b is even (odd). For 〈qqpp〉, all of the pairs of OPE coefficients λqqO∆,`,nm

λppO∆,`,nm

can be fixed in terms of the single pair of OPE coefficients λqqMλppM in (2.8) using the
Ward identities (2.6). In practice, following a very similar analysis done for 3d N = 8
in [74, 75], we expanded the conformal blocks for the conformal primaries that appear in
a given multiplet M using the small z, z̄ expansion in terms of Jack polynomials [69], as
we review in appendix A, and then applied the Ward identities order by order to fix the
coefficients

λqqO∆,`,mn
λppO∆,`,mn

λqqMλppM
. This is a tedious but conceptually straightforward exercise,

and we give the solutions for all the superblocks that appear in the s-channel of 〈qqpp〉 for
q = 2, . . . , 11 in the Mathematica file attached as supplementary material.
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2.2 Reduced correlator for 〈22pp〉

For 〈22pp〉, there is a different way of satisfying the superconformal Ward identities as
shown in [40] that we will find particularly useful. We do this by writing G2p as11

G2p(U, V ;σ, τ) = Fp(U, V ;σ, τ) + Υ ◦ Hp(U, V ) , (2.14)

where the reduced correlator Hp(U, V ) is an arbitrary function of degree two and zero in
σ, τ , respectively, and Υ is the differential operator given in [34, 40] as

Υ = σ2D′UV+τ2D′U+D′V−σD′V (U+1−V )−τD′(U+V−1)−στD′U(V+1−U) ,

D′ = D− 2
V

(D+
0 −D

+
1 +2∂σσ)τ∂τ+ 2

UV
(−V D+

1 +2(V ∂σσ+∂ττ−1))(∂σσ+∂ττ) ,

D = ∂z∂z̄−
2
z−z̄

(∂z−∂z̄) , D+
0 = ∂z+∂z̄ , D+

1 = z∂z+z̄∂z̄ ,

(2.15)

which is degree 2 in σ, τ . Since the second term in (2.14) satisfies the Ward identities
by itself, the function Fp(U, V ;σ, τ) must satisfy the Ward identities independently. We
can fix Fp(U, V ;σ, τ) and Hp(U, V ;σ, τ) by demanding that when we twist the four point
function as

G2p
∣∣
2d(z) ≡ G2p(zz̄, (1− z)(1− z̄), z̄−2, (1− z̄−1)2)

= Fp(zz̄, (1− z)(1− z̄), z̄−2, (1− z̄−1)2) ,
(2.16)

then Hp(U, V ;σ, τ) vanishes and Fp(U, V ;σ, τ) only depends on z. This definition fixes
Fp(U, V ;σ, τ) to resemble a free theory correlator

Fp(U, V ;σ, τ) = 1 + δ2,p(σU2 + τ2U4/V 4) + 2p
c

(
(p− 1)στU

4

V 2 + σU2 + τU2

V 2

)
, (2.17)

so that the twisted four-point function is

G2p
∣∣
2d(z) = 1 + δ2,pz

4(1 + (1− z)−4) + 1
c

2pz2(z(pz − 2) + 2)
(z − 1)2 , (2.18)

where note that the z̄-dependence has vanished. The existence of this solution to the Ward
identities was first pointed out for 〈pppp〉 in [40], and in [36] was used to argue that 6d
(2, 0) CFTs contain a protected 2d chiral algebra subsector that only includes the BPS
multiplets D[a 0] and B[b 0],12 which can be used to compute their OPE coefficients. As we
see, for 〈22pp〉 the 2d chiral algebra is 1/c exact,13 and so gives the same OPE coefficients
in terms of c for any 6d (2, 0) CFT.14

11In fact, this formal solution to the Ward identities exists for any 〈qqpp〉, but a superblock expansion of
the reduced correlators was only worked out for the case 〈2222〉 [21], which we will generalize here to 〈22pp〉.

12The multiplets D[a, 2] also appear in the 2d chiral algebra sector, but these do not appear in the
s-channel of 〈22pp〉 so we do not consider them.

13This follows from the fact that crossing symmetry in the 2d chiral algebra fixes the correlator completely
in terms of the stress tensor block, whose coefficient is fixed by conformal Ward identities to be 1/c.

14For 〈pqrs〉 with p, q, r, s > 2, the 2d chiral algebra has nontrivial c-dependence that depends on the
physical theory, see for instance [35] for a detailed description of 〈pppp〉 for the AN−1 theory, where the 2d
chiral algebra is given by the W∞ algebra as conjectured in [36].
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Since Fp(U, V, σ, τ ) is 1/c exact, all the nontrivial information in the theory is given
by the reduced correlator Hp(U, V ). To perform the superblock expansion of Hp(U, V ), we
must rewrite the formal solution (2.14) as [21, 40]15

G2p(U, V, σ, τ ) = U2D

[(zα− 1)(zᾱ− 1)hp(z)− (z̄α− 1)(z̄ᾱ− 1)hp(z̄)
z − z̄

]
+ Υ ◦ Tp(U, V ) ,

(2.19)

so that we can now expand Tp(U, V ) in reduced correlator superblocks as [21]

Tp(U, V ) =
∑

M∆,`∈{L[00]∆,`,D[40],D[04],B[20]`,B[02]`}
λ22MλppMCM

G0,−2
∆′+4,`′(U, V )

U
, (2.20)

where G0,−2
∆+4,j(U, V ) is a 6d conformal block that would appear in a four-point function of

operators with unequal scaling dimensions, as defined in appendix A. AllM∆,` in S2 × S2
except for D[20] and D[00] have an expansion in Tp(U, V ), and the effective dimensions ∆′

and spins `′ that appear are related to ∆, ` as described in table 1. The coefficients CM
are defined so that the pair of OPE coefficients λ22MλppM has the same normalization as
in (2.8), and take the form16

CD[00] = −1 , CD[20] = 2 , CD[40] = 2 , CD[04] = 1
3 , CB[20]` = 2(`+ 3)

(`+ 5)(`+ 1) ,

CB[02]` = (`+ 2)
(`+ 1)(`+ 4) , CL[00]∆,`

= − 4
(−∆ + `+ 6)(∆ + `− 2) ,

(2.21)

where CD[00] and CD[20] do not appear in (2.20) but will be useful below.
The operators D[00], D[20], D[40], and B[20]` that appear in the 2d chiral algebra

must also be simultaneously expanded in hp(z) as

hp(z) = −
∑

M∆,`∈{D[00],D[20],D[40]}
λ22MλppMCMz

∆−`
2 −1g0,−2

∆,` (1− z)

−
∑

M∆,`∈{B[20]`}
λ22MλppMCMz

∆−`
2 −1g0,−2

∆+2,`+2(1− z) ,
(2.22)

where the coefficients CM are the same as (2.21), and the leading order lightcone blocks
g∆12,∆34

∆,` (V ) are defined in appendix A and are what naturally appear in the 2d chiral
algebra.

Finally, we can relate Tp(U, V ) toHp(U, V ) by writing Fp in terms of hp(z) and Tp(U, V )
using (2.14) and (2.19) to get

Fp
∣∣
2d(z) = −z2∂zhp(z) ,

Hp(U, V ) = Tp(U, V ) + F (0)
p (U, V ) + c−1FRp (U, V ) ,

(2.23)

15Note that Υ is defined slightly differently in [34] versus [21], which considered the case 〈2222〉. The
resulting Tp’s (or similarly Hp’s) are related by a factor of U5. We use the definition in [34].

16The coefficients CM, as well as the effective dimensions and spins for eachM, are related to the unique
super-descendent of eachM that appears in the highest so(5)R channel.
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M∆,` ∆ in G2p ` in G2p ∆′ in Tp `′ in Tp so(5) irrep

D[00] 0 0 N/A N/A 1 = [00]

D[20] 4 0 N/A N/A 14 = [20]

D[40] 8 0 4 0 55 = [40]

D[04] 8 0 6 0 35′ = [04]

B[20]` 8 + ` ` ∈ even 6 + ` `+ 2 14 = [20]

B[02]` 8 + ` ` ∈ odd 7 + ` `+ 1 10 = [02]

L[00]∆,` ∆ > 6 + ` ` ∈ even ∆ ` ∈ even 1 = [00]

Table 1. Scaling dimensions and spins of multiplets in S2×S2 in the full correlator G2p, denoted as
(∆, `), versus the reduced correlator Tp, denoted as (∆′, `′). The operators in the 2d chiral algebra
sector are denoted in blue.

where we define the functions

F (0)
p (U, V ) = −U3hp(z̄)|c0 − hp(z)|c0

(z − z̄)3 + δp,2U
4 (V −2 + 1

)
+ U2

(U2 − 2U(V + 1) + (V − 1)2) ,

FRp (U, V ) = −U3hp(z̄)|c−1 − hp(z)|c−1

(z − z̄)3 + 2pU3(U(p− 1) + V + 1)
V (U2 − 2U(V + 1) + (V − 1)2) .

(2.24)

The block expansion of Hp(U, V ) then follows from that of Tp(U, V ) discussed above. When
p = 2, H ≡ H2 and F ≡ F2 transform under the crossing 1↔ 3 as

H(U, V ) = U4

V 4H(V,U) , F(U, V ) = U4

V 4F(V,U) , (2.25)

which we can use to derive crossing for T (U, V ) ≡ T2(U, V ) and h(z) ≡ h2(z):

T (U, V ) + U3h(z̄)− h(z)
(z − z̄)3 = U4

V 4

(
T (V,U)− V 3h(1− z̄)− h(1− z)

(z − z̄)3

)
, (2.26)

where note that the last term in (2.23) was already crossing symmetric for p = 2, and so
does not appear in the crossing equations.

3 AN−1 and DN correlators at large N

We will now restrict to the physical AN−1 and DN theories and discuss the large c ∼
N3 → ∞ limit. We begin by discussing the strict c → ∞ limit, where both theories are
described by the same generalized free field theory (GFFT), which we use to compute the
average OPE coefficients of double-trace L[00] multiplets in 〈qqpp〉. We then consider the
1/c corrections to 〈22pp〉, which we use to compute the average anomalous dimension of
the L[00] at orders 1/c and 1/c5/3, which correspond to tree level supergravity and R4,
respectively. The 1/c terms will be the same for both AN−1 and DN , up to the vanishing
of odd p terms for DN , while the 1/c5/3 values will differ by a power of the orbifold factor
o in (1.3). Finally, we discuss the large c expansion to higher orders for 〈2222〉, which will
be our main focus in the rest of the paper.
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3.1 Generalized free field theory at c→∞

We start by discussing the strict c ∼ N3 →∞ expansion of 〈qqpp〉 and 〈pppp〉 for the AN−1
and DN theories. Recall from the Introduction that both theories have the same half-BPS
correlators at this order, except that all correlators involving Sp for odd p vanish for the
DN theory. In particular, both theories are described by a GFFT where the operators
Sp are treated as generalized free fields with two point functions 〈Sp(x1, Y1)Sq(x2, Y2)〉 =
δpq

(Y1·Y2)p

|x12|4p . We can then compute 〈qqpp〉 (for q ≤ p) using Wick contractions to get

G(0)
qp = 1 + δqp

(
U2pσp + U2p

V 2p τ
p

)
. (3.1)

We can use this expression and the superblock expansions of the previous section to com-
pute the OPE coefficients of all operators in Sq × Sq. If several operators have the same
quantum numbers at this order, then we can only compute the average of their OPE coef-
ficients. Such a degeneracy occurs for double trace L[00]∆,` operators Sp∂µ1 . . . ∂µ`

(∂2)nSp
which have spin ` and twist t ≡ ∆ − ` = 4p + 2n. For t ≥ 8, there are bt/4− 1c such
degenerate operators due to the different ways of adding p and n to get the same twist,
which we label using the degeneracy label I. Let us denote the GFFT OPE coefficient of
these operators in the Sp × Sp OPE by λ(0)

p,t,`,I . From the GFFT result Gqp = 1 for q 6= p,
we can immediately see that the following average vanishes:

〈λ(0)
q,t,`λ

(0)
p,t,`〉 ≡

bt/4−1c∑
I=1

λ
(0)
q,t,`,Iλ

(0)
p,t,`,I = 0 , for q 6= p , (3.2)

which is in fact true for all such holographic theories in the strict large c limit. It is much
more nontrivial to compute the average 〈(λ(0)

p,t,`)2〉 ≡
∑
I(λ

(0)
p,t,`,I)2 that appears in 〈pppp〉.

By equating the GFFT correlator G(0)
pp in (3.1) to the superblock expansion in (2.8), we

can compute the OPE coefficient squared of all multiplets in Sp × Sp to leading order.
This is a conceptually straightforward but technically arduous calculation, since it requires
the explicit superconformal blocks for each 〈pppp〉. We found it useful to use the radial
expansion of conformal blocks in terms of r, η coordinates, as described in appendix A,
which organizes the expansion in terms of the scaling dimension of blocks. From explicitly
computing the OPE coefficients for p = 2, . . . , 11, we found the general formula

〈(λ(0)
p,t,`)

2〉 =
Γ
(
t−4

2

)
Γ
(
`+ t

2
)

Γ
(

1
2(4p+ t− 2)

)
Γ
(
`+ 2p+ t

2 + 1
)

Γ
(
t−1

2

)
Γ
(

1
2(2`+ t+ 3)

)
Γ
(

1
2(−4p+ t+ 2)

)
Γ
(
`− 2p+ t

2 + 3
)

× 3π(`+ 1)(`+ 2)2−2(`+t−4)(`+ t+ 1)(`+ t+ 2)
Γ(2p)2Γ(2p− 2)Γ(2p+ 1)(t+ 2)(t+ 4)(2`+ t+ 6)(2`+ t+ 8) ,

(3.3)

which generalizes the p = 2 formula previously derived from 〈2222〉 in [32].

3.2 Tree level 〈22pp〉

Next, we further restrict to 〈22pp〉 and consider the large c expansion to subleading orders
1/c and 1/c5/3, which corresponds to tree level supergravity and R4 in the bulk description.
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We can expand Hp in (2.14) to this order as

Hp(U, V ) = H(0)
p + c−1HRp + c−

5
3HR4

p + . . . . (3.4)

We can similarly expand the double-trace unprotected scaling dimensions and OPE coef-
ficients squared as

∆t,`,I = t+ `+ c−1γRt,`,I + c−
5
3 γR

4
t,`,I + . . . ,

(λp,t,`,I)2 = (λ(0)
p,t,`,I)

2 + c−1(λRp,t,`,I)2 + c−
5
3 (λR4

p,t,`,I)2 + . . . ,
(3.5)

where note that pairs of OPE coefficients are what naturally occur in four-point functions.
A similar expansion exists for the OPE coefficients of the protected operators, although
of course their scaling dimensions are fixed. Using these expansions, we can write the
superblock expansion for Hp at large c, which follows from the relation (2.23) for Tp and
the block expansion of Tp in (2.20). For HRp the expansion is

HRp (U, V ) = FRp (U, V ) +
∑

M∆,`∈{D[40],D[04],B[20]`,B[02]`}
λR22Mλ

R
ppMCM

G0,−2
∆′+4,`′(U, V )

U

+
∑
t,`,I

[
λR2,t,`,Iλ

R
p,t,`,I + λ

(0)
2,t,`,Iλ

(0)
p,t,`,Iγ

R
t,`,I(∂

no-log
t + 1

2 logU)
] Ct,`G0,−2

t+`+4,`(U, V )
U

 ,
(3.6)

where FRp (U, V ) was defined in (2.24), and Ct,` ≡ CL[00]t+`,`
. The notation ∂no-log

t G0,−2
t+`+4,`

means that we consider the term after taking the derivative that does not include a logU ,
since the terms with a log have already been written separately. The expansion of HRp can
similarly be found by setting R→ R4 and noting that FRp (U, V ) no longer contributes.

While the superblock expansion is most usefully expressed in position space, to ac-
tually compute correlators in the large c limit, it is more convenient to work with the
Mellin transforms Mp(s, t;σ, τ) and Mp(s, t) of the connected full and reduced correlators
Gcon

2p (U, V ;σ, τ) ≡ G2p(U, V ;σ, τ) − G(0)
2p (U, V ;σ, τ) and Hp(U, V ), respectively, which are

defined as [34]:

Gcon
2p (U, V ;σ, τ) =

∫
ds dt

(4πi)2U
s
2V

t
2−p−2Mp(s, t;σ, τ)Γ

[
2p−s2

]
Γ
[
4−s2

]
Γ2
[
p+2− t2

]
Γ2
[
p−1−u2

]
,

Hp(U, V ) =
∫

ds dt

(4πi)2U
s
2 +1V

t
2−p−1Mp(s, t)Γ

[
2p−s2

]
Γ
[
4−s2

]
Γ2
[
p+2− t2

]
Γ2
[
p+2−u2

]
,

(3.7)
where u = 4p + 2 − s − t, where the integration contours include all poles of the Gamma
functions on one side or the other of the contour. The Mellin transform Mp(s, t;σ, τ) of
the full correlator is defined such that a bulk contact Witten diagram coming from a vertex
with 2m derivatives gives rise to a polynomial Mp(s, t;σ, τ) in s, t of degreem, and similarly
an exchange Witten diagrams corresponds to Mp(s, t;σ, τ) with poles for the twists of each
exchanged operator. The reduced correlator Mellin amplitude Mp(s, t) is then related to
Mp(s, t;σ, τ) by the Mellin space version of Υ in (2.15), which takes the form of a difference
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operator given in [34] whose explicit form we will not use. The degree of a given term in
Mp(s, t) is seven less than that of Mp(s, t;σ, τ) in the large s, t limit due to this difference
operator. These requirements should be supplemented by the crossing symmetry relations

Mp(s, t) = Mp(s, u) , M2(s, t) = M2(t, s) , (3.8)

which follow from interchanging the first and second operators, and, for p = 2, the first
and third. All these requirements, namely the analytic structure, growth at infinity, and
crossing symmetry of Mp(s, t) imply that Mp(s, t) can be expanded similar to the position
space expression (3.4) to get

Mp(s, t) = c−1BR(p)MR
p + c−

5
3BR4(p)MR4

p + . . . , (3.9)

with

MR
p = 1

(s− 6)(s− 4)(t− 2p− 2)(t− 2p)(u− 2p− 2)(u− 2p) ,

MR4
p = 1

(s− 6)(t− 2p− 2)(u− 2p− 2) ,
(3.10)

where MR
p appeared previously in [34]. From (3.7) we can then write down the analogous

position space expressions in (3.4) as

HRp = BR(p)U
2p+1

64V D̄2p+3,2p−1,3,3(U, V ) ,

HR4
p = −BR4(p)V U

2p+1

8 D̄2(p+1),2(p+1),6,4(U, V ) ,
(3.11)

where explicit expressions for D̄r1,r2,r3,r4(U, V ) [76] can be derived from e.g. appendix C
in [77], and here we include the explicit coefficients BR(p) and BR4(p) to match (3.4).
The coefficient BR(p) can be found by demanding that no unphysical twist 4 unprotected
operators appear in the superblock expansion (2.20). In our normalization we find

BR(p) = 64p
Γ(2p− 2) . (3.12)

Note that this coefficients is the same for both AN−1 and DN , since neither theory has
twist 4 long operators at large c.

The coefficient BR4(p), on the other hand, will differ for AN−1 andDN . This coefficient
can be fixed using the flat space limit formula [35, 48], which relates Mellin amplitudes
Ma
p (s, t) of large s, t degree a − 7 (i.e. degree a in Mp(s, t)) to the 11d amplitude defined

in (1.1) as

c
2(1−a)

9
Γ(2p)Γ(2p− 2)
2a+4Γ(a+ 2p) lim

s,t→∞
(stu)2Ma(s, t) = `2a−2

11
A2a+7
AR

, (3.13)

where A2a+7 is a term in the amplitude with length dimension (2a+ 7), and `11 is the 11d
Planck length. For instance, A15 ≡ AR4 has length dimension 15 in (1.1) and corresponds
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to M4
p ≡MR4

p . The 11d amplitude of course is the same for all p, and the ratio of AR4/AR
was given in (1.2). Using this 11d amplitude and the flat space limit we find

BR4(p) = 2p(p+ 1)(2p+ 1)(2p+ 3)
3(2o)2/3Γ(2p− 2)

, (3.14)

where o is one/two for AN−1/DN . This factor comes from the different relation between `11
and c in (1.3) for each theory, and is in fact the only difference between the R4 correlators
of each theory.

Using the explicit tree level amplitudes in (3.11) with coefficients (3.12) and (3.14),
we can expand in superblocks (3.6) to extract the average anomalous dimensions
〈λ(0)

2,t,`λ
(0)
p,t,`γt,`〉 ≡

∑
I λ

(0)
2,t,`,Iλ

(0)
p,t,`,Iγt,`,I weighted by OPE coefficients. For supergravity

we find

〈λ(0)
2,t,`λ

(0)
p,t,`γ

R
t,`〉 = −π(t− 6)(2`+ t− 2)(4(`+ 2)p(`+ t+ 1) + (t− 2)t)

4(`+t+1)(`+ 3)(`+ t)

×
Γ
(
t
2 + 1

)
Γ
(
`+ t

2 + 3
)

Γ
(
2p+ t

2 − 1
)

Γ(2p)Γ(2p− 2)Γ
(
t−1

2

)
Γ
(
`+ t

2 + 3
2

)
Γ
(
−2p+ t

2 + 1
) , (3.15)

which is identical for both AN−1 and DN . For R4 we find

〈λ(0)
2,t,`λ

(0)
p,t,`γ

R4
t,` 〉 = δ`,0

πt(6− t)(t2 − 16)
(
t2 − 4

)2 Γ
(
t
2 + 1

)
Γ
(
t
2 + 4

)
Γ
(
2p+ t

2 + 1
)

3(2o)
2
3 4t+7Γ(2p)Γ(2p− 2)Γ

(
t+1

2

)
Γ
(
t+5

2

)
Γ
(
−2p+ t

2 + 1
) ,

(3.16)

which is only nonzero for zero spin and differs for each theory by the orbifold factor o.

3.3 Large c expansion of 〈2222〉

Finally, we restrict further to 〈2222〉, which is the correlator we are primarily interested in
studying. To reduce clutter, we will drop the p = 2 subscript from all expressions. The
Mellin amplitude M(s, t) is fixed by the analytic structure, growth at infinity, and crossing
symmetry to take the form

M(s, t) = c−1BRMR + c−
5
3BR4

4 M4 + c−2(MR|R +B
R|R
4 M4)

+ c−
7
3 (BD6R4

4 M4 +BD6R4
6 M6 +BD6R4

7 M7)

+ c−
23
9 (BD8R4

4 M4 +BD8R4
6 M6 +BD8R4

7 M7 +BD8R4
8 M8)

+ c−
8
3 (MR|R4 +B

R|R4

4 M4 +B
R|R4

6 M6 +B
R|R4

7 M7 +B
R|R4

8 M8) + . . . ,

(3.17)

where the coefficient of each c−b must include all allowed Mellin amplitudes of degree
(9/2b − 21/2) or less. These can include contact Witten diagrams Ma of degree a − 7,
which take the form [35]

Ma = (s2 + t2 + u2)a1(stu)a2

(s− 6)(t− 6)(u− 6) s.t. 2a1 + 3a2 ≤ a− 4 . (3.18)
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CFT data: M4 M6 M7 M8

λ2
D[04] −3

7 −1308
77 −1224

77 −692304
1001

λ2
B[02]1 0 −2000

1573
6000
1573 −115200

1573

λ2
B[02]3 0 0 0 −1354752

158015

λ2
B[02]5 0 0 0 0

γ8,0 −360
11 −283680

143 −138240
143 −17493120

143

γ8,2 0 −21600
143

86400
143 −35078400

2431

γ8,4 0 0 0 −11612160
4199

γ8,6 0 0 0 0

Table 2. Contributions to the OPE coefficients squared λ2
22M of some short multiplets D[04] and

B[02]` for odd ` that are not in the 2d chiral algebra sector, as well as to the anomalous dimensions
γ8,` for even ` of the lowest twist t = 8 unprotected multiplet L[00], from large s, t degree a − 7
contact Mellin amplitudes Ma(s, t). Adapted from [35], with typos fixed.

For the amplitudes we consider above, this implies one allowed contact diagram of each
degree. In the full correlator Mellin amplitudeM, these amplitudes would be polynomials of
degree a, which correspond to contact Witten diagrams with 2a derivatives. These contact
diagrams only contribute to a finite number of spins that grows with the degree [78]. For
the multiplets in 〈2222〉, the contribution from each Ma in (3.17) is summarized in table 2
of [35], which we repeat here in table 2.17 The other Mellin amplitudes shown in (3.17)
include the tree level supergravity term MR discussed in the previous section, which in
M includes poles for the single trace supergravity multiplet, as well as the 1-loop Mellin
amplitudes MR|R and MR4|R of degrees −3

2 and 3
2 , respectively, that we will discuss more

in the following section.
The coefficients BR ≡ BR(2) and BR4

4 ≡ BR4(2) were fixed in the previous section,
but the other coefficients remain unknown. As such, we can only extract CFT data up to
order c−

5
3 . For the 2d chiral algebra multiplets D[00], D[20], D[40], and B[20]`, their OPE

coefficients are in fact 1/c exact as discussed and in our conventions are:

λ2
D[00] = 1, λ2

D[20] = 4c−1 , λ2
D[40] = 1

3 + 44
30c
−1 ,

λ2
B[20]` =

√
π(`+ 1)(`+ 4)(`+ 5)Γ(`+ 9)

9 · 4`+6Γ
(
`+ 11

2

) + c−1
√
π(`+ 1)(`(`+ 11) + 29)Γ(`+ 6)

22`+7(`+ 3)Γ
(
`+ 11

2

) .

(3.19)

For the protected operators D[04], and B[02]` that are not in the 2d chiral algebra,
their OPE coefficients receive corrections at all orders in 1/c. The B[02]` has odd `, so its

17We correct some typos for the anomalous dimensions.
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OPE coefficient does not receive a correction from the R4 contact term, i.e. c−
5
3 , which

only contributes to zero spin. We can thus only compute its value up to 1/c [21, 79]:

λ2
B[02]` = (`+ 1)(`+ 3)(`+ 4)(`+ 8)(`+ 9)Γ(`+ 6)Γ(`+ 7)

36Γ(2`+ 11)

− c−1 40(`+ 1)(`(`+ 11) + 27)Γ(`+ 6)Γ(`+ 7)
(`+ 2)(`+ 7)Γ(2`+ 11) +O(c−2) ,

(3.20)

which at this order is the same for the AN−1 and DN theories. The D[04], however, has
zero spin, so its OPE coefficient receives an R4 correction that is different for the AN−1
and DN theories by the usual orbifold factor o [32, 35]:

λ2
D[04] = 2

3 − c
−1 170

21 − c
− 5

3
60

(2o)
2
3

+O(c−2) . (3.21)

Finally, the average anomalous dimensions weighted by OPE coefficients for the long mul-
tiplets was already given in (3.15) and (3.16). For the lowest two twists, there is no
degeneracy, so we can divide these expressions by the GFFT OPE coefficients in (3.3) for
p = 2 to get

∆8,` = 8−c−1 17280
(`+9)(`+10) (`2+3`+2)−c

− 5
3 δ`,0

50400
11(2o)

2
3

+O(c−2) ,

∆10,` = 10−c−1 120960(`(`+13)+32)
(`+1)(`+2)(`+3)(`+10)(`+11)(`+12)−c

− 5
3 δ`,0

12700800
143(2o)

2
3

+O(c−2) ,
(3.22)

where as usual the difference between the AN−1 and DN theories enter only in the c−
5
3

correction. In the following section, we will determine the 1-loop corrections to some of
this non-trivial CFT data.

4 〈2222〉 at 1-loop

We now discuss the 1-loop terms in the large c ∼ N3 expansion of 〈2222〉. In particular,
we focus on R|R at c−2, R|R4 at c−

8
3 , and R4|R4 at c−

10
3 . For each 1-loop term in both

the AN−1 and DN theories, we derive the double-discontinuity (DD) from tree and GFFT
data, and then use it to write the entire correlator in Mellin space using crossing symmetry
up to contact term ambiguities. We then compare the correlators for both theories to the
relevant 1-loop corrections to the 11d S-matrix in the flat space limit, and find a precise
match for all 1-loop amplitudes in both AN−1 and DN . Finally, we extract all low-lying
CFT data using two methods: an inversion integral applied to the DD that extracts the
data in terms of a compact integral expression that does not apply to certain low values of
spin [38, 39], and a projection method applied to the entire Mellin amplitude that works
for all spins (up to the contact term ambiguities that affect the low spins), but is less
compact [78, 80]. Note that for the DN theory, we did not find a closed form expression
for the Mellin amplitude, but nevertheless we computed enough terms to be able to check
both the flat space limit and extract all CFT data up to high precision.
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4.1 One-loop from tree level

We begin by expanding the reduced correlator H for 〈2222〉 to 1-loop order at large c using
the block expansion described in section 2.2. For R|R at order c−2, this takes the form

HR|R =
∑

t=8,10,...

∑
`∈Even

[1
8〈(λ

(0)
t,` )2(γRt,`)2〉(log2 U + 4 logU∂no-log

t + 4(∂no-log
t )2)

+ 1
2〈(λ

R)2
t,`γ

R
t,`〉(logU + 2∂no-log

t )

+ 1
2〈(λ

(0)
t,` )2γ

R|R
t,` 〉(logU + 2∂no-log

t ) + 〈(λR|Rt,` )2〉
]
Ct,`U

−1G0,−2
t+`+4,`(U, V )

+ (λR|RD[04])
2CD[04]U

−1G0,−2
10,0 (U, V ) +

∑
`∈Odd

(λR|RB[02]`)
2CB[02]`U

−1G0,−2
`+11,`+1(U, V ) ,

(4.1)

where the normalization factors Ct,` ≡ CL[00]t+`,`
, CB[02]` , and CD[04] are defined in (2.21),

we suppressed the p = 2 subscripts for simplicity, and ∂no-log
t G0,−2

t+`+4,` was defined in (3.6).
The first three lines describe the double trace long multiplets L[00]t+`,`, which are the
only long multiplets that appear at this order. As described in section 3, long multiplets
of twist t are bt/4 − 1c-fold degenerate, so only the average CFT data denoted by 〈〉
appears. The fourth line includes the protected multiplets D[04] and B[02]`, which unlike
the protected multiplets in the 2d chiral algebra sector, include 1/c corrections beyond c−1.
The expression for HR4|R4 at order c−

10
3 is identical except we replace R → R4 and the

sum for the long multiplets is now restricted to ` = 0. The expression for HR|R4 at order
c−

8
3 takes the similar form

HR|R4 =
∑

t=8,10,...

[1
4〈(λ

(0)
t,0 )2γRt,0γ

R4
t,0 〉(log2 U + 4 logU∂no-log

t + 4(∂no-log
t )2)

+ 1
2〈(λ

R)2
t,0γ

R4
t,0 + (λR4)2

t,0γ
R
t,0〉(logU + 2∂no-log

t )

+ 1
2〈(λ

(0)
t,0 )2γ

R|R4

t,0 〉(logU + 2∂no-log
t ) + 〈(λR|R

4

t,0 )2〉
]
Ct,0U

−1G0,−2
t+4,0(U, V )

+ (λR|R
4

D[04])
2CD[04]U

−1G0,−2
10,0 (U, V ) +

∑
`∈Odd

(λR|R
4

B[02]`)
2CB[02]`U

−1G0,−2
`+11,`+1(U, V ) ,

(4.2)

where note that the first line has a factor of two relative to (4.1), and only ` = 0 appears
due to the R4.

As shown in [37], the entire 1-loop term up to the contact term ambiguities described
in section 3.3 can in fact be constructed from the log2 U terms shown above, which are
written in terms of GFFT and tree data, since under 1↔ 3 crossing (2.25) these are related
to log2 V terms that are the only contributions to the DD at this order. The DD can then
be used to reconstruct the full 1-loop correlator as shown in [38, 39]. A subtlety in the case
of holographic theories is that the average 〈(λ(0)

t,` )2γAt,`γ
B
t,`〉 for 1-loop vertices A,B is what
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appears in the log2 U term, whereas the different averages 〈(λ(0)
t,` )2γAt,`〉 and 〈(λ

(0)
t,` )2γBt,`〉 are

what appear at tree level. As shown in appendix A of [50] for the similar case of N = 4
SYM, one can compute 〈(λ(0)

t,` )2γAt,`γ
B
t,`〉 from GFFT 〈ppqq〉 and tree level 〈22pp〉 data as

〈(λ(0)
t,` )2γAt,`γ

B
t,`〉 =

bt/4c∑
p=2

〈λ(0)
2,t,`λ

(0)
p,t,`γ

A
t,`〉〈λ

(0)
2,t,`λ

(0)
p,t,`γ

B
t,`〉

〈(λ(0)
p,t,`)2〉

, (4.3)

where we summed over each p where a given twist t long multiplet appears. For AN−1,
this include all integer p, while for DN it only includes even p. We computed 〈(λ(0)

p,t,`)2〉,
〈λ(0)

2,t,`λ
(0)
p,t,`γ

R
t,`〉, and 〈λ

(0)
2,t,`λ

(0)
p,t,`γ

R4
t,` 〉 in (3.3), (3.15), and (3.16), respectively, which is suffi-

cient to compute R|R, R|R4, and R4|R4 for the AN−1 and DN theories. The p, t, ` sums
for the log2 U term in R|R can be done by expanding at small z:

1
8

∑
t=8,10,...

∑
`∈Even

bt/4c∑
p=2

〈λ(0)
2,t,`λ

(0)
p,t,`γ

R
t,`〉2

〈(λ(0)
p,t,`)2〉

Ct,`
G0,−2
t+`,`(U, V )

U
= z5h

(5)
R|R(z̄) + z6h

(6)
R|R(z̄) + · · · ,

(4.4)

and similarly for R|R4 and R4|R4 using the general expression (4.3), except the ` sum is
trivially ` = 0 in those cases, and R|R4 has an extra factor of 2. The z-slices for R|R for
both AN−1 and DN take the form

h
(n)
R|R(z̄) =

P
(n−1)
1,R|R (z̄)
z̄n

log2(1− z̄) +
P

(n−2)
2,R|R (z̄)
z̄n−1 Li2(z̄) +

P
(n−2)
3,R|R (z̄)
z̄n−1 log(1− z̄) +

P
(n−2)
4,R|R (z̄)
z̄n−2 ,

(4.5)

where P (n−1)
1,R|R (z̄), P (n−2)

2,R|R (z̄), P (n−2)
3,R|R (z̄) are polynomials of degree n−1, n−2 and n−2 which

vanish at z̄ = 1, and P (n−2)(z̄) is a polynomial of degree n − 2. The slices for R|R4 take
the simpler form

h
(n)
R|R4(z̄) =

P
(n)
1,R|R4(z̄)
z̄n+1 log(1− z̄) +

P
(n)
2,R|R4(z̄)
z̄n

, (4.6)

where P (n)
1,R|R4(z̄) and P (n)

2,R|R4(z̄) are polynomials of degree n, and a similar expression holds
for R4|R4. For n = 5, 6 the slices for both AN−1 and DN theories coincide. For n ≥ 7 they
are different, although their structure is identical, and we give the explicit polynomials for
many n in the Mathematica file attached as supplementary material.

4.2 Mellin amplitude

We now show how to complete the position space DD to the entire correlator using crossing
symmetry in Mellin space. For AN−1, we will find a closed form expression for all the 1-
loop Mellin amplitudes, while for the DN theory we will find closed form expressions in
the large s, t limit, and show how to compute as many terms as needed for the finite s, t
amplitude. This will be sufficient for the flat space limit and CFT extraction of the later
sections.

– 18 –



J
H
E
P
0
1
(
2
0
2
1
)
1
3
3

We can compute the Mellin amplitudes from the resummed DD’s following a very
similar calculation in N = 4 SYM in [47]. In the previous section, we computed the
coefficient of log2 U in the s-channel, which gave the DD in the t-channel, as an expansion
in small z. To convert to Mellin space, its convenient to rewrite the z coefficients znh(n)(z̄)
in (4.4) as U coefficients Unh̃(n)(V ). For instance, for the R|R expansion in (4.4) (and
restoring the log2 U that multiplies this), we have

log2 U
[
z5h

(5)
R|R(z̄) + z6h

(6)
R|R(z̄) + · · ·

]
= log2 U

[
U5h̃

(5)
R|R(V ) + U6h̃

(6)
R|R(V ) + · · ·

]
, (4.7)

where h̃(n)
R|R(V ) are related to as h(n)

R|R(z̄) as

h̃
(5)
R|R(V ) =

h
(5)
R|R(1− V )
(1− V )5 , h̃

(6)
R|R(V ) = h(6)(1− V )

(1− V )6 +
5V h(5)

R|R(1− V )
(1− V )7 +

∂V h
(5)
R|R(1− V )

(1− V )6 .

(4.8)

From the definition of the Mellin transform in (3.7), we can then convert Un log2 Uh̃(n)(V )
to an s-pole in M(s, t) as

Un log2 Uh̃n(V )↔ resn−1(t)
s− 2(n− 1) , (4.9)

where the residues resn−1(t) follows from the t-integral in (3.7). Note that all the position
space slices began at n = 5, which correspond to the double poles in (3.7) that give log2 U

terms. We can then use crossing symmetry (3.8) to fix the other parts of the Mellin
amplitude that are analytic in s.

We have carried out this procedure for both AN−1 and DN , and found a similar
structure for both. For MR|R we got

MR|R(s, t) =
∞∑

m,n=4

cmn
(s− 2m)(t− 2n) +

∑
m=4

cm
s− 2m

( 1
t− 6 + 1

u− 6

)
+ crossed , (4.10)

where the coefficients cmn = cnm and cm are related for each theory as

cDmn = 1
2c

A
mn + dmn , cDm = 1

2c
A
m + dm . (4.11)

The cAmn have the closed form

cAmn = Γ(m− 3)Γ(n− 3)
Γ(m+ n− 1) R(7)(m,n) +

Γ(m− 3)Γ(n− 3)Γ
(
m+ n− 17

2

)
Γ
(
m+ 3

2

)
Γ
(
n+ 3

2

)
Γ(m+ n− 1)

R(9)(m,n) .

(4.12)

For cAm, the lowest few values are

cA4 = 3198
175 , cA5 = 15187

1575 , cA6 = 7342178
848925 , cA7 = 146404341

19619600 , (4.13)
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while for m ≥ 8 we have the closed form

cAm = S(7)(m)
(m−3)2(m−2)2(m−1)2m2(m+1)2 + S(8)(m)Γ(m−3)

(m−3)(m−2)(m−1)m(m+1)Γ
(
m+1

2

) . (4.14)

The explicit polynomials R(m,n) and S(m) are given in the Mathematica notebook at-
tached as supplementary material. At large m,n the cAmn and cAm go as

cAm,n�1 = −3828825
√
πm3/2n3/2

262144(m+ n)9/2 , cAm�1 =
328185

√
π
√

1
m

32768 . (4.15)

We have not found a closed form expression for dm,n or dm, but we did observe that they
are subleading in the large m,n limit. From the asymptotic behavior of cAmn and cAm we
see that all these sums are convergent, unlike the MR|R in N = 4 SYM derived in [47],
which had to regularized by an infinite contact term. This convergence is not so important,
however, since in both 4d and 6d the full c−2 term includes MR|R as well as the contact
term M4 as discussed in section 3.3.

Similar results can be obtained for the reduced Mellin amplitudes MR|R4(s, t) and
MR4|R4(s, t) whose structure is much simpler. For MR|R4(s, t) we find

MR|R4(s, t) =
∞∑
m=4

(
ĉm

(s− 2m)(t− 6)(u− 6) + crossed
)
, (4.16)

whileMR4|R4(s, t) takes the same form except with different coefficients ˆ̂cm. The coefficients
in each case are related for the AN−1 and DN theories as

ĉDm = 1
2
ĉAm
22/3 + d̂m , ˆ̂cDm = 1

2
ˆ̂cAm

(2)4/3 + ˆ̂
dm , (4.17)

where each factor of 2
2
3 comes from the orbifold factor o for R4. The coefficients ĉAm and ˆ̂cAm

can again be found in a closed form that we give in the Mathematica notebook attached
as supplementary material. At large m they go as

ĉAm�1 = −1673196525
√
πm7/2

4194304 · 2
2
3

, ˆ̂cAm�1 = −76423251279375
√
πm13/2

34359738368 · 2
1
3

. (4.18)

While we have not been able to find d̂m or ˆ̂
dm in a closed form, we again find that they are

sub-leading at largem. From the asymptotic behavior of ĉm and ˆ̂cm we see thatMR|R4(s, t)
and MR4|R4(s, t) are divergent as written. These divergences can be removed by adding
the relevant contact term ambiguities in (3.17) at each order in c with the appropriate
infinite coefficient. These contact terms only affect low spins that we will not consider, so
we do not write them here explicitly.

4.3 Comparison to 11d

We will now compare the 1-loop Mellin amplitudes to the corresponding M-theory ampli-
tudes in 11d using the flat-space limit formula (3.13) for p = 2. To apply this formula
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to the 1-loop amplitudes, we should look at the regime where m,n, s, t, u all scale equally
large, in which case we can replace the sums over m,n by integrals. For instance, for MR|R

in each theory we have

lim
s,t→∞

MR|R(s, t) = 1
o

[∫ ∞
0

dmdn
cAm,n�1

(s−2m)(t−2m)+
∫ ∞

0
dm

cAm�1
s−2m(t−1+u−1)+crossed

]
,

(4.19)

where cAm,n�1 and cAm�1 were given in (4.15) and the only difference between AN−1 and
DN is the usual orbifold factor o, since dmn and dm in (4.11) are subleading at large m,n.
We can perform these integrals to get∫ ∞

0
dmdn

cAm,n�1
(s−2m)(t−2m) = 36465π3/2

131072
√

2(−s−t)5
√
st

(
8s4√−t−88s3(−t)3/2

−105s2t2
√
−s−t log

((√
−s−t+

√
−s
) (√

−s−t+
√
−t
)
(st)−

1
2
)
+41s2(−t)5/2+8

√
−st4

−88(−s)3/2t3+41(−s)5/2t2+45(−s)7/2t+45s(−t)7/2−6(−s)9/2−6(−t)9/2
)
,

(4.20)

and ∫ ∞
0

dm
cAm�1
s− 2m(t−1 + u−1) = − 328185π3/2

32768
√

2
√
−s

(t−1 + u−1) . (4.21)

We can similarly take the large s, t limit of MR|R4 and MR4|R4 and use the expressions for
ĉAm�1 and ˆ̂cAm�1 in (4.18) to get18

lim
s,t→∞

MR|R4(s, t) = 1
o

5
3

∫ ∞
0

dm
ĉAm�1

(s− 2m)tu + crossed

= − 1
o

5
3

1673196525π3/2(−s)7/2

134217728 · 2
1
6 tu

+ crossed ,
(4.22)

and

lim
s,t→∞

MR4|R4(s, t) = 1
o

7
3

∫ ∞
0

dm
ˆ̂cAm�1

(s− 2m)tu + crossed

= − 1
o

7
3

76423251279375π3/2(−s)13/2

4398046511104 · 25/6tu
+ crossed ,

(4.23)

where again the only difference between the AN−1 and DN theories is the powers of o that
come from (4.17) once we neglect d̂m and ˆ̂

dm since they are sub-leading at large m.
We will now compare to the M-theory amplitude A in 11d flat space, and we will

normalize all our amplitude by tree supergravity AR as in the flat space limit formula (3.13).
18These integrals are divergent just as the sums were and must be regularized. As we discussed before for

the sums, the regularization takes the form of the contact term ambiguities in (3.17) that are sub-leading
at large s, t and so can be ignored in the flat space limit.
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The 1-loop supergravity term `18
11AR|R can be written in terms of a regularized scalar box

integral Ireg(s, t) as [17, 18]
AR|R
AR

= 16π5stu(Ireg(s, t) + crossed) , (4.24)

where the prefactor comes from the gravitational constant κ2
11 = 16π5`911 in 11d. The

unregularized 11d scalar box integral I(s, t) is as usual

I(s, t) =
∫

d11q

i(2π)11
1
q2

1
(q + p1)2

1
(q + p1 + p2)2

1
(q − p4)2 , (4.25)

where the Mandelstam variables are related to the external momenta pi as s = (p1 + p2)2

and t = (p2 + p3)2. We regularized the box integral using a cutoff and performed the
integrals to get

Ireg(s, t) = 1
5898240π4(−s−t)7/2

(
−15(st)5/2 log

((√
−s−t+

√
−s
) (√

−s−t+
√
−t
)
(st)−

1
2
)

+
√
−s−t(23s2(−t)5/2+23(−s)5/2t2−11(−s)7/2t−11s(−t)7/2+3(−s)9/2+3(−t)9/2)

)
,

(4.26)

where the regularization gives a cutoff dependent term that M-theory fixes in terms of
`15
11AR4 in (1.2) as shown in [17, 18]. We can then compare AR|R

AR
in (4.24) to lims,t→∞M

R|R

using the flat space limit formula (3.13) (for p = 2 and a = 5.5) and the relation between
`11 and c in (1.3), and find a precise match. Note that the o dependence in (1.3) for `911
exactly matches that in (4.24), so we have a check of MR|R for both AN−1 and DN .

For the higher derivative 1-loop amplitudes `24
11AR|R4 and `30

11AR4|R4 , we can use the
unitarity cut method to compute them in terms of their tree vertices, as was done for string
theory in 10d flat space in [66]. As we show in appendix B, the s-channel formula for the
discontinuity of a 1-loop amplitude AA|B with vertices A,B for 11d is

DiscsAA|B
AR

= −(2− δA,B)stu is15/2

393216

∫ π

0
dθ

∫ 2π

0
dφ sin8 θ| sin7 φ|AA(s, t′)

AR(s, t′)
AB(s, t′′)
AR(s, t′′) ,

(4.27)

where t′, t′′ are defined in terms of s, t, θ, φ in the appendix. For R|R, this matches the
discontinuity of (4.24), as we show in the appendix. For AR|R4 and AR4|R4 , we can do the
integrals, use the fact that Disc(

√
s) = 2

√
s, and add the crossing symmetric terms to get

AR|R4

AR
= π`15

11(−s)11/2t(s+ t)
66060288 + crossed , (4.28)

and
AR4|R4

AR
= π`21

11(−s)17/2t(s+ t)
231928233984 + crossed . (4.29)

We can then compare
AR|R4

AR
in (4.28) and

AR4|R4

AR
in (4.29) to lims,t→∞M

R|R4 and
lims,t→∞M

R4|R4 , respectively, using the flat space limit formula (3.13) (for p = 2 and
a = 8.5, 11.5, respectively) and the relation between `11 and c in (1.3), and find a precise
match in each case.
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4.4 Extracting CFT data

Lastly, we can extract all low-lying CFT data from the R|R, i.e. c−2, and R|R4, i.e. c−
8
3 ,

correlators using two methods. Firstly, we derive an inversion integral formula for each
DD in position space, which allows us to efficiently extract all CFT data above a certain
spin, as expected from the Lorentzian inversion formula [39]. Secondly, we expand each
entire correlator as written in Mellin space in conformal blocks to extract all CFT data
for all spins up to the contact term ambiguities that appear in (3.17). We find that both
methods agree in their respective regimes of applicability. We do not extract CFT data
from the R4|R4, i.e. c−

10
3 , correlator, since we anyway do not know the 2-loop term R|R|R

that would contribute at the earlier order c−3. Nevertheless, from the formula we present
it would be simple to extract the R4|R4 data as well if desired.

First we describe how to extract CFT data from the DD. For this purpose we are
interested in the behaviour of the small z slices in (4.5) as expanded around z̄ = 1. In this
limit all slices behave as

h(n)(z̄) = h
(n)
no-log(z̄) + (1− z̄) log(1− z̄)h(n)

log (z̄) + · · · . (4.30)

The coefficients h(n)
no-log and h

(n)
log can be found in a closed form in all cases, but their

expression is not very illuminating. Upon 1↔ 3 crossing symmetry (2.25) these slices give
the piece of the correlator proportional to log2 V in a small V expansion. More precisely,
for each contribution the t-channel expression for any 1-loop term A|B is

HA|B(U, V ) = U4

V 4 log2 V
(
(1− z̄)5h

(5)
A|B(1− z) + · · ·

)
+ · · · ,

= z4 log2(1− z̄)
(
h
A|B
no-log(z̄) + h

A|B
log (z̄)z log z

)
+ · · · ,

(4.31)

where in the second line we expanded for small z and defined the leading order resummed
slices

h
A|B
no-log(z̄) ≡ z̄4

∞∑
n=5

(1− z̄)nhA|B,(n)
no-log (1) , h

A|B
log (z̄) ≡ z̄4

∞∑
n=5

(1− z̄)nhA|B,(n)
log (1) . (4.32)

We focus on the log2(1− z̄) term because it is the only contribution to the DD, which takes
the form

dDisc [f(z̄) log2(1− z̄)] = 4π2f(z̄) , (4.33)

for arbitrary f(z̄) analytic at z̄ = 1. We will compare this DD to the s-channel block
expansion of HA|B(U, V ) in the small z, i.e. U , expansion. The main contribution arises
from the tower of operators B[0, 2]`, with odd spin, and the scalar operator D[04]. The DD
can only be used to extract CFT data with ` > 0 for R|R, so we will focus on λ2

B[02]` at
these orders. From (4.1) we see that their contribution to the reduced correlator to leading
order in z at any order beyond tree level is

H(U, V )|B[0,2] = (zz̄)4 ∑
`=1,3,···

λ2
B[02]`CB[02]`g

0,−2
`+11,`+1(z̄) +O(z5) , (4.34)
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where the lightcone block g0,−2
∆,` (z̄) is the leading small z, z̄ term in the conformal block

G0,2
∆,`(U, V ) as described in appendix A. We can then extract λ2

B[02]` by requiring that
the sum in (4.34) matches the singularity in (4.31). This can be done by applying the
Lorentzian inversion formula [39] to the DD in a small z expansion. As we show in ap-
pendix C.1, the inversion integral in our case can also be derived from large spin pertur-
bation theory [38, 81] and takes the form

λ2
B[02]` = −2−4`−19π(`+ 1)(`+ 4)Γ(`+ 5)Γ(`+ 7)

(`+ 2)Γ
(
`+ 11

2

)
Γ
(
`+ 13

2

) ∫ 1

0
dz̄z̄4g−2,0

`+11,`+1(z̄)hno-log(z̄) , (4.35)

where the normalization was fixed by demanding that the GFFT term, i.e. c0, term in (3.20)
matches the appropriate GFFT singularity, as explained in the appendix. For hR|Rno-log this
integral converges for all ` ≥ 1, while for hR|R

4

no-log it converges for ` ≥ 5, which as expected
are precisely the spins that are not affected by the counterterms in table 2.

We will also be interested in extracting the anomalous dimensions of the double-trace
L[00]t+`,` of leading twist t = 8. From (4.1) we see that their contribution to HR|R to
leading order in z can be found by looking at the log z, i.e. logU , coefficient

HR|R(U, V )
∣∣∣
log z

= (zz̄)5

2
∑

`=0,2,···

[
(λ(0)

8,` )
2γ
R|R
8,` + (λR)2

t,`γ
R
t,`

+ (λ(0)
t,` )2(γRt,`)2∂no-log

t

]
Ct+`,`g

0,−2
t+`+4,`(z̄)

∣∣
t=8 +O(z6) ,

(4.36)

while from (4.2) we have the similar formula

HR|R4(U, V )|log z = (zz̄)5

2

 ∑
`=0,2,···

(λ(0)
8,` )

2γ
R|R4

8,` C8,`g
0,−2
12+`,`(z̄)

+ [(λR)2
8,0γ

R4
8,0 + (λR4)2

8,0γ
R
8,0 + 2(λ(0)

8,0)2(γR4
8,0)2∂no-log

t ]Ct,0g0,−2
t+4,0(z̄)

∣∣
t=8

+O(z6) .

(4.37)

There are two subtleties when extracting the 1-loop anomalous dimensions from these
formula, which both only affect R|R. Firstly, the inversion formula leads to CFT data
written in terms of the conformal spin J2

conf =
(
2 + ∆+`

2

) (
1 + ∆+`

2

)
, as opposed to the

spin. In these variables, the twist for t = 8 long operators in (3.22) with ` > 0 takes
the form

twist = 8− c−1 17280
(J2

conf − 12)(J2
conf − 20)

+ c−2γ̂
R|R
8,` + · · · , (4.38)

where J2
conf has an expansion in c due to its dependence on ∆8,`, so that γ̂R|R8,` is related to

γ
R|R
8,` as

γ
R|R
8,` = γ̂

R|R
8,` + γextra

` , γextra
` ≡ −298598400(2`+ 11)

(
`2 + 11`+ 14

)
(`+ 1)3(`+ 2)3(`+ 9)3(`+ 10)3 . (4.39)

We can then use this equation to write (4.36) in terms of γ̂R|R8,` , so that an extra (λ(0)
8,` )2γextra

`

will appear. The second subtlety is that since we are only interested in extracting γR|R8,` , we
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must subtract off the DD for the other terms that depend on GFFT and tree level data,
as well as (λ(0)

8,` )2γextra
` , which is19

hextra(z̄) ≡ z̄5

2
∑

`=0,2,···

[[
(λ(0)

8,` )
2γextra
` + (λR)2

8,0γ
R4
8,0 + (λR4)2

8,0γ
R
8,0

+ 2(λ(0)
8,0)2(γR4

8,0)2∂no-log
t

]
Ct,0g

0,−2
t+4,0(z̄)

∣∣
t=8

]
log2(1−z̄)

= 3456(1− z̄)
(
397z̄3 − 2910z̄2 + 5730z̄ − 3305

)
z̄5 .

(4.40)

We can now write an inversion integral for γ̂R|R8,` , similar to that of λ2
B02`

described above,
which takes the form

γ̂
R|R
8,` = −

√
π45 2−7−2`Γ(`+ 5)

(`+ 1)(`+ 2)(`+ 9)(`+ 10)Γ
(
`+ 13

2

) ∫ 1

0
dz̄z̄4g−2,0

`+11,`+1(z̄)(hlog(z̄)− hextra(z̄)) ,

(4.41)

where the normalization was again fixed by demanding that the GFFT twist, i.e. 8, matches
the appropriate tree singularity, as explained in the appendix. We can then get γR|R8,` from
γ̂
R|R
8,` using (4.39). For R|R4, we do not have these subtleties, since tree R4 data is only

nonzero for zero spin, so the extra terms in (4.37) do not contribute to the DD, and the
expansion in conformal spin is the same as spin for ` > 0. We then get a simpler inversion
integral

γ
R|R4

8,` = −
√
π45 4−4−`Γ(`+ 5)

(`+ 1)(`+ 2)(`+ 9)(`+ 10)Γ
(
`+ 13

2

) ∫ 1

0
dz̄z̄4g−2,0

`+11,`+1(z̄)hR|R
4

log (z̄) , (4.42)

which will only converge for ` ≥ 6 as expected.
We can now expand the t-channel DD in (4.31) in z, which is equivalent to expand-

ing the s-channel slices h(n)(z̄) around z̄ = 1 and keeping the contributions relevant to
computing the CFT-data for the leading twist operators discussed above, which we de-
scribe explicitly for each theory and 1-loop amplitude in appendix C.2. We can plug these
expressions into the inversion integrals derived above to get the low-lying AN−1 data:

AN−1 : (λR|RB[02]1)2 = 1314669460
231 − 6738525487050π2

11685817 ,

(λR|RB[02]3)2 = 104148260864
1925 − 997945007151708π2

182047645 ,

(λR|RB[02]5)2 = 79969221983613084
554498945 − 3089164599444721545π2

211406651834 ,

19The full sum takes the form

hextra(z̄) log2(1−z̄)+ p(4)(z̄)
z̄10 Li3(1−z̄)+ p(4)(z̄)

z̄10 Li3(z̄)+ p(4)(z̄)
z̄10 Li2(1−z̄) log(1−z̄)+ p(4)(z̄)

z̄10 Li2(1−z̄) log(z̄)

+ p(3)(z̄)
z̄9 log(1−z̄) log2 z̄+ p(3)(z̄)

z̄9 log(1−z̄) log z̄+ p(4)(z̄)
z̄9 log z̄+ p(5)(z̄)

z̄10 log(1−z̄)+ p(4)(z̄)
z̄10 ,

where p(n)(z̄) denotes a polynomial of degree n.
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(λR|R
4

B[02]5)2 = 54100697319516717819180π2

79816797121 · 2
2
3

− 2162942188071237504
323323 · 2

2
3

,

(λR|R
4

B[02]7)2 = 7005977256176634386899248000π2

3236491306459429 · 2
2
3

− 129989503159386400000
6084351 · 2

2
3

,

γ
R|R
8,2 = 296924982566840

27951 − 33159966691580505π2

30808063 ,

γ
R|R
8,4 = 55393629950045341536

290124835 − 2654868179611476180π2

137235917 ,

γ
R|R
8,6 = 480348794643838967321

247206960 − 2460777825133887825423π2

12499025056 ,

γ
R|R4

8,6 = 7602699448011614165949980250π2

435656388001 · 2
2
3

− 13262158264899710400
77 · 2

2
3

,

γ
R|R4

8,8 = 5601117586403483431983154368000π2

20475850236047 · 2
2
3

− 4246794181892701017600
1573 · 2

2
3

,

(4.43)

where for R|R we can only compute spin ` > 0, and for R|R4 we could only compute ` > 4.
For DN , we could not compute the integrals in closed form, but they can be evaluated
numerically to any precision to get:

DN : (λR|RB[02]1)2 ≈ −7.62943 , (λR|RB[02]3)2 ≈ −0.15983 , (λR|RB[02]5)2 ≈ −0.006606 ,

(λR|R
4

B[02]5)2 ≈ −1.1105914 , (λR|R
4

B[02]7)2 ≈ −0.0209759 ,

γ
R|R
8,2 ≈ −644.2556829 , γ

R|R
8,4 ≈ −18.9188879 , γ

R|R
8,6 ≈ −2.585552637 ,

γ
R|R4

8,6 ≈ −1119.953 , γ
R|R4

8,8 ≈ −86.69989 .
(4.44)

Finally, we can also extract CFT from the entire correlator as written in Mellin space
in terms of the contact term ambiguities described before. We extract this data by simply
expanding in blocks. Recall that poles in the Mellin amplitude correspond to twists of
operators, where we should consider the twists of multiplets in the reduced correlator as
summarized in table 1. The lowest twists of operator that appear at 1-loop are the B[02]`
and D[04], which both have effective twist 6. In the s-channel, these correspond to (s−6)−1

terms in the Mellin amplitudes of the previous subsection.20 The lowest twist double trace
anomalous dimensions similarly correspond to (s− 8)−2 terms.

We can extract CFT data in each case by taking the relevant s-pole, doing the t-
integral, and then projecting against a block of the corresponding spin using the projectors
introduced in [78]. This method of extracting CFT data was applied to maximal SUSY
holographic theories in [80], and we give the details for our very similar case in appendix C.3.
We used this method to reproduce all the CFT computed for both AN−1 and DN using the
DD method. We furthermore computed γR|R8,0 and (λR|RD[04])

2, which could not be computed

20In N = 4 SYM, the analogous 1-loop amplitudes in [47] did not contain such terms, since in that case
the only operators that appear at 1-loop are the unprotected double trace operators.
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from the DD. To these contributions we should add that of the contact term M4 in table 1,
so that the total answer at each order is:

AN−1 : γ
R|R
8,0 = 16897.3− 360

11 B
A
4 ,

(λR|RD[04])
2 = 21886734

245 − 13669988758155π2

1513521152 − 3
7B

A
4 ,

DN : γ
R|R
8,0 = 15588.3− 360

11 B
D
4 ,

(λR|RD[04])
2 = 130.383− 3

7B
D
4 ,

(4.45)

where BA
4 and BD

4 are the coefficients of the contact term ambiguity in (3.17) for AN−1
and DN , respectively, and the data shown numerically can be computed to any desired
precision. One could similarly extract the CFT data from R|R4 for ` ≤ 4 in terms of the
four contact term ambiguities at order c−

8
3 in (3.17), by first regularizing MR|R4 as in [52]

and then applying the projection method.

5 Conclusion

In this paper we considered the large c expansion of the stress tensor multiplet correlator
in both the AN−1 and DN (2, 0) theories and computed the corrections coming from 1-loop
terms with either supergravity R or the first higher derivative R4 vertices. For the AN−1
theory, we wrote the complete expression for these terms in Mellin space, up to contact
term ambiguities, extracted the low lying CFT data from them, and checked that they
precisely matched the corresponding terms in the 11d M-theory S-matrix in the flat space
limit. For the DN theory, we could not find the complete closed form expression for the
correlator, but nevertheless we computed enough terms to similarly check the flat space
limit and extract CFT data, just as we did for AN−1. This computation is not only the
first example of a 1-loop correction for a non-Lagrangian theory, but it is also the first
precision check of AdS/CFT for 1-loop higher derivative terms.

Our results imply that all nonzero spin CFT data is bigger for the DN theory at large
enough c where the O(c−2) approximation is accurate, while for zero spin CFT data the
DN theory is bigger where the O

(
c−

5
3
)
approximation is accurate, since the R4 contact

term only contributes to zero spin data. As discussed in the Introduction, the numerical
bootstrap study in [21] showed that at large c the bootstrap bounds were approximately
saturated by the c−1 correction, which is the same for both AN−1 andDN . Our results show
that if either theory truly saturates the bounds, then it must be the DN theory. Since there
is a unique solution to the crossing equations at the boundary of the allowed region, this
conjecture would mean that the numerical bootstrap provides a non-perturbative solution
of the DN theory for all N , and all CFT data in the correlator could be read off from this
solution using for instance the extremal functional method [82–84]. Unfortunately, it is
difficult to verify this conjecture with the O(c−2) approximation computed here, for the
following reasons. The lowest interacting DN theory is D2, but this is dual to A1×A1, and

– 27 –



J
H
E
P
0
1
(
2
0
2
1
)
1
3
3

so is a product theory that cannot saturate bootstrap bounds [85].21 The next lowest DN

theory is D3. But this is dual to A3, so the lowest DN theory that we could use to compare
numerics to analytics is D4 with c(D4) = 676. For this very large value of c, we would
need to compute CFT data to approximately 6 digits of accuracy to detect the tiny c−2

correction that distinguishes AN−1 and DN , which is especially difficult considering that
the 6d bootstrap is already much less numerically stable than lower dimensions bootstrap
studies.

Another aspect of our 1-loop computation that we would like to emphasize is that it
was not necessary to completely unmix the degenerate double-trace operators. Instead,
we only needed to compute the average of the anomalous dimension squared starting from
the average of the anomalous dimension, which requires a partial unmixing. This was in
fact the same in the previously considered N = 4 SYM case. One could further try to
completely unmix the double-trace operators, as was done for SU(N) N = 4 SYM in [45],
and the result took a remarkably simple form of rational numbers. This simplicity was
explained in [62] as arising from a hidden 10d conformal symmetry at this order in the
large c expansion, which may arise from the fact that AdS5×S5 is conformally flat. In our
6d case, neither AdS7×S4 nor AdS7×S4/Z2 for the AN−1 and DN theories, respectively,
is conformally flat. Indeed, one can try to perform the complete unmixing of some of
the low twist double trace operators for AN−1 and DN using the tree 〈22pp〉 and GFFT
〈pppp〉 data computed in this work, and one will quickly see that the unmixed operators
have ugly anomalous dimensions involving complicated roots that one generically expects
from diagonalizing arbitrary matrices. This suggests that while this hidden conformal
symmetry may be useful for performing the complete unmixing, it is not necessary for
computing higher loop correlators.

Our results open the door for a more extensive study of 6d (2, 0) CFTs at 1-loop
for other correlators 〈ppqq〉 with q ≥ p. As discussed, the most difficult part of such 1-
loop computations is the GFFT average OPE coefficients, which we presented here for
general 〈pppp〉. To compute other correlators at 1-loop, as has been done for N = 4 SYM
in [55, 58, 60], one would merely need to compute the average anomalous dimensions, which
is easier since one only needs to consider the superblock expansion for 〈qqrr〉 for fixed q

and all r. One difficulty for correlators with q > 2 is that a superblock expansion for
the reduced correlator is only known for q = 2, which should make the calculation more
challenging, but not impossible. We hope to report back on results for 〈3333〉 soon.

It would also be nice to compute 1-loop holographic correlators in other dimensions.
In 4d N = 4 SYM, the 1-loop terms for the SU(N) theory, which is dual to AdS5×S5, have
been computed, but not for the SO(2N) theory, which is dual to the orbifold AdS5×S5/Z2,
and so is analogous to the DN calculation in this work. Also, 1-loop terms with R4 vertices
were considered in [50, 57], but they have been matched to the flat space limit only up to an
overall factor, unlike in this work, where the match is precise. In 3d, no 1-loop holographic
correlators have been computed, although genus-one contact terms were derived using

21For instance, the scaling dimension upper bound for D2 would have to be at least as restrictive as A1.
We thank Ofer Aharony for discussions about this.
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localization in [77, 86, 87]. In 2d, 〈22pp〉 at tree level was recently computed for a certain
half-maximal susy CFT with a holographic dual [88–90], but the 1-loop term has not yet
been computed.
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A 6d conformal blocks

In this appendix we give explicit formulae for the 6d conformal blocks and their expansion
in various useful variables. The 6d conformal block that appears in a four-point function
of operators of dimension ∆i, (i = 1, 2, 3, 4) has been obtained in closed form in [68, 69]:

G∆12,∆34
∆,` (z, z̄) = F0,0−

(`+3)
`+1 F−1,1+ 2(∆−4)∆12∆34(`+3)

(∆+`)(∆+`−2)(∆−`−4)(∆−`−6)F0,1

+(∆−4)(`+3)(∆−∆12−`−4)(∆+∆12−`−4)(∆+∆34−`−4)(∆−∆34−`−4)
16(∆−2)(`+1)(∆−`−5)(∆−`−4)2(∆−`−3) F0,2

−(∆−4)(∆−∆12+`)(∆+∆12+`)(∆+∆34+`)(∆−∆34+`)
16(∆−2)(∆+`−1)(∆+`)2(∆+`+1) F1,1 ,

(A.1)

where we define

Fnm(z, z̄) ≡ (zz̄)
∆−`

2

(z−z̄)3

(
(−z)`zn+3z̄m2F1

(∆+`−∆12
2 +n, ∆+`+∆34

2 +n,∆+`+2n; z
)

2F1

(∆−`−∆12
2 −3+m, ∆−`+∆34

2 −3+m,∆−`−6+2m; z̄
)
−(z ↔ z̄)

)
.

(A.2)

Our normalization for the blocks differs from those in [21] by a factor of 2`. Also, here we
have corrected a typo in that paper.

We also find it convenient to expand these blocks in terms of Jack polynomials. This
expansion takes the form [68, 69]:

G∆12,∆34
∆,` (z, z̄) = (−1)`

∞∑
m,n=0

rm,n P 1
2 (∆+`)+m, 12 (∆−`)+n(z, z̄) , (A.3)
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where the Jack polynomials in 6d are defined as

Pa,b(z, z̄) = 6
(z − z̄)3(2 + a− b)

(
zb+1z̄2+a − z2+az̄1+b

1 + a− b
+ z3+az̄b − zbz̄a+3

a− b+ 3

)
, (A.4)

and the coefficients rm,n are

rmn = (`+m−n+2)(∆(`+1)(`+m+3)+2n(`−m+3)−2(`+1)(`+m+3)−∆(`+3)n)
6m!n!(∆−2)(`+1)(`+∆)m(−`+∆−4)n

×
(1

2(`+∆−∆12)
)
m

(1
2(`+∆+∆34)

)
m

(1
2(∆−`−∆12−4)

)
n

(1
2(∆−`+∆34−4)

)
n
.

(A.5)

There is a yet another convenient expansion of conformal blocks that is organized by
twist. It is called the lightcone or collinear conformal block expansion and takes the form

G∆12,∆34
∆,` (U, V ) =

∞∑
k=0

U
∆−`

2 +kg
[k],∆12,∆34
∆,` (V ) , (A.6)

where U = zz̄ and V = (1 − z)(1 − z̄). The lightcone blocks g[k],∆12,∆34
∆,` (V ) are labeled

by k and are only functions of V . We will only use the k = 0 lightcone blocks, which for
simplicity we denote without the [0] subscript, and which take the form

g∆12,∆34
∆,` (V ) = (V − 1)` 2F1

(∆ + `−∆12
2 ,

∆ + `+ ∆34
2 ,∆ + `, 1− V

)
. (A.7)

The last conformal block expansion we used is the radial expansion, which is naturally
organized by dimension. This expansion is written in terms of the radial coordinates r, η
introduced in [91], which are related to z, z̄ as

z =
4r
(
η +

√
η2 − 1

(
r2 − 1

)
+ ηr2 + 2r

)
(r2 + 2ηr + 1)2 , z̄ =

4r
(
η −

√
η2 − 1

(
r2 − 1

)
+ ηr2 + 2r

)
(r2 + 2ηr + 1)2 .

(A.8)

We can derive an efficient recursion relation in terms of r by noting that the exact conformal
block (A.1) can be written in terms of the leading lightcone blocks g∆12,∆34

∆,` (V ) if we set
V = 1− z or V = 1− z̄. Efficient recursion formulae have been worked out for g∆12,∆34

∆,` (V )
in for instance appendix E of [92], which when plugged back into (A.1) are organized
naturally as an expansion in r for finite η.

B Unitarity cut in 11d

In this appendix, we describe how higher derivative 1-loop amplitudes AA|B in 11d with
vertices A,B can be computed from the tree amplitudes AA and AB using unitarity. We
will follow a similar derivation done for string theory in 10d in [66], but use the conventions
of [93].22

22Except that our κ2
11 is four times smaller than that of [93].
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We begin by defining the Einstein-Hilbert term as

− 1
2κ2

11

∫
dDx
√
−gR , κ2

11 = 16π5`911 , (B.1)

where the value of the gravitational constant κ2
11 follows [18]. Then the tree level super-

gravity term in the 11d amplitude (1.1) is

AR = 16π5 16iR2

stu
, (B.2)

where the polarization factor is

R = (t8)µ1ν1µ2ν2µ3ν3µ4ν4p
µ1
1 pµ2

2 pµ3
3 pµ4

4 εν1
1 ε

ν2
2 ε

ν3
3 ε

ν4
4 , (B.3)

with t8 a tensor defined in (9.A.18) of Green, Schwartz, Witten (after dropping the 9d
Levi-Civita tensor).

We can now compute 1-loop terms AA|B with vertices A,B by taking the two particle
unitarity cut, which expresses the discontinuity of 1-loop amplitudes with momenta pi
and polarization ζi in terms of tree level amplitudes AA and AB as (we consider just the
s-channel here):

DiscsAA|Bζ1,ζ2,ζ3,ζ4
(pi) = −(2− δA,B)

32

∫
dq11

(2π)11 2πδ(+)(q2)2πδ(+)((p1 + p2 − q)2)

×
∑
{ζr,ζs}

AAζ1,ζ2,ζr,ζs
(p1, p2,−q, q − p1 − p2)ABζr,ζs,ζ3,ζ4(p3, p4, q, p1 + p2 − q) ,

(B.4)

where (2 − δA,B) takes into account the fact that AA|B = AB|A appears twice,
∑
{ζr,ζs}

denotes the sum over all two-particle massless supergravity states, and δ(+)(p2) =
δ(11)(p2)θ(p0) imposes the mass-shell condition on each intermediate massless state:

q2 = 0 , (p1 + p2 − q)2 = 0 . (B.5)

The product of polarizations in (B.4) can then be simplified from the so-called self-repli-
cating formula that holds for all maximal supergravity theories:

∑
{ζr,ζs}

R4
ζ1,ζ2,ζr,ζs

(p1, p2,−q, q−p1−p2)R4
ζr,ζs,ζ3,ζ4(p3, p4, q, p1+p2−q) = s4

16R4
ζ1,ζ2,ζ3,ζ4(p1, p2, p3, p4) .

(B.6)
We can now evaluate the 11d phase space integral by going to the center of mass frame

pµ1 =
√
s

2
(
1 1 ~09

)
, pµ2 =

√
s

2
(
1 −1 ~09

)
,

pµ3 =
√
s

2

(
−1 cos ρ sin ρ ~08

)
, pµ4 =

√
s

2

(
−1 − cos ρ − sin ρ ~08

)
,

qµ =
√
s

2
(
1 cos θ sin θ cosφ sin θ sinφ~n8

)
,

(B.7)
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where ~n8 is the unit eight-vector and the scattering angle is

cos ρ = t− u
s

. (B.8)

After changing to these variables, the measure in (B.4) becomes

dq11δ(+)(q2)δ(+)((p1 + p2 − q)2) = s
7
2

27 sin8 θ| sin7 φ |dθ dφ d8~n8δ(~n2
8 − 1) , (B.9)

where the integral over the seven-dimensional sphere gives vol(S7) = π4/3. The Mandel-
stam variables for the two internal tree level terms become

t′ = 2p1 · q = −s2(1− cos θ) , t′′ = −2p4 · q = −s2(1 + cos θ cos ρ+ sin θ cosφ sin ρ) ,

u′ = 2p2 · q = −s2(1 + cos θ) , u′′ = −2p3 · q = −s2(1− cos θ cos ρ− sin θ cosφ sin ρ) .
(B.10)

Putting all these ingredients together, and normalizing by the tree level supergravity ampli-
tude (B.2), we get the expression (4.27) in the main text. As a check on the normalization
of this formula, we can apply it to AR|R to get

DiscsAR|R
AR

= πs5/2

11520t7/2(s+t)7/2

[
2is
√
t
√
s+t

(
173s2t2+80s3t+15s4+186st3+93t4

)
−15πt6

+15is
(
15s3t2+20s2t3+6s4t+s5+15st4+6t5

)
log −2

√
t
√
s+t+s+2t
s

]
,

(B.11)

which exactly matches the s-channel discontinuity of (4.24).

C Details on CFT data extraction

In this appendix we give details about the methods we used to extract CFT data. We first
describe how the inversion integrals for the DD’s presented in the main text can be derived
from large spin perturbation theory. Then we describe the form of the small z DD’s for
each 1-loop amplitude in each theory. Lastly, we describe the projection method that we
used to extract CFT data from the Mellin amplitudes.

C.1 Derivation of inversion integral

The problem we want to solve is the following. Given the singular piece of the following sum∑
`

λ2
B[02]`CB[02]` z̄

4g0,−2
`+11,`+1(z̄) = sing(z̄) + regular , (C.1)

what are the λ2
B[02]` that reproduce such a singular part. In order to answer this question,

we need to recall two facts. First, the collinear conformal blocks are eigenfunctions of a
Casimir operator

Dz̄4g0,−2
`+11,`+1(z̄) = J2z̄4g0,−2

`+11,`+1(z̄), D = (1− z̄)z̄(2∂̄ + z̄∂̄2) , (C.2)
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with eigenvalue J2 = (` + 5)(` + 6). Second, we can explicitly perform the above sum
for GFFT with (λ(0)

B[02]`)
2 given in (3.20) and split the answer into a singular part and a

regular part: ∑
`

(λ(0)
B[02]`)

2CB[02]` z̄
4g0,−2
`+11,`+1(z̄) = sing(0)(z̄) + regular . (C.3)

The singular part includes terms which are divergent as z̄ → 1, but also terms that become
divergent upon the application of the Casimir operator D a finite number of times. An
example of such term is for instance (1 − z̄) log2(1 − z̄). Since each conformal block is
regular, and remains so after acting on it with the Casimir operator, these singular terms
can only arise from an infinite sum over conformal blocks. For the case at hand we obtain

sing(0)(z̄) = 1
6

1
(1− z̄)3 −

7
9

1
(1− z̄)2 + 29

18
1

1− z̄ . (C.4)

In order to show how the idea of large spin perturbation theory works, let’s consider a
simple example where sing(z̄) = 1−z̄

z̄2 log2(1− z̄). One can explicitly check that(
− 1

144D
4 + 5

36D
3 − 3

4D
2 +D

)
sing(z̄) = sing(0)(z̄) , (C.5)

up to regular terms which are not important, so we would find that λ2
B[02]` = (λ(0)

B[02]`)
2

·
(
− 1

144J
8 + 5

36J
6− 3

4J
4 +J2

)−1
, if we assume that the answer is analytic in spin. It turns

out the same procedure works systematically around z̄ = 1 for any generic singular part,
which allows to find λ2

B[02]` as a perturbative series around large spin, to all orders. Let us
now assume we have a generic singularity of the form∑

`

λ2
B[02]`CB[02]` z̄

4g0,−2
`+11,`+1(z̄) = h(z̄) log2(1− z̄) , (C.6)

and that there exist a Kernel K(`, z̄) such that

λ2
B[02]` = 4π2

∫ 1

0
dz̄K(`, z̄)h(z̄) , (C.7)

where for simplicity we assume h(z̄) has a double zero at z̄ = 1 (the case with a single zero
was just analysed above). Then acting on both sides of (C.6) with the Casimir we conclude∑

`

J2λ2
B[02]`CB[02]` z̄

4g0,−2
`+11,`+1(z̄) = D

(
h(z̄) log2(1− z̄)

)
= D(h(z̄)) log2(1− z̄) , (C.8)

where the second equality works up to regular terms. But this implies∫ 1

0
dz̄J2K(`, z̄)h(z̄) =

∫ 1

0
dz̄K(`, z̄)Dh(z̄) =

∫ 1

0
dz̄h(z̄)D†K(`, z̄) , (C.9)

so that the Kernel should satisfy the following constraints:
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• It is an eigenfunction of the adjoint Casimir operator D† with eigenvalue J2:

D†K(`, z̄) = J2K(`, z̄), D† = (1− z̄)z̄2∂̄2 − 2z̄(2z̄ − 1)∂̄ − 2z̄ (C.10)

with the correct boundary conditions at z̄ = 0, such as to make the inversion integral
convergent for large enough spin.

• Its normalised such that we recover the expected GFFT value (λ(0)
B[02]`)

2 given
in (3.20). Equivalently we could have used the example analysed above.

These conditions fix the Kernel used in the body of the paper for λ2
B[02]` , and a very similar

argument gives the Kernel for the anomalous dimension.

C.2 Double-discontinuities at small z

For AN−1, the relevant DD for computing (λR|RB[02]`)
2 follows from the resummation of the

leading terms in (4.31) and we get

h
A,R|R
no-log (z̄) =

Q
(8)
A,R|R(z̄)

(1− z̄)5/2z̄13/2 arcsin
(√

1− z̄
)

+
Q

(16)
A,R|R(z̄)

(1− z̄)2z̄6 , (C.11)

where the polynomials have degree 8 and 16, respectively, and are given in the Mathematica
notebook attached as supplementary material, as will be all the similar polynomials below.
The integrand in the inversion integral (4.35) then goes like z̄`−

3
2 for small z̄, so it converges

for ` ≥ 1 as claimed. For (λR|R
4

B[02]`)
2, the DD has the structure

h
R|R4,A
no-log (z̄) =

Q
(12)
R|R4,A(z̄)

(1− z̄)7/2z̄19/2 arcsin
(√

1− z̄
)

+
Q

(23)
2,R|R4,A(z̄)

(1− z̄)3z̄9 . (C.12)

The integrand in the inversion integral (4.35) then goes like z̄`−
9
2 for small z̄, so it converges

for ` ≥ 5 as claimed. For anomalous dimensions γR|R8,` of the lowest twist long multiplet,
the relevant DD now comes from the term with z log z in (4.31), which gives

h
A,R|R
log (z̄) =

Q
(9)
A,R|R(z̄)

(1− z̄)5/2z̄15/2 arcsin
(√

1− z̄
)

+
Q

(4)
A,R|R(z̄)
z̄5 log z̄ +

Q
(18)
A,R|R(z̄)

(1− z̄)2z̄7 . (C.13)

The integrand in the inversion integral (4.41) then goes like z̄`−
5
2 for small z̄, so it converges

for ` ≥ 2 as claimed. For γR|R
4

8,` , the relevant DD is now

h
R|R4

log (z̄) =
Q

(13)
R|R,A(z̄)

(1− z̄)7/2z̄21/2 arcsin
(√

1− z̄
)

+
Q

(25)
R|R,A(z̄)

(1− z̄)3z̄10 . (C.14)

The integrand in the inversion integral (4.42) then goes like z̄`−
11
2 for small z̄, so it converges

for ` ≥ 6 as claimed.
The extraction of CFT-data for DN theories works in exactly the same way, except

now we use the resummation of the DN slices, and the resulting expressions are more
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complicated. For (λR|RB[02]`)
2, the DD is

h
D,R|R
no-log (z̄) =

Q
(15)
D,R|R(z̄)

(1− z̄)5/2(1 + z̄)33/2 arctanh
(√

1− z̄2
)

+
Q

(32)
D,R|R(z̄)

(1− z̄)2z̄6(1 + z̄)16 +
Q

(8)
D,R|R(z̄)

(1− z̄)5/2z̄13/2 arcsin
(√

1− z̄
)
,

(C.15)

and the behaviour around z̄ = 0 is exactly the same as for the AN−1 theories, hence the
integral converges for ` ≥ 1. For (λR|R

4

B[02]`)
2, the DD is

h
R|R4,D
no-log (z̄) =

Q
(21)
R|R4,D(z̄)

(1− z̄)7/2(1 + z̄)45/2 arctanh
(√

1− z̄2
)

+
Q

(45)
R|R4,D(z̄)

(1− z̄)3z̄9(1 + z̄)22 +
Q

(12)
R|R4,D(z̄)

(1− z̄)7/2z̄19/2 arcsin
(√

1− z̄
)
,

(C.16)

and the integrals converge for ` ≥ 5 as before. For anomalous dimensions γR|R8,` for DN , we
get the DD

h
D,R|R
log (z̄) =

Q
(9)
D,R|R(z̄)

(1− z̄)5/2z̄15/2 arcsin
(√

1− z̄
)

+
Q

(4)
D,R|R(z̄)
z̄5 log z̄+

+
Q

(25)
D,R|R(z̄)

(1− z̄)5/2(1 + z̄)37/2z̄5 arctanh
(√

1− z̄2
)

+
Q

(36)
D,R|R(z̄)

(1− z̄)5/2z̄5(1 + z̄)37/2 ,

(C.17)

and the inversion integral again converges for ` ≥ 2. Finally, for γR|R
4

8,` we have the
relevant DD:

h
R|R4,D
log (z̄) =

Q
(22)
R|R4,D(z̄)

(1− z̄)7/2(1 + z̄)49/2 arctanh
(√

1− z̄2
)

+
Q

(49)
R|R4,D(z̄)

(1− z̄)3z̄10(1 + z̄)24 +
Q

(13)
R|R4,D(z̄)

(1− z̄)7/2z̄21/2 arcsin
(√

1− z̄
)
,

(C.18)

and the inversion integral converges from ` ≥ 6 as before.

C.3 The projection method

We now describe how to extract the CFT data from the Mellin amplitude in section 4.2
using the projection method, as was used in the similar context of 3d ABJM theory in [80].

Since we will be mainly interested in extracting the CFT data of leading twist opera-
tors, it is convenient to expand out the 6d conformal blocks in the lightcone block expansion
and use orthogonality relations for hypergeometric functions to project onto a specific spin.
To give a concrete example we look at twist 6 non-chiral algebra operators D[04] and B[02]`
(see table 1) and extract their OPE coefficients at order c−2. The ingredients that we need
are as follows:
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• The collinear block expansion of the reduced one-loop correlator at order U4. This
is essentially obtained from the last line in (4.1) by expanding out the 6d blocks in
lightcone blocks to zeroth order. We get

HR|R
∣∣∣∣
U4

= (λR|RD[04])
2CD[04]g

0,−2
10,0 (V ) +

∑
`∈Odd

(λR|RB[02]`)
2CB[02]`g

0,−2
`+11,`+1(V ) , (C.19)

• To project onto a specific spin we note the following identity from [78, 94]. Let
f(a, b, c; z) = za2F1(a, b, c; z) and f̃(a, b, c; z) = z1+a−c

2F1(1+a−c, 1+ b−c, 2−c; z).
Then we have the following orthogonality relation

1
2πi

∫
dz f(a0 + n, b0 + n, c0 + n; z)

· f̃(a0 +m, b0 +m, c0 + 2m; z)(z − 1)a0+b0−c0zc0−2a0−2 = δm,n . (C.20)

Adapting to the case at hand we find that to project onto an operator of dimension
∆′ and spin j′ all we need to do is to simply multiply by the following quantity

P∆′,`′(V ) = − 1
V (1− V )`′+1 (C.21)

2F1

(
−1

2(∆′ + `′ + 4),−1
2(∆′ + `′ + 4) + 1;−(∆′ + `′ + 4) + 2; 1− V

)
and take the residue at V = 1.

• Next we calculate the U4 term of the reduced one-loop correlator in (4.1). This is
obtained from MR|R (4.10) by selecting the s = 6 pole which contributes to the
s-integral in (3.7). This gives us

− U4
∞∑
m=4

cAm

∫ i∞

−i∞

dt

2πi
π2(m− 1)(t− 6)2(t− 4)2(t− 2)2t2(t+ 2)2V

t
2−3

1024(2m− t)(2m+ t− 4) sin2(πt/2)
(C.22)

where the coefficients cAm are given in (4.13) and (4.14). Then we perform the t-
integral. Although this can be done explicitly for generic value of m the result is a
rather complicated function fun(V ) of V that we refrain from presenting here. This
function contains the CFT data of D[04] and B[02]` for all spin `.

• The real simplification comes when we apply the projector (C.21) on fun(V ) and as
a result we find a numerical sum over m. As an example for D[04] we have ∆′ = 6
and `′ = 0. With these values when we project on fun(V ) we get the following
convergent sum
∞∑
m=4

[ 1
105

(
− 210m9 + 1365m8 − 2555m7 − 595m6 + 5712m5 − 2975m4 − 3085m3

+ 1905m2 − 462m− 780
)

+ 2(m− 3)2(m− 2)2(m− 1)2m2(m+ 1)2ψ(1)(m− 3)
]
cAm .

(C.23)
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The result of this sum is to be equated with (λR|RD[04])
2CD[04] which comes from applying

the projector P6,0(V ) on the right side of (C.19). After performing the sum we get
the result for the term in (4.45) that does not depend BR|R

4 .
These steps can be repeated for obtaining the OPE of B[02]`. For instance for

` = 1 we find the following result in the AN−1 theory

(λR|RB[02]1)2 =
∞∑
m=4

[
− 1

693(m+ 1)
(
2310m10 − 21945m9 + 83650m8 − 156520m7

+ 124033m6 + 44471m5 − 173090m4 + 134840m3 − 35403m2 + 1434m+ 1260
)

+ 10
33(m− 3)2(m− 2)2(m− 1)2m2(m+ 1)2

(
11m2 − 22m+ 17

)
ψ(1)(m− 3)

]
cAm ,

= 1314669460
231 − 6738525487050π2

11685817 , (C.24)

which matches perfectly with the result from the inversion integral in section 4.4.
Here we remark that it is important to do the t-integral before doing the projection
since the reverse procedure leads to a divergent sum in m.

• To compute the anomalous dimensions of leading twist unprotected operators, the
steps are very similar. There is however one new ingredient. We now look at the
logU pieces in block expansion of the one-loop correlator (4.1). This involves a piece
proportional to the derivative of the conformal blocks ∂∆G∆,`. When we expand
it out in collinear blocks to just the leading power of U , hit it with the projector
P∆′,`′ and take the residue at V = 1, we pick all G∆,` such that ` < `′ − 1. We
need to subtract these contributions from the sum in m and n (which appears in
the expression of the one-loop Mellin amplitude) to obtain the final result for the
one-loop anomalous dimension.

In this way we have obtained the leading twist spin 0, 2, 4 and 6 anomalous dimension at
order c−2 for both AN−1 and DN theories. For spin > 0, we find perfect agreement with
the result obtained from the inversion integral quoted in section 4.4. There is a freedom
of adding contact terms to the R|R Mellin amplitude which will affect the spin 0 CFT
data. A rather long calculation yields the result for the leading twist, spin 0 anomalous
dimension for both the AN−1 and DN theories as shown in (4.45) in the main text.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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