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1 Introduction

Noncommutative Geometry has been the object of a significant research activity in the past
years, both from the mathematical and physical point of view, with mainly two objectives
from the physics side: provide effective models of space-time quantisation and build con-
sistent gauge theories of fundamental interactions. Both the efforts have been confronted
with the issue of a good “commutative limit” namely with the idea that preferred models
of space-time and quantum fields should be those which reproduce the standard picture
of quantum field theory on pseudo-Riemannian manifolds, when the noncommutativity
parameter is removed.

In order to fulfil the goal, we follow here the approach proposed in [1, 2] where the
strategy is to modify the very definition of gauge fields and gauge transformations. We
choose to work with a specific space-time noncommutativity, described by the k-Minkowski
algebra,

[x̂i, x̂j ] = i Θij(x̂) , with Θij(x) = 2
(
aixj − ajxi

)
, (1.1)

ai dimensional parameters, and consider specifically pure gauge theories (no matter fields)
with gauge group U(1).

κ-Minkowski noncommutativity has attracted much attention of physicists and math-
ematicians in various contexts, from tests of Lorentz symmetry violation and its relation
with κ-Poincaré quantum groups (see for instance [3]–[10, 11] and refs. therein) to its ap-
plications within gauge and field theory ([12]–[20] and refs. therein), not to forget its more
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formal aspects ([21]–[27] and refs. therein). Besides its interesting features as a candidate
quantum space-time, it possesses significant computational advantages. It is one of those
few examples of a non-constant Poisson structure where one may perform an explicit all
orders in Θ calculation of the corresponding star product [24].

In a previous work [2] for the case of su(2)-like non-commutativity we were able to con-
struct an explicit expression for both the non-commutative deformation of the U(1) gauge
transformations and the corresponding non-commutative field strength. One of the main
goals of the present research is to adopt the same approach for κ-Minkowski space-time.

It is known that, for generic coordinate dependence of Θ, where one needs to employ
the general Kontsevich star product [28],

f ? g = f · g + i

2 Θij(x) ∂if∂jg + . . . , (1.2)

ordinary derivations violate Leibniz rule,

∂k(f ? g) = (∂kf) ? g + f ? (∂kg) + i
2 ∂kΘ

ij(x) ∂if ∂jg + . . .

whereas twisted or star derivations, although giving rise to a well defined differential cal-
culus, might not reproduce the correct commutative limit. Thus, instead of looking for a
deformed differential calculus, we shall deform the very definition of U(1) gauge transfor-
mations,

δ0
fA→ δfA = ∂f + . . . (1.3)

in such a way that the algebra of gauge parameters closes with respect to the star commu-
tator, namely

[δf , δg]A = δ−i[f,g]?A . (1.4)

We shall work in the slowly varying, but not necessarily small fields. Therefore we discard
higher derivatives terms in the star commutator and take,

− i[f, g]? ≈ {f, g} = Θij(x) ∂if ∂jg . (1.5)

In the approximation which we have chosen eq. (1.4) becomes

[δf , δg]A = δ{f,g}A , (1.6)

and we look for gauge transformations in the form (1.3) which be compatible with the latter.
Before proceeding further, let us notice that, in the chosen approximation, the algebra

of smooth functions defined on space-time is still a commutative one, the product being
the usual point-wise product, but space-time geometry is deformed, because it acquires
a non-trivial Poisson bracket. Therefore one should rather talk about commutative field
theory on Poisson-deformed space-time. This doesn’t mean however that the gauge theory
is first order in the deformation parameter. We shall see that gauge transformations and
fields contain all order deformations in Θ. Once such a distinction made, in the following
we shall refer to the latter as noncommutative space-time without any further specification,
unless otherwise stated.
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The paper is organised as follows. In section 2 we find the deformed gauge transforma-
tions adapted to κ non-commutativity and derive in section 3 the non-commutative field
strength. In section 4 we introduce the Yang-Mills Lagrangian and analyse the problem of
defining a gauge invariant action, by deforming the integration measure. Then, section 5
deals with the physical interpretation of the non-trivial integration measure which survives
the commutative limit, as a curvature of space-time. Finally, in section 6, we propose a dif-
ferent approach to the commutative limit, by modifying the non-commutative parameter,
and we conclude in section 7 with a short summary of our results.

2 Non-commutative gauge transformations

Let us consider noncommutative space-time represented by the algebra AΘ with non-
constant non-commutativity tensor Θ(x) linear in x given in (1.1). Eventually,

Θij(x) = 2 f ijk x
k = 2

(
aiδjk − a

jδik

)
xk (2.1)

shall describe the k-Minkowski space-time in n-dimensions. According to [2, 29], we look
for gauge transformations in the form,

δfAj = γkj (A)∂kf + {Aj , f} . (2.2)

The latter close the algebra (1.6) if the matrix γ(A)ka satisfies the equation,1

γlm ∂
m
A γ

k
j − γkm ∂mA γlj + Θlm ∂mγ

k
j −Θkm ∂mγ

l
j − γmj ∂mΘlk = 0 . (2.3)

Let us look for a perturbative solution

γkj = γ
k(0)
j + γ

k(1)
j + γ

k(2)
j + . . . (2.4)

in Θ ∼ |a|, where
|a| := max (|ai|, i = 0, . . . , d− 1). (2.5)

At t zeroth order we set γk(0)
j = δkj , to ensure the correct commutative limit. At first order

we get,
∂lAγ

k(1)
j − ∂kAγ

l(1)
j = ∂jΘlk = 2 f lkj , (2.6)

yielding
γ
k(1)
j = −fka (A) := −fklj Al = −akAj + δkj (a ·A) .

At second order, following [30], we may pose

γ
k(2)
j ∼ fkl (A)f lj(A) .

However, we should observe that,

fkl (A)f lj(A) = −(a ·A)fkj (A) ,
1The convention used here is: the partial derivative with the upper index is the derivation with respect

to the field, ∂j
A = ∂/∂Aj , while the partial derivative with the lower index is a derivation with respect to

coordinate, ∂m = ∂/∂xm.
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meaning that [
fkl (A)

]n
= (−1)n−1(a ·A)n−1fkl (A) .

That is, the Anzatz for γ becomes

γkj (A) = δkj α(a ·A)− akAj β(a ·A) , α(0) = 1, β(0) = 1 . (2.7)

On substituting in (2.3) we find the equation,

β α− z α′ β + α′ α = 2α , (2.8)

where z = (a · A) is the argument of the unknown functions α and β. In order to get
the simplest solution satisfying the initial conditions, α(0) = 1, and β(0) = 1, we just set
β(t) = 1, then the eq. (2.8) becomes,

α′(α− z) = α , α(0) = 1 . (2.9)

This is an homogeneous equation with solution,

α(z) =
√

1 + z2 + z . (2.10)

Thus, we conclude that,

γkj (A) = δkj

(√
1 + (a ·A)2 + (a ·A)

)
− akAi . (2.11)

The gauge transformations (2.2), with γkj (A) given by eq. (2.11) and Poisson tensor of
k-Minkowski type, close the algebra (1.6). In the commutative limit, Θ → 0, (|a| → 0)
they reproduce the standard U(1) gauge transformations.

We note that the constructed in (2.11) solution of the equation (2.3) is not unique.
For instance one may easily see that the matrix,

γ̃
k(1)
j = γ

k(1)
j + sklj Al , sklj (x) = slkj (x) ,

also satisfies the equation (2.6) because of the symmetry of the coefficient sklj (x) in the
two upper indices. This ambiguity will propagate in the higher orders γk(n)

j each of which
also can be modified by the corresponding “symmetric” term. This fact is related to the
redundancies in the L∞ bootstrap [1] which were discussed in [31]. The modified solution
of the equation (2.3) defines the modified gauge transformations,

δ̂f̂ Âj = γkj (Â)∂kf̂ + {Âj , f̂}+ sklj ∂kf̂ Âl +O(Θ2) (2.12)

which close the same gauge algebra, [δ̂f̂ , δ̂ĝ]Â = δ̂{f̂ ,ĝ}Â. Both gauge transformation (2.2)
with the matrix γkj (A) given in (2.11) and the one (2.12) are solutions of the L∞ bootstrap
with the same initial data. One may check that these two solutions are related by the field
redefinition,

Âj(A) = Aj + 1
2 s

kl
j Ak Al +O(Θ2) , f̂(f,A) = f +O(Θ2) ,
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satisfying the Seiberg-Witten condition [32],

Â (A+ δfA) = Â(A) + δ̂f̂ Â(A) .

The later means that the gauge orbits of the respective models are mapped onto each other.
We conclude that constructed in this section solution of the L∞ bootstrap is not unique,
however mathematically equivalent solutions are related by the Seiberg-Witten map.

3 Non-commutative field strength

In this section, after shortly reviewing the derivation of the NC field strength in the general
case as in [2], we consider the κ-Minkowski algebra. We are looking for a deformation of
the U(1) field strength,

Fij = ∂iAj − ∂jAi +O(Θ) , (3.1)

which should be covariant under gauge transformations (2.2), that is,

δfFij = {Fij , f} . (3.2)

The solution is given by the expression,

Fij = Pij
kl (A) ∂kAl +Rij

kl (A) {Ak, Al} , (3.3)

where
Pij

kl = 2 γkmRijml (3.4)

and the coefficient function Rijkl (A) should satisfy the equation,

γkl ∂
l
ARij

mn + Θkl ∂lRij
mn +Rij

ml ∂nAγ
k
l +Rij

ln ∂mA γ
k
l = 0 . (3.5)

Following [2] one may construct a perturbative solution in |a|. The calculation of the
first orders suggests the Ansatz,

Rij
kl =

(
δki δ

l
j − δliδkj

)
F (z)+ (3.6)[

Ai
(
akδlj − alδkj

)
−Aj

(
akδli − alδki

)]
G(z) ,

with the initial condition, F (0) = 1/2 imposed by (3.1). By substituting the Ansatz (3.6)
in eq. (3.5) the latter becomes,

ak
(
δliδ

m
j − δmi δlj

) (
F ′ (α− z)− 2F

)
+ (3.7)[

δki

(
alδmj − amδlj

)
− δkj

(
alδmi − amδli

)] (
αG+ α′ F

)
+

ak
[
Ai
(
alδmj − amδlj

)
−Aj

(
alδmi − amδli

)] (
G′ (α− z) + α′G− 3G

)
= 0

which results in a system of three ODEs for the unknown functions F (z) and G(z):

F ′ (α− z)− 2F = 0 , (3.8)
αG+ α′ F = 0 ,

G′ (α− z) + α′G− 3G = 0 .
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One may see however that these equations are not all independent. Indeed, the third
equation is a differential consequence of the first two and eq. (2.9). The solution of the
first equation reads,

F (z) = 1
2
(√

1 + z2 + z
)2

. (3.9)

Then from the second equation of (3.8) one finds,

G(z) = − F√
1 + z2

= −1
2

(√
1 + z2 + z

)2

√
1 + z2

. (3.10)

The final expression becomes,

Rij
lm = 1

2
(
δliδ

m
j − δmi δlj

) (√
1 + z2 + z

)2
(3.11)

− 1
2
[
Ai
(
alδmj − amδlj

)
−Aj

(
alδmi − amδli

)] (√1 + z2 + z
)2

√
1 + z2

.

As expected it is antisymmetric in both i, j and l, m.
In order to compute the field strength let us observe that, by eq. (3.4), we have

Pij
km = 2 γkl Rij lm. Then, after some simplification we find

Pij
lm = 2

(√
1 + z2 + z

)
Rij

lm −
√

1 + z2 + z√
1 + z2

al ·
(
Aiδ

m
j −Ajδmi

)
, (3.12)

and finally,

Fij =
(√

1 + z2 + z
)3

(∂iAj − ∂jAi) + (3.13)(√
1 + z2 + z

)3

√
1 + z2

(Ai∂jz −Aj∂iz)− 2
(√

1 + z2 + z
)2
ak (Ai∂kAj −Aj∂kAi)+

(√
1 + z2 + z

)2
{Ai, Aj}+

(√
1 + z2 + z

)2

√
1 + z2

(Ai {Aj , z} −Aj {Ai, z}) .

Reminding that z = a · A one may easily see that in the commutative limit, Θ → 0,
(|a| → 0) the above expression reproduce the commutative U(1) field strength

F 0
ij = ∂iAj − ∂jAi. (3.14)

Moreover (3.13) transforms covariantly under the gauge transformation (2.2), i.e., satisfies
the condition (3.2).

4 Non-commutative Yang-Mills action

Having in hand the NC field strength (3.3) we define the non-commutative Yang-Mills
Lagrangian as,

L = −1
4η

ikηjlFijFkl (4.1)

where η = diag(+1,−1, . . . ,−1︸ ︷︷ ︸
d− 1 times

) is the Minkowski metric.
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Upon gauge transformation (3.2) the Lagrangian density (4.1) and its Euclidean version

L = 1
4δ

ikδjlFijFkl (4.2)

transform as follows:

δfL = {L, f} = −∂q (∂rf ·ΘrqL) + ∂rf · ∂qΘrq · L, (4.3)

where the last term is neither vanishing (as it is the case for su(2) noncommutativity [2]),
nor a total derivative, therefore the ‘naive’ action,

S =
∫
Rd

dxL (4.4)

is not gauge invariant (δfS 6= 0).
In order to overcome the problem we modify the classical action by introducing a

nontrivial weight µ(x):
S =

∫
Rd

dxµL. (4.5)

One can easily check that upon gauge transformation the integrand shifts to a total deriva-
tive

µ δfL = −∂q (µ∂rf ·ΘrqL) (4.6)

iff
∂r (µ ·Θqr) = 0. (4.7)

From now on we will address this relation as a “compatibility condition”. Notice that the
latter is precisely the condition to be satisfied for the cyclicity of the star product [33, 34].

4.1 General solution of the compatibility condition (4.7) in arbitrary
dimension d

Substituting Θij = 2
(
aixj − ajxi

)
in eq. (4.7) and dividing by µ we arrive to d coupled

linear PDSs for lnµ:

Θji ∂i lnµ = 2(1− d) aj , j = 0, . . . , d− 1. (4.8)

From now on without loss of generality we assume that a0 6= 0.2 Just two of these
equations, say the 0th and the 1st, are independent. Indeed,

(Eq.# k) =
(
xka1 − x1ak

x0a1 − x1a0

)
× (Eq.# 0)

+
(
x0ak − xka1

x0a1 − x1a0

)
× (Eq.# 1), k = 2, . . . , d− 1. (4.9)

After a few simple algebraic passages we can represent the two independent ones in a more
elegant way: {

D1 lnµ = 1− d
D2 lnµ = 0

(4.10)

2The choice a = (1, 0, . . . , 0) actually corresponds to the standard form of the k-Minkowski tensor.

– 7 –



J
H
E
P
0
1
(
2
0
2
1
)
1
0
2

with
D1 := xi

∂

∂xi
, D2 := ai

∂

∂xi
. (4.11)

Performing the change of variables
x0 = a0 · w0

x1 = exp (w1) + a1 · w0

xk = wk · exp (w1) + ak · w0, k ≥ 2

⇐⇒


w0 = x0

a0

w1 = ln
(
x1 − a1x0

a0

)
wk = a0xk−akx0

a0x1−a1x0 , k ≥ 2

, (4.12)

we obtain
D1 = w0 ∂

∂w0 + ∂

∂w1 , D2 = ∂

∂w0 , (4.13)

therefore the general solution of the homogeneous system (4.10) is given by an arbitrary
function of the remaining d− 2 new variables w2, . . . , wd−1.

Combining this result with a particular solution of eqs. (4.10)

ln µ̃ = (1− d) · w1, µ̃(w) ≡ µ(x(w)), (4.14)

we arrive to the general solution of the compatibility condition (4.7):

µ = 1
(a0x1 − x0a1)d−1 · F

(
a0x2 − a2x0

a0x1 − a1x0 ,
a0x3 − a3x0

a0x1 − a1x0 , . . . ,
a0xd−1 − ad−1x0

a0x1 − a1x0

)
, (4.15)

where F (w2, . . . , wd−1) is an arbitrary, sufficiently smooth, function of d − 2 variables.
The latter expression is considerably simplified if we resort to the canonical form of the
k-Minkowski tensor, a0 = 1, ai = 0, i = 1, . . . , d − 1. This choice is however not the most
general possible, since it is precisely the choice of a as a light-like vector which will produce,
in d = 2, the correct flat commutative limit, see section 5.1.1.

4.2 Significance of the commutative limit

The presence of a non-trivial weight in the action (4.5) requires a physical clarification of
the commutative limit |a| → 0, unless

lim
|a|→0

µ = 1. (4.16)

The issue has been extensively discussed in the literature. For field theories with no gauge
interactions the non-trivial measure in the action functional may be absorbed by fields
redefinition (see for example [14] where ψ̃ = µ−1/2ψ). The same logic is applicable in
non-commutative quantum mechanics [35, 36]. However the proposed argument cannot be
used in gauge theory on k-Minkowski space-time [16]. A possible solution to the problem,
with the correct commutative limit in non-commutative gauge theory with non-trivial
measure, was proposed in [15]. The idea is to multiply the Lagrangian by a gauge invariant
expression constructed in terms of covariant coordinates [12], which would compensate the
contribution from the measure µ in the commutative limit.

Another possibility is to use the twist approach to the construction of noncommutative
gauge theory [20]. The latter however, after the application of the SW-map results in a

– 8 –
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gauge theory invariant under standard U(1) gauge transformations, which this is not the
goal of the present research. Finally we mention an interesting approach related to the
twisted trace properties of the integral with standard measure (4.4) analyzed in [26]. In
recent works [37–39] the authors propose a Lagrangian for k-Minkowski gauge theory which
is twisted gauge covariant. This yields an action with standard integration measure (4.4),
which is however gauge invariant only for space-time dimension d = 5.

None of the proposals discussed above is applicable to the problem we are dealing with.
Therefore in what follows we describe two possibilities for the physical interpretation of the
commutative limit of the proposed model (4.5). The first one relates the measure µ(x) to the
curvature of the target space in the undeformed theory. However, if we wish to reproduce
the standard Maxwell theory of flat space-time as Θ→ 0 we can modify the original non-
commutativity parameter, Θij → Θ̃ij = µ · Θij , in such a way that the corresponding
measure becomes trivial, i.e., ∂iΘ̃ij = 0. The latter will lead to a modification of both the
non-commutative gauge transformations δ̃fAa and the non-commutative field strength F̃ .

5 The integration measure as a curvature of space-time

For space-time dimension d 6= 4, we may set

gij = µ
2

d−4 ηij ,
(
or gij = µ

2
d−4 δij for the Euclidean case

)
(5.1)

so that the commutative limit of the expression (4.5) may be interpreted as the Maxwell
action in a curved space-time

lim
|a|→0

S =
∫
Rd

dx
√
|g|
(
−1

4g
ijgklF 0

ikF
0
jl

)
, 3 (5.2)

where, we remind, F 0 stands for the commutative field-strength tensor (3.14). As for the
case d = 4, which is not allowed in the rescaling (5.1), we recall that the latter is the only
space-time dimension for which Maxwell action is conformally invariant. This explains
why the weight µ cannot be reabsorbed in a conformal transformation of the metric, as in
eq. (5.1), when d = 4.

In the remainder of the section we discuss the case d = 2 in detail.

5.1 The d = 2 case: general discussion

At d = 2 the arbitrary function F in the general solution (4.15) reduces to a constant,
whenever µ is nonsingular. The singularity located on the line a0x1 = a1x0 cuts the
x0−x1 plane, and the values of the constant in the two half-planes are in general different.
On multiplying and dividing eq. (4.7) by |a|, we get

µ =
{
C1 · (n0x1 − n1x0)−1, n0x1 − n1x0 > 0
C2 · (n0x1 − n1x0)−1, n0x1 − n1x0 < 0.

(5.3)

3One has to cancel the overall minus sign in eq. (5.2), in the Euclidean case.
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where C1,2 stand for arbitrary constants4 of the dimension of the length, and

nk := ak/|a|. (5.4)

It is remarkable that the measure (5.3) is not compatible with eq. (4.16).
In order to have a meaningful interpretation of the commutative limit in the sense

described above, we require that µ be positive almost everywhere. Therefore we impose
that C1 > 0 and C2 < 0. Without substantial loss of generality, we set

C1 := C, C2 := −C, (5.5)

where C is an arbitrary positive constant, so that the measure turns into

µ = C · |n0x1 − n1x0|−1. (5.6)

Let us address the meaning of the singularity at n0x1 − n1x0 = 0. To this, let us take a
closer look at the commutative limit. As we noticed above, for vanishing |a| our action
reduces to the Maxwell action (5.2) on the (pseudo) Riemannian manifold, equipped with
the metric tensor

gij = µ−1ηij ,
(
or gij = µ−1δij in the Euclidean case

)
(5.7)

with µ defined by eq. (5.6). In order to understand whether this space-time is curved or
not, we analyse the scalar curvature:5

R = ±(njnj) · C−2µ3 (5.8)

where the plus and the minus signs correspond to the Lorentzian and Euclidean situations
respectively, and the factor njnj equals to

ninjηij = (n0)2 − (n1)2,
(
or ninjδij = (n0)2 + (n1)2 in the Euclidean case

)
. (5.9)

If ninj 6= 0 then in both Lorentzian and Euclidean cases we have a curved space-time. The
scalar curvature is singular on the line n0x1 − n1x0 = 0, therefore the singularity of the
measure (5.6) is physical. We are dealing with a geometric singularity of space-time.

In the Euclidean scenario all vectors are space-like, therefore the commutative limit
always corresponds to a curved space. In the Lorentzian situation a curved space-time
appears if |a1| > |a0|, i.e. ni is a space-like vector, or if |a0| > |a1|, when ni is a time-like
vector.

4Strictly speaking the constants C1,2 can depend on a, and one has to require that the commutative
limits of C1,2 are finite and different from zero. Such a dependence, however, does not alter our conclusions,
therefore from now on it will be ignored.

5We remind that a two-dimensional manifold is curved iff its scalar curvature is different from zero.
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5.1.1 The d = 2 case: flat commutative limit

Throughout this section we use the notations x := x1, t := x0. In contrast with the
Euclidean model, the Lorentzian one exhibits one more, probably the most interesting
option. The vector ni can be light-like, i.e. ninj = 0, what corresponds to a0 = ±a1.
Indeed, for this kind of non-commutativity the scalar curvature (5.8) vanishes identically,
what implies that we have a flat space-time!

In particular, the pole of the volume factor is a singularity of our coordinate system
(see the remark below), whilst no physical singularity is there. Let us fix n0 = 1 = n1,
C = 1. The fact that the metric tensor

gij = |x− t| · ηij (5.10)

is not constant, implies that the coordinates we are using are curvilinear coordinates on a
flat plane. Indeed, one can easily see that by performing the change of variables

T = −1
2 sgn(x− t) · (x− t)2 + 1

4 (x+ t) := y0

X = +1
2 sgn(x− t) · (x− t)2 + 1

4 (x+ t) := y1, (5.11)

we convert the metric to the canonical expression

ḡkl(y) = ∂xi

∂yk
∂xj

∂yl
gij = ηαβ , (5.12)

so the limiting action (5.2) takes the standard form

lim
|a|→0

S =
∫
R2

dy
(
−1

4η
ijηklF̄ 0

ikF̄
0
jl

)
, (5.13)

with
F̄ 0
kl(y) = ∂xi

∂yk
∂xj

∂yl
F 0
ij(x). (5.14)

Remark. The change of variables (5.11) is globally invertible,

t = X+T − 1
2sgn(X−T ) ·

√
|X−T |,

x = X+T + 1
2sgn(X−T ) ·

√
|X−T |, (5.15)

even though the Jacobian of the transformation (5.11) vanishes at x− t = 0. In particular
the line x = t is mapped onto the line X = T and the other way around.6

The singularity of the volume factor in eq. (5.2) at n0x1 − n1x0 comes out from Jaco-
bian’s singularity, therefore it is related to a parametrisation and has nothing to do with
singularities of geometric quantities (in contrast to the situation of ninj 6= 0, discussed
above).

6Its worth noticing that the Jacobian of the inverse transformation (5.15) explodes at X = T .
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Figure 1. On the left: lines of constant x and t are depicted on the X − T -plane in red and blue
colours correspondingly. Fixing x or t in eq. (5.11) we obtain parametric equations of these lines,
where the remaining variable (t or x respectively) plays the role of a parameter. On the right: lines
of constant X and T are presented on the x − t-plane in red and blue respectively. Fixing X or
T in eq. (5.15) we get parametric equations of these curves, where the remaining variable (T or X
correspondingly) stands for a parameter.

For purely illustrative purposes, we plot, using different colours, lines of the coordinate
system (x, t) on the plane X − T and vice versa, see figure 1. Each point of each plane is
located at the intersection of a single red and a single blue curve. The singularities of the
coordinate system, mentioned above, have a transparent origin: at T = X and t = x the
red and blue curves intersect at zero angle.

Finally, let us notice that the nonlinear transformation (5.11) leaves the Poisson struc-
ture unchanged:

Θ̄ij(y) := ∂yi

∂xk
∂yj

∂xl
Θkl(x) = Θij(y). (5.16)

This implies, in particular, that the nature of space-time noncommutativity is still k-
Minkowski, but with a trivial integration weight, µ.

6 Modifyed κ-Minkowski space-time

In order to reproduce the standard Maxwell theory in the commutative limit we may
proceed in a different way, by modifying the original non-commutativity to absorb the
non-trivial measure,

Θij(x) → Θ̃ij(x) = µ(x) ·Θij(x) . (6.1)

First of all let us observe that the modified non-commutativity parameter is still a Poisson
structure, i.e., it satisfies Jacobi identity. Indeed, because of the compatibility condi-
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tion (4.7), ∂iµ ·Θij = −µ · ∂iΘij . Therefore

Θ̃il ∂lΘ̃jk + Θ̃kl ∂lΘ̃ij + Θ̃jl ∂lΘ̃ki = µ2
(
Θil ∂lΘjk + Θkl ∂lΘij + Θjl ∂lΘki

)
(6.2)

− µ2
(
∂lΘil Θjk + ∂lΘkl Θij + ∂lΘjl Θki

)
where the first term on the r.h.s. is zero because it is the Jacobi identity for Θij , while the
second one is proportional to

ai
(
aj xk − ak xj

)
+ ak

(
ai xj − aj xi

)
+ aj

(
ak xi − ai xk

)
(6.3)

which is zero as well. Therefore Θ̃ij is a Poisson bi-vector and we can define a modified
Poisson bracket according to

{f, g}m = Θ̃ij(x) ∂if ∂jg . (6.4)

Let us notice that, since ∂iΘ̃ij(x) = 0, the modified Poisson bracket (6.4) of two Schwartz
functions integrated with the standard measure vanishes,∫

Rd
dx {f, g}m = 0 . (6.5)

The latter property will be important to show gauge invariance of the action.
Modification of the original non-commutativity will also induce a modification of the

expressions for both the non-commutative gauge transformation δ̃fA and the field strength
F̃ . Since the modified non-commutativity Θ̃ij(x) is no longer linear in x the functions
γ̃ij(x,A), P̃ijkl(x,A) and R̃ij

kl(x,A) will have an explicit coordinate dependance. For an
arbitrary function µ(x) of the form (4.15) one can only provide a perturbative expression
for these functions. Following [2] we have,

γ̃ki (x,A) = δki −
1
2 ∂iΘ̃

kjAj (6.6)

− 1
12
(
2 Θ̃pm∂i∂mΘ̃jk + ∂iΘ̃jm∂mΘ̃kp

)
AjAp +O(Θ̃3) ,

R̃ij
pq(x,A) = 1

2
(
δpi δ

q
j − δ

q
i δ
p
j

)
(6.7)

+ 1
4
(
δpi ∂jΘ̃

kq − δqi ∂jΘ̃
kp − δpj ∂iΘ̃

kq + δqj ∂iΘ̃
kp
)
Ak

+
( 1

12δ
p
i Θ̃nm ∂j∂mΘ̃kq − 1

12δ
q
i Θ̃nm ∂j∂mΘ̃kp

− 1
12δ

p
j Θ̃nm ∂i∂mΘ̃kq + 1

12δ
q
j Θ̃nm ∂i∂mΘ̃kp

+ 1
12δ

p
i ∂jΘ̃

nm ∂mΘ̃kq − 1
12δ

q
i ∂jΘ̃

nm ∂mΘ̃kp

− 1
12δ

p
j ∂iΘ̃

nm ∂mΘ̃kq + 1
12δ

q
j ∂iΘ̃

nm ∂mΘ̃kp

+ 1
8∂iΘ̃

kp ∂jΘ̃nq − 1
8∂iΘ̃

nq ∂jΘ̃kp
)
AkAn +O(Θ̃3) ,

P̃ij
pq(x,A) = 2 γ̃pl R̃ij

lq . (6.8)
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The corresponding non-commutative gauge transformations,

δ̃fAj = γ̃kj (x,A)∂kf + {Aj , f}m , (6.9)

close the algebra, [δf , δg]A = δ{f,g}mA, and reproduce the standard U(1) gauge transfor-
mations δ0

f in the commutative limit, since lim|a|→0 Θ̃ij = 0. The modified field strength,

F̃ij = P̃ij
kl (x,A) ∂kAl + R̃ij

kl (x,A) {Ak, Al}m , (6.10)

is gauge covariant, δ̃f F̃ij = {f, F̃ij}m, and reproduces the Maxwell field strength F 0
ij in the

commutative limit. Because of (6.5) the corresponding non-commutative action, with the
standard integration measure,

Sm =
∫
Rd

dxLm , Lm = −1
4η

ikηjlF̃ijF̃kl , (6.11)

is gauge invariant and yields the standard Maxwell action in the commutative limit. The
obtained result is valid in any dimension.

For e specific choices of µ(x) motivated by considerations of symmetries or some other
physical considerations one may ask about the convergence of the perturbative series (6.6)
and (6.7) and search for explicit all-order expressions. We leave it as an open problem for
the future research.

7 Conclusions

In this work we construct a gauge theory with k-Minkowski noncommutativity Θij(x) =
2
(
aixj − ajxi

)
within the approach proposed in [1, 2]. We find a non-commutative defor-

mation of the U(1) gauge transformations δfA and of the field strength F . The latter is
covariant under gauge transformations and reproduces the U(1) field strength in the com-
mutative limit, |a| → 0. In order to have a well defined gauge invariant action, S =

∫
F2,

we have introduced a non-trivial integration measure µ(x) satisfying ∂i(µ · Θij) = 0. In
the commutative limit this measure does not tend to a constant, lim|a|→0 µ(x) 6= 1, which
means that the resulting non-commutative gauge theory does not reproduce the standard
Maxwell theory. An interpretation of the obtained result is discussed in detail and it relates
the non-trivial commutative limit of the measure to the possibility that the original unde-
formed theory be defined on curved space. In two space-time dimensions with Lorentzian
signature we have shown that the limit |a| → 0 yields indeed a flat space-time, the original
coordinates just being curvilinear coordinates.

Finally we have proposed a different approach to the commutative limit, which amounts
to a redefinition of Θµν in such a way to absorb the non-trivial integration measure. This of
course modifies κ-Minkowski non-commutativity, affecting both gauge transformations and
field strength. We have shown that the modification may be carried through consistently,
including the definition of a gauge invariant action with standard commutative limit. The
explicit form of gauge fields depends however on a specific choice of the integration measure,
which should be made on the basis of physical requests. We leave it as an open problem
which deserves further investigation.
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The present research may be continued in various directions. Based on author’s ex-
perience, a natural application would be to extend the analysis performed here to other
types of noncommutativity, e.g., among the linear ones, angular noncommutativity intro-
duced in [40]. Moreover, it would be interesting to study, for the model here considered,
the problem of Gribov ambiguity, which affects non-commutative QED on Moyal space, as
shown in [41]. We leave these and other open questions for the future research.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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