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1 Introduction

Studying the spectrum of effective action is one of the exciting topics in quantum field
theory at all times as it contains the relevant information of any theory. It provides the
knowledge of physical amplitudes and quantum effects of the fields present in the theory.
The analysis of effective action by perturbative expansion of fields in various loops is a
powerful way to study a particular theory. Heat kernel proves to be an efficient tool for
analysis of effective action at one-loop level [1, 2]. The basic principle of this heat kernel
method is to study an asymptotic expansion for the spectrum of the differential opera-
tor of effective action. It helps us in the investigation of one-loop divergence, quantum
anomalies, vacuum polarization, Casimir effect, ultraviolet divergence, spectral geometry,
etc.. Within heat kernel expansion method, there are various approaches [1-28] to analyze
the effective action such as covariant perturbation expansion, higher derivative expansion,
group theoretic approach, diagram technique, wave function expansion, Seeley-DeWitt ex-

1

pansion, etc." However, among them, Seeley-DeWitt expansion [13] is better over other

!For a general review regarding several approaches of heat kernel expansion, one can refer [13].



methods for various reasons stated here. The other methods possess either some model
dependency or background geometry dependency. Whereas the Seeley-DeWitt expansion is
more general and standard. This neither depends upon background geometry nor on super-
symmetry and is applicable for all background field configuration. These properties make
the Seeley-DeWitt approach more appropriate on those manifolds where other approaches
fail to work. In the regime of black hole physics, the heat kernel expansion coefficients are
found to be very useful for computing the logarithmic corrections to the entropy of black
holes [29-39] and the current paper will mainly focus on this direction.

This paper is motivated by a list of reported works [29-40]. In [29], Sen et al. de-
termined the logarithmic corrections of extremal Kerr-Newman type black holes in non-
supersymmetric 4D Einstein-Maxwell theory using the quantum entropy function formal-
ism [41-43]. Here the essential coefficient, a4, is calculated following the general Seeley-
DeWitt approach [13]. In our previous work [30], we have also followed the same approach
as [29] and computed the logarithmic correction to the entropy of extremal black holes in
minimal A/ = 2 Einstein-Maxwell supergravity theory (EMSGT) in 4D. The computa-
tion of the heat kernel coefficients for extended supersymmetric Einstein-Maxwell theory
for N' > 2 is presented in [31, 32] by Larsen et al.. However, the authors have used the
strategy of field redefinition approach within the Seeley-DeWitt technique to compute the
required coefficients and obtained the logarithmic corrected entropy of various types of
non-extremal black holes. In contrast, we are interested in the computation of logarithmic
correction to the entropy of extremal black holes by using the general approach [13] for the
computation of required coefficients. In [33—-36], the heat kernel coefficients are computed
via the wave-function expansion approach and then used for the determination of logarith-
mic corrections to the entropy of different extremal black holes in NV = 2, N' = 4, and
N = 8 EMSGTs. Again, in [37, 38], on-shell and off-shell approaches have been used to
determine the required coefficients. In these wave function expansion, on-shell and off-shell
methods, one should have explicit knowledge of symmetry properties of the background
geometry as well as eigenvalues and eigenfunctions of Laplacian operator acting over the
background. Whereas the Seeley-DeWitt expansion approach [13], followed in [29, 30, 40]
as well as in the present work, is applicable for any arbitrary background geometry.

Logarithmic corrections are special quantum corrections to the Bekenstein-Hawking
entropy of black holes that can be completely determined from the gravity side without
being concerned about the UV completion of the theory [29-39]. In the context of quantum
gravity, logarithmic corrections can be treated as the ‘infrared window’ into the microstates
of the given black holes. Over the last few decades, supergravities are the most intensively
used platform to investigate logarithmic corrections within string theory. Supergravity
theories can be realized as the low energy gravity end of compactified string theories (mainly
on Calabi-Yau manifold), and this makes logarithmic correction results in supergravities

a more significant IR testing grounds for string theories.?

Following the developments
discussed in the previous paragraph, the analysis of the effective action in N = 1,d = 4

EMSGT is highly inquisitive for the determination of logarithmic correction to the entropy

2An excellent comparative review of logarithmic corrections and their microscopic consistency in string
theory can be found in [44, 45].



of extremal black holes. In the current paper, we prefer to do this study via the heat kernel
tool following the Seeley-DeWitt expansion approach [13] and use the results into the
framework of the quantum entropy function formalism [41-43]. The attractor mechanism
for various black holes in N' = 1 supergravity is presented in [46]. In [47], the authors
have studied local supersymmetry of A/ = 1 EMSGT in four dimensions. Moreover, we
aim to find the logarithmic correction to the black hole entropy of various extremal black
hole solutions such as Reissner-Nordstrom, Kerr and Kerr-Newman black holes in a general
class of N' =1 EMSGT in four dimensions. Our results will provide a strong constraint to
an ultraviolet completion of the theory if an independent computation is done to determine
the same entropy corrections from the microscopic description.

In the current paper, we particularly consider a “non-minimal” N' = 1 EMSGT? in four
dimensions on a compact Riemannian manifold without boundary. Here the gaugino field
of the vector multiplet is non-minimally coupled to the gravitino field of the supergravity
multiplet through the gauge field strength. We fluctuate the fields in the theory around
an arbitrary background and construct the quadratic fluctuated (one-loop) action. We
determine the functional determinant of one-loop action and then compute the first three
Seeley-DeWitt coefficients for this theory. The coefficients are presented in (4.20). Then
employing quantum entropy function formalism, the particular coefficient a4 is used to
determine the logarithmic correction to Bekenstein-Hawking entropy for Kerr-Newman,
Kerr and Reissner-Nordstrom black holes in their extremal limit. The results are expressed
in (5.25) to (5.27).

Earlier, the logarithmic correction to the extremal Reissner-Nordstréom black hole en-
tropy in two different classes of N' = 1,d = 4 EMSGT (truncated from A/ = 2 and minimal)
are predicted in [48]. In the “truncated” N/ = 1 theory, all the field couplings are considered
in such a way that the A/ = 2 multiplets can be kinematically decomposed into N' = 1
multiplets. For this truncation, one needs to assume a list of approximations (see section
4.1 of [48]). In the “minimal” N = 1 theory, the coupling term between gravitino (of
supergravity multiplet) and gaugino (of vector multiplet) field is customized so that there
exist minimal couplings between the supergravity multiplet and vector multiplets.* But in
the present paper, we will proceed with a third and more general class of N' = 1 theory
— the “non-minimal” N/ = 1 EMSGT, where no such approximations are assumed for
field couplings, and the general non-minimal coupling between the supergravity and vector
multiplet is also turned on. All the three classes of A/ = 1 theory are distinct and unable
to reproduce each other’s results because of the different choice of field couplings. Both the
“truncated” and “minimal” N = 1 theories are approximated, while the “non-minimal”
N =1 EMSGT is a general one. In work [48], logarithmic corrections for only extremal
Reissner-Nordstrom are achieved using NV = 2 data and a particular local supersymmetriza-
tion process. On the other hand, our plan is to calculate logarithmic corrections to the
entropy of extremal Reissner-Nordstrom, Kerr and Kerr-Newman black holes by directly

3For details of this theory, refer to section 3.

“In general, there exist a non-minimal coupling term ) F'A between gravitino ¢ (of supergravity multiplet)
and gaugino A (of vector multiplets) via the vector field (of vector multiplets) strength F in an N' = 1
theory [47]. The “minimally coupled” N' =1 class assumed a constant vector strength matrix F' [48].



analyzing the quadratic fluctuated action of the general “non-minimal” A" = 1 EMSGT. As
discussed, our results are unique, novel and impossible to predict from [48] and vice versa.

The present paper is arranged as follows. In section 2, we have briefly revised the heat
kernel technique for the analysis of effective action and introduced the methodology pre-
scribed by Vassilevich et al. [13] for the computation of required Seeley-DeWitt coefficients.
We described the four dimensional “non-minimal” N = 1 Einstein-Maxwell supergravity
theory and the classical equations of motion for the action in section 3. In section 4, we car-
ried out the heat kernel treatment to obtain the first three Seeley-DeWitt coefficients of the
“non-minimal” N =1, d = 4 EMSGT. The coefficients for bosonic fields are summarized
from our earlier work [30], whereas the first three Seeley-DeWitt coefficients for fermionic
fields are explicitly computed. In section 5, we first discussed a general approach to deter-
mine the logarithmic correction to entropy of extremal black holes using Seeley-DeWitt co-
efficients via quantum entropy function formalism. Using our results for the Seeley-DeWitt
coefficient, we then calculate logarithmic corrections to the entropy Kerr-Newman, Kerr,
Reissner-Nordstrom extremal black holes in “non-minimal” N = 1, d = 4 EMSGT. We

summarize our results in section 6. Some details of our calculation are given in appendix A.

2 Effective action analysis via heat kernel

In this section, we are going to discuss the one-loop effective action in 4D Euclidean space-
time using the Seeley-DeWitt expansion approach of heat kernel and review the basic
calculation framework of this approach from [13]. As initiated by Fock, Schwinger and De-
Witt [15, 49-51], a Green function is introduced and studied by the heat kernel technique
for this analysis. The integral of this Green function over the proper time coordinate is a
convenient way to study the one-loop effective action. The proper time method defines the
Green function in the neighborhood of light cone, which made it suitable for studying UV
divergence and spectral geometry of effective action in one-loop approximation [52].

2.1 Loop expansion and effective action

We begin with a review of the heat kernel approach demonstrated in [13] for studying
the one-loop effective action by computing the functional determinant of quantum fields
fluctuated around the background. We also analyze the relationship between effective
action and heat kernels.’

We consider a set of arbitrary fields ¢,,,% on four dimensional compact, smooth Rie-
mannian manifold without boundary. Then, the generating functional for Green function
with these fields ¢,, in a Euclidean path integral representation” is expressed as

2= 1D exp(=Slenl). (2.1)

Sliow] = [ '/ (om, O (22)

SFor an explicit elaboration, one can refer to [30].

SNote that this set also includes metric field.

"The Euclidean path integral is followed by Wick rotation. Note that we have set i = ¢ = 1 and
Gn = ﬁ throughout the paper.



where [Dep,,| denotes the functional integration over all the possible fields ¢, present in
the theory. § is the Euclidean action with lagrangian density £ carrying all information of
fields in the manifold defined by metric g,,,. We fluctuate the fields around any background
solution to study the effect of perturbation in the action,

Pm = Pm + P, (2.3)

where @, and @, symbolize the background and fluctuated fields, respectively. We are
actually interested in the quantum characteristics of the action around a classical back-
ground, which serves as a semi-classical system in an energy scale lower than the plank
scale. For that, we consider the classical solutions ¢, of the theory as a background and the
Taylor expansion of the action (2.2) around the classical background fields up to quadratic
fluctuation fields yields,

S~ Scl + 82 - Scl + /d4x\/§¢mAmn¢nu (24)

where S is the classical action that only depends on the background. Ss denotes the
quadratic interaction part of the quantum fields in action via the differential operator
A. After imposing the quadratic fluctuation (2.4), the Gaussian integral of generating
functional (2.1) gives the form of one-loop effective action W as [1, 28]

x = +1 : Bosons

W = glndet(/\) = gtr InA V{ (2.5)

x = —1 : Fermions

where the sign of y depicts the position of detA in the denominator or numerator for
bosonic or fermionic field taken under consideration.® W contains the detailed information
of the fluctuated quantum fields at one-loop level. In order to analyze the spectrum of the
differential operator A acted on the perturbed fields, we use the heat kernel technique by
defining the heat kernel K as [1, 13]

K(z,y;5) = (x| exp(=sA) |y) , (2.6)

where K (z,y;s) is the Green function between the points z and y that satisfies the heat
equation,
(9 + Ao)K (2,3 5) = 0, (2.7)

with the boundary condition,
K(z,y;0) = d(,y). (2.8)

Here the proper time s is known as the heat kernel parameter. The one-loop effective
action W is related to the trace of heat kernel, i.e., heat trace D(s) via [13, 30]

W= —% / - édsxD(s), D(s) = tr (1) = Z e, (2.9)

Sexp(—W) = [ [D@m] exp(— [ d*z\/gpAp) = det™/2 A [32].



where e is the cut-off limit? of effective action (2.9) to counter the divergence in the lower
limit regime and A;’s are non zero eigenvalues of A which are discrete, but they may also be
continuous. D(s) is associated with a perturbative expansion in proper time s as [13, 15-27]

D(s) = /d4x\/§K($,x;s) = /d4x\/§§: " 2ag, (). (2.10)
n=0

The proper time expansion of K(z,z;s) gives a series expansion where the coefficients
asn, termed as Seeley-DeWitt coefficients [13, 15-20], are functions of local background
invariants such as Ricci tensor, Riemann tensor, gauge field strengths as well as covariant
derivative of these parameters. Our first task is to compute these coefficients as,,'" for an
arbitrary background on a manifold without boundary. We then emphasize the applicability
of a particular Seeley-DeWitt coefficient for determining the logarithmic correction to the
entropy of extremal black holes.

2.2 Heat kernel calculational framework and methodology

In this section, we try to highlight the generalized approach for the computation of Seeley-
DeWitt coefficients. For the four dimensional compact, smooth Riemannian manifold with-
out boundary'! under consideration, we will follow the procedure prescribed by Vassilevich
in [13] to compute the Seeley-DeWitt coefficients. We aim to express the required coeffi-
cients in terms of local invariants.!?

We start by considering an ansatz ¢,,, a set of fields satisfying the classical equations
of motion of a particular theory. We then fluctuate all the fields around the background
as shown in (2.3) and the quadratic fluctuated action Sy is defined as

Sy = /d4x\/§¢mAm”¢n. (2.11)

We study the spectrum of elliptic Laplacian type partial differential operator A™" on the
fluctuated quantum fields on the manifold. Again, A™" should be a Hermitian operator
for the heat kernel methodology to be applicable. Therefore, we have,

@mAmn@n ==+ [S‘Bm (D“D“) G"" P + Om (Npr)mn On + @umn@n] ) (2-12)

where an overall +ve or -ve sign needs to be extracted out in the quadratic fluctuated form
of bosons and fermions, respectively. G is effective metric in field space, i.e., for vector field
GH = gMv, for Rarita-Schwinger field G*¥ = g"¥14 and for gaugino field G = 4. Here I is
the identity matrix associated with spinor indices of fermionic fields. P and N are arbitrary
matrices, D,, is an ordinary covariant derivative acting on the quantum fields. Moreover,
while dealing with a fermionic field (especially Dirac type) whose operator, say O is linear,
one has to first make it Laplacian of the form (2.12) using the following relation [28, 31, 36|
1
Indet(A™") = 5 In det(O™PO,"1). (2.13)
%€ limit is controlled by the Planck parameter, € ~ lf, ~Gn ~ %

67 "
149,11 = 0 for a manifold without boundary.
HThe same methodology is also applicable for manifold with a boundary defined by some boundary

conditions (see section 5 of [13]).
12Kindly refer our earlier works [30, 40] for details on this discussion.



Equation (2.12) can be rewritten in the form below
A S (X (DMDM) I""Gn + GmE™"@n) (2.14)

where F is endomorphism on the field bundle and D,, is a new effective covariant derivative
defined with field connection w,,,
Dy, = D, + w,. (2.15)

The new form of (2.14) of A is also minimal, Laplacian, second-order, pseudo-differential
type as desired. One can obtain the form of I, w, and E by comparing (2.12) and (2.14)
with help of the effective covariant derivative (2.15),

~ ) . 1 mn
©Om (wp)mn Pn = Pm (2Np> ©n,y (217)
PmE™"Gn = G P Gn — G (W) (Wp)p" Br — Pm(DPwp) ™" P (2.18)

And, the field strength .4 associated with the curvature of D, is obtained via
@m(Qaﬁ)mn‘ﬁn = Om [Daa Dﬂ]mn Pn- (2.19)

The Seeley-DeWitt coefficients for a manifold without boundary can be determined from
the knowledge of I, E and §2,5. In the following, we give expressions for the first three
Seeley-DeWitt coefficients ag, az, a4 in terms of local background invariant parameters [13,
26, 27],

x(4m)?ag(x) = tr (I),
x(4m)*az (@) = étr (6E+RI), (2.20)

1
X(4m)2as(2) = g str {60RE+180E2+ 300 0y + (5R? — 2R Ry + 2077 Ry )1,

where R, R, and R,,,, are the usual curvature tensors computed over the background
metric.

There exist many studies about other higher-order coefficients, e.g., ag [27], as [5, 6],
aqp [7], and higher heat kernels [8, 9]. However, we will limit ourselves up to a4, which helps
to determine the logarithmic divergence of the string theoretic black holes. Apart from
this, the coefficient as describes the quadratic divergence and renormalization of Newton
constant and ag encodes the cosmological constant at one-loop approximation [31, 32].

3 “Non-minimal” N = 1 Einstein-Maxwell supergravity theory

The gauge action of pure N/ = 1 supergravity, containing spin 2 graviton with superpartner
massless spin 3/2 Rarita-Schwinger fields, was first constructed and the corresponding
supersymmetric transformations were studied by Ferrara et al. [53]. Later, this work is
extended in [47] by coupling an additional vector multiplet (matter coupling) to the pure
N = 1 supergravity. Here the vector multiplet is non-minimally coupled to the supergauged



action of N' = 1 theory. The resultant “non-minimal” N'=1 d = 4 EMSGT is the object
of interest of the current paper. Two other special classes of N’ = 1 supergravity theories,
namely “minimally coupled” A/ = 1 supergravity theory and N' = 1 theory obtained from
truncation of N/ = 2 theory, were also studied by Ferrara et al. in [48, 54]. This “non-
minimal” N = 1,d = 4 EMSGT has the same on-shell bosonic and fermionic degrees of
freedom. The bosonic sector is controlled by a 4D Einstein-Maxwell theory [29], while
the fermionic sector casts a non-minimal exchange of graviphoton between the gravitino
and gaugino species. We aim to calculate the Seeley-DeWitt coefficients in the mentioned
theory for the fluctuation of its fields. We also summarize the classical equations of motion
and identities for the theory.

3.1 Supergravity solution and classical equations of motion

The “non-minimal” N' = 1 EMSGT in four dimensions is defined with the following field
contents: a gravitational spin 2 field g,, (graviton) and an abelian spin 1 gauge field A,
(photon) along with their superpartners, massless spin 3/2 Rarita-Schwinger 1, (gravitino)
and spin 1/2 A (gaugino) fields. Note that the gaugino field (A) interacts non-minimally
with the gravitino field (v/,,) via non-vanishing gauge field strength.

The theory is described by the following action [47]

S= / Yo /GLEn + / e /35, (3.1)

where,
Ly =R — FYF,, (3.2)
1- 1- 1 -
L= ——h, AP D ab, — XAP DN+ ———1b, Fog /P yH . 3.3
’ 5V oy = 5M°D, +2\/§% Y Yy (3.3)

R is the Ricci scalar curvature and F),, = 9,4, is the field strength of gauge field A,,.
Let us consider an arbitrary background solution denoted as (g,w,AM) satisfying the
classical equations of motion of Einstein-Maxwell theory. The solution is then embedded in
N =1 supersymmetric theory in four dimensions. The geometry of action (3.1) is defined
by the Einstein equation,
1_ - 1 -

Ryy = 5Gu R = 87GN T, = 2F,,F," - 39 " Fyo, (3.4)
where FW = 8[Hfl,,] is the background gauge field strength. Equation (3.4) also defines
background curvature invariants in terms of field strength tensor. For such a geometrical
space-time, the trace of (3.4) yields R = 0 as a classical solution. Hence one can ignore

the terms proportional to R in further calculations. The reduced equation of motion for

the N =1, d = 4 EMSGT is thus given as
_ 1 -
Ry, = 2F,,F," — 9 F7 Fpg. (3.5)
The theory also satisfies the Maxwell equations and Bianchi identities of the form,

D*F, =0, Dy, F,; =0, Ryppe =0. (3.6)



The equations of motion (3.5), (3.6) and the condition R = 0 play a crucial role in sim-
plifying the Seeley-DeWitt coefficients for the NV = 1, d = 4 EMSGT theory and express
them in terms of local background invariants.

4 Heat kernels in “non-minimal” N ' =1, d = 4 EMSGT

In this section, we study the spectrum of one-loop action corresponding to the quantum
fluctuations in the background fields for the “non-minimal” A/ = 1 EMSGT in a compact
four dimensional Riemannian manifold without boundary. We will focus on the computa-
tion of the first three Seeley-DeWitt coefficients for the fluctuated bosonic and fermionic
fields present in the concerned theory using the heat kernel tool, as described in section 2.
In the later sections, we throw light on the applicability of these computed coefficients from
the perspective of logarithmic correction to the entropy of extremal black holes.

4.1 Bosonic sector

Here we are interested in the analysis of quadratic order fluctuated action So and computa-
tion of the Seeley-DeWitt coefficients for non-supersymmetric 4D Einstein-Maxwell theory
with only bosonic fields, i.e., g, and A, described by the action (3.2). We consider the
following fluctuations of the fields present in the theory

uv = g;w + g,uua A,u = /_1# + 121“- (4.1)

The resulting quadratic order fluctuated action Ss is then studied and the required coeffi-
cients were calculated following the general Seeley-DeWitt technique [13] for heat kernel.
The first three Seeley-DeWitt coefficients for bosonic fields read as'3

(4m)%aB (@) = 4,
(4m)%ay (x) = 6FM Fy, (4.2)

(4m)%al (x 199R 1 po R*P7 + 26 R, R .

1
)=
4.2 Fermionic sector
In this subsection, we deal with the superpartner fermionic fields of N' =1, d = 4 EMSGT,
i.e., ¥, and A. As discussed in section 3, these fermionic fields are non-minimally coupled.
The quadratic fluctuated action for these fields is given in (3.1). Before proceeding further,

it is necessary to gauge fix the action for gauge invariance. We achieve that by adding a
gauge fixing term Ly to the lagrangian (3.3),

1~ v
»Cgf = zwu’Yu'Ypr'Y Py (4'3)

This gauge fixing process cancels the gauge degrees of freedom and induces ghost fields to
the theory described by the following lagrangian,

Eghost,f = l:)’prpé + é’prpé. (4.4)

130ne may go through our earlier work [30] for explicit computation of Seeley-DeWitt coefficients for the
bosonic gravity multiplet.



In (4.4) b, ¢ are Faddeev-Popov ghosts, and € is a ghost associated with the unusual nature
of gauge fixing [33]. These ghost fields are bosonic ghost having spin half statistics in ghost
lagrangian. The final quadratic fluctuated gauge fixed action for the fermionic sector, thus
obtained along with unphysical ghost fields is expressed as

Spe= [ dov/G(Ls+ Lut+ Lonossr). (4.5)

where we have,
Lo v Pl 15 p
Ly Lyg= 07"y Dptpy — 5M9"DpA

1 - - 1 - _
+ —— 0 Fog PN — —= 2P Fogiby.
4ﬂwuam’yv PN apu
Our primary task in this subsection is to compute the Seeley-DeWitt coefficients for ac-
tion (4.5) and then add it to the coefficients obtained for the bosonic part (4.2).
Let us begin with the computation of required coefficients for fermionic fields without
ghost fields. The corresponding quadratic fluctuated action can be written as

1
-5 / d*z\/GPmO™ Py, (4.7)

where O is the differential operator which can be expressed in Dirac form as'4

- - L=, <
PmO™ on = =" Dythy + M DpA s
. . 4.8
i - = i < _

— —— ) Fag VPN + ——= AP Fogihy.

Qﬁwamvv NI ap¥u

Since we consider the Euclidean continuation of N' = 1 supergravity in 4D Einstein-Maxwell
theory, the gamma matrices are Hermitian. Hence, the differential operator O™ is linear,
Dirac type and Hermitian. In order to compute the Seeley-DeWitt coeflicients following
the general technique described in section 2.2, it is to be made Laplacian. Following (2.13)
we have,

EmA™" P = P (O)mp (O)]mT} Pn

- 1
=wu{ Z’YWVVV%D D, +

87 Yoy 1P Fy 5F9¢}w

1
8

1
{ 4\[7 VPP (DpFop + FapD)) fv VPylyP FogD,, }A

a 2
(1 1 _
+ A { 1 fv Yy NPy Erg Dy — 5 \[7 Py P (DypFog + FagDp)} .
(4.9)

4The spinors in (4.6) satisfy the Majorana condition. But in order to follow the heat kernel method, we
first compute the Seeley-DeWitt coefficients for Dirac spinors and then obtain the same for the Majorana
spinors.

~10 -



The form of A™" can further be simplified by using various identities and ignoring terms
dependent on the Ricci scalar R,

- - _ 1
PG = L 0, D7Dy, ~ LADP DA + B { B = S Ry
1#01/ 1po;w 1cx5,u1/9¢__
+37 7R 0= 57" R po + g1y FopFop ¢thv

+ EX{ (v299%7? + 477777 FapFag X

1 _ _
- ONNCENE
2\/5%{7 V77 (D Fag) bty (4.10)
1 - _
- B /P st m QA fiaPAB
mwu{ (V2929 + 79977 (D Fag) } A
1 - _
- B APt n O QP PAB A hop
Qﬁwu{(vav TP =y vvv)Fag}DpA
+ LX{ (Y777 +4"4P7*9° = 1*7"7*7°) Fup } Dyt
2/2

The Laplacian operator A obtained in (4.10) fits in the essential format (2.12) required for
the heat kernel analysis, thus providing the expressions of I, N” and P as

Gl Pn = hulag" Py 4+ AlgA, (4.11)
PP Py = %{ — RMI4 + %VVVO‘R%
- %V“VQR”@ - %V"'Vp RM ), — é’yavﬁ 7“7”797¢FagF9¢}¢u
- %;\{anvﬂ 77 4777 5%9% } Fap Fog (4.12)

1 - _
B /P st m O QA fon P B
+2\/§¢u{(7777 +7°9#9°77) Dy Fas §

1 - _
PAV AN B
+ 2\/§A{7 vy DpFag}wu,
. . 1 - _
P (NP)™ G = 72\/5%{ i i o G R G e o G B WY 5
4.13)
1 - _ (
= PN BV v B ap _ p VB
2\/5/\{(7777 +777 %y 7777>Fa5}¢u-

One can extract w” from N” by using (2.17), which on further simplification using gamma
matrices properties, reads as

G (W)™ Gy = ¢ {—1797%”7"% + e, — e }A

“Lava TR L2 ) (4.14)

+A {thﬁv”’ypvo’yqbpm + \}57%715 v, — \27”7715’%} .

The strategy is to express the kinetic differential operator A in the form that fits in the

prescription (2.14) and find the required quantities. Determination of E and Qs from P,

N? and w” is now straightforward by using (2.18), (2.19), (4.12) and (4.14).'> One can then

5The full expression of E and Qag are given in (A.2) and (A.7).
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calculate the required trace values from the expression of I, ¥ and €,3. The results are

= 10(F" Fyy)® + 3R" Ry, + 2R"* Ryuoy — 2Ragp PP FP?, (4 15)
13 _ 5=
?RW%RMQS +12Ru506 F*PF — 6R' R,
— 60(F" F,)%
In the above trace result of I, the values 16 and 4 correspond to the degrees of freedom as-
sociated with the gravitino and gaugino fields, respectively. So, the relevant Seeley-DeWitt

coefficients for the gauged fermionic part, computed using (4.15) in (2.20) for the Majorana
fermions, are

(4m)2ad (z) = —10,

(47)%a] (x) = 4F™ F, (4.16)
1

(47)%a] (z) = i (41R"9 Ry + GARM Ry)

Here a -ve sign corresponding to the value of y from (2.20) for fermion spin-statistics
and a factor of 1/2 for considering Majorana degree of freedom are imposed manually in
determining the above coefficients.

Next, we aim to compute the Seeley-DeWitt coefficients for the ghost fields described
by the lagrangian (4.4). The ghost fields b, and € are three minimally coupled Majorana
spin 1/2 fermions. So, the contribution of Seeley-DeWitt coefficients from the ghost fields
will be -3 times of the coefficients of a free Majorana spin 1/2 field,

afn! () = —3ay P (x), (4.17)
where a2é f (x) is the Seeley-DeWitt coefficients for a free Majorana spin 1/2 field calcu-

lated in [40]. The Seeley-DeWitt coefficients for ghost sector are

(47)%af" ™ ()
(47T)2a%h08t’f (ZL’)

(4W)2a§h05t’f(

6,
0,

(4.18)

8]

)= 510 <7R“”9¢’RW9¢ + 8RR ).

The net Seeley-DeWitt coeflicients for the fermionic sector can be computed by summing
up the results (4.16) and (4.18),

(4m)%ag () = —4,

(4m)2ay () = 4FM Fy,, (4.19)
1

(47)2aE (z) = 360 (113R“”9¢RW9¢+ 172RM RW).
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4.3 Total Seeley-DeWitt coefficients

The total Seeley-DeWitt Coefficients obtained by adding the bosonic contribution (4.2)
and the fermionic contribution (4.19) would be,

(4m)%ag " (z) = 0,

(4m)%ay " (x) = 10F" Fu, (4.20)
1

(4m) 2 (@) = o (19R"% Ry — SR Ry

The coefficient aj ™" obtained in (4.20) is independent of the terms R,,g4F" F® and
(F“”FW)Q, and only depends upon the background metric which predicts the rotational
invariance of the result under electric and magnetic duality.

5 Logarithmic correction of extremal black holes in “non-minimal”

N =1,d = 4 EMSGT

In this section, we discuss the applicability of Seeley-DeWitt coefficients in the area of
black hole physics. We use our results, particularly a4 coefficient for the computation of

logarithmic correction part of extremal black hole entropy in “non-minimal” N = 1,d = 4
EMSGT.

5.1 General methodology for computing logarithmic correction using
Seeley-DeWitt coefficient

We review the particular procedure adopted in [29, 30, 33-36] for determining the loga-
rithmic correction of entropy of extremal black holes using quantum entropy function for-
malism [41-43]. An extremal black hole is defined with near horizon geometry AdSs x I,
where K is a compactified space fibered over AdSs space. The quantum corrected entropy
(Spu) of an extremal black hole is related to the near horizon partition function (Zaqs,)
via AdSy/CFTy correspondence [41] as

eSBu—Eof _ ZAdSys (5.1)

where Ej is ground state energy of the extremal black hole carrying charges and § is the
boundary length of regularized AdS;. We denote coordinate of AdSy by (n,0) and that
of K by (y). If the volume of AdSs is made finite by inserting an IR cut-off n < ny for
regularization, then the one-loop correction to the partition function Zaqs, is presented as

l-loop _ W
Zads, =€ s (5.2)
with the one-loop effective action,

70 2w
W = / dn / do | d*y/gALeg
0 0 hor

= 27 (coshny — 1) deG(y)Aﬁeff,

hor

~13 -



where G(y) = 1/g/ sinh n and ALg is the lagrangian density corresponding to the one-loop
effective action. The integration limit over (y) depends upon the geometry associated with
K space. The above form of W can be equivalently interpreted as [35, 36]

W =—BAE +O(B7") =27 | d*yG(y)ALes, (5.4)
hor
where 3 = 2mwsinhng and the shift in the ground state energy AEy = — [ d?yG(y)ALcg.
For the extremal black holes, the W form (5.4) extracts the one-loop corrected entropy
(ASpn) from the 8 independent part of the relation (5.1) as

ASph =21 | d*yG(y)ALe. (5.5)

hor
These one-loop corrections serve as logarithmic corrections to the entropy of extremal black
holes if one considers only massless fluctuations in the one-loop. In the standard heat kernel
analysis of the one-loop effective lagrangian ALqg, only the a4(x) Seeley-DeWitt coefficient

provides a term proportional to logarithmic of horizon area Ay [29, 30],
AL = —g (as(w) = (¥ = DE™(2,2;0)) In Ap, (5.6)

where K”™(x,2;0) is the heat kernel contribution for the modes of A having vanishing
eigenvalues and Y is the scaling dimension associated with zero mode corrections of massless
fields under considerations. For extremal black holes defined in large charge and angular
momentum limit, the present set up computes the logarithmic correction into two parts
— a local part (ASjpcal) controlled by the ay(x) coefficient and a zero mode part (AS,y,)

controlled by the zero modes of the massless fluctuations in the near-horizon,'6

ASlocad = -7 . d2yG(y)Xa4($) In AHa (57)

ASym = —% (Z(Y; —DM" = > (2Y, — 1)M”) InAp. (5.8)

reB rek

M, and Y, are respectively the number of zero modes and scaling dimension for different
boson (B) and fermion (F) fluctuations. These quantities take different values depending
on dimensionality and types of field present. In four dimensions we have [29, 31-37, 39],

2 : metric,
1 : gauge fields,

Y, = Bane (5.9)
1/2 : spin 1/2 fields,

3/2 : gravitino fields,

3+ X : metric in extremal limit,
= (5.10)

0 : gravitino field for non-BPS solutions,

6 otal logarithmic correction is obtained as ASsu = ASiocal + ASzm-
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where X is the number of rotational isometries associated with the angular momentum J
of black holes,

1 VJ3 = constant, J? = arbitrary,
X = (5.11)
3 V3=J?=0.

One should not be concerned about the M, values of the gauge and gaugino fields because
their particular Y, values suggest that they have no zero-mode correction contribution
in the formula (5.8). The local mode contribution (5.7) for the extremal solutions of the
N =1,d =4 EMSGT can be computed from the coefficient a4(z) (4.20) in the near-horizon

geometry.

5.2 Extremal black holes in “non-minimal” N = 1,d = 4 EMSGT and their

logarithmic corrections

An N =1,d = 4 EMSGT can have Kerr-Newman, Kerr and Reissner-Nordstrom solutions.
The metric g of general Kerr-Newman black hole with mass M, charge () and angular

momentum J is given by

r2 + b2 cos?p — 2Mr + Q?

B 72 + b2 cos? ¢
r2 + b cos? ¢

r2 + b2 —2Mr + Q?

ds® = dt?

dr® 4 (12 + b% cos? ) dy)?

i <(r2 + b% cos? 1/))(Tj2++bzz) ;5221]/\}47” — Q?)b%sin? 1/1> sin? hd? (5.12)
+ 2£§22+;22C](\)4S ’2")12 sin? ¢didg.
where b = J/M. The horizon radius is given as
=M+ M2 (Q2 +B2). (5.13)

At the extremal limit M — /b? + Q?, the classical entropy of the black hole in near
horizon becomes

Sa = 167%(20* + Q?), (5.14)
and the extremal near horizon Kerr-Newman metric is given by [29]

ds® = (Q* + b? + b? cos® ¥) (dn? + sinh® ndb? + dy?)
(Q? + 2b%)?
(Q? + 1% + b2 cos? )

(5.15)

2Mb 2
+ sin? 1) <dx - im(coshn - 1)d9> :
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For the purpose of using the a4(x) result (4.20) in the relation (5.7), we consider the
background invariants [55, 56],

vpo 8 2,6 2.4 2 4.2 4
RYPP R po = (T D o 0)F {6M (r® — 15b%r" cos” 1 + 15b%r~ cos™ 1
— b5 cos® ) — 12MQ%r(r* — 10r2b% cos? ¢ + 5b* cost 1)
+ Q*(7r* — 34r%b? cos® 1p + Tb* cos® @b)}, (5.16)
v 4Q*
RMR,, =

(r2 + b2 cos? )4’
G(Y)xn = G) = (Q* + b* + b cos ¥) (Q* + 2b*) sin 1)

In the extremal limit, one can find [29]

8 e
dipd P Rypo = 2¢* +1)° 1( )
[ 4G R Ry e@2+ﬂ)w2@62+]){3(6 1Pt (o
+ eve2 4+ 1(—8e® — 20e* — 8¢? + 1)}, (5.17)
2w e
dipd " Ry = 2¢* +1)% —1( )
hor VPG R R, €(€2+1)5/2(262—|—1){3( e +1)7tan 2+ 1

+eve2 + 1(8€? + 5)}, (5.18)

where e = b/@Q. The local mode contribution in the logarithmic correction to the entropy
of Kerr-Newman extremal black holes in /' = 1,d = 4 EMSGT can be drawn by using the
results (4.20), (5.17) and (5.18) in the relation (5.7),

51(2¢% + 1) tan™! (ﬁ)

e(e? +1)5/2

1
ASlocal KN = —= {

48
(5.19)

(152€° 4 380e* + 168¢? — 9) A
n .
(2 +1)2(2¢2 + 1) "

For Kerr black holes we set the limit e — oo in (5.19), which gives the local mode
contribution,

19
ASlocal,Kerr = ﬁ InAp. (520)

And for Reissner-Nordstrom black holes, we set the limit e — 0 in (5.19), yielding the
following result

5
ASlocal RN = 1 InAp. (5.21)

The extremal black holes in N = 1,d = 4 Einstein-Maxwell supergravity theory are non-
BPS in nature [46, 48]. Hence, the zero mode contribution to the correction in entropy of
non-BPS extremal Kerr-Newman, Kerr and Reissner-Nordstrom black holes are computed

~16 —



by using (5.10) to (5.11) in the relation (5.8) as

1

ASumin = —5(2=1)(3+1)In Ay = —2In Ap, (5.22)
1

ASumken = =52~ 1)(3+1)In Ay = 2In A, (5.23)
1

ASzm,RN = —5(2 — 1)(3 + 3) InAy = —-3InAyg. (524)

Merging the above local and zero mode contributions, the total logarithmic correction
ASpp (= ASiocal + AS,m) to the entropy of extremal Kerr-Newman, Kerr and Reissner-
Nordstrom black holes in “non-minimal” A" = 1,d = 4 EMSGT are computed as

AS 1 _51(262 + 1) tan—! (\/egﬁ)
BN 48 e(e? 4 1)5/2
(152¢5 + 380et + 168¢% — 9)
InAyg —2InA 2

@+ 12221 D) nAg = 2inAg, (5:25)
19 5

ASBH,Kerr = E In AH —2In AH = _E lIlAH, (526)

) 17
ASBHRN = _ZlnAH —3lnAy = -7 InAg. (5.27)

6 Concluding remarks

In summary, we have analyzed the trace anomalies of quadratic fluctuated fields in the “non-
minimal” AV = 1,d = 4 EMSGT and calculated the first three Seeley-DeWitt coefficients
using the approach described in section 2.2. An essential advantage of the Seeley-DeWitt
coefficient results (4.20) is that these are not background-geometry specific and hence can
be used for any arbitrary solution within the “non-minimal” N'=1,d = 4 EMSGT.

As an application, we have used the third coefficient a4 in the quantum entropy function
formalism and computed the local contribution of logarithmic correction to the Bekenstein-
Hawking entropy of extremal black holes in the “non-minimal”’ " = 1,d = 4 EMSGT. The
zero mode contribution of the logarithmic correction to the entropy has been computed
separately by analyzing the number of zero modes and the scaling dimensions of the fields in
the theory. We, therefore, obtain the net logarithmic correction to the Bekenstein-Hawking
entropy of extremal Kerr-Newman (5.25), Kerr (5.26) and Reissner-Nordstrom (5.27) non-
BPS black holes in the “non-minimal” N = 1,d = 4 EMSGT. These results are new and
significant. In contrast, the logarithmic correction to the entropy of extremal Reissner-
Nordstrom black holes in two other classes of N'=1,d = 4 EMSGT are computed in [48].
However, our work deals with a more general N' = 1,d = 4 EMSGT theory where the
vector multiplet is non-minimally coupled the supergravity multiplet. Due to the presence
of non-minimal coupling, it is impossible to reproduce the results of [48] from our work
and vice-versa. It will also be interesting to reproduce these results by other methods of
the heat kernel. The calculated results may also give some valuable inputs for developing
insight regarding AV = 1 Einstein-Maxwell supergravity theory in four dimensions and can
also provide an infrared window to any microscopic theory for the same.
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A Trace calculations

Here, we will explicitly show the expression of E and ()3, and the computation of traces of
E, E? and QQBQQB for the fermionic sector of N' =1, d = 4 EMSGT. The trace results will
be used to calculate a4 required in the logarithmic correction to the entropy of extremal
black holes. In trace calculations, we have used the following identities [30]

(DpF)(DPF*™) = Ryypo F* FP° — R R, "
nikd n 1 UV Tp0 v ’
(Dqu )(Dy ) = i(prchu FP7 — RY RW)-

The expression of E by using w, (4.14) will be

PmE™ @ = P BV b, + AEMN + 4, EVRAN + AEM v,

3 1
=1, { 37 OyBybn¥ PO Frp gy — 47 VOO yH Fgy BV

1 1 3
—~ 1797¢VQ’YVF0¢F“ + 89“”7a'7/3 VOy® FopFgy — 5797¢F MY Fps

o 1
— 37y FraFvg + *V“'V“R”a =1 R+ 5 R,

3 _ —
I ZyunyF""f’F% — 5 g I Fyy +]I4R“”}1/J + A{ 577 ’Y¢FaﬁF0¢})‘

. 3 44 _ 1 - 1, _
+ - PARD , Fpy + —=~04P D Fhy + —=~4P DF Fyy t A
%{ 1) 1 Dokes  opy D EY s A Ty b6
+/\{ S I8 D, By — —4PA0 DYy + —n0 DY Fy }d)
12 RVE V2 e
(A.2)
Trace of E.
tr (B) = tr (EV"y, + E*\ + BV + E*y,). (A.3)
From (A.2), we have
tr (B¥y, ) = —4F"F,,,  tr(E%))=0, (A4)
tr (B*)) = —4F"FE,,,  tr(E%,)=0. '

Equations (A.3) and (A.4) gives the tr (E) (4.15).
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Trace of E2.

tr (B2) = tr (BVry, ¥y, + B\ + BY 3 BNy, + By, BY)). (A.5)

Using eq. (A.2), we have

tr (B, By
tr (E*\E*)) = 8(F" F,,)? —AR™R,,,,

tr (BY*\E™y,)
v, BV )) = RM Ry — Rype " FO.

tr (B

5RM Ry + 2(F" Fp)? + 2RO R, 04,

RM Ry, — Ryups FM FO?,

Equations (A.5) and (A.6) yields the tr (E?) (4.15).

Trace of Q,3Q*P. The expression for Q,5 using w, (4.14) is

Bm ()™ En = Uu(Qap) " Yy + MQap) A + 00 (Qap) X + M Qap) M 1y

+ A{ Y94 Rapog + [Wa, wp) })\

_ 1_
wu{]hR'uVa,B + Zgwjﬁ)ﬁfyﬁRaﬁgn + [wa7w6]¢uwu }wy

(A7)

+ &H{D[awﬂ]w“/\}/\ + E\{D[aw/g]’\w” }1/1,/

One can calculate tr (Q,502%) as

tr (27005) = tr { @), (@), " + ()@,

where

v (6% d)i
(), (Q2F)y, "

A

(A.8)
+ @y, O+ Qo (@), .

14 1 el 74 K v v
= {H4Ru ap T 79k Yy Raﬁ§n+< (Wa)y, (@AY — (wa)y,  (wa)r? )}
—_——
— Rs (A.9)

Ry

X {H4Ryua’8 +
——

1 - oK (6% (6% w A «
1R g (@0 @ = @) ),

S1

(Qap)h N Q)3 =

afy ¥
(Qap)y, Q)3

So S3

1
{ 1797¢Ra59¢ + (Wa)kwu (Wﬁ)dm)\ - (Wﬁ)kd)u (wa)wu)\ }

—_———
R4 Rs

1 A Yy
{39997 R0t @ 00— @ @0
s 5
4

(A.10)

= (Da(@s)u, = Dalwa)y, ) x (DX @ =D (@), (A1)

R6 SG
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and

(200" (Q%9)y," = (Dalws)a™ = Da(wa)a™ ) x (D* @)y, = DP (), ). (A12)

St

_ vlop _ _
tr (FuS1) = —AR™  Ruvoo, 1 (RyS3) = 6RM Ry, — 36(F* F )%,

=)

—+

R4S5

T

RSSI — _4RHV0¢F/J,I/F9¢)’ tr R5S5

(1) (
s s,
(R251) (Fa5)
tr (RyS3) = —AR, 5P F0¢, 1 (H554)
(R3S1) (F55)
( ) R R, tr (ReSe)
(R3S5) (F757)

R;LVRMV’ tr R?S?

Equations (A.9) to (A.13) gives

1
454 _iRuV9¢Rpu0¢7

8RR, — 24(F" F,)?,
10R,,04F" F? — 10R*" R,,,,
10R,,04F" F?? — 10R*™R,,,.

tr ((Qap)u, ™ (00)y, ") = —GR™ Ry — 8 Ry 09 F* FP
+ 10R*™ Ry, — 36(F F,,)?,

A 1 _
tr ((Qaﬁ)A)\(Qaﬂ)A )= _§RW9¢RW9¢ +4R"™ Ry, — 24(FWF/W)27

i1 (o), (Q)27) = 10R o F* FP® — 10RM R,,,,

tr ((Qag)a? (%),

) = 10R06 F" F?* — 10R"™ R,,,,.

Finally, from (A.8) and (A.14), we have obtained tr (2,502%) (4.15).

(A.13)

(A.14)
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