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1 Introduction

Gravitational memory effect is a permanent displacement of test particles after the passage
of gravitational waves (GWs) discovered in general relativity (GR) a long time ago [1–4].
It is caused by the energy fluxes traveling through the (future) null infinity I + in an
asymptotically flat spacetime [5], which possesses an asymptotic symmetry group, called
Bondi-Metzner-Sachs (BMS) group [6–8]. This group is a semi-direct product of an infinite
dimensional supertranslation group and the Lorentz group. Under the action of supertrans-
lations, the classical vacuum is degenerate. The energy fluxes induce the transition among
the degenerate vacua and result in the memory effect. Memory effect gains an increasing
interest due to the study of the infrared structure of gravity [5, 9–11] and the detection
of GWs [12–23]. The former reveals the infrared triangle — the equivalence among mem-
ory effect, soft theorem [24] and asymptotic symmetry. It also stimulated the works on
the asymptotic symmetry on the black hole horizon [25–30] and black hole information
paradox [31]. The later opens up the possibility to examine the existence of this effect
experimentally in the near future [32–39].

Alternative metric theories of gravity should also have memory effect, since they have
two degrees of freedom like those in GR, at least. In this work, we would like to study the
memory effect in the scalar-tensor theory, the simplest alternative to GR. Unfortunately,
there are essentially infinitely many scalar-tensor theories, so we would like to start with the
simplest one, i.e., the Brans-Dicke theory (BD) [40]. In spite of its simplicity, BD should
be a good representative. This is because the more complicated scalar-tensor theories,
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such as Horndeski gravity [41], Degenerate Higher-Order Scalar-Tensor theories [42–44]
and spatially covariant gravity [45–47], contain more general interactions for the metric
field and the scalar field ϕ. None of the interactions should have impact on the asymptotic
symmetry or the degenerate vacua. Therefore, BD should be a good example to study the
memory effect in scalar-tensor theories.

As discussed in several previous works, there are three degrees of freedom in the scalar-
tensor theory. Two of them excite the familiar + and × polarizations as in GR, and the
third one, ϕ, excites the transverse breathing polarization, if it is massless [48–51]. Thus,
one may call the GW corresponding to the + and × polarizations the tensor wave, and
the one to the breathing polarization the scalar wave. There are thus two sectors in the
scalar-tensor theory: the tensor and the scalar sectors. One expects that there should be
memory effects in both sectors.

In this work, we would like to find out gravitational memory effects in these two sectors
by solving the equations of motion of BD using a generalized Bondi-Sachs coordinate system
{u, r, θ, φ} [52], with r the luminosity radius asymptotically (r → +∞). The resultant
metric components and the scalar field ϕ will be expanded in powers of 1/r. The BMS
symmetry is then determined by looking for the coordinate transformations that preserve
the asymptotic behaviors of the metric components and ϕ. It turns out that the BMS
transformations in BD are also parameterized by the arbitrary functions α on a unit 2-
sphere, and the smooth conformal vector fields Y A of the round 2-metric with A = θ, φ.
Therefore, analogously to GR, the BMS transformations in BD constitute a group, which
is also a semi-direct product of the supertranslations (parameterized by α) and the Lorentz
group (parameterized by Y A). Then, once the vacua in the tensor and the scalar sectors
are properly defined, one discovers that the vacua in both sectors are degenerate. Different
vacua in the tensor sector are related to each other by supertranslations, as in GR, while
those in the scalar sector by Lorentz transformations. Therefore, similarly to GR, the
transition among the tensor vacua is induced by the null energy fluxes through I +, which
include the energy flux of the scalar GW if it exists. This results in the tensor memory
effect like the one in GR. However, the transition among the scalar vacua is induced by the
angular momentum fluxes through I +. As a consequence, the scalar memory effect caused
by this transition is absent in GR. The charges and the fluxes associated with the BMS
symmetries are computed in ref. [53] with Wald-Zoupas formalism [54] based on Penrose’s
conformal completion [55, 56], as opposed to the coordinate method used in ref. [57].

The memory effect mentioned above is also specifically called the displacement memory
effect, as opposed to the spin memory and the center-of-mass (CM) memory, which are
relatively new in GR [10, 58]. The former new effect causes the time delay between two
counter-orbiting massless particles in a circular orbit, and might be detected by LISA. And
the later one is related to the changes in the CM part of the angular momentum, which
turns out to be difficult to be detected in the near future. From the results in section 2.2,
one knows that there are also the two new memory effects in BD, specifically, in the tensor
sector. Neither of them exists in the scalar sector. So in this work, we will not elaborate
either on spin memory effect or on CM memory effect. Finally, in the typical discussion
of the displacement memory, one assumes the vanishing of the initial and the final relative
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velocities of the test particles. This might not be the case, and some velocity memory
effect exists, e.g., for plane GWs in GR [59–61], which should also be present for more
general GWs in an asymptotically flat spacetime. We will not discuss this memory effect
in this work.

In the past, several works investigated the memory effect in scalar-tensor theories.
Lang calculated the waveform of the GW generated by a compact binary system [62, 63].
The tensor GW was calculated up to the second post-Newtonian (PN) order beyond the
quadrupole approximation, while the scalar GW waveform is accurate up to 1.5 PN order.
The memory effect occurs both in the tensor and the scalar sectors. Du and Nishizawa
proposed the use of the memory effect as a probe to the nature of gravity, taking the
scalar-tensor theory as an example [64], and the scalar memory effect can be used to
test the screening BD theory [65]. The gravitational memory effect in massive gravity,
higher derivative and infinite derivative gravity theories was also studied in refs. [66–68].
However, none of these works deciphered the relation between the memory effect and the
BMS symmetry.

This work is organized in the following way. First, the equations of motion are solved in
the generalized Bondi-Sachs coordinates in section 2. For that end, the boundary conditions
for the metric components and the scalar field are determined in section 2.1. Then, the
solution is solved for in section 2.2, and this solution is used to calculate the geodesic
deviation equation to reveal the GW polarization content of BD, establishing the connection
to the previous works [49–51] and memory effects, in section 2.3. Second, based on the
solution, the BMS transformations are determined in section 3, and the transformation
properties of various quantities are also discussed there. The next section 4 focuses on
the relation between the memory effect and the BMS symmetry. After that, there is a
brief conclusion in section 5. Appendix A relates the memory effects to the soft theorems,
where the memory effect is considered in the scattering of stars in section A.1, and then,
the soft theorems are computed in section A.2. In this work, the abstract index notation
is used [69], and the speed of light in vacuum is c = 1. Most of the calculation was done
with the help of xAct [70].

2 Asymptotically flat spacetimes in Brans-Dicke theory

In this section, the asymptotically flat spacetime, i.e., an isolated system, in Brans-Dicke
theory is studied. The action of BD is given by [40],

S = 1
16πG0

∫
d4x
√
−g

(
ϕR− ω

ϕ
∇aϕ∇aϕ

)
+ Sm, (2.1)

where ω is a constant, G0 is the bare gravitational constant, and Sm is the matter action.
This theory has been studied and well tested for a long time [48]. One can generalize
the action a bit by adding a general potential term V (ϕ) or making ω a function of ϕ.
Solar-system tests put strong constraints on ω ≥ 4 × 104 [71], and the mass of the BD
scalar field should be small 10−21 < ms < 10−15 eV [72]. BD is also used to explain the
inflation [73, 74], and the current accelerating expansion of the universe [75–77]. f(R)
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gravity is dynamically equivalent to BD with a vanishing ω and a generic potential V [78,
79], and is reviewed in ref. [80]. In this work, the simplest BD theory (2.1) is considered
without any restriction on ω.

The variational principle leads to the following equations of motion,

Rab −
1
2gabR = 8πG0

ϕ
(Tab + Tab), (2.2a)

∇c∇cϕ = 8πG0
2ω + 3T, (2.2b)

∇bTab = 0, (2.2c)

in which Tab = − 2√
−g

δSm

δgab is the matter stress-energy tensor, T = gabTab is its trace, and
Tab is the effective stress-energy tensor for ϕ, given by

Tab = 1
8πG0

[
ω

ϕ

(
∇aϕ∇bϕ−

1
2gab∇cϕ∇

cϕ

)
+∇a∇bϕ− gab∇c∇cϕ

]
. (2.3)

In fact, eq. (2.2c) follows from eqs. (2.2a) and (2.2b).
In a suitable set of coordinate system, e.g., the generalized Bondi-Sachs coordinates

(u, r, x2 = θ, x3 = φ), the line element is [81]

ds2 = e2β V

r
du2 − 2e2βdudr + hAB(dxA − UAdu)(dxB − UBdu), (2.4)

where β, V, UA, and hAB (A,B = 2, 3) are six metric functions. After solving the equations
of motion, these metric functions and the scalar field ϕ can be expanded in powers of 1/r.
For that, one also needs know the boundary conditions, i.e., the asymptotic behaviors of
gab and ϕ.

2.1 Boundary conditions

In GR, it is well-known that [6, 7, 81]

guu = −1 +O
(
r−1

)
, gur = −1 +O

(
r−2

)
, guA = O (1) , (2.5a)

grr = grA = 0, hAB = r2γAB +O (r) , (2.5b)

where γAB is the round metric on a unit 2 sphere,

γABdxAdxB = dθ2 + sin2 θdφ2. (2.6)

In addition, the determinant of hAB is

det(hAB) = r4 sin2 θ. (2.7)

By this, r is the luminosity radius [6, 7]. In terms of the metric functions, one knows
that [81]

β = O
(
r−2

)
, V = −r +O

(
r0
)
, UA = O

(
r−2

)
. (2.8)
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However, in BD, the asymptotic behavior of gab might be different. In fact, one can assume
that ϕ = ϕ0 +O

(
r−1) with ϕ0 a constant [71, 72, 82]. Then, the last two terms in eq. (2.3)

begin at the order of O
(
r−1), while in GR, the matter stress-energy tensor Tab begins at

one order higher, as Tab is usually quadratic in fields. Therefore, the asymptotic behavior
of gab in BD should be reanalyzed.

One can perform a conformal transformation g̃ab = ϕ
ϕ0
gab and define ϕ/ϕ0 = eϕ̃

such that

R̃ab −
1
2 g̃abR̃ = 2ω + 3

2

(
∇̃aϕ̃∇̃bϕ̃−

1
2 g̃ab∇̃

cϕ̃∇̃cϕ̃
)

+ 8πG0e
−ϕ̃Tab, (2.9a)

∇̃c∇̃cϕ̃ = 8πG0
2ω + 3e

−ϕ̃T̃ , (2.9b)

∇̃bTab − Tab∇̃bϕ̃+ 1
2 T̃ ∇̃aϕ̃ = 0, (2.9c)

where T̃ = g̃abTab. Equation (2.9a) takes the similar form as in GR with a canonical scalar
field

√
2ω + 3ϕ̃. If ϕ̃ = ϕ̃0 +O

(
r−1), again with a constant ϕ̃0, one expects that g̃ab would

have the same behavior as the one in GR. Therefore, one postulates that in BD,

guu = −1 +O
(
r−1

)
, gur = −1 +O

(
r−1

)
, guA = O (1) , (2.10a)

grr = grA = 0, hAB = r2γAB +O (r) , (2.10b)

and the determinant condition becomes

det(hAB) = r4
(
ϕ0
ϕ

)2
sin2 θ. (2.11)

So r is no longer the luminosity radius, but it approaches to it near I +. Comparing
eqs. (2.5a) with (2.10a), one finds out that the condition on gur is relaxed, so in BD,
β = O

(
r−1). The remaining metric functions have exactly the same asymptotic behaviors

as those in GR, except that the determinant conditions (2.7) and (2.11) are different.

2.2 Asymptotic solutions

In order to solve the equations of motion near the null infinity, one can first assume

ϕ = ϕ0 + ϕ1
r

+ ϕ2
r2 +O

( 1
r3

)
, (2.12a)

hAB = r2γAB + rcAB + dAB +O
(1
r

)
. (2.12b)

Here, all of the expansion coefficients are functions of (u, xA). The indices of cAB and dAB
are lowered and raised by γAB and its inverse γAB. One can check that, the determinant
condition (2.11) implies that

cAB = ĉAB − γAB
ϕ1
ϕ0
, (2.13a)

dAB = d̂AB + γAB

(
1
4 ĉ

D
C ĉ

C
D + ϕ2

1
ϕ2

0
− ϕ2
ϕ0

)
, (2.13b)
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where γAB ĉAB = γAB d̂AB = 0. So ĉAB is transverse and traceless, and contains 2 degrees
of freedom. This is nothing but the transverse-traceless part of the metric perturbation
above the flat spacetime background [49–51]. The remaining degree of freedom is encoded
in ϕ1. In the end, the components of the matter stress-energy tensor are assumed to have
the following forms,

Tuu = T̄uu
r2 +O

( 1
r3

)
, Tur = T̄ur

r4 +O
( 1
r5

)
, Trr = T̄rr

r4 + T̃rr
r5 +O

( 1
r6

)
,

(2.14a)

TuA = T̄uA
r2 +O

( 1
r3

)
, TrA = T̄rA

r3 +O
( 1
r4

)
, (2.14b)

TAB = T̄

r
γAB + T̃AB

r2 +O
( 1
r3

)
, (2.14c)

as suggested in ref. [83], based on the behavior of the radiative canonical scalar field in the
flat spacetime. Here, again, all of the expansion coefficients are functions of (u, xA). In the
following, it is assumed that the matter stress-energy tensor is given.

Following the method presented in ref. [81], one defines the following quantities,

kAB = 1
2∂rhAB, kAB = hACkBC = δAB

r
+ K̂A

B

r2 − δ
A
B

∂rϕ

2ϕ , (2.15a)

lAB = 1
2∂uhAB, lAB = hAC lBC = L̂AB

r
− δAB

∂uϕ

2ϕ , (2.15b)

nA = 1
2e
−2βhAB∂rU

B, (2.15c)

where K̂A
A = L̂AA = 0. kAB is the extrinsic curvature tensor of the null hypersurface

u = const.. In terms of these quantities and the metric functions, the Christoffel symbols
can be expressed, but are very complicated, which can be found in ref. [81].

The equations of motion can be solved in a special order [6, 7, 81, 84]. First, one starts
with the Einstein’s equation (2.2a). The simplest one is the rr-component, which is

4∂rβ
r
− K̂A

BK̂
B
A

r4 − 2∂rϕ
rϕ
− 2ω + 3

2

(
∂rϕ

ϕ2

)2
= 8πG0

ϕ
Trr. (2.16)

From this, one can solve for ∂rβ, and further integrate the resulting equation to give rise
to β, which has the following form,

β = β1
r

+ β2
r2 +O

( 1
r3

)
, (2.17)

with

β1 = − ϕ1
2ϕ0

, (2.18a)

β2 = − ĉ
B
A ĉ

A
B

32 − πG0T̄rr
ϕ0

+ 1− 2ω
16

(
ϕ1
ϕ0

)2
− ϕ2

2ϕ0
. (2.18b)
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The rA-component of eq. (2.2a) is also very simple, which can be rearranged to have the
following form

∂r(r2nA) = r2DA∂rβ − 2rDAβ −DBK̂B
A + 8πG0

ϕ
r2TrA

− rDAϕ
ϕ
− K̂B

ADBϕ
ϕ

+ (1 + ω)r2 (∂rϕ)DAϕ
ϕ2 ,

(2.19)

where DA is the compatible covariant derivative for hAB. Integrating this equation leads
to the series expansion for nA,

nA = DB ĉ
B
A

2r + 1
r2 (NA + UA ln r) +O

( 1
r3

)
, (2.20)

where NA is an integration function and can be named the Bondi angular momentum
aspect, and

UA = DB d̂
B
A + 4πG0

ϕ0
(2T̄rA + DAT̄rr) + DB

(
ϕ1
ϕ0
ĉBA

)
, (2.21)

with DA the covariant derivative of γAB. By the definition (2.15c), one can obtain the
series expansion for UA, i.e.,

UA =− DBC
AB

2r2 + 1
r3

[
−2

3N
A + 1

3 ĉ
ABDC ĉ

C
B −

2
3

(1
3 + ln r

)
U A

]
+O

( 1
r4

)
, (2.22)

where U A = γABUB. Now, it is ready to use the ur-component of eq. (2.2a), whose
explicit form is very complicated. However, one can combine it with eqs. (2.16) and (2.19)
in a suitable way to obtain a fairly manageable expression,

∂rV −
4πG0
ϕ

rTrrV = J

= − 2r(DAUA + UADA lnϕ) + 8πG0
ϕ

r2(Tur + TrAU
A)

+ r2e2β
[
− R2 −DAn

A + (nA +DAβ)(nA +DAβ) +DADAβ

− nADA lnϕ+DAβDA lnϕ+ 1
2D

A lnϕDA lnϕ+ DAD
Aϕ

ϕ

]
=− 1 +O

(
r−2

)
, (2.23)

where R is the Ricci scalar for hAB, and the series expansions for β, φ, UA, nA, and hAB
have been submitted to obtain the last line. With this, V can be solved for, that is,

V = 2m+
∫ r

∞

(
J + 4πG0

ϕ
rTrrV

)
r′

dr′, (2.24)

where m is an integration function, called the Bondi mass aspect [84], and the subscript
r′ of the round brackets means to evaluate the integrand at r′. The form of this equation
suggests that one can replace V in the integration by the left-hand side, and repeat for
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enough times to obtain a series expansion for V truncated at a desired order. Thus, one
finds out that

V = −r + 2m+O
(
r−1

)
. (2.25)

Next, one considers the AB-component of eq. (2.2a), which is even more complicated. After
some tedious manipulation, one arrives at

∂rL̂
A
B +HADBC L̂CD = JAB

= r

[
e2β
(
nAnB +DAβDBβ +DADBβ −

RAB
2 + 4πG0

ϕ
TAB

+ ω

2ϕ2D
AϕDBϕ+ D

ADBϕ
2ϕ

)
− 1

2D
A(e2βnB)− 1

2DB(e2βnA)
]

− 1
2(DAUB +DBUA) + 1

r

[
K̂ACD[CUB] + K̂BCD[CUA]

−1
2K̂

A
BDCUC − UCDCK̂A

B −
1

2ϕK̂
A
BU

CDCϕ+ ∂r

(
V

2r K̂
A
B

)]
+ δAB

{
r

[2πG0
ϕ

(2Tur + 2UCTrC − e2βTCC )− e2β n
CDCϕ
2ϕ

+ DC(e2βDCϕ)
4ϕ

]
− DCU

C

2 − UCDCϕ
ϕ

+ 2πG0
ϕ

V Trr −
∂rV

2r

}
,

(2.26)

where RAB is the Ricci tensor for hAB with one index raised, and

HADBC = 1
r2 (K̂A

C δ
D
B − K̂D

B δ
A
C). (2.27)

The both sides of eq. (2.26) can be rewritten using the series expansions of the metric
functions and ϕ, i.e.,

− ∂u(d̂AB + ϕ1ĉ
B
A/ϕ0)

2r2 +O
( 1
r3

)
= 1

4r2 (2ĉAB −DCDB ĉ
AC −DCDAĉBC + D2ĉAB + δABDCDD ĉ

CD) +O
( 1
r3

)
.

(2.28)

It turns out that the terms in the brackets on the right-hand side add up to zero [81], so

∂ud̂AB = −∂u
(
ϕ1
ϕ0
ĉAB

)
. (2.29)

One can also try to integrate eq. (2.26),

L̂AB = −N
A
B

2 +
∫ r

∞

(
JAB −HADBC L̂CD

)
r′

dr′, (2.30)

with NA
B a new integration function, and replace L̂CD in the brackets with the right-hand

side of the equation several times in order to obtain the series expansion for L̂AB up to an
appropriate order. It turns out that, this treatment leads to an simple result, that is,

NAB = γACN
C
B = −∂uĉAB, (2.31)
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which is called the news tensor [85, 86]. This is also a symmetric and traceless tensor,
i.e., NAB = NBA and γABNAB = 0. So it has two degrees of freedom, like ĉAB. The
nonvanishing of it signals the presence of the tensor GW.

Up to now, the series expansions for all the metric functions have been determined,
i.e., (2.12b), (2.17), (2.22) and (2.25). It is now ready to make use of the remaining
equations. First, the uu-component of the Einstein’s equation (2.2a) gives the evolution of
the Bondi mass aspect,

ṁ = −4πG0
ϕ0

T̄uu −
1
4DADBN

AB − 1
8NABN

AB − 2ω + 3
4

(
N

ϕ0

)2
, (2.32)

where N = ϕ̇1, and dot means the partial u derivative. Second, the uA-component of
eq. (2.2a) gives rise to the evolution of the Bondi angular momentum aspect,

ṄA =− 8πG0
ϕ0

T̄uA + πG0
ϕ0

DA∂uT̄rr + DAm

+ 1
4(DBDADC ĉ

BC −DBDBDC ĉ
C
A)

− 1
16DA(NB

C ĉ
C
B) + 1

4N
B
C DAĉ

C
B + 1

4DB(NC
A ĉ

B
C − ĉCANB

C )

+ 2ω + 3
8ϕ2

0
(ϕ1DAN − 3NDAϕ1).

(2.33)

Third, the equation of motion (2.2b) for ϕ leads to

ϕ̇2 = ϕ1N

ϕ0
− 1

2D2ϕ1 + 8πG0
2ω + 3 T̄ . (2.34)

Similarly to NAB, a nonvanishing N implies that there is the scalar GW at I +. Finally,
eq. (2.2c) results in

∂uT̄rA = DAT̄ , ∂uT̄rr = −2T̄ . (2.35)

The equations giving rise to the above results are extremely complicated and not very
illuminating, so none of them is displayed.

Reflecting upon the computation, one realizes that the news tensor NAB and the scalar
N = ϕ̇1 play special roles. As long as NAB(u, xC) and N(u, xA) are prescribed on I +,
one can determine ĉAB(u, xC) and ϕ1(u, xA), given their initial values ĉAB(u0, x

C) and
ϕ1(u0, x

A) at a certain retarded time u0. Then by eqs. (2.32) and (2.33), the evolutions
of the mass and the angular momentum aspects, m(u, xA) and NA(u, xB), are known with
the knowledge of their initial values m(u0, x

A) and NA(u0, x
B), respectively. Similarly,

eq. (2.29) also gives the evolution of d̂AB(u, xC), again once its initial value d̂AB(u0, x
C)

is given. In the end, eq. (2.34) can now be used to fix ϕ2(u, xA) with ϕ2(u0, x
A) pro-

vided. Indeed, by their definitions, NAB and N are directly associated with the degrees of
freedom in BD.
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Therefore, the metric components are completely determined up to certain orders
in 1/r,

guu = − 1 + 2m+ ϕ1/ϕ0
r

+O
( 1
r2

)
, (2.36a)

gur = − 1 + ϕ1
ϕ0r

+ 1
r2

[ 1
16 ĉ

B
A ĉ

A
B + 2ω − 5

8

(
ϕ1
ϕ0

)2
+ ϕ2
ϕ0

+ 2πG0
ϕ0

T̄rr

]
+O

( 1
r3

)
, (2.36b)

guA = DB ĉ
B
A

2 + 2
3r

[
NA + 1

4 ĉABDC ĉ
BC +

(1
3 + ln r

)
UA −

ϕ1
12ϕ0

DB ĉ
B
A

]
+O

( 1
r2

)
, (2.36c)

gAB = r2γAB + r

(
ĉAB − γAB

ϕ1
ϕ0

)
+ d̂AB + γAB

(1
4 ĉ

D
C ĉ

C
D + ϕ2

1
ϕ2

0
− ϕ2
ϕ0

)
+O

(1
r

)
. (2.36d)

Of course, ϕ has been expanded in eq. (2.12a) with the expansion coefficients satisfying
eq. (2.34). Note the presence of the term with ln r in guA. This leads to the existence of
singularities on the unit 2-sphere [81]. To avoid that, we would like to set UA = 0, so

DB d̂
B
A = −DB

(
ϕ1
ϕ0
ĉBA

)
− 4πG0

ϕ0
(2T̄rA + DAT̄rr), (2.37)

which is consistent with eqs. (2.29) and (2.35).
When the scalar profile is trivial, i.e., ϕn = 0 for n ≥ 1, the metric components (2.36)

reduce to the GR’s results [81], as one would expect. Now, a close inspection reveals that
the coefficient of the 1/r term of guu is m′ = m+ϕ1/2ϕ0. Here, we do not call m′ the Bondi
mass aspect as in GR, because the evolution equation (2.32) suggests that m is consistent
the original meaning of the Bondi mass aspect. Indeed, it is well-known that the outgoing
GWs carry energy away from an isolated system, so a certain “mass” of the system should
decrease. Now, define the following masses

M(u) = ϕ0
4πG0

∮
m(u, xA) sin θdθdφ, (2.38a)

M ′(u) = ϕ0
4πG0

∮
m′(u, xA) sin θdθdφ, (2.38b)

where the integrations are over the unit 2-sphere. Then, M decays according to

Ṁ = −
∮ (

T̄uu + ϕ0
32πG0

NABN
AB + 2ω + 3

16πG0ϕ0
N2
)

sin θdθdφ, (2.39)

in which the second term in eq. (2.32) drops out because it is a total divergence. The
first term in the square brackets above is the energy flux of the matter fields, such as the
electromagnetic field. The second one represents the energy flux of the tensor GW, and
the third is for the scalar GW [71, 72]. However, the rate of the decrease in M ′(u) is

Ṁ ′ = Ṁ + 1
8πG0

∮
N sin θdθdφ, (2.40)
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so the integrand in the second term is linear in N , which is not the energy flux of any
sort. Therefore, this justifies that m should be called the Bondi mass aspect. Moreover,
the discussion in ref. [53] also suggests that M(u) is the Bondi mass. In fact, M ′ is the
Arnowitt-Deser-Misner mass [87], which can be understood by performing the coordinate
transformation u = t− r +O

(
r−1).

As a final remark, it is known that the Kaluza-Klein reduction of a higher-dimensional
Einstein gravity results in scalar-tensor theories [88]. Since the higher-dimensional asymp-
totically flat spacetimes have been solved for in the past [89–92], one may expect that the
solutions presented here can be recovered by the reduction. However, we will not perform
the reduction in this work, because of the complication. According to the reduction proce-
dure [88], one would like to assume that the higher-dimensional spacetime metric possesses
a number of exact symmetries. This puts some constraints on the higher-dimensional
asymptotically flat spacetime, and it is not trivial to express the constraints in terms of
the Bondi-Sachs coordinates, which makes the reduction mathematically very involved. In
addition, the reduction not only gives rise to some scalar fields, but also some vector fields,
and they couple to each other in some nontrivial ways [88]. However, what we have con-
sidered is a theory in which the BD scalar field only couples to the metric, then one should
be careful in interpreting the results of the reduction. Because of these complications, we
would consider the Kaluza-Klein reduction in the future work.

2.3 Gravitational wave polarizations

In the previous sections, the asymptotic solution of an isolated system in BD has been
calculated. It was claimed that when NAB and N are nonvanishing, there exist GWs at
I +. Here, one can verify this statement. Previously, several works discussed GWs and the
polarizations in scalar-tensor theories [49–51, 93, 94]. It is claimed that in a scalar-tensor
theory with a massless scalar field, there are three polarizations. Two of them are the
familiar + and × polarizations, and the third one is the transverse breathing polarization.
Now, let us examine what they are in terms of NAB and N , or ĉAB and ϕ1. In fact, by
simply counting the degrees of freedom, one immediately realizes that ĉAB excites the +
and × polarizations, while ϕ1 the transverse breathing one.

The GW is detected based on the geodesic deviation equation [69],

T c∇c(T b∇bSa) = −RcbdaT cSbT d, (2.41)

where T a is the 4-velocity of a freely falling test particle, and Sa is the deviation vector
between adjacent test particles. To detect the GW of an isolated system, one places test
particles far away from the isolated system. There are many ways to choose test particles.
One of them is to place them at a fixed radius r0 and the fixed direction xA0 , and these
particles are called BMS detectors [5]. In general, these particles will be accelerated, but
as long as r0 is very large, they approximately freely fall. In terms of the coordinates, one
has [5]

Xu,r
BMS(s) = Xu,r

geo(s) +O
(
r−1

0

)
, xABMS(s) = xAgeo(s) +O

(
r−2

0

)
, (2.42)

where the subscript “BMS” means the coordinates are for BMS detectors, and “geo” for the
freely falling particles. So the 4-velocity of the BMS detector is approximately T a = (∂u)a
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at a far distance r0. Define (eθ̂)
a = r−1(∂/∂θ)a, and (eφ̂)a = (r sin θ)−1(∂/∂φ)a. One can

check that they are unit spatial vectors, normal to each other and to T a, at I +. Then, let
Sa = SÂ(eÂ)a, and the geodesic deviation equation is approximately,

S̈Â ≈ −RuB̂u
ÂSB̂, (2.43)

where the electric part of the Riemann tensor Rabcd is

RuÂuB̂ = − 1
2r

(
∂2
uĉÂB̂ − γÂB̂

∂2
uϕ1
ϕ0

)
+O

( 1
r2

)
. (2.44)

Here, γÂB̂ = δÂB̂. It is instructive to compare eq. (2.44) with the matrix (29) in ref. [50]. To
make a sensible comparison, one must understand that eq. (2.44) gives only the transverse
part of the matrix (29), i.e., the top-left 2×2 submatrix. The remaining part of the matrix
(29) is related to RuÂuẑ and Ruẑuẑ with ẑ direction parallel to −(∂u)a + (∂r)a near I +.
These Riemann tensor components are of higher orders in 1/r, so one can ignore them for
the purpose of comparison. So one clearly recognizes that it is ĉAB that is responsible for
the presence of the + and × polarizations, and ϕ1 for the transverse breathing one. When
∂uĉAB = 0 and ϕ̇1 = 0, that is, NAB = 0 and N = 0, there is no change in the deviation,
so there are no GWs.

Now, integrating eq. (2.43) twice results in

∆SÂ ≈
1
2r

(
∆ĉÂB̂ − δÂB̂

∆ϕ1
ϕ0

)
SB̂0 +O

( 1
r2

)
, (2.45)

in which SB̂0 is the initial deviation vector at the retarded time u0 when there were no GWs,
i.e., NAB(u0, x

C) = 0 and N(u0, x
A) = 0. A radiating isolated system will eventually settle

down to a state in which no GWs can be emitted, and so NAB and N vanish again. But
the deviation vector SÂ may not return to its initial value, that is,

∆SÂ 6= 0. (2.46)

This means that there might exist a permanent change in the relative distances between
test particles. This is the GW memory effect. The memory associated with ∆ĉÂB̂ would be
similar to the one in GR, as shown below. The one associated with ∆ϕ1 is new, and named
S memory in ref. [64]. Since the scalar GW causes a uniform expansion and contraction
in the plane perpendicular to the propagation direction, S memory will also be uniform in
that plane. Because the interferometer responses to the GWs depending on the propagation
direction and the polarization, it is possible to detect the tensor and scalar polarizations,
and thus S memory, by combining data from three or more interferometers [64, 65, 95, 96].

In GR, memory effect is closely related to the asymptotic symmetry that preserves
the boundary conditions (2.5) and the determinant condition (2.7). In the following, the
relation between the memory effect and the asymptotic symmetry in BD is discussed. One
begins with the asymptotic symmetry in BD.
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3 Asymptotic symmetry

Like GR, the scalar-tensor theory is diffeomorphic. Among all the coordinate transforma-
tions, there exists a set of transformations that preserve the boundary conditions (2.10)
and (2.12a). Such a set forms a group, and is called the BMS group [6–8]. Let ξµ be a
vector field that generates an infinitesimal BMS transformation, then one requires that [81]

Lξgrr = LξgrA = 0, (3.1a)

gABLξgAB = −2Lξϕ

ϕ
, (3.1b)

Lξgur = O
(
r−1

)
, LξguA = O (1) , LξgAB = O (r) , (3.1c)

Lξguu = O
(
r−1

)
, (3.1d)

Lξϕ = O
(
r−1

)
. (3.1e)

In GR, one usually demands that gABLξgAB = 0, but here, we impose a different condition
given by eq. (3.1b). This is suggested by the determinant condition (2.11), and would
reproduce GR’s condition when ϕ is trivial. By some tedious calculation, one finds out
that eqs. (3.1a) and (3.1b) determine the components of ξµ, i.e.,

ξu = f(u, xA), (3.2a)

ξA = Y A(u, xA)− (DBf)
∫ ∞
r

e2βgABdr′, (3.2b)

ξr = r

2(UADAf −DAξ
A), (3.2c)

where f and Y A are arbitrary integration functions. Next, eq. (3.1c) implies the following
properties of the integration functions,

ḟ = ψ

2 = 1
2DAY

A, (3.3a)

Ẏ A = 0, (3.3b)

LY γAB = ψγAB. (3.3c)

Finally, eqs. (3.1d) and (3.1e) lead to no new restrictions on ξµ. Equation (3.3b) shows
that Y A depends only on xA, and it is actually a conformal Killing vector field for γAB
according to eq. (3.3c). By eq. (3.3a), one obtains that

f = α(xA) + u
ψ

2 (3.4)

with α(xA) an integration function of xA.
Formally, eqs. (3.2a) and (3.2b) coincide with those in GR [81], because, in both GR

and BD, it is demanded that grr = grA = 0 in any Bondi coordinates. Although the two
theories have distinct determinant conditions, ξr [refer to (3.2c)] still takes the same form
as that in GR due to eq. (3.1b). The properties (3.3) and (3.4) satisfied by f and Y A are
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also the same as those in GR. Using the asymptotic expansions of the metric functions and
the scalar field, one knows that

ξA = Y A − DAf

r
+ ĉABDBf

2r2 +O
( 1
r3

)
, (3.5a)

ξr = −r2ψ + 1
2D2f − 1

2r

[
(DAf)DB ĉ

AB + 1
2 ĉ

ABDADBf

]
+O

( 1
r2

)
. (3.5b)

Despite the fact that eqs. (3.5) contains no expansion coefficients ϕn of ϕ, and thus takes
the same form as those in GR, ϕn show up at higher order terms in 1/r. These higher
order terms are very complicated and not very illuminating, so none is displayed.

As shown by eqs. (3.5), together with eq. (3.2a), an infinitesimal BMS transformation
is generated by the arbitrary functions f and Y A, or α and Y A, referring to eq. (3.4). In
particular, the transformation generated by α 6= 0 and Y A = 0 is called a supertranslation.
The supertranslations form a normal subgroup of the BMS group, denoted by S . Among
the supertranslations, those generated by

α = α0 + α1 sin θ cosφ+ α2 sin θ sinφ+ α3 cos θ, (3.6)

with αn (n = 0, 1, 2, 3) constant are translations, and constitute the translation subgroup
T . The transformations generated by α = 0 and Y A 6= 0 are special. Since Y A is a confor-
mal Killing vector field on a unit 2 sphere, if it is required to be smooth and finite, the set of
such vector fields is isomorphic to the Lorentz algebra. So in this case, the transformations
generated by such conformal Killing vector fields are called the Lorentz transformations,
and the corresponding group is labeled by L . One may drop the requirement that Y A be
smooth and finite, and the resulting transformations are called the super-rotations or su-
perboosts [83, 97–101]. In this work, we will not consider the super-rotations/superboosts.
For their associated memory effects and soft theorems in GR, please refers to refs. [102, 103].

Under an infinitesimal BMS transformation ξa, the scalar field changes according to
δξϕ = Lξϕ, and so

δξϕ1 = fN + ψ

2 ϕ1 + Y ADAϕ1, (3.7a)

δξϕ2 = fϕ̇2 −
D2f

2 ϕ1 − (DAf)DAϕ1 + ψϕ2 + Y ADAϕ2. (3.7b)

At the same time, the metric transforms according to δξgab = Lξgab, from which, we find
out that

δξ ĉAB = − fNAB − 2DADBf + γABD2f + LY ĉAB −
ψ

2 ĉAB, (3.8a)

δξd̂AB = f∂ud̂AB + LY d̂AB + ϕ1
ϕ0

(2DADBf − γABD2f), (3.8b)

δξm = fṁ+ Y ADAm+ 3
2ψm−

1
4N

ABDADBf −
1
2(DAf)DBN

AB, (3.8c)

δξNA = fṄA + LYNA + ψNA + 3mDAf

− 1
2 d̂

B
ADBψ −

2πG0
ϕ0

T̄DAf −
πG0
ϕ0

T̄rrDAψ
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− 1
32 ĉ

B
C ĉ

C
BDAψ −

1
2 ĉ

B
AN

C
BDCf + 3

16 ĉ
C
BN

B
C DAf

+ ĉBA
4 DB(D2f + 2f)− 3

4(DBDC ĉ
C
A −DADC ĉ

C
B)DBf

+ 1
2

(
DADBf −

1
2γABD2f

)
DC ĉ

BC + 3
8DA(ĉBCDBDCf)

− 2ϕ̇1
3ϕ0

fDB ĉ
B
A + 2ϕ1

3ϕ0
DB(fNB

A )− ϕ1
6ϕ0

ĉBADBψ

− 2
3DB

(
ϕ1
ϕ0
Y BDC ĉ

C
A

)
− 2ϕ1

3ϕ0
(DAYB)DC ĉ

BC

+ 2ω + 3
8

ϕ1ϕ̇1
ϕ2

0
DAf + 2ϕ1

3ϕ0
DA(D2f + 2f)

− 2ω + 3
16

(
ϕ1
ϕ0

)2
DAψ, (3.8d)

where LY ĉAB = Y CDC ĉAB + ĉCBDAY
C + ĉACDBY

C is the Lie derivative, and a similar
expression for LY d̂AB applies. Thus, the news tensor NAB and the scalar N change
according to

δξNAB = fṄAB + LYNAB, (3.9a)
δξN = fṄ + ψN + Y ADAN, (3.9b)

where LYNAB has a similar expression to LY ĉAB.
Now, it is ready to decode the relation of memory effect, BMS symmetry and the

degenerate vacua.

4 Memory effect and the degenerate vacua

As briefly introduced in section 2.3, memory effect is the permanent change in the deviation
vector between the initial and the final states without any GWs. These states are called
nonradiative [83]. In a nonradiative state, NAB = 0 and N = 0. Because of eqs. (3.9), these
states are invariant under any BMS transformation. The vanishing NAB and N does not
imply either ĉAB = 0 or ϕ1 = 0. If ĉAB and ϕ1 were zero, an arbitrary infinitesimal BMS
transformation would generally result in nonvanishing ĉAB and ϕ1, referring to eqs. (3.7a)
and (3.8a). We are more interested in the special case where the initial and the final states
are both vacua. The definition of the vacuum in the scalar sector is simple, i.e., N = 0.
But for the tensor sector, it is trickier.

To define a vacuum state in the tensor sector, one sets up a Newman-Penrose (NP)
tetrad {la, na,ma, m̄a} at I + [104],

la = (∂r)a, na = −(∂u)a + 1
2(∂r)a, ma = 1√

2r
[(∂θ)a − i csc θ(∂φ)a] , (4.1)

and m̄a is the complex conjugate of ma. One can check that at I +, they satisfy the
following normalization conditions,

lana = mam̄a = −1, (4.2)
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and other contractions are zero, and so these vector are all null. In addition, la satisfies
the geodesic equation. Now, one can calculate some NP variables related to the outgoing
tensor GW, given by [105]

Ψ4 = Cabcdn
am̄bncm̄d = r

2∂uNABm̄
Am̄B + · · · , (4.3a)

Ψ3 = Cabcdm̄
anblcnd = 1

2r m̄
ADBN

B
A + · · · , (4.3b)

and

=Ψ2 ==(Cabcdm̄anblcmd)

= 1
i8r (−NC

A ĉBC −DADC ĉ
C
B + DBDC ĉ

C
A)(m̄AmB −mAm̄B) + · · · ,

(4.3c)

where dots represent higher order terms, and = is to take the imaginary part. The vacuum
state is the one in which the leading order terms in the above expressions vanish, together
with NAB = 0, in GR [9, 86]. Here, in BD, we also define the vacuum state in the same
way. So one has to solve for ĉAB such that the right-hand side of the last equation vanishes
at the leading order. For this purpose, it is easier to use the standard complex coordinate
ζ = eiφ cot θ2 on the unit 2-sphere. In this coordinates, one has

ma = −

√
ζ̄

2ζ (1 + ζζ̄)(∂ζ̄)
a. (4.4)

Therefore, the vanishing of the leading order term of the right-hand side of (4.3c) is equiv-
alent to

(1 + ζζ̄)4

i16 (D2
ζ̄
ĉζζ −D2

ζ ĉζ̄ζ̄) = 0. (4.5)

The general solution to this equation is [5, 9]

ĉζζ = −2D2
ζC(ζ, ζ̄), (4.6)

for some function C(ζ, ζ̄) on the unit 2-sphere. Thus, C(ζ, ζ̄) completely characterizes ĉζζ
in vacuum state. In summary, a vacuum is labeled by functions C(ζ, ζ̄) and ϕ1(ζ, ζ̄), not by
the leading order spacetime metric, i.e., the flat metric ds2

0 = −du2−2dudr+r2γABdxAdxB.
This metric is shared by all vacua [85]. As long as either C(ζ, ζ̄) or ϕ1(ζ, ζ̄) changes, the
vacuum changes.

This result has a profound implication. Let us perform an infinitesimal supertranslation
with f = α(xA) and Y A = 0 on the vacuum state, then ĉAB transforms according to

δαĉAB = −2DADBα+ γABD2α, (4.7a)

or, in the complex coordinate system,

δαĉζζ = −2D2
ζα. (4.7b)

Therefore, the transformed ĉ′ζζ = −2D2
ζC
′ with C ′ = C + α is also a function on the

unit 2-sphere. This means that the state described by ĉ′ζζ is still vacuum, so there is no
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a unique vacuum in the tensor sector. The degenerate vacua are related to each other
via a supertranslation. As usual, one may fix a physical vacuum, e.g., C(ζ, ζ̄) = 0 or
ĉζζ = 0 [106]. However, an infinitesimal Lorentz transformation with α = 0 and Y A 6= 0
changes an arbitrary vacuum state in the tensor sector, because

δY ĉζζ = LY ĉζζ −
ψ

2 ĉζζ , (4.8)

which does necessarily lead to ĉ′′ζζ = −2D2
ζC
′′ for some C ′′(ζ, ζ̄). So the resultant state is

no longer a vacuum. Nevertheless, the Lorentz transform preserves the physical vacuum
δY ĉζζ = 0. Since we are now discussing the memory effect in BD, we should also study the
transformation of ϕ1. By eq. (3.7a), an infinitesimal supertranslation does not change ϕ1
in a vacuum state, but an infinitesimal Lorentz transformation generated by Y A does,

δY ϕ1 = ψ

2 ϕ1 + Y ADAϕ1. (4.9)

So this means that in the scalar sector, there are also degenerate vacua with respect to the
Lorentz transformation, instead of the supertranslation.

Now, it is ready to discuss how memory effect is related to supertranslations and
Lorentz transformations in BD. Consider an isolated system which is initially in a vacuum
state before the retarded time ui, with ĉζζ and ϕ1 = ϕi constant in u.1 Then, it starts to
radiate GWs, and eventually settles down to a new vacuum state with ĉ′ζζ and ϕ1 = ϕf after
the time uf . Now, begin with the memory effect for the tensor GW. The above discussion
shows that there exist two functions C(ζ, ζ̄) and C ′(ζ, ζ̄) on the unit 2-sphere such that
ĉζζ = −2D2

ζC and ĉ′ζζ = −2D2
ζC
′. The difference α = C ′ − C generates an infinitesimal

supertranslation, which relates ĉ′ζζ to ĉζζ in the following way,

ĉ′ζζ − ĉζζ = −2D2
ζα. (4.10)

Therefore, the deviation vector changes permanently according to

∆Sζ ≈ −
D2
ζα

r
Sζ0 +O

( 1
r2

)
, (4.11)

due to the tensor GW. This observation suggests the memory effect of the tensor GW is
due to the supertranslation that induces the transition among the degenerate vacua in the
tensor sector.

However, the supertranslation does not change ϕ1 as discussed above, so the memory
effect caused by the scalar GW is not generated by a supertranslation. Rather, the Lorentz
transformation does the work. Suppose after the radiation, the initial scalar field ϕ1 = ϕi
changes to ϕ′1 = ϕf . Then one may not be able to find a vector Y A such that δY ϕ1 =
ϕf − ϕi, but a finite Lorentz transformation should relate ϕi to ϕf . Therefore, it is the
Lorentz transformation that generates the transition among the vacua in the scalar sector
and thus the memory effect of the scalar GW.

1This vacuum state and the one in the next sentence might not be the physical vacuum state.
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With the evolution equations (2.32) and (2.33), one can find the changes in ĉAB and
ϕ1. For the tensor memory effect, one integrates eq. (2.32) over u from ui to uf , and then,
moves some terms to get

D2
ζ∆ĉζζ = 2∆m+

∫ uf

ui

du
[8πG0
ϕ0

T̄uu + 1
2NζζN

ζζ + 2ω + 3
2

(
N

ϕ0

)2 ]
. (4.12)

Here, eq. (4.5) has been used. With eq. (4.10), one determines [5]

α(ζ, ζ̄) =−
∫

dζ ′dζ̄ ′γζ′ζ̄′G(ζ, ζ̄; ζ ′, ζ̄ ′)

×
{

∆m+
∫ uf

ui

du
[4πG0
ϕ0

T̄uu + 1
4NζζN

ζζ + 2ω + 3
4

(
N

ϕ0

)2 ]}
,

(4.13)

where G(ζ, ζ̄; ζ ′, ζ̄ ′) is the Green’s function, given by

G(ζ, ζ̄; ζ ′, ζ̄ ′) = − 1
π

sin2 Θ
2 ln sin2 Θ

2 , sin2 Θ
2 ≡

|ζ − ζ ′|2

(1 + ζζ̄)(1 + ζ ′ζ̄ ′)
,

such that D2
ζD

2
ζ̄
G(ζ, ζ̄; ζ ′, ζ̄ ′) = −γζζ̄δ2(ζ − ζ ′) + · · · . By eq. (4.13), one concludes that the

tensor memory effect is due to the transition among the tensor vacua caused by the null
energy fluxes passing through I +, exactly the same as in GR [5]. The null energy fluxes
include the matter, the tensor GW and the scalar GW fluxes, as displayed in the square
brackets in sequence. In terms of the terminology of ref. [107], the first term in the curly
brackets of eq. (4.13) is the ordinary memory, and the remaining ones represent the null
memory. Of course, the null memory caused by the scalar GW is new, which is called T
memory in ref. [64].

For the scalar memory effect, contract both sides of eq. (2.33) with DA, integrate over
u from ui to uf , and act D−2 on both sides. Then, one obtains that

2ω + 3
16ϕ2

0
∆ϕ2

1 =− πG0
ϕ0

∆T̄rr + ∆(ĉBA ĉAB)
32 −

∫ uf

ui

mdu+ 1
2π

∫
dζ ′dζ̄ ′γζ′ζ̄′G(ζ, ζ̄; ζ ′, ζ̄ ′)

×DA

[
∆NA +

∫ uf

ui

du
(8πG0

ϕ0
T̄uA −

1
4N

B
C DAĉ

C
B + 2ω + 3

2ϕ2
0
NDAϕ1

)]
,

(4.14)

where G(ζ, ζ̄; ζ ′, ζ̄ ′) = ln sin2 Θ
2 is another Green’s function satisfying ∂ζ∂ζ̄G(ζ, ζ̄; ζ ′, ζ̄ ′) =

2πδ2(ζ − ζ ′) − γζζ̄/2 [10], and if the terms in the square brackets were written in the ζ
coordinate system, the expression would be very clumsy. So one can consider an experi-
mentally relevant process whose initial state is some vacuum state with an initial ϕi (and
ĉζζ), and the final state contains a single stationary back hole. Due to the no-hair theorem,
the final ϕf = 0 [108, 109]. Therefore, the left-hand side of eq. (4.14) is proportional to
∆ϕ2

i . The terms in the round brackets in the second line are the angular momentum fluxes
of the matter, the tensor GW and the scalar GW, respectively [71]. This means that the
scalar memory effect is related to the transition among the scalar vacua induced by the
angular momentum fluxes through I +. Again, in the terminology of ref. [107], one might
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call the effect corresponding to the round brackets the null scalar memory, and the one to
the remaining terms the ordinary scalar memory.

As a final remark, we would like to briefly discuss the spin and the CM memory effects
in BD. By the arguments in refs. [10, 58], these effects are due to the leading order term
of guA component. According to eq. (2.36c), the leading order term of guA contains no
contributions from the scalar field ϕ. So in tensor sector in BD, there are also similar spin
and CM memory effects to those in GR, but in scalar sector, neither spin memory nor
CM memory exists. Of course, this does not mean that ϕ plays no role in the spin or CM
memory. In fact, its angular momentum flux also generates the spin and CM memories, just
like other angular momentum fluxes [10, 58]. Note that the spin memory effect is induced
by the curl part of the angular momentum fluxes as clearly demonstrated by eq. (4.10) in
ref. [83], while the scalar displacement memory effect is due to the divergence part of the
angular momentum fluxes, referring to eq. (4.14). The relation between the CM memory
effect and the angular momentum fluxes are more complicated, so its discussion is presented
in ref. [53].

5 Conclusion

From the above discussion, one understands that the memory effect of an isolated system
in BD shares some similarities with that in GR and also has its own specialties. In both
theories, there are memory effects for the tensor GW, which are induced by the passage of
the null energy fluxes through I +. The supertranslations transform the degenerate vacua
in the tensor sector, which makes the tensor memory effect possible. However, in BD, there
exists the scalar GW. It not only contributes to the tensor memory effect by providing a
new energy flux, but also has its own memory effect. This new memory effect is due to the
angular momentum fluxes penetrating I +. There are also degenerate vacua in the scalar
sector, which are transformed into each other via the Lorentz transformations.
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A Memories and soft theorems

In this appendix, we will briefly discuss the relation between memory effects and soft
theorems. For this purpose, we will first compute the memory effects in the scattering of
large massive objects in subsection A.1. Then, subsection A.2 focuses on the soft theorems.
In this section, the abstract index notation will not be used.

A.1 Burst memory waves

Consider the scattering of large massive objects, such as stars and black holes. The scatter-
ing generates GWs that may produce the displacement memory effects at the null infinity.
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For the purpose of calculating the GW waveforms, we can linearize eqs. (2.2a) and (2.2b)
by setting gµν = ηµν + hµν and ϕ = ϕ0 + χ with ηµν the flat metric, and hµν and χ small.
Further, one replaces hµν by h̃µν = hµν − ηµνηρσhρσ/2− ηµνχ/ϕ0, and imposes the Lorenz
gauge condition (∂ν h̃µν = 0) to obtain [49, 71],

�h̃µν = −16πG0
ϕ0

Tµν , (A.1a)

�χ = 8πG0
2ω + 3T, (A.1b)

where � = ∂µ∂
µ. According to ref. [110], the matter stress-energy tensor can be taken as

Tµν =
∑
j

∫
m(j)u(j)

µ u(j)
ν δ(4)[x−X(τ (j))]dτ (j), (A.2)

which is suitable for a systems of stars of masses m(j), moving at the 4-velocities ua(j)
along the trajectories X(τ (j)) parameterized by the proper times τ (j). The index j labels
different stars, and can be freely raised or lowered. One can use the method of Green’s
function to obtain the wave solutions, and the Green’s function is taken to be the flat space
propagator [111],

0G(x, y) = 1
4πδret

[1
2ηµν(xµ − yµ)(xν − yν)

]
, (A.3)

in which δret vanishes if yµ is in the causal past of xµ, and otherwise, it is the Dirac delta
function. With these, one can easily calculate to get,

h̃µν = 4G0
ϕ0r

∑
j

p
(j)
µ p

(j)
ν

k · p(j) , (A.4a)

χ = 2G0
(2ω + 3)r

∑
j

m2
(j)

k · p(j) , (A.4b)

where r is the distance between the observer and the collision region, p(j)
µ = m(j)u

(j)
µ ,

kµ = (−1,−n̂) with n̂ a unit spatial vector pointing from the source to the observer, and
k · p(j) = kµp

(j)
µ . It seems that eq. (A.4b) is negative, but since kµ is pointing to the past,

k · p(j) > 0, so eq. (A.4b) is positive.
Although h̃µν differs from hµν , ref. [50] has shown that the plus and the cross polar-

izations are represented by the transverse-traceless (TT) part of h̃µν , so the displacement
memory effect in the tensor sector is given by

∆hTT
µν (k) = 4G0

ϕ0r

 O∑
j=1

p
′(j)
µ p

′(j)
ν

k · p′(j) −
I∑
j=1

p
(j)
µ p

(j)
ν

k · p(j)

TT

, (A.5)

where p(j) are the momenta of the incoming stars, p′(j) are for the outgoing stars, and I and
O are the numbers of the incoming and the outgoing stars, respectively. The displacement
memory effect in the scalar sector is

∆χ(k) = 2G0
(2ω + 3)r

 O∑
j=1

m2
(j)

k · p′(j) −
I∑
j=1

m2
(j)

k · p(j)

 . (A.6)
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Since χ represents the leading order correction to ϕ, ∆χ = ∆ϕ1/r, and the above expression
indeed describes the displacement memory in the scalar sector.

By eq. (A.5), the tensor memory in BD takes exactly the same form as that in GR,
modulo some factor difference [5]. As discussed in the next section, the action for the tensor
GW, accurate up to an appropriate order, is also the same in both theories. Therefore, the
memory effect and the soft theorem are correctly related to each other in BD. So the next
section focus on the soft theorem for the scalar GW.

A.2 Soft theorems

In this subsection, the soft theorem is derived and generalized to BD theory. Here, the
matter action is simply taken to be [112]

Sm =
∫

d4x
√
−g

(
−1

2∇µΦ∇µΦ− 1
2m

2Φ2
)
, (A.7)

where Φ is a scalar field with mass m. Now, perturb the total action (2.1) to suitable order
in hµν and χ. Then, one obtains an action which contains terms of the form ∂χ∂h. In
order to remove them, one defines hµν = h̄µν − ηµνχ/ϕ0, so one obtains a Lagrange whose
kinetic terms are

Lkin =− 1
2∂µΦ∂µΦ− 1

2m
2Φ2 − 2ω + 3

16πG0ϕ0
∂µχ∂

µχ

− ϕ0
16πG0

(1
2∂ρh̄µν∂

ρh̄µν − ∂ρh̄µρ∂σh̄µσ + ∂µh̄∂ν h̄µν −
1
2∂µh̄∂

µh̄

)
,

(A.8a)

and the interaction terms relevant for our purpose are

Lint = χ

2ϕ0

(
∂µΦ∂µΦ +m2Φ2

)
+ h̄µν

2

[
∂µΦ∂νΦ− ηµν

2
(
∂ρΦ∂ρΦ +m2Φ2

)]
. (A.8b)

The interaction for χ differs from the one in ref. [113]. From these results, one knows
that h̄µν behaves just like the one in GR, if one ignores the mass term for Φ. As argued
in ref. [112], the mass term does not affect the soft theorem for the spin-2 graviton, so
ref. [112]’s results in section 4 can be used by suitably rescaling their eq. (4.7). This
means that the memory effect in the tensor sector is associated with the soft (spin-2)
graviton theorem via the Fourier transformation in the tensor sector in BD. In fact, with
the arguments in ref. [9], the infrared triangle also exists in the tensor sector in BD.

So now, we will repeat the computation in section 4 of ref. [112] for the scalar field χ.
For that purpose, we first rescale χ, that is, we consider the canonical scalar field χ̂ = Zχ

with Z =
√

2ω+3
16πG0ϕ0

. The Feynman rule for the interaction χ̂
2Zϕ0

(∂µΦ∂µΦ +m2Φ2) is

= i

Zϕ0

(
p1 · p2 +m2

)
. (A.9)

Now, consider a process with I incoming and O outgoing scalars Φ, whose scattering
amplitude is denoted asM(p′1, · · · , p′O; p1, · · · , pI), and a similar process with one extra soft
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χ emitted, whose amplitude is denoted as M(q, p′1, · · · , p′O; p1, · · · , pI). The contributing
Feynman diagrams to the second amplitude includes the following typical one,

= 1
Zϕ0

p′j · (p′j − q) +m2

−(p′j − q)2 −m2 M(p′1, · · · , p′j−q, · · · , p′O; p1, · · · , pI). (A.10)

By moving the dashed line to other outgoing external legs, one obtains the remaining
diagrams whose amplitudes are similar to the above one, and if the dashed line is attached
to one of the incoming external legs, one has to add a minus sign. Note the factor becomes

p′j · (p′j − q) +m2

−(p′j − q)2 −m2 = −pj · q2pj · q
→ −1

2 , (A.11)

exactly. From this result, one knows that this soft theorem cannot be the Fourier transform
of eq. (A.6). This is consistent with the fact that under the supertranslation, ϕ1 ∝ χ does
not change if it is in the vacuum state.

As is known, the spin memory effect in GR is related to the subleading soft theorem [10,
114], and the angular momentum flux arriving at I + induces it [83]. By eq. (4.14), the
displacement memory effect in the scalar sector also has something to do with the angular
momentum flux, so one expects some new form of the subleading soft theorem exists for
the scalar memory effect. This deserves further studies, and will be discussed in the future.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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