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ABSTRACT: Building on the recent derivation of a bare factorization theorem for the b-
quark induced contribution to the h — v decay amplitude based on soft-collinear effective
theory, we derive the first renormalized factorization theorem for a process described at
subleading power in scale ratios, where A = my/M;, < 1 in our case. We prove two
refactorization conditions for a matching coefficient and an operator matrix element in the
endpoint region, where they exhibit singularities giving rise to divergent convolution inte-
grals. The refactorization conditions ensure that the dependence of the decay amplitude
on the rapidity regulator, which regularizes the endpoint singularities, cancels out to all
orders of perturbation theory. We establish the renormalized form of the factorization for-
mula, proving that extra contributions arising from the fact that “endpoint regularization”
does not commute with renormalization can be absorbed, to all orders, by a redefinition of
one of the matching coefficients. We derive the renormalization-group evolution equation
satisfied by all quantities in the factorization formula and use them to predict the large
logarithms of order ava? L¥ in the three-loop decay amplitude, where L = In(—M?/m?2)
and k = 6,5,4,3. We find perfect agreement with existing numerical results for the am-
plitude and analytical results for the three-loop contributions involving a massless quark
loop. On the other hand, we disagree with the results of previous attempts to predict the
series of subleading logarithms ~ o L2"+1.
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1 Introduction

Soft-collinear effective theory (SCET) [1-3] provides a convenient framework for addressing
the problems of scale separation and factorization in high-energy physics using the powerful
tools of effective field theory. Much recent work has focused on exploring the structure of
factorization at subleading order in power counting — a problem that turns out to be un-
expectedly subtle and full of complexities. Specific applications discussed in the literature
include the study of power corrections to event shapes [4] and transverse-momentum distri-
butions [5, 6], the threshold factorization for the Drell-Yan process [7, 8], and the factoriza-
tion of power-suppressed contributions to Higgs-boson decays [9, 10]. One finds that such
factorization theorems contain a sum over convolutions of Wilson coefficients with operator
matrix elements, where the relevant SCET operators mix under renormalization. Several
new complications arise, which do not occur at leading power. The most puzzling one is the
appearance of endpoint-divergent convolution integrals over products of component func-
tions each depending on a single scale [6, 8-14]. In some sense, such endpoint divergences
indicate a failure of dimensional regularization and the MS subtraction scheme, because
some of the 1/€™ pole terms are not removed by renormalizing the individual component
functions, and hence naive scale separation is violated. Standard tools of renormalization
theory are then insufficient to obtain well-defined, renormalized factorization theorems in-
volving convergent convolutions over renormalized functions. Indeed, for none of the above-
mentioned examples is it currently known how to formulate a theoretically consistent renor-
malized factorization theorem. This would, however, be needed in order to fully establish
SCET as a versatile tool and apply it to several observables of phenomenological interest.

In a recent paper [9], two of us have started a detailed discussion of factorization
at subleading power within the framework of SCET. As a concrete example, we have
considered the decay amplitude for the radiative Higgs-boson decay h — vy mediated by
the Higgs coupling to bottom quarks. In the limit m; < M}, one finds for the corresponding
contribution to the decay amplitude

_ Neay yp . N L? Crasg L4 3 9
(1.1)

where L = In(M?/m?) — i is the relevant large logarithm. Here my, y, and o = eia
(with e, = —%) denote the mass, Yukawa coupling and electromagnetic coupling of the
b quark, and €,(k;) are the polarization vectors of the two photons. At leading double-
logarithmic order, the large logarithms in this amplitude were resummed a long time ago
using conventional tools of perturbative quantum field theory [15, 16] (see [17, 18] for more
recent related work), and it was found that

LL o Ncay Yb HY * L2 = 2F(n+1) CFas 2 "
MY 7) = S g 00 <20 5 3 f g (gt V) - (02
However, we will see later that the sum of this series provides a poor numerical approx-
imation to the decay amplitude. In order to go beyond the leading double-logarithmic
approximation it is necessary to start from a consistent all-order factorization theorem,



which properly separates the relevant scales in this process. In [9] we have factorized the
decay amplitude and expressed it in terms of convolutions of bare matching coefficients
with unrenormalized operator matrix elements. The convolution integrals contain end-
point divergences that require both dimensional and rapidity regulators. We have shown
that, to all orders of perturbation theory, the endpoint divergences cancel out in the sum
of all contributions to the factorization theorem, and they can be removed by suitably
rearranging the factorization formula.

Here we continue our study of the b-quark induced h — vy decay amplitude and
derive a renormalized factorization theorem for this process. The establishment of such a
factorization formula — the first of its kind — is the main accomplishment of the present
work. In section 2 we recall the factorization theorem for the b-quark induced h — ~~ decay
amplitude as derived in [9]. A crucial step in the derivation of this formula made use of two
D-dimensional refactorization conditions, which were derived from the requirement that in
the sum of all terms the dependence on the rapidity regulator must cancel to all orders of
perturbation theory. In section 3 we prove these refactorization conditions using techniques
from SCET. The renormalized form of the factorization formula is derived in section 4.
We first discuss the renormalization of the various operators and matching coefficients
and derive their renormalization-group (RG) evolution equations using standard tools of
quantum field theory. There is one important subtlety related to the fact that the presence
of hard cutoffs on the convolution integrals, which is a consequence of the regularization of
endpoint divergences, does not commute with renormalization. In section 4.5 we show that,
to all orders of perturbation theory, the additional terms encountered when the cutoffs are
moved from the bare to the renormalized convolutions amount to an extra contribution
to one of the matching coefficients. The evolution equations satisfied by the renormalized
matching coefficients and matrix elements are derived in section 5. Using these equations,
we predict in section 6 the large logarithms of order ozbagL’C with & = 6,5,4,3 in the
three-loop decay amplitude, finding complete agreement with existing multi-loop results
in the literature [19, 20]. However, we do not confirm previous predictions for the series
of subleading logarithms of order apa® L?"*! [16, 21], which were based on conventional
resummation techniques. Section 7 contains our conclusions. Several technical details are
relegated to a series of appendices. A short letter summarizing our main results has recently
appeared in [22]. There we have discussed the resummation of large logarithms at next-to-
leading logarithmic order. A complete resummation of large logarithms in RG-improved
perturbation theory is left for future work.

2 Factorization formula in terms of bare objects

As shown in (1.1), the b-quark induced contribution to the h — ~+ decay amplitude receives

large logarithms of the form aja?

“1LF with k < 2n. In order to resum these logarithms
in a systematic way it is necessary to factorize the amplitude into objects depending only
on one of the three relevant scales, set by the Higgs-boson mass Mj, the mass m; of
the bottom quark, and the intermediate scale /My m;. In [9], two of us have derived a

“bare” factorization theorem, which accomplishes this. It contains three terms consisting
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Figure 1. Leading regions of loop momenta (h: hard, ¢: ni-collinear, s: soft, he: ny-hard-collinear,
he: np-hard-collinear) contributing to the decay amplitude. The convolution symbol ® in the second
term means an integral over z.

)

HZ-(O), which account for the hard matching corrections arising when the “full theory” (the

Standard Model with the top quark integrated out) is matched onto SCET. In its simplest
form, the factorization formula reads

of bare (i.e. unrenormalized) SCET operators OEO multiplied by bare Wilson coefficients

1
Miy(h = y7) = H® (19] O |h) +2 /0 dz H" (2) (v 05 (2) [n)+ HY (yy| O ) . (2.1)

The three terms corresponding to different regions of loop momenta giving rise to leading
contributions to the decay amplitude My, as illustrated in figure 1. The operator

o = "0 At AL, 22)

contains a Higgs field coupled to two collinear gauge fields describing photons moving along
opposite light-like directions n; and ne = 1. Here and below, fields without an argument
are located at the spacetime point x = 0. The canonical choice of the reference vectors
is nf' = (1,0,0,1) and nf = (1,0,0, —1). This operator descents from full-theory graphs in
which all internal momenta are hard, of order M},. Next, the operator

O (2) = h | X,/ 7;1 8(27- ky + ifir - ) X, | AL, (2.3)
contains a Higgs field, an mo-collinear photon field and two ni-collinear b-quark fields,
which share the momentum k; of the other photon. This operator is generated by full-
theory graphs in which a loop momentum is collinear with the photon direction n; and



carries virtuality of order m;. The factor 2 in front of this contribution in (2.1) arises
because there is an analogous contribution with n; and no interchanged. The symbols
Al and Xy, in the above definitions denote effective photon and b-quark fields defined
in SCET (the so-called “gauge-invariant building blocks” [2, 23]), which differ from the
ordinary quantum fields A* and % in that they contain collinear Wilson lines in their
definition and that they obey the constraints n; - A,, = 0 and 7,X,, = 0. Note that
the Feynman rule for the vector field A* contains a factor of e;, which is the reason why
we have divided by e} in the definition of O;. The symbol L on 4-vectors indicates the
components orthogonal to the light-cone basis vectors n; and ns. Finally, the operator

o =1 {h Xy Xy i /dDa: £ /dDy £ } +hec. (2.4)

contains the time-ordered product of the scalar Higgs current with two subleading-power
terms in the SCET Lagrangian [3], in which hard-collinear fields are coupled to a soft quark
field. It arises from full-theory graphs containing a soft quark propagator between the two
photons, with all momentum components of order my. In terms of gauge-invariant building
blocks, the relevant subleading-power terms in the SCET Lagrangian read

8 () = qulan) [y, (@) + B, (2)] Xy (2)

, (2.5)
87 (y) = Xy () [, () + 91, ()] s(05)

where G is the building block for the hard-collinear gluon field. In interactions of hard-
collinear fields with soft fields the soft field operators must be multipole expanded for
consistency [3, 24], and we denote z = (n; - ) % and yf = (no-y) 2

The h — v matrix element of O3 in (2.1) can be factorized further into a convolution
of two radiative jet functions with a soft function [9], i.e. (for simplicity we use the default
choices of the reference vectors n; and ng, such that ny - k1 = ng - ko = Mp,)

(yy1 0§ / weh / Tl (2.6)
x [J< )(Mh£+) J<0>(—Mhe_> + JO (= Myty) JO (M) SO0

Contrary to the 4-vectors x_ and y4 introduced above, the integration variables ¢4 and ¢_
correspond to the light-cone components n1-£ and ns - £ of a soft 4-momentum ¢#. Here and
below we omit the photon polarization vectors when presenting expressions for operator
matrix elements. The radiative jet function J(p?) has been studied first in the calculation
of the decay amplitude for the rare exclusive decay B~ — I~ 1; in the context of QCD
factorization [25]. The soft function S(w) is defined in terms of the discontinuity of a soft
quark propagator dressed with soft Wilson lines oriented along the light-like directions ny
and ny. For a more detailed discussion about the derivation of the factorization theorem
and the precise definition of the various SCET fields, operators, jet and soft functions the
reader is referred to [9], where we have shown that the three operators O; form a basis
of O(\?) SCET operators contributing to the decay h — 77, and that the sum of the



three terms in (2.1) correctly reproduces the decay amplitude at two-loop order. Here
A ~ my /My, is the expansion parameter of the effective theory.

Major complications arise from endpoint-divergent convolution integrals in the second
and third term in (2.1), which need to be properly identified and regularized. The integral
over z in the second term contains singularities at z = 0 and z = 1. Likewise, the integrals
over /4 and /_ in (2.6) contain singularities at {1+ = co. Some of these endpoint divergences
are regularized by the dimensional regulator D = 4 — 2¢, but others require an additional
rapidity regulator [26-28]. In [9] we have regularized the rapidity divergences by means
of an analytic regulator imposed on the convolution variables z and ¢+. The singular
contributions in the rapidity regulator cancel in the sum of the second and third term of
the factorization formula, but this requires that for z — 0 (or 1) these two terms must
have closely related structures to all orders of perturbation theory. Indeed, we have shown
that this condition gives rise to the D-dimensional “refactorization conditions”

(0 0
(8" ()] = —H" 7O (201)
KV roo 27)

0 g de (
[y O (2) Im)] = —? A T: TO(=Muty) SO (2Myty)
which must hold to all orders of perturbation theory. The symbol [f(z)] means that one
retains only the leading terms of a function f(z) in the limit z — 0 and neglects higher
power corrections. We have rewritten the original function H2(O)(z) as

7(0)
O () = H2 ) 2.

2 (Z) Z(l —Z) ’ ( 8)
where the new function Héo) (z) contains logarithmic singularities only. With the help of
the relations (2.7) one can rearrange the bare factorization formula (2.1) in such a way
that all endpoint and rapidity divergences are removed. The result is

My=(H{"+AH” ) (11|01 |h) (2.9)
-8 70,
+2tim [ de [ (2108 2) L E 0 o)

700,
el (L QISR
Mh% O'Mh%

ot Jim [ O (M) TO (M) SO (¢, 0)

0 E-i— leading power '

Compared with [9] we have rewritten the second term in a different but equivalent way.
The subtraction terms involving the [. .. ]| symbol remove the singularities at the endpoints
z = 0 and z = 1, such that the limit § — 0 is smooth. Note that both the matching
coefficient Héo)(z) and the matrix element (Oéo)(z)) contain terms that are singular for
z = 0,1 and the two subtraction terms properly remove the singularities of the product of
these two quantities. This generalizes a simple “plus-type” subtraction prescription for the
bare operator proposed in [12, 29], which works only for cases where the relevant matching
coefficient approaches a constant plus power-suppressed terms as z — 0.
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Figure 2. Graphical illustration of the subtractions performed in the rearrangement of the factor-
ization formula, which removes the endpoint divergences of the various contributions.

We stress that the form of (2.9) is independent of the particular rapidity regularization
scheme used to regularize the divergent convolution integrals in (2.1) and (2.6), as long
as the same regularization scheme is applied consistently to all terms in the factorization
theorem. The refactorization conditions ensure that the integrands of the second and
third term in the factorization formula are identical in the singular regions (up to power-
suppressed terms), and hence the endpoint divergences can be removed by a rearrangement
of these terms, which leads to (2.9).

Removing the endpoint divergences in the way described above comes at the price
of introducing hard upper limits on the integrals over ¢, and ¢_ in the last term of the
factorization formula (2.9), which originally have power counting £+ = O(my).! This gives
rise to additional large rapidity logarithms in the matrix element of the operator Os. They
are a consequence of the so-called collinear anomaly, which results from the fact that a
classical symmetry of the effective theory SCET1; under rescalings of the light-cone vectors
ni and ngy is broken by quantum effects [26]. The presence of the upper limits also leads
to some power-suppressed contributions of O(mg /M, ,%) to the third term, which should be
dropped for consistency. Moreover, to obtain the correct result for the decay amplitude the
upper limit on the (positive) integration variable ¢4 must be analytically continued from
My, to —Mp, —i0 after the integral has been evaluated, as indicated by the limit ¢ — —1. In
figure 2 we show a graphical illustration of the rearrangement of the factorization formula
that eliminates the endpoint divergences. The subtractions performed on the second term
remove the shaded gray regions from the integrals in the third term. Note that in this
process the hard region in which |¢1| > M}, is subtracted twice. This over-subtraction
needs to be corrected by adding back the “infinity bin” in the form of a contribution

- 0
AR =~ tim HY / de- / dg* JOMe ) JO (e, =) (5 40
o—— th mp0

Tt is an open question whether it is possible to formulate an alternative “endpoint regularization scheme”
avoiding the hard cutoffs. If it exists, such a scheme would need to commute with the operation of renor-
malization in dimensional regularization, and hence in particular it would need to respect gauge invariance.



to the matching coefficient of the operator Ogo)‘ Here Ség) (w) denotes the soft function in
the limit where w/ ml%,o — 00, as given in relation (4.46) below.

In [9] we have presented explicit expressions for all quantities appearing in the fac-
torization formula (2.9) at next-to-leading order (NLO) in as, corresponding to two-loop
order for the decay amplitude. For completeness, the corresponding expressions are col-
lected in appendix A. The main goal of the present work is to turn the bare factorization
theorem into a formula involving renormalized matching coefficients and operator matrix
elements. As we shall see this is a highly non-trivial task. The resulting formula provides
the basis for a systematic resummation of the large logarithms In(M7? /m3) —im to all orders
of perturbation theory.

3 SCET derivation of the refactorization conditions

In this section we derive the refactorization conditions (2.7) using methods from SCET.
This discussion is more technical than that in the remaining sections and draws heavily
on SCET jargon as well as notations introduced and results derived in [9]. Our arguments
should be relatively easy to follow for SCET practitioners. Readers not interested in a tech-
nical proof of the relations (2.7) can skip this discussion and proceed directly with section 4.

3.1 Refactorization condition for [[I_Jéo)(z)]]

The bare matching coefficient Héo)(z) has been calculated in [9] by computing the on-shell

h — b(2ky) b(zk1) v(ko) amplitude for the decay of a Higgs boson into a pair of ni-collinear

bottom quarks and an no-collinear photon. Here and below we sometime use the symbol

z = 1 — z for brevity. To simplify the matching calculation one sets the b-quark mass to

zero and assigns momenta zk; and zk; to the outgoing quark and anti-quark, respectively,

where k% = 0. Then the only relevant momentum invariant is hard, 2k - ko = M, }% Irg ;che
0

absence of any non-zero low-energy scale the matrix element of the bare operator Oy~ is
given by its tree-level expression. Hence, one finds that

MO bb9) = [ ! D) () ) 1 (82)] O () 1
0 (3.1)
= O 0 a(k) ¢ k) ().
h
where in the last step we have used that n; - k; = M},. By calculating the same amplitude
in the full theory and comparing the answer with this expression we have derived the result
for the bare matching coefficient HQ(O)(Z) given in (A.9) of appendix A.

In SCET, the momenta of ni-collinear particles in the basis (n1 - p,ng - p,p,) have the
generic scaling (A\2,1, ) in units of the hard scale Mj. In the case at hand the large O(1)
components of the b-quark momenta are equal to z and z. Now consider the limit where
2z ~ A < 1. Then the scaling of the outgoing anti-quark momentum becomes soft, (A2, A, \).
The process is now characterized by two different scales: the hard scale M, ,% and the hard-
collinear scale z M }% ~ Mpmy. In an intermediate effective theory called SCETY, the leading-
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Figure 3. Graphical illustration of the refactorization condition for [[HQ(O) (2)]-

order contribution to the decay amplitude in this limit can be written in the form
(MOt > 85 = H (60) Bk 1 (k)| T {120, a (001 [ @25 £020) b 1) . (32

The first operator in the time-ordered product describes the decay of the Higgs boson into
an ni-hard-collinear quark and an ns-hard-collinear anti-quark. Hard matching corrections
to this vertex are accounted for by the coefficient H 3(,0). The second operator is an insertion
of the subleading-power SCET Lagrangian given in (2.5), which couples a soft quark to an
ng-hard-collinear quark. There are no hard matching corrections to this Lagrangian [3].
We now decouple soft gluons from the hard-collinear fields by performing the usual field
redefinitions [1], but we do not change the names of the fields for simplicity. This leads to

[[M(O)(h — bey)]] = H?SO) (b(k1) B(qu) v(k2)| T {D_Cnl (0) 5111 (0) Spy (0) Xy, (0),
(3.3)
[Py %) (A 0) + 92, 0) Sl as(ws) }10).

In this matrix element the different types of fields (n;-hard-collinear, no-hard-collinear and
soft) no longer interact with one another. We now match this result onto the low-energy
effective theory called SCETy; by integrating out the hard-collinear fields. In this step we
use the definition of the bare jet function J((p?) given in appendix B to obtain (using
that ny = 11 and n; = ng)

nog * (kg + Zk‘lf)
(k2 + 2k1)% + 0

[M©) (b — bby)] = ey HY tin, (k1) 7@ 71 (k2) vy (2 TO((kz + 2k1-)?%)

o Y0 a2y aek) 4 ) B oo (3.4)
T My 200 R UERIELR) T O, '

where k1 =n1 - k1 %, and hence (ko + zk1_)? = 2y - k1 fig - ko = zM,% A graphical illus-
tration of this result is shown in figure 3. Note the important fact that, since we perform
the calculation on-shell and for massless quarks, there is no soft or ni-collinear scale in the
problem, and hence the soft and ni-collinear matrix elements are equal to their tree-level
expressions. In particular, the soft Wilson lines do not give rise to any non-trivial con-
tributions, and the soft matrix element simply provides a factor e?**1¥+ v(zk;). Matching
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Figure 4. Graphical illustration of the refactorization condition for [[(Oéo)(z)ﬂ].

this result with (3.1) we obtain

_[#80¢) _ B

[ (2)] =~ J(=Mp), (3.5)

z

where we have used (2.8) in the first step. This establishes the first relation in (2.7).

3.2 Refactorization condition for [[(Ogo)(z))]]

The derivation of the second refactorization condition is slightly more involved. In this case
the soft contributions are non-zero, because the matrix element of the operator Oéo)(z)
depends on the b-quark mass. In fact, for z < 1 the two relevant scales are the soft scale
mg and the hard-collinear scale mg /z ~ Mpmy. Our starting point is the position-space

representation of the operator Oéo) introduced in [9], which reads

_ 7 B
03" (£) = h(0) Xy (0) 7% T X, (t71) Ay, (0) (3.6)
We now replace the ni-collinear field X,,, by a soft quark field g5 and perform the soft
decoupling transformation. This leads to (using that n; = ng)

na,u

O (1) = h(0) Ty (0) 81, (0) S1a(0) 7 B2 81, (0mo) as(1m) AL, ,0). (37

The structure of the soft Wilson lines follows from the fact that the operator on the right-
hand side derives from the amplitude in (3.3) after integrating out the ng-hard-collinear
fields. We now need to evaluate the on-shell A — vy matrix element of this operator. To
this end, we need an insertion of the subleading-power SCET Lagrangian, which turns the
soft quark field back into an ni-hard-collinear quark field. We thus obtain

1671 08 ()1 = e 80)| T { T (0 51, (0) 500 0) £ 02) B2 1, (mz)aslema), (3.9
i 4P, 02) S (o) (A, (@) + 91, 2) X 2 | 0.

This relation should be understood as a matching equation relating the matrix elements
of the operators on the two sides of the equation. In the next step we use the definitions

~10 -
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Figure 5. Singularities of the integral (3.9) in the complex ¢ plane.

of the jet function and of the soft-quark soft function collected in appendix B. Taking into
account a minus sign from an odd number of interchanges of fermion fields, we find

D D
i) G0 B] [0 [ [Gam e sl

[(vy) O (2) |h)]) = i tr

TP 5(0) ()2 g—ilo—hk1)
Xp2+iOJ (p7)e (3.9)
i, . o0 —ae. [ JO (ML
et ) [ et [T DI S0 ),
where £, =n; - £ and /_ = ny - £, and the function S (¢,.¢_) is defined as
dP=2¢
SO0 )= / (%T}Z 59, (3.10)

Figure 4 shows a graphical representation of the result (3.9).
We now switch back to momentum space and define

[t O )] = 5

5 ¢ M 1] 05 (1) )] (3.11)

We then find

i O (ML)

671 092 1] = 7= €3 (k) - €1 (k) /_deﬂ iSOG, (312)

where we have relabeled the integration variable £, — —/¢, for later convenience. The
singularities of the integrand in the complex ¢, plane are shown in figure 5. There is a
pole at £ = i0 from the denominator, a cut infinitesimally above the real axis for negative
values of / from the jet function, and a cut infinitesimally below the real axis for positive
values of £, from the soft function. The integral is thus non-zero only if ¢, > 0 and we can
deform the contour such that it wraps around the cut in the lower half-plane. This leads to

(11 OP(:) ] = —5 eLtkn) <L b) [ FE IO Mts) SOGEMALL),  (313)

- 11 -



where

SO0 ) = 5

1
T

(SO +i0) - SO —i0)] (3.14)
is the discontinuity of the soft function S (4¢_). This proves the second refactorization
condition in (2.7).

4 Renormalized factorization formula

The main goal of this work is to establish the renormalized factorization formula

My =Hi(p)(O1(p)) (4.1)

+2 [z a0 Oate) - PEE 10, - EEED 0,y

z
L My qp_ oM qg
s [ [

- (Mhe—a/i)J(—th—&-,ﬂ)s(g—i—g—aﬂ)
A

leading power ’

which is structurally equivalent to the bare formula (2.9). We have omitted the external
states in the matrix elements for brevity. It is not at all evident that such a formula exists,
because, as we will show, the presence of cutoffs on some of the integrals does not commute
with the operation of renormalization. We will show that this complication gives rise to
some additional contributions, which to all orders of perturbation theory can be absorbed
into the definition of the matching coefficient Hi(u).

4.1 Parameter renormalization

In a first step, we relate the bare parameters entering the decay amplitude Mj to the
corresponding renormalized parameters. These are the mass of the b quark (which enters
in the matrix elements of the operators O;), its Yukawa coupling (which enters in the
expressions for the matching coefficients H;), as well as the gauge couplings of QCD and
QED. We write the relevant renormalization conditions in the MS subtraction scheme as

Y0 = ME Zy yb(,u) s mpo = Zm mb(:u) s

(4.2)
Qo = /~L26 Zo Qs 0 = N2€ Zozs [eF (:U') .

The factor of p¢ from the renormalization of the Yukawa coupling multiplies the entire
decay amplitude. It can be ignored, since after parameter renormalization the amplitude is
finite and the limit ¢ — 0 is smooth. In our analysis we consider QCD radiative corrections
only. To first order in ag = as(p), we then have

Qs Qs

Zy = Zm=1-3Cp

+0(@?),  Za,=1-po—+0(ad), (4.3)

4re 4re

and Z, = 1. Here fy = % Ca— %Tan is the first coefficient of the QCD S-function, with
ny = 5 being the number of active quark flavors.
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+ + + W.F.R.

Figure 6. One-loop diagrams contributing to the calculation of the diagonal renormalization
factor Zss. In the second and third graph the gluon is emitted from the Wilson lines contained in
the definition of the collinear quark fields. These graphs must be supplemented by wave-function
renormalization.

In our analysis we will sometimes use the b-quark pole mass m; instead of the running
mass mp(1). At NNLO the relation between the two quantities is given by [30]

Cras

mb(,u):mb{l—i— (3L, —4)

as\2[/9 3 5 21 185 26

+Om$} (4.4)

where L., = In(m?/p?), and for the purposes of this work we do not need the scale-
independent two-loop contribution denoted by the dots. This relation, as well as the
relations in (4.3), are known to very high orders of perturbation theory.

4.2 Operator renormalization

The matrix elements of the bare operators Og?z) as well as the bare jet and soft functions
J© and SO contain ultraviolet (UV) divergences not eliminated by the renormalization of
the bare parameters. These divergences must be removed by renormalizing the operators
themselves, allowing for the possibility of operator mixing. In recent work we have studied
the renormalization properties of the jet function [31] and the soft function [32]. We now
discuss the renormalization of the remaining operators at first order in ;. We find that

the operators O; and Oz mix under renormalization, in such a way that

O1(n) = Z1 01

1 (4.5)
OQ(Z, ,u) = /0 dz ZQQ(Z, Z/) Oéo)(z') + Z21(Z) Ogo) .
From the definition of the operator O; in (2.2) it follows that
3 Crag
In=21=1+2"1% L 02, (4.6)

€ 4w

The relation Z1; = Z,,! holds to all orders of QCD perturbation theory, since the quantum
fields in the definition of O; do not carry color. This factor is known to very high orders
of perturbation theory.
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The diagonal renormalization factor Zs2 can be derived by studying the UV divergences
of the matrix element of the operator O3(z) defined in (2.3) between an initial-state Higgs
boson and a final state consisting of a photon with momentum k9 and a pair of nj-collinear
bottom quarks sharing the total momentum k;. The relevant one-loop diagrams are shown
in figure 6. From a straightforward calculation, we obtain at NLO in QCD

AN CFaS> o /
Inlns) = (1 T ame )0 (4.7)
Cras 1 N0 —2) 0(z—2') )
- 1-72)———+ 1—2) 2 =27
2me Z/(l — Z/) |:Z( & ) 2 — 2 Tz ( Z) oz — + + O(a5> ’

where z, 2’ € [0, 1], and the plus distribution is defined in the usual way. The above result is
the well-known Brodsky-Lepage kernel [33, 34]. This is not surprising, because the colored
fields in the operator Oz in (2.3) have the same structure as the quark fields entering the
definition of the leading-twist light-cone distribution amplitude of a transversely polarized
vector meson. Before Fourier transformation, they form the non-local structure [9]

%, 0) 5 B2, 1) = G0) o1

where [0, tn1] denotes a finite-length Wilson line along the light-like direction n;, and 1 (x)

[0, tna] Y (tna), (4.8)

is the conventional quark field in QCD. The two-loop expression for Zso can in principle be
derived from results available in the literature [35-39], but it is not needed for our purposes
in this work. It will be useful to rewrite the above result in the equivalent form

Zao(2,2) = [1 _ 21::3 (21nz +2In(1 —2) + 3)} 5(z — ')
! / (4.9)
Cras 1L -2, 1 f(—2)
"~ 2me 21 =2) L’(l—z) 2 -z 2(1=2") z—2 ++O(Oé§).

The operator Os is not only renormalized multiplicatively, but it mixes with O; under
renormalization. The factor Zs1(z) can be derived from the condition that the A — v+ ma-
trix element of the renormalized operator Oz (p) in (4.5) be free of UV divergences. Starting
from the expression for the matrix element of the bare operator Oéo)(z) presented in [9]
and shown explicitly in (A.2), applying the factor Zss to this expression and renormalizing
the bare parameters ap o, a0 and mp, we find that some 1/€ poles remain, which must

be removed by the counterterm Zs; <O§O)>. In this way we obtain
Ncab { 1 CFOés

Z = - =
21(2) 2w € + 41

1 (In?2z+1n?%(1 — 2) 1 2 9
_€< 5 —21nzln(1—z)+?—§ }—I—O(as)}.

Inz+1In(1—z)
2

- (4.10)

Given these results, the renormalized h — 7y matrix element [(O2(z,p))] can be
obtained in two equivalent ways: either by taking the limit z — 0 in the expression for
(O2(z, 1)), or by starting from the bare matrix elements [[(Oéo) (2))] and <O§O)(z)> and ap-
plying appropriate limiting expressions for the renormalization factors Zss and Zo;. We find

[Oalec )] = [ ' [Zea(es N LOP NI + [Zu(] (0. (@11)
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The renormalization factor [Za2(z,2’)] can be obtained from (4.9) by taking the limit
z,2" — 0 (with z ~ 2’), leading to

Cra,

[Zas(z, )] = [1 s

~ Cras B [0(2/—2') 9(2:2’)}

2me

(21112—}—3)} 5(z—2")

Likewise, taking the limit z — 0 in (4.10), we derive

Inz 1 (ln?z 11 =2 9

e

€ 47

Notice the important fact that, contrary to (4.5), the convolution integral now runs over
the interval 2’ € [0,00). The reason is that z and 2’ are treated as variables which take
infinitesimally small values.

According to (2.4) the operator Os is defined in terms of a time-ordered product of the
scalar current Jg = hX,,X,, with two subleading-power Lagrangian insertions. In this
product only the current gets renormalized. The corresponding renormalization factor is
known to three-loop order and given in eq. (A.2) of [41]. At first order in «y it reads

C 2 2 3
Z33:ZJS:1+ FOCs|: <

iar | & Ln = 2)] +0(a3) (4.14)

where Ly, = In(—M?2/u?). Here and below we use the implicit definition —M? = —M? —i0
to fix the sign of the imaginary part of the logarithm. When the h — ~v matrix element
of O3 is expressed in terms of a convolution over jet and soft functions, as shown in (2.6),
relation (4.14) implies a relation between Zs3 and the renormalization factors Z; and Zg
of the jet function and the soft function, which has been given in [32]. It can be written as

©dr , 4 (th’ Muw

w _
Zs(w,w') = — 233/0 — 2z ) Z7 (= Myly, —Mply) (4.15)

CC€+ ’ é'ﬁ‘

which despite appearance is independent of the choice of ¢;. This result implies a simple
relation between the anomalous dimensions of the matching coefficient H3 and of the jet
and soft functions, which was conjectured in [32] and will be given in relation (5.14) in
section 5.1.

In general, it is well known that time-ordered products such as in (2.4) can mix under
renormalization with local operators of the same order in power counting (see e.g. [40] for a
discussion in the context of SCET). In our case, however, the presence of the UV cutoffs on
the integrals over /4 and ¢_ in (2.9) and (4.1) prevents such a mixing. The renormalized ma-
trix element of O3, which depends on several different physical scales, is expressed in (4.1) as
a double convolution over renormalized jet and soft functions. The calculation of the renor-
malized jet function J(p?) at two-loop order and the study of its RG evolution equation
have been discussed in [31], while the renormalization of the soft function S(w) at one-loop
order and the derivation of its two-loop RG equation have been studied in [32]. When the
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renormalized expressions are used, we find that (omitting the limit o — —1 for brevity)

Mn qp_ /”Mh al
0

gﬁ”H:a(u)/o A 6: J(Mpl—, p) J(=Mply, p) S(€L—, 1)

v Mpqg_ oM qy
= " H / o / TE IO ) TOMey) SO )|
0 - JO + leading power

+oH 0y, (4.16)

leading power

where

© _ Neaw ypo Cro <_1 ) 2
SHYY = =2 U S8 (o L) +OLed). (4.17)

It is tempting to interpret this extra contribution as a mixing of the operator Oz with O1,

but in reality its origin lies in the fact that imposing the upper cutoffs on the convolution
integrals over ¢4 and ¢_ does not commute with renormalization. It is thus more appro-
priate to treat the extra term as a contribution to the bare matching coefficient H {0). We
will come back to this issue in section 4.5.

4.3 Renormalized matrix elements

With the renormalization factors fixed, we now proceed to derive the h — vy matrix
elements of the renormalized operators in the factorization formula (4.1). For the case of
01 we trivially obtain

(O1(p)) = mup(p) 91" . (4.18)

For the matrix element of Oy we find

Nc v C S
Oz ) = 222 () { L+ Y12 (s (1 - 2) + )
9 9 2>
— Ly, [In®z+1n (1—2)—41nzln(1—z)—|—11—?
+F(2)+ F(1— z)] + O(aﬁ)} : (4.19)
where
3
F(z) = In” 2 +zIn%z —In®2In(1 — 2) —Inzln(1 — 2) — L+3z In z
6 2 (4.20)

11
— (41n z + 22) Lig(2) + 6 Liz(z) + o 4¢3 .

Note that we use the running b-quark mass my (@) in the prefactor but the pole mass my,
in the argument of the logarithm L,, = In(m}/u?). Besides being convenient this is not
unnatural, because the linear factor of m(1) in each matrix element plays the role of a
running coupling, whereas the quantity m; appearing in the arguments of the logarithm
L,, is due to phase-space effects. If desired, one can always switch back from one choice to
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the other using relation (4.4). In the limit z — 0 the above expression simplifies to

2
[(Oa(z, u))] = Nz:b (1) g™ { — L, + Cras L2 (lnz + 3) — L, (m% +11— 27;)
In3 1 2
- 2@3} + O(a?)} - (421)

Note that the same result is obtained using relation in (4.11) along with the renormalization
factors given in (4.12) and (4.13).

To obtain the renormalized matrix element of Os, we start from the expressions for
the renormalized jet and soft functions. They are [25, 31]

Cra —p? — 140 2
2 _ FQs 2 p o, 2
J(p*,pu) =1+ yy [ln ( 2 ) 1 5 + O(c), (4.22)
and [32]
N.«
S(w,p) = === my(p1) [Sa(w, 1) 0(w — m3) + Sy(w, 1) O(m}, —w)] (4.23)
with

c 2 1
Solw, ) = 1 + Fas{—qu—GLw+12—7T+2Lig(A>
I 2 w

—4ln<1 — 1) (Lm +1 —Hn(l — 1) + 311112))] + 0(a?),
W W 2

Cras In(1 — @) [Ly + In(1 — )] + O(a?). (4.24)

Sb(wv M) =

Here @ = w/mi and L,, = In(w/p?). The result for the function S,(w,u) takes this
relatively simple form only if one uses the pole mass in the argument of the 6(w — m3)
distribution in (4.23). When these expressions are used in the double convolution integral
shown in the third term of (4.1), one obtains

Ncab 77 L2 CFC(S 5 4 3 5772 2 27T2
—_— il S S22y (8 L
(O3(p)) - mp(pe) g4’ { 5 + | +1{5 D + 3 +8(3

_ _14 1 2 12 3 2 2
46— g+ 5 L L+ L (2%~ 812 = 8Gs) | + O(ad) . (4.25)

Contrary to the matrix elements of O; and O this expression contains the large rapidity
logarithm L = In(—M32/m?), which is a consequence of the collinear anomaly. The fact that
the integrals over £, and £_ in (4.1) run from the soft region (with £, ¢_ ~ m?) up to values
of O(Mp,) generates up to two powers of L for each loop order in addition to the logarithms
L, associated with the soft scale my. In other examples where the collinear anomaly
appears, the rapidity logarithms take on a simpler form and (typically) exponentiate [26].
In the present case their structure is more complicated, because the rapidity logarithms
arise from a double integral over a rather complicated integrand. In order to resum these
logarithms it is necessary to factorize the matrix element into a convolution over jet and
soft functions, each of which depends on a different scale, and then solve the RG evolution
equations of these various functions.
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4.4 Renormalized matching coefficients

Ignoring the cutoffs on the convolutions integrals in (4.1) for a moment, one would conclude
that the UV divergences of the bare matching coefficients Hi(o) are removed by applying

the inverse matrix of renormalization factors

Zg7 0 0 0
Z;li Zoy 01 0
[Z] 0 [2%1 0
0 0 0 Z3

AR (4.26)

from the right to the row vector of bare matching coefficients (Hfo), 2H§0), —2[[H2(0)]], H?EO)),

where

1
Zil(z) = — /0 ' 73 (2, ) Zon () 2531

o (4.27)
[Z5' ()] = —/0 d2' [Z35 (2, 2)] [ Z21(2)] Z1y -
Specifically, one would then derive
! 1 rr(0) f N =1yt
H2(Znu) = /0 dz H2 (Z)Z22 (2 72)7
3 i7(0) (1
Hy(z, p 0 Hy"7 (% _ 4.28
[[ 2(2 )ﬂ :A dZ/ [[ QZ/( )]] szgl(zlaz)]]y ( )
H3<ILI/> - H§O)Z3_31 )
as well as
1
Hi(w) = (B + aH —50) 7 12 /0 dz HO(2) Z5' (=) (4.29)

~ 1O, ~ 1O
— 2/ dz 1#, ()] 1251 (2)] — 2/ dz w 1Z51(2)] - (naively)
0 z 0 z

At O(as) most elements of the inverse matrix Z~! can be obtained from the corresponding
renormalization factors Z;; by simply changing the sign in front of a,,. The only exception
are the entries Z,;' and [Z5;,'], for which we find

Inz+1In(1—2)

— NCOéb 1 CFO(S
Z(z) = -
2 (2) 2m {6+ A7 €2
1 (In?z+1n?(1 — 2) 11 7 9
—|—€< 5 —21nzln(1—z)+?—§ ]—I—O(as)},
_ N.ay (1 Cpag [lnz 1 (In?z 11 x2 9
Z51(2)] = - Bz = : 4.
(2] = S {2+ S0 |5, +6< oy )| o) (430)

The three relations in (4.28) indeed provide the correct renormalization conditions
for the corresponding matching coefficients. Using the expressions for the bare matching
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coefficients derived in [9] and collected in (A.9) and (A.10), we find

Hy(z,pu) = yiﬁg) 2(11—2) {1—!—05:5 {QLh(lnz—f—ln(l—z))—i—an z+ln2(1—z)—3}+(’)(a§)},
[Hs (2, 10)] = y%) [1+Cj:s (2Lnnz+n?2-3) +0(a§)}, (4.31)

Hs3(p) = yz:;g)

CFO(S 2 7T2 2
L+ = (Lh+2 6>+O(as),

where Lj, = In(—M?/u?), and yp(n) denotes the running b-quark Yukawa coupling. The
result for [Hy(z, )] can be obtained in two ways: either by using the second relation
in (4.28) or by taking the limit z — 0 in the expression for Ha(z, u). Both methods lead
to the same result.

The expression for H; shown in (4.29) is problematic, because the integrals over z
and z extending up to infinity are divergent and indeed undefined. To see this, note that
at lowest order in perturbation theory [Z;;'(2)] is a constant, while [[Hz(o)(z)]] =1 1In
order to obtain a well-behaved expression we need to restrict the integration to the interval
z € [0,1], like in the first term. We thus define

Hy(w) = (B + A" — o0 - 50" 77! (4.32)

_5 /7(0) >
vt [ [0 2 - L 7 - P E g0 ),

where the sum of the three terms in the second line is now well defined and free of endpoint
singularities, such that the limit § — 0 is smooth. The quantity §'H £0) accounts for
the mismatch of integration limits, which one encounters when equating the factorization
formula (4.1) expressed in terms of renormalized quantities with formula (2.1) expressed in
terms of bare quantities (recall that both correctly reproduce the decay amplitude). After

a straightforward calculation we find that

s = [0 L2 10 (é)z))ﬂ]

_4 / a2 (2)] / dz’[[ Dl / 42" (25 (2, )] [Zaa (", #)] (4-33)

+4 [/Oldz/o dz' —/0 dz/o dz'} [[HZ(ZZH [Z5' (2, 2)] [Z21()] -

Starting from the expressions for the bare quantities derived in [9] and given in appendix A,
and using our results for the various renormalization factors, we find that §'H {0) = 0(a?).
It is then straightforward to obtain from (4.32)

Hl(u):Nco‘byb(“){—erCFo‘s l—”ZL +(124+8C3) Ly — 2r” 11”4]+0(a2)}.

T /2 47 3 3 45 s
(4.34)
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4.5 Higher-order analysis of cutoff effects

In our discussion so far we have glanced over an important subtlety related to the cutoffs
on the various terms in the bare and renormalized factorization theorems (2.9) and (4.1).
In (4.32) the renormalized matching coefficient H;(u) is expressed in terms of bare quanti-
ties and renormalization factors. However, it is far from obvious that the sum of the terms
on the right-hand side is indeed only a function of the hard scale —M, ,% and independent
of the soft scale set by the b-quark mass. Indeed, the definition of §'H {0) in (4.33) involves
the matrix element of the bare operator [[<O§0)>]], which does depend on the b-quark mass,
see (A.2). Likewise, the expression for (5H£0) following from (4.16) contains the renor-
malized and bare soft functions, both of which depend on the b-quark mass, see (4.23)
and (A.6). However, we will now show that the sum

sHO o = 570 4 55O (4.35)

which enters in (4.32), is independent of the b-quark mass to all orders of perturbation
theory. This combined quantity is thus truly a hard subtraction term.
From the definition (4.16) it follows that

Mndg_ oMndg
5H§O)mb,0 = Hg(/_j,)/o T/O T:J(th—,/l) J(_th—‘ruu) S(g-‘rg—mu)

M oM,
B 3(,0)/ hdf—/ ndly JO (M) JO(=Mye,) SO (e 0)
0 f_ 0 £+

leading power

, (4.36)
leading power
where the factor my, o on the left-hand side stems from the matrix element <O§0)>. Through-
out this section we do not write out the limit ¢ — —1 explicitly, but it is understood in all
expressions where o occurs. Rewriting the renormalized jet and soft functions in the first
line in terms of the corresponding bare functions, using relations derived in [31, 32] and
expressing the renormalized matching coefficient Hs(u) in terms of the bare one using the
last relation in (4.28), the right-hand side of this equation can be put in the form

ood - ood o0 o0
O [T [T 5O ) [Tl [ dion IO (M) TO (- My )
0o p-Jo P+ 0 0

My,
X / db— Z 7 (Myp—, Mpl_) Zy(Mpl_, Myw_)
0

oM, (4.37)
x /0 Al 27 (= Myps, ~Miky) Zy(~Myby,~Myos) |
My, d _ oMy, d
0 P P
) [ [T 50 ) TO M) IO (Mg |
0 pP— Jo P+ leading power
The quantity Z; denotes the renormalization factor of the jet function defined as
T(£Myt, 1) = / A 75 (+ Myl My l') JO (£ M, 0" . (4.38)
0

C!‘(ys 2 2 :Fltj E CFas

(T, 0+ O(a?),
(4.39)

—1
A7 NTR e

ZJ(j:th, :i:thl) = [1 + —=
€ € 1
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where

oL —1) , 6 ~0)

L 6) = -y e —uol,

(4.40)
is the symmetric Lange-Neubert kernel [42]. Note that the quantity Z; satisfies the sym-

metry relation
2

Z;(p%p'?) = ]% Z;(p"?,p?). (4.41)

As shown in (4.15), the renormalization factor of the soft function can be expressed in
terms of the same object [32]. If it was not for the cutoffs on the integrals, the quantity
in (4.37) would evaluate to zero, because the integrals over the products of Z; factors in
the second and third lines would yield §(p+ — w4 ).

Only the terms involving the matrix element [[(Oéo) )] in the definition (4.33) depend
on the b-quark mass. We can use the refactorization conditions (2.7) to eliminate [[f]éo)]]
and [[(Oéo))ﬂ from these expressions and rewrite them in terms of H 3(0 and the bare jet and
soft functions. Moreover, the first refactorization condition implies a connection between
the renormalization factors Zss, [Za2]] and Z;, which yields the relation

_ z
Z33 [ Zag (2,2")] = My Z1(2Mj, 2’ Mj;) = My, i Zy(z' My, zMj) . (4.42)

This allows us to express the product of renormalization factors in the second line of (4.33)
in terms of Z; and Z;l. We find

d d 0
5/H£0)mb,0’[[< Oy~ —2H’ / - / LS5O (. p )J(O)(—Mhp+)/0 dw_J O (Myw-)

X de_ Z;l(Mhp_,Mhe_)Z J(Mpl_, Myw_) (4.43)
0

Mudp_ [>d
+2H§0)/0 ;/o %S(O)mm)J<0>(Mhp,>J<°><—Mhp+).

The two terms in this result are structurally similar to those appearing in (4.37). Indeed,
it is possible to rearrange these terms in such a way that

¥ oo o0 R
(5H1 tOt—HS / p— / p+ S mpb—I[—)p )/ dw*/o dw J(O)(th,)J(O)(_thJr)

X d€ Z7 (Mpp—, Myl_) Zy(Mpl—, Mpw_)

/ dly Z7 (—Mpps, —Mply) Zj(—Mply, —Mpwy)

leading power

dp_ [ dpy SO
Y / dp— / p+ SO (p1p- )J<°)(Mhp_)J(0)(—Mhp+)
O'Mh P+ mbO

{ / dz / d' — / dz / dz} 7}][[222 (] [Za (] (4.44)

Details on the derivation of this result are given in appendix C. It is important to remember

leading power

that we only need the leading-power terms in this expression. In the second integral (fourth

- 21 —



line) the variables py are both in the hard region, and hence the arguments of the soft
and jet functions are all of order M,% For the first integral, the variables £ are in the
hard region, and this forces the variables p1+ and wy to be in the hard region as well (see
appendix C for more details). In fact, we can recast relation (4.44) in the alternative form

> d > d
SHOM 0 _ / P/ pr S (pyp- )J(E)(Mhp_,u)J(e)(_Mhp%M) |
oMy P+ mbO leading power
*dp_ [*° dp pip-
- [ [T S ’J<°><Mhpf>J<°><—Mhp+> |
oMy P+ mMpo leading power

+4 [/ dz/ dz —/ dz/ dz} [H, ()] [Z5" (2,2)][Z21(2)], (4.45)

where in the first term the dimensional regulator e = (4 — D)/2 must be kept in place after
renormalization in order to regularize the divergences for pi — oo, as indicated by the
superscript “(€)”. This form makes it explicit that the quantity dH 1(0)’t0t only depends on
the hard scale —M ,% In order to obtain the leading-power terms we can therefore simply
set mpo = 0 in the ratio S (p,p_)/mpp in (4.44), in which case we obtain from (A.6)

and (A.7)

(0) (0) N B
S (w) _ §7(w) = Ne@00 gy [_ETE ey EEA80 6y ) 2 1 (a2
mp,0 mp,0 mp,0—0 ™ F(l — 6) 47

(4.46)
with C(€) given in (A.8). In order to calculate the quantity 0 H fo)’mt at leading order in o
we use the lowest-order expressions for the bare jet and soft functions. We also note that
the integral in the last line of (4.44) vanishes at first order in a. After a straightforward
calculation we find

©),t0t _ Yp0 Neawo Craso ¢ o . N—¢ €75 4 B 2
o = = e (M) g o [0+ 0] + 0,
(4.47)
where H(e) = ¢(1 + €) + g is the harmonic-number function. This generalizes rela-

tion (4.17) to higher orders in e.

In terms of this quantity, the correct all-order definition of the renormalized matching
coefficient Hy(u) is obtained as
Hy(p) = (H” + AH{ —s0{"*") 77! (4.48)

-5 7(0) 5
cop [ [0 23 ) - B gz - LG

z

(23 (2)]] -

4.6 Contributions to the decay amplitude

As a cross check we evaluate the three terms 7; shown in the three lines of the renormal-
ized factorization theorem (4.1) using the results for the matrix elements and matching

- 29 —



coefficients obtained above. This yields

Cras [ 7 272 11gt
T = -2 —— L 12 Lp—36— — — ——
1 Mo{ + i { 3 i+ (124 8(3) Ly, — 36 5 45] ,
Crag [ 212 2 9 272 Tt
T = —LyLy, — — L — 48 —,
2M04w{3" 3m+3+<3+45}
4.49)
L?> Crag |5L4 3 72 L2 L? (
T3 = — =+ (L,-1)L 4——4=m _Zh_31|L?
3M°{2+4w[12+( )L+ 5t "9 7
2 2 4
+ <§+8<3>L—8c3Lm—4<3—7;H,
where we have defined
N,
Mo = 2 U ) 1) - ). (4.50)
Adding up the three contributions we correctly reproduce the QCD amplitude
= — =2 — | —— 1L 4—— | L 4.51
e (Z ) G [ 2 .

22 4 b
(124 T 166 ) L 36+ 4G5 — = — (307 — 12) ln "
3 5 s

up to higher-order corrections in as and mj /M7

5 RG evolution equations

In the previous section we have accomplished the main goal of this work: the establishment
of the renormalized factorization formula (4.1). We have derived explicit expressions for the
renormalized matrix elements and matching coefficients to first order in o, (corresponding
to the two-loop order for the decay amplitude), and we have shown that to all orders of
perturbation theory the effects of the upper cutoffs on the convolution integrals over £,
and /_ (and on the z integral over the functions inside the braces [...]) is not in conflict
with factorization. We will now derive the RG evolution equations for the various objects
in (4.1), which set the basis for the systematic resummation of the large logarithms in the
decay amplitude.

In terms of the various renormalization factors Z;; derived in section 4.2 we obtain the
corresponding anomalous dimensions +;; in the usual way, i.e.

_ 9 9\,
Vij = (2ab B + 2055 00@) Zy7, (5.1)
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where ZZ-(jl) denotes the coefficient of the single 1/e pole in Z;;. In this way, we obtain the
diagonal elements

3CFOés

= 2% 4 o(a2),
(2, 21) = — CE9s { [lnz +1In(1 —2) + ;’} 5(z— ')
T B e
eate 1 = =222 {4 3) 6o - 2 s [ 2222 4 2222 o,
1y = CFC (Lh - 2) +0(a?), (5:2)

as well as the off-diagonal elements

N, s 27
Yo1(z) = — o l—i—CFa 1n22+1n2(1—z)—4lnzln(1—z)+11—l +0(a?) 3,
7r 47 3
Ny Crag 9 272 9
[v21(2)] = - {1+ yp <ln z+11 = +0(af) ¢ - (5.3)

Note that both Z;; and ~;; are scale-dependent quantities, but we suppress this dependence
for the sake of simplicity of the notation.

The diagonal elements of the anomalous-dimension matrix are also known to higher
orders in «g. Relation (4.6) implies that 11 = —, is determined in terms of the anomalous
dimension of the quark mass, defined as

d
dln,um

b (1) = Ym mu(p) - (5.4)

The quantity -, is known to five-loop order [43]. The two-loop expression for 7,3 (and
with it [y22]) can in principle be derived from [35-39]. The anomalous dimension ~ss,
which according to (4.14) is equal to the anomalous dimension of two-jet current operators
in SCET, can to all orders be written in the form [41]

—M?
Y33 = Fcusp(as) In Th + 2")/(1(&5) s (55)

where I'cysp is the light-like cusp anomalous dimension in the fundamental representation
of SU(N.) [44], and =, is the anomalous dimension of the quark field in light-cone gauge.
The cusp anomalous dimension has recently been calculated to four-loop order [45], while
¢ is known to three loops. It can be determined from the three-loop expression for the
divergent part of the on-shell quark form factor in QCD [46, 47].
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5.1 RG equations for the operator matrix elements

From the renormalization conditions (4.5) and (4.11) it follows that the matrix elements
of the renormalized operators satisfy the RG evolution equations

dlcrilu (O1(p)) = =711 (O1(p)) ,

T O = — [l ) (O ) — (=) 1) (56)

dlcri,u [{O2(z, u))] = _/0 dz' [y22(2, 2)] [{O2(2', u))] — [v21(2)] (O1 (1)) .

We have checked that these equations are satisfied to O(a).

As mentioned earlier, in order to resum all large logarithms contained in the matrix
element of the operator O3 one must factorize the matrix element in the form

g My dp_ oMy
<O3(M)>—9L lim 67_/0 7

oc——1 Jo

—E J(Ml—, 1) J(— Myl 1) S(40—, 1)
+

leading power

(5.7)
and solve the RG equations for the jet and soft functions separately. We have derived
the corresponding evolution equations at two-loop order in two recent papers. For the jet
function one finds [25, 31|

d
dln p

J(p%, 1) / dz v, (p®, ap®) J(xp®, 1), (5.8)

which in this form holds for both space-like and time-like values of p?. The anomalous

dimension is given by

2
75 (p?, 2p?) = |Teusp(as) In —Z; — ()| 6(1 — ) 4 Teusp(as) T(1, )
, 9“1 (5.9)
+or(52) =D h) + 0lad),
where
h(z) =Inz {60—&—201: (lnx— ll_x ln(l—x)—i)] . (5.10)

The local terms (with z = 1) can to all orders be expressed in terms of the cusp anomalous
dimension and an anomalous dimension 7/(as), which was recently obtained at two-loop
order [31]. Since the plus distribution contained in I'(1,z) is linked with the logarithmic
term, it is also multiplied by I'c,sp. However, starting at two-loop order additional non-
local terms arise, whose explicit form was obtained in [31] by using the RG invariance of
the B~ — ~1~ v decay rate along with the calculation of the two-loop anomalous dimension
of the B-meson light-cone distribution amplitude (LCDA) performed in [48].

The RG equation for the soft function is tightly linked to that of the jet function [32].

One finds?
d

dlnp

S(w, ) / dz vs(w, w/z) S(w/z, 1), (5.11)

2The quantity ~s (w,w/x) in this relation is connected with the original definition of the anomalous
dimension s (w, w’; 1) in [32] by vs(w,w’; ) = (w/w'?) vs(w,w/x), where w' = w/x.
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where

vs(w,w/x) = — {Fcusp(as) In % —Ys(as)| 0(1 — ) — 2T cusp(as) IT'(1, )

N (5.12)
20y (%) 9(11_36) h(z) + O(a?),
with
Ys(as) = 274(as) + 29/ (as) - (5.13)

Via this relation the quantity ~s is known to two-loop order. As defined above, the anoma-
lous dimensions of the matching coefficient H3 and of the jet and soft functions obey the
simple relation

<th Mpw
V33 = VJ » L
i i

) by (= Ml —oMply) + s (w, w/z) | (5.14)

which is a consequence of relation (4.15). In this form it is easy to see that the variable ¢
drops out from the result.

5.2 RG equations for the matching coefficients

The renormalized matching coefficients obey the evolution equations

dliu Hi (1) = Deut (1) +711 Hi (1)
+2 [ [ty (z) - RGN oy TG o),
iy (e ) = /Ole’ Hy(2', 1) y22(2',2),
g ] = [ d 0] 5 b 2],
dliu Hy(p) =33 H3(n), (5.15)
where the quantity
Den (1) = — e 9ol1) Crs 6 042) (5.16)

T N2 4r

in the first equation results from non-trivial effects of the cutoffs on the scale evolution.
Once again, we have checked that all of these equations are satisfied to O(as).

The evolution equation for the matching coefficient Hj(u) calls for a more careful
discussion. We have seen in section 4.5 that the definition of this coefficient in higher
orders is quite subtle and requires a careful treatment of the effects of the cutoffs on the
various convolution integrals. In this section we will derive the evolution equation for Hj
beyond one-loop order using the RG invariance of the decay amplitude on the left-hand
side of (4.1). Explicitly, we evaluate

d

e My =0 = [ (= ) 10| (01} + =Tl + 5 Talu) . (517)
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where T, and T3 denote the second and third lines in the factorization formula (4.1). The
scale dependence of the third term has been studied in our recent work [32], where we have

shown that
d oo e
mT?)(,U):gﬁ U£@1H3(M)/ dz K (z) (5.18)
My, [z oM
X / ' % hdg—i_ J(xth—nu’) J(_th—i—aﬂ)s(g-ﬁ-f—vﬂ)
My, - Ly

Mndp_ oM/ qp
- / — —
0

(Mhe—nu’) J(—IIZ'Mh£+7/L)S(£+€_,ILL) )
f_ oMy, g'ﬁ‘

leading power

where the kernel K(z) is given by

2001 —x)

l1—=z

K(2) = Tensp(ts) (1, 2) + C (;T) h(z) + O(a?). (5.19)
This quantity appears in the non-local terms of the anomalous dimensions ~v; and g
n (5.9) and (5.12). The two terms on the right-hand side of relation (5.18) are, in fact,
identical, as can be seen by redefining the integration variables according to /1 — o/=.
Note the important fact that the result is not given by a hard function. Indeed, at leading
order in perturbation theory the last integral evaluates to

oM g N, Myl
/0 N Myt 1) St ) = — 22 gy 10 T

I T m?

+O(as), (5.20)

which is sensitive to the low scale my,.
Using the evolution equations (5.6) and (5.15) it is straightforward to show that the
scale dependence of the second term is given by
d [Ha(z,p)
dlnp z

LLELCD) | R

1300 =2 a2 L2 o)

*4[/ dz/ dz‘/ dz/ dZ} H2 Ml s (] (5:21)

The terms shown in the first line arise from the “normal” operator mixing of Os into O;.
They account for the second line in the evolution equation for Hj(u) shown in (5.15). The
quantity in the second line is again a “left-over contribution” related to the presence of the
cutoffs in the factorization formula. Note that the local terms in [y22(z, 2’)] proportional
to 0(z — 2’) in (5.2) give no contribution here. From (4.42) it follows that

[v22(z, )] = -5 K( ) + local terms. (5.22)

Substituting x = z/2’ and using the renormalized version of the first refactorization con-
dition in (2.7),
[[HQ(Zv N)H = _-HS(:U‘) ‘](ZMf%7 ,U') ) (523)
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we obtain for the left-over terms

d o0 Mn/z g _
To(w)|  =4Hy(p) [ doK(@) [ @Ml p) [Os(e- /My )]

dln H left-over 0 My, 0

(5.24)
The refactorization theorem for the bare operator Ogo) in (2.7),
I 00
(O )] = T [T SO aey) SO, (5.25)
oty

suggests that this result closely resembles the structure of (5.18). We would thus like to
establish a similar relation that holds after renormalization. However, the integral on the
right-hand side contains endpoint divergences, which are regularized by the dimensional
regulator e. In other words, the matrix element of the bare operator [[(Ogo)(z)ﬂ] contains
some 1/e poles not contained in the bare jet and soft functions. Their presence makes the

derivation of the renormalized relation non-trivial. After a careful analysis we find that

gﬁL_V oMy, dl,
[(O2(z, u)] = 5 7. J (=Ml 1) S(zMpls, 1) + Ao (2, 1) (O1(w))
0 + leading power

(5.26)
where all quantities are renormalized and free of UV divergences. Our explicit result for
the quantity Ag;(z) reads

1 M d d_
Bor(ep) = (2 2 =250 2o [t [T [T [T 750tz

. Séo) .
xZ; 1(—Mhﬂ+7—Mh€+)ZJ(—Mh€+7—th+)J(0)(—th+)TEZJ;/))- (5.27)

All integration variables are in the hard region, and hence the bare soft function can be
replaced by its asymptotic form Ség), see (4.46). The two terms on the right-hand side of
this relation are UV divergent, but by construction their sum is finite when expressed in
terms of renormalized parameters. After a somewhat cumbersome calculation, we find

N.« 1
Aoy (z,p) = ;b{—Q(Lh—an)

Cras [ (1 3\ o (1, 5 11 72

2R (a2 024+ 21 nz—— 4L 2

. (2 nz+2) P+ 50 z+3lnz 5 + 3 h (5.28)
B (T B T 5<]+0( 2)
+—In®z+=In ——— |Inz+————
o AT AT g Ty ATy Ty T8

Like the renormalized matrix element on the left-hand side of (5.26), the quantity As; con-
tains single-logarithmic terms of order «y a”L”+ in higher orders of perturbation theory.
Combining the results (5.18) and (5.24), and using relation (5.26), all terms involving

the soft function cancel out, and we obtain the exact formula

[e%¢) /g; Z
dlfw [Ts(u)+Tz(u)}=4H3(u) /0 dz K (x) /1 ' ‘iJ(th, ) Ag1(z,1) (O1(p))  (5.29)
2 [ [Hﬂzw)m(z)—wj“”][ml(z)]] LLELCHD)NYEN | XS
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Using this result along with (5.17), and comparing the answer with the evolution equation
for Hy(p) shown in (5.15), we find

1/z dy

? J(J:ZMi%v :u) AZl(Z, :U’)

Deut(p) = —4H3(n) /0 de K& ("”)/1 (5.30)

00 Vzdy _
= 4/0 dx K(a:)/1 % [Ha(xz, p)] Ao1(z, ) .

In the second step we have used the renormalized refactorization condition (5.23). It is now
explicit that this quantity depends only on the hard scale Lj. Performing the integrals over
z and z, and using the explicit expressions for the quantities K (x) and Ag; given above,
we can compute the first two expansion coefficients of D¢y (1) in powers of a;. We find

CFOéS
47

_Ncab yb(:u’)
™ V2

Qs

Deut(pt) = A

2
16C3 + ( > dcut,Q + (9(04:;’)] 5 (531)

where

87t At 1672
deut,2 = C [—48@ Ly + (—48C3 + 17T5> Ly + 136G + == = 3265 + —- C:;]

176 1072 447 1672
CrCy | ——=0C L — — 5.32
+ FA< 343 h+ 9 (3 15 3 C3> (5.32)
64 320 1674
+CFTan <3C3Lh—9C3+ 15 )

Interestingly, this result is expressed entirely in terms of (,, values. The leading-order term
agrees with (5.16). In the two-loop term ny = 5 is the number of light quark flavors in the
relevant scale interval between my and Mj,.

The quantity Dcyt () exhibits single-logarithmic behavior in higher orders. To see this,
note that Aoy 3 apa? Ly, [Ha] 2 oL} and K = O(as), which implies

Deut (1) 2 ap (asLp)™ . (5.33)

Note also that instead of calculating D, directly one can recast the second relation
in (5.30) in the form

Do) = [~ E [z 10 v (2) (534)
where
Vet (2) = N;O"’ Cj: {89(1 —2) [LnIn(1 = 2) = Lis(2)]
(5.35)
—80(z —1) [Lh In (1 — i) + LiQ(iﬂ } +O(L2a2).

The two-loop coefficient is straightforward to calculate and contains polylogarithms of
fourth order. An advantage of the form (5.34) is that it brings the evolution equation
for Hy in (5.15) to a more canonical form. However, one finds that the new anomalous
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dimension eyt 3 ap (sLp)"™ contains higher powers of the logarithm Ly in higher orders
of perturbation theory, and it is therefore not of the Sudakov type.

This logarithmic behavior in higher orders has an important implication for the solution
of the RG evolution equations. As long as it is not known how to resum the logarithmic
terms in Yeut or Deyt, it is impossible to systematically integrate the evolution equation for
Hi(p) from a high matching scale down to a scale p < M. We are thus forced to choose
a value for the factorization scale p that is of order the Higgs-boson mass. The challenge
is then to solve the evolution equations for the operator matrix elements in (5.6), (5.8)
and (5.11) in order to evolve these matrix elements up to the same scale p ~ Mj,.

Let us mention an interesting and indeed fortunate coincidence in this context. In [32] it
has been found that the solution of the RG evolution equation for the soft function S(w, )
requires that the factorization scale p must be larger than the matching scale us, at which
the initial condition for the soft function can be calculated in fixed-order perturbation
theory. Because of the fact that the argument w = ¢, ¢_ of the soft function is integrated
from the soft region (w ~ m3) up into the hard region (w ~ M?), it is necessary to perform
a dynamical scale setting u2 ~ ¢, ¢_ under the integral when solving the RG equation [22].
Hence, it is necessary, also from this point of view, that the factorization scale u is chosen
of order the hard scale My, so as to ensure that p > ug for all values of the integrand. As
a final comment, we stress that for the method of dynamical scale setting to be consistent,
it is crucially important that the renormalized soft function S(w,p) in (4.23) does not
develop any large logarithms In"(w/m?) in the limit where w > mZ. Otherwise, it would
be necessary the refactorize the soft function in the limit where the variable w approaches
the hard region.

6 Large logarithms in the three-loop decay amplitude

The RG evolution equations established in the previous section, along with the explicit
expressions for the relevant anomalous dimensions, provide the basis for a systematic re-
summation of the large logarithms L = In(—M?/m3) in the b-quark induced h — v decay
amplitude. In the factorization theorem (4.1) contribution from the last term is enhanced
by at least two powers of logarithms with respect to the other terms, because the inte-
grals over {4 and ¢_ provide a logarithmic enhancement. A careful analysis reveals that,
for generic values of pu, the first two terms in the factorization formula, 77 and T3, yield
terms of O(apa®L™ 1) to the decay amplitude, while the third term, T3, yields terms of
O(apa™L?"*2). In particular, starting at first order in a the series of leading and sublead-
ing logarithms receives contributions from this last term only. For this reason, it is often
stated in the literature that the large double-logarithmic corrections arise from the region
in which the quark propagator connecting the two photons carries a soft momentum (“soft
quark contribution” [15-17]).

With the results derived in this paper it is possible to perform a resummation of
large logarithms at (almost) NLO in RG-improved perturbation theory, in which all terms
enhanced by large logarithms are exponentiated, while contributions not in the exponent
are suppressed by powers of ags. This requires the O(ag) expressions for all matching
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coeflicients and matrix elements as well as for the jet and soft functions, each evaluated at
its characteristic scale. The various anomalous dimensions in the evolution equations are
needed at two-loop order in QCD, while the three-loop expressions are needed for the cusp
anomalous dimension and the S-function. With the exception of v91, all these ingredients
are known or, in the case of v92, can be derived from existing results.

While conceptually straightforward, performing the resummation at NLO in RG-
improved perturbation theory is technically challenging because of the complicated struc-
ture of the RG evolution equations for the soft and jet functions, the need to perform a
dynamical scale setting for which the matching scales float with the integration variables
¢4 and ¢_ [32], and the analytic continuation o — —1 that needs to be performed in 73 and
requires extending the running coupling a,(p) into the complex plane. We leave a detailed
discussion of these technicalities for future work, mentioning however that for the case of
T3 the resummation has been studied at LO in RG-improved perturbation theory in [22].
Instead, here we will use the RG equations derived in section 5 to predict the terms in the
three-loop h — v+ decay amplitude that are enhanced by at least three powers of the large
logarithm L. Solving the RG evolution equations (5.6), (5.8), (5.11) and (5.15) iteratively in
perturbation theory, it is straightforward to derive the necessary higher-order logarithmic
contributions to the various operator matrix elements and matching coefficients.

6.1 Higher-order logarithms in the matrix elements

The renormalized matrix elements of the operators O;, the jet function and the soft function
have been derived in section 4.3 at first non-trivial order in «. The result for the matrix
element of Op in (4.18) is exact without any higher-order corrections. For the matrix
element of Og, we extend relation (4.19) in the form

2
(Oals i) = e () 1 { ~ Lot O(a) = i (52 ) [L8, () +a1-2) )+ O3] .
(6.1)
where the evolution equation (5.6) yields
f3(2) = Cp <§ ln2z+4lnz—|—3)+5;<lnz+;). (6.2)

To derive the terms of O(apa?L2,) would require knowledge of the two-loop coefficient of
the anomalous dimension 722. The matrix element [(O2(z, u))]] can be readily derived by
taking the limit z — 0 in the above expression.

There is no need to derive the higher-order logarithmic terms for the jet function,
because the complete two-loop expression for J(p?, i) has been obtained in [31]. We thus
turn directly to the case of the soft function. The iterative solution of the RG equa-
tion (5.11) involves some rather complicated integrals, which need to be simplified using
various identities for polylogarithms. We present the results as higher-order contributions
to the coefficient functions S, and S defined in (4.23). Recall that in this equation we
use the running b-quark mass in the prefactor but the pole mass everywhere else. We
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parameterize our results in the form

Cr
2

Sa(w, 1) =1+ O(as) + CF (4 ) L+ (60 + BO)qu + 7o L2 4+ 1 Ly +O(L2)
s
+ s30() L3, + 500 () L2, + $10(t0) L + O(LS,L)} ,
2
Su(w. i) = Ofar) + Cr (§2) [sa@) L5, + ) L2, + su(@) L + OL2)] . (63

where the functions s;,(w) vanish in the limit @ — oo, while the functions s; () vanish
for w — 0. For the coefficients r; we obtain

2 32 w2 16
—<6+2 Cr+ Y CA—K F1f,

1297 1172 428  4x?
_(_ 2 e e =
1"1—( 75+37T)CF+( 27 + 9 )CA+<27 9>Tpnf,

while the functions s;, () are given by

Sga(’ﬁ)) = 4CF 111(1 — 1A>,

w

28ln(1 — 1) +201n? (1 — 1) + 181Inw ln(l— 1) +10L12<1)]
w w W

1
+2B01n<1 - A> )
w

s1a(1) = CF[<— 225)1 (1—;>+481n (1—i>+321 3(1_;)

1 1 1
+60lnw ln<1 — ) + 72Inw In? (1 - ) +241n? W 1n<1 - )
w w

W

1 1 1
{12+121nw—81n<1—)]L12< )—48L13(1—>+48C3]
W W
16 4x? 1
a0 V1= =
—I—CA< 3 + 3 > n( ﬁ})

80 [~g (1= ) 4 (1- 2 ) woma(1- 2 ) - 2Lu( )] 65

In the derivation of these results one needs the two-loop coefficients of the anomalous

S2q(0) = Cp

dimensions I'cysp, ¥s and 7y, which are collected in appendix D. Similarly, for the functions
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sip(0) we find

sgp() = —4CprIn(1—w),
sp() = —Ci [ 24In(1 =) +20In(1 —)? — 4 In(1— 1) +4 Li () | — 2o In(1 - ),

R 22m? R 21 34 n
sip(w)=Cr 3 In(1—1w)—32In*(1—w)—32In°(1—w)

—12In In(1 — ) +241In @ In?(1 — o) +81n?  In(1 — )

+(—4+8lnﬁ)—f—81n(1—ﬁ)))Lig() 8 Liz(w)+48Liz(1 —w) — 48(31

+Bo {230 In(1—1w) —4In?(1—0)+4lnd 1n(1—w)+4L12(w)] : (6.6)

To compute the remaining O(a? L?Um) terms in the soft function would require a complete
two-loop calculation.

6.2 Higher-order logarithms in the matching coefficients

The renormalized matching coefficients have been discussed in section 4.4. Higher-order
corrections to the coefficients Hy and Hj3 can be derived straightforwardly by perturba-
tively solving the corresponding evolution equations in (5.15). We extend the first relation
n (4.31) in the form

Qs

4dr

Haey = B0 1 {1ro@ror (§ )2 22 (fa2)+ 1a1-2)) 0] | (01
where

fo(z) =2CFrIn*z — fylnz. (6.8)

To derive the terms of O(a?Ly) would require knowledge of the two-loop coefficient of
the anomalous dimension 722 in (5.6). The matching coefficient [Ha(z, p)]] can be readily
derived by taking the limit z — 0 in the above expression.

The second relation in (4.31) can be extended as

H ) ,u,) Qg 2 Bo 2 0
3(p) = — 1+ 0O(as) + Cr i Lh""? —l—CQLh—I-Cth—i-O(Lh) ,
(6.9)
with
2 67 w2 20
<2— 6) Cr + (—9—1-7;) Ca+ §Tan’
242 1172 112 472 (6.10)
o= (-2 +21G3) Cr + ( 27 "9 ) cat <_27 - 9) ten
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In deriving these coefficients we have used the two-loop expression for the anomalous di-
mension 33 in (5.5), which is given in appendix D. To determine the O(a? LY) contribution
would require a complete two-loop calculation of Hs.

Given the higher-order logarithmic corrections to Hy shown in (6.7), it is straightfor-
ward to integrate the first evolution equation in (5.15) perturbatively. In this way we obtain

2
Hy() N:Tab yz:;g) —2+ O(as) + Cp (Z;) (ksZf + O(L%L))] : (6.11)
where 2r? 16 272
ks = <3—3C3> CF‘FTBO- (6.12)

The derivation of the O(apa? L?) term would require knowledge of the O(a? Ly,) contribu-
tion to Ha(z, u), which in turn needs the two-loop coefficient of the anomalous dimension
"22-

6.3 Higher-order logarithmic contributions to the decay amplitude

Given the above higher-order results for the matrix elements and matching coefficients, it
is straightforward to derive the higher-order logarithmic corrections to the b-quark induced
h — vy decay amplitude at O(a2LF) with k > 3. We find

Mb=Mo<u>{<Ljz)+CFj;<M>lL‘*L3+<4w>L2

2 2 4
+ <1z+g+16§3>L—36+4g‘3—”5—(3L2—12)Lm]

cor ()

Cr 15 (% 1 2

LP +d Lt +ds P 1
90 10 20> +ds L™ + dg (6.13)

C
+ L KF + BO) L+ (6Cp + Bo) L* + di 2 LQ}

2 12
m2
+ O(b> } :
M;

where the dots refer to three-loop terms containing less than three powers of logarithms

3
+ L2 I* (90F+250>+...

(L or L,,). The higher-order expansion coefficients are

5 8 7 4
dy= |-+ — — 4 — - —T
! <6+18>CF+<27+36>CA a7 1"

17 w2 20 199 4472 22 1672
d3:<—+ﬂ-+3§3>CF+<—+ 7T—4C3>CA+<— 7T>TF”fv

2 9 18 27 9 27
51 185 2272 26 872
dip = <—2 +47r2> Cr+ (—6 + 97T> Ca+ (3 - g) Tpny . (6.14)
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The amplitude is scale-independent to the order we are working, meaning that the u
dependence of the running couplings yp(u), mp(p) contained in Mo(p) and of as(p) is
compensated by the terms containing Ly, = In(m3/u?).

As a cross check of our results, we now compare expression (6.13) for the decay ampli-
tude with the results of previous calculations. To this end we need to perform transforma-
tions to different renormalization schemes. First, we express the running parameters mp (1)
and (1) = v/2my(p) /v in the prefactor Mg(p) in terms of the b-quark pole mass, using
relation (4.4). We then eliminate the remaining scale dependence by making the choice
p? = iy = —M} —i0 in the running coupling a,(u). In this “on-shell scheme” (OS), we
find that the amplitude takes the form

Neay m? *
MbZJTb5L(k1)'5L(k’2)
L? Cras(fip) | L* 5 27, 272 74
=gy BTSSR 3 2T 2y (19428 4 L—20+4(3— —
x{2 = 0 o L (124 - +16Gs 0+4¢3—
A~ 2
as(ﬂh)> Cr ¢ (CF 50) 5. ;0874 , ;0873 ]
C “Epe  (ZE 0N 15 qOSpA L gOS 3 6.15
+ F( Ar g0 T\ 0 T30) T L TR ’ (6.15)
where
4 T\ 18)F o1 T 36 ) AT o7 '
1 72 20 199 2272 22 82
A=+ 24 7 e, IR ) &
3 <2+9+3C3> F+< 18 27 C3> A+<9+27> Fngs

and the dots refer to terms containing less than three powers of logarithms. The contribu-
tions to the decay amplitude of O(apa2ny) have been calculated in closed analytic form
in [19], and we find full agreement with the results obtained by these authors. Moreover,
recently the entire three-loop gg — h amplitude has been calculated in numerical form [20].
The authors of this paper have kindly repeated their calculation for the case of h — ~v
and found the following numerical result for the three-loop coeflicient inside the rectangular
bracket in (6.15) (to much higher accuracy than indicated here):

Cr

— 54+ .. } = 0.01975L5 — 0.31111 L% — 8.74342 L* — 68.6182 L3 + ...

C
1790

+(0.02063L° 4 0.79012L* + 3.57918 L% + ... ) my (6.17)

+ (—0.04444L° — 0.09877L* — 2.26947L% + ... ) ny,

where we only show the coefficients of the logarithmic terms of order L? and higher. The
terms in the second line refer to three-loop diagrams containing a quark loop with n;
massless flavors in addition to the b-quark loop connecting to the Higgs boson; see figure 7
for some representative examples. The terms shown in the third line refer to the same
diagrams, but now with a b-quark rather than a massless quark propagating in the second
fermion loop (where n, = 1). In [20] the authors defined the running coupling in the
MS scheme with massive-quark decoupling. Its dependence on the renormalization scale
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1 1 1

1 1 1
Figure 7. Examples of three-loop Feynman diagrams containing a second quark loop in addition
to the b-quark loop connected to the Higgs boson.

is given by the p-function for n; = 4 massless quarks, i.e. agnl)(,u). Since in our case the

massive b-quark is much lighter than the Higgs boson, it is more appropriate to work in
a scheme in which one uses the running coupling defined with ny = n; + 1 active quark
flavors, as we have done in (6.15). The relevant conversion relation is [49]

a(”f)

o™ (fi,) = agnﬂ(ﬂh) 1— 8'675/”%) L+0(a?)]. (6.18)

Performing this scheme transformation we find that relation (6.17) is replaced by

C
iy U } = 0.01975L5 — 0.31111 L° — 8.74342 L* — 68.6182L° + ... (6.19)

C
190

+ (0.02963 L° + 0.79012L* 4+ 3.57918 L + ... ) ns + (0 + ... ) mp,

where ny = n; +1 = 5. Our analytic result in (6.15) is in perfect agreement with this
expression. We emphasize that the coefficient of the L? term is sensitive to the two-loop
anomalous dimensions of the jet and soft functions. The observed agreement thus presents
a highly non-trivial cross check of our conjecture for the two-loop anomalous dimension of
the soft function made in [32].

As a side remark, we stress that the above results indicate that the leading double
logarithms generally do not provide the dominant contributions to the decay amplitude.
Using my = 4.8 GeV for the b-quark pole mass and My = 125.1 GeV for the mass of the
Higgs boson, and indicating powers L™ with the help of a subscript n, we find numerically

2
My~ e " 2% (k) < (k) { [(16.3—20.51),— 2] (6.20)

™

+ o [(5.4+ 23.71) 4+ (—8.9439.2)3 + (—22.84 28.67)2 + (26.2— 12.64)1 — 3.70}

+02[(~16.2-7.8i)5+ (12.8+16.0)5 + (18.6+ 81.20)4 + (~27.1+ 118.8)3+ ... | }

Here oy = as(— M2 —i0) = 0.107+0.0244 is itself a complex number. It follows that in order
to obtain reliable results it is essential to perform the resummation of logarithmic terms
beyond the leading double-logarithmic approximation using RG-improved perturbation
theory, such that all large logarithms are exponentiated.
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The above comparison provides a highly non-trivial cross check of our factorization
theorem (4.1) derived in SCET. Previous authors have analyzed the leading and sub-
leading logarithms in the h — v decay amplitude using more traditional resummation
techniques [15, 16]. They worked in a different renormalization scheme, in which the factor
mp(p) in the prefactor Mo(u) is eliminated in favor of the b-quark pole mass, whereas the
Yukawa coupling y,(x) and the running coupling a,(u) are evaluated at p = Mp,. In this
scheme OS’, our result for the decay amplitude assumes the form

Neay yy(Mp,)

My = my et (k1) - % (k 6.21
b - N 1 (k1) - €Y (k2) (6.21)
L? Cras(My) Lt L3 2 Zim\
T ZEESVTR Y 2 g 2 2R
X{ T TR 3 T2
9 2 4
+<6+§+16C3>L28+4(37T56i7r]
Oés(Mh)>2 [CF 6 < 3CF BO) 5 4 oS’ +3 ]
C Lr _oF Lo +dQS LY + a9 L + ...
* F( drr o0 "0 "30)" " T L ’
where
, 5 7w i 67 w2 1liw 5 irm
g0 — (2 ™ M) e (LT T c ( )T
4 <2+18 4) F+<108+36 36) At\grTg )trns,
, 9 1172 3im 157 2272 11lim
d¥S = = C C 6.22
3 (4 9 C3+ )F (36 27 +6>A (6.22)
n 17_i_87r2 27 T
——t = — nf.
9 "o7 T3 ) EY

The leading double logarithms of O(apa® L?"2) have been correctly obtained in [15, 16].
In [16] also the next-to-leading logarithms (NLL) of O(a,a L2 1) were analyzed and an
all-order formula for them was proposed. The result reads

AL Neaw yo(Mn) L? { i 20(n+1) <_CF%(Mh) L2>n (6.23)

pel (k1) e’ (k2) —

T V2 2 I'(2n+3) 27
n—i—l CFaS(Mh) 9 " Oés(Mh) 9 n(n+1)
1 Z _ 2) 13-4 L .
I'(2n+2) 27 27 (2n+2)(2n+3)
When expanded to O(a?2) this formula yields
N, M,
= e WO s ) (k) (6.24)

V2
L? Crag(My)( L* L? as(M)\?[Cr ¢ Cr fo)\,s;
X{2+ ir TRIP) +CF< A > 90L+<_10_30>L} '

Interestingly, the coefficient of the C% a2 L° term (marked in bold face) does not agree with

our result shown in (6.21). It is difficult to trace the origin of this discrepancy, given that
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in [16] the derivation of the subleading logarithmic contributions is only sketched. The
authors start from an analysis of the off-shell Sudakov form factor [50], i.e. the quark form
factor of a vector current in the limit where Q% = |¢?| > |p?|, and then take the limit where
the two external legs go on-shell (p? — 0). They also need to account for the kinematic
differences between quark scattering off a vector current and photon scattering off a scalar
(Higgs) current. In general, a consistent framework based on effective field theory, such
as the SCET approach developed here, is certainly helpful to derive consistent results for
corrections appearing beyond the leading order in both logarithmic counting and power
counting in A = my/M},. In our approach, the coefficients of the leading and subleading log-
arithms in (6.21) are determined in terms of one-loop coefficients of anomalous dimensions.
We find that

Cr ¢ 3Cr 50) 5 } I3 6 Fo( X ) 5
SEpe(Z22E PO sy |2 20 g6, 20 _Om0 g\ 54
Cr [90 +( 50 30)7 T 140 ¥ 120 (B0t =7 =Fo J L0+
(6.25)

where I'y = 4CF, 740 = —3CF, 7, = 0 and vy, 0 = —6CF are the one-loop coefficients of

the cusp anomalous dimensions and the anomalous dimensions of the collinear quark field,
the jet function and the running quark mass, respectively, and we have used relation (5.13)
to eliminate the one-loop anomalous dimension 7, of the soft function. In [22] we have
extended the prediction of the NLL terms to higher orders of perturbation theory, finding
that (6.23) must be replaced by

NLL_Ncab yb(Mh) * ok £2 - N nQF(n+1)
Myt = 73 my e’ (k1) - €7 (k2) 5 T;)( p) T(2n+3)

(6.26)
3p2n+1  fy p°  (n4 1)

Cras(My) r2
21 L

inside the brackets in the second line is not in agreement with (6.23).

where p = , and in the prefactor m; denotes the pole mass. The second term

In the recent paper [21] the resummation approach of [16] was extended to predict

the leading and subleading logarithms in the gg — h amplitude. The authors showed that

in an appropriate “abelian limit” their result reproduces the formula for the subleading

logarithms shown in (6.23). We thus believe that also in this work the subleading logarithms

at three-loop order and beyond are not correctly accounted for. Matching their results with

the calculation of [20], the authors have concluded that the coefficient of the L5 term in

equation (C.1) of this paper should take the form (Cx —Cr) (% Ca—3 Cp—2Trny) /640 ~

0.0017361111. Adjusting the color factors in our result (6.21) to those relevant for the

gg — h amplitude, we find instead the result

Cy—Cp (11 10 >

———— | —=Cy—Cp— =T ~ 0.0017361111. 6.27

640 \9 AT T 3R (6.27)

The authors of [20] have confirmed to us in a private communication that this is indeed
the correct expression for the coefficient of the subleading logarithmic contribution.
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7 Conclusions

We have derived the first renormalized factorization theorem for an observable described
at subleading order in SCET power counting. We have focused on the contribution to
the radiative Higgs-boson decay amplitude induced by the Higgs coupling to light bottom
quarks; however, the methods we have developed are more general and can be applied
to other subleading-power factorization theorems. Endpoint-divergent convolution inte-
grals arising when the factorized decay amplitude is expressed in terms of bare matching
coefficients and bare operator matrix elements have been tamed by introducing rapidity
regulators on the convolution integrals. We have proved two D-dimensional refactorization
conditions for the bare matching coefficient HQ(O) (z) and the matrix element (Oéo) (z)) in the
endpoint region z — 0, which ensure that the dependence on the rapidity regulator cancels
out to all orders of perturbation theory. With the help of these relations the factorization
formula can be recast into a form where the endpoint divergences are removed by means of
suitably chosen subtraction terms (for 75) and cutoffs on the convolution integrals (for T3).

The main accomplishment of the present work has been to show that such an endpoint-
regularized factorization theorem can be consistently formulated in terms of renormalized
matching coefficients and operator matrix elements. This is a highly non-trivial point,
because endpoint regularization and renormalization do not commute. We have derived
the RG evolution equations satisfied by the renormalized matching coefficients and operator
matrix elements and derived most of the anomalous dimensions at two-loop order (and the
remaining ones at one-loop order). We have then used our results to predict in analytic form
the logarithmically enhanced three-loop contributions to the b-quark induced h — vy decay
amplitude of O(apa?L¥) with k = 6,5,4,3, finding perfect agreement with a numerical
computation of these terms performed by the authors of [20]. On the other hand, our
findings for the structure of the coefficient of the subleading term (with k = 5) disagrees
with the predictions of previous authors [16, 21], who had attempted to study the structure
of the subleading logarithmic contribution using conventional tools. This demonstrates the
usefulness of having a fully systematic approach based on effective field theory to study
factorization beyond the leading power in scale ratios.

We are confident that the results presented in this work are a major step forward in
the quest for a consistent formulation of SCET factorization theorems at subleading power.
For the particular example considered — the b-quark induced h — v decay amplitude —
they form the theoretical basis for a systematic resummation of large double and single
logarithms beyond leading order in RG-improved perturbation theory. The technical details
of this resummation will be discussed in future work. It will also be important to generalize
our analysis to the non-abelian case of the Higgs-boson production in the gluon-gluon fusion
channel gg — h, extending the approach of [17, 18] to higher logarithmic accuracy.
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A Bare matching coefficients and matrix elements

For completeness, we list here the expressions for the h — v matrix elements of the bare

(0)

operators 09 and the corresponding bare matching coefficients HiO

(2
These expressions are needed to obtain the corresponding renormalized quantities derived

as derived in [9].

in the present work.

Bare matrix elements. Omitting the photon polarization vectors, the h — v matrix

element of the bare operator Ogo) is to all orders of perturbation theory simply given by

(v O [h) =m0 gt (A1)

where my o is the bare b-quark mass. The reason is that O; does not contain any fields
with color charges, and hence there are no QCD corrections to the matrix element.

The bare matrix elements of the remaining operators are known to first order in
only. For the case of Oéo) one finds (with 0 < 2 <1)

]\7(3017 vl e —« C Qs —2¢
(1108 (2) 1) = 520 g g1 |7 T ()~ + “EL () [K(2) + K(1-2)] .
(A.2)

where

1 3y , 1 (In*z 1
K(z)= =2 <lnz+2) +E ( 5 —Inzln(l-2) — 2 —6>

. . In3 2 9
+ 6 Lig(z) + (1 — 22 — 2Inz) Lisa(2) + e +[z4+In(1 —2)]In” 2 (A.3)
) 1 1432 x2 3 72
+<2L12(1—z)—21n(1—z)— 5 —6>1HZ+2+6—4C3+O(6).

In (A.2) aso and g denote the bare QCD and electromagnetic couplings, respectively.
Starting at first order in ag the matrix element contains terms that are singular for z — 0
or z — 1. The former terms are contained in K (z), while the latter ones are contained in
K(1—2). In order to compute the matrix element [(y7| Oéo)(z) |h)]] one needs to take the
limit z — 0 in the above expressions. In [9] this limit has been obtained in closed form in
the dimensional regulator €. One finds

e2€VE

[K () + KL= 2)] = 1= 5 2(2 — 3¢ +2¢3) T2 (e) + 2(1 — ) T'(€) T'(2€) T'(—¢)

I'(2¢) T2(—e) (#.4)

4 2(2 — 4e — €2) T = 2¢)
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In order to compute the matrix element of the bare operator Oéo), as given in the third

line of (2.9), one needs the expressions for the bare jet and soft functions at NLO in .
For the bare jet function one obtains

. 2(_
JO 2y = 1 4 G0 (-p?—i0) “er PO 0 oy ), (A.5)

This function has a cut along the positive p? axis starting at p?> = 0 and extending to
infinity. The bare soft function, which is defined in terms of the discontinuity of a soft
quark propagator dressed with Wilson lines, can be written in the form

i

N.«
SO (w) = ===ty [ (w) (w = m3 ) + 54" (w) 6(mi g — w)] . (A.6)

At first order in o one finds

ee’YE

S (w) = T(1—e (w - mg,o)i6
+ 2250 [[64(0) + 2 (1 = )] (w = m) ™ + Cale) o)~ (= i)
—2Lig(r) + 2Inrin(l — ) — 3In%(1 — ) + 2In(1 —7) +... |,
51 (w) = CEOD (7 ) - S+ o1 - o)+ (A7)
where
26276 [ (1 + €)T(—e)? ]
Cie) = +2I(e) (=€),
NG 26; 21—‘(?— 2¢) (AS)
0x(0) = -2e2m 82 1O

and we have defined the dimensionless ratios r = m%yo Jw and © = w/ mio, both of which
live on the interval [0,1]. In both expressions the dots refer to terms of O(e) and higher,
which vanish for » — 0 or @ — 0, respectively.
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Bare matching coefficients. To first order in «y, the expressions for the bare matching
coefficients obtained in [9] read

(0) Yn,0 Ncab,O 2 A\ "€ ¢ 2F<1 + 6) F2(—6)
HYW == ——>-(-M;7 — TE (1 —
Y A (=M3 —i0) " e (1= 3¢) (3 — 2¢)
Craso 9 .\ "€ (14 2€)T?(—2¢)
1 - —="(—-MF — E
. { e (-Mi—i0) e T(2 - 3¢)
y {2(1 —€)(3 — 12e + 9¢2 — 2¢3) 8 T(1+e)T%2—¢e)I(2—3e)
1—3e 1—2¢ (14 26)T3(1 — 2¢)
 4(3 = 18¢ 4 286* — 10€” — 4e?) ['(2—¢) ]
1 —3e I(1+¢) (2 - 2e)
1 Cra L\ € [(1+¢€)T?%(—e)
H(O) _ Yoo J 1 FOs0 M2 B
AT (-pi—i0) e T(2 — 2¢)
2—4de—€2  2(1—¢)? g 1 —27¢
- —2(1 — 2¢ — 1-
xl i . ( €—¢€) T +(z — z),
©0) _ Yo Cras 2 0\ e 2 (1 +6)T%(—¢)
Hy' =22 |1+ ——2 (=M} - TE (1 — A.
vl (~ME—i0) “em2(1-e) foo2 | (A.9)

where y;, o is the bare b-quark Yukawa coupling. These expressions are exact to all orders
in €. From the second relation one obtains

(A (3] = 252 {1+ 5250 (—agg) e F(1F4(—2e)1“22€()—6) [(2-4e- )= 20-07]]
(A.10)

for the z — 0 limit of the function ﬁéo)(z) introduced in (2.8). Finally, in the rearranged
factorization formula (2.9) one needs the infinity-bin subtraction term AH}O), which is
given by

Nea A\ € eVE Crasg L\ —€
AH® = 0 MO (a2 g {1 =0 (_ M2 —i0
! V2o ( ATY ) e2T(1 —¢) v ( h =t )

eTET(—e)T(1 —¢) 1+e I'(—e)
T2 =20 [(1—26+362)F<6)+ 5 F(l—Qe)]}'

(A.11)

B Definitions of the jet and soft functions

In the analysis of the refactorization conditions in section 3 we have made use of the defi-
nitions of the (bare) radiative jet function J(© (p?) and the (bare) soft-quark soft function
SO (¢, 0 ) introduced in [9]. The two jet functions needed in (3.4) and (3.9) are defined via

(y(k2)| T 2C2% (1) [Xony () (A, < >+9m< )] 0)

_ kl @ 2P 0y 2 2\ —ip-(r—y)+iko-y
ep 0 [2¢L } / 2+10J (p°, (p+ ko)) e

(B.1)
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and

(v (k)| T (A, (2) + 9 <>)xm<x>]‘“‘r>‘cféz<r>|o>

1ty ] i’ﬁl p ip (=) tiky-
_ ij 1 0)(,.2 _ 2 ip-(z—r)+iki-x
— 6% [#1.0k) o EAUCRCETOSE .

(B.2)

We have written out color indices (roman) and spinor indices (greek) explicitly. In both
cases the second argument of the jet function vanishes, because it is equal to the square of
the light-like momentum carried by the soft quark (after the multipole expansion). In the
main text we have simply dropped this second argument.

The soft-quark soft function needed in (3.9) is defined in terms of the soft matrix
element

2
€ —~Q
(01T Tr S0, (0,94) 43 (y+) G5 () Sy (2-,0) [0)

_ / (;1:)@ it ys—z) 51(5)+¢52(6)+7f%€53(£)+ ?2 5 Sa(D) (B.3)

where the trace in the first line is over color indices, and we have introduced the finite-length
soft Wilson lines

n1-x/2
Spy(x—,0) = Sy, (z2) S;[LI(O) = Pexp [igs/o S ni - Gs(tnl)] ,
(B.4)

0
STLQ (07 y+) = Snz (O) S’ILQ (y-i-) = Pexp [igs/ /th na - Gs(tn2)‘| )
nz-y

Only the first structure function S;(¢) contributes in (3.9) due to the presence of 7%, and
7, in the trace over Dirac matrices.

tot

C Details on the derivation of the quantity 5Hf0)’

Here we provide some technical details relevant for the derivation described in section 4.5.
Our starting point is relation (4.37). Note that the integrals over the products of Z; factors
in the second and third lines would evaluate to §-functions if it was not for the upper cutoffs

43 —



on the integrals over /1. Using this fact, we can rewrite the result in the form

ood o ood (e’e] o0
SH =1 [ [T 5O ) [T [T 1O (0T (M)
M
« /0 "0 257 (Mpp— , Myl_) Zy (Mnl— My )
O'Mh
></0 0y 27N~ Mipy,—Mpls) Zs(— Myl ,— My, )
Mndo_ foMnd 00 0o
- | p”/ TS0 pip) [ [ s 7O (M) SO =My
x /0 de_Z;l(Mhp_,Mhe_)ZJ<Mhe_,th_)
/ d£+ Mhp+, Mh€+)ZJ(—Mh€+,—MhW+). (Cl)

In this appendix we do not write out the limit ¢ — —1 explicitly, but it is understood in all
expressions where o occurs. We now rearrange the limits of the integrals in the following
way (in obvious notation):

00 00 My, oM, Mp, oMy, 00 o0
/ dp_ / dp, / e / de, — / dp_ / dp, / e / de,
0
M} oMy, oMp,
—/dp_/dp+/d£/d€++/dp/dp+/d€/d€+
0 0 My, My,
—/ dp_/ dp+/ de_/ d£++/ dp_/ dp+/ dz_/ e, (C.2)
0 0 0 oMy, 0 oMy, 0 0

In the next step we consider the contribution to the quantity ¢’ H{O) my,o involving the
matrix element [[(Ogo)ﬂ], for which we found the expression (4.43). Manipulating this
result in a similar way as above, we find

5’H§0) ™y

,0

105
f—2H§O)/ dp_/ %S(O)(mp /dw / dwy JO(Mpw_) JO(=Mywy)
o p-Jo P+
My,
X 0 deé_ ZJ (Mhp th )ZJ(MhE_,MhUJ_)
X/O d€+ Z;l(—Mhp+,—Mh€+) ZJ(—Mh€+,—MhW+) (03)
My, 00 00 0o
o [T [T 50 ) [T [Ty SO (M) IO (- My
o p-Jo p+ 0 0
X/ db_ Z7H (Myp—, Mpl_) Zy(Mpl—, Mpw_)
0

/ dly Z7 (=Mpps, —Mply) Z;(—Mply, —Mpwy) .
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In analogy with (C.2) we can rearrange the limits of the integrals as follows:

0o 0o My, 00 My, 00 00 0o
—2/ dp,/ d,,o+/ dz,/ d€++2/ dp,/ dp+/ de,/ de,
0 0 0 0 0 0 0 0
—>+2/ dp,/ dp+/ dz,/ d£+—2/ dp,/ dp+/ dz,/ dly .
0 0 My, 0 My, 0 0 0

Considering now the sum of the results (C.2) and (C.4), we get
/ dp_ / dps / a [ ae, - / dp_ | dp, / dr_ / dt,
0 0 My, oMy, My, oMj, 0 0
+/ dp,/ dp+/ de,/ d£+—/ dp,/ dp+/ dz,/ dt, (C.5)
0 0 My, 0 My, 0 0 0
_ / dp_ / dp. / a | ae, + / do_ [ dpys / dr_ / de,
0 0 0 oM, 0 oM, 0 0

The terms shown in the last two lines of this expression are related to each other by the

(C.4)

substitutions p+ — p+, f+ — ¢+ and M} — oM}y, under which the integrand is invariant
if we also replace w+ — w=. It follows that these two terms cancel each other, and hence
we end up with

/dp,/ dp+/ dz,/ d@—/ dp,/ der/ df,/ de . (C.6)
0 0 My, oMy, My, oMy 0 0

This proves relation (4.44), in which the contribution in the last line is the same as in (4.33).
We still need to show that the various terms on the right-hand side of (4.44) define hard
(0)>

contributions, which can be associated with the matrix element (O; ). This is obvious for
the last term, which contains no reference to the b-quark mass. It is less obvious for the

first two terms, which are given by

O)/ L/ ﬁS(O)(erp_)/ dw_/ dwy JO(Myw_) JO (= Mywy)
o p- Jo P+ 0 0

« / de_ 27 (Myp—, Myl_) Zy (Ml , My )
Mh (C.7)

/ dly Z7 (=Mpps, —Mply) Zj(—Mply, —Mpwy)

leading power

> d > d
/ - / Lt 5O (. p_) JO (Myp-) JO (~Mps)
oMp P+

leading power '

Via the soft function, these terms are in principle sensitive to the soft scale my, o. However,
it is important to remember that we only need the leading-power terms in this expression.
In the second integral the variables pt are both in the hard region, and hence the arguments
of the soft and jet functions are all of O(M7). For the first integral, we focus first on the
integral over the Z; factors. Using the explicit expression in (4.39) we find

ae Z7H (Mpp—, Myl ) Zy(Mpl—, Myw-) = 6(p— — w_) 6(p— — Mp)
M (C.8)

Cras
2?05[ [‘%p— > My >w-) = 0(w- > My > p—)] p-T(p_,w)+0(a).
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The first term restricts both p_ and w_ to be in the hard region. For the second term
this is not obvious but still true, because the factor p_ in front of the plus distribution
I'(p—,w_) removes the factor 1/p_ in the measure of the integral. We thus get (focussing
only on the integrals over “minus” momenta)

ood . ] o) _
/0 pLs<0>(p+p_) /0 dw_ JO (Myw_) [ ae Z7 (Myp—, Myl_) Zy (Myl—, Myw_)
- h

<dp_
= [ L=5O0(psp ) JOMip-)

My, P—

CFO[S /OO 0 M, ].

+ dp— SO (pp_ / dw_JO(Myw_ { C.9
2me M, P (p+p ) 0 w ( hW ) p,(p,—w,) N ( )
Cras (M) o0 * o g [ ! 2

- _ _ _TO M) [————— .
me [, o8 Oep) [ o s O || O

In these expressions we can drop the plus prescription, because the integrand of the integral
over w_ contains a term (M}, — w_) if we write this integral as [;“dw_---. The plus
prescription then gives a subtraction term involving 6(M}, — p_), which vanishes since the
integral over p_ runs from M}, to infinity. The first integral on the right-hand side of (C.9)
is clearly in the hard region. For the second integral w_ must be treated as a hard variable
of O(M},), because the jet function does not contain any reference to the mass of the b
quark and p_ is in the hard region. In other words, the region where w_ = O(my) gives
rise to a power-suppressed contribution and hence must be dropped. (Recall that we must
only keep the leading-power terms in the result.) Finally, for the third integral w_ is in the
hard region, and the region where p_ = O(m;) or smaller gives rise to a power-suppressed
contribution. For this to be true, it is important that the measure is dp_ and not dp_ /p_.
An analogous argument holds for the second integral over Z; factors in (C.7).

With all integration variables restricted to the hard region, we can replace the bare
soft function S (w) by its asymptotic form s (w) defined in (4.46). When the dust
settles, we obtain from (C.7)

(0)

O S o0 d o0 Og _ M 1
SOt _ O ) Cra / | [T, S o) (M, L
2me Jom, P+ |, myo  Jo p—(p- —w-)
M (0) 00
_ hdp_ M dw_ -
0 mo S o (@ — po)
s ©dp_ 00 <(>2) - oM 1
+C;Fa / dp— / ap, 52 Pip )/ " dos
e JMy P- oMy, Mp,0 0 p+(p+ — wy)
oM (0) 00
_ / hdp+ SC’O(p”’)/ dw. N
0 b0 oMy, wi (W — p4)
+ O(ag)} , (C.10)

where at this order we can use the lowest-order expressions for Sgg)(w) given in (4.46).
Performing the integrals then leads to (4.47).
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D Two-loop anomalous dimensions

We define the expansion coefficients of the cusp anomalous dimensions as

2
Qs
FCeuspl(avs) = Fo —|—F1 <47r> +..., (D.1)

and similarly for all other anomalous dimensions. Below we list relevant expansion coef-
ficients needed in section 6 in the MS renormalization scheme. The expansion coefficients
of the cusp anomalous dimension I'wysp are given by [44]

67 2 20
F0:4CF, P1:4CF CA 7_1 —fTFTLf . (D2)
9 3 9
For the coefficients of the anomalous dimension of the running quark mass, which is related
to the anomalous dimension of the operator O;(u) by 11 = —7m, one finds [30]
Ym,0 = —6CF, Tm,1 = _3CF - — CFCA + CFTFTLf (D.3)

The anomalous dimension <, of the collinear quark field entering in (5.5) has coefhi-
cients [41, 46]

Yq,0 = _3CFa (D4)

3 961 112 130 272
2 2

Vg1 =C% =2 +272 —24(3 )| +CpC,4 +CpTr +2
ol C<2 <3) CC( 54 6 ) ¢ nf<27 3)’

while the coefficients of the anomalous dimension 7 entering in (5.9) read [9]

808  1lm* 224  4m°
0="0 =Cr |C < ) T ( ) . D.5
o= d l 21 " AT (D-5)
The anomalous dimension 7, then follows from (5.13). One finds the expansion coeffi-
cients [32]
¥s,0 = —6CF, (D.6)
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