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1 Introduction

The conformal invariance appeared in theoretical physics more than 100 years ago —
see [1, 2]. However, its importance for critical phenomena, associated with the second-
order phase transitions has been recognized due to the seminal 1970 letter by Polyakov [3].1

About the same time, the conformal bootstrap equations came into play [3, 8, 9], along
with the short-distance operator product expansions by Wilson [10] in the high-energy
physics and Kadanoff [11, 12] in the theory of critical phenomena. The relevant relations
have been the self-consistent equations for full correlation functions of the Schwinger-
Dyson type. The term bootstrap implies an intrinsic self-consistency [13]. These equations
allowed conformally invariant solutions for correlation functions, and the Operator Product
Expansion (OPE) has been recognized as an efficient tool to treat them. An early review
has been given by Mack [14]; a very recent review on Conformal Field Theory (CFT) by
the same author can be found in [15].

In what followed, there has been much formal development, see [16–21] and the re-
views [22, 23], but the practical output like explicit expressions or numerical values of
critical exponents appeared to be relatively modest [20, 24, 25] and [22, section 15]. In this
respect, the greatest achievement of the classical conformal bootstrap programme has been
the calculations of critical exponents up to O(N3) in the large-N expansion [26–30], see also
the book by Vasiliev [31] and the recent review [32]. Moreover, the traditional bootstrap

1The scale invariance inherent in systems with short-range interactions at critical points, along with the
invariance under translations and rotations, usually entails the existence of invariance under a larger sym-
metry group, that of conformal transformations [4–6]. The interrelations between the scale and conformal
invariance are thoroughly discussed in the recent review paper [7].
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approach and OPE have been used in a comprehensive study of the operator algebra and
multipoint correlation functions in a series of papers by Lang and Rühl, including [33].

A breakthrough in the development of the CFT occurred with the appearance of the
seminal paper by Belavin, Polyakov, and Zamolodchikov [34] (see also [35] and [36]). In two
space dimensions, where the group of conformal transformations is infinite-dimensional, the
combination of the conformal bootstrap and the OPE was able to yield the exact solutions
of the so-called minimal models. The (infinite) family of these models included the well-
known exactly solvable two-dimensional Ising, three-state Potts, and Ashkin-Teller models
as special cases. It is hard to overestimate the impact of this work. According to Google
Scholar, by now the paper [34] has more than 6000 citations, it has strongly influenced
the Les Houches proceedings [37], it was in the basis of the compilation [38] reprinted
there along with a series of related papers, its methods and results have been discussed in
numerous review articles and books, in particular [4–6, 39, 40]. The two-dimensional CFT
influenced several areas of mathematics and benefited from their development [40–42].

The success of the CFT in two dimensions stimulated its application in different
branches of the Quantum Field Theory [43], (super)strings [44–48], statistical mechan-
ics. In the latter, essential progress has been achieved in bulk [49, 50] and boundary
critical phenomena [51–54], finite-size scaling [55], critical Casimir effect [56–61], polymer
physics [62, 63], etc. (see [5, 6]). In view of the substantial progress of CFT, Henkel [64] pro-
posed the hypothesis of generalized local scale invariance intended to describe the dynamic
and strongly anisotropic static systems at criticality. This conjecture and its implications
in the case of uniaxial Lifshitz points have been critically analysed in [65].

A new explosion of interest in the conformal bootstrap approach has occurred in about
the last ten years, see the reviews [66, 67]. It started with the work [68] where new
ideas and numerical methods have been applied to old equations. The research activi-
ties moved to space dimensions higher than two, especially d = 3. The scaling dimen-
sions of basic operators and hence the critical exponents have been extracted from the
fundamental consistency conditions and conformal symmetry considerations without any
microscopic input [69–73]. The highlight of the “new” bootstrap approach is the most pre-
cise calculation of critical exponents of the Ising model in d = 3 dimensions [74], namely
(η, ν) = (0.0362978(20), 0.629971(4)). As admitted by the authors of this last reference,
their results for the O(N) model with N = 2 and 3 were still less accurate compared to
the best Monte Carlo estimates [75–77]. Very recently, however, the new precise values
for scaling dimensions in the three-dimensional O(2)-symmetric model, compatible with
Monte Carlo results, have been obtained in [78].2

Again, this development stimulated numerous research activities in diverse scientific
fields. Merely search “bootstrapping” in Google Scholar, and you will see hundreds of
interesting contributions. A significant number of references can be found in the review
papers [66, 67]. Among them, of particular interest for us are recent investigations of
systems with boundaries [67, section V.B.6].3

2For an exhaustive comparison with other data, especially that of the six-loop epsilon expansion, see
also [79].

3Exhaustive reviews on surface critical behavior in semi-infinite systems can be found in [80–82].
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The early fundamental work by Cardy “Conformal Invariance and Surface Critical
Behavior” [51] appeared in 1984. The general formulation was given in d dimensions, and
some exact results were derived in d = 2. Approximately at the same time, the implications
of the conformal invariance in systems with boundaries have been noticed in several explicit
calculations (see the references in [4, p. 82]). In semi-infinite two-dimensional CFTs, Cardy
and Lewellen [83, 84] introduced a system of “sewing constraints”. The essential idea, now
ubiquitous in the modern conformal bootstrap approach, was a self-consistent treatment of
correlation functions whose operators have been expanded at short distances both in the
bulk [10, 11] and near the boundary [85]. A new essential portion of fundamental knowledge
has appeared in a series of papers by McAvity and Osborn [86], [52] and [53]. The last
of these references provided a direct basis for building up in [87] the modern bootstrap
program for the boundary CFT in d dimensions.

Liendo, Rastelli, and van Rees [87] formulated the self-consistent equations by com-
paring two different short-distance expansions for the same two-point correlation function.
These are the Operator Product Expansion and the Boundary-Operator Expansion (BOE)
worked out in [53] in a semi-infinite d dimensional Euclidean space bounded by a flat
d− 1 dimensional (codimension-one) surface. The equations could be checked analytically
in two cases. It was possible to reproduce the free Neumann and Dirichlet propagators
in d dimensions. Also, the non-trivial O(ε) contributions to the two-point functions in
d = 4 − ε dimensions could be derived for the special and ordinary transitions in accord
with previous calculations [52, 53, 88].4 In [87, appendix B] the mean-field propagator of
the extraordinary transition in d = 4 has been reproduced (see [90, (4.96)] and section 2.3
below).5 The expression [87, (B.37)] for the one-point function 〈φ〉 could be compared
with the order-parameter profile of [92]. Moreover, using the linear programming methods,
the bootstrap constraints have been studied in d = 3 for the special and extraordinary
transitions. This resulted in numerical estimates, some of which were compared with the
results of two-loop calculations of [93] (see also [94, 95]).

Further progress in extracting the conformal data from the bootstrap equations in
three-dimensional semi-infinite systems has been achieved in the subsequent papers [96,
97]. Here the analysis of bootstrap equations differs from that of [87]. The method of
determinants is used, relying on a truncation of the operator spectrum. In the case of the
extraordinary transition, the bootstrap yielded certain information on the bulk operator
spectrum [96], see also [91]. For the ordinary and special transitions precise estimates
have been obtained for relevant scaling dimensions, which compared well both with field-
theoretic calculations [93] and a series of Monte Carlo results: see [97, table 1].

Other types of “defects” such as line (codimesion-two) defects as well as certain general
features of the boundary CFT have been studied in [98–100] and [101–104]; see also the
recent proceedings [105].

Very recently, essential progress has been achieved in the analytic solution of boundary-
CFT bootstrap equations [106]. First, the known anomalous scaling dimensions of the

4The important relations between the boundary conditions and types of the boundary critical behavior
have been recently discussed in [89].

5To the best of our knowledge, the O(ε) correction to this function remained unknown until recently [91].
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leading boundary operators corresponding to the special and ordinary transitions were
reproduced up to order O(ε2) [106, p. 12]. This is the highest order of the ε-expansion
known up to now for critical exponents of the special and ordinary transitions. Moreover,
just “using the analytic structure of the two-point function and symmetries of the BCFT”
the O(ε2) contribution to the scaling functions of the two-point correlators have been found
and written down in [106, section 4.4] (see also [107, section 2.4.1]) without any comparison
or further discussion. At order O(ε2), these functions were not explicitly known in the
statistical physics literature (see, however, [85, (B.45)-(B.46)], [108, (16)]). Moreover, the
two-point correlation function of the extraordinary transition has been derived to order
O(ε) only quite recently [91]. In the rest of this paper we shall concentrate on this last
type of transition.

The extraordinary transition has been introduced into the subject by Lubensky and
Rubin [109] in 1975. The general information and relevant original literature on this tran-
sition can be found in the standard references [80–82]. Its special feature is the presence
of the non-vanishing order-parameter profile 〈φ(z)〉 both above and below the bulk critical
temperature Tc for z ≥ 0, where z is the coordinate normal to the hyperplane constraining
the half-space and located at z = 0. All surface critical exponents (or corresponding scal-
ing dimensions) can be expressed in terms of the bulk exponents. The recognition of this
feature goes back to Bray and Moore [110] (see also [111] where the conformal-invariance
arguments are involved). The most important feature from the conformal bootstrap per-
spective is that the most relevant terms of the boundary-operator expansion of a general
bulk operator contain the identity operator and the zz-component of the stress-energy
tensor, Tzz(0), with the scaling dimension d [58], see also [82, section 3.3].

There are several interesting physical systems undergoing phase transitions which be-
long to the “extraordinary” universality class. The most prominent example is the experi-
mentally observed phenomenon of critical adsorption, see [56, 112, 113]. It occurs close to
the demixing point in liquid binary mixtures confined by a hard wall or interface, and in
constrained polymer solutions [63].

The theoretical description of the extraordinary transition is far from completeness.
To a large extent, this is due to mathematical difficulties one immediately encounters. So,
by presenting the new analytic results in this non-trivial case, we hope to stimulate some
progress in this direction.

In section 2 we recall the known pz-representation of the mean-field propagator at
the extraordinary transition. Using one of the methods of the boundary conformal field
theory we obtain the coordinate representation of this function at criticality and discover
its simple and elegant structure. In section 3 we present an explicit calculation of the
layer susceptibility χ(z, z′) for arbitrary distances z and z′ from the surface in the one-
loop approximation. An explicit expression is obtained up to O(ε) order of the ε = 4 − d
expansion. The singularities it contains have their interpretation in terms of short-distance
operator product expansions. The results are compared with the previously known data
and with similar expressions of the more common case of the ordinary transition. In
section 4 we discuss the relevance of present results for eventual future calculations of
coordinate representations of two-point correlation functions. This is an interesting issue
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given the tremendous recent progress in the conformal field theory, both in the bulk and
semi-infinite systems. The appendix contains some technical details.

2 Mean-field correlation function at the extraordinary transition

We consider a scalar φ4
d theory in a d-dimensional semi-infinite space Rd+ = {x = (r, z) ∈

Rd | r ∈ Rd−1, z ≥ 0}. The coordinate z ≥ 0 is orthogonal to a flat (d − 1)-dimensional
boundary located at z = 0. Momenta p are conjugated to position vectors r in hyperplanes
parallel to the boundary.

At the extraordinary transition,6 the mean-field propagator in the “mixed” pz repre-
sentation is given by [54, (2.5)]

G0(p; z < z′) = 1
2p
[
W (−pz)−W (pz)

]
W (pz′) (2.1)

where the function W is
W (x) = e−x

(
1 + 3

x
+ 3
x2

)
. (2.2)

The function G0(p; z, z′) obeys the equation [114, section II], cf. [54, appendix A], [109,
section II] [

− d2

dz2 + p2 + u0
2 m2

0(z)
]
G0(p; z, z′) = δ(z − z′) (2.3)

with the boundary condition on the surface(
− d

dz
+ c0

)
G0(p; z, z′)

∣∣
z=0 = 0 , z′ > 0 . (2.4)

In (2.3)–(2.4), u0, the φ4 coupling constant, and c0, the surface enhancement, are the pa-
rameters of the underlying Landau-Ginzburg Hamiltonian (see e.g. [91]). We set the “mass”
τ0 to zero, as we are interested only in the theory right at the transition point T = Tc.

In (2.3), m0(z) is the critical order-parameter profile in the Landau (mean-field) ap-
proximation. It is the solution of the “classical equation of motion”

− d2

dz2 m0(z) + u0
6 m3

0(z) = 0 (2.5)

with the boundary condition (
d

dz
− c0

)
m0(z)|z=0 = −h1 , (2.6)

where h1, the local external ordering field at the surface comes into play. When T = Tc,
the profile m0(z) vanishes when approaching the bulk limit at z → ∞. The mean-field
results (2.1)–(2.2) for G0(p; z, z′) and m0(z) =

√
12/u0 z−1 are the same in two limits:

c0 → −∞ with h1 = 0, and h1 →∞ with any c0.7

6Exhaustive background information on the underlying model and phase transitions can be found in [54,
81, 92]. For a short recent introduction see [91].

7Though producing the same results, these two limits have different physical background: see footnote
2 in [91] and references therein; we shall not distinguish between them and continue to call the transition
“extraordinary” anyway.
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The propagator G0(p; z, z′) is that of Gaussian fluctuations of the order parameter
around the mean-field solution m0(z). It is the connected two-point function in the (un-
perturbed) zero-loop, or tree approximation of the Landau-Ginzburg theory. This is the
lowest-level approximation in the famous Feynman-graph expansion in the number of loops.
As in [109], G0(p; z, z′) is often called the mean-field propagator.

The propagator (2.1)–(2.2) belongs to the theory with a symmetry breaking. Just as
in the more common case of the bulk theory at T < Tc, the presence of the term u0φ

4 in
the Landau-Ginzburg Hamiltonian is necessary for an adequate description of the ordered
phase already in the lowest approximation. This term cannot be simply neglected as it is
done in the usual “free” theory.

It is well known that the mean-field theory is correct in d ≥ 4. When d < 4, the
loop corrections are important, and near Tc the mean-field results may only be seen as
certain approximations to the correct non-classical ones.8 In the absence of the external
ordering field on the boundary, for supercritical enhancement of surface interactions c0 < 0,
the extraordinary transition with a one-component order parameter exists for all d > 3.
Its mean-field treatment in generic dimensions d has been carried out in the pioneering
work [109]. The statement of [87, p. 12] that “the extraordinary transition. . . appears at
first order in the Wilson-Fisher fixed point in d = 4− ε dimensions” is incorrect.

Equally incorrect is the claim of [87, p. 43] that “there is no extraordinary transition
in 4 dimensions. . . ”. As we have seen above, there is nothing to prevent the mean-field
theory of the extraordinary transition from existing in four dimensions provided u0 6= 0.
The mean-field correlation function in d = 4 has been derived in [109, p. 3900], see
also (2.38) and related references. This function contains a logarithmic term, which arises
in a non-trivial limiting process when d→ 4.

Indeed, the marginal case of the upper critical dimension d∗ = 4 is special. In four
dimensions, the theory is asymptotically free, and the φ4 coupling constant is a marginally
irrelevant variable. There is the IR-stable fixed point u∗ = 0 in this theory, but one has to
keep in mind that the running coupling constant u(l), which replaces u0 in renormalization-
group flow equations, behaves as u(l) ∼ | ln l|−1 when the flow parameter l → 0. This
generally leads to logarithmic corrections to the mean-field behavior in d = 4 [115, sec-
tion VIII.B], [116, section 9-6], [117, section 5.6]. In the context of semi-infinite systems,
these corrections are discussed in [81, section III.C.14]. The one-point function m(z) at
criticality contains the factor 1/

√
u(l). With the appropriate choice of the flow parame-

ter l = (µz)−1, where µ is an arbitrary momentum scale, its presence leads to the form
m(z) ∼ z−1√| lnµz| in d = 4.9 This is instead of an uncontrolled divergence which would
appear in an illegitimate attempt to use u0 = 0 or u∗ ∼ ε = 0 when considering m(z)
at d = 4.

In the following subsections we shall derive G0(r; z, z′), the counterpart of (2.1) in the
coordinate representation. The function G0(r; z, z′) can be found from (2.1) by a direct
Fourier transformation of G0(p; z, z′) in d−1 directions parallel to the boundary. However,

8At the extraordinary transition, the one-loop corrections to the zero-loop propagator G0(r; z, z′) have
been recently derived in [91].

9H.W. Diehl, private communication.
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we find this way a bit annoying and not very instructive. Instead of this, we shall use
another integral transformation that employs the conformal invariance of the underlying
theory. It was introduced to the subject in [53] and [118]. For convenience, we reproduce
the needed information in a few words below.

2.1 The integral transformation

In a semi-infinite critical system, the conformal invariance implies that the two-point cor-
relation function of bulk fields can be written in the scaling form

G(x, x′) = 1
(4zz′)∆φ

g(ξ) . (2.7)

Here ∆φ is the usual full scaling dimension of the field10∆φ = 1
2(d−2 +η) and the variable

ξ is one of the possible invariants of the (restricted) conformal transformations preserving
the boundary of the system [4, 51]:

ξ = |x− x
′|2

4zz′ . (2.8)

Integration of the correlation function G(x, x′) over directions parallel to the surface in a
strip between the parallel hyperplanes at z and z′ defines the layer (or parallel) suscepti-
bility

χ(z, z′) =
∫
dd−1r G(r; z, z′) . (2.9)

Here r is the distance between the points x and x′ in parallel directions: the vector x′ − x
has components (r, z′−z). Using this convention in the definition of ξ in (2.8) and reporting
the scaling form (2.7) into (2.9) we obtain, after performing the angular integration,

χ(z, z′) = 1
(4zz′)∆φ

Sd−1

∫ ∞
0
dr rd−2 g

(
r2+|z−z′|2

4zz′

)
. (2.10)

Here Sd−1 is the area of a unit sphere embedded in Rd−1. For general d, the well-known
formula is

Sd = 2π
d
2

Γ
(
d
2

) . (2.11)

A slight modification of the integration variable in (2.10) leads to the representation

χ(z, z′) = 1
(4zz′)∆φ− d−1

2

Sd−1
2

∫ ∞
0
du u

d−3
2 g(u+ρ) (2.12)

which defines the general scaling form for the layer susceptibility (cf. (3.29) below)

χ(z, z′) = (4zz′)
1−η

2 ĝ(ρ) . (2.13)
10η is the familiar (bulk) correlation function exponent, and η/2 is the anomalous dimension of the field.

The ε-expansion of η starts with O(ε2).

– 7 –
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In the last two expressions ρ denotes the combination

ρ = |z − z
′|2

4zz′ (2.14)

explicitly appearing in (2.10).
An important feature is that the equations (2.12) and (2.13) define an integral trans-

form

ĝ(ρ) = πλ

Γ(λ)

∫ ∞
0
du u−1+λ g(u+ ρ) with λ = d− 1

2 (2.15)

which can be inverted via

g(ξ) = π−λ

Γ(−λ)

∫ ∞
0
dρ ρ−1−λ ĝ(ρ+ ξ) . (2.16)

The inversion formula [53, 118] allows to calculate the scaling function g(ξ) of the correlator
G(x, x′) starting from the scaling function ĝ(ρ) of the layer susceptibility χ(z, z′) which is
normally easier accessible in the explicit (perturbative) calculations, see [91, section 3.2].

2.2 A warm-up: ordinary transition

Let us demonstrate the above procedure with a simplest example by reproducing the well-
known Dirichlet propagator GD(x, x′). The massless Dirichlet propagator in the pz rep-
resentation GD(p; z < z′) is recovered from G0(p; z < z′) in (2.1) when we take there
into account only the pure exponential terms in the functions W . The limit p → 0 of
GD(p; z < z′) leads us to the layer susceptibility χD(z < z′) = z. In a more general,
symmetric form

χD(z, z′) = min(z, z′) = z + z′ − |z′ − z|
2 . (2.17)

This result should be represented in the scaling form (2.13). We have

χD(z, z′) =
√

4zz′ 1
2

(min(z, z′)
max(z, z′)

) 1
2
≡
√

4zz′ 1
2 ζ

1
2 . (2.18)

Here we introduced a new variable ζ,

ζ = min(z, z′)
max(z, z′) . (2.19)

It will play an important role in subsequent one-loop calculations. But for the present
purpose we need to identify the factor 1

2 ζ
1
2 as the scaling function ĝD(ρ) depending on the

scaling variable ρ. In terms of ζ, the definition (2.14) of ρ reads

ρ = 1
4 (ζ + ζ−1 − 2) , (2.20)

and thereof follows
ζ = (

√
ρ+ 1−√ρ)2 . (2.21)

– 8 –
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Hence we obtain for the required scaling function

ĝD(ρ) = 1
2
(√

ρ+ 1−√ρ
)
. (2.22)

Thus, in order to calculate gD(ξ) through (2.16) we should evaluate the Euler integral in

gbulk(ξ) = − π−λ

2Γ(−λ)

∫ ∞
0
dρ ρ−λ−1√ρ+ ξ (2.23)

and subtract the same function gbulk of the argument ξ + 1. The result is

gD(ξ) = Cd
[
ξ1− d2 − (ξ + 1)1− d2

]
. (2.24)

Multiplying this scaling function through the overall factor (4zz′)−∆φ according to (2.7)11

and using the explicit expression (2.8) for the scaling variable ξ we obtain the Dirichlet
propagator in its usual form given in terms of the Euclidean coordinates in Rd:

G
(d)
D (r; z, z′) = Cd

(
R2−d
− −R2−d

+

)
= G

(d)
bulk(r; |z − z′|)−G(d)

bulk(r; z + z′) . (2.25)

It consists of the difference of two usual free bulk propagators given by G(d)
bulk(R) = CdR

2−d

and depending respectively on two distances R− and R+ in Rd:

R∓ =
√
r2 + (z ∓ z′)2, r2 =

d−1∑
α=1

r2
α. (2.26)

The presence of the bulk functions in (2.25) explains the appearance of the subscript “bulk”
in the function gbulk in (2.23) The constant Cd stemming from (2.23) is

Cd = 1
4π
−d/2Γ

(
d− 2

2

)
= S−1

d

d− 2 (2.27)

with Sd from (2.11). This is the usual “geometric factor” appearing in the coordinate
representation of free propagators (cf. [53, (3.3)]).

2.3 The “extraordinary” case

Once we have carefully done the above exercise, there remains not much work to derive a
similar coordinate representation of the mean-field propagator at the extraordinary tran-
sition. This will correspond to the Fourier transformation over parallel directions of the
“pz” propagator in (2.1). Again, the p → 0 limit of this expression yields the mean-field
layer susceptibility

χ0(z, z′) = 1
5

[min(z, z′)]3

[max(z, z′)]2
=
√

4zz′ 1
10 ζ

5
2 . (2.28)

Hence, the scaling function to be integrated in (2.16) is

ĝ(ρ+ ξ) = 1
10
(√

ρ+ ξ + 1−
√
ρ+ ξ

)5
. (2.29)

11Remembering that in the present zero-loop approximation η = 0.
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The integral is not as complicated as it might appear at first glance. Simple algebraic
properties (√

ρ+ ξ + 1−
√
ρ+ ξ

) (√
ρ+ ξ + 1 +

√
ρ+ ξ

)
= 1 (2.30)

and (√
ρ+ ξ + 1−

√
ρ+ ξ

)2
+
(√

ρ+ ξ + 1 +
√
ρ+ ξ

)2
= 2 (1 + 2ρ+ 2ξ) (2.31)

reduce ĝ(ρ + ξ) to a linear combination of square roots thus leading us to several simple
integrals similar to that in (2.23). We write a5 in (2.29) as a a2a2, express the first a2

through (2.31) and eliminate the resulting “mixed” terms using (2.30). Then we perform
the same trick with the remaining factor a2. The result is(√

ρ+ ξ + 1−
√
ρ+ ξ

)5
=
[
−5− 20(ρ+ ξ)− 16(ρ+ ξ)2

]√
ρ+ ξ (2.32)

+
[
5− 20(ρ+ ξ + 1) + 16(ρ+ ξ + 1)2

]√
ρ+ ξ + 1 .

We see that taking only the first terms −5 and +5 in square brackets again reproduces the
“Dirichlet” contribution (2.24) in the present scaling function. Performing explicitly the
remaining integrations related to the first line in (2.32) we obtain

g(1)(ξ) = Cd ξ
1− d2 − 6

π
Cd−2 ξ

2− d2 + 12
π2 Cd−4 ξ

3− d2 . (2.33)

The second line of (2.32) produces, up to the signs, the contributions of the same form
but with replacements ξ → (ξ + 1). Adding up all terms we obtain for the whole scaling
function12

g(ξ)=Cd
[
ξ1− d2 − (ξ + 1)1− d2

]
− 6
π
Cd−2

[
ξ2− d2 + (ξ + 1)2− d2

]
+ 12
π2Cd−4

[
ξ3− d2 − (ξ + 1)3− d2

]
.

(2.34)
The increase of powers of ξ by one can be traced back to a decrease of d by two. This is
anticipated in the coefficients Cd, Cd−2, and Cd−4 given by (2.27). Thus we may write

g(ξ) = g
(d)
D (ξ)− 6

π
g

(d−2)
N (ξ) + 12

π2 g
(d−4)
D (ξ) . (2.35)

Here g(d)
D (ξ) is the scaling function of the Dirichlet propagator from (2.24). Similar functions

of the same argument g(d−2)
N and g(d−4)

D have the functional form of the Neumann propagator
in d− 2 and Dirichlet propagator in d− 4 dimensions. Along with the factor (4zz′)−∆φ we
can write

G
(d)
0 (r; z, z′) = G

(d)
D (r; z, z′)− 3

2π
1
zz′

G
(d−2)
N (r; z, z′) + 3

(2π)2
1

(zz′)2G
(d−4)
D (r; z, z′). (2.36)

Though the “Neumann” and “Dirichlet” functions in (2.36) are parametrized by d− 2 and
d− 4, they still depend on distances R− and R+ in Rd (see (2.26)). Generally,

G
(d′)
D/N (r; z, z′) = G

(d′)
bulk(r; |z − z′|)∓G(d′)

bulk(r; z + z′) = Cd′ (R2−d′
− ∓R2−d′

+ ) . (2.37)

12This agrees with the result [109, (C11)-(C12)] at λ = 0.
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The ε→ 0 limit of (2.36) correctly yields13

G
(d=4)
0 (x, x′) = 1

4zz′
1

4π2

[1
ξ
− 1
ξ + 1 + 12 + 6(1 + 2ξ) ln ξ

ξ + 1

]
. (2.38)

The first term inside the square brackets is related to the bulk propagator in four di-
mensions, the first two terms correspond to the Dirichlet propagator, and the last two
contributions give the correction specific for the present case of the extraordinary tran-
sition. The logarithmic term arises in the limit ε → 0 due to simple 1/ε poles in the
coefficients Cd−2 and Cd−4 in (2.34). Similar logarithms appeared [53] in a large-N ex-
pansion of a correlation function in the non-linear O(N) σ-model, and their origin was
discussed using the OPE arguments. It seems that the mechanisms of the occurrence of
logarithmic terms in both cases, as well as their interpretations from the point of view of
short-distance expansions could be similar.

The inverse (d− 1)-dimensional Fourier transformation of (2.36) to the pz representa-
tion leads to an expression in terms of modified Bessel functions Kν(x) [121]

G0(p;z,z′) = 1√
2π

( |z−|
p

) 1
2
K 1

2
(p|z−|)−

3
zz′

( |z−|
p

) 3
2
K 3

2
(p|z−|)+ 3

(zz′)2

( |z−|
p

) 5
2
K 5

2
(p|z−|)


− 1√

2π

[(
z+
p

) 1
2
K 1

2
(pz+)+ 3

zz′

(
z+
p

) 3
2
K 3

2
(pz+)+ 3

(zz′)2

(
z+
p

) 5
2
K 5

2
(pz+)

]
(2.39)

where z− ≡ z′ − z and z+ ≡ z + z′. It is fully symmetric in its arguments, has clear
structure and actually reduces, after some algebra, to the familiar form (2.1) owing to the
simplifications in Bessel functions of half-integer orders [121]. This result follows from a
single transformation formula of functions G(d′)

bulk from (2.37)

G
(d′)
bulk(p; z) =

∫
dd−1reiprG(d′)

bulk(r; z)=(2π)ν+1 p−ν
∫ ∞

0
dr rν+1Jν(pr)G(d′)

bulk(r; z)

= 1
2π
(2πz
p

)δ
Kδ(pz) (2.40)

with ν = (d− 1)/2− 1 and δ = (d− d′ + 1)/2. The associated inverse transformation is

G
(d′)
bulk(r; z) =

∫
dd−1p

(2π)d−1 e−ipr G(d′)
bulk(p; z) = (2π)−(ν+1) r−ν

∫ ∞
0

dp pν+1Jν(pr)G(d′)
bulk(p; z).

(2.41)
Here Jν(x) is the Bessel function of the first kind [121], the required integrals can be found
in standard mathematical references [122, 123].

Obviously, the coordinate representation (2.36) is considerably simpler than (2.1)
or (2.39) and can be much more advantageous for eventual higher-order calculations. In
the next section we employ it in a one-loop calculation of the layer susceptibility.

13This is compatible with [87, (B.35)], [109, (C15)] and [90, (4.96)] (equations [119, (12)] and [120, (5.48)]
are incorrect).
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3 The layer susceptibility

In this section we discuss an explicit calculation of the layer susceptibility χ(z, z′) at the
extraordinary transition to the one-loop order.

3.1 Perturbation theory

The susceptibility of a layer confined between the planes z = z and z = z′ (suppose z ≤ z′)
is defined as the integral of the (connected) two-point correlation function G(r; z, z′) with
respect to the parallel coordinates r, see [53, 54, 124] and [125, section III.B]. It coincides
with the p = 0 limit of the correlation function in its pz representation:

χ(z, z′) =
∫
dd−1r G(r; z, z′) = G(p = 0; z, z′) . (3.1)

Thus, the first-order Feynman-diagram expansion for the layer susceptibility is given
in the graphical form by14

χ(z, z′) = + + + . (3.2)

The first contribution (a) is the mean-field layer susceptibility (2.28)

χa(z, z′) = χ0(z, z′) = G0(p = 0; z, z′) = 1
5

[min(z, z′)]3

[max(z, z′)]2
= 1

10
(z + z′ − |z − z′|)3

(z + z′ + |z − z′|)2 =

= 1
5
z3

z′2
if z < z′ . (3.3)

The “one-loop” terms are

χb(z, z′) = −u0

∫ ∞
0
dy G0(p = 0; z, y)G0(p = 0; y, z′)m0(y)m1(y) , (3.4)

χc(z, z′) = −u0
2

∫ ∞
0
dy G0(p = 0; z, y)G0(p = 0; y, z′)G0(r = 0; y, y) , (3.5)

and

χd(z, z′) = u2
0

2

∫ ∞
0
dy

∫ ∞
0
dy′G0(p=0; z, y)m0(y)

[∫
drG2

0(r; y, y′)
]
m0(y′)G0(p=0; y′, z′) .

(3.6)
A great simplifying feature here is that the propagators at external lines are simply the
corresponding mean-field layer susceptibilities (3.3).

The vertices are associated with the bare coupling constant u0 of the underlying scalar
φ4 theory, while m0(z) and m1(z) are the zero- and one-loop contributions of the magne-
tization profile at the transition point:

m(z) = m0(z) +m1(z) =
√

12
u0

1
z
−

√
3u0

(1+ε)(4−ε) z G0(r=0; z, z) . (3.7)

14For more details on the loop expansion see [54] and [91]; for convenience, we shall follow here the
notation of [54] very closely.
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In the dimensional regularization which implies the prescription Gbulk(R = 0) = 0
(see (2.25)–(2.27)) the self-energy “tadpole” G0(r=0; z, z) is given by

G0(r=0; z, z) =
∫

dd−1p

(2π)d−1 G0(p; z, z) = P z−2+ε (3.8)

with the constant
P = PD

(4−ε)(6−ε)
2+ε

1
ε
. (3.9)

Here, the factor

PD = −Cd 2−2+ε with Cd = S−1
d

d− 2 (3.10)

just coincides with the analogous proportionality constant PD from the tadpole graph
including the Dirichlet propagator (2.25):

GD(r=0; z, z) =
∫

dd−1p

(2π)d−1 GD(p; z, z) = PD z−2+ε . (3.11)

In fact, at this stage we have initiated the renormalization of the layer susceptibil-
ity (3.1)–(3.2). The elimination of the bulk tadpole in the diagram (c) corresponds to
the mass renormalization (see e.g. [116]) in the present “massless” theory, which actually
corresponds to a fine-tuning of the temperature to the bulk critical temperature Tc. In
doing this, we find the coefficient at (2z)−2+ε in (3.8) via

lim
ξ→0

[
g(ξ)− Cdξ1− d2

]
. (3.12)

This means that we are looking for the finite part of the scaling function g(ξ) from (2.34)
in the asymptotic limit ξ → 0. Application of the same procedure just to the first term
in (2.34) obviously leads to the result (3.10) for the Dirichlet tadpole (3.11).

An essential difference between the one-loop tadpole graphs in the cases of the ex-
traordinary and ordinary transitions is that P contains a pole in ε, while PD is of order
O(ε0). The 1/ε pole in P stems from the coefficient functions Cd−2 ∼ Γ(d/2 − 2) and
Cd−4 ∼ Γ(d/2− 3) in the second and third terms of (2.34), which are absent in the Dirich-
let case. This dimensional dependence is specific for the present theory where the presence
of a non-zero order parameter profile at T = Tc influences the zero-loop two-point function
given by g(ξ) in (2.34).

The appearance of the 1/ε pole in the diagram (c) and similarly in other one-loop
graphs to be considered further, prevents from calculating their individual contributions
at d = 4 as it is usually possible in less complicated theories. The renormalization usually
takes care of divergent diagrams providing subtractions that render them finite at d = 4.
This is very nicely described in the book by Amit [116]. In the present ε expansion
of the layer susceptibility, one has to do the one-loop integrals by keeping finite ε > 0
and producing their Laurent expansions up to O(1) for each individual graph. The final
cancelation of singular terms occurs between the different graphs in the entire one-loop
contribution.15

15It was, however, technically convenient and aesthetically appealing to compute each Feynman integral
in generic d = 4− ε dimensions and find the finite ε→ 0 limit of the whole combination of one-loop graphs
as in (3.22).
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The necessity of such mutual cancelation of 1/ε poles in one loop will become immedi-
ately clear when we finish the discussion of the renormalization of the layer susceptibility,
which we have already started above. There is no alternative source of cancelation of
one-loop 1/ε poles due to renormalization process.

In fact, the layer susceptibility is just a correlation function of two fields away from the
boundary, taken at zero parallel momentum. Thus, the renormalization of this function
proceeds just in the same way as in an infinite bulk (a very careful and detailed discussion
of all possible correlation functions in semi-infinite systems can be found in [81]). As is
well-known [116], apart from the mass renormalization discussed just above, this implies
the field renormalization. The involved renormalization factor Zφ comes into play only
at the two-loop level, and in the present one-loop calculation, we have trivially Zφ = 1.
Finally, we have to do the vertex renormalization. However, the bare φ4 coupling constant
u0 appears only in the one-loop contribution. Its renormalization is thus again trivial,
given in (3.23). As in the case of Zφ, the non-trivial vertex renormalization factor Zu
would remove some 1/ε poles only starting from two loops.16

Let us return to the actual calculations. The one-loop graphs (b) and (c) contain the
same Feynman integrals owing to the definitions of m0(z) and m1(z) in (3.7). They are
easy to compute, and their sum is explicitly given in [54, (4.6)]:

χb(z, z′) + χc(z, z′) = χ0(z, z′) u0
10 P

[ 12
(1+ε)(4−ε) − 1

]
z′ε
(

ζε

5 + ε
+ 1−ζε

ε
+ 1

5− ε

)
.

(3.13)
Here again,

ζ = min(z, z′)
max(z, z′) = z + z′ − |z − z′|

z + z′ + |z − z′| (3.14)

and with the convention z ≤ z′, we have ζ = z/z′ ≤ 1.
The calculation of the graph (d) is much more involved, and it was performed in [54]

only in the asymptotic regime ζ � 1. Nevertheless, using our real-space zero-loop prop-
agator (2.36) we were able to find an explicit expression for its contribution. The most
complicated issue was the calculation of the inner loop of the graph (d) in the square
brackets of (3.6). This is a rather involved function shown explicitly in (A.2). The final
result for the contribution of the graph (d) is

χd(z, z′) = χ0(z,z′) 24
5 u0 (−PD) z′ε

[
ζεK

5 + ε
+ L− ζεK

ε
+ L

5− ε +Hd(ζ)
]

(3.15)

where

Hd(ζ) = f0(ζ) + 25f1(ζ)
5 + ε

[
(1− ζ)3+ε + (1 + ζ)3+ε

]
+ 25f2(ζ)

5 + ε

[
(1− ζ)3+ε − (1 + ζ)3+ε

]
(3.16)

16By contrast, in the one-loop calculation of the renormalized order-parameter profile m(z) in (3.7), the
1/ε pole of the one-loop term gets canceled by the renormalization of u0 in the leading mean-field con-
tribution: see [92], [91, appendix A]. Note that the exponent β/ν used throughout [92] is just the scaling
dimension of the field: β/ν = (d− 2 + η)/2 = ∆φ. This is a direct consequence of usual (hyper)scaling re-
lations.
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is the new function, absent in the calculations of [54]. It is responsible for the dependence
of χd(z, z′) (as well as of the entire layer susceptibility) on arbitrary values of ζ in the
whole interval (0, 1). The somewhat bulky expressions for the functions f0(ζ), f1(ζ) and
f2(ζ) can be found in the appendix along with some more calculational details.

The function Hd(ζ) is regular at ζ → 0 and behaves ∼ ζ4 as predicted in [54]:

Hd(ζ) = 1
20736(2− ε)(6− ε)(11− ε) ζ4 +O(ζ6). (3.17)

It is also regular as ε → 0, but contains singularities at ζ = ±1. The singularity at ζ = 1
arises on the mutual approach of coordinates z and z′. It is related to the short-distance
behavior inside the bulk of the system, given by the OPE. We shall return to this issue
below. The value ζ = −1 is formally outside the definition range of ζ, but it corresponds to
a mirror image with respect to the boundary, the configuration when one of the coordinates
z or z′ changes its sign.

The first three terms in square brackets of (3.15) have already been present in [54,
(4.10)]. They contain the leading contribution to χd(z, z′) in the limit ζ → 0 responsible
for the short-distance BOE singularity [54]. The epsilon expansion

ζεK

5 + ε
+ L− ζεK

ε
+ L

5− ε =
(1

5 −
1
2 ln ζ

) 1
ε

+O(1) (3.18)

shows up a logarithmic behavior in ζ. The explicit expressions for the constants K and
L are

K = (2− ε)(72− ε2)
6ε(2 + ε)(4 + ε)(6 + ε) and L = (2− ε)(4− ε)(6− ε)

48ε(2 + ε) . (3.19)

They have to be multiplied by the factor 21+εΓ(2− ε) = 2 +O(ε) in order to match their
counterparts from [54] (see appendix). In this way L conforms with L from [54, (4.11)].
The constant K has been calculated in [54] only to order O(ε), and (3.19) shows it explicitly.

3.2 The one-loop result and ε expansion

The complete expression for the layer susceptibility χ(z, z′), which is the sum of contribu-
tions (3.3), (3.13) and (3.15), is

χ(z, z′) = 1
5
z3

z′2
+ 6

25 u0
S−1
d

d−2 2ε z3

z′2−ε

[
K+S
5 + ε

ζε + (L+S)−ζε(K+S)
ε

+ L+S
5− ε +Hd(ζ)

]
.

(3.20)
The constant S stems from (3.13) and is given by (cf. [54, (4.8)])

S = − (4−ε)(6−ε)
48ε(2+ε)

[ 12
(1+ε)(4−ε) − 1

]
, (3.21)

the function Hd(ζ) is defined in (3.16) and fi(ζ) are listed in (A.4)–(A.6). Again, the first
three terms in square brackets of (3.20) agree with those of [54, (4.6), (4.10)]. As ε → 0,
we have

K + S

5 + ε
ζε + (L+ S)− ζε(K + S)

ε
+ L+ S

5− ε = 25
288 −

5
16 ln ζ +O(ε). (3.22)
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In the ε expansion of χ(z, z′) in (3.20) we use the standard coupling-constant renor-
malization of the massless theory and the corresponding value of the one-loop fixed point.
This implies the chain of transformations

u0 → ū0 = u0µ
−ε → u = ū0Kd → u∗ = 2

3 ε (3.23)

where µ is an arbitrary momentum scale and Kd = (2π)−dSd. The Sd can be found
in (2.11).

Factoring out the overall constant amplitude and exponentiating the ln ζ term
from (3.22) we obtain the scaling form

χ(z, z′) =
√

4zz′ ζ
5−ε

2
1
10

(
1 + 5ε

36

) [
1 + ε g(ζ)

]
+O(ε2) . (3.24)

The function g(ζ) stems directly from Hd(ζ) in (3.16) and is given by

g(ζ) = ζ−6

1260
[
g0(ζ)− g1(ζ)(1 + ζ)3 ln(1+ζ)− g1(−ζ)(1− ζ)3 ln(1−ζ)

]
(3.25)

with

g0(ζ) = 2700ζ2 − 1030ζ4 + 3343ζ6 , (3.26)
g1(ζ) = 30

(
8 + 25ζ − 36ζ2 + 25ζ3 + 8ζ4) . (3.27)

It is an even function of its argument and starts, as it should be, with

g(ζ) = 11
1080 ζ4 +O(ζ6) (3.28)

as ζ → 0.

3.3 Scaling

The explicit expression (3.24) matches the “improved” scaling form (cf. (2.13))

χ(z, z′) = (4zz′)
1−η

2 ζ
η‖−1

2 Y (ζ) (3.29)

where the generally expected singular behavior of χ(z, z′) in the limit ζ → 0 is taken into
account (see [124, (8)], [126, (4.68)], [125, section III.B]). The power of ζ involves the critical
exponent of parallel correlations at T = Tc, η‖. It is related to the (full) scaling dimension
∆̂ of the leading BOE operator φ̂ via ∆̂ ≡ ∆̂φ̂ = 1

2(d− 2 + η‖) (see e.g. [106, p. 12]). The
function Y (ζ) is regular when ζ → 0.

At the extraordinary transition, the exact value of the correlation exponent η‖ is η‖ =
d + 2 [110, section 5.3], [81, section III.C.15], which corresponds to the leading boundary
operator with scaling dimension d, the stress-energy tensor Tzz [58]. Thus we can write
χ(z, z′) in (3.24) as

χ(z, z′) = (4zz′)
1−η

2 ζ
d+1

2
1
10

(
1 + 5ε

36

) [
1 + ε g(ζ)

]
+O(ε2) (3.30)

where the full correlation exponents η and η‖ appear. No further higher powers of ε should
contribute to the factor ζ(d+1)/2. The last form of χ(z, z′) could be used for eventual
extrapolations to d = 3 dimensions.
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3.4 The singular behavior at ζ → 1

In the alternative limit ζ → 1, the singular behavior of χ(z, z′) is related to the term
∼ ln(1 − ζ) in (3.25). The coordinate z approaches z′ and the thickness of the layer
becomes small. The non-analyticity associates, via OPE, with the singular behavior of the
energy density. The limit ζ → 1 was unaccessible in [54] where calculations have been done
only in the asymptotic regime ζ � 1.

To exponentiate of the ln(1−ζ) term we express (3.24) in a form manifestly symmetric
with respect to interchange of z and z′. Thus we write

ζ = z + z′ − |z − z′|
z + z′ + |z − z′| ≡

1− x
1 + x

with x = |z − z
′|

z + z′
. (3.31)

Expanding χ(z, z′) in powers of x and exponentiating the ln x term we obtain

χ(z↔z′) = z + z′

10
[
a0 − 5x+ a2 x

2 + a3 x
3− 2

3 ε +O(x4, ε2)
]

(3.32)

with coefficients

a0 = 1 + ε

7

(1297
45 − 40 ln 2

)
+O(ε2) , (3.33)

a2 = 12
[
1 + ε

21

(3593
60 − 86 ln 2

)]
+O(ε2) , (3.34)

a3 = −20
[
1− ε

36(29 + 24 ln 2)
]

+O(ε2) . (3.35)

The non-analytic power-law contribution ∼ |z − z′|3−2ε/3 can be understood from an
OPE argument. When the distance |x−x′| between points x and x′ goes to zero, the OPE
of the product φ(x)φ(x′) has a contribution proportional to the energy-density operator
ε(x̄) = −1

2φ
2(x̄),

Cφ
2

φφ(|x− x′|)φ2(x̄) . (3.36)

The expansion point x̄ is usually defined to be the midpoint x̄ = (x + x′)/2. In the semi-
infinite geometry, the one-point function of the energy density has a non-vanishing profile at
the transition point (for a very careful discussion of this and similar profiles see [127–129])

〈φ2(x̄)〉 =
Aφ2

(2z̄)∆φ2
. (3.37)

Owing to the translational invariance in parallel directions, only the dependence on the
normal distance to the boundary appears on the right-hand side. The scaling dimension
∆φ2 is related to the usual bulk critical exponents of the specific heat and correlation
length via

∆φ2 = 1− α
ν

= d− 1
ν
. (3.38)

By (3.36)–(3.37), the coordinate dependence of the short-distance coefficient Cφ
2

φφ(|x −
x′|) is proportional to |x − x′|−2∆φ+∆φ2 . Thus the scaling function g(ξ) of the two-point
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function (2.7) has a contribution ∼ ξ−∆φ+∆φ2/2 as ξ → 0. Integrated over d − 1 parallel
directions, this leads to the singular contribution

χsing(z↔z′) ∼ |z − z′|d−1−2∆φ+∆φ2 = |z − z′|1−η+∆φ2 (3.39)

in the layer susceptibility. In the special case of the one-component scalar field considered
throughout the paper, ∆φ2 = 2− 2ε/3 +O(ε2), and the exponent of the last power is just
3− 2ε/3 +O(ε2) in agreement with (3.32).

3.5 A cool-down: ordinary transition

Within the same one-loop order, at the ordinary transition χ(z, z′) is given only by two
graphs (a) and (c) from (3.2). These are is easy to calculate, and the result is (again,
with z < z′)

χORD(z, z′) = z − u0
2 PDz z

′ε
(
ζε

1+ε + 1−ζε

ε
+ 1

1−ε

)
. (3.40)

Using PD from (3.10), at the fixed point (3.23) we obtain the ε expansion

χORD(z, z′) = z
[
1 + ε

6(2− ln ζ)
]

+O(ε2) = 1
2
(
1 + ε

3
)√

4zz′ ζ
1−ε/3

2 +O(ε2) . (3.41)

The power of ζ here agrees again with the expected one from (3.29). Indeed, now
η‖ = 2 − ε/3 + O(ε2) following, e.g., from [81, (3.155a)] with n = 1. Hence (η‖ − 1)/2 =
(1 − ε/3)/2 + O(ε2) in agreement with (3.41). A similar calculation could be easily done
for the special transition. In this case ηsp‖ = −ε/3 +O(ε2) [81, (3.156a)].

In (3.41), there is no correction of order O(ε) to the pure power-law behavior in ζ as
in (3.24). The origin of that correction was the contribution of the graph (d) appearing
in the presence of a non-vanishing order-parameter profile at the extraordinary transition.
Accordingly, the singular behavior of χ(z, z′) as ζ → 1 could be viewed as a consequence
of the mutual approach of two φ3 vertices in the graph (d). For ordinary transition, an
analogous correction is expected at order O(ε2) from the two-loop sunset graph.

4 Discussion and outlook

In 1995, McAvity and Osborn applied the integral transformations [53, (4.18)-(4.19)] in
their prominent investigation of “Conformal field theories near a boundary in general di-
mensions” in the context of a large-N expansion. They acknowledged an analogy with the
Radon transformation. In doing so, they referred to the book [130]. Some other mathe-
matical references on the subject can be mentioned [131–133]. The statement was that by
integrating (2.7) over planes parallel to the boundary, the transform function (2.15) is ob-
tained, which can be subsequently inverted to reproduce (2.7). Apart from the application
of this procedure in [53, section 4] and its subsequent discussion in [118], we did not find
any other instance of its use.

In the present paper, we have presented a successful application of the Radon trans-
form, as it was formulated in [53, section 4], to the mean-field propagator at the ex-
traordinary transition. This allowed to obtain its real-space representation, continuously
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dependent on space dimension d, on the zeroth loop level of the Landau-Ginzburg theory.
Its simple and symmetric form enabled further explicit calculations of the parallel suscep-
tibility χ(z, z′) in the one-loop approximation and its ε = 4− d expansion to order O(ε).

Actually, an inverse transform of χ(z, z′) from section 3.2 produces the two-point corre-
lation function at the extraordinary transition to O(ε) [91], which has never been calculated
before. As a simple exercise, the inversion formula could be applied to χORD(z, z′) from
section 3.5 to reproduce the known O(ε) expression for the two-point correlator at the ordi-
nary transition [52, 53, 88, 106]. Its extension to the O(ε2) order must be straightforward.

Recently, in this less complicated case, the two-point function has been analytically
obtained to O(ε2) from the boundary conformal bootstrap [106]. There was no such ex-
plicit result available for this function: only overcomplicated momentum [85, (B.45)-(B.46)]
and integral [108, (16)] representations existed before in the statistical-physics literature.
Hence, it would be useful to derive it by other means and to perform the appropriate com-
parison. An application of the present approach should be capable of reaching this goal.
That would be useful both for the statistical mechanics and conformal field theory.

Applications to different models and in other fields beyond the statistical physics would
be of interest.
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A Details related to graph (d)

Here we give some technical details of our calculation of the “hard” graph (d) and list the
explicit expressions for the functions f0(ζ), f1(ζ) and f2(ζ) appearing in the function Hd(ζ)
in (3.16).

For an explicit calculation of the contribution χd(z, z′) in (3.6) we need an exact
expression for the inner loop of the graph (d),

B(y, y′) =
∫
dd−1r G2

0(r; y, y′) ≡ Cd 2ε b(y, y′) . (A.1)
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With the function G0(r; y, y′) from (2.36), a straightforward calculation yields

b(y,y′|y<y′) = 1
4

1
1−ε

(
|y−|−1+ε+y−1+ε

+

)
+ 12−ε

2ε(1−ε) y
′−1+ε (A.2)

− 3
ε(1+ε)

1
yy′

(
|y−|1+ε−y1+ε

+

)
−3 6+5ε

ε(1+ε)(2+ε)(3+ε)
1

y2y′2

(
|y−|3+ε+y3+ε

+

)
+ 6
ε(1−ε2)(2+ε)(3+ε)

1
y2

[
4(3−5ε−ε2)y′1+ε−(2−5ε)(3+ε) |y−|y+ y

′−1+ε
]

− 36
ε(2+ε)(3+ε)(5+ε)

1
y3y′3

[
|y−|5+ε−y5+ε

+ + 1
7+ε

1
yy′

(
|y−|7+ε+y7+ε

+

)]
− 72
ε(1−ε2)(2+ε)(3+ε)(5+ε)

1
y4

[ 48
7+ε

y′3+ε−12 |y−|y+ y
′1+ε+(5+ε) |y−|2 y2

+ y
′−1+ε

]
.

Here we use the short-hand notation y− = y′ − y and y+ = y + y′.
It is important that due to the full symmetry b(y, y′) = b(y′, y), the double integration

in (3.6) can be reduced to a single one. This has been done in [54, (4.9)]. Using this
single-integral representation and (A.2), we obtained (3.15)–(3.16). Note that the function
g(Z) in [54] is related to b(y′/y)≡b(1, y′/y) through the normalization

g

(
y′

y

)
= 21+εΓ (2− ε) y1−ε b

(
y, y′|y<y′

)
≡ 21+εΓ (2− ε) b

(
y′

y

)
for y′

y
> 1 . (A.3)

This means that all integrals involving the function b and, in particular, constants K and
L (see (3.15) and below) have to be multiplied by 21+εΓ(2−ε)=2+O(ε) to retrieve their
counterparts from [54].

The functions fi(ζ) from (3.16) with ζ = z/z′ ≤ 1, are

f0(ζ) = 5(2−ε)(7−ε)
48ε(1−ε2) −

25(5−ε) ζ−2

12(1−ε2)(2+ε)(3+ε) + 75(3−ε) ζ−4

2ε(1−ε2)(3+ε)(4+ε)(5+ε)

+ 300 ζ−6

ε(1+ε)(2+ε)(3+ε)(5+ε)(6+ε)(7+ε) , (A.4)

f1(ζ) =−24(1−ε)(4+ε)(ζ−2+ζ−6)−(432+282ε+67ε2+2ε3+ε4) ζ−4

4ε(1−ε2)(2+ε)(3+ε)(4+ε)(6+ε)(7+ε) , (A.5)

f2(ζ) = (50+ε+5ε2)(ζ−3+ζ−5)
2ε(1−ε2)(2+ε)(4+ε)(6+ε)(7+ε) . (A.6)
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