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1 Introduction

Total descendent potentials, also called formal Gromov- Witten potentials, are certain formal
power series of the form

F(ti,e) = Y _e*F,y(t)) € C[t:,e]l,

920

where N > 1, and ¢, 1 < a < N, a > 0, and € are formal variables, appearing in various
curve counting theories in algebraic geometry including Gromov-Witten theory, Fan-Jarvis-
Ruan-Witten theory, and the more recent theory of Gauged Linear Sigma Models. The
number N is often called the rank. Typically, the coefficients of total descendent poten-
tials are the integrals of certain cohomology classes over moduli spaces of closed Riemann
surfaces with additional structures. The function F, controls the integrals over the moduli
spaces of Riemann surfaces of genus g. The simplest example of a total descendent po-
tential is the Witten generating series F W(tg, t1,to,...,e) of intersection numbers on the
moduli space of stable Riemann surfaces of genus g with n marked points My ,. Note that
here and below we omit the upper indices in the t-variables when the rank is 1.

There is a unified approach to total descendent potentials using the notion of a cohomo-
logical field theory (CohFT) [24] and the Givental group action [20-22]. Briefly speaking,
the generating series of correlators of CohF'Ts form the space of total ancestor potentials,
and then using the lower-triangular Givental group action one gets the whole space of total
descendent potentials (see e.g. [28, section 2] and [19]).



There is a remarkable and deep relation between total descendent potentials and the
theory of nonlinear PDEs. One of its manifestations is the following system of PDEs for
the descendent potential in genus 0 (see e.g. [28, section 2] and [19, Corollary 4.13]):

0Fo 0Fy 1 8
= % —— + =—nastity, 1.1
8t8‘) ago a+1 8tg + 277 Blo ( )
P F 9% F P Fy
= I 1<a,B8,7v<N, a,b,c>0, (1.2)
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called the string equation and the topological recursion relations in genus 0, respectively.
Here (143) = 1 is an N x N symmetric nondegenerate matrix with complex coefficients, the

constants n°? are defined by (n®?) := 5!

, and we use the Einstein summation convention
for repeated upper and lower Greek indices. Note that the system of equations (1.2) can

be equivalently written as

2 2 2
d( 8foﬁ>_8f0unuud<afoﬁ>’ 1<a,B<N, ab>0,
OG0ty otg oty oty oty

where d (-) denotes the full differential.
There are equations similar to (1.2) in genus 1 (see e.g. [18, equation (1.7)]):

OF, _ °Fy ,O0F 1 ., &K

ota,,  oteotl! oty 24" ofowsore’

1<a<N, a>0. (1.3)

They are called the topological recursion relations in genus 1. These equations imply that

1
Fi= ﬁlogdet(n_lM)—i—G(vl,...,UN), (1.4)
. . . . 93F — D Fi
where the N x N matrix M = (M,g) is defined by M,z := W, v = nwatgagé, and

Gt ... tV) = .7-"1|t,;1:0 [15] (see also [16, equation (1.16)]). Equations similar to (1.2)
and (1.3) exist in all genera, but their complexity grow very rapidly with the genus (see
e.g. [25] for some results in genus 2).

One can see that equations (1.1), (1.2), (1.3) are universal, meaning that they do not
depend on a total descendent potential. On the other hand, there is a rich theory [17] of
hierarchies of evolutionary PDEs with one spatial variable associated to total descendent
potentials and containing the full information about these potentials. Conjecturally, for
any total descendent potential F there exists a unique system of PDEs of the form

ow* o
W:Pﬁ’b, 1§O[,5§N, bZO, (15)
b
where w!, ..., w" € C[[t},€]], P, are differential polynomials in w!, ..., w!, i.e., P$, are
* B:b B,b
formal power series in € with the coefficients that a polynomials in w),w),,, ... (we identify

x = t}) whose coefficients are formal power series in w”, such that a unique solution of the
0*F
othal

_ Ssa,l s : a _ o
16b,0z_5 x is given by w® = n**

system (1.5) specified by the condition w"‘\tf:m



This system of PDEs (if it exists) is called the Dubrovin-Zhang hierarchy or the hierarchy
of topological type. The conjecture is proved at the approximation up to €2 [16] and in the
case when the Dubrovin-Frobenius manifold associated to the total descendent potential
is semisimple [8, 9]. The Dubrovin-Zhang hierarchy corresponding to the Witten potential
FW is the Korteweg-de Vries (KdV) hierarchy

62
87751 = WWy + Ewmcza
ow _wiwy | ( WWazg wxwm) | 4 Wz
it 2 12 6 240

This statement is equivalent to Witten’s conjecture [31], proved by Kontsevich [23].

A more recent and less developed field of research is the study of the intersection theory
on various moduli spaces of Riemann surfaces with boundary. Such a moduli space always
comes with an associated moduli space of closed Riemann surfaces, and, thus, there is the
corresponding total descendent potential F(t},e) = >- ¢ e29 F,(t*) of some rank N. There
is a large class of examples [7, 12-14, 26, 29, 32] where the intersection numbers on the
corresponding moduli space of Riemann surfaces with boundary of genus 0 are described
by a formal power series F§(t%,s.) € C[[t, s«]] depending on an additional sequence of
formal variable s,, a > 0, and satisfying the relations

07¢ OFg 0Fg
= 2 lari G a+15 =+ o, 1.
8t(1) C;) a+1 8758‘ +;)S +1 aSa + So ( 6)
9Fg 9*Fo OFg\  OFy  (OFS
d 0 ) — m g 0 ) 04 ( 0 ) l<a<N < L
<<9t;‘“+1> ooty <8t5 toe i\ ) TSesN ez0 (7)
OF§ OF§ a]-“g)
B >0, (1.
d (8Sa+1) 88a d ( 830 ’ a>0 ( 8)

Equation (1.6) is called the open string equation. Equations (1.7) and (1.8) are called
the open topological recursion relations in genus 0. The function F§ is called the open
descendent potential in genus 0.

Remark 1.1. The system of PDEs (1.6)—(1.8) implies that the function -7:(())’15;1:3>1=0 sat-
isfies the open WDVV equations (see [6, section 4]), which actually appear in some of the

papers mentioned above. However, in [3] the authors presented a construction of an open
descendent potential starting from an arbitrary solution of the open WDV'V equations.

Regarding higher genera, much less is known. However, conjecturally, the intersection
theory on moduli spaces of Riemann surfaces with boundary of genus 1 is controlled by
formal power series F7(t%, s«) € Cl[t%, s«]] satisfying the relations

OFp  0°Fy L, OF0  OFSOF 1 0°F
oo, oot om0ty 9so | 20t30sy’
OFp  OFSOF, 1 0°F

DSas1  Osq Osg 2054050

1<a<N, a>0,




called the open topological recursion relations in genus 1. In the case of the intersection
theory on the moduli spaces of Riemann surfaces with boundary of genus g with & boundary
marked points and [ internal marked points M%k,l, these relations were conjectured by the
authors of [26] and proved in [7, section 6.2.3] (a proof by other methods is obtained by
J. P. Solomon and R. J. Tessler in a work in preparation). An evidence that the open
topological recursion relations in genus 1 hold for the open r-spin theory is also given in [7,
section 6.2.3].

An analog of the theory of Dubrovin-Zhang hierarchies for solutions of the system (1.6)—
(1.8) was developed in [3]. Regarding higher genera, a very promising direction was opened
by the series of papers [4, 5, 10, 26, 30] (see also [1]), where the authors studied the
intersection numbers on the moduli spaces of Riemann surfaces with boundary of genus g
with k& boundary marked points and [ internal marked points MchJ- The main result of
these works is the proof [10] of the Pandharipande-Solomon-Tessler conjecture [26] saying
that the generating series

ForsT(t,, s,,6) = > IFOT (L, 5.) € Cl[t, 54, €]]
920

of the intersection numbers satisfies the following system of PDEs:

0 1 popsTy _  E ' p+1 ~170,PST
aitp eXp(€ F ) = W <L 2)+ eXp(€ F ), P 2 0, (].9)
9 —170,PSTY _ e p+1 —110,PST
8752) eXp(E F ) = m[/ exp(z’;‘ F ), p Z 0, (110)
where L = (£0,)? + 2w is the Lax operator for the KdV hierarchy, and w = ag.;w
0

Remark 1.2. To be precise, we have presented a version of the Pandharipande-Solomon-

Tessler conjecture, which is slightly different from the original one in two aspects. First

]N:'O,PST ]:'o,PST

of all, in [26] the authors considered a function related to our function

by FoPST — Fo,PST . The function F>5T can be reconstructed from the function

52120
FoPST ysing the system of PDEs
9 ~170,PS e ot ~170,PS
oy ) = S g e T, g

Second, the system of PDEs from [26, Conjecture 2] determining the function FoPST does
not have the form of a system of evolutionary PDEs with one spatial variable. The fact
that the presented version of the Pandharipande-Solomon-Tessler conjecture is equivalent
to the original one was observed in [5].

In this paper we study solutions of the open topological recursion relations in genus 1.
First, we find an analog of formula (1.4). Then, using this formula, we construct a system
of linear PDEs of the form similar to (1.9) and (1.10) such that the function exp(F§ +eF7)
satisfies it at the approximation up to €. An expectation in higher genera and a relation
with a Lax description of the Dubrovin-Zhang hierarchies are also discussed.



2 Closed and open descendent potentials in genus 0

In this section we recall the definitions of closed and open descendent potentials in genus 0
and the construction of associated to them systems of PDEs.

2.1 Differential polynomials

Consider formal variables v{",

a=1,...,N,i=0,1,.... Following [17] (see also [27]) we

N as the ring of

define the ring of differential polynomials A1~ in the variables ol
polynomials in the variables v§*, ¢ > 0, with coefficients in the ring of formal power series
in the variables v* := v

A, on = Cl[0]][oz4]-

Remark 2.1. Tt is useful to think of the variables v® = v as the components v®(x) of a
formal loop v: S' — C¥ in the standard basis of CV. Then the variables v{ := v%, v$ =

o
Uacz

, ... are the components of the iterated z-derivatives of the formal loop.
The standard gradation on A, ,~, which we denote by deg, is introduced by
degvf* := i. The homogeneous component of A,: ,~ of standard degree d is denoted

by A, ,~.4. Introduce an operator 9;: A, v — A, v by

0
PO o
Oy : Z-ZZOUZ—H@’U?.
It increases the standard degree by 1.

Consider the extension A\UI’_“’,UN = A, ,n][[e]] of the space A, _,~ with a new
variable € of standard degree dege := —1. Let "Zl\vl,‘..,vN;d denote the subspace of degree d
of A. Abusing the terminology we still call elements of the space A\UIPMUN differential
polynomials.

2.2 Closed descendent potentials in genus 0

Let us fix N > 1, an N x N symmetric nondegenerate complex matrix n = (1,3), and an

N-tuple of complex numbers (A',..., AV), not all equal to zero. We will use the notation
0 0
— = AY— > 0.
att o’ 4=

Definition 2.2. A formal power series Fy € C[[tf]] is called a descendent potential in genus
0 if it satisfies the following system of PDEs:

oF, OF 1 5
tati 5 — aa = —3Nestotos (2.1)
= oty otd 2
OFy 0Fo
a a 9l = Q‘FO’ (22)
= “ote otk
3 2 3
OF T e 90 <a By <N, abez0, (23)
ote ot oty OGOty otkot, ot
%o OF  _ o w0 T 1<a,<N a,b>0
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We will sometimes call a descendent potential in genus 0 a closed descendent potential in
genus 0 in order to distinguish it from an open analog that we will discuss below.

Remark 2.3. Doing a linear change of variables, one can make (9% = % & A% = 6>l in

equations (2.1) and (2.2). That is why authors often assume that A% = §**.

Remark 2.4. For any total descendent potential ' = >~ - 529.7-"9 the function Fy is a
descendent potential in genus 0. However, describing precisely which descendent potentials
in genus 0 can be extended to total descendent potentials is an interesting open problem.

[0 ]

Define differential polynomials € aifb € Ap v 1 <a,8<N,a,b>0, by

(0] 9*F

ozaﬂb ataﬁtb s, OU’Y7

and let
O Fo
top\a .— pop t* 1< < N.
(U ) n atgat% € C[[ *Ha SO

Then we have (see e.g. [9, Proposition 3])

2
atgatf Yy U"/:(vtop)w
This implies that the N-tuple of functions (v'°P)?| st + ATe is a solution of the following
system of PDEs:
O _ eng,ql0 1<a,B<N, b>0
8t5 = x ;J,,O;ﬁ,b’ = I = ’ - Y

which is called the principal hierarchy associated to the potential Fj.

2.3 Open descendent potentials in genus 0

Let us fix a closed descendent potential in genus 0 Fy.

Definition 2.5. An open descendent potential in genus 0 F§ € CI[[t, s«]] is a solution of
the following system of PDEs:

g}tf—&-l %:—0 +§) a+1@ %:(f = —s0, (2.5)
( OF§ ) = iig?un“”d (%i?) + %;gd (%ff) , (2.6)
(aii) afgd (?;) (2.7)



Consider a new formal variable ¢. Similarly to the differential polynomials Q([S,]a; 8 let

us introduce differential polynomials FL?},I, ALO] €A oNpos L <a<N,a>0,by

rlo) . 976 Al . 978
aa 8tg t’g:&C,()UW’ a 83& tZ:(Sc,O'U'y7
Se=0c,00 Se=0c,00
and let -
§op = S0 € et 5]l
0

We have the following properties, analogous to the property (2.4) ([3, section 4.4], [2,
Proposition 2.2)):
OF§ o

atg o,a

OF§ 0
vy 5t =AY
¢:¢top a

vT=(vtP)7 -

p=g'or

sat-

24 24
tyt]+ AT

This implies that the (N + 1)-tuple of functions ((vt"p)l, o (VPPN ¢t°p)
isfies the following system of PDEs:

ov® (0] ov®

— = QT — =0,

i s 95y

¢ (0] o9 [0]
—7a = 8xF ) a. = a:rA )
8tf pb Jsp b

which we call the extended principal hierarchy associated to the pair of potentials (Fo, F§).

3 Open descendent potentials in genus 1

Here we introduce the notion of an open descendent potential in genus 1 and prove two
main results of our paper: theorems 3.2 and 3.5.

3.1 Open descendent potentials in genus 1

Let us fix a pair (Fy, F§) of closed and open potentials in genus 0.

Definition 3.1. An open descendent potential in genus 1 F{ € C[[t}, s«]] is a solution of
the following system of PDEs:
OFy  PFy L, 0F0  OFSOFD 1 0°Fg
o, ool om ot 9so | 20t90sy’
OF  OF§OFY 1 02Fg
DSar1  0sq Osg 20,050

1<a <N, a >0, (3.1)

a>0. (32)

Consider an open descendent potential in genus 1 F7. Define a formal power series
G? € C[[v, ¢]] by

o._ TO
G = Ji |t3‘=5a,ovo‘ .
Sa:5a,0¢



Theorem 3.2. We have

1. O°F§

F{ = =log + G| yr—(ptop)7 - 3.3
172 7°0tlasg |m¢:(;mz)w (3:3)
Proof. Note that equation (2.5) implies that
0*F¢§ _1
6t%830 ’

t§12821=0
2 To

Therefore, the logarithm log ;ngo is a well-defined formal power series in the variables ¢t}
0

and s,. Also, equations (2.1) and (2.5) imply that

(,Utop)a — t%? ¢top = 0.

#2,=0

Therefore, equation (3.3) is true when t3; = s>1 = 0.

Using the linear differential operators

2 0
P§ = 4 —a]:oi, a >0,
0Sq+1 084 0
equations (3.1) and (3.2) can be equivalently written as
pL g = LT 1<a<N a>0
a1 9 9tadsy” - = =
1 9*Fg

P2 0 —— 0 > .
a1 2 05,05’ az0

This system of PDEs uniquely determines the function F{ starting from the initial condi-

tion ‘Fﬂt’;1:8>1:0 = GO(t},..., 1), s0). By equations (2.3), (2.6), and (2.7), we have

P = BLdt = P20) = Pl 0.
Therefore, it remains to check that

62f0 82]:0
Pl 1 0 — 0 4
e %8 5155~ Otedsg’ (34)

62f0 62f0
P?1 0 — o .
a8 Otidsy  Dsq0s0 (3.5)




To prove equation (3.4), we compute

Pl D> Fg 1 PFS &FFo ., OOF OF§  O3Fg
a,a 108 71 = T52F0 P i - a 'l v o+l - «a 1
0950
1 o[ R PR, PF OFg OPFS
T R | 0sg \0to, 0tE OOt Otyots  otg Dsdth
dtTdso
O*Fy 0*F
It2ds OtFdso
O*Fg
© Ot20sg’

where the vanishing of the underlined expression follows from equation (2.6). The proof of
equation (3.5) is analogous. The theorem is proved. O
3.2 Differential operators and PDEs
Consider a differential operator L of the form
L=> Li(v;,e)(ed:)', Li€ Ay __,ng.
i>0
Let f be a formal variable and consider the PDE

0

g exp(e 1 f) = e 'Lexp(eLf). (3.6)

Note that
(£0.)" exp(e™' f)
exp(e~1f)

where Q; € A ¢ can be recursively computed by the relation

0" ifi=0,
) FoQin 4+ 8,04, if Q> 1.

:Qi(f*)s)) 120,

Remark 3.3. Note that ; does not depend on f and is a polynomial in the derivatives
fzs fzz, ... and €. Moreover, if we introduce a new formal variable ¢ and substitute f;1; =
¥;, © > 0, then Q; becomes a differential polynomial of degree 0.

We see that PDE (3.6) is equivalent to the following PDE:

of

i Y Li(vi,)Qi(fe€). (3.7)

i>0
Let us look at this PDE in more details at the approximation up to €.

Lemma 3.4. We have Q; = fi + 5@](‘;_2!}%01: +O(g?).



Proof. The formula is clearly true for ¢ = 0. We proceed by induction:
Qit1 = f2Qi +€0,Q; = fiT! + (fx i )fl ? faw + On (f;:)) +0(e?) =
. 4+ 1)i .
=+ e“z L it 4 O(E2),

O
Consider the expansion
(V5 e) ZLM e, ng] € Ay Ny
7>0
We see that equation (3.7) has the form
(0] ¢ (1] pi [O]Z( ) 1—2
6t =Y L fit+ed (L' fi+ L fi% fee ) + O(E2). (3-8)
>0 >0
3.3 A linear PDE for an open descendent potential up to genus 1
Define differential operators Lio?ﬁl, 1<a<N,a>0,and Lgoun, a >0, by
Lt = (Laad + el ) (00)',
i>0
LSOun — Z (Lsiun ;[0] + Lboun [1]) (5895)1"
i>0
where
Lglta[?} = Coef(z,if[o} € Ay yNo0s
2l _ coep | (267 orl,  aceorl?l, 1 o°rlL\ 4
ai I\ 9p B B o T 200899
0G°
+ avﬁ 578 Q’[y]();a,a‘| G‘Avl,...,vN;lv
LZOZUH [0} Coefqﬁl 1[10] € Avl,...,vN;Oa
o AA L] o AA L] 2 A [0]
boun;[1] 0G° 0Aq 0G° 0Aq 10°Aq 8
L . = f i — Z .
@i Coely [( 96 0F 9% 06 200808 ) x| € Aot
s B = (ytop)B _
Theorem 3.5. The formal power series v (v'P) st Az and f
(Fg + 5]:10)|tg»—>tg+Am satisfy the system of PDEs
0
50 (e71f) = let exp(e71f), 1<a<N, a>0, (3.9)
8(2 exp(e 1 f) = e Lo exp(e7Lf), a>0. (3.10)

at the approximation up to €.

~10 -



Proof. Abusing notatlons let us denote the formal powers series foltv,_}t*/ AV

Fy |t3~>t3+mx7 (vtop |tg»—>tg+m:c’ and ¢ ’t”»—>t”+mz by F§, FY, v*, and ¢, respectlvely
We can then write the statement of Theorern 3. 2 as

1
Fy = 5 log ¢5 + G°.

Let us prove equation (3.9) at the approximation up to . We have

1 s
Do (F§ + eF7) = ¢+e(2‘2 —i—@IGO).

Therefore, by equation (3.8), we have to check that

0 in i in

a ‘F0+ ‘Fl z:Lozta?](;5 +e ZLata[zl]

ta i>0 i>0

11’1 77— 11— 1 xrs 0]
+e> L a';[?]( )¢> 2, +ic 1<¢ +0,G >)<:>
>0 2 Qbs

9 10218, 1orl, ¢, ork)

o o o F[o] Lmt ;1] z a,a . a,a a:s aa o
@atg(}"o—ke}" +a(§ wai 95 552 bots 90 % ¢8G

o 0] 21 [0)] 0] A0 0
o OFD_ 10T 6y (10°TEL 0T, 0G| armac; R
o2 2 96 s \2 062 ' 0b 0¢ 0P

12>0
Using the definition of La a[z], we see that the last equation is equivalent to
OF) 10084 dus | (10°Tha  OTNL 0G° )
oty 2 06 ¢ \2 0¢? 96 99 | °°
0Ge 8I‘[O] 1 82F[0] rek
et xa ) B /37 0l
< 0¢p P + 2 OvP 0P Vet 908! %8s 00,0
OF 10T ¢ orll,  aGe aGe .
i Tl n? 0lo] 11
ate 2 9 ¢S+ 8 96 +8¢8 ot 508 9% 0.0 (3.11)
On the other hand, we compute
or7 _ (1 1 (i),  0G° [0] G
=21 s 4 — _1Tals /37 Q == 9,0 —
otg <2 o8¢ +G>tg 5 . oo et 550 e
8I F([)(z)]a o)
_1 ( i )S + 0G° n?78, 0l 3G 9 p o —
2 ¢s 8,0,8 v,0;x, a 8¢ zl oa
(ar[o?]a p )

_ 1 °) | 0G° oGe

- 87y QY F[o} _

=3 o e % hoea T 50

1, orld, 1ord aG L9

= L 179,00 100

=3% %6 T2 80 @ " o0p" Orthoae t 550 e

which proves equation (3.11) and, hence, equation (3.9) at the approximation up to €.
The proof of equation (3.10) is analogous. O

- 11 -



4 Expectation in higher genera

Consider a total descendent potential F(t},e) = > > e29 F,(t*) of some rank N.

Expectation 4.1. Under possibly some additional assumptions, there exists a reason-
able geometric construction of an open descendent potential in all genera F°(tf,s* e) =
> g0 €9 F(th,€) satisfying the following properties:

o The functions Fg and F{ are open descendents potentials in genus 0 and 1, respec-
tively (according to Definitions 2.5 and 3.1).

e The function F° satisfies the open string equation in all genera

g OF° OF° 8]: °
>t + D Sat1g - = —so+ Ce
b+1 Sa+ )
b>0 3tﬁ a>0 Osa  Off
where C' is some constant.
o Consider formal variables w', ..., wN. Then there exist differential operators Lfluylclb’mt,

1<a<N,a>0, and Lgull,boun’ a >0, of the form

LER™ =3 Loa" (Wl €)(e0:)", Loa" € Aut,..omo:
>0
L(flull,boun _ Zqull boun wf’;,s) (68x)i, Lguil ,boun c ./4 om0
>0
full,int
Lotlalzn ngltaz B —wf +O(52)’
b
szuil houn — Lboun 6_p T 0(52),
Uy =Wy
such that the formal power series wP = 7]’3“ o 6}; G A and f = ~7:O|tg»—>tg+ma:
0
satisfy the system of PDFEs
0 .
9o exp(e1f) = 5_1Lgfg’mt exp(e™1f), 1<a<N, a>0, (4.1)
a
0
e exp(e 1 f) = e~ tpfulbboun oy (=1 f) a>0. (4.2)
a

Suppose that there exists a Dubrovin-Zhang hierarchy corresponding to our total de-
scendent potential F (this is true when, for example, the associated Dubrovin-Frobenius
manifold is semisimple). It is easy to show that if Expectation 4.1 is true, then the flows

% and 8 - pairwise commute, which means that

aLﬁllLth 8qull int
a,a
oty fﬁ%
full,b
aLau ;boun

B

1! [Lg{gﬂm, Lfﬁu}}iﬂ -0, 1<a,B8<N, ab>0,

g [Lgull,boun’ Lgd’zl,int} —0, 1<B<N, a,b>0, (4.3)

full,boun 7 full,boun
[ boun, pjullbove]

0, a,b >0,
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full,int 8qull,boun
where the derivatives —=3— and =2 —

il o1l
Zhang hierarchy. Note that equation (4.3) potentially gives a Lax description of the

are computed using the flows of the Dubrovin-
Dubrovin-Zhang hierarchy (see an alternative approach in [11]).
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