
J
H
E
P
0
1
(
2
0
2
1
)
0
4
8

Published for SISSA by Springer

Received: August 25, 2020
Accepted: November 20, 2020

Published: January 11, 2021

Open topological recursion relations in genus 1 and
integrable systems

Oscar Brauer Gomeza and Alexandr Buryakb,c
aSchool of Mathematics, University of Leeds,
Woodhouse Lane, Leeds, LS2 9JT, U.K.

bFaculty of Mathematics, National Research University Higher School of Economics,
6 Usacheva str., Moscow, 119048, Russian Federation

cCenter for Advanced Studies, Skolkovo Institute of Science and Technology,
1 Nobel str., Moscow, 143026, Russian Federation

E-mail: mmobg@leeds.ac.uk, aburyak@hse.ru

Abstract: The paper is devoted to the open topological recursion relations in genus 1,
which are partial differential equations that conjecturally control open Gromov-Witten in-
variants in genus 1. We find an explicit formula for any solution analogous to the Dijkgraaf-
Witten formula for a descendent Gromov-Witten potential in genus 1. We then prove that
at the approximation up to genus 1 the exponent of an open descendent potential satisfies
a system of explicitly constructed linear evolutionary PDEs with one spatial variable.

Keywords: Integrable Hierarchies, Differential and Algebraic Geometry, Topological
Field Theories

ArXiv ePrint: 2008.06922

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP01(2021)048

mailto:mmobg@leeds.ac.uk
mailto:aburyak@hse.ru
https://arxiv.org/abs/2008.06922
https://doi.org/10.1007/JHEP01(2021)048


J
H
E
P
0
1
(
2
0
2
1
)
0
4
8

Contents

1 Introduction 1

2 Closed and open descendent potentials in genus 0 5
2.1 Differential polynomials 5
2.2 Closed descendent potentials in genus 0 5
2.3 Open descendent potentials in genus 0 6

3 Open descendent potentials in genus 1 7
3.1 Open descendent potentials in genus 1 7
3.2 Differential operators and PDEs 9
3.3 A linear PDE for an open descendent potential up to genus 1 10

4 Expectation in higher genera 12

1 Introduction

Total descendent potentials, also called formal Gromov-Witten potentials, are certain formal
power series of the form

F(t∗∗, ε) =
∑
g≥0

ε2gFg(t∗∗) ∈ C[[t∗∗, ε]],

where N ≥ 1, and tαa , 1 ≤ α ≤ N , a ≥ 0, and ε are formal variables, appearing in various
curve counting theories in algebraic geometry including Gromov-Witten theory, Fan-Jarvis-
Ruan-Witten theory, and the more recent theory of Gauged Linear Sigma Models. The
number N is often called the rank. Typically, the coefficients of total descendent poten-
tials are the integrals of certain cohomology classes over moduli spaces of closed Riemann
surfaces with additional structures. The function Fg controls the integrals over the moduli
spaces of Riemann surfaces of genus g. The simplest example of a total descendent po-
tential is the Witten generating series FW (t0, t1, t2, . . . , ε) of intersection numbers on the
moduli space of stable Riemann surfaces of genus g with n marked pointsMg,n. Note that
here and below we omit the upper indices in the t-variables when the rank is 1.

There is a unified approach to total descendent potentials using the notion of a cohomo-
logical field theory (CohFT) [24] and the Givental group action [20–22]. Briefly speaking,
the generating series of correlators of CohFTs form the space of total ancestor potentials,
and then using the lower-triangular Givental group action one gets the whole space of total
descendent potentials (see e.g. [28, section 2] and [19]).

– 1 –
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There is a remarkable and deep relation between total descendent potentials and the
theory of nonlinear PDEs. One of its manifestations is the following system of PDEs for
the descendent potential in genus 0 (see e.g. [28, section 2] and [19, Corollary 4.13]):

∂F0
∂t10

=
∑
a≥0

tαa+1
∂F0
∂tαa

+ 1
2ηαβt

α
0 t
β
0 , (1.1)

∂3F0

∂tαa+1∂t
β
b ∂t

γ
c

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂3F0

∂tν0∂t
β
b ∂t

γ
c

, 1 ≤ α, β, γ ≤ N, a, b, c ≥ 0, (1.2)

called the string equation and the topological recursion relations in genus 0, respectively.
Here (ηαβ) = η is an N×N symmetric nondegenerate matrix with complex coefficients, the
constants ηαβ are defined by (ηαβ) := η−1, and we use the Einstein summation convention
for repeated upper and lower Greek indices. Note that the system of equations (1.2) can
be equivalently written as

d

(
∂2F0

∂tαa+1∂t
β
b

)
= ∂2F0
∂tαa∂t

µ
0
ηµνd

(
∂2F0

∂tν0∂t
β
b

)
, 1 ≤ α, β ≤ N, a, b ≥ 0,

where d (·) denotes the full differential.
There are equations similar to (1.2) in genus 1 (see e.g. [18, equation (1.7)]):

∂F1
∂tαa+1

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂F1
∂tν0

+ 1
24η

µν ∂3F0
∂tµ0∂t

ν
0∂t

α
a

, 1 ≤ α ≤ N, a ≥ 0. (1.3)

They are called the topological recursion relations in genus 1. These equations imply that

F1 = 1
24 log det(η−1M) +G(v1, . . . , vN ), (1.4)

where the N ×N matrix M = (Mαβ) is defined by Mαβ := ∂3F0
∂t10∂t

α
0 ∂t

β
0
, vα := ηαµ ∂2F0

∂tµ0∂t
1
0
, and

G(t1, . . . , tN ) := F1|t∗≥1=0 [15] (see also [16, equation (1.16)]). Equations similar to (1.2)
and (1.3) exist in all genera, but their complexity grow very rapidly with the genus (see
e.g. [25] for some results in genus 2).

One can see that equations (1.1), (1.2), (1.3) are universal, meaning that they do not
depend on a total descendent potential. On the other hand, there is a rich theory [17] of
hierarchies of evolutionary PDEs with one spatial variable associated to total descendent
potentials and containing the full information about these potentials. Conjecturally, for
any total descendent potential F there exists a unique system of PDEs of the form

∂wα

∂tβb
= Pαβ,b, 1 ≤ α, β ≤ N, b ≥ 0, (1.5)

where w1, . . . , wN ∈ C[[t∗∗, ε]], Pαβ,b are differential polynomials in w1, . . . , wN , i.e., Pαβ,b are
formal power series in ε with the coefficients that a polynomials in wγx, wγxx, . . . (we identify
x = t10) whose coefficients are formal power series in wγ , such that a unique solution of the
system (1.5) specified by the condition wα|

tβ
b

=δβ,1δb,0x
= δα,1x is given by wα = ηαµ ∂2F

∂tµ0∂t
1
0
.
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This system of PDEs (if it exists) is called the Dubrovin-Zhang hierarchy or the hierarchy
of topological type. The conjecture is proved at the approximation up to ε2 [16] and in the
case when the Dubrovin-Frobenius manifold associated to the total descendent potential
is semisimple [8, 9]. The Dubrovin-Zhang hierarchy corresponding to the Witten potential
FW is the Korteweg-de Vries (KdV) hierarchy

∂w

∂t1
= wwx + ε2

12wxxx,

∂w

∂t2
= w2wx

2 + ε2
(
wwxxx

12 + wxwxx
6

)
+ ε4wxxxxx

240 ,

...

This statement is equivalent to Witten’s conjecture [31], proved by Kontsevich [23].
A more recent and less developed field of research is the study of the intersection theory

on various moduli spaces of Riemann surfaces with boundary. Such a moduli space always
comes with an associated moduli space of closed Riemann surfaces, and, thus, there is the
corresponding total descendent potential F(t∗∗, ε) =

∑
g≥0 ε

2gFg(t∗∗) of some rank N . There
is a large class of examples [7, 12–14, 26, 29, 32] where the intersection numbers on the
corresponding moduli space of Riemann surfaces with boundary of genus 0 are described
by a formal power series Fo0 (t∗∗, s∗) ∈ C[[t∗∗, s∗]] depending on an additional sequence of
formal variable sa, a ≥ 0, and satisfying the relations

∂Fo0
∂t10

=
∑
a≥0

tαa+1
∂Fo0
∂tαa

+
∑
a≥0

sa+1
∂Fo0
∂sa

+ s0, (1.6)

d

(
∂Fo0
∂tαa+1

)
= ∂2F0
∂tαa∂t

µ
0
ηµνd

(
∂Fo0
∂tν0

)
+ ∂Fo0
∂tαa

d

(
∂Fo0
∂s0

)
, 1 ≤ α ≤ N, a ≥ 0, (1.7)

d

(
∂Fo0
∂sa+1

)
= ∂Fo0

∂sa
d

(
∂Fo0
∂s0

)
, a ≥ 0. (1.8)

Equation (1.6) is called the open string equation. Equations (1.7) and (1.8) are called
the open topological recursion relations in genus 0. The function Fo0 is called the open
descendent potential in genus 0.
Remark 1.1. The system of PDEs (1.6)–(1.8) implies that the function Fo0 |t∗≥1=s≥1=0 sat-
isfies the open WDVV equations (see [6, section 4]), which actually appear in some of the
papers mentioned above. However, in [3] the authors presented a construction of an open
descendent potential starting from an arbitrary solution of the open WDVV equations.

Regarding higher genera, much less is known. However, conjecturally, the intersection
theory on moduli spaces of Riemann surfaces with boundary of genus 1 is controlled by
formal power series Fo1 (t∗∗, s∗) ∈ C[[t∗∗, s∗]] satisfying the relations

∂Fo1
∂tαa+1

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂Fo1
∂tν0

+ ∂Fo0
∂tαa

∂Fo1
∂s0

+ 1
2
∂2Fo0
∂tαa∂s0

, 1 ≤ α ≤ N, a ≥ 0,

∂Fo1
∂sa+1

= ∂Fo0
∂sa

∂Fo1
∂s0

+ 1
2
∂2Fo0
∂sa∂s0

, a ≥ 0,

– 3 –
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called the open topological recursion relations in genus 1. In the case of the intersection
theory on the moduli spaces of Riemann surfaces with boundary of genus g with k boundary
marked points and l internal marked pointsMg,k,l, these relations were conjectured by the
authors of [26] and proved in [7, section 6.2.3] (a proof by other methods is obtained by
J. P. Solomon and R. J. Tessler in a work in preparation). An evidence that the open
topological recursion relations in genus 1 hold for the open r-spin theory is also given in [7,
section 6.2.3].

An analog of the theory of Dubrovin-Zhang hierarchies for solutions of the system (1.6)–
(1.8) was developed in [3]. Regarding higher genera, a very promising direction was opened
by the series of papers [4, 5, 10, 26, 30] (see also [1]), where the authors studied the
intersection numbers on the moduli spaces of Riemann surfaces with boundary of genus g
with k boundary marked points and l internal marked points Mg,k,l. The main result of
these works is the proof [10] of the Pandharipande-Solomon-Tessler conjecture [26] saying
that the generating series

Fo,PST (t∗, s∗, ε) =
∑
g≥0

εgFo,PSTg (t∗, s∗) ∈ C[[t∗, s∗, ε]]

of the intersection numbers satisfies the following system of PDEs:

∂

∂tp
exp(ε−1Fo,PST ) = ε−1

(2p+ 1)!!
(
Lp+

1
2
)

+
exp(ε−1Fo,PST ), p ≥ 0, (1.9)

∂

∂sp
exp(ε−1Fo,PST ) = ε−1

2p+1(p+ 1)!L
p+1 exp(ε−1Fo,PST ), p ≥ 0, (1.10)

where L = (ε∂x)2 + 2w is the Lax operator for the KdV hierarchy, and w = ∂2FW
∂t20

.

Remark 1.2. To be precise, we have presented a version of the Pandharipande-Solomon-
Tessler conjecture, which is slightly different from the original one in two aspects. First
of all, in [26] the authors considered a function F̃o,PST related to our function Fo,PST

by F̃o,PST = Fo,PST
∣∣∣
s≥1=0

. The function Fo,PST can be reconstructed from the function

F̃o,PST using the system of PDEs

∂

∂sp
exp(ε−1Fo,PST ) = εp

(p+ 1)!
∂p+1

∂sp+1
0

exp(ε−1Fo,PST ), p ≥ 1.

Second, the system of PDEs from [26, Conjecture 2] determining the function F̃o,PST does
not have the form of a system of evolutionary PDEs with one spatial variable. The fact
that the presented version of the Pandharipande-Solomon-Tessler conjecture is equivalent
to the original one was observed in [5].

In this paper we study solutions of the open topological recursion relations in genus 1.
First, we find an analog of formula (1.4). Then, using this formula, we construct a system
of linear PDEs of the form similar to (1.9) and (1.10) such that the function exp(Fo0 +εFo1 )
satisfies it at the approximation up to ε. An expectation in higher genera and a relation
with a Lax description of the Dubrovin-Zhang hierarchies are also discussed.

– 4 –
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2 Closed and open descendent potentials in genus 0

In this section we recall the definitions of closed and open descendent potentials in genus 0
and the construction of associated to them systems of PDEs.

2.1 Differential polynomials

Consider formal variables vαi , α = 1, . . . , N , i = 0, 1, . . .. Following [17] (see also [27]) we
define the ring of differential polynomials Av1,...,vN in the variables v1, . . . , vN as the ring of
polynomials in the variables vαi , i > 0, with coefficients in the ring of formal power series
in the variables vα := vα0 :

Av1,...,vN := C[[v∗]][v∗≥1].

Remark 2.1. It is useful to think of the variables vα = vα0 as the components vα(x) of a
formal loop v : S1 → CN in the standard basis of CN . Then the variables vα1 := vαx , v

α
2 :=

vαxx, . . . are the components of the iterated x-derivatives of the formal loop.
The standard gradation on Av1,...,vN , which we denote by deg, is introduced by

deg vαi := i. The homogeneous component of Av1,...,vN of standard degree d is denoted
by Av1,...,vN ;d. Introduce an operator ∂x : Av1,...,vN → Av1,...,vN by

∂x :=
∑
i≥0

vαi+1
∂

∂vαi
.

It increases the standard degree by 1.
Consider the extension Âv1,...,vN := Av1,...,vN [[ε]] of the space Av1,...,vN with a new

variable ε of standard degree deg ε := −1. Let Âv1,...,vN ;d denote the subspace of degree d
of Â. Abusing the terminology we still call elements of the space Âv1,...,vN differential
polynomials.

2.2 Closed descendent potentials in genus 0

Let us fix N ≥ 1, an N ×N symmetric nondegenerate complex matrix η = (ηαβ), and an
N -tuple of complex numbers (A1, . . . , AN ), not all equal to zero. We will use the notation

∂

∂t1a
:= Aα

∂

∂tαa
, a ≥ 0.

Definition 2.2. A formal power series F0 ∈ C[[t∗∗]] is called a descendent potential in genus
0 if it satisfies the following system of PDEs:∑

a≥0
tαa+1

∂F0
∂tαa
− ∂F0
∂t10

= −1
2ηαβt

α
0 t
β
0 , (2.1)

∑
a≥0

tαa
∂F0
∂tαa
− ∂F0
∂t11

= 2F0, (2.2)

∂3F0

∂tαa+1∂t
β
b ∂t

γ
c

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂3F0

∂tν0∂t
β
b ∂t

γ
c

, 1 ≤ α, β, γ ≤ N, a, b, c ≥ 0, (2.3)

∂2F0

∂tαa+1∂t
β
b

+ ∂2F0

∂tαa∂t
β
b+1

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂2F0

∂tν0∂t
β
b

, 1 ≤ α, β ≤ N, a, b ≥ 0.

– 5 –
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We will sometimes call a descendent potential in genus 0 a closed descendent potential in
genus 0 in order to distinguish it from an open analog that we will discuss below.

Remark 2.3. Doing a linear change of variables, one can make ∂
∂t1a

= ∂
∂t1a
⇔ Aα = δα,1 in

equations (2.1) and (2.2). That is why authors often assume that Aα = δα,1.

Remark 2.4. For any total descendent potential F =
∑
g≥0 ε

2gFg the function F0 is a
descendent potential in genus 0. However, describing precisely which descendent potentials
in genus 0 can be extended to total descendent potentials is an interesting open problem.

Define differential polynomials Ω[0]
α,a;β,b ∈ Av1,...,vN ;0, 1 ≤ α, β ≤ N , a, b ≥ 0, by

Ω[0]
α,a;β,b := ∂2F0

∂tαa∂t
β
b

∣∣∣∣∣
tγc=δc,0vγ

,

and let

(vtop)α := ηαµ
∂2F0
∂tµ0∂t

1
0
∈ C[[t∗∗]], 1 ≤ α ≤ N.

Then we have (see e.g. [9, Proposition 3])

∂2F0

∂tαa∂t
β
b

= Ω[0]
α,a;β,b

∣∣∣
vγ=(vtop)γ

. (2.4)

This implies that the N -tuple of functions (vtop)α
∣∣
tγ0 7→t

γ
0 +Aγx is a solution of the following

system of PDEs:
∂vα

∂tβb
= ηαµ∂xΩ[0]

µ,0;β,b, 1 ≤ α, β ≤ N, b ≥ 0,

which is called the principal hierarchy associated to the potential F0.

2.3 Open descendent potentials in genus 0

Let us fix a closed descendent potential in genus 0 F0.

Definition 2.5. An open descendent potential in genus 0 Fo0 ∈ C[[t∗∗, s∗]] is a solution of
the following system of PDEs:

∑
b≥0

tβb+1
∂Fo0
∂tβb

+
∑
a≥0

sa+1
∂Fo0
∂sa

− ∂Fo0
∂t10

= −s0, (2.5)

∑
b≥0

tβb
∂Fo0
∂tβb

+
∑
a≥0

sa
∂Fo0
∂sa

− ∂Fo0
∂t11

= Fo0 ,

d

(
∂Fo0
∂tαp+1

)
= ∂2F0
∂tαp∂t

µ
0
ηµνd

(
∂Fo0
∂tν0

)
+ ∂Fo0
∂tαp

d

(
∂Fo0
∂s0

)
, (2.6)

d

(
∂Fo0
∂sp+1

)
= ∂Fo0

∂sp
d

(
∂Fo0
∂s0

)
. (2.7)

– 6 –
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Consider a new formal variable φ. Similarly to the differential polynomials Ω[0]
α,a;β,b, let

us introduce differential polynomials Γ[0]
α,a,∆[0]

a ∈ Av1,...,vN ,φ;0, 1 ≤ α ≤ N , a ≥ 0, by

Γ[0]
α,a := ∂Fo0

∂tαa

∣∣∣∣tγc=δc,0vγ
sc=δc,0φ

, ∆[0]
a := ∂Fo0

∂sa

∣∣∣∣tγc=δc,0vγ
sc=δc,0φ

,

and let
φtop := ∂Fo0

∂t10
∈ C[[t∗∗, s∗]].

We have the following properties, analogous to the property (2.4) ([3, section 4.4], [2,
Proposition 2.2]):

∂Fo0
∂tαa

= Γ[0]
α,a

∣∣∣vγ=(vtop)γ
φ=φtop

,
∂Fo0
∂sa

= ∆[0]
a

∣∣∣vγ=(vtop)γ
φ=φtop

.

This implies that the (N + 1)-tuple of functions
(
(vtop)1, . . . , (vtop)N , φtop

)∣∣∣
tγ0 7→t

γ
0 +Aγx

sat-
isfies the following system of PDEs:

∂vα

∂tβb
= ∂xη

αµΩ[0]
µ,0;β,b,

∂vα

∂sb
= 0,

∂φ

∂tβb
= ∂xΓ[0]

β,b,
∂φ

∂sb
= ∂x∆[0]

b ,

which we call the extended principal hierarchy associated to the pair of potentials (F0,Fo0 ).

3 Open descendent potentials in genus 1

Here we introduce the notion of an open descendent potential in genus 1 and prove two
main results of our paper: theorems 3.2 and 3.5.

3.1 Open descendent potentials in genus 1

Let us fix a pair (F0,Fo0 ) of closed and open potentials in genus 0.

Definition 3.1. An open descendent potential in genus 1 Fo1 ∈ C[[t∗∗, s∗]] is a solution of
the following system of PDEs:

∂Fo1
∂tαa+1

= ∂2F0
∂tαa∂t

µ
0
ηµν

∂Fo1
∂tν0

+ ∂Fo0
∂tαa

∂Fo1
∂s0

+ 1
2
∂2Fo0
∂tαa∂s0

, 1 ≤ α ≤ N, a ≥ 0, (3.1)

∂Fo1
∂sa+1

= ∂Fo0
∂sa

∂Fo1
∂s0

+ 1
2
∂2Fo0
∂sa∂s0

, a ≥ 0. (3.2)

Consider an open descendent potential in genus 1 Fo1 . Define a formal power series
Go ∈ C[[v∗, φ]] by

Go := Fo1 |tαa=δa,0vα
sa=δa,0φ

.

– 7 –
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Theorem 3.2. We have

Fo1 = 1
2 log ∂2Fo0

∂t10∂s0
+ Go|vγ=(vtop)γ

φ=φtop
. (3.3)

Proof. Note that equation (2.5) implies that

∂2Fo0
∂t10∂s0

∣∣∣∣∣
t∗≥1=s≥1=0

= 1.

Therefore, the logarithm log ∂2Fo0
∂t10∂s0

is a well-defined formal power series in the variables t∗∗
and s∗. Also, equations (2.1) and (2.5) imply that

(vtop)α
∣∣∣
t∗≥1=0

= tα0 , φtop
∣∣∣
t∗≥1=s≥1=0

= s0.

Therefore, equation (3.3) is true when t∗≥1 = s≥1 = 0.
Using the linear differential operators

P 1
α,a := ∂

∂tαa+1
− ∂2F0
∂tαa∂t

µ
0
ηµν

∂

∂tν0
− ∂Fo0
∂tαa

∂

∂s0
, 1 ≤ α ≤ N, a ≥ 0,

P 2
a := ∂

∂sa+1
− ∂Fo0
∂sa

∂

∂s0
, a ≥ 0,

equations (3.1) and (3.2) can be equivalently written as

P 1
α,aFo1 = 1

2
∂2Fo0
∂tαa∂s0

, 1 ≤ α ≤ N, a ≥ 0,

P 2
aFo1 = 1

2
∂2Fo0
∂sa∂s

, a ≥ 0.

This system of PDEs uniquely determines the function Fo1 starting from the initial condi-
tion Fo1 |t∗≥1=s≥1=0 = Go(t10, . . . , tN0 , s0). By equations (2.3), (2.6), and (2.7), we have

P 1
α,a(vtop)β = P 1

α,aφ
top = P 2

a (vtop)β = P 2
aφ

top = 0.

Therefore, it remains to check that

P 1
α,a log ∂2Fo0

∂t10∂s0
= ∂2Fo0
∂tαa∂s0

, (3.4)

P 2
a log ∂2Fo0

∂t10∂s0
= ∂2Fo0
∂sa∂s0

. (3.5)

– 8 –
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To prove equation (3.4), we compute

P 1
α,a log ∂2Fo0

∂t10∂s0
= 1

∂2Fo0
∂t10∂s0

(
∂3Fo0

∂tαa+1∂t
1
0∂s0

− ∂2F0
∂tαa∂t

µ
0
ηµν

∂3Fo0
∂tν0∂t

1
0∂s0

− ∂Fo0
∂tαa

∂3Fo0
∂s0∂t10∂s0

)

= 1
∂2Fo0
∂t10∂s0

[
∂

∂s0

(
∂2Fo0

∂tαa+1∂t
1
0
− ∂2F0
∂tαa∂t

µ
0
ηµν

∂2Fo0
∂tν0∂t

1
0
− ∂Fo0
∂tαa

∂2Fo0
∂s0∂t10

)

+ ∂2Fo0
∂tαa∂s0

∂2Fo0
∂t10∂s0

]

= ∂2Fo0
∂tαa∂s0

,

where the vanishing of the underlined expression follows from equation (2.6). The proof of
equation (3.5) is analogous. The theorem is proved.

3.2 Differential operators and PDEs

Consider a differential operator L of the form

L =
∑
i≥0

Li(v∗∗, ε)(ε∂x)i, Li ∈ Âv1,...,vN ;0.

Let f be a formal variable and consider the PDE

∂

∂t
exp(ε−1f) = ε−1L exp(ε−1f). (3.6)

Note that
(ε∂x)i exp(ε−1f)

exp(ε−1f) = Qi(f∗, ε), i ≥ 0,

where Qi ∈ Âf can be recursively computed by the relation

Qi =

1, if i = 0,
fxQi−1 + ε∂xQi−1, if i ≥ 1.

Remark 3.3. Note that Qi does not depend on f and is a polynomial in the derivatives
fx, fxx, . . . and ε. Moreover, if we introduce a new formal variable ψ and substitute fi+1 =
ψi, i ≥ 0, then Qi becomes a differential polynomial of degree 0.

We see that PDE (3.6) is equivalent to the following PDE:

∂f

∂t
=
∑
i≥0

Li(v∗∗, ε)Qi(f∗, ε). (3.7)

Let us look at this PDE in more details at the approximation up to ε.

Lemma 3.4. We have Qi = f ix + ε i(i−1)
2 f i−2

x fxx +O(ε2).

– 9 –
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Proof. The formula is clearly true for i = 0. We proceed by induction:

Qi+1 = fxQi + ε∂xQi = f i+1
x + ε

(
fx
i(i− 1)

2 f i−2
x fxx + ∂x

(
f ix

))
+O(ε2) =

= f i+1
x + ε

(i+ 1)i
2 f i−1

x fxx +O(ε2).

Consider the expansion

Li(v∗∗, ε) =
∑
j≥0

L
[j]
i (v∗∗)εj , L

[j]
i ∈ Av1,...,vN ;j .

We see that equation (3.7) has the form

∂f

∂t
=
∑
i≥0

L
[0]
i f

i
x + ε

∑
i≥0

(
L

[1]
i f

i
x + L

[0]
i

i(i− 1)
2 f i−2

x fxx

)
+O(ε2). (3.8)

3.3 A linear PDE for an open descendent potential up to genus 1

Define differential operators Lint
α,a, 1 ≤ α ≤ N , a ≥ 0, and Lboun

a , a ≥ 0, by

Lint
α,a :=

∑
i≥0

(
L

int;[0]
α,a,i + εL

int;[1]
α,a,i

)
(ε∂x)i,

Lboun
a :=

∑
i≥0

(
L

boun;[0]
a,i + εL

boun;[1]
a,i

)
(ε∂x)i,

where

L
int;[0]
α,a,i := CoefφiΓ[0]

α,a ∈ Av1,...,vN ;0,

L
int;[1]
α,a,i := Coefφi

[(
∂Go

∂φ

∂Γ[0]
α,a

∂vβ
− ∂Go

∂vβ
∂Γ[0]

α,a

∂φ
+ 1

2
∂2Γ[0]

α,a

∂vβ∂φ

)
vβx

+ ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a

]
∈ Av1,...,vN ;1,

L
boun;[0]
a,i := Coefφi∆[0]

a ∈ Av1,...,vN ;0,

L
boun;[1]
a,i := Coefφi

[(
∂Go

∂φ

∂∆[0]
a

∂vβ
− ∂Go

∂vβ
∂∆[0]

a

∂φ
+ 1

2
∂2∆[0]

a

∂vβ∂φ

)
vβx

]
∈ Av1,...,vN ;1.

Theorem 3.5. The formal power series vβ = (vtop)β
∣∣∣
tγ0 7→t

γ
0 +Aγx

and f =
(Fo0 + εFo1 )|tγ0 7→tγ0 +Aγx satisfy the system of PDEs

∂

∂tαa
exp(ε−1f) = ε−1Lint

α,a exp(ε−1f), 1 ≤ α ≤ N, a ≥ 0, (3.9)

∂

∂sa
exp(ε−1f) = ε−1Lboun

a exp(ε−1f), a ≥ 0. (3.10)

at the approximation up to ε.

– 10 –
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Proof. Abusing notations let us denote the formal powers series Fo0 |tγ0 7→tγ0 +Aγx,
Fo1 |tγ0 7→tγ0 +Aγx, (vtop)α

∣∣
tγ0 7→t

γ
0 +Aγx, and φtop∣∣

tγ0 7→t
γ
0 +Aγx by Fo0 , Fo1 , vα, and φ, respectively.

We can then write the statement of Theorem 3.2 as

Fo1 = 1
2 log φs +Go.

Let us prove equation (3.9) at the approximation up to ε. We have

∂x (Fo0 + εFo1 ) = φ+ ε

(1
2
φxs
φs

+ ∂xG
o
)
.

Therefore, by equation (3.8), we have to check that

∂

∂tαa
(Fo0 +εFo1 )=

∑
i≥0

L
int;[0]
α,a,i φ

i+ε
∑
i≥0

L
int;[1]
α,a,i φ

i+

+ε
∑
i≥0

L
int;[0]
α,a,i

(
i(i−1)

2 φi−2φx+iφi−1
(1

2
φxs
φs

+∂xGo
))
⇔

⇔ ∂

∂tαa
(Fo0 +εFo1 )=Γ[0]

α,a+ε

∑
i≥0

L
int;[1]
α,a,i φ

i+ 1
2
∂2Γ[0]

α,a

∂φ2 φx+ 1
2
∂Γ[0]

α,a

∂φ

φxs
φs

+ ∂Γ[0]
α,a

∂φ
∂xG

o

⇔
⇔ ∂Fo1

∂tαa
= 1

2
∂Γ[0]

α,a

∂φ

φxs
φs

+
(

1
2
∂2Γ[0]

α,a

∂φ2 + ∂Γ[0]
α,a

∂φ

∂Go

∂φ

)
φx+ ∂Γ[0]

α,a

∂φ

∂Go

∂vβ
vβx+

∑
i≥0

L
int;[1]
α,a,i φ

i.

Using the definition of Lint;[1]
α,a,i , we see that the last equation is equivalent to

∂Fo1
∂tαa

= 1
2
∂Γ[0]

α,a

∂φ

φxs
φs

+
(

1
2
∂2Γ[0]

α,a

∂φ2 + ∂Γ[0]
α,a

∂φ

∂Go

∂φ

)
φx+

+
(
∂Go

∂φ

∂Γ[0]
α,a

∂vβ
+ 1

2
∂2Γ[0]

α,a

∂vβ∂φ

)
vβx + ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a ⇔

⇔ ∂Fo1
∂tαa

= 1
2
∂Γ[0]

α,a

∂φ

φxs
φs

+ 1
2∂x

∂Γ[0]
α,a

∂φ
+ ∂Go

∂φ
∂xΓ[0]

α,a + ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a. (3.11)

On the other hand, we compute

∂Fo1
∂tαa

=
(1

2 log φs +Go
)
tαa

= 1
2

(
φtαa
)
s

φs
+ ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a + ∂Go

∂φ
∂xΓ[0]

α,a =

= 1
2
∂x
(
Γ[0]
α,a

)
s

φs
+ ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a + ∂Go

∂φ
∂xΓ[0]

α,a =

= 1
2

∂x

(
∂Γ[0]

α,a

∂φ φs

)
φs

+ ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a + ∂Go

∂φ
∂xΓ[0]

α,a =

= 1
2∂x

∂Γ[0]
α,a

∂φ
+ 1

2
∂Γ[0]

α,a

∂φ

φxs
φs

+ ∂Go

∂vβ
ηβγ∂xΩ[0]

γ,0;α,a + ∂Go

∂φ
∂xΓ[0]

α,a,

which proves equation (3.11) and, hence, equation (3.9) at the approximation up to ε.
The proof of equation (3.10) is analogous.

– 11 –
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4 Expectation in higher genera

Consider a total descendent potential F(t∗∗, ε) =
∑
g≥0 ε

2gFg(t∗∗) of some rank N .

Expectation 4.1. Under possibly some additional assumptions, there exists a reason-
able geometric construction of an open descendent potential in all genera Fo(t∗∗, s∗, ε) =∑
g≥0 ε

gFog (t∗∗, ε) satisfying the following properties:

• The functions Fo0 and Fo1 are open descendents potentials in genus 0 and 1, respec-
tively (according to Definitions 2.5 and 3.1).

• The function Fo satisfies the open string equation in all genera∑
b≥0

tβb+1
∂Fo

∂tβb
+
∑
a≥0

sa+1
∂Fo

∂sa
− ∂Fo

∂t10
= −s0 + Cε,

where C is some constant.

• Consider formal variables w1, . . . , wN . Then there exist differential operators Lfull,int
α,a ,

1 ≤ α ≤ N , a ≥ 0, and Lfull,boun
a , a ≥ 0, of the form

Lfull,int
α,a =

∑
i≥0

Lfull,int
α,a,i (w∗∗, ε)(ε∂x)i, Lfull,int

α,a,i ∈ Âw1,...,wn;0,

Lfull,boun
a =

∑
i≥0

Lfull,boun
a,i (w∗∗, ε)(ε∂x)i, Lfull,boun

a,i ∈ Âw1,...,wn;0,

Lfull,int
α,a,i = Lint

α,a,i

∣∣∣
vβ
b

=wβ
b

+O(ε2),

Lfull,boun
a,i = Lboun

a,i

∣∣∣
vβ
b

=wβ
b

+O(ε2),

such that the formal power series wβ = ηβµ ∂2F
∂tµ0∂t

1
0

∣∣∣
tγ0 7→t

γ
0 +Aγx

and f = Fo|tγ0 7→tγ0 +Aγx

satisfy the system of PDEs

∂

∂tαa
exp(ε−1f) = ε−1Lfull,int

α,a exp(ε−1f), 1 ≤ α ≤ N, a ≥ 0, (4.1)

∂

∂sa
exp(ε−1f) = ε−1Lfull,boun

a exp(ε−1f), a ≥ 0. (4.2)

Suppose that there exists a Dubrovin-Zhang hierarchy corresponding to our total de-
scendent potential F (this is true when, for example, the associated Dubrovin-Frobenius
manifold is semisimple). It is easy to show that if Expectation 4.1 is true, then the flows
∂
∂tαa

and ∂
∂sb

pairwise commute, which means that

∂Lfull,int
α,a

∂tβb
−
∂Lfull,int

β,b

∂tαa
+ ε−1

[
Lfull,int
α,a , Lfull,int

β,b

]
= 0, 1 ≤ α, β ≤ N, a, b ≥ 0,

∂Lfull,boun
a

∂tβb
+ ε−1

[
Lfull,boun
a , Lfull,int

β,b

]
= 0, 1 ≤ β ≤ N, a, b ≥ 0, (4.3)[

Lfull,boun
a , Lfull,boun

b

]
= 0, a, b ≥ 0,

– 12 –
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where the derivatives ∂Lfull,int
α,a

∂tβ
b

and ∂Lfull,boun
a

∂tβ
b

are computed using the flows of the Dubrovin-
Zhang hierarchy. Note that equation (4.3) potentially gives a Lax description of the
Dubrovin-Zhang hierarchy (see an alternative approach in [11]).
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