PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: December 9, 2019

REVISED: January 14, 2020
ACCEPTED: January 15, 2020
PUBLISHED: January 28, 2020

Correlation function with the insertion of zero modes
of modular Hamiltonians

Jiang Long

School of Physics, Huazhong University of Science and Technology,
Wuhan, Hubei 430074, China

E-mail: longjiang@hust.edu.cn

ABSTRACT: Zero modes of modular Hamiltonian of one interval are found in momentum
space for two dimensional massless free scalar theory. Finite correlators are extracted
from separate region connected correlation functions with the insertion of zero modes.
Correlators of (n, 1)-type are claimed to be conformal block up to a set of theory dependent

constants. We fix the correlators of (2, 1)-type with the coefficients of three point function
in 2d CFTs.

KEYwWORDS: AdS-CFT Correspondence, Conformal Field Theory

ARX1v EPRINT: 1911.11487

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP01(2020)173


mailto:longjiang@hust.edu.cn
https://arxiv.org/abs/1911.11487
https://doi.org/10.1007/JHEP01(2020)173

Contents
1 Introduction
2 Review

3 Zero modes of modular Hamiltonian
3.1 Two dimensional massless free scalar theory
3.2 Two dimensional conformal field theory

3.3 Zero modes in momentum space

4 Correlation functions with the insertion of zero modes

4.1 Generator of connected correlation functions

4.2  Correlators in two dimensional massless free scalar theory
4.2.1 Two zero modes
4.2.2 Three zero modes
4.2.3 Four zero modes

4.3 (n,1)-type correlators

4.4 Universal correlators

5 OPE of deformed reduced density matrix

Discussion and conclusion

(=}

Identity
Summation

Integrals

g a & »

Regularization

N = o >

©

10
11
12
12
13
15

16

18

18

20

21

22

1 Introduction

The interest on a subregion is motivated by quantum information theory [1-4]. The domain

of dependence D(A) of a spacelike subregion A is a well defined spacetime and one can study

it as an independent system. Given the evolution equations, fields in D(A) are completely

determined by initial condition on Cauchy surface A. Operators inside D(A) form a closed

algebra. The most important operator of subregion D(A) is modular Hamiltonian Hy

which generates modular flow [5]. Modular Hamiltonian is the logarithm of reduced density

matrix pa, Ha = —logpa. Usually, it is highly non-local, only in special cases it has



analytic form [6-9]. For a conformal field theory in a state which has a gravitational dual,
modular Hamiltonian is claimed [10, 11] to be an area operator of Ryu-Takayanagi (RT)
surface [12] with quantum corrections.

Operators in D(A) could be classified according to their eigenvalues under modular
transformation,

714, Q%] = w@Y. (1.1)
From the point of view of quantum mechanics, operators whose commutator with modular
Hamiltonian vanish (w = 0) are rather intersting since they may provide new quantum
numbers to classify operators. These operators are called zero modes of modular Hamil-
tonian [13, 14]. In holography [15], bulk fields close to AdS boundary are identified with
local CFT operators [16]. Correlation functions of local CFT operators are mapped to
correlators of dual bulk fields according standard dictionary of AdS/CFT [17, 18]. As a
generalization, zero mode is claimed to have a gravitational dual [14] which is an integral
of dual bulk field over RT surface. A nature question would be to understand correlators
of zero modes from both CFT and gravity side.

The first step in this direction has been taken by [19] recently. In that paper, connected
correlators of modular Hamiltonians are shown to be finite and universal for 2d CF'Ts. The
universal property is a direct consequence of Ward identity of stress tensor [20]. As a result,
correlators of modular Hamiltonians are free from quantum corrections in AdSs. In the
present work, zero modes are inserted into correlation functions. Connected correlation
functions with m zero modes inserted into region A and n zero modes in region B

<QA[01] T QA[Om]QB[Oerl} T QB [Ominl)e, myn>1 (1.2)

will be called (m,n)-type. We will show that they are still finite for massless free scalar
theory. We will mainly focus on (m, 1)-type correlators.! Any (m, 1)-type correlator may
be a conformal block up to a theory dependent coefficient

(Qa[O1] -+~ QalOR]QB[O])e = coGr(n), Vm = 1. (1.3)

We check this point numerically for 2d massless free scalar theory. Analytical results are
obtained up to m < 3. We find the same conclusion using an OPE argument for general
CFT,. We obtain a universal formula for (2,1)-type correlator, which is summarized
by (4.80). This formula has been checked for massless free scalar theory and could be
applied to general 2d CFTs for integer conformal weight.

Our result may be understood as a generalization of “geodesic Witten diagram” [21, 22]
from bulk. “Geodesic Witten diagram” is used as a bulk decomposition of Witten diagrams
into conformal blocks. It could be regarded as a bulk description of conformal block, where
the two geodesics in the bulk are disjoint. This is similar to (1,1)-type correlator in
this paper. However, our work on (m,1)-type correlator suggests that there are more

In this work, when we mention (m,n)-type correlators, zero modes in these correlators are OPE
blocks [24, 25]. All statements on (m,n)-type correlators should be understood under this implicit as-
sumption. Since modular Hamiltonian commutes with itself, modular Hamiltonian is also a zero mode in
our convention.



bulk descriptions of conformal block. We expect to extract OPE data from holographic
computation of similar geodesic Witten diagrams, where several geodesics coincide.

An outline of this paper is as follows. In section 2 we will review necessary background
to study connected correlation functions in 2d massless free scalar theory. In section 3, zero
modes of 2d massless free scalar theory are constructed in momentum space. Some of them
are identified to OPE blocks. Then connected correlators with zero modes insertion are
studied extensively in 2d massless free scalar theory in section 4. Correlators of (n, 1)-type
have been discussed. Universal correlators of (2,1)-type are found for general 2d CFTs in
the same section. In section 5, we will briefly discuss operator product expansion(OPE)
of deformed reduced density matrix. We are able to interpret several universal correlators
using OPE approach. We will discuss the results and point out some future directions in
the last section.

2 Review

In this section we review basic results on modular Hamiltonian in momentum space. Con-
ventions used in this paper are also introduced at the same time. We refer the reader
to [19] for a detailed derivation. The system is in vacuum with Lagrangian

L= S0,00"6 2.1)

in 2d Minkowski spacetime. The signature of spacetime is (—, +), spacetime coordinates
are x# = (t,z). The system can be factorized to left moving and right moving part, we
will only focus on right moving modes, fields are functions of t — z only. The two point
function is fixed to be

(o()o(y)) = —ﬁ log |z — yl, (2.2)

where z,y are right moving spacetime coordinates. The spacelike region A (B) we will
study is an interval with radius R4(Rp) whose center is located at z4(zp),

A={(0,z2)]zs <z <}, (2.3)
B ={(0,2)|x4 < z < x3},

where the end points of the intervals are
1 =24+ Ra, 9 =24—Rp, vz3=2+ Rp, x4=2— Rp. (2.5)

The theory can be quantized in D(A), the domain of dependence of A. More explicitly,
field ¢ in D(A) can be expanded as

¢ = bugy+blg; (2.6)
v
where {g,} is a complete set of positive frequency modes. Annihilation and creation oper-

ators b,, bj, satisfy commutation relations

[boybr] =0, [by,b],] = 6(v —2"), [b],b],] =0. (2.7)

vy Yyl



Vacuum in D(A) may be defined by
byl04) =0, Vv >0. (2.8)

Modular Hamiltonian of region A in real space is

. R2 — _ 2
Ha= QF/ I<R ds = Q(ZA a T (2), (2.9)
Z—ZA|ISITA

where Ty is the stress tensor of massless free scalar and is evaluated at ¢ = 0 timeslice. By
transforming to momentum space, modular Hamiltonian becomes rather simple

Hj=2rRa Z vblbv + const. (2.10)
v

The constant term may be fixed by requiring the normalization of reduced density matrix

pa=e Ha

trapa = 1. (2.11)

The field can also be quantized in Minkowski spacetime,
(bzzawfw""aif:} (2'12)
w

where {f,} forms a complete set of positive frequency modes in Minkowski spacetime.
Annihilation and creation operators aw,a:[, obey standard commutation relations. The
Minkowski vacuum is defined by

au|0y) =0, Vw>0. (2.13)

We will denote it as | ) to simplify notation. Annihilation and creation operators in region
D(A) are related to those in Minkowski spacetime by Bogoliubov transformation

b, = Z (azwaw — ﬁ:wa:[,) , bl = Z (Ozwal — vaaw> (2.14)

where the Bogoliubov coefficients are

1 Jw. . L 14 ) e
Qpw = — | —Rpe %4 dse®fas [ — 2 ,
1

2w\ v 1—s (2.15)
1 —iwR :
Bow = 1 YR yeiva / dse-iwhas (115 "
2r Vv 1 1—s

They could be regarded as matrix elements of Bogoliubov matrices «, 3. Any bounded
operator in D(A) may always be rewritten as a function of annihilation and creation oper-
ators by, b:r,. Field in D(B) can be studied in a similar way. The corresponding annihilation
and creation operators are denoted as by, bl;. A quadratic operator

H=> abl (2.16)
1



has been studied extensively in [19]. The subscript I denotes possible quantum number. It
is v in region D(A) and ¥ in region D(B). Therefore H could be a multi-region operator.
Vacuum expectation value of the exponential of H is shown to be

1

zH
S 2.17
= dar (217)
where the matrix T is
* T * 3t
- (17966 qo'B ) (2.18)
qBa 1+q¢pBB
Matrix q is
g=1-¢% (2.19)

with X = diag(z1,x2,---). We extract finite correlators of modular Hamiltonians from
above results. However, the results actually don’t require H being linear superposition of
modular Hamiltonians. More explicitly, 7 could be any reasonable function of quantum
number I. This sheds light on the study of zero modes in this paper.

3 Zero modes of modular Hamiltonian

Modular Hamiltonian of region D(A) will send operators O of region D(A) to another
operator Og by modular flow

0, = eiflasQe=ifas, (3.1)
In modular fourier space,

OO .
Ou :/ dse”"** O, (3.2)
—00
one finds the commutation relation
[Ha, 0] = wO,,. (3.3)

In the limit w — 0, operator Oy belongs to zero modes of modular Hamiltonian since it
commutes with modular Hamiltonian. Zero mode is claimed to have a gravitional dual [14]

00(33‘) =4m /RT dYRT<(I)(YRT)O(.Z‘)>(I)(YRT) (3.4)
in the large N limit. Roughly speaking, zero mode can be expressed as an integral over
RT surface [12] of the bulk dual field where the integral kernel is the corresponding bulk-
to-boundary propagator. In the following subsections, we will construct zero modes of
modular Hamiltonian of interval A in massless free scalar theory in momentum space.
They have rather simple expressions and form an infinite dimensional algebra. Some zero
modes are actually OPE blocks. We establish the relationship between zero modes in
momentum space and OPE blocks at the end of this section.



3.1 Two dimensional massless free scalar theory

A basis of operators in D(A) could be chosen to be
bl - bl byyiy Do, mam > 0. (3.5)
The commutator between modular Hamiltonian and b, or bl is standard,
[H A, by = =27 Rgvby, [Ha,bl] = 20 R 40b]. (3.6)

Therefore the commutator

m m+n
[ﬁA7 bll e blmbvm+1 . .bvmﬂ} =21Ry (Z v — Z vk> bll . .b;f)mbvm+1 by
k=1 k=m+1
(3.7)
vanishes if and only if
m m-+n
ka = Z Vi (3.8)
k=1 k=m+1

Hence a complete set of zero modes is found for massless free scalar. We list first few zero
modes according to the degree of b and bf.

1. m = n = 0, zero mode is identity operator 1.
2. m +n = 1, there is no zero mode.

3. m+n = 2, zero modes are any linear superposition of blby.
Qum = Y f(v)biby. (3.9)
v

The subscript “zm” denotes zero modes of modular Hamiltonian. An interesting fact
is that (3.9) is exactly the form of (2.16), therefore all the conclusions in previous
section can be applied to zero modes.

Zero modes with higher degree (> 3) may be useful in other context, however we will not
study them in this paper. We also mention that all zero modes

m m+n
{bzl BTSN S } o)
k=1 k=m+1
form an infinite dimensional algebra. Actually, from Jacobi identity

[H4,[Q1,Q2]] = —[Q1,[Qa, Hal] — [Q2, [Ha, Q1]] = 0. (3.11)

Therefore, if @1 and Q2 are two zero modes and their commutator is non-zero, then [Q1, Q2]
is also a zero mode.



3.2 Two dimensional conformal field theory

In CFTs, one example of zero mode is the following OPE block,

h—1
Qr0l=calol [ i (Aml=l) o), (312)
lz—zal<Ra 2R
where O(z) is a chiral primary operator with conformal dimension h. c4[O] is a normal-
ization constant. It appears in the OPE of two chiral operators inserted at the end points
of the interval A. Note that for interval B one can find the zero mode corresponding to
modular Hamiltonian H B

A B R%L — (2 — zp)? hl
Q0] = cp 0] en dz( B T ) O(2). (3.13)

The correlation function of Q4[0] amd Qp[O] is completely fixed to conformal block
<QA[O]QB[O]> = Na,B[O)Gr(n), (3.14)

where G}, (n) is two dimensional conformal block [26, 27] associated with conformal weight h

Gn(n) =n"""2F1(h, h,2h, —n). (3.15)
7 is cross ratio
n:%, 0<n<oo (3.16)
14723
with
Tij = T — Tj. (3.17)

The total coefficient Ny (O] is

2274hﬂ.1'\(h)2

Na5O] = calO)es[OIN]O] x RS

(3.18)
The coefficient N[O] is the normalization constant of two point correlation function of
primary operator O,

N[O

2h"

(O(21)0(22)) = m

(3.19)

3.3 Zero modes in momentum space

There are infinite many chiral primary operators [28] with spin s and conformal

weight h = s
s—1

Jo=Y Aj0"¢0"Fg* (3.20)
k=1

for two dimensional massless free boson. The coefficients Aj are fixed to be

A = (=1)kCk o5k (3.21)



up to a k independent non-zero constant. The partial derivative operator is

0= — =t—z. 3.22
Since we are considering real boson, ¢* = ¢, odd spin currents J; vanish. The first few
currents are

1. s=2,
Jo = —(99)° (3.23)
is proportional to stress tensor.
2. s =4,
Jy = —3(2000%¢ — 3(0%¢)?). (3.24)
3. s =06,
Jo = —10(0¢d°p — 10029 ¢ + 10(03¢)?). (3.25)

For each even spin current, the corresponding zero mode is

s—1
dz <R124 _2(;; ZA)2> To(2). (3.26)

Qa i) = cal ) /

|[z—24|<Ra

All zero modes (3.26) are quadratic in terms of b, b using the quantization (2.6). Therefore,
they should be a linear superposition of quadratic zero modes

QalJs] =2 > fu(v)blb, + const. (3.27)

up to a constant. The constant term is proportional to identity which is also commute
with modular Hamiltonian, it may appear due to commutator [b,, bz,]. To determine the
function f4(v), we notice?

Js =Y _[Cs(v,0)buby + Dy(v,v')bybl, + (—1)*Dy(v',0)blby + C (v, 0/ )bE,]  (3.28)

where

1
Cs(v,0) = AZ@kgvas*kgvr, (3.29)

»
|

w
= =

Dy(v,0) =Y A;0%9,0° F g (3.30)
k=1

Using the identity in appendix A and summation in appendix B, we find
Cs(v,0") = gogur (1 — y?)75(=2)%S(s; i, iv'), (3.31)
Dy(v,v") = gogls (1 — y*)75(=2)%S(s; 30, —iv'). (3.32)

2We set R4 = 1 from now on. The center z4 will not affect the expression in momentum space, we can
choose z4 = 0 to simplify computation.



The integral in (3.26) leads to Dirac delta function, then Cs(v,v’) has no contribution and
one can read

S(s;iv, —iv)
fs (v) = calJy] (277@ ) (3.33)
for even spin. We will choose the normalization coefficients c4[Js] such that
fs(v) = v*7L, when v — oo (3.34)

The first few functions fs(v) and normalization coefficients c4[.J;] are

fa(v) = v, calJz] = —2m, (3.35)
falo) = * = £, eali] = 7, (3.36)
fo(v) =v° — 21}3 + 24—11), calJs] = —17(;—5. (3.37)

4 Correlation functions with the insertion of zero modes

In [19], connected correlation functions of modular Hamiltonians are finite. This is still
true by inserting zero modes into connected correlation functions. In this section, we will
establish the general framework to extract these finite correlators. Then we will compute
several examples in massless free scalar theory. (n,1)-type correlators are always conformal
blocks in these examples.

4.1 Generator of connected correlation functions

The first step is to generalize the reduced density matrix p4 = e=Ha to

eiaﬁA 7/J'QA

pala, p) = (e—ala—nx)’ (4.1)

We will call it deformed reduced density matrix since it is deformed by zero mode Q4.
We still use pa though it is already not the usual reduced density matrix. The subscript
denotes the region. For simplicity, we just include one zero mode, the generalization to
multiple zero modes is straightforward.® The generator of connected correlator is

TAUB<a7 H3 ba l/) = 10g<ﬁA(aa M)ﬁB<b7 V)> (43)
Connected correlators are defined as

(mak,e) O™ TR g (a, b, v)

rm AN 17k AL
(Hi'QiHEQp)c = AUB damOunobkout ‘a,u,b,V=0- (4.4)
30ne can collect a set of zero modes as Ga = (Qa[1],Qa[2],---,Qan]) and the deformed reduced
density matrix is B
pa=e 94 (4.2)

Perhaps one subtlety is [Qa[i], Qa[j]] # O for some zero modes.



This is the connected correlators of (m + n, k 4 £)-type with the insertion of zero modes.
Since A and B are disjoint, all the operators are commute with each other, the order is not
important. The generator is
1
Taup(a, p;b,v) = > T gy (4.5)

mnlklel” AYB
m,n,k>0m+n>1;k+4>1

4.2 Correlators in two dimensional massless free scalar theory

We will set Q A to Q AlJs] for massless free scalar theory. Therefore similar computation
as [19] leads to
1 AC
T b, v) = —=trl 1- 4.
AUB(aﬂM? )V) QI'Og[ (DB) ( 6)
The explicit form of A, B,C,D are
2 i(z—2') poo
Ay = n <xl3> / dyP (z,2',y;a,1;b,v) F (z,2',y) (4.7)
4 \ a3 0
772 13 —i(z—2') poco
va’ - i <> / dyP (Lv,m’,y;a,,u;b, 1/)]:(1‘/71'73/) ) (48)
4 \ a3 0
772 13 it} oo / /
Cot = — | — dyP (z,x",y;a,u;b,v) F (x,—2",y), 4.9
ST [ ap ) Fes), 49)
772 13 ilet) - poo
Dyt = — () / dyP (x,x',y;a,,u;b, 1/) F (—:c,:v’,y) . (4.10)
4 \x23 0
The function P is
Vax'ysinh 7 fi sinh 7 fo
P "y ib,v) = 4.11
(2,2, y; 0, 43 b, v) sinh w2’ sinh 7wy sinh w(f; + z) sinh 7 (f2 + y)’ (4.11)
with
fl :CLJ,‘—F/.Lfsl(l'), f2:by+7/f32(y)- (412)
We also replace v and v’ to = and 2/, respectively. Expanding Taup(a, u;b,v) as
1 (ac)"
T ; b, Tn(a, w; b, —t . 4.13
S N 1 N
The first few orders of T;, are
1
Ti(a, u;b,v) = itr(A + B), (4.14)
1
Ty(a, p;b,v) = Ztr(.,él2 + B* 4 2CD). (4.15)
They are
2 00 00
Ti(a, p;b,v) = 1/ dx/ dyP(z,y; a, p; b, v) F (2, 2,y), (4.16)
0 0
4 00 00 00 o]
TQ(CL,/.,L;b,V) = 77/ d.’L’/ dl’l dy/ dy/PQ(xaxlvyay/;aau;b7y)f2($7x/7yay/)a
32 Jo 0 0 0
(4.17)

~10 -



where

xy sinh 7 fq sinh 7 fy
P : ) = 4.18
(@,y:0, b, v) sinh a sinh 7y sinh 7( f1 + ) sinh 7(fo 4 )’ (4.18)
Py(x, 'y, ' 1;0,v) = P(x,y; 0, j1;0, ) P(x', 4 a, 10, ), (4.19)
f(x,x,y) = |2F1(1 + il‘v 1 + Zya 2a _77)|2 + ’2F1(1 + iJJ, 1- Zya 25 _n)|27 (420)
-7:2(337 xlv Y, y/) = f(l‘, xla y)f('rlv €, y/) + .F(.%', —.%'/, y)f(-[E/, xz, y/) (421)
The function F(z, 2z, y) is
]:(CL',ZE/,y) = 2F1(1 + ifE, 1- Zy? 27 —77) 2F1(]' - iZE/, 1 + zya 27 _77)
+o By (1 +ix, 1 +iy,2,—n) oF1 (1 —ia’, 1 — iy, 2, —n). (4.22)
We define ikt ( )
gmTn T,(a,p; b, v
T(mvnvkﬂe) — gD v=0- 423
q 8amaunabkayé |a7u7b7 =0 ( )
Connected correlation functions are
min(m-+n,k+£)
ST S G (4.24)

q=1
Several examples are shown in the following. We will only include spin 4 operator and
restrict to m +n + k + £ < 4 in this work. Therefore all zero modes Q4[J4] is rewritten as
Q 4 to simplify notation.
4.2.1 Two zero modes

We evaluate three correlators.

A 1
(HaHp)c = *Gz( )s (4.25)
— 1Y)
740 d Flz,a,y) =0, 4.26
(Ha@ B / x/ smh2 T smh2 Y (z,2,y) ( )
A B 1)(5y% — 1) 3
(QaQs)e = 100 e smh2 7racsmh27ry Fl@,2,y) = 15500 F40m- (4:27)

The correlator of two zero modes is proportional to conformal block which has been men-
tioned in (3.14). The first correlator has been studied in [19]. The second correlator is
zero since the correlator of stress tensor and spin 4 primary operator is zero. (4.25)—(4.27)
are checked numerically. One can also check them analytically using the method in ap-
pendix C. The coefficients before conformal block (4.25) and (4.27) can also be fixed using
general results (3.14). The normalization constants N[Jg] are

1 135
@7'/\[[']4] - ﬁa

in our convention. Combining (4.28), (3.35), (3.36) and (3.18), then (4.25) and (4.27) can
match with (3.14), respectively.

N[Jo] = (4.28)

- 11 -



4.2.2 Three zero modes

Without losing generality, we insert only one zero mode into region B while other two
zero modes are inserted into region A. Therefore we could evaluate the following six
(2,1)-type correlators.

(HiHp). = —2—146‘2(77), (4.29)
(HaQaHlp)c = —ﬁGz(n), (4.30)
(Q4Hp). = —ﬁGz(n), (4.31)
(HAQB)c = —421%(?4(77), (4.32)
(HAQAQB) = —%GM), (4.33)
(QAQB)e = —%Gm)- (4.34)

The correlators are proportional to conformal block. We will reproduce this property later.

4.2.3 Four zero modes

There are two cases according to the number of zero modes in region B.

1. (3,1)-type correlators. We could find eight different correlators.

(HAHp). = éCb(n), (4.35)
(H3QB)c = 14%(?4(77), (4.36)
(H3QaHp), = 2%6‘2(?7% (4.37)
(H3Q4QB)c = %Gm), (4.38)
(HaQ3Hp)e = %Gg(n), (4.39)
(FAQAQ)e = (s Gal). (4.40)
(Q4Hp) = %Gz(n), (4.41)
(Q4Qp) = %GM). (4.42)

As correlators of (2, 1)-type, four zero modes correlators of (3, 1)-type are also propor-
tional conformal block. This may indicate general properties of OPE of zero modes.
We will discuss this point later.

2. (2,2)-type correlators. The correlators are not proportional to a single conformal
block, we don’t find exact result. However, one can evaluate them in the small cross

- 12 —



ratio limit order by order. We will present the leading order and leave the discussion
on higher orders to another seperate paper.

(AR ~ S (1.43)

(3 715Qn). ~ o, (149
(3. = 1o (1.45)
(FAQaflpQp)e ~ s (4.46)
(FAQu@h)e = o (.47
(@b~ (1.49)

4.3 (n,1)-type correlators

(n, 1)-type correlator may be always proportional to a conformal block as previous exam-
ples,

(Qal01] - Qa[0n]QB[O) = coGr(n), Yn>1. (4.49)
The coefficient c¢o may depend on the details of the theory. h is conformal weight of
primary operator . The subscript O means that cp is the coefficient related to zero mode
Qpl0]. (4.49) is equivalent to the statement that the correlator of zero mode in region B
and deformed reduced density matrix in region A is

(pa(a, 1)QB[O))e = EoGr(n), (4.50)

where ¢o is a function of a, . It should be the generator of coefficients cp. For massless
free scalar theory,

0
(pala, p)Hp)e = (%Tl(a 145 b, V)!b =0
2 h 2 1
smhmc sinh® 7y sinh (1 + a + p(z? — 2))
= C2G2 (4.51)
. A 0
(pala; 1)@p)e = (‘TTl(“ b, ) [p=v=0
2 1\ o h 2 1
/ d:c/ i — g)sinhwx(a + p(z® - £)) T
Y Sinh 7z smh mysinhmz(1 +a + p(a? — £))
= CaGla(n). (4.52)

We check numerically that (4.51) and (4.52) indeed factorize for general positive a, u, 7.
Therefore we match the lowest order of 7 in (4.51) and (4.52),

oo o0 2 o; h 2 _ 1
&y = ;T/ dfv/ dy zy”sinhma(a + pla” — 5)) (4.53)

sinh 7z sinh? 7y sinh 7r:1:(1 +a+p(a?—1))

™ / / xy®(y _*)(11—56 —y? + 522y )sinhwm(a—f—u(l‘?—%))
C g
o sinh 7w sinh? ry sinh 7z(1 + a + p(2? — 1))

. (4.54)
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They can be simplified to

I inh 2_1
R R (PP Lkt et ) (4.55)
12 Jo sinh 7z sinh w2 (14 a + p(a? — £))
> 522 — 1) sinh 2_ 1
b= [ g 20T Dotmhmala +ple — ), (4.56)
1400 Jo sinh rxsinh mz(1 + a + p(2? — £))

The integrals are rather hard to evaluate for general a, 1, however, we can expand them
for small a and u,

~ L m,n
Gy = ZO m!n!CQ(m,n)a TR (4.57)
~ = L m, n
¢y = Z m!n!04(m,n)a u". (4.58)
m,n=0
The first few orders are
&(0,0) =0 &(0,1) =0 6(0,2) = — = 5(0,3) = 22 (459)
2 ) - ) 2 M - ) 2 M - 1007 2 ) - 1257 *
1 1 19
co(1,0) = — co(l,1) = ——— co(l,2) = — 4.60
02( ) ) 727 02( ) ) 1807 CQ( ) ) 2257 ( )
1 1
62(2,0) = ——,  &(2,1) = — 4.61
CQ( 70) 24’ 02( s ) 20’ ( 6 )
1
62(3,0) = = (4.62)
3 27 1233
~ — -~ e C 2 = - C = — 4
¢(0,0) =0, a0.1) = moooe 02 = 355500 @03 = 3755 (463)
3 36
cq(1 = Ci(l,1) = ———, 4(1,2) = —— 4.64
04( 70) 07 04( ) ) 70007 C4( ) ) 43757 ( 6 )
1 19
Cq(2 = c1(2,1) = —— 4.65
@20 =55 “2D= 5500 (4.65)
3
C = — 4.
By definition,
(HPQ%Hp). = é2(m,n)Ga(n), (4.67)
(HYQUQB)c = a(m,n)Ga(n). (4.68)

We find that the results (4.59)—(4.66) are consistent with (4.25)—(4.27), (4.29)—(4.34)
and (4.35)-(4.42). Another interesting limit is @ — oo while p is fixed,

5 1
62|a_)oo = @7 (469)
} 15¢(4, 55) — 2m2((2, LEX
alasoe = 25 ) 202, ) (4.70)
56007
where Riemann Zeta function is
o0
((s,a) = ) (k+a)™ (4.71)
k=0,k+a70
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The details of the integral can be found in appendix C. The deformed reduced density
matrix is still non-vanishing even when a — co. Usually, an exponential function e~%/()
vanishes when I(x) > 0 in the limit a — oco. In free boson case, modular Hamiltonian

operator Hy = Yo vblb, is non-negative,*

Hy > 0. (4.72)

All the modes with v > 0 should not contribute to deformed reduced density matrix in the
limit @ — oco. The exception is the soft mode v — 0. We claim that soft mode contributes
this non-zero effect. We expect to return to this problem in the near future.

4.4 Universal correlators

In previous subsection, three zero modes correlators are always proportional to conformal
block. We will reproduce these results for general CF T2 and find universal correlators with
three zero modes in this subsection. (2, 1)-type correlators are

(QAl01]1QA[02)QB[O3])e = —ca[O1]ca[O2]cp[O5]Croz2® M =h2=hs [ [hy hy ha;m]  (4.73)
where C1a3 is the coefficient of three point function

Chas
(O01(21)02(22)O03(23)) = (o1 = 2a)P T s (2 — ag)hathsFn (3 — zg)hathia Tz

(4.74)

The integral I[hy, ha, h;n] is

3 1 2\h1—1 2\ha—1 2\h3—1
(1—21) ! (1—32) 2 (1—Z3) ?
Ilhi,ho,h3;n]=: / dz;
(g, i (L{—lz)<ﬁ_@)

hi+ha—h3 (Zl _|_Z_23)h1+h3—h2 (22 —Z3—|—Z)h2+h3_h1 )
(4.75)
means one should regularize the integral since it has poles near z; = 25.

“, 9

where
The parameter z is related to cross ratio by

1
2=2,/1+=. (4.76)
n

s Y2 500, = 0. (4.77)

In small cross ratio limit,

We refer reader to reference [19] for more details on the parameter z and how to regularize
the integral. We check that the regularized integral is indeed proportional to conformal
block G}, (n) for various integer hi, hg, h3 > 0. This is also supported by the explicit exam-
ples in previous subsection. Therefore one may assume the regularized integral is always

IThi, ha, hg;n] = A(ha, ha, hg)Ghs (1) (4.78)

4An operator is non-negative is understood as its expectation value in any state is non-negative.
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To fix the coefficient A(hq, he, hg) we expand both sides in the small cross ratio limit and
match the coefficient before 7

A(ha, ha, hg) = H/ L e VA (4.79)

(Z]_ — 22)h1+h2*h3

\FF hs) / dz/ dzg hl 1(1 )h2_1:
(z1

- ~ 4hsT (hs + — z9)h1tha—hs

2T h3 2F hz) (hl) COS 5 (hz + hy — hg)
4h3I‘( +h) (h1+h22+h3)r(1+h1+2h2 hs)r(l-i-hl-ghs hz)r(1+h2-"—2h3—h1)

It matches the regularized integration for general positive integer hi, ho, hs. We discuss
the regularization of this integral in appendix D. Therefore,

(Q4[01]Qa[02]QB[O3)) = —ca[O1]ca[Oa]cp[O3]Craz23 =27 R \(hy | ha, h3) Gy (1).

(4.80)
As a consistent check, the three point function coefficients are
9 135 10935
Coog = —=, Coou=—, Copy=—7, Cpg=—7— 4.81
2 =gg =15 Cm=_3, Cwu=—3j (4.81)

for massless free scalar in our convention. Using (3.35), (3.36) and (4.81), we repro-
duce (4.29)-(4.34) from formula (4.80).

5 OPE of deformed reduced density matrix

One of the intriguing result in previous sections is the connected correlation function be-
tween deformed reduced density matrix and another OPE block is proportional to confor-
mal block

(pa(a, 1)QB[O))e = coGh(n). (5.1)

This property may be true for general 2d CFTs. In this section, we will try to understand
this result from the point of view of OPE. Similar discussion can be found in [19]. The
normalized deformed reduced density matrix p4(a,p) is an exponential operator, it is
a summation of different operators of corresponding CFT. They should be possible to
reorganized as a summation of complete orthogonal operators defined in region D(A) with
proper coefficients,

pala,p) =144+ do(O + decendants) + - - - (5.2)

we single out the operator O since this is the unique primary operator which has nonvan-
ishing two point function with Qp[0®]. The terms in “decendants” are fixed by conformal
symmetry. We also note (3.14) is proportional to conformal block exactly, therefore oper-
ator product expansion of deformed reduced density matrix may be

pa(a,p) =1+ +doQalO] + - (5.3)
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Then ép is fixed to be
co = doNAB[O]. (5.4)

One immediate consequence is that the correlator

(pala, )pp(b,v)) =1+ -+ 50Gho (1) + - (5:5)

with
SO = dodo/\/‘A,B[O]. (5.6)
We present the contribution of conformal block Gy, (n). The formula (5.5) is conformal
block expansion of correlator (p4pp5). It has similar structure to conformal block approach
to mutual information [29-31]. This is nature since conformal block is the object associ-

ated with four points and accommodate with conformal invariance. Several properties are
collected blow:

1. In the limit @ — 0,4 — 0, pa(a, u) should be identity operator, therefore dp can be
expanded around a = u =0 as

do = Z %do(m,n)amu”. (5.7)

They are related to ¢o(m,n) by

co(m,n) = do(m,n)N4 g[O]. (5.8)
Then we find
_ 1 m, nyk. £
so = Z mso(m, n,k,0)a™u"b"v°, (5.9)
mAn>1 ke>1
where

co(m,n)éo(k, )

Na 5lO]

As a polynomial of four variables a, u, b, v, it is at least degree of 2. For 2d massless

so(m,n, k,l) = do(m,n)do(k,O)Na p|O] = (5.10)
free scalar, the first few sp(m,n, k, ¢) are listed in the table 1 and 2.
2. In small cross ratio limit,
Taus(a, 1:b,v) ~ soGi(n) ~ son”, (5.11)

where O is the quasi-primary operator with lowest conformal dimension h and ¢p # 0.
Therefore, the correlator

(HTQUHEQY) . ~ s5(m,n, k, )G5 (1) = sa(m,n, k, On", m+n>1k+>1.
(5.12)
For 2d massless free scalar, they could match with results in previous section, espe-
cially (4.43)—(4.48). As an example, s3(1,1,1,1) = 5, it is the same to the coefficient
in (4.46).
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6 Discussion and conclusion

The correlator with the insertion of zero modes of modular Hamiltonians in 2d massless
free scalar theory has been studied. Connected correlators are still finite in the presence
of zero modes, this is a direct generalization of the observation in [19]. We mainly work
on 2d free boson, however, several results are univeral for any 2d CFT. Any (n,1)-type
is a conformal block, which has been checked extensively in this paper. We also find a
formula (4.80) for (2, 1)-type correlator. A rigorous proof of this formula is still lacking. It
would be better to check this formula for non-integer conformal weight in the future.

To derive connected correlators, we used an exponential operator which is a deforma-
tion of reduced density matrix. It may be meaningful by itself. We briefly discussed its
OPE. It would be better understand it to higher order. The correlator of zero modes is a
rather interesting topic, there are many problems to be solved in this direction:

1. Gravitational dual. Zero mode of modular Hamiltonian in conformal field theory are
claimed to be dual to integral over RT surface in large N limit in the gravitatational
side, see (3.4). Correlator of zero modes may provide rich details on this conjecture.
In AdS/CFT correspondence, the gravitational dual of correlator of primary opera-
tors has been well established in [17, 18]. It would be interesting to understand how
to generalize the story to correlators of zero modes. Technically, the integral in the
bulk becomes messy and suffers divergent problem when there are more than two
zero modes on the same RT surface It is great to see how to fix these problems.

2. Quantum corrections. Connected correlation functions of modular Hamiltonians are
classical in the gravitional side [19]. This conclusion is not true when there are zero
modes inserted. In the theory with W symmetry [32], the four point correlator of
spin 3 current has O(1/c¢) correction [33]. Then it may provide an explicit example
of O(1/N) correction in the conjecture [14].

3. Zero modes which are not OPE blocks. In this case, the property (4.49) is not likely
to be true. From 2d massless free scalar theory, their connected correlation functions
are still finite. It would be better to generalize this point to other 2d CFTs.

4. It would be nice to generalize the discussion to higher dimensions.
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A Identity

In this section, we prove the identity between k-th derivative of g, to itself,

- 1—
" go = go (1 —9?) k (=2)F [iv], x 2F) (—k, 1—Fk,14iv—Fk, 29) ) (A1)
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This can be shown as follows. In region D(A), positive frequency modes g, are
go = No(1+9)7"(1 = )" (A.2)

for right moving modes. Therefore,

N N”i [_Z'.,U]j [j + ], (1) <_;>" <1;y>iv+jk

. . 1—
N, (=1)F 277 (1 — ) FH 0], x o Fy (w, Lt iv, 1=k +iv, — y) . (A3)

At the second step, we used the taylor expansion

(4o =3 ig, (A4)
=0 7
where
. I'(a+1)
- —1)---(a— N=— -7 A.
[a]] a(a ) (a J + ) F(a _] i 1) ( 5)
[a]; is also equal to
[a]j =(a—j+ 1)]‘, (A.6)
where
. I'(a+j)
(a)j:a<a+1)"'(a+]_l): F(a) : (A7)
At the last step, we used the identity
Z [a]][j+,‘]k( ) 7 :[b]k ><2F1(—a,1+b,1+b—k,a:). (AS)
i=0 I
For positive integer k, the Hypergeometric function satisfies
o1 (a,b,b—k,2) = (1 — 2) " KR (—=k, —a+ b—k,b—k, 2). (A.9)
Therefore
k 2\ —k ks , l—y
gy = gu (1 —y ) (—2)" [iv]), x oF1 | =k, 1 —k, 1 +iv — k,? ) (A.10)
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B Summation

Assume k is a positive integer, then we will show

s—1
ZAZ[a]k[b]s,k X oF (=k,1—k,14+a—k,z)oFi(—s+k,1—s+k1+b—s+k,x)
k=1

I'(1+40b)

)——""3Fy(1—-a,1—5,2—-5;2,2+b—35:;1). B.1
)F(2—|—b—3)3 2( a, S, 8;2,2+ S5 ) ( )

= —a(s—

The summation is independent of . To prove this point, we will assume

s—1
S(siz) =Y Aj[ale[blser X 2F1(—k, 1=k, 1+a—k,z)oFy (—s+k,1—s+k 1+b—s+Fk ).
k=1

(B.2)
Therefore,
= k(1 — k)
! . _ S B B
S (8756) = kgl Ak[a]k[b]s—k X |:1 p— 2F1(1 — k,Q — ki,2 +a— k:,m)

XoFi(—s+k,1—s+k1+b—s+kx)
—s+k)(1—s+k)
1+b—-s+k

><2F1(—8+k+1,2—8+k,2+b—S-i—k,x)]

(s—k)(s—k—l))
1+b—-s+k

+2F1(—k,1—l<:,1—|—a—k,3:)(

s—2

= <Az+1[a]k+1 [0]s—k—1
1

2F1(—]€,1—k,l—|—(Z—k,.%')gFl(l—3+k,2—8+k,2+b—8+k,1’)
(B.3)

k(k+1)
a—k

+ Afla]k[b]s—&

el
Il

I
o X

At the first line, we used the identity of differentiation of Hypergeometric function

nglabcx:a—bQFla—i—lb—i—lc—klx. B.4
a (’77 ) ) 9
T c

At the second line, we relabel k& to k + 1 in the summation. At the last step, we used
the identity

s k(k+1) s (s—k)(s—k—-1)
Ak+1[a]k+1[b]sfkflﬁ + A7 lalk[b]s—k Txb—s+k 0. (B.5)
Therefore S(s;z) is independent of =, we can evaluate it at x = 0,
s—1
S(siz) = 5(s;0) = > _ Aj[ale[b]s—r
k=1
L(1+0)
= — —1)=————3F(1—a,1—s5,2—15;2,2 —s:1). B.
G(S )F(2+b—8)3 2( a, S, 83 4, +b S5 ) ( 6)
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This is actually a polynomial function of a, b, we redefine

S(s;a,b) = —a(s — 1)Im3F2(1 —a,1—52-52,24+b—s;1). (B.7)

The first few functions are
S(2;a,b) = (B.8)
S(3;a,b) = 2a(a —b)b, (B.9)
S(4;a,b) = —3ab(1 + a* — 3ab + b?), (B.10)
S(5;a,b) = 4ab(a — b)(5 + a® — 5ab + b?), (B.11)
S(6;a,b) = —5ab(8 + 15a — 40ab + 15b° + a* — 10a®b + 20a%b* — 10ab® + b?).  (B.12)

It is even under the exchange of a,b for even spin and odd for odd spin

S(s;a,b) = (—1)°S(s;b,a). (B.13)

C Integrals

In this work, we will use the following integrals,

1. The results (4.25)—(4.27) are related to the basic integral

o) x2p
K,m,n] = / dt—s—1+iz)p(l —iz)y, mn>0, p>1.
—o0o Sinh* 7z

We use two identities

r
I'(1+ix)I'(1 —izx) = mxeschrz,  (a)y, = (?(Z)m)’
then
1 o0
K,m,n] = 2/ dzz®P 720 (1 + iz)D(1 — iz)['(1 4 iz + m)['(1 — iz + n).
m —0o0

The integral can be evaluated iteratively.

(a) p=1, then

1 o0
Ki[m,n] = =~ / dzD(1 +i2)I'(1 —iz)T' (1 + iz + m)T'(1 — iz + n)

_2T(m+2)T(n+2)['(m +n +2)
o I'(m+n+4) '

At the second step, we used the integral [34]

/_00 deT(a+i2)T(B + ix)[(y — iz)T(d — ix)

[(a+9)T(a+0)I(B+7)I(6 + )
I'a+p+v+9)
Re(a) >0, Re(B) >0, Re(y) >0, Re(d)>0.

=27 )

- 21 —

(C.3)

(C.4)

(C.5)



Kolm,n] = 732/00 de[D(24i2) T2 — i) — (1 i) T (1— i) [T (1 4+ i-+m) D (1 —iz+n)
_120(m+3)L(n+3)(m+n+2) 2T(m+2)I'(n+2)I'(m+n+2)
o I'(m+n+6) v T(m+n+4) '

We use these results to compute the integral (4.27) order by order. We use I[4,4] to
denote the integral then

(C.6)

—1)(5y*-1)
d ‘F 9y Y
400 v smh2 masinh? ry (@,y)
—1)(5y°~1)
40() s1nh2 masinh? ry

x Z W(l‘ﬂx) (1—iz)n [(14+19) m (1 —i9)n+ (1 —iy)m (1 +iy) s

_m\ym+n o'} 4 .2 2
(77) [/ d:cu(l—i—m)m(l—im)n
n

sinh? Tz

_Tn i ‘{5K2[m,n]—K1[m,n]}2
B Z 18(i+m)(1—l—n)(m2+(—1—|—n)n—m(1+3n))2(—7])2+m+”
B 25(2+m+n)2(3+m+n)2(4+m+n)2(5+m+n)?

)

3

=——G4(n). C.7
s Gal) (©
2. Integrals (4.69) and (4.70) are related to the following integral,
&0 1
/ 2P cschrz e = 27 P P70 (p + 1)¢ <p +1, ;) . (C.8)
0 s

D Regularization
In this section, we will discuss on how to regularize the integral

h1 1(1 )hg 1
hl,hg,hg / dzl/ dZQ 21—22)h1+h2 hs s (Dl)

We will tackle this problem by trial and error using examples. The method has been used
n [19]. We just use one example, hy = 2,hy = 3, hg = 3, to illustrate the regularization.

Then we will list other results below.

(1—2f)(1 — 23)?
J[2,3,3] ::/ dzl/ LA 2)

(21 — 22)?

2 1— 22 1
=: dzg (1—2’2) z1 + +2z9log |21 — 22| | | |21 :
—1 21 — 22
1
1-— z2
= -2 dzs (1 — 2 2+ 2910
/;1 2( 2) ( 2 g1+ 2)

_ _%_ (D.2)
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At the first step, we integrate z; as if it is an indefinite integral. Since —1 < z9 < 1, the
integral is actually divergent around z; = 29. However, at the second step, we just ignore
the divergence and taking the integration bound directly. This is the regularization used
in this work. At the third step, the integral is well defined as usual. Then we get the final
result. The integral with h; = hg = §, hg = h is rather easy, the results are

J[l, l,h] = ﬁ/ﬁ, (DS)
2h+2
J2.20 = G 5a -+ (D-4)
Qh+6
J13,3,h] = (h—5)(h—3)(h— Dh(h+ 2)(h +4) ™ (D-5)
J[4,4,h] = 20 X9 D.6
R el e (e Y g Y gy gy ey L (D-6)
J[5,5,h] = 2 x 9 D.7
el (e Py g s sy ey e L (D.7)
2hF16 5 925
J16,6,h] = 5= 1)(h—9) - (h—1)h(h+2)-- (h+10) " (D.8)
2h+20 5 92025
J[7,7,h] = (h—13)(h—11)- - (h—Dh(h+2)---(h+ 12)" (D.9)

where x = (—1)"+1 which is zero when & is odd. These integrals are divergent superficially
when h being some odd integers. However, they are actually zero since k is zero in these
cases. One could guess the general result to be

6—1 .2
J[8,8,h]) = 220Th=2 H’{:l ! —k, Vo,heZT. (D.10)
[Tizo (h —2i = 1)(h + 2i)
This expression matches (D.3)—(D.9). Now we will leave hq, ha, hg arbitrary and regularize
the integral in another way;,

! ! 2\ h1—1 2\ ha—1 ha—h1—h
JIh1,ha, h3] _:/ dzl/ dzg (1—27) (1-23) (21 —zg)l3 =12,
-1 -1

1
_ V7l (h2) . hz—hi—ha (1 _ _2\h1—1
= F(hgﬂ—%) : 71d2121 (]. Zl)

hi+ho—hs 14+hi+hos—hs 1 1
X2F1< 9 ) 2 7h2+§7?%)‘
72 cosE (ha+ha—h3)T ()T (ha)

_' F(hl+%)r(h1+h22*h3+1)r(h2+h32*h1+1)
h1—hs—hs+1 hi+ho—hs 1
XQ}G,< 1 22 3+ : 1+’; 377_%h1’1).

B 72 cos T (h1+ha—hs)T (h1)T (h2)T (hs)
r ( 1+h1+2h2*h3 ) T ( 1+h1+2h3*h2 ) T ( 1+h2+2h3*h1 ) T (h1+h22+h3) .

(D.11)

Note to compute the integration of zo, we assume z; > 1 and then try to continue it to
—1 < z; < 1. To calculate the integration of zy, we assume hy + ho — hg — 1 < 0 and
then continue it to other region of hz. At the third line, one should keep the integral to
be real since our original integration is real. To get the final result, we used the value of
hypergeometric function

L(e)I'(c—a—10)
I'(c—a)l'(c—b)’

oFi(a,b,c,1) = Re(c—a—1b) > 0. (D.12)
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Interestingly, (D.11) reproduces (D.10) when h, ¢ are positive integers. This convinces us
that (D.11) is the correct result. As another check, J[2,3,3] = —22 which is exactly (D.2).
(D.2) is obtained using the regularization method of [19], this indicates that the result may
be indepedent of regularization method. In the text, we also test this general result by
matching it with free scalar theory.

Tables

This is a list of coefficients sp(m,n,k,f) for 2d massless free scalar. In the table, 7 is

an integer.
m | n | k| £ sa(mynk,0) | sq(m,n,k,l)
ilo[0]o0 0 0
0]i]0]o0 0 0
0]0]ifo0 0 0
0[0[0]i 0 0
1[1]/0]0 0 0
1[0]1]0 - 0
10|01 0 0
0|1]1]0 0 0
01|01 0 10950
00|11 0 0
211010 0 0
2010 — 5 0
21001 — 355
11200 0 0
0/2|1]0 — 155 0
01201 0 — g2
11020 = 0
01|20 0 — 55
01021 0 0
1[0]0]2 — 155 0
01]0]|2 0 — 2
010[1]2 0 0
1L {1]1]0 — 1% 0
11/0]1 0 -5
10|11 — 15 0
0|1|1]1 0 — s

Table 1. Coefficients s.
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m | n | k| £|se(mnk,l) | sq(m,n,k,l)
3/1/0]0 0 0
3/0[1]0 i 0
3/0[0]1 0 s
113[0]0 0 0
0[3|1]0 2 0
03|01 0 25,
1[0[3]0 i 0
0/1]3]0 0 s
00|31 0 0
1/0[0]|3 2 0
0/1(0]3 0 =
0/0|1]3 0 0
21200 0 0

1 1

3 3

3 3

9 243
01202 250 35000
0[0]2]2 0 0
2 1[1]0 > 0
2 1]0]|1 0 =2

1 1
2 011 = w5
112/1]0 325 0
1(2]0(1 0 1oos

1 27
02]1]1 o 27

1 1
1|1/2]0 35 555
10|2]1 % 0
01|21 0 =2

1 27
11/0]2 5 21
1]0]1]2 o 0
0 1]1]2 0 =

1
1111 oo o5

Table 2. Coefficients s.
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