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ABSTRACT: We investigate the maximum value of the spin-independent cross section (ogj)
in a dark matter (DM) model called the two-Higgs doublet model + a (2HDM+a). This
model can explain the measured value of the DM energy density by the freeze-out mecha-
nism. Also, og is suppressed by the momentum transfer at the tree level, and loop diagrams
give the leading contribution to it. The model prediction of ogr highly depends on values
of ¢; and ¢ that are the quartic couplings between the gauge singlet CP-odd state (ag)
and Higgs doublet fields (H; and Hj), clagﬂfﬂl and cza%H;rHQ. We discuss the upper
and lower bounds on ¢y and co by studying the stability of the electroweak vacuum, the
condition for the potential bounded from the below, and the perturbative unitarity. We
find that the condition for the stability of the electroweak vacuum gives upper bounds on
c1 and co. The condition for the potential to be bounded from below gives lower bounds
on ¢; and co. It also constrains the mixing angle between the two CP-odd states. The
perturbative unitarity bound gives the upper bound on the Yukawa coupling between the
dark matter and ag and the quartic coupling of ag. Under these theoretical constraints, we
find that the maximum value of the ogr is ~ 5 x 10~4" cm? for m4 = 600 GeV, and the LZ
and XENONnT experiments can see the DM signal predicted in this model near future.
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1 Introduction

One of the great achievements in Cosmology is the precise determination of the energy
density of the dark matter (DM) by the Planck collaboration, Q2h? = 0.120 + 0.001 [1].
The measured value is explained successfully by DM models that use the freeze-out mech-
anism [2], which have been widely studied for a long time. Those models generally predict
non-zero DM-nucleon scattering cross section and have been searched by the direct detec-
tion experiments, such as the Xenonl1T experiment [3]. However, no significant signals have
been observed until now, and the null results set upper bound on the DM-nucleon scatter-
ing cross section. The latest result by the XenonlT experiment gives a severe constraint
on DM models.

If a DM particle is a gauge singlet fermion, y, and couples to a scalar mediator, ag, with
pseudo-scalar type interaction, Yivysxaq, then it is possible to avoid this strong constraint
from the XenonlT experiment while keeping the success of the freeze-out mechanism [4, 5].



The two-Higgs doublet model + a (2HDM-+a) [6] is one of the models that realize this idea.
In addition to the introduction of the DM and the mediator, the Higgs sector is extended
into the two-Higgs doublet model. The CP invariance is assumed in the dark sector and
the scalar sector. Then, the dark sector and the visible sector can interact through the
mixing between ag and the CP-odd scalar (Ap) in the two-Higgs doublet sector. The model
predicts rich phenomenology [10-17], and it is summarized in ref. [18].

The 2HDM+-a predicts non-zero spin-independent DM-nucleon scattering cross section
(os1) at loop level [6, 14, 16, 17, 19]. In particular, it was shown that if ca, which is a quartic
coupling between ag and a Higgs doublet field Hs, is large enough, the model can be tested
at the forthcoming direct detection experiments [19]. However, such a large coupling
causes theoretical problems. If the coupling takes large negative value, the potential can
be unbounded from the below. If the coupling is very large, it hits a Landau pole near the
electroweak scale and the model loses predictability.

In this paper, we study the constraint on the scalar potential from the boundedness of
the scalar potential, the stability of the electroweak vacuum, and perturbative unitarity.
Using these constraints, we investigate the upper and the lower bounds on the scalar quartic
couplings, and discuss the maximum value of og;. We show that the maximum value of
ogr is below the current constraint from the XenonlT experiment and above the prospect
of the LZ experiment [20] and the XENONnT experiment [21].

The rest of the paper is organized as follows. In section 2, we briefly describe the
2HDM+a. In section 3, we investigate theoretical constraints on the model parameters.
Conditions for the electroweak vacuum as the global minimum of the scalar potential, for
the potential to be bounded from below, and for perturbative unitarity for the quartic
couplings in the scalar potential are discussed. These conditions are used to find the upper
and the lower bounds on ¢; and ¢y and the upper bound on the mixing angle between
the two CP-odd states. In section 4, we scan the model parameter space and find the
maximum value of og; under the constraint discussed in section 3. Section 5 is devoted to
our conclusion.

2 Model

The model contains a gauge singlet Majorana fermion y as a DM candidate and a CP-odd
gauge singlet scalar ap as a mediator. The standard model (SM) Higgs sector is extended
into the two-Higgs doublet model. We assume CP invariance both in the dark sector and
in the scalar sector. This assumption guarantees that the Yukawa interaction between y
and ag is always pseudo-scalar interaction. The Lagrangian is given by

1

£ = X (i = moar) x — 2Xir"xa0

1
+ 5c‘),LCLOa#a() + D,HID"H\ + D, H}D"Hy — Vieatar

+ (terms with the SM fermions and gauge bosons), (2.1)

LOther realizations are discussed in, for example, refs. [7, 8]. Another mechanism to avoid the constraint
from direct detection experiments is studied in ref. [9].



where
Vicalar = m H Hy +m3H} Hy — mj (HIH2 + (h.c.))
+ %Al(Hme + %)\Q(HgHg)Q + A3(H{ Hy)(HI Hy) + My (H] Hy) (HHy)
+ %Ag) <(H1TH2)2 + (h.c.))

1 A
+ §mzoa§ + Zaaé + K (z’aoHlTHg + (h.c.)) + cm%HIHl + CQG%H;HQ. (2.2)

Since we assume the CP invariant scalar potential, all the couplings in the potential are
real. In this paper, we assume that the thermal relic abundance of x explains the measured
value of the DM energy density [1], and g, is fixed to realized it for a given parameter set
by the freeze-out mechanism.

We impose the condition that the potential has the electroweak vacuum,

(o) = 0, (Hy) = ( 0) (Ha) = ( 0) (23)
vzl V2 2

This electroweak vacuum is realized if m? and m3 satisfy the following relations.

2 2
Vil + U5A v

m? =1L T 208 | 272 (2.4)
2 U1
2 V32 + v A3us 9 U1

my=-0 5 + m3U7a (2.5)
2

where Asq5 = A3 + Ay + A5, In the following, we assume m% and m% always satisfy these
relations. It is also important that ag does not develop vacuum expectation value. Oth-
erwise, the scalar-type Yukawa interaction is induced in the dark sector due to the scalar
and pseudo-scalar mixing, and the model is strongly constrained from the direct detection
experiments.

After the electroweak symmetry breaking, there are two CP-even scalars (h and H),
two CP-odd scalars (a and A), a pair of charged scalars (H¥), and three would-be Nambu-
Goldstone bosons that are eaten by W and Z. The physical masses for h, H, a, A, and
H* are denoted to my,, my, ma, ma, and my=, respectively. The two CP-even scalars are
mixtures of the CP-even neutral components in H; and Hs, and its mixing angle is denoted
by «. Similarly, the two CP-odd scalars are mixtures of the CP-odd neutral components
in Hy and Hs and also ag. Its mixing angle is denoted by 6.

We introduce the following notations for later convenience,

tg =tanf = %, sg=sinfl, cg=cosp, (2.6)
U1
v =1/v]+ 03, (2.7)
2., .2
M2 =Y (2.8)
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Let us comment on the types of the Yukawa interaction. The model is classified into
four types based on the Yukawa interaction between the two-Higgs doublet fields and the
SM fermions, as in the two-Higgs doublet model with softly broken Zs symmetry [22-24].
In the following analysis, we choose the type-I Yukawa interaction where Hs couples to the
SM fermions but H; does not. The following discussion is independent from the types of
the Yukawa interaction because the type dependence is negligible for large og; region of
the parameter space as we showed in our previous work [19], and the purpose of this paper
is to find the maximum value of ogr for a given parameter set.

We can express \; (i = 1,2,3,4,5), x, and mgo by the mixing angles and mass eigen-
values. In the followings, we take the mixing angle in the CP-even scalars as a =  — 7/2.
This choice predicts the same hWW and the hZZ couplings as in the SM. We also take
M = myg = mg = mgx. This choice of the mass parameters enhances the custodial
symmetry in the scalar potential, and thus the constraints from the electroweak precision
measurements are automatically satisfied. With these parameter choices, the parameters
of the scalar potential are given by

2
m
A =Xy = A3 = T; (2.9)
2 .2
A=) = —%sz, (2.10)
2 2
k= —% sin 26), (2.11)
Cc1 —I—Cgt2
B

As can be seen, |A\123] < 1. We can also show that |\s5| < 1 with a condition for the
boundedness of the scalar potential (eq. (3.17)) discussed in the next section.

3 Theoretical constraints on the scalar potential

In this section, we discuss the condition for the electroweak vacuum as the global minimum
of the scalar potential, the conditions for the potential to be bounded from below, and the
perturbative unitarity for the quartic couplings in the scalar potential. These constraints
are used to find the upper and the lower bounds on ¢y, co, and 6.

3.1 Vacuum structure

Vacua other than the electroweak vacuum can exist depending on the given parameter
sets. We study the vacuum structure at the tree level and impose the condition that the
electroweak vacuum should be the global minimum. It is not necessary for the electroweak
vacuum to be the global minimum if its lifetime is much longer than the age of our Universe.
However, the lifetime is much shorter than the age of the Universe in most of the parameter
space.? Therefore, we adopt the condition to be the global minimum in the current analysis.

2The lifetime is estimated by using SimpleBounce [25].



3.1.1 (Hy) = (Hy) = 0

In this case, the stationary condition for the scalar potential is given by
2 2\ _
ao (mg, + Aaag) = 0. (3.1)

If mgo < 0, we have vacua where ag develops the vacuum expectation value. The sign of
mgo depends on the values of ¢1, ¢z, and tg as in eq. (2.12). Since we impose the condition
that the electroweak vacuum should be the global minimum, such vacua should not be
deeper than the electroweak vacuum.

At the vacuum with (ag) # 0, the potential energy is given by

m4

Vmin.’<H1>:<H2>:07<ao>7§0 - — 4;;) . (32)

This should be larger than the potential energy at the electroweak vacuum,

2 2 142
Lf 59 2 2 Amigs —mits\
Vanin. | (b11) 0, (#12) 0, (a0)=0 = ~ g (mhsﬁ—a TGt (1 ) - (83)
Therefore, we obtain the following condition for mgo <0,
4(m? . — m3)t3 2m
A 2.2 2 2 H B > ag 3.4
a (thB_a + chB_a + (1 i t%)z ’1)2 ( )

From egs. (2.12) and (3.4), for sin(8 —«) =1 and M = my = ma = my=+, we find

2
c1 + et _ A N mick + misg‘ (3.5)
1413 202 v?

As a result, we obtain the upper bound on ¢; or ¢ for a given parameter sets.

3.1.2 One of (Hy) and (H3) is zero

We investigate (H1) = 0 and (Hz) # 0. Without lose of the generality, we can parametrize
the vacuum as

(Ha) = ( o ) . (36)
\/5 2

A stationary condition of this vacuum is given by
0= —mios. (3.7)

This condition is obtained in both {(ag) = 0 and {ag) # 0 cases. Since m3 # 0, see eq. (2.8),
this condition implies o9 = 0. This is contradict to (Ha) # 0. Therefore, we do not have
vacua that satisfy (H;1) = 0 and (Ha) # 0.

In the same manner, we can show that we do not have vacua that satisfy (Hi) # 0
and <H2> =0.



3.1.3 <H1> # 0 and <H2> ;é 0

We simplify the analysis as much as possible by using the gauge invariance in the potential.
Without lose of the generality, we can parametrize the Higgs fields as

B 0 B 7T;_

where oy is positive and o9, 79, and 7T§r are real numbers. In this case, since the analysis
is complicated, we rely on numerical analysis.

3.2 Conditions for the potential to be bounded from below

The potential should be bounded from below. In other words, the potential should be
positive for the region where the field values are extremely large. We find the following
seven conditions for the boundedness of the scalar potential.

AL >0, (3.9)
Ao > 0, (3.10)
Ao > 0, (3.11)
VA1 + A3 >0, (3.12)
A A
12 e >0, (3.13)
XA
22 ey >0, (3.14)
VAiez + VA1 > 0,
or (3.15)

\/71624-\/)\7201 <Oand /\"25‘3—6162—%\/()‘“2)‘1—6%) (%—c%) > 0.
where
5\3 = A3+ min(O, Ay — |)\5|) (3.16)

The derivation is given in appendix A.?> As can be seen, egs. (3.13), (3.14), and (3.15) give
the lower bounds on ¢; and cs.

We find that eq. (3.12) gives a constraint on 6. For sg_o =1 and M = mpy = my =
mp+, using egs. (2.9) and (2.10), we can simplify eq. (3.12) as

mp

[2n 2 2
mA_ma

3The scalar potential discussed in ref. [26] is the same as in this paper, but they find that the second
condition in eq. (3.15) should be applied for ¢; or ¢2 < 0. The condition given in ref. [28], which was derived
from the result given in ref. [29], is consistent with our result. The condition given in ref. [30] is different

Isinf| < (3.17)

from ours.
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Figure 1. The upper bound on # obtained from eq. (3.17). Here we take sg_o = 1, mq, = 100 GeV,
and myg = mg+ = may.

The constraint on [sin #| by using this result for m, = 100 GeV is shown in figure 1. We
find that |sinf| < 0.21 for m4 = 600 GeV, and [sin @] < 0.13 for m4 = 1 TeV.

For sg_o =1 and M = mpy = my = myg=+, we can also simplify other conditions with
physical observables as follows.

Aa My,
0 3.18
2 v a=t | )

/\a”Lh
0 3.19
. co > U, ( )

c1+ca >0,
or
m?2 2(m?% —m32 Aam?2 A, m2
orver <0and b (3 - 24200g) —ven (55 - t) (35 - ) =0

(3.20)

3.3 Perturbative unitarity

Constraints on scalar quartic couplings are often derived from the perturbative unitarity
of two scalars to two scalars scattering processes. There are nine scalars in the model.
Therefore, the two to two scattering matrix that only includes scalars is a 45 x 45 matrix.
Since we consider the high energy limit and ignore the gauge couplings, the scattering



processes are s-wave. In the following analysis, the Yukawa coupling, g,, often takes O(1)
value, and thus we also include DM two body initial and final states in the matrix. The DM
particle takes two helicity states. In the high energy limit, we find that two DM particles
into two DM particles processes are s-wave, and two DM particles into two scalars processes
are p-wave. The former processes give stronger bound on g,. We impose absolute values
of each eigenvalue of the matrix are less than 87 and find that [27, 28]

le1| < 4, (3.21)
lca| < 4, (3.22)
A3 & Aa| < 87, (3.23)
1 2
5 (A V=202 1403 )| < s, (3.24)
1 2
5 (M V=202 +axz )| < s, (3.25)
’)\3 + 24 £ 3)\5‘ < 8, (3.26)
’/\3 + )\5‘ < 8, (3.27)
g3 <A, (3.28)
(3.29)

|z;| < 87 (i=1,2,3),
where x; are solutions of the following equation,
0=2%=3\a+ A1 + o) 2?
+ (—4e] — 43 — 4N — 4A3Ag — AT+ 9N A2 + 9N A + 9Naodg) T
+ 126301 + 12¢f Ao — 16c102A3 — 8creads + (=271 Ao + 1203 + 12034 + 3A7) A

(3.30)
For |\| <1 (i=1,2,3,4,5), eq. (3.29) is simplified as
1
3 <3/\a + \/16c% + 16¢3 + 9Ag> < 8, (3.31)
or
8 2+ 2
Ao < — [1- 222, 32
“<3< 16772> (3:32)

Since A, > 0, this inequality implies that

\/ 3+ 3 < 4. (3.33)

This gives stronger constraint on ¢; and ¢z than egs. (3.21) and (3.22).

For sg_q =1 and M = myg = ma = mpy=+, using egs. (2.9) and (2.10), we can simplify
the perturbative unitarity conditions A\j 2345 (egs. (3.23)—(3.27)) and express them with
masses of the scalars as follows.

|m2 + (m% —m?2)s3| < 8mv?, (3.34)

Im3 — 5(m? —m2)s3| < 8mv?. (3.35)



Mom=800 GeV, Mip:4=600 GeV, my=100 GeV, =10, 8=0.1, Az=1 Mo =800 GeV, Mi4i:2=600 GeV, ma=100 GeV, tg=1, 6=0.1, Ao=1

7 = e I e
05 /?é |.zfxeu~ucm.~.rE 7 ‘///////////é

Y

el | N\
7 """"""""""""""" 1 1 i
w0

tl
0.0 0.5 10 o . 0 ; p

Cq (o]

0.04

(7]
-
i
!
1
!
-
o
|
N
Im
1
!
!
:
!
!
1
]
C2
o
.

5
g

-0.5H

-1.0
-1

= §\

Figure 2. The contours for og; [cm?] for mpy = 800GeV are shown by the dashed curves.
The blue solid lines show the LZ and XENONNT prospects [20, 21], In both panels, we take
myg = mg+ = ma = 600GeV, m, = 100GeV, § = 0.1, and A\, = 1. The left (right) panel is for
tg = 10 (1). The region between two black solid lines is below the neutrino floor [31]. The global
minimum does not break the electroweak symmetry in the region surrounded by the orange line
and filled with the spirals pattern. In the blue shaded region with hatching, the scalar potential is
unbounded from the below.

4 Spin-independent scattering cross section

We discuss the maximum value of ogr under the constraints discussed in section 3. We find
upper bounds on ¢; and ¢y from the stability of the electroweak vacuum, and lower bounds
from the boundedness of the scalar potential. Since g, ~ O(1) in the large ogr regime [19],
the perturbative unitarity also gives relevant constraint in the parameter space.

The left panel in figure 2 shows that the contours of ogr for mpy = 800 GeV with the
conditions discussed in sections 3.1 and 3.2. The other parameters except A, are the same
as one used in figure 8 in ref. [19], namely mpy = my+ = my = 600 GeV, m, = 100 GeV,
tg =10, 0 = 0.1, and A\, = 1. It is clearly shown that og; is larger in the larger |ca| region
as discussed in ref. [19]. It is also shown that there is an upper bound on ogr from the

condition discussed in section 3.1. A large positive ¢y predicts that the electroweak vacuum

2

a, egatively

is not the global minimum. This is because such a large positive co makes m
large as can be seen from eq. (2.12), and thus eq. (3.5) is not satisfied. A large negative
co does not satisfy egs. (3.13)-(3.15) and makes the potential unbounded from the below.
These theoretical constraints on the scalar potential give the upper and lower bounds on
co. Consequently, ogr cannot be arbitrary large. The right panel in figure 2 is a similar to
the left panel but with a smaller value of ¢g. In this case, there are upper bounds both on
c1 and cs.

From figure 2, we find a correlation between ogr and the condition of the stability of the
electroweak vacuum. The contour of ogr and the boundary of the constraint of the stability

of the electroweak vacuum (the edge of the orange shaded region) are almost parallel to



each other. We can understand this correlation as follows. For sg_, =1 and mpy = my=,
the condition to avoid (ag) # 0 vacuum given in eq. (3.4) is simplified as

4

2my,

A >
“ m,zlv2

(for m2, < 0). (4.1)

As discussed in ref. [19], both ogr and (ov) depend on the a—a—h coupling, guqn, that is

given by
2m2 +m2 — 2m? c1 + 027%
Jaah = Sg < a ’Uh ) + 2’0ch (42)
2(m2 — m2
_ 2ma — ma,) . ) 0(6%), (4.3)

for sg_o =1 and my = my+ = m,. Combining these two equations, we find

A >2U2<mg—ga"h>2+o(92) (4.4)

“7om? \ v? 20 ' ’
This condition is not satisfied with the large guqn, and thus the large g,q.n induces the
(ap) # 0 vacuum. On the other hand, the large guqn is necessary to obtain the larger
os1. Therefore, there is a correlation between ogr and the condition of the stability of the
electroweak vacuum.

We can also see from figure 2 that the maximum value of ogy is near the boundary
of the stability of the electroweak vacuum. For the purpose of finding maximum value
of og1, we need to find the maximum value of g,., that satisfies eq. (4.4). The ¢; and
co dependent part of g,qn, which is the second term in eq. (4.2), depends on tg. This tg
dependence vanishes for ¢; = c3. We take ¢; = c3 and tg = 10 in the following analysis,
but the following results are insensitive to the choice of 3.

The larger A\, allows us to take larger gqq, while keeping (ag) = 0, which can be seen
from eq. (4.4). On the other hand, the larger A\, implies the breakdown of perturbative
calculation at a higher energy scale. In our analysis, g, is typically O(1) to obtain the
measured value of the DM energy density, and it also implies the breakdown of perturbative
calculation at a higher energy scale. We calculate the running of the couplings at the 1-loop
level and estimate the cutoff scale A as the highest scale that satisfies egs. (3.11), (3.28),
and (3.32). In the calculation, we assume that the input parameters are given at u = my.
The beta-functions of the couplings we used are given in appendix B. The smaller A\, at
1 = my becomes negative at higher scale because ag couple to the fermionic DM that gives
a negative contribution to the beta function of A,. On the other hand, the beta function
is proportional to A2 and positive for the larger \,. The cutoff scale gives the upper and
the lower bounds on A, at = my4.

Figure 3 shows the contours of ogr in A,—co planes. It is shown that the larger A, at
1 = m 4 keeps its value positive at any higher scale. We find that it is easy to make the cutoff
scale higher than O(100) TeV by choosing A, ~ 1.5. Thus we can expect that unknown
UV physics does not modify our results for A, ~ 1.5. We also find that og; is maximized

~10 -
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Figure 3. The contours for ogp [cm2] for mpy = 800 GeV are shown by the dashed curves. In the
left (right) panel, 8 = 0.01 (0.1). In the thin (dense) blue-hatching region (\\\), Aq(A) becomes
negative at A < 100 (10) TeV. In the lighter (darker) black region, eq. (3.28) or (3.32) is violated

at A < 100 (10) TeV. The other color notation is the same as in figure 2.

along the boundary of the orange shaded region where the electroweak symmetry is not
broken. For ¢; = cg, eq. (3.5) is simplified as

Aam?  mick+m?s? 45
52 2 = ¢ (4.5)

co <

In the following analysis, we choose ¢; = co = 0.99¢, for given parameter sets. This choice
of ¢; and ¢y maximizes og;.

Figure 4 shows the contours of ogr in A\,—6 plane. We find that og is larger in the
smaller § regime. This is because the smaller 6 requires larger g, to obtain the measured
value of the DM energy density. The left and right panels are for m4 = 600 GeV and 1 TeV,
respectively. We find that og; is almost independent from my g+ 4 for 6 < 0.01. This is
because the heavier scalars almost decouple both from the DM annihilation processes and
from the loop contributions to ogy. The cutoff scales are the only difference if we change m 4;
a larger m 4 predicts higher cutoff scales. In the following analysis, we take § = 0.001. With
this choice, ogr is maximized and is independent from m 4. We also take m4 = 600 GeV in
the following, which gives us a conservative bound from the RGE analysis.

Figure 5 shows the contours of ogr in A,—mpn plane. We take m, = 100, 200, 250, and
280 GeV in each panel. We find that the maximum value of ogy is almost independent of
the choice of mg, og1 < 5x 10747 cm?. This value is larger than the prospects of the LZ and
XENONNT experiments. Therefore, we have a chance to see the DM direct detection signal
near future. The constraint from the perturbative unitarity with the running couplings
gives a stronger bound for the larger m, due to the following reason. As can be seen
from eq. (4.5), ¢, and hence ¢; and ¢y become larger for the larger m,. The larger ¢; and
co make the beta function of A\, larger. Therefore, the constraint from the perturbative
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Figure 4. The contours for og; [cm?] in A,—6 plane. The left (right) panel is for ma = 600
(1000) GeV. The color notation is the same in figure 3.

unitarity with the running couplings becomes severer for larger values of m,. It is also
shown that ogr becomes large for the large mpy regime. This is because larger values of
mpwm requires larger values of g, to obtain the right amount of the relic abundance. On the
other hand, larger values of g, implies that the Landau pole arises at a lower scale because
gy is asymptotic non-free. This gives an upper bound on mpy as shown in the figure.

5 Conclusion

The 2HDM+a is a DM model that can explain the measured value of the DM energy density
by the freeze-out mechanism and can avoid the constraint from the XenonlT experiment.
The leading order contribution to ogy is given at the loop level, and og1 can be large enough
for the model to be tested by the forthcoming direct detection experiments.

In this paper, we have investigated the maximum value of og; under theoretical con-
straints. We take into account the stability of the electroweak vacuum, the condition for the
potential bounded from the below, and the perturbative unitarity of two to two scattering
processes. As shown in figure 2, large |c;| and |c2| make ogy larger. However, the condi-
tion for the stability of the electroweak vacuum gives upper bounds on ¢; and ¢z, and the
potential boundedness condition gives lower bounds on them. As a result, there exists the
maximum value of ogr for a given parameter set. It is also shown that ogr is maximized for
€1 = co = ¢4, Where ¢, is the maximum values of ¢; and ¢ to keep the electroweak vacuum
as the global minimum of the scalar potential. With this choice, the result is insensitive
to tg. We found that a smaller § makes og; larger, as shown in figure 4. For the small 6
regime, ogr is almost independent of my g+ 4. Finally, in figure 5, we found that ogy can
be larger than the prospects of the LZ and XENONnT experiments for mpy 2 600 GeV.
We also found that the perturbative unitarity gives an upper bound on m,. The maximum
value of the ogy is ~ 5 x 1074" cm? for m4 = 600 GeV where the cutoff scale of this model
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Figure 5. The contours for ogr [cm?] in A,—mpy plane. We take m, = 100, 200, 250, and 280 GeV
in each panel. The color notation is the same in figure 3.

is estimated as 100 TeV. Therefore, if the LZ and XENONnT experiments observe the DM
signal in future, then this model predicts 600 GeV < mpy S 1TeV.
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A Condition for the potential to be bounded below

The potential should be bounded below, namely the potential should be positive for the
region where the field values are extremely larger. In this section, we derive the condition
for the bounded below.

We focus on the region where the fields take large values, and thus the quadratic and
cubic terms in the potential are negligible in the analysis here,

1 1
Vo~ 4 S AMHHD)? + DX (HYHo) + Ng(H] ) (H] Ha) + Na(H] Ho) (HH))

1 A
+ 5)\5 ((HIHQ)Q + (h.c.)) + Zaaé + clagHIHl + CQagHgHg. (A.1)

We introduce the following parametrization,
HlTHl = p?sin 6 cos ¢,
H;'Hg = p?sinfsin ¢,
HlTHQ = p? sin 04/ cos ¢ sin e 03 cosw,
ag = p%cos¥,
where p2 > 0,0 < 0 < 7/2, and 0 < ¢ < /2. Using these parameters, the scalar potential
is written as

v

i~ V=

1
A1 sin? 0 cos® ¢ + 5)\2 sin? @ sin’ ¢

i)
N =

1
+ 3 [A3 + (A1 + A5 cos 3) cos® w] sin® 0 sin(2¢)

Aa 1 1
+ ) cos? 0 + 5¢1 sin(20) cos ¢ + 5¢2 sin(20) sin ¢. (A.6)

By imposing V > 0, we find constraints on the parameters.
There is a relation we will use in the rest of this section. Assume a > 0, b > 0, and
0 <60 < 7/2, then

acos? 6 + bsin? 0 + 2csinf cosf > 0 (A.7)
if ¢+ v/ab > 0. The proof is the following.
2
acos® 0 + bsin? 0 + 2¢sinf cos§ = <\/50059 + \/l;sin9> + 2sin 6 cos 0 (CZF @)

(ﬁcos&:l: Vbsin

2sinf cos 6

2
= 2sinf cosf ) +<C:F\/%)
(A.8)

The sign of the left-hand side is determined by the sign of the terms in the big parenthesis
in the right-hand side. It takes minimum if the terms depending on 6 vanish, namely,
Vacost — Vbsin @ = 0. Tts minimum value is ¢ + vab. Since sin 6 cos 6 > 0, if c+ Vab >0
then the right-hand side is always positive.
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Al 606=0
For # = 0, which is the case for H; = Hy = 0, we find
A

7oy
+4

Therefore, A\, > 0. This is eq. (3.11).

A2 O0=m/2
For 6 = 7 /2, the potential is the same as in the 2HDMs.

V= ,)\1 cos® ¢ + )\2 sin® ¢ + — [)\3 + (Ag + A5 cosb3) cos w] sin(29).

This potential is simplified for ¢ = 0 and 7/2,

& A1 (0 =0)
B (9=m/2)
Therefore, Ay > 0 and Ay > 0 are required. These are eqs. (3.9) and (3.10).
For § = 7/2 and 0 < ¢ < 7/2, the potential is positive if
Ao + [)\3 + (Mg + A cos 63) cos? w] > 0.
We can simplify this inequality. If

A4+ A5 cosfs > 0,

then
A3 4+ (Mg + A5 cosB3) cos® w > As,
and thus
\/m [)\3 + (Ag + A5 cosB3) cos w] \/m + As.
If
Mg+ Ascosf3 <0,
then
A3+ (A1 + Ascosf3)cos®w > A3+ (g + A cosf3) > A3+ (M — |Xs])

and thus

A2 + [A3 4+ (Mg + A5 cosf3) cos® w] > /Aida + [A3 + (As — [As])].-

As a result, we can simplify /A1 A + [)\3 + (Mg + A5 cos 63) cos? w] > 0 as

vV A1A2 + A3 4+ min (0, Ay — ‘)\5‘) > 0.

(A.9)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

This is egs. (3.12) and the same as a condition given in the 2HDMs with softly broken Z,

symmetry [32-35].
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A3 ¢=0and 0< O < m/2
For ¢ =0 and 0 < 6 < 7/2, which is the direction along Hy = 0, we find

~ 1 Aa 1
V= 5)\1 sin 0 + T cos® 6 + 01 sin(20). (A.20)

Since A1 > 0 and A\, > 0 are already guaranteed, this is positive if

A1
2

c1 + > 0. (A.Zl)

This is egs. (3.13).

A4 ¢p=m/2and 0< 0 < 7/2
For ¢ = /2 and 0 < 0 < 7/2, which is the direction along H; = 0, we find

N 1 Aa 1
V= +§/\2 sin? 6 + vy cos® 0 + 62 sin(20). (A.22)

Since A2 > 0 and A\, > 0 are already guaranteed, this is positive if

A2Aq
2

co + > 0. (A.23)
This is egs. (3.14).

A5 0<¢p<m/2and 0< 6O < 7/2

For 0 < ¢ < m/2 and 0 < # < 7/2, we need some algebra. First of all, we can rewrite V as

~ 1 1 1
V= <2)\1 cos® ¢ + 5)\2 sin? ¢ + 5 [As + (A1 + A5 cos 013) cos® w] sin(2¢)> sin? 0

+ % cos® 0 4 (c1 cos ¢ + ¢ sin ) sin § cos . (A.24)

Since we have already discussed the positivity of V for §# = 0 and = /2, we can assume the
coefficients of cos? § and sin? 6 are positive. Then, V is positive if

2
(A.25)

(c1 cos p+cosin @)+ <)\1 082 p+Ag sin? g+ A3+ (Ag+A5 cos 03) cos? w] sin(2¢>)> 2a > 0.

This should be true for all #3 and w. There for, the following inequality should be satisfied,

~ >\a
(c1cos ¢+ cosin @) + <)\1 cos? ¢ + Ao sin? ¢ + A3 sin(2¢)> > > 0, (A.26)

where

A3 = Az +min(0, Ay — [As)). (A.27)
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Eq. (A.26) is satisfied for ¢; cos ¢+ casin ¢ > 0. Therefore, eq. (A.26) is satisfied for ¢; > 0
and ¢z > 0. In the following, we simplify eq. (A.26) for ¢; < 0 or ¢ < 0.
For ¢j cos ¢ + casin ¢ < 0, we can rewrite eq. (A.26) as

()\1 cos2 ¢ + Agsin® ¢ + A3 sin(2q§)> % > —(c1co8 ¢+ casing). (A.28)

Since the both side are positive, we can square them and find

) A , Aa :
( 5 L c%) cos® ¢ + <22 - c%) sin® ¢ + ( > 5 01€2> sin2¢ > 0. (A.29)

We start from the case for ¢; > 0 and co < 0. In this case, ¢jcos¢ + casin¢ < 0 for
P < ¢ < /2, where tan ¢y = é—;‘ It is useful to define

f(z) = Az* + B + 2Dx, (A.30)
where
A= A“;l — (A.31)
B= A“2A2 — a3, (A.32)
D = A“;?’ — 0. (A.33)

Eq. (A.29) is satisfied if f(zx) >0 for 0 <z < % We find

)\(l)\ Aa)\ )\a)\
7(0) = 22_052( 22+c2>( 22—@), (A34)
%) g\
Fleot gg) = [ 12l [t _ \/“ o, (X3 + \/AlAg) . (A.35)
C1 2 2 C1

These two are always positive thanks to c; < 0, eq. (3.12), and eq. (3.14). Therefore,
f(z) > 0 at the boundary. It is easy to find that f(x) > 0 for 0 < z < % if one of the
following conditions is satisfied,

A<, (A.36)
D
or A>0 and 7 <0, (A.37)
D
or A>0 and 3 > ’Z’, (A.38)
D el D?
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The first condition is that f(z) is convex upward. The second and third conditions are for
the min(f(x)) is out of 0 < x < cot ¢g. The last condition is that the minimum exists for
0 < x < cot ¢g and it is positive. These conditions are simplified as

A< LB, (A.40)
|2l
or A< ﬁxf and —VAB<D, (A.41)
c2
o A<-2VB  and D < A|CQ‘ (A.42)
[ ¢

After substituting A, B, and D into these conditions, we find that V is positive for ¢; > 0
and ¢y < 0 if

2
A< A ; (A.43)
=5
2 Aa s A\ A\
or/\1>)\2§ and 2‘5—6102—#\/( 21—c%>< 22—c§>>0. (A.44)
We find that eq. (A.42) is inconsistent with eq. (3.12).
In a similar manner, we find the conditions for ¢; < 0 and ¢y > 0 as
2
Ay < A3, (A.45)
51
2 Ao A AaA
or Ao > )\lé and 5 —c169 + ( 5 —c%) ( 5 —c%) > 0. (A.46)
For c; <0and o <0,cp =0and c3 <0, or ¢ <0 and ¢ = 0, we find
AaA AaA AaA
23—0162+\/< 21—c%>< 22—c%>>0. (A.47)

Egs. (A.43)-(A.47) are summarized as follows.

i
A1 < Azg

9 -
{)\1>)\12é and )\‘12)\3—01624-\/()\“2)\1—6%) (%—C%) > 0.

(61 > 0,02 < 0)

(A.48)

2

A < M3

1

(01 < 0,02 > 0)

)\>)\—2 and )‘a—;\i”—cc (@—02)()‘°’A2—c2>>0.
2 10% 2 12+ D) 1 D) 2

(A.49)

Ao AaA AaA
23—0162+\/< 21—0%)< 22—c%)>0. (c1 <0,c0 <0).

(A.50)
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They can be further simplified as follows.

VA1cs + /A1 >0,
. (A.51)
VA1e2 +vA201 <0 and ’\“2’\3 —cica + \/()‘“QAI — c%) (% — c%) > 0.
Eq. (A.51) should be satisfied for any ¢; and cs.
B Beta functions
2 da 2 4 2 2 2
(4m) u@ = 18X\, — 4g, + 4Xag; + 8¢y + 8¢5, (B.1)
de 3
(47”2“(171 =8¢ — 51 (97 +393) +2c1 (3A\1 + 3XAa + g3) + 2c2 (23 + Aa) (B.2)
d 3
(47?)2;1%: = 8¢5 — 5¢2 (g% + 3g§) +2¢ (32 43X + gi + 3yt2) +2c1 (223 + A1), (B.3)
dg
(4w)2ﬂd—: = 4g3. (B.4)
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