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1 Introduction

In quantum field theories, the renormalization group (RG) flow drives theories at high ultra-
violet (UV) energies to theories at low infrared (IR) energy. In this paper, we describe a
method to construct IR correlators directly within the UV theory, by inserting certain
codimension-one defects into UV correlators. This allows us to represent the entire IR
theory in terms of the UV theory.

While this approach might also be useful in more general situations, in this paper we
will only deal with quantum field theories admitting a topological twist compatible with
the RG flow. The topological twist provides a good handle on defects allowing us to relate
the twisted theories in the IR and UV of RG flows. For brevity and concreteness we will
restrict our discussion to two-dimensional quantum field theories, such as 2d N = (2,2)
supersymmetric QFTs, but we expect our method to be applicable in any dimension.

Starting point of the construction are RG defects as introduced in [1]. These are
domain walls between UV and IR theories obtained in the following way. Consider a
perturbation of a scale invariant quantum field theory by a relevant local operator. The
RG flow drives the theory from the original theory in the UV to some other theory in the
IR. If the perturbation is restricted to a finite region of space-time, the RG flow drives
the theory to the IR on the domain of the perturbation, while leaving it at the UV on
the rest of space-time. Along the way, it creates a domain wall R on the boundary of the
perturbation domain, separating the IR theory from the UV theory:

P Perturbatlon RG flow
|/ UV | perturbed 1 1

uv
Uuv T

The RG defects R obtained in this way capture the entire relation between UV and IR
theories. They project UV degrees of freedom onto the IR theory and embed IR degrees
of freedom into the UV theory.

In order to get a good handle on defect lines, in particular the behavior of correlation
functions under changes of their position, we now pass to the topologically twisted theory.
Compatibility of the RG flow with the topological twist assures that the respective RG
defect descends to a defect between the topologically twisted IR and UV theories. We



still refer to this defect as RG defect and to the topologically twisted theories as IR and
UV theories. (Note that the notion of RG defects as defined in [1] does not require a
topological twist. In fact, examples of RG defects are known in full CFTs [2]. We expect
the ideas presented below to also be applicable in this more general context, albeit in a
more intricate way.)

Fusion' of RG defects R with their downward oriented versions R’ gives rise to the
trivial identity defect in the IR theory, R ® R = I1g, while fusion in the opposite order
yields non-trivial defects P = Rf ® R in the UV theory:

R Rt i Rt R P

_ and _ (1.2)

The first equation is a central property of RG defects, which ensures locality in the sense
that islands of IR theories trivially connect:

IS U

It also implies that the defects P are projection defects, i.e. they are idempotent under
fusion, P ® P =2 P. They project onto IR degrees of freedom in the UV theory.
Another consequence of (1.2) is that right R-loops evaluate to the identity:

R = (1.3)
IR IR

(Since the IR carries less information than the UV, the above loop-condition does not
hold for left R-loops.) This can be used to express correlation functions of the IR theory
in terms of UV correlators by the following trick familiar from the discussion of dualities
and generalized orbifolds [3-6]: Because of equation (1.3), a given IR correlator is not
changed upon insertion of right R loops, cf. step I in the example (1.4) below. Since we are
dealing with a topological quantum field theory, the UV islands created in this way can be
expanded without changing the correlation function until they cover the entire space-time
surface, see step II in (1.4). The result is a correlation function in the UV theory with a
network of the projection defect P inserted. For instance, a disk correlator in the IR with

In a TQFT one can move parallel defects infinitely close together resulting in a new, fused defect. We
will denote fusion of defects by ‘®’.



boundary condition Bir can be represented as UV correlator

(1.4)

Of course, steps I and II involve many choices leading to representations of one and the
same IR correlation function by possibly different P-networks in the UV. The latter can
be related by sequences of local transformations generated by identities satisfied by the
defects P and their junctions.

Carrying out this procedure on the level of correlators immediately reveals how objects
of the IR theory are represented in the UV. For instance, IR bulk fields appear as field
insertions on the defect P. Right boundary conditions Br are mapped to boundary
conditions Byy = R' ® Big in the UV. Similarly, IR defects Dir are mapped to defects
Dyy = R ® Dig ® R in the UV. This in particular applies to the defects associated to
symmetries of the IR theory. These symmetry defects encode the action of the symmetry
group on all objects of the theory, and they fuse according to the multiplication in the
symmetry group. Lifting IR symmetry defects to the UV one obtains UV defects, whose
fusion is still governed by the IR symmetry group. This yields a realization of the IR
symmetry group in the UV, which however is not an honest representation. After all, the
identity defect in the IR corresponding to the neutral element in the IR symmetry group is
lifted to the projection defect P in the UV. Thus, the lifted symmetries are only invertible
on the IR degrees of freedom.

In fact, given the projection defect P, the objects in the UV theory representing IR
objects can be characterized completely within the UV theory without any reference to
R: IR bulk fields are represented by defect fields on P, right IR boundary conditions are
represented by right UV boundary conditions Byy which are invariant under fusion with
P, P® Buyyv = Byy. IR defects are represented by defects Dyy in the UV, which are
invariant under fusion with P from both sides, Dyy ® P = Dyy = P ® Dyvy, etc. Given
the respective projection defect P, one can therefore completely describe the IR theory in
the framework of the UV theory.

Through perturbations by different relevant operators, a UV theory might permit many
different RG flows leading to possibly different IR theories at various engery scales. All
of these theories with all their symmetries etc. can be described by projection defects in
one and the same UV theory. This applies in particular if the theory is asympotically free
in the UV, in which case all possible IR theories can be realized by means of projection
defects in a free theory.



Remarkably, the description of IR correlators in terms of UV correlators containing
networks of the projection defect P = R ® R provides a radically new view on bulk
perturbations: instead of perturbing the theory on the entire space-time, we can restrict
the perturbation on a network of thin strips. These strips can even be made infinitely
thin, effectively reducing the bulk perturbation to a (one-dimensional) perturbation of the
identity defect in the UV theory. RG flow leaves the bulk theory at the UV, but drives the
identity defect to some projection defect P in the IR.

RG flow

Perturbation 1
L AN —
I

ANANNANN

Iyv! Rl IR P

Concretely, one obtains the correlation function of the IR theory from the one at UV by first
inserting an (invisible) network of the identity defect, which in particular passes through
all bulk insertions and runs parallel to every boundary and also on both sides of any defect.
The IR correlation function can then be obtained by a defect RG flow on this network.

RG flow on bulk;—rJ 7TMLRG flow on identity defect I

© @

Under the flow UV boundary conditions and defects flow to their respective fusion with P.
In this way, bulk RG flows can be entirely studied in the fixed UV bulk theory by means
of perturbations of the UV identity defect.

The fact that one can describe IR theories in the UV without reference to the RG
defects R by using the respective projection defects P = R ® R suggests applying this

(1.5)

procedure to general projection defects P, which do not a priori arise from RG flows. In
this way, new ‘P-projected’ theories can be constructed from any projection defect P in a
given TQFT.

Interestingly, it turns out that any projection defect factorizes as P = R ® R for some
defect R separating the P-projected theory from the original one. What is more, the defect
R satisfies the locality property of RG defects, i.e. the left equation of (1.2). Hence, in fact
all projection defects factorize into RG type defects.



The construction described above is in fact closely related to the generalized orbifold
procedure [4, 5, 7, 8]. Tt differs from it in that we drop the technical assumption that left
and right adjoints of defects agree DI = TD. which is in particular not satisfied in the
examples we present in this paper: the flows between orbifolds of Landau-Ginzburg models
with a single chiral superfield studied in [1].

The Zg4-orbifold of the Landau-Ginzburg model with chiral superfield X and super-
potential W (X) = X9, which we denote by My admits RG flows to Landau-Ginzburg
orbifolds My for all d < d. Applying the procedure described above to these flows yields
a realization of all models My in terms of projection defects in My for d’ < d. In partic-
ular, taking d — oo one obtains a representation of all models My in the theory of a free
twisted chiral field.

The paper is organized as follows: In section 2 we briefly introduce defect lines in 2d
TQFTs, focussing on aspects which are important for our construction. The construction
is then spelled out in section 3. Section 4 is devoted to a detailed discussion of the example
of RG flows between Landau-Ginzburg orbifolds, in which the respective defects can be
concretely described by means of matrix factorizations. We conclude with a discussion of
open questions in section 5. Some more technical discussions and a brief outline of the
generalized orbifold construction are relegated to various appendices.

2 Defects in 2d TQFTs

In this section, we set the stage by briefly introducing some aspects of defect lines in 2d
topological quantum field theories (TQFTs). We do this mainly to introduce notation. For
more details on defect lines, see e.g. [9-11].

Defect lines are line operators, which (since they have codimension 1) can also separate
different 2d TQFT's on the same space-time surface. Locally, a neighborhood around a point
on a defect D : T — T" separating two TQFTs T and 7" can be depicted as?

T/
D T

Defect lines carry local degrees of freedom, called defect fields, which can be inserted at
points on defects. Defect fields can also separate different defects or glue together defects at
junctions. We denote the space of defect changing fields between two defects D, D’ : T'— T’
by Hom(D, D’). Every defect carries the identity field 1p € Hom(D, D).

D/
T T
D

2Note that defect lines are oriented.



In every 2d TQFT T there is a special invisible or identity defect Iy, whose insertion
does not change correlation functions, and which can be connected to any other de-
fect. The defect fields on this defect are just the bulk fields of the underlying 2d TQFT,
HOm(IT, IT) = HT.

Due to topological invariance, defects and field insertions can be moved on the space-
time surface without changing correlation functions, as long as field insertions or defects
do not cross. This in particular implies an associative operator product on defect fields
Hom(D, D’) ® Hom(D', D”) — Hom(D, D").

Similarly, parallel defect lines can be brought close together, leading to the notion of
defect fusion: When brought close together, defects D’ : T/ — T” and D : T — T" fuse to
the defect D' @ D : T — T":

7" T T = " T
! D D'®D
Topological invariance yields certain obvious compatibility relations between the operator
product of defect fields and defect fusion, which we won’t spell out here. We will however
briefly mention one feature of topological defects, which will be of particular importance
for our construction.
Due to topological invariance one can bend a defect (to the right or left) without

changing correlators. This is described by the following two Zorro move identities (relations
like this hold locally when inserted in any correlator):

These diagrams involve additional structure: First of all, bending D to the right results
in a downwards oriented version D' of D, its right-adjoint. Secondly, dotted lines de-
pict the (invisible) identity defect I, which connects to the defects D and D' in defect
(junction) fields
&vp:D® D' — Iy

coevp : Ir = D' @ D,
called evaluation and coevaluation maps, respectively. Of course, one can equally well bend
the defect D to the left

T D tD

and 4

T/



giving rise to the left-adjoint D of D. Topological invariance implies an analogous Zorro
move identity involving D and TD and the respective (co-)evaluation maps

evp: Do D — Ir
coevp : I — D D.

Of course for all defects D, (JfD)T =D = T(DT). For more details on adjunctions of
defects, see [12].

In the main text of this paper, defect loops will play an important role. The description
of loops of a defect D in this framework requires a morphism ¢ € Hom("D, DY), by which
such loops can be closed

Dt
D o)
ik "D

For many classes of 2d TQFTs (such as non-orbifold LG-models with an even number of
chiral fields), there is a canonical isomorphism Dt 21D 3 for any defect D, which can be
used for this purpose. This is not true in general, however. So we cannot resort to these
canonical maps. Instead, we will construct natural loop closing homomorphisms for the

special class of defects which appear in our construction.

3 RG-networks in 2d TQFTs

3.1 Projections from RG defects

Starting point of our construction are RG defects as defined in [1]. These defects arise when
2d field theories are perturbed by local operators only on part of the space-time surface.
The RG flow drives the theory to the IR on the perturbation domain, while leaving it at
the UV on the rest, thus creating a defect on the boundary of the perturbation domain
separating the IR from the UV theory as in (1.1). This RG defect encodes all aspects of
the relationship between UV and IR theories.*

Next, we pass to the context of 2d topological quantum field theories via the topological
twist. Indeed, we assume that the 2d QFT under consideration allows for a topological
twist which moreover is compatible with the RG flow.> Then the RG defects descend to
topological defects between topologically twisted IR and UV theories, which we will still
refer to as RG defects.

Arising from local perturbations, RG defects have rather special properties. Locality
postulates that perturbations on two adjacent domains is nothing but the perturbation on

3or equivalently DTt = D,

4For instance, in [1] RG-defects are used to describe how boundary conditions behave under perturbations
of the bulk theory.

SExamples of such theories are 2d N = (2, 2) superconformal field theories perturbed by chiral or twisted
chiral fields.



the union of the domains. This implies that fusion of an RG defect R with its opposite
defect R in the UV theory yields the identity defect I1g in the IR:

R Rf

In other words, there is an isomorphism R ® Rf =N I to the identity defect in the IR
theory, which together with its inverse yields the following relations:

| RYZ/R i i
| R/KE\RT
R = L R IR

Since Iy is self-adjoint, R ® RT = Ig is equivalent to R ® TR = I1r, and similar relations
hold for TR.

One important consequence of this is that one can close right R loops in a way that
makes them evaluate to the identity. (This is not true for left R loops, i.e. those enclosing
the IR theory, which are not invertible in the case of non-trivial RG flows.) The loop-
closing morphism ¢ : TR — R' is obtained by moving the isomorphisms in the first relation
in (3.1) along the defect to the right:

Utilizing that right R loops evaluate to the identity it is possible to express correlation
functions of the IR theory in terms of correlation functions in the UV by the following
trick: Given a correlation function of the IR theory, one can insert right R loops without
changing it. Expanding these islands of UV theory until they cover the entire surface, the
IR correlation function is transformed into a correlation function of the UV theory with a
network of defects as in equation (1.4).

The network is built out of the defect P := RT ® R (in the following represented
by green lines which we take as upwards oriented if an orientation is not specified) and



its junctions

ALY
Z W R I N

which we call multiplication and comultiplication, respectively.
The defect P together with its junctions has some rather special features, which easily
follow from the properties of R. In particular, P® P =2 P, and the following relations hold:

—~
N

= and =

We call the first one loop-omission property (or separability) and the second one projection
property. Beyond these, P also obeys the following identities:

associativity: /2\ = )>\ , coassociativity: =
and the Frobenius identities: = = N

Moreover, P comes with a unit

l Ri R
= for which =

Indeed, instead of P = R' ® R we could just as well have chosen P = TP = TR® R as
building block of the network above. The latter defect equally satisfies the relations above
with the only difference that instead of a unit, it has a counit

|- BN

In summary, any correlation function of the IR theory can be written as a correlator in the
UV with a P-network inserted. The correlation function is invariant under local changes



of the P-network generated by loop-omission and projection properties, the associativity
and coassociativity relations and the Frobenius identities. This in particular reflects the
fact that the resulting correlation function does not depend on how exactly the UV islands
are inserted into the IR correlators and how they are expanded.

3.2 Representing the IR in the UV

Having expressed the IR correlators in terms of UV correlators in the last section, we
now discuss how the defining structures of IR correlators such as bulk fields, boundaries,
defects and symmetries are represented in the UV theory. The results can be summarized
as follows: If one characterizes the respective IR object by its relation to the IR identity
defect I1g, then its UV realization is obtained by replacing the IR identity defect by the
defect P of the UV theory, cf. table 1. For simplicity we will restrict the discussion to the
case of unital projection defect P = RT ® R. The results are the same for the counital case,
and the argument is similar.

IR bulk fields. Let us first discuss bulk fields of the IR theory. Upon expanding the
UV islands in the IR, bulk fields become defect fields on P, i.e. elements in Hom(P, P)
(represented in diagrams by dots on defects). Due to topological invariance, they have to
be compatible with the multiplication on P. Namely,

o) Rmm\\ ) /r\ﬁ\\

Considering the algebra P as P-bimodule, the IR bulk fields become P-bimodule morphisms

implying

of P in the UV. By the same argument these morphisms also respect the P-comodule

1T

Now, not only are IR bulk fields lifted to P-bimodule morphisms of P in the UV, the
Hilbert space of bulk fields of the IR theory is in fact isomorphic to the space of P-bimodule

structure on P:

morphisms of P. More precisely, the map

Rf

¢
IR uv

~10 -



IR object

IR realization

UV realization

Identity defect

Separable Frobenius algebra I

(Co-)unital projection defect P

IR bulk fields

Iir-bimodule morphisms of Iig

I
I
l
A

P-bimodule morphisms of P

/\

Left boundary
conditions

Right I1g-modules

~
~
~
~
~
~

Right P-modules

N

Right boundary
conditions

Left I1r-modules

-
-
-
-
-
-

Left P-modules

A

Defects

Iir-bimodules

P-bimodules

\

Defect changing
fields

/ \
N

N
! N

P-bimodule morphisms

)

N\

Defect fusion

fusion in the IR

fusion of UV lifted defects

D® D’ DUV (9] D{JV
DT ip — T
Adjunction ; i Dyy =P ?UV ®F
D PDyy = P®"Dyy ® P

- 11 -

Table 1. Dictionary of IR structures lifted into the UV.




sending IR bulk fields to P-bimodule morphisms of P is an isomorphism. This is spelled
out in appendix A.1.

In fact, due to the special properties of P, all morphisms of P, i.e. all defect fields on
P are automatically P-bimodule morphisms of P and at the same time also P-bicomodule
morphisms of P, see appendix A.2. Thus, the IR bulk Hilbert space is isomorphic to the
space of defect fields on P.

IR boundary conditions and defects. Next, let us discuss left IR boundary condi-
tions. Upon inserting and expanding UV islands in the IR theory, a left IR boundary
condition Brg is lifted to the UV boundary condition Byy := Br ® R. The latter comes
equipped with a map

Byy ® P — Byv
R

arising from Uuv .
o\

Byy Bir

It satisfies the identities

k h\ " *\ )
Buv Byv Byv

In other words, Byy is a right P-module. In fact, the unit of P induces a P-comodule

Byv

structure on any P-module, hence also on Byy:

Byv Byv

Therefore, left IR boundary conditions lift to right P-modules in the UV, which automat-
ically are also P-comodules.

Conversely, all right P-modules arise in this way from IR boundary conditions. To see
this, note that due to the special properties of the defect P, a left UV boundary condition B
is a right P-module iff B = B® P as shown in appendix A.3. Hence, given a right P-module
B, the IR boundary condition Bjg = B® R satisfies BR @R =B®R' @ R=B®P = B.
Thus, left IR boundary conditions are in one-to-one correspondence with right P-modules
in the UV.6

SIndeed, this also holds if one chooses to construct the network using P’ = TR® R instead of P = RT@R.
In that case however Byy = Bir ® TR inherits a natural P’-comodule structure, which by means of the

counit on P’ also induces a P’-module structure on Byy .

- 12 —



Analogously one finds that right IR boundary conditions Big lift to left P-modules
Buv = R' ® B in the UV, and defects Dig of the IR theory lift to P-bimodules Dy =
R' ® Dir ® R. Importantly, P itself is the UV lift of the IR identity defect:

A straight-forward generalization of the discussion of IR bulk fields shows that IR
defect fields are lifted to bimodule morphisms of the respective UV lifted defects, which
again due to the special properties of P are nothing but the defect fields of the UV lifts.

Fusion of IR defects. Because of R® R 2 I1g, the lift of fused IR defects is the fusion
of the lifted defects:

1

D® D D D

This is a rather special property closely tied to the projection property of P.

Adjunction of IR defects. While fusion of defects in the IR lifts to fusion in the UV,
adjunction is not compatible with the lift from IR to UV. If for instance, an IR defect Dig
is lifted to a defect Dyy = R' @ Dig ® R in the IR, then the right adjoint of the latter in
the UV theory is given by D%v =R'® D}LR ® R, which in general does not coincide with
the lift Rt ® D;rR ® R of the right adjoint of Dig to the UV theory. However, the two are
related: Selfadjointness of the IR identity defect yields Rt @ Rf = Iig, and hence the UV
lift of the adjoint can be expressed as Rf @ DITR ®R= D%V RPEP® D%V ® P, leading
to the notion of IR adjunction in the UV theory, which we denote by

Di% == P@ D}, @ P.
Similarly, the UV lift of a left adjoint defect is given by”
TPDUV = P®TDU\/®P.

These formulas are very natural. After all, the defining relation of adjoints are the Zorro
move identities (2.1), which involve the identity defect. Lifting these identities from the

"The same formulas for left and right IR adjunction hold if one chooses to construct the network using
the counital P’ = TR ® R instead of P = R @ R.

~13 -



IR theory to the UV replaces the identity defect with the defect P:

e

For instance, lifting the IR Zorro move identities for the right adjoint to the UV results in
the relations

’ﬁ = A and = Y

Dyvy Dyv Dfﬁ, D{rﬁ,

It is easy to see that fusing the UV adjoint from both sides with P yields a defect which
satisfies the P-Zorro move identities, cf. appendix A.4.

A special case is P itself: Since it is the UV lift of the IR identity defect, which is
selfadjoint, P is selfadjoint with respect to P-adjunction: P = PP = P ® Pt @ P.

IR symmetries. Also symmetries of the IR theory can be easily described in the UV.
As noted in [3] (see also [13]), symmetries of 2d field theories can be described by symmetry
defects 4I which describe the action of an element g of the symmetry group on any object
in field theory. The symmetry defects fuse according to the multiplication in the symmetry
group: ¢I®pl = 41 (g-h denotes the product in the symmetry group). Now, IR symmetry
defects lift to the UV as any other defect: ;1 — ,Iyy = Rf ® ¢l ® R. Since IR fusion lifts to
UV fusion, the fusion of the lifted symmetry defects still respects the multiplication in the
symmetry group, ¢luv ® pluv = gpluy. In that sense, the IR symmetry group is already
present in the UV theory. However it is not realized as a symmetry group in the UV, since
the lift of the IR identity defect, which is the symmetry defect associated to the neutral
element of the symmetry group, does not lift to the identity defect, but rather to P. So the
lifted symmetry defects are in general not invertible defects in the UV, but instead satisfy
gIUV & gfllU\/ = P.

IR projectors and subsequent flows. Projection defects P, = (R2)' ® Ry in the IR
theory associated to some RG flow from the IR theory to some theory IRy can also be
lifted to the UV. The corresponding defects in the UV theory are given by

P=R'eP,®R=R @RI®R,®R=(R:®R) ® (R, ®R).

These are precisely the projection defects built out of the RG defect Ry ® R associated to
the concatenation of RG flows from the UV via IR to theory IRs.

— 14 —



IR correlation functions. Having described how to realize IR objects inside the UV
theory, it is straight-forward to represent IR correlators in the UV theory: First, prepare
the IR correlator by placing identity defects through all field insertions, in particular bulk
fields and at defect cusps. Then replace all IR objects by the respective UV objects as
described above. Importantly, this includes the IR identity defect, which has to be replaced
by the UV projection defect P. The resulting UV correlator coincides with the original
IR correlator.

3.3 Bulk RG flow as defect flow

The previous discussion suggests a radically new view on bulk RG flow. Namely, that
bulk perturbations of a 2d theory can be understood as a perturbation of a defect network
in the fixed UV bulk theory. More precisely, insertion and expansion of UV islands in
the perturbed theory confines the perturbation on ever smaller domains, which eventu-
ally become one-dimensional. Hence, perturbed correlation functions are nothing but UV
correlation functions with networks of perturbed identity defects inserted. RG flow then
does not change the bulk UV theory, but only drives the identity defect in the UV to some
projection defect P, cf. (1.5).

The two-dimensional RG flow in the bulk can hence be reduced to a one-dimensional
RG flow on the identity defect Iyyy. Such defect flows are of course much easier to handle,
because the underlying bulk theory does not change. For instance, UV bulk fields (Iyy-
endomorphisms) and boundaries (Iyy-modules) flow to bulk fields and boundaries in the
UV theory, which are compatible with P, i.e. to P-bimodule morphisms of P and P-
modules, respectively.

Thus, if one can get a handle on perturbations of the identity defect in a given TQFT,
the structures (bulk space, boundaries, correlators, etc.) associated to the corresponding
perturbed bulk theory can be easily extracted.

3.4 IR theories from projections

In the previous discussion, we represented correlation functions of a perturbed 2d TQFT
as correlation functions of the unperturbed UV theory with a defect network inserted.
While the starting point of the construction were RG defects R, the correlation functions
of the perturbed theory only depended on the projection defect P = Rf @ R. This suggests
applying this method to arbitrary unital or counital projection defects P, which have
the same properties as the defects associated to RG flows discussed in section 3.1: The
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projection property, P ® P = P means that there are two junctions®

multiplication comultiplication

satisfying the loop-omission (separability) and projection properties:

The junctions turn P into an algebra as well as a coalgebra. We require P to either have’

aJunitI, B .I.
e I, a . i I i .

As is shown in appendix A.6, the existence of a unit for a projection defect implies coasso-
ciativity, while the existence of a counit implies associativity. In fact, for projection defects,
associativity, coassociativity and the Frobenius identities

are all equivalent to one another, cf. appendix A.6. Thus, unital or counital projection
defects satsify all of them.

L60(020C) TOdHHL

8As before, P is depicted in green, oriented from bottom to top.
9The special case in which P has a unit as well as a counit is discussed in appendix A.5.
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As in the context of RG defects discussed in section 3.2, replacing the identity defect
I in a 2d TQFT by an arbitrary projection defect P, and inserting P networks into the
correlation functions one obtains correlation functions of a new, P-projected 2d TQFT.
The relation between the projected and unprojected theories is exactly the same as the
relation between IR and UV theories discussed in section 3.2.

While apriori, projection defects P do not arise from a bulk perturbations, we will
show in the next section that in fact they always factorize into RG type defects.

3.5 Factorization of projection defects

We now come full circle by showing that any (unital or counital) projection defect P
factorizes as

P=R'®R in case P is unital
P='R®R in case P is counital ,

where R is an RG type!® defect between the P-projected theory on one side and the original
unprojected theory on the other. By analogy to the case of RG flows, we call the original,
unprojected theory UV and the P-projected theory IR.

The basic idea is simple: as P is a (co)algebra, it can be viewed as a left and/or right
(co)module over itself. Thus, the defect P can be regarded as a defect in the original
(UV) theory (the defect P itself), a defect in the P-projected (IR) theory (the identity
defect), or a defect separating one of those from the other. To indicate which of the
interpretations we are referring to, we denote the respective defects as Pyyjuy, PRjRs
Priyv or Pyy|ir, respectively. For instance, viewed as a left P-(co)module and a right
Iyy-(co)module P represents the defect Prrjyy between the P-projected (IR) theory and
the original (UV) theory

Prjuv

~ ~

IR Uv

This defect plays the role of the RG defect R.

To show that it is indeed of RG type, we first need to determine its adjoints. We will
restrict our discussion to the case that P is unital. (There is an analogous argument for
the case of counital P.) Since Prjuy is a defect between IR and UV theory, the adjoints

'R ® R' is isomorphic to the identity defect.
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have to satisfy mixed Zorro identities:

= A and = 4
Prjuv Prjuv (PIR|UV)T (PIR|UV)T
for the right adjoint and
= A and = 4
Pruv  Prjuv " (Prjuv) " (Prjuv)

for the left adjoint. Here, the defect P plays the role of the identity defect on the IR side of
the defect. For unital P, comultiplication induces a coevaluation map Iyy — P — P ® P,
and, as is shown in appendix A.7

(PIR|UV)T = Pyv|r

T(PIR|UV) = (TP)

(TP denotes the left adjoint of P in the UV theory.) Now, since fusion over the IR theory
is the same as fusion in the UV, it follows from the projection property of P that

UV|IR

Pyyjuy = P = P® P = Pyy;r ® Prjuv = (Prjuv)’ ® Prjuv -
Moreover, the identity defect in the IR theory is represented by P in the UV theory,
and hence
Iir = Prr = P = P ® P = Prjuy ® Puyir = Priuv ® (Prjuv)' -

Thus, any unital projection defect P factorizes as P = Rt @ R, where R = Prrjuv has the
property that R ® RT = I1g. Note that all the defects R, R and Itr are represented by P
in the UV theory, and the isomorphism R ® RT — I1g and its inverse are just given by the
multiplication and comultiplication of P, respectively. The loop-omission and projection
property of P then imply
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Similar considerations lead to an analogous factorization of counital projection defects P.
The role of the RG defect is again played by R = Pgjyy. But the adjoints differ from the

unital case:
(PIR|UV)T = (PT)

" (Prjuv) = Povirs

UV|IR

which leads to slightly different factorizations
Pyyjyy = P = P® P = Pyyir ® Priuv = (Prjuv) @ Prjuv »

and
Iig = Prjir = P 2 P® P = Priuv ® Pyvir = Prjuv @ ' (Prjuv) -

If P comes with both, a unit and a counit, it is self-adjoint (PT = P = TP, see
appendix A.5), and the left and right adjoint of the induced RG defect R are isomorphic,
RT TR,

3.6 Relation to the generalized orbifold procedure

The method described in section 3.5 above to construct a new 2d TQFT by replacing
the identity defect by a projection defect P is very close to and in fact inspired by the
generalized orbifold procedure [4, 5, 7, 8, 14, 15] (see appendix B for a quick summary).
In that procedure a new 2d theory is defined from an original one by inserting networks
of a defect A into the correlation functions of the original theory. The difference to our
construction is the requirements imposed on A.

In the generalized orbifold construction the defect A has to be a separable Frobenius
algebra,'! cf. appendix B. This condition is very similar to the properties of projection
defects with two differences: On the one hand the defect A does not have to satisfy the
projection property, but is on the other hand required to have both, a unit and a counit,
which we do not demand of projection defects. Moreover, it is often assumed in the
generalized orbifold procedure that left and right adjoints of any defect D are isomorphic,
i.e. DT 21D, so that further conditions such as pivotality and symmetry can be demanded
(see e.g. [5]). We do not require such a condition, and in fact it is not met in our examples
discussed in section 4.

A projection defect P has both a unit and counit if and only if left and right adjoints
of the respective RG defects are isomorphic

(]-DIPqu)T ~ Povir = T (Pruv)

cf. appendix A.5. In that case P is a separable Frobenius algebra, and the construction
described in section 3.5 is a special case of the generalized orbifold construction. Indeed,
the projection property of P brings about interesting simplifications in the generalized
orbifold construction, which we will spell out in the remainder of this section.

115 unital, counital, associative, coassociative algebra and coalgebra satisfying loop-omission and Frobe-

nius properties.
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Let A be a separable Frobenius algebra in a given 2d theory. We will represent it by
green line segments in diagrams. Defects in the generalized orbifold theory defined by A
are given by defects in the underlying 2d theory, which are A-(bi)modules. Let D and D
be two such (bi)modules. Their fusion in the generalized orbifold theory is given by their
tensor product D ® 4 D over the algebra A, pictorially

D D D D
In general, it is different from the fusion D ® D in the underlying unorbifolded theory.
Indeed, similarly to projection defects, also separable Frobenius algebras always fac-
torize into defects between the orbifold and the underlying unorbifolded theory and their
adjoints. Namely, considered as a left A- and right I-module,'? A represents a defect R
between orbifolded and unorbifolded theory. Considered as right A- and left I-module it
represents the adjoint defect R = TR. Now, for any separable Frobenius algebra we have

A®qs A= A, or pictorially

Hence, A as a defect in the unorbifolded theory factorizes as A = RT @ 4 R. However, for
generic A the defect R is not of RG type, i.e. R ® R is not isomorphic to the identity
defect in the orbifold theory. Hence, bubbles of a generalized orbifold theory inserted in
the unorbifolded theory do not in general connect trivially:

i U

Instead, pushing two bubbles of the generalized orbifold against each other creates a non-
trivial defect at the interface of the two bubbles. Thus, the generalized orbifold cannot be
obtained by a local perturbation of the original theory. This is only true if A additionally
satisfies the projection property.

In that case, fusion in the generalized orbifold simplifies dramatically — it reduces to
fusion in the unorbifolded theory. Namely, for a separable Frobenius algebra the projection

iR

2] is the identity defect of the underlying unorbifolded theory.

property can be rephrased as
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leading to the following simplification for defect fusion in the orbifold theory:

unit proj. L \\\ /{/
D D D D pl L b bl ¢ |p

4 RG-networks in Landau-Ginzburg orbifolds

In this section we will apply our construction in the context of topologically twisted Landau-
Ginzburg models. More precisely, we will consider Landau-Ginzburg models M, with a
single chiral superfield X and superpotential W (X) = X¢. These models admit relevant
perturbations generated by deformations of the superpotential by lower degree polynomials.
For instance, the model M, can be perturbed by adding a term A X% to the superpotential.
For d’ < d this perturbation is relevant and the renormalization group flow drives the
theory from the model My in the UV (A = 0) to the model My (A = o) in the IR. These
perturbations are chiral and hence preserve A-type supersymmetry. The corresponding
RG defects are therefore A-type defects. We prefer to work with B-type defects in Landau-
Ginzburg models, because they are much better understood. For that reason, we will
consider the mirror dual situation instead: RG flows between Landau-Ginzburg orbifolds
Mg/74 and My /7y generated by twisted chiral perturbations. The respective RG defects
have been constructed in [1].

We will start by giving a brief outline of the description of B-type defects in Landau-
Ginzburg models by means of matrix factorizations. Then we will review the construction
of the respective RG defects from [1]. Finally, we will use our construction to realize the
IR theories by means of projection defects in the UV theories. In particular, we will show
how to realize all the Landau-Ginzburg orbifolds My/Z4 in the theory of a free twisted
chiral field.

4.1 B-type defects in Landau-Ginzburg models

As put forward by Kontsevich, B-type defects in Landau-Ginzburg models can be described
in terms of matrix factorizations [13, 16-19].

A matrix factorization of a polynomial W € S = Clzy,...,z,] consists of a Zs-graded
free module D = Dy @ D; over the polynomial ring S, with an odd endomorphism dp :
D — D, which squares to W times the identity map, i.e. d%, = Widp. One often unfolds
matrix factorizations into 2-periodic complexes

dp1
D:D,——Dy, dp= 0 dpr)
dpo 0
dDO DO

These complexes are twisted by W: dp; o dpg = Widp, and dpg o dp1 = Widp,.

Now, topological Landau-Ginzburg models are completely specified by their chiral
superfields X1, ..., X, and their superpotential W (Xj,..., X,,). B-type defects D between
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two LG models with superpotential W(Xy,.., X,,) and V(Zy,..., Zy)

V(Zi,...,Zm) W(Xy,...,X,)

D

)

can be described by matrix factorizations of the difference V' — W of the respective super-
potentials. By abuse of notation we also denote the matrix factorization by D and write
D:W—=V.

The space of defect-changing fields Hom(D, D’) between two defects represented by
matrix factorizations D, D’ : W — V is given by the homology of the induced Zs-graded
complex on the space of homomorphisms Homg(D, D’) of the respective S-modules.'?
More precisely,

Hom(D, D') = H;(Homg(D, D")),
with differential d¢ =dp o ¢ — (=1)*8podp, for ¢ e Homg(D,D').

Here deg denotes the Zs-degree. The space of defect-changing fields is Zo-graded with
even and odd elements corresponding to bosons and fermions, respectively. The operator
product of defect-changing fields is just the composition of homomorphisms.

Defect fusion is described by the tensor product of matrix factorizations [13]. Namely,
let U € C[Xy,...,Xn), V € CY1,..., Vo], W € C[Zy,...,Z,) and D : W — V and
D' : V — U be matrix factorizations of V' — W and U — V, respectively. Then the
fused defect is given by the tensor product D’ ® D of matrix factorizations. This is the
matrix factorization built on the Zs-graded C[X1, ..., Xy, Z1, . .., Zo]-module D'®¢y; . v,
D with homomorphism

dprgp =dp ®idp +idp @ dp .

This differential is to be understood with Koszul signs, meaning that
(idp @ dp)(r @ w) = (—=1)%8 (1) @ dp(w).

Since the factorized polynomials add upon taking the tensor product, this is indeed a
matrix factorization of (U — V) + (V —-W)=U —W,ie. D'@ D : W — U.14

Adjunctions of B-type defects in LG models have been studied in [12, 20] (see [21] for
a nice review). Adjoints are given by

D' = DV[n], D= D"[m], (4.1)

where DV is the dual of a matrix factorization D, consisting of the dual modules (DV); =
(D;)Y, and the maps
0 dy
dpv = Do
(—dgl 0

13Note that the Hom-complex is untwisted!
14 A priori, tensor product matrix factorizations like this are of infinite rank. It can be shown however, that

tensor products of finite-rank matrix factorizations are isomorphic to finite-rank matrix factorizations [13].
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Moreover, (-)[m] denotes the shift of Zp-degree by m: (D[m]); = Djyym and dppy,); =
(=1)™dp(itm)-

Indeed, boundary conditions are a special case of defects, namely those with a trivial
theory on one side. The trivial LG theory is of course the theory with no chiral fields and
zero superpotential. Right (left) B-type boundary conditions of a Landau-Ginzburg theory
with superpotential W can therefore be described by matrix factorizations of W (—=W).

B-type defects in Landau-Ginzburg orbifolds. The description of B-type defects in
Landau-Ginzburg models by means of matrix factorizations extends in a straight-forward
manner to the context of Landau-Ginzburg orbifolds. Whenever the polynomial ring
C[X1,...,X,] carries an action of a finite group Gy which leaves a polynomial W in-
variant, the Landau-Ginzburg model defined by W can be orbifolded by Gy leading to a
new 2d TQFT which by abuse of notation we denote by W/Gy [22].

Now let V € C[Xy,...,X,] and W € C[Y3,...,Y,,] be two superpotentials and Gy
and Gyy orbifold groups. Then B-type defects between the respective LG orbifolds can be
described by G = Gy x Gy-equivariant matrix factorizations of V. — W [1, 23, 24]. These
are matrix factorizations D : W — V as before, which are additionally equipped with a
representation pp of G. The latter has to be compatible with the module structure on D
and has to commute with dp. Denoting by p the representation of G = Gy x Gy on the
combined polynomial ring S = C[Xy,..., X, Y1,...,Y,,] this means that for all g € G

pp(9)(s-p) = p(9)(s) - pp(9)(p),  Vs€S,pe D= Dy® Dx,
pp(g)odp =dpopp(g).

Given two equivariant matrix factorizations D, D’ : W — V| the complex Homg(D, D)
carries an action of G = Gy X Gy which commutes with the differential d, inducing a rep-
resentation on the homology Hj(Homg(D, D’)). The space of defect-changing fields in the
orbifold theory is then given by the G-invariant part Hom%(D, D) = (H};(Homg(D, D')))C.
The operator product of defect-changing fields is again just composition of homomorphisms.

Defect fusion carries over from the unorbifolded LG models by taking invariant parts.
More precisely, let U € C[Xy,...,Xn], V € CY1,...,Y,] and W € C[Z,...,7Z,] be
polynomials invariant under actions of groups Gy, Gy, Gw on the respective polynomial
rings. And let D : W — V and D' : V — U be Gw x Gy-, respectively Gy x Gy-
equivariant matrix factorizations. Then the tensor product D' ® D is a Gy x Gy X Gy-
equivariant matrix factorization of U — W. Fusion of the defects in the orbifold theory is
then given by the Gy -invariant part D' ®¢q,, D := (D' ® D)GV of D'® D, which is of course
Gy x Gy-equivariant.

Adjunction of defects D in the orbifold theory is given by adjunction (4.1) in the
underlying unorbifolded theory, where however the G-action on the adjoints is twisted.
This can be seen in a systematic way in the generalized orbifold construction [4, 5, 7, 8]
which offers a completely general framework to describe orbifold theories using defects
in the underlying unorbifolded theory. We outline the generalized orbifold procedure in
appendix B, and in particular spell out the formula for adjoints.
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4.2 Defects My/Zq — Mg /Za

For the case of Landau-Ginzburg orbifolds Mg/Z4 the discussion simplifies somewhat. An
element a € Z; of the orbifold group acts on the chiral field X by X +— it X

A defect D : X4/74 — Z% JZ4 is given by a G = Zy x Zg-equivariant matrix factor-
ization of Z¢ — X9, Since G is commutative, its representations on D can be specified by
G-gradings or -charges of the generators of the free S = C[Z, X|-module D = Dy @ D;. We
will indicate them in square brackets and specify a G-equivariant matrix factorizations as

[Inr, 7] 1o, 70]
D.gM [[ait1, mar41] dp1 oM 1, 71]
dpo :
loni—1,m201-1] (i1, 701

cf. [1] for more details. Adjoints then take the form, cf. appendix C.4,

[—7’0 +1, —lo] [—TM +1, —ZM}
Dt . M [—r1+ 1, =] dp, oM [=rarer + 1, =]
: —d%, :
[—ra—1+ 1, —lar—1] [—ronr—1 + 1, —lops—1]
(4.2)
[—To, —lo + 1] [—TM, —ZM + 1]
D, gM [=r1, =l + 1] dby oM (a1, =l + 1]
: —d%, :
[—rar—1, —lv—1 + 1] [—ronr—1, —lap—1 + 1]

Note that left adjoints differ from right adjoints by a shift in G-charges by [—1,1]. We
write D = DT{[-1,1]}.

An important example is the identity defect Iy : X?/Z4 — Z%/Z 4 which is represented
by the following Z; X Z4-equivariant matrix factorization (cf. appendix C.6)

Z 0 ... 0 —-X
-X Z
0 —-X Z
1, 0] O B X g [0, 0]
[27_1] - 17_1]
I;: 8% S
a [37 _2] [2, —2]
. dr,0

One easily reads off that this defect is self-adjoint, i.e. I;E =1, =1,
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4.3 RG defects in LG orbifolds

As alluded to above, Landau-Ginzburg orbifolds M;/Z; exhibit relevant perturbations by
twisted chiral fields. The corresponding RG flows drive the theory from M;/Z; in the UV
to another orbifold My /Zy with d' < d in the IR. The associated RG defects have been
constructed in [1]. They preserve B-type supersymmetry and can therfore be described by
Zy % Zg-equivariant matrix factorizations of Z% — X9. Indeed, due to a singularity in the
parameter space, there are different flows from My/Z 4 to My /Z . The corresponding RG
defects R = R(m,ng,...,ng_1) are specified by m € Zy, and integers ng,...,ng_1 > 1,
such that ng+ ...+ ng_1 = d. They are represented by matrix factorizations

A 0o ... 0 —X"o
_Xm  Z
0 —-X™ Z
: L (4.3)
o [1,—m] | 0 — XMl 7 0 [0,—m] |
R: Sdl [3,—7m—nl—1ng} Sd/ [2,—7m—nl—1n2] )
. dro .

where, S = C[X, Z]. For more details see [1]. In the following we will sometimes take the
subscripts of the n; to be elements in Zy by defining n;y, 4 = n; for all z € Z.

Using this concrete realization of RG defects, one can now explicitly carry out the
construction outlined in section 3 and represent the LG orbifolds My /Zy in My/Z4 for
any d’ < d. In order to construct the respective projection defects, we need right and
left adjoints of the defects R, which can easily be read off from formula (4.2). They are

given by
Z —Xm
Z —Xm2
[m+1,0] Z —X"d'-1 [m+1,-1]
Poad [m+1+n1,—1] —X"0 z & [m+14n1,—2]
R': S [m~+14+n1+n2,—2] S [m+1+n1+n2,—3]
. _ T .
dpig = dgo
and
Z —Xm
Z —Xm2
[m,1] Z —Xx"d-1 [m,0]
0] —Xn0 Z [m+mn1,—1]
d’ [m+n1, d' ,
TR : S [m+n1+ng,—1] S’ [m4n14+n2,—2]
. _ T .
digg = dpo

A straight-forward calculation presented in appendix D.1 then shows that indeed

R ®Zd ]:fJr = Id/
R ®Zd TR = Id/a
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i.e. the defects R are indeed of RG type. Fusion in the opposite order yields the respective
projection defects (see appendix D.2 for the explicit calculation). For the unital projection
defect P = Rf @7 o It one obtains

[m+1,—m] [t 1425 =)
[m+14n1,—m—nq] dpy [m+1,—m—n1]
p-s? [m+1+n1+n2,—m—ni—n2] — g4 [m+1+n1,—m—n1—n2]
: P— ,
: dpg :
1+ 58 e S g el
=1 MTMT2 =y T [mA+143 2" n,—m—=3 215 ]
where
A 0 0 —X"no
XM gm
dpy=| 0 —xm2zm . (4.4)
O —X”d’—l an’—l

The counital projection defects P’ = TR ®7 o R is given by the left adjoint P’ = TP of P.
The morphism

TR— Rt

which is used to close right R-loops can also be determined explicitly. It is not hard to see
that it is given by

0 Xxm!

¢—<¢° 0) with o= ¢y =

0 ¢1 Xnar—1

X1 0
4.4 Representing My /Z4y in My/Z4 for d' < d

The projection defects constructed from RG defects in the previous section can now be
used to represent Landau-Ginzburg orbifolds My /Z 4 in orbifolds My/Z4 for d' < d.

Bulk Hilbert space. The orbifolds My /Zy only possess a single bulk chiral field,
namely the identity field. Therefore, the bulk Hilbert space in the B-twisted model is trivial,
it just contains the vaccuum. One easily checks, that this is also true for Hom(P, P). Hence,
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the bulk Hilbert space of My /Zy agrees with the space of defect fields on the projection
defect in My/Z 4.5

Boundary conditions. Next, we demonstrate how to represent the boundary conditions
of My /Zy as P-invariant boundary conditions in the models My/Z,.

Elementary left boundary conditions in a theory M;/Z, are represented by the Z;4-
equivariant matrix factorizations

Xk

_%W:qm<w+m)

clx] (Iv)
— eI (1)
of —X? where k€ {1,...,d —1} and N € Z.
As is shown in appendix D.3, a UV boundary condition Byy = B,‘f y 1s invariant under
fusion with P, i.e. Byy ® P & Byy iff

k:ni—i—...—l—ni,l
i

and N = [—m—Zna]
a=1

forani € Zy and anl € {0,...,d" — 2}. These are of course nothing but the lifts Bir ®z_, R
of IR boundary conditions to the UV. Namely, for Bir = Bj’;, one finds [1]
Bir ®z, R= B

(nom—rprteAn_nm)(—m=3,2 na) ©

IR symmetries. The Landau-Ginzburg orbifold model My /7 exhibits a Z y-symmetry.
The action of an element a € Zy on the theory is described by the symmetry defect
ole = Iy{[a,0]} = Ip{[0,—a]} obtained by shifting the charges of the identity defect Iy
by [a, 0] or equivalently by [0, —a]. These defects fuse according to the group multiplication
in the symmetry group Z:

ala @z, vlo = aypler, for a,beZy.
As any IR defects, they lift into the UV theory My/Z; by fusion with RG defects
ole — R' ©z2, olo ©7,, R=:,P.

These lifted defects also fuse according to multiplication in the symmetry group, i.e. (P®z,
P = 413 P, and therefore give a realization of the IR symmetry in the UV. The neutral
element of the group however lifts to the defect P = P and not to the identity defect in
the UV. The lifted IR symmetries are therefore not invertible in the full UV theory, and
hence are not symmetries of the UV theory.

15Since the bulk Hilbert spaces are trivial, this is not that interesting. However, there is a way to describe
also the twisted chiral fields in the B-twisted LG orbifolds Mg/Z4. Namely, being orbifold twist fields, they
can be realized as defect changing fields between symmetry defects. This realization then lifts from IR to
UV using projection defects, i.e. one can realize the twisted chiral fields in My /Zy by defect changing
fields in Mq/Zg4.
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The explicit form of 4P can be easily derived by means of a slight variation of the
calculation of P as carried out in appendix D.4. The result is

_ !
[m+1,—m—3271 n,] (13015 g —m =25 ]
[m+1+n17—m—z;;il”j] dp1 [m+1,—m— ;;f”ﬂ
! 2— ! —
WP 5 [m+1+n1+n2,—m—37"1 ny] — g4 [ 14n1,—m=37371 ng] )
: dpo
iy /_ / ' !
14 = ) (14 20 ==
where
Zmno 0 . 0 —X"0-a
_XM-a gm
dp1 = 0 — X" 2
0 — X" —1—a N1

For a = 0, this is the matrix factorization describing P. The lifted IR symmetry defects , P
are obtained from it by shifting the exponents of X by a steps while keeping left Z4-charges
fixed and adapting the right ones accordingly.

4.5 The limit d — oo

As discussed in the beginning of this section, the RG flows between LG orbifolds My/Z; are
nothing but the mirror versions of flows between LG models M, generated by deformations
of the superpotentials W = X? by lower degree polynomials. Indeed, all the models My
can be obtained as perturbations of the free chiral field theory (W = 0) by superpotential
deformations. Thus, employing our procedure provides a representation of all the models
M inside the theory of a free chiral field, which can be thought of as the limit M., =
limg_,oo My of the models M.

In order to make this more explicit we again take the mirror perspective. The rep-
resentation of the respective RG defects in terms of matrix factorizations then allows
us to explicitly realize all the LG orbifolds My /Zy by means of projection defects in
the theory of the free twisted chiral field. The latter can be described as the limit
Moo /2o = limg_yoo My/Z4 and can be thought of as a U(1)-equivariant version of the
free chiral field.

RG defects between My /Zy and My /Z can be obtained as limits of the RG de-
fects (4.3) representing flows My/Z 4 — Mg /Z 4, where one n; is sent to oo while the others
are kept fixed. Since d = ), n;, then also d — oco. Indeed, we can choose ng — oo and com-
pensate for this choice by allowing a shift of the charges of R by [k, 0], k € Zy. In the limit,
entries X™0 in the matrix factorization have to be replaced by 0, and the Z -equivariance
turns into a U(1)-equivariance. This way, one obtains the Zy x U(1)-equivariant matrix

factorizations
[k +1,—m] [k, —m]
o k2 —m ] dri | k1 —m ]
oo k+3,—-m—ny—no] |~ [k +2,—m — ni — ng]
dro
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of Z%. They are specified by integers m € Z, ny,...,ng_1 € N and k € Zy. The maps
are given by

A 0o ... 0 0
Xm Z
dp=| 0 -xm z
0 R
z4-1 0 0
Zd’—2Xn1 Zd’—l 0
dR(] _ Zd’f?)an +nao Zd/72X’n2 Zd’fl
Zd’—4Xn1 +no+ng Zd’—3Xn2+n3 Zd’—QXng ..

These matrix factorizations represent RG defects between My /Zy and My /Z . Indeed
Roo ® RI,O = Iir as is spelled out in appendix D.5.

In explicit calculations, it is not difficult to see that fusion commutes with the limit
d — oo, at least as long as the theory squeezed between the defects is kept fixed in the
limit. In particular, the limit d — oo of projection defects is the fusion P, = Rlo ® Ry of
the limit of RG defects. The projection defect realizing My /Zy within the limit theory
Mo /Z takes the form

/

[ +[171+1:—m} | 1 [mTHZZi:IInz,}—m]
m ni,—m-—mni P1 m+1,—m—ny
Poo . Sd/ [m+14n1+n2,—m—ni—n2] [N Sd’ [m+14+n1,—m—n1—n2]
N — )
: dpo .
1 d'—1 d'—1 -2 d'-1
(143700 i, —m=3 2 il [m+14+37 " n,—m=>27 1y
where S = C[Z, X] and
0 0
—_X™m gm
_Xn2 7n2
dpy = X" 7
— X" -1 "1

5 Conclusion

We conclude with a list of questions for future investigation.

e It would be interesting to apply the construction outlined in this paper to other
examples of RG flows and to find representations of more elaborate 2d TQFTs in
free theories by means of projectors.

The treatment of flows between LG orbifolds discussed in section 4 easily carries over
to flows between orbifolds of free chiral field theories. The latter theories can be
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obtained from LG orbifolds by setting the superpotentials to zero. The respective
RG defects can be described in terms of matrix factorizations and have been worked
out in [25]. Somewhat more interesting examples are the bulk flows described in
terms of gauged linear sigma models in [26] and [27, 28]. In all these examples, the
flows are triggered by twisted chiral perturbations yielding RG defects preserving
B-type supersymmetry. It would of course be interesting to apply this method to
chiral perturbations as well. Unfortunately much less is known about A-type defects.

In the example of LG orbifolds My/Z; one could explicitly compare the bulk flows
studied in section 4.3 with the corresponding flows of the identity defects. While the
identity defects can be described by means of matrix factorizations, the respective
relevant perturbations are by twisted chiral fields. Such perturbations are not as
easily treated in the matrix factorization framework as defect perturbations by chiral
fields such as the ones discussed in [29]. In the case at hand however, the twisted
chiral fields generating the perturbations are orbifold twist fields. As such, they do
have a representation in the matrix factorization framework as defect changing fields.
This possibly allows for an explicit analysis of the respective defect perturbations
in this case. Hence, it might be possible to work out in this concrete example how
the projection defects P associated to bulk flows arise as perturbations of identity
defects.

We have argued that bulk RG flows can be interpreted as flows on the identity
defect of the UV theory. Now, bulk flows between N = 2 SCFTs give rise to tt*
equations [30, 31]. It would be very interesting to see, whether these equations also
have a natural interpretation in terms of the flows on the identity defect.

The construction described in this paper heavily relies on topological covariance. So
an obvious question is whether it has any bearing on non-topological QFTs (beyond
topologically twisted supersymmetric theories). One can of course perturb the iden-
tity defect in non-topological QFTs. Also, RG defects exist in more general theories
(see e.g. [2] for an example). However, fusion of non-topological defects is singular
in general. Still, at least in some cases it is possible to define a reasonable notion of
fusion [32, 33], so that defects P can be constructed from RG defects. The role of
these defects is less clear, but it would be very interesting to study them in examples.
Perhaps they are related to the line operators appearing in the context of integrable
perturbations of conformal field theories [34-38].

While the discussion in this paper is restricted to 2d TQFTs, we expect that bulk
perturbations of TQFTs can be described by means of codimension-one projection
defects in any dimension. Indeed, the generalized orbifold construction has been ex-
tended from dimension two to higher dimensions in [39]. It would be very interesting
to apply the methods described in this paper to higher-dimensional TQFTs.
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A Properties of projection defects

A.1 IR bulk fields in the UV

Here, we show that if a projection defect P in the UV factorizes as P = R' @ R with
R ® R' = Iy, then P-bimodule morphisms on P are one-to-one with IR bulk fields (Ir-
bimodule morphisms of I1g). The latter are mapped into the UV by the homomorphism

¢ — , (A1)

where the junctions are given by the isomorphisms P = R ® R. (To keep the notation
light, we refrain from putting arrows on RG defects. We mark UV and IR theory by
dark, respectively light background.) By the projection property the right hand side is
a P-bimodule morphism of P. We claim that the inverse to the homomorphism (A.1) is
given by

Let us first check that the composition IR — UV — IR evaluates to the identity on IR
bulk fields:'6

~ Rt RRT~T,
. . <.> . @ o 8.8 o .

Similarly, the composition UV — IR — UV is the identity on P-bimodule morphisms of P:

1
m ¢ P~RTQR <> bimod. mor. > loop
< — = = < = = L

6 For readability, Itr has been omitted.

~31 -



Therefore we have established that the map (A.1) is an isomorphism from the space of IR
bulk fields to the space of P-bimodule morphisms of P.

A.2 Bimodule equal bicomodule morphisms

For any projection defect, bimodule morphisms over itself are automatically cobimodule
morphisms and vice versa. In other words, the two types of morphisms are one-to-one:

1:1

This is easy to see. A bimodule morphism for example (left-hand side above) automati-
cally obeys

loop bimod. mor. proj.

bimod. mor. proj.

The argument that bicomodule morphisms also respect the bimodule structure follows by
turning the diagrams above upside down.

Indeed, if the projection defect P comes with a unit then all morphisms of P automat-
ically respect the bicomodule structure, and by the above also the bimodule structure on
P. (This easily follows from the projection property.) Hence, in this case all morphisms of
P are bimodule morphisms and bicomodule morphisms. The same is true if P has a counit.

A.3 P-modules Band B P=B

In this appendix we show that for a projection defect P, any left boundary condition
B is a right P-module if and only if B ® P = B. This in particular means that left IR
boundary conditions can be represented by left boundary conditions B in the UV which are
invariant under fusion with P, i.e. B® P = B. This statement extends to right boundaries
and defects.

First, a left P-module (whose comodule structure is induced by the unit on P) obeys
B® P~ B:

(co)module unit proj. unit
B
and . module loop + unit
B
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If on the other hand a left boundary condition B satisfies B ® P = B, B inherits the
P-module structure of P itself. Namely, there are junctions BQ P — Band B— B® P
such that

B B

DN

define P-module, respectively P-comodule structures on B, which are also inverse to each

This implies that

other and hence provide isomorphisms B ® P = P.

A.4 P-adjunction

In this appendix we show that the adjunction of IR defects is lifted to the UV by the
following formulas

D =pPgDloP
frpD=Pe'De P

where P is the corresponding projection defect, and D is a defect in the UV theory repre-
senting an IR defect. We will only consider the first equation and will furthermore restrict
to the case that P is unital. The arguments for the second equation and the counital case
are similar. The IR right adjoints have to satisfy the following Zorro move identities

uv

D D Ditp Ditp

These are satisfied for D'P above when we choose the following natural (co-)evaluation

Jf | DTPf) D M

pont | Q\ r

maps

Dip P ® Dtp
T , T '17
Dir @ P Dtr
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Namely,

7

o

using unit condition, Zorro-move and the definition of D'? in the last step. For counital

e
e,
|
N

P and left-adjoints the above diagrams have to be flipped appropriately.

The defect P is a P-module and a P-comodule, so it can be regarded as an IR defect.
As such, it should be selfadjoint, and, using the above notion of IR adjunction one finds
that this is indeed the case: PP = P > TP P_If for instance P is unital, the two maps

P PloP
W and T
Pteo P P

are inverse to each other and hence provide isomorphisms P = P' @ P. The projection
property of P, P® P = P implies that PT? = P® PT @ P = P. The argument for counital
P is analogous.

A.5 Projections with unit and counit

If a projection defect has a unit as well as a counit, it is automatically self-adjoint as there
are natural (co)evaluation maps:

"The lower maps follow as natural generalizations from the generalized orbifold procedure [5, Prop. 4.7].

I
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The equalities follow from the two Frobenius and (co)unit properties. If P has a unit, any
P-module automatically carries a P-comodule structure. Vice versa, any P-comodule is
automatically a P-module in case P has a counit. If P has both, a unit and a counit, these
two constructions are compatible: Starting with a P-module, a P-comodule structure is
induced which in turn induces a P-module structure. This P-module structure is identical

N

As discussed in section 3.5, all projection defects P factorize into RG type defects

to the original one:

P =~ R' ® R. For example, unitary P factorize as

(PIR|UV)T = Pyvr
T
"(Pirjov) = ( P) UVIR

For selfadjoint projection defects P, the respective RG type defects R then satisfy TR = RT.

A.6 Equivalence of (co)multiplication and Frobenius properties for projec-

tions

Here, we show the equivalence of associativity, coassociativity and the two Frobenius prop-
erties for projection defects and how they follow from the existence of a (co)unit. The

identities in question are:
m Frob. 1 i N Frob. 2 i

Equivalence is shown by the following chain of implications
associativity = Frob. 2 = coassociativity = Frob. 1 = associativity.

associativity = Frob. 2:

N = = (‘E
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Frob. 2 = coassociativity:

. b

coassociativity = Frob. 1:

| . FrOb 2 . .
. h . . N .

coass

Frob. 1 = associativity:

. b

Next, we show how the existence of a unit for a projection defect implies coassociativity:
unit = coassociativity:

. b b - B .

In the last step we applied the projection property to the left and the lower defect. Turning
these diagrams upside down shows how associativity follows from the existence of a counit.

A.7 Adjoints of induced RG defects

Right and left adjoints of the induced RG defect Pigjyy must satisfy the Zorro move

identities
. : . |

Priuv PIR|UV PIRIUV)T

Prrjuv
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Priuvv  Prpuv " (Priuv) " (Prjuv)
We will discuss the case that P has a unit. The counital case can be treated analogously.
Indeed, it is easy to see that
(PIR|UV)T = Pyvirs
i.e. P regarded as defect from IR to UV is the right adjoint of P regarded as a defect from
UV to IR. The evaluation map is just given by the algebra P® P — P and the coevaluation
map is induced by the unit Iyy — P — P ® P. (The Zorro identities immediately follow

from associativity and the unit condition.) It is slightly more involved to see that the left
adjoint is given by

T (PIR‘UV) - <TP) UVIR’

the left adjoint of P regarded as a defect from the IR to the UV theory. Evaluation and
coevaluation are given by the maps

t pl Tp P P Tp

tP t
= and P = P

fp\i . ; »

which define the right P-module structure of TP and the right ' P-comodule structure of

P, respectively. The first Zorro identity then follows from the UV Zorro move and loop
omission, while the second one additionally requires associativity and the unit property.

B Generalized orbifold theories

The generalized orbifold procedure [4, 5, 7, 8] is a method to produce a new theory out of
a given 2d TQFT T by inserting networks of an endo-defect A : T' — T into its correlation
functions. These modified correlation functions are well-defined if the defect A satisfies the
following special properties. It has to come with (co)multiplication and (co)unit fields

AA@A%A, YA—>A®A, fasr |14

which make A into a separable Frobenius algebra, i.e. it obeys the (co)associativity and
(co)unit conditions

(AN

- 37 —



as well as the Frobenius and loop-omission properties:

AV O

The respective orbifold theory is denoted by (7, A). An obvious example for a defect
satsifying the above conditions is the identity defect A = I in any TQFT. Orbifolding by
I of course just gives back the original theory, (T,1) = T. In the following we will briefly

outline how objects in the orbifold (7', A) are defined in terms of objects in A.
For any two TQFTs T and T” with defects A and A’ as above an A-A’-bimodule D is
a defect D : T" — T with junctions A® D — D, D ® A’ — D such that

AA AN NN

For two such bimodules D and D, Hom a,4(D, D denotes the space of all defect changing
fields D — D commuting with the bimodule structure, i.e.

A4 NK

Via the unit, such modules are automatically also comodules, cf. [5, eqn. (4.1)]:

Y

With these notations at hand, one can now represent objects of the generalized orbifold

theory (T, A) in terms of objects of T" as follows:
i) Its invisible defect is A.

ii) Its bulk Hilbert space is Homg 4(A, A), the space of A— A-bimodule endomorphisms
of A.

iii) Boundary conditions B of (T, A) are those boundary conditions B of T' carrying an
appropriate A-module structure.

iv) The space of boundary condition changing fields between boundary conditions B and
B is given by Hom A(B, B), the space of A-module morphisms from B to B.

v) Defects D from (7", A’) to (T, A) are A-A’-bimodules.

vi) The space of defect changing fields from defects D to D is given by Hom a,4(D, l~)),
the space of A — A’-bimodule morphisms from D to D.
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vii)

viii)

The fusion product D ®4 D in the orbifold theory (T, A) of two defects D and D is
given by the image of the fusion D ® D in the unorbifolded theory 7" under

The adjoints of defects D in the orbifold theory are defined in the following way in
terms of the adjoints in the unorbifolded theory. The A-actions on any defect D in
(T, A) induce actions on its non-orbifold adjoints fD and Df:

MLy )

The action of an algebra A on any module can be twisted by an algebra automorphism
a: A — A. So for any defect D in the orbifold theory, one can define twisted defects
«(D) and (D), by twisting the left, respectively right A-action:

Ad b

Left and right adjoints in the orbifold theory can be obtained by twisting the respec-
tive adjoints in the unorbifolded theory by the Nakayama automorphism

4

More precisely, the left and right adjoints in the orbifold theory'® are given by [5,
Prop. 4.7]

‘D (TD> . D= (DT)W . (B.1)

For *D, the (co)evaluation maps are given by

D *D
evp = o¢, coevp = 1o M
*D D

with the inclusion and projections maps ¢ : *D®4 D - *D® D and ¥ : DR *D —
D ®4 *D. There are similar formulas for the (co)evaluation maps for D*.

18Tn this appendix we denote adjunction in the orbifold by ‘*’ to distinguish it from the adjunction

ot in

the unorbidolded theory.

-39 —



C Orbifold minimal models as generalized orbifolds

Here, we construct the Landau-Ginzburg orbifolds M;/Z4 as generalized orbifolds follow-
ing [5, Chapter 7]. To distinguish objects in the orbifold from objects in the unorbifolded
theory, we adopt the following notation, which is different from the one used in the main
text: the identity defect in My is denoted by I, whereas the identity defect in the orbifold
theory is represented by the orbifold defect A. Also, adjunction in the orbifold is denoted
by “’ to distinguish it from adjunction ‘I’ in the unorbifolded theory. This notation is
only used in this appendix. In section 4 of the main text, we do not explicitly refer to
the orbifold construction and therefore do not need this distinction. There, I denotes the
identity defect and ‘I’ the adjunction in the orbifold theory Myg/Zy.

C.1 Orbifold identity defect

The models M;/Z; are standard orbifolds. In this case the defect A is given by the
direct sum of the defects implementing the respective actions of all the symmetries in the
orbifold group: A = @gecz, (¢I). The symmetry defects 4/ can be represented by the

rank-one matrix factorizations (n = 7/4)
W7 — X
QI: C[ZvX]ecH[g] T ou (]:[Z,X]E[g}. (Cl)
Z9i-X
nIzZ—X

where [g] denotes the representative of g € Z;in {0,...,d—1}, and the e,, a € {0,...,2d—
1} are the generators of the respective rank-one free modules (41), . ¢I is the right twist
of the identity defect I in My by g € Z4. 7

Since A is the direct sum of the 4/, the modules Ay and A; are rank-d free modules
generated by eq,...,eq_1 and eq, ..., eaq_1, respectively. In the basis (e,), the differential
of the matrix factorization A takes the form

d
(da)gp = Sap—d(1°Z = X) + Sa—ap y_n "2 X!
=1

for a,b=0,...,2d — 1.
The following maps give A a separable Frobenius structure [5, Prop. 7.1]:

1. The unit I = ¢I — A is given by the obvious inclusion while the counit is the
projection multiplied by d

€, 1€ {O,d}

A—»1T R ei—d- .
0, otherwise

2. Multiplication and comultiplication

74 X v
yd , zd xd
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are given by
A®A — A

e @Yepy = (n92) egyn
e ®Yearm = (7Z)" eqyigin)
€lg]+d @ qu[h] —0

€lg]+d ® qu[h]—i—d — 0

and
A:A— A A
Z—n9~hz
1 2y 20— X4
9 g > [e[ghl Qe+ Catlg-n O {3 Pz —X Carinl| (o)
heZy ’

1
€d+lg) 7 > [e[g—hl ® earfn] + 1" earfg—n) @ e[h]} )
heZ,

where g, h € Z4 and ¢ € N. Moreover, 0%Y 7 = ZZijy and {.. .}Zﬁng_hz means that

all instances of Z within the brakets have to be replaced by n9~"Z after performing all

operations. These formulas can be obtained from the natural junctions of symmetry
defects ;1 with the identity defect I = gI. The calculation for the comultiplication
is sketched in appendix C.7.1 below.

In appendix C.6 below, we will reexpress the orbifold identity defect A using an equivari-
ant basis.

C.2 Nakayama automorphism

The Nakayama automorphism (cf. appendix B) takes the form [8, Example 3.1]

YA = Z det(g) - 1,1

gEZ4

where det(g) denotes the matrix representing the action of g on the chiral fields of the
model to the right of A. In our case, g acts on X by multiplication with 7Y and hence 4
reduces to

ya:A— A

eaq — Neq.

A Frobenius algebra B is symmetric iff v = idp [5, 40]. Since y4 # id4, A is not symmet-
ric. Therefore, left and right adjoints of defects in the orbifold theory (see equation (B.1))
generally differ

(DT)YA, =p'2'p=.("D).

This means that we do not have a general prescription of how to close defect loops in
M/Z 4. However, loops of RG defects can be closed with an explicit natural morphism.
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C.3 Bulk space

The (¢, ¢)-bulk space of the orbifold M 4/Z; contains only the identity id : A — A. However,
in the unorbifolded theory the defect A carries additional fields — one for each g # 0:

Py A= A
Zd_Xd
(12 = X)(ofi 7oz = X) ot

e[h] —
€d+[h] "7 €[g+h]

These correspond to the twist fields in the orbifold theory.

C.4 Defects and their adjoints

Consider a rank-M Z g X Z g-equivariant matrix factorization D of Z 4 _ X4 with equivariant
generators fo,..., far—1 of Do and far, ..., fanr—1. Let [lg,ri] be the Zy x Z4-charges of
fr- As discussed in the second part of C.7, these charges determine the A-action on D.
Denoting the chiral fields as in

and ,

one obtains

AR D — D
€a ® YPfi o o0 ("2)7 - b fy,

and
DRA—D

fk ® Ypea — 5\&1\,0 . fk . n—a-Tk (n_aX)p

where € = ¢ ¥ and n= e’ are elementary d'th, respectively dth roots of unity.

In appendix C.6 below, we will define equivariant generators for A itself, and will
reexpress the A-action on D in terms of these generators.

The adjoints in the orbifold theory are given by *D = i (TD) and D* = (DT),YA/, see
equation (B.1). Here DT = DV[1] 2 D denotes adjunction in the unorbifolded models, cf.
section 4.1. An explicit calculation carried out in the last part of appendix C.7 determines
the induced A-action on DT, cf. equation (C.10). From this, one can read off the Z4 x Z

charges of the equivariant generators f,: and £, of DT and TD to be

[—7kenr + 1, —lgynr + 1]

Here, we have extended the range of indices of the charges r and [ to Z by identification
modulo 2M, i.e. ripopn. =1 and liopn, = 1; for i € {0,...,2M — 1} and z € Z.
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Twisting by the Nakayama automorphism one then obtains the charges of the gener-
ators f; and * fi, of the matrix factorizations describing the orbifold adjoints D* and *D.
They are given by

[~k nr, =l + 1]
and  [=rppnm + 1 — ],
respectively. By construction, *D and D* obey the Zorro moves whose building blocks are
provided in C.8.

C.5 Left boundary conditions and their adjoints

As special case of defects, a left boundary condition in My/Z4 is a Zg-equivariant matrix
factorization B of —X¢. Using the same notation as in appendix C.4, we denote the
generators of the modules By and B; by fi and their Zz-charges by [rx] which as in
the general case determine the A-action on B. The induced charges on the right and left
adjoint generators f,i of BT and £, of TB are [~y ps +1] and [—7 +1], respectively. Using
B* = B and *B = 7_1(TB), the charges of the adjoint generators f; and * f, become

fo o [k +1]
*fr [kl

The explicit expressions of the relevant (co-)evaluation maps for defects as well as bound-
aries are given in appendix C.8.

C.6 Equivariant generators of the orbifold identity defect

One can define equivariant generators of the orbifold identity matrix factorization A (cf.
section C.1) by

1
/o —(b+|ep|)c
eh =D Seylfectn TP,
d
(&
where the original generators e. are expressed in terms of the equivariant ones as

_ c(b+|e /
e =D Oeylecn TN e]
b

In this basis, the matrix factorization A takes the equivariant form

Z 0...0 -X
0
[1,0] 0 -X Z [0,0]

(This is the form used in [1].) The A-action on equivariant matrix factorizations determined
in appendix C.7 and used in appendix C.4 simplifies in this basis.
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Consider a Z4x Z g-equivariant matrix factorization D of Z¢—X¢9. Let fo,..., far—1 and
fary oo, fonr—1 be Zyg x Z g-equivariant generators of Dy and Dy, respectively. Denote the
Z 4% Z4-charges of fi by [, r]. In terms of the equivariant generators e} of A, the A-action

Z X (C.3)

becomes
A®D—>D, eé@Ypfkb%(S p—i—lk]prk

D® A— D, fk®Yp6;+—>5 —rp— p]kap

C.7 Important calculations

In this appendix we sketch some calculations used in the main text and the previous sections
of this appendix.

C.7.1 Comultiplication of identity defect A

Following [5, 12], we define )\h_ll : nd — I ® 1 to be the natural junction of the identity
defect with the symmetry defect ;1. It is given by

ARED G
ZY
e = 1®ep +0® {8 }H} Ca+{h)
Carin = 1@ eqrp +1"0 @ epy.
Here X and Z are the chiral fields of the models to the right, respectively left of the

defects, and Y is the chiral field of the model sandwiched between the defects I and 1.
Twisting by ¢ from the left (i.e. fusion by ,I from the left) one obtains junction fields

Agii=y (1)t genl = oI @ nl:
Zd Xﬁ Z—n9Z
ZY
Clg+h] 77 €lg) © €[n) T Cd+[g) & {3 7 —X }
Catlgrh] = €lg) @ €arin) + 0" eaylg) © epp.

(Here, the notation {...}?7""Z means that all instances of Z in the brackets have to be
replaced by n9Z after performing all calculations.)
Summing up all the Ay, yields the comultiplication

:%ZAM:A%A@A
g,h

1
o) g Z Ag_nn(e)

hEZd

Cd-+[g] Z Ag—hn(€at(g))
hEZd

of the identity defect A in the orbifold. It is spelled out completely in equation (C.2).
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A actions on equivariant defect. According to [5, Section 7.1], the data of a G x H-
equivariant defect is encoded in its left and right fusion with the symmetry defects Ag and
Ap. Namely, it is described by a matrix factorization together with isomorphisms

e ¢y : 4D — D such that ¢, =idp and ¢4, 04, (@g,) = ©g,+4, and

e ¢p: Dy — D such that ¢. =idp and ¢n, © (Pny)n, = Phyths-

Here, one can think of ;D as the matrix factorization where all variables Z; to the left
of D have been replaced by g(Z;), see for example 4, in (C.1). Also, for some morphism
a: D — D’ of matrix factorizations, (@)t gD — gD’ n is the same morphism considered
as a morphism between the respective twisted matrix factorizations. However, special
attention has to be paid to morphisms including an identification of variables. For example,
the left and right I-actions A\p : I ® D — D and pp : D ® I — D identify the middle
variable with the one on the left or right, respectively. The identification of variables in
the twisted versions 4(Ap) and (pp)—p must respect the twist.

Following the proof of Thm. 7.2 in [5], the above data determine the left Ag-action
on D:
3 (AG®D—»QI®DM>QD¢—9>D>.
geG
The right action includes the canonical isomorphism ;I — I_; which we will comment
on later:

> (D@AH wDo ] DI, P2 p 2 D). (C.4)
heH

Turning to our example, set G = Zy and H = Z4 and consider a G x H-equivariant
defect D, i.e. a Zg x Zg-equivariant matrix factorization D of Z%9 — X?. Let fo, ooy -1
and fr, ..., fopr—1 be equivariant generators of Dy, respectively D;. Denote the Zy x Z4-
charges of e; by
[k, k]

In other words the action of (g, h) € Zy x Z4 is given by

ZPfX0 o (Z) - S f T (g X )0 (C.5)

27 27

where e = e @ ;n=-ed .
We now reformulate this group action in terms of left and right A-actions. It is not
hard to see that in our case the above isomorphisms are given by’

gog:gD—>D (bh:Dh—)D
fre = € fi fe = "™
The explicit form of the left A-action on D then turns out to be

A®D — D
eq ® Ypfk — 6|ea\,0 . (ECLZ)p . Ea-lk . fk

19040 4(¢n) = pgrn is trivial and dp o @y = @4 0 4(dp) amounts to dp being a degree zero map, i.e. e
and dp(eg) carrying the same Z, x Zq charges.
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for the same choice of variables as in (C.3) (|| denotes the Zs-charge). This coincides with
the expected action (C.5). The right A-action on the other hand takes the form

D®A—D
fk ® Ypea — 5‘611"0 . fk . n*a-rk (T,*UJX)P

where we emphasize the crucial minus sign for the right charges which differs from the
expected (C.5). It originates from the fact that the symmetry defect A was defined as the
direct sum of the left twisted identity morphisms which requires us to include the canonical
isomorphism

nl — 1_p

e; — nh'|€i|ei, 1=0,1

in the construction (C.4).

Left A-action on right adjoint. As explained in appendix B item viii), adjoints of
defects in the orbifold theory are induced by their non-orbifold counterpart. Here, given
an equivarant matrix factorization D of Z% — X9, we explicitely calculate the induced left
A-action (i.e. the left charges, see previous calculation) on the non-orbifold adjoint DF.
This leads to the charges of the right adjoint in the orbifold theory as D* = (DT),y.

Let fo,..., far—1 be equivariant generators of Dy and fyy,..., fopr—1 equivariant gen-
erators of D;. We denote the Zy x Zg-charges of fi by [lg,7k]. Then, Dg; and D]lL are
generated by fg, e ,f;{/[_l and f]TV[, .. .,f;M_l respectively, where f;r = i\iM fori < M
and f = fY_,; for i > M. (" denotes the dual.)

From the explicit expressions of the (co-)evaluation maps [12] we obtain

A® Dl — DT
e Z2-7'
[8Xd0]X_>XN'77r_,g'aX’n X//dl+ — dX”
s o op o S 0% Qo X K oy XX ) |
€a ® fi = =0le,] 09t 10 D> Res d- Xt &
k=0
—a Z—Z'
[axdl}XaX",n;I’l.axm X//do+ - dX//
_ ” a " p—a
» ) Qle e e[ X T dg X2 X 9 do | X X g i—M,k—M fT
leal 09| #1111 d- X1 k
k=M
(C.6)

for the following choice of variables
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Here 7 = ¢27i/d

, and 7,0 and 7,1 are the diagonal matrices
nro = diag(n™,...,n™"")
Ny = diag(n™, ..., n"M-1),

Moreover, 3" is the divided difference operator which is defined as 8" 9(X,...) =

%ﬁé,}f””“) on any polynomial g, and the residue Res [%} picks out the prefactor

of X”%2 in the polynomial g € ClZz', X, X"].
We now simplify expression (C.6) by calculating the X" 4=2_term in the numerator.
We first derive a few identities which follow from the very definition of a graded matrix

factorization.

From the basic property of matrix factorizations dod; = (Z% — X%)1 one can deduce

8X’X//(—d‘ del) _ [8XdO‘X—>XN . 8X,X”d1 + 8X,X//d0 . [aXdﬂX_)X”

n { (aXvX”aXdO) ~dy +do - (aXvX”aXdl) } .

Now, we will simplify the derivation by assuming that the matrices dy and d; do not contain
terms X" for n > d. This is certainly true for all the matrix factorizations relevant in this
paper, namely the ones associated to RG and projection defects, boundary conditions etc.
Under this assumption, the curly bracket part of the last equation does not contain a term
~ X"%2 and hence

{oxdd X" 0"y + 9 g - [ox s N = —axX" e (C)
(2

where ... contains only powers (X”)" with n < d — 2. In order to make contact with

equation (C.6) we replace 35X dg in (C.7) by 95X"dg|¥=7"X which does not alter the

leading X”-term:

{[6Xd0]X_>X” LX) 4 9 o[ XX [aXdﬂX_)X"}. = —dX"" 25, + ... (C.8)

ik

Also, since d; is of grade zero

Mg - [ Y77 =dy g f

which together with the definition of the divided difference operator yields

—a  aXn X" _ aX, X" L —a
M0 9 dy leading — 9 di leading "~ ' Tl (C.9)
X" -term X" -term

Here, 857 X", is the matrix d; with all entries XP*! replaced by (=% - X")P

leading
X" -term
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and similarly for 95X"d, . Finally, we evaluate the first summand of (C.6):

leading
X" -term

"oo_ —a Z—7'
< Oxdo) XX o XX > X
i,k

+ne [aX’X”do]X_maX-[axdl]X_’XN _77;’11

M-—1

; ;

- 5\ea\,05|fj|,0 Z Res d- xnd—1 fk
k=0

7 " _ 77
< [0xdo] X X".0X X" dy e I > dX
i,k

(C.9) 5 5 N 0% X" A X2 X [ax dy XX e . T
= " Cleal0 |f;|70 Z Res d-X”d_l fk
Xox" gx,x" zZ—Z'
M-1 ( )la))((’fi()] X a.)? ) dl;_ X”> . nia(rkJrM*l)dX
— HOHX )X X foxda ¥ X )
= —0je, 00 ¢t Z Res ik er
ab27Ifi1,0 d- X//dfl &
k=0
M—1 pd—2 Z—7Z'
(C.8) (—dX"" %0 +...)dX 3 ) .t
= _5‘60.‘706']"2”70 Z ReS d . X//d—]_ n a(rk+M )fk
k=0
— 6‘6’1"05”;'7077(1( ri+ M+ )fj
Here, with ‘...” we indicate that we omitted terms which do not contribute to the residue.

The second summand in equation (C.6) can be determined in a similar way and also
takes a similar form. We find that the left charges of DT are the negative right charges of
D shifted by +1:

A® D' — DI

(C.10)
ea ® fj — 5|ea|70na(*m+1\4+1)f;.

C.8 (Co)evaluation maps

Finally, we provide the explicit (co)evaluation maps used in calculations in the main text.
They follow from the generalized orbifold construction, (cf. appendix B) and the expressions

of [12]. Throughout, [...] denotes the representative in {0,...,d — 1} modulo d. Further-
; i i 10 i i
more, 99XZ' = Z=%-, 0 = 0o_1) "= T, e = e, m = diag(n, 0,0,

e = diag(eo, €l €2, .. ) and €14 = diag(e!Tho, el Tl ltl2 ),

Orbifold evaluation map (left)

evp = A o,

*D D x4
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where £ : *D ®4 D — *D ® D is the inclusion.
evp:*D®aD — A
AL (0’ . ade . T],},")
d - zZd-1

* n 1
fr®Z fz‘*—>g ZRGS

€[nl

(k-l—M),z’]

, X—nhX
AL J-ade~n1I}- [aX’X dD} ! -J>
(k+M),i

1
+ 8 Z Z Res d - Zd’fl ed+[h]

Orbifold evaluation map (right)

evp = x7 of
zZ D D*
where £ : D ®4 D* — D ® D* is the inclusion.

evp: DD - A
zZ—7'
(Oxdp - 6?)(k+M)’Z, xn

d- Xd-1

N 1
f’i ®ank — —g Z 6[_h]ReS
heZ y
(8XdlZ)—>Z’ . 6?_‘_[ . 8Z,ehZ'dD> xn

1 (k+M),i
— E Z €d/+[_h]ReS d - Xd—l
heZ y

Orbifold coevaluation map (left)
J— d/ U
coevp =900 Z x4 71d

where ¥ : D®*D — D ®4 *D is the projection.

coevp: A—= D ®4*D
, ZisetZ . §
€a > Gjea0 D (=) <{8Z7Z v} > L [y
ij ij

+ Oeatt (=D £ @ fiiyany

)
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Orbifold coevaluation map (right)
DA D
C/(—)E;/D =do Zd

X

where ¥ : D ® D* — D ® 4 D* is the projection.
coevp : A — D*® D
€a = Oleq],0 Z (aXﬂﬂX dD)jz’ Firry ® ™"

)
+ Ojeg 1 Y (=D iy ay ® fin™

Orbifold evaluation map (right) for boundaries

&g = xd
B B*

evg : B®g B*—=C
XP (0xdB) (4 ary, AX

fi ® XPfi; — —Res 7 X

Orbifold coevaluation map (left) for boundaries
B (B

coevpg = xd

coevg :C —- B®y*B

L=y fi®*fi

D Explicit calculations for RG defects in LG orbifolds

In this appendix we explicitly check that the RG defects R between LG orbifolds presented
in section 4 satisfy the RG property that R ® Rf = I (appendix D.1) and determine the
corresponding projection defects P = RT ® R (appendix D.2). We show how IR boundary

conditions and symmetries are realized in the UV (appendices D.3 and D.4) and we perform

the calculation Ry ® Rio = I1r (appendix D.5). For the purpose of this appendix we again

adopt the generalized orbifold notation of appendix C.
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D1 RRRaR*"=A

Here, we show that R ®4 R* = A. (In this appendix we adopt the following notation
from appendix C: ® 4 denotes fusion in the generalized orbifold theory defined by A, while
® denotes the fusion in the unorbifolded theory. Moreover, * denotes adjunction in the
orbifold theory, while T refers to adjunction in the unorbifolded theory.) Fusion of B-type
defects has been discussed in [13], for the orbifold version see [1].

As explained in those papers, matrix factorizations of W over a polynomal ring R are
related to finitely generated modules over R:= R/(W) as free resolutions of such modules
always turn two-periodic after finitely many steps [41]. The two-periodic part then gives a
matrix factorization of W.

In order to calculate R® 4 R*, we fix the coordinates on all three parts of the worldsheet
tobe Z, X and Y:

IR uv IR

Zd’ R xd - Yd’

The matrix factorization describing R is given by

Z 0o ... 0 —X"no
_xm z
dp=| 0 —-X™ Z
0 X g
R: R1 ROa
dro

see section 4.3. The generators f|;,i € Zg, of Ry carry Zg x Z4-charges [i, —m — Ele )
while the generators eq ;) of Ry have charges [i 4+ 1, —m — Y7, ny].
According to section 4.2, the right adjoint R* is given by the matrix factorization

Yy -—-Xm 0 0
0 Y -—Xm™
dp+1 = : Y
O ‘. . —Xnd/*1
—X"Mo Y
R*: R R,
dRr+o

The generators fﬁﬂ, k € Zy, of Ry carry Zg x Zy-charges [+m + Zle ny+1,—k—1], and
the generators f;’+[k] of R} carry charges [+m + Zle n+1,—k—1].

~ 51 —



Following the tensor product formula of section 4.1, the matrix factorization describing
R ®4 R* is the one associated to the Zg-invariant part of the C[Z,Y]/(Z% — Y¥)C[Z,Y]-

module

idro ® dg+1 dr1 ®idgr+o
M := coker . . .
dro ® idg+1 —idr1 ® dgr+o

The two-periodic resolution of M is isomorphic to the two-periodic part of the resolution of
M’ := coker (dg1 ® idg+o,idgo ® dr+1) .
The module M’ is generated by f[lz'],[k} =fg®X ! fﬁd' They satisfy the relations
Zfrg = X" fipn) and Yy = X"EfR ),
which allow to reduce the generators to f[lin] with 0 < [ < min(n;,ngy1). These carry

Ly X L4 x Zgy-charges

k

i
[i,fmonj+l+m+2nj+1,fk71].
j=1 j=1

The Zg-invariant part (M’)%4 is generated by the Zg-invariant generators of M’, which are
given by fi;) == fEZ.]’Eil]. They carry Zg x Zg-charges [i, —i] and satisfy the relations

Zfu =Y fis)-

Hence, (M')%¢ is isomorphic to the module coker(d41), which implies that the matrix
factorization R ® 4 R* is isomorphic to the identity defect A in My /Zy. Taking the left
adjoint of this equation immediately yields R ®4 *R = A as well.

D.2 The projection defect P

Having shown R® 4 R* = A in the previous appendix, we are now in a position to determine
the projection defect P = R* ® 4 R. The projection P/ = *R® 4 R based on the left adjoint
*R can then easily be obtained by left adjunction P’ = *P.

The calculation of P follows the same route as the calculation of R ® 4 R* in ap-
pendix D.1 above. First, we fix the chiral fields on all three parts of the worldsheet to be
Y, Z and X:

LAY IR uv

Yd Zd’ Xd
R* R
The matrix factorizations R and R* are described in appendix D.1. As in the derivation
of R®4 R* = I, the matrix factorization R* ® R is given by the two-periodic part of the
free resolution of the Zy-invariant part of the C[X,Y]/(Y? — X9)C[X, Y]-module

M = coker(dR*l & idRoyidR*O &® de).
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The latter is generated by
T = fgZ2' @ fy

subject to the relations
Ynkf[z,_l] = Zf[*];} and Zf[z] = X”i+1f[i+1].

These relations allow to reduce the generators to the ones with [ = 0. The remaining
generators f[%] (i) CATTY Zg X 2y x Zg4-charges

K] [4]
m—&—Zm—i—l,—k—l—ki,—m—Zm
j=1 Jj=1

The Zy-invariant part of M’ is generated by the Zg-invariant generators, i.e. those f[(;f] ok

for which [-k — 1+ ] = 0. These are the f[i} = f[gq] [ which are subject to the relations

i
y i fM _ Xni+1f[i+1}~

They carry Z4 x Z4-charges

Comparing with the matrix factorization P given in equation (4.4), one finds that (M’)Za =
coker(p1) (where Z has to be replaced by Y in p;). Hence, R* ® R is isomorphic to the
matrix factorization P given in section 4.3.

D.3 Boundary conditions satisfying B4 P = B

We now determine the boundary conditions, which are invariant under fusion with P.
Elementary left boundary conditions in My/Z, are given by the Zj-equivariant matrix

factorizations
Zk

Buy : €[Z] ([N +)) c(z) (Iv).

_Zd—k

of —Z%, where k,N € Z4, k # 0, cf. section 4.4. The aim is to identify those boundary
conditions, for which Byy ®4 P & Byy. To do so, we just calculate the fusion as is done in
the previous appendices. We denote the generators of By and By by bg and by, respectively.
They have Zj-charge [N], respectively [V +k|. The generators f[i] of Py have Z4x Z 4-charge
[m+1+ Zl[iz_ll} np, —m — Zl[il np], cf. appendix D.2.

To determine the fusion Byy ® P, we again employ the method described in ap-

pendix D.1. For this, we determine generators and relations of the Zj-invariant part of the
C[X]/XC[X]-module M’ := coker(dp; ® idpg,idpo ® dp1):

boZ* =0

. . (D.1)
Z% flg = X" fligy
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For Buy ®4 P = Byy to hold, out of all the generators bgZ? ® f;; of the fusion product
exactly one generator may survive in (M’)%¢. It must

e be invariant under the left Z4-action, i.e.

[i—1]
N+qg+m+1+> m| =0
=1

e carry right Z;-charge [N], i.e.

[i]
—m — Z ny| = [V]
=1

e has to be a generator with respect to C[X] and in particular cannot be eliminated
by (D.1), i.e.

qg<mn; and g<k

and
e it has to satisfy pZ? ® f[z-]Xk =0.

The first two conditions fix N = —m — ZBZL and imply ¢ = n; — 1 which is consistent with
q < n;j. The last condition becomes

ke {ni,ni +Ni—1, . N+ —i—ni_d/_g}.
These conditions are equivalent to Byy ®4 P = Byy and imply that Byy must be of

the form
Zn¢+...+ni_[

Byv : C[Z]

ClZ] (—m - Zle nl)

_gd—ni—.—ni_g

for arbitrary i € Zy and I € {0,...,d —2}.

D.4 IR symmetry defects in the UV

Following section 4.4, the IR Zy-symmetry is realized in the UV by means of the defects
R*®4 oy @4 R =: ,P.

As oIy ®4 R is described by the same matrix factorization as R but with all left charges
shifted by +a, we can employ the same set-up as in appendix D.2 and only shift charges
by +a where necessary. The corresponding module M’ is generated by

l . rx l
Ty = T2 @ f
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with Zg X Zg X Zg4-charges

(K] 4]
m—l—an—l—l,—k‘—l—f—l—f—i—i—a,—m—an
j=1 j=1

subject to the relations
Y™ flooyy = Zfpy and Zfiy = X" frp).

While the relations can be used to reduce generators to those with [ = 0, Zg-invariance
gives the condition [i + a —k — 1] = 0. The remaining generators f; := f[?—u li—q] of
(M")% obey

A~

Y™ fli] = XMimet )

and carry Zg4 x Zg4-charges

[i—-1] [i—a]
m 4+ Z nj+1,—m Z n;
Jj=1 j=1

One now easily reads off that (M’)%¢ is isomorphic to the cokernel of the matrix p; of
the matrix factorization P given in section 4.3. Thus, the lifted symmetry defects are

isomorphic to these matrix factorizations.

D.5 Roo ®U(1) R;o = IIR

In this appendix we show that one can insert loops of the U(1)-equivariant Landau-
Ginzburg theory with a single chiral superfield and zero superpotential into the Landau-
Ginzburg orbifold models My /Zy, d > 3 without affecting correlators. The respective
RG defects are described by the matrix factorizations Res of Z% presented in section 4.5:

Z 0 0 0
—-X"  Z
0 -X"2 2
dp1 =
[+1,~m) 0 Xz =]
, [k+2,—m—n1] . [k+1,—m—n4]
Ry : Sd [k+3,—m—n1—n2] Sd [k+2,—m—n1—n2]
. dro .
Here m€ Z, k € Zy and ny,...,ng_1 € N. Moreover, S = C[Z, X| and
741 0 . 0
z4=2xm™m A 0 0
dRO — Zd’—3Xn1+n2 Zd’—QXng Zd’—l
: : - : 0
xmtedng oy gxnetodng . gd-2xng , zd-1
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The adjoint

Y —X"™1
Y  —Xn2
[m+1,—k] Y —X"d-1 [m+1,—k—1]
. ! [m+14n1,—k—1] Y ! [m+1+4n1,—k—2]
Roo : S [m+14n1+n2,—k—2] S [m+1+n14+n2,—k—3]

dRg+o

can be obtained by taking the limit d — co of R*. It is a matrix factorization of —Y®.
S = C[X,Y] and dg-g is given by —d%, with Z replaced by Y.

According to section 4.1, the fusion product Ro®y(1) 5, is given by the U(1)-invariant
part of the tensor product matrix factorization R ® R . The U(1)-invariant generators
of the latter are

96.j) = fi @ Xt g [k+i,—k—1—j]

G +ig) = farei @ XMt k4+1+i,—k—1—j]

Y dtg) = fi @ XMttt [k +1i,—k — j]
Gdtid+j) = fopi @ Xl [k+1+1i,—k—j]

for1<i<d —1and 0<j <i—1. The Zy x Zgy-charges of the generators are specified
in square brackets. Here, f; and f;* label the generators of R, and R}, respectively. The
generators with 0 < i < d’ are Zs-even and the ones with d’ < i < 2d" are Z-odd. Setting

.
z:“t;)+$ 0<1< M=

(d+1)(d —-2)
T

one can order the generators as follows

g1 = 9(,%)
IM+1 = 9(d'+i,d'+5)
92M+1 = 9(d'+i,5)

93M+1 = 93, d'+5)-

(Roo ®u() Réo)o is then generated by the g; and gpry; for 0 <1 < M and (Roo ®u(1) Rj;o)l
by the goary; and gsaryg for 0 <1 < M.

In terms of the generators, the U(1)-invariant tensor product matrix factorization

d
d=dpg ®U(1) 1+1 ®U(1) dp+ =: (do 1)
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takes the form
(A1) (p.g) (@ +ig) = 94, (Z0pi — Op,it1)

(dl)(d'+p,d’+q),(d’+ijj) = 5p7i9(j — q)Ydlflf(J.*Q)
(dl)(P7Q)v(ivd’+j) = 5p,i(Y5q,j - 5q+1,j)
(A1) (@rparsa) (is+g) = Oq0(p — 8) 24 7107

) &1 (i—p) (D.2)
(do) (@'+i,5),(r.q) = 03.a0(i —P)Z P
(do) (1.dr+5).(pg) = —OipBlg — 5)Y ¥ 17 (077)
(do)(d’+i,j)7(d’+p7d’+q) = —0ip(Ydjq— 0jr1,4)
(do) (i, +9) (@ +p,d+a) = 95.a(Z0ip = Gipy1)
: ' .. 1,z >0 )
where 1 <i,p<d,0<j<i,0<q¢g<pandf(zx)= . For example, for d =5
0, <0
one obtains
Z Y
-1 Z Vv -1
Z Y
-1 A vV -1
-1 A Vv —1
Z Y
-1 A Y —1
—1 A Vv —1
—1 A Vv —1
Z Y
di=| »
Y4 }/‘3 ZS Z4
y4 74
Y4y y? 72 73 g4
Y4 Yd Z3 Z4
Y4 Z4
Y*Y3vy?y z z2 73 74
y4y3 y2 72 73 74
y4ys 73 74
Y4 Z4

Stripping off trivial summands this matrix factorization reduces to the IR identity matrix
factorization (S’ = C[Z,Y])

Z 0 0 -Y
-Y Z
0 -Y 7
[1,0] [0, 0]
2,-1 0 -Y Z 1, —1]
. rd _ sd .
IIR 0 S [37 2] S 2’ 2
: drro
[d,—d +1] [d —1,—d +1]
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In order to see this, we perform a change of basis on (D.2):
dlzs-(;h-Til, doZT'ao-Sfl,
where S and T~ are defined by

(S)(p,qx(i,j) = 04,j(Opi — Z0pt1,3)
(S)(p,q),(d’+i,d’+j) =0
(S) (@-pa+a).(ig) = —Op1Y L 7U790(j — g)
— 041 [Zd’*p”*lyq*ia(q — i)+ 2Py IHaig(i — 2 — p)

(S) (@t purta) (/i +5) = Oqyi(Opi + 00 —p — 1) Z7P) + 8 1 _1000(q — 1) Z¢ 7Py
and

(T_l)(d’+p7q),(d’+i,j) = 0g,j0p,i
+ 0iar—1 (—5q,jZd/717p9(d’ —1—p)+0pa—1Y70(q—j — 1))

(T_l)(p,d’+q)a(d’+i,j) = _5i,d’—15q+1,p9(q —-J— 1)Zd,_1_qu_1_j

(T @ +pa)(iuats) = —0a.3Y (Op1i + 27710 —p - 2))
+ 011,27 P 703 —p — 1)
(T par+q)(isa+5) = Opidaj + 0qj0qi1,0(i —p—1)Z"7P.

Here again 1 <i,p<d',0<j<14,0<q<p. Then

(A1) (g (@ +ig) = —0qjOpsit1 + Z0iar—10p,a—10g.a—26;0—2
(A1) (@ +p,dr+q) (@ +ij) = Op.d—10ia—1(Wdgj+1 — Yq005a—2)
(A1) (puq),(isdr+5) = —Y 0p,i0q.j0ij+1 + Zp11,i0p j0p g1

(A1) (@ 4p.drtg), (i +5) = Oip+10gW + 0510500010402

and
(ao)(d/+i,j),(p,q) = _5i+1,p5j,qW + 5i’d’_1(5j7d1_2(5p’q+1Zdelflfp
(ao)(ivd’-ﬁ-j)a(p,q) = —0ij+10pg+1 (9(]9 — i)Yd/_l_p“ZP—i
Lofi—p 1y
(ao)(d’+i7j),(d/+p,d/+q) = 5p,d’—16i7d’—1 <5j+1,q - Yd/_15j7d/_25q70)

(do) (5,049, (@+prar+a) = —Oip+10.q + Op.ar—104,005441 2% 'Y

are matrix factorization of W = Z% — Y% which reduce to the indentity matrix factoriza-
tion.
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In the example d’ = 5 d; above turns into

-Y VA
-1
-Y VA
-1
-1
-Y A
-1
-1
-1
q = A -Y
0 0 W
0o 0w
w
0o 0w
w
w
=Y Z
w
w
w

which is easily recognized as the matrix associated to a sum of the identity matrix factor-
ization Itg with a number of trivial rank-one matrix factorizations.

In the general case, the generators not belonging to trivial summands are the ones
labelled by the restricted index sets

{G.)li=j+1}c{Gj)|i=1,....d =1; j=0,...,i—1}
{(d+id+j))i=d-1,j=0}c{(d+i,d+j)|i=1,....d -1, j=0,...,i—1}
{d+ij)li=d-1,j=d -2} c{(d+ij)]i=1,...,d —=1;j=0,...,i—1}

{G,d+j)i=j+1}c{G,d+jli=1,...,d -1;j=0,...,i—1}
Restricting to these generators yields the IR identity defect I1R.
Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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